Reconstruction of the Derivative of the
Conductivity at the Boundary

Ponce-Vanegas, Felipe

BCAM - Basque Center for Applied Mathematics
fponce@bcamath.org

Abstract

We describe a method to reconstruct the conductivity and its nor-
mal derivative at the boundary from the knowledge of the potential
and current measured at the boundary. This boundary determination
implies the uniqueness of the conductivity in the bulk when it lies in

1+2=54p . .
W= 2ze ™8 for dimensions n = 5 and for n < p < o0.
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Electrical Impedance Imaging is a technique to recover the conductivity
in the bulk of a body from measurements of potential and current at the
boundary. The potential u in a domain 2 < R" satisfies the equation

div (yVu) =0

(1)

u|5Q = f7
where 7 is the conductivity and f € H 2 (092) is the potential at the boundary —
the definitions of the spaces used here are placed at the end of the article. The
conductivity satisfies the condition 0 < ¢ < 7 < C, and the current measured
at the boundary is v0,u|sq, where v is the outward-pointing normal vector.



The operator A, that maps u|sq to v0,ulsq is known as the Dirichlet-to-
Neumann map, and it is defined as the functional A, : H 2(0Q) — H2(00)
given by

(A f,g) = L ~yVu - Vo,

where u solves the boundary value problem (1) and v € H'(Q) is any exten-
sion of g € Hz(09). If we choose v such that div(7Vv) = 0, then we see
that A, is symmetric.

In [5] Calderon posed the problem of deciding whether the conductivity
can be uniquely recovered from the data at the boundary, i.e. whether
A,, = A, implies that v; = v;, and to provide a method of reconstruction
whenever possible. One of the earliest results, due to Kohn and Vogelius in
9], is that A,, = A, implies that 0)y = @), at the boundary to every
order N when 7,7, € C®. Sylvester and Uhlmann [15] made use of this
result to prove uniqueness in the bulk for C? conductivities.

It is hard to prove uniqueness in the bulk, so uniqueness at the boundary
may be considered as a toy problem; moreover, many proofs of inner unique-
ness use uniqueness at the boundary as the first step, and this is in fact the
motivation behind this article. For v1,v, € W*P(Q), some arguments need
to extend the conductivities 7, and v, to the whole space in such a way that
71 = Y2 in R"\Q, and 71, v, € W*P(R™). Brown proved in [3] that, under mild
conditions of regularity, the conductivity can be recovered at the boundary.
In particular, if 1,72 € WoP(Q) for 1 < s < 1 +1la and p > n, then A, = A,
implies that v; = v at 0f2, and then, by function space arguments, v; and
72 can be adequately extended to R"™; for details the reader is referred to [4].
The possibility of this extension was used by Haberman [7], and by Ham,
Kwon and Lee [8] to prove uniqueness inside 2 < R™ when 3 < n < 6.

When 7,7, € W5P(Q) for s > 1 + Tl), then to extend both conductivities
adequately to R™ we have to impose the condition 0,7, = 0,7, at d€). The
result of Kohn and Vogelius holds for smooth conductivities, so we cannot
use it with rough conductivities. The main result of this article is that, under
mild conditions of regularity, the conductivity and its normal derivative at the
boundary is uniquely determined by A.; furthermore, our theorem provides
a method of reconstruction.



Theorem 1. Suppose that 0 < ¢ < v < C and that Q) < R is a Lipschitz
domain.

(A) If v e WsP(Q) for s > % and 1 < p < oo, then for y € 0 a.e. there
exist a family of functions fo and constants cop ~ 1 such that

(A, fons o) = copy(y) +o(1) ash— 0. (2)

The constants ¢y, do not depend on the conductivity.

(B) If vy € W*P(Q) for s > 1+é and 2 < p < o, or for s > % and
1 <p <2, then for y € 0 a.e. there exist a family of functions fi; and
constants copn,c1, ~ 1 such that

Ay fun, fun) — con = cindylogy(y)h +o(h)  as h — 0. (3)
The constants cyp, and c1 do not depend on the conductivity.

No attempt is made to get the best error terms implicitly involved in (2)
and (3).

The condition v € W*P(Q), for s > [ + é and [ = 0 or 1, is the lowest
regularity we need to make sense of the trace values of v and of 0,7 respec-
tively. In fact, by the trace theorem H(?f/yHL,,(aQ) < Clyll,, if s> 1+ %; for
details the reader is referred to [10, 17].

Formulas to reconstruct the normal derivative were already provided by
Nakamura and Tanuma [12]; however, we have to assume that the derivative
is continuous in a neighborhood of 0€2. These formulas were subsequently
implemented in [11] when the domain is a disk.

The proof is mainly inspired by the work of Brown [3], who used highly
oscillatory solutions to recover the value of v|5q. We borrow many of his argu-
ments, but we do not use oscillatory solutions, instead we follow Alessandrini
[1] and use singular solutions. The idea behind the method of reconstruction
comes from the expansion, at least in the smooth class, of the Dirichlet-to-
Neumann map as A, ~ A + A" + ... where \" € S* are pseudo-differential
operators. This was proved by Sylvester and Uhlmann in [16], and they
showed that the information about @'y at dQ can be extracted from A~

To reconstruct the conductivity at the boundary we use approximate
solutions of (1), so that the boundary data u|sq concentrates as a Dirac’s
delta at some point on the boundary, and heuristically we get A,(dp). In
Section 1 we follow this idea to prove Theorem 1.

The main tool in our investigation is an approximation property at almost
every point on the boundary. We did not find a suitable reference to the
approximation we needed, so we include a proof here in Section 2.



Theorem 2. Suppose that 2 = R™ is a domain with Lipschitz boundary. If
fe B(Q) f07“1~|—§ > 5> %, then for 0 < a < s—% and for y € 0 a.e. it
holds that

1 ‘
<_"J |f(z) — f(y)|qu> <Cr®, wherer <1land1<q<p. (4
r Br(y)nQ

The constant C' depends on y.

As a consequence of Theorem 1 and a result of the author in [13, Thm.
4], we get the following theorem.

Theorem 3. For n > 5 suppose that 2 < R™ is a Lipschitz domain. If v,
and 7y are in W1+nT_p5+’p(Q) N LP(Q) forn <p < oo, and if 1,72 = ¢ > 0,
then

A, = A, implies that v, = 7. (5)

The reader can consult the symbols and notations at the end of the article.
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1 Reconstruction at the Boundary

We assume in this section that 0 € 0€2 and that Theorem 2 holds for 0 every
time we use it or a variant of it. We assume also that there is a ball B;(0)
and a Lipschitz function 1 such that

Bs n Q= {(a',z,) € Bs | (2') < x,.}.

We assume that 1(0) = Vi(0) = 0 and that —e,, is a Lebesgue point of the
outward-pointing normal vector v := (1 + |Va[*)~2(Vap, —1).



1.1 Value at the Boundary

The reconstruction of v|aq is based on the function u(x) := z,/|x|", which
solves the boundary value problem Awu = 0 in the upper half-plane H,, with
ulom, = cdp. Since v € WP n L®, then by Gagliardo-Nirenberg, see e.g. [2],
we can assume that v € W*P(Q) for s > % and 2 < p < 0.

For h « 1 we define the approximate solutions wuy(z) := u(x + heg) of (1),
and we define the correction functions rj, € Hj(Q2) such that

div (yV(up + rp)) = 0.
Thus, we have that

R" (A (unloq), unlon) = R" J7V(uh + 1) - Vug,.

The term h™ is a normalization factor, and the functions f; 5 in Theorem 1(A)

are fop := hguh\ag-
The main part of the integral above is {yVuy, - Vuy, and we extract the
value of 7(0) from it. We use the dilation (Vuy)(hz) = h™"Vu,(x) to get

| 79 =2 | 19l + | (= 20D 1T
R T REERTON 2

= A; + As.
We set the first term as h™A; = ¢o47(0). To control Ay we bound it as
dx
A \ f
42| Iz |x + hen|

When |z| = 5h we see that |z| ~ |z + he,|. When |z| < 5h we exploit
the Lipschitz regularity of the boundary to notice that x € ) implies that
2, = —L|2'| for some L > 0, so |z + he,| = h/(1+ L?)z. Now we apply these
estimates and Theorem 2 for some allowable a > 0 to get

Aol s Y A "— (@) = ~7(0)] dz + [l
h<A<1 B)\HQ
S D AT
h<A<l
=o(h™").



The sums here and elsewhere run over dyadic numbers A = 2%, for k integer.
This concludes the estimates for the main part.
We turn now to the error term div (yVry,). We control it as

[79rn- Fundel < o e )+
From the a priori estimate ||ry|| 5 < C||div (YVuy)|| -1 we get
[79r- Fundel < Claiv Tl
Since uy, is harmonic, we can bound the operator norm by duality as

| f Vup - Vol — | f (v~ 7(0)Vun - Vo)

1
2

a1
<Cloln (Y A5 | =P de+ ki)

h<A<1 Banh
= [lglln O(h™2 ),
where o > (. Hence, we get

R|div (7 Vun) [ = o(1),

which concludes the proof of Theorem 1(A).
We end this section with an estimate for co ), = Sh_IQ|Vu1\2 in (2) when
the boundary is C*'. We fix § « 1 and write

f Vu,|* = J |V, |? +J Vi, |,
h=1Q h=1(Bsn) h=1(B5nQ)

Since |Vu1|2 is integrable, the second term goes to zero as h — 0. We split
the first term as

f |V, |? —f |V >+
h=1(Bs;nQ) h=1(BsnHy)

+ ” |Vu1|2—f |Vu1|2]
h=1(Q\(BsnH+)) h=1((BsnH1)\Q)

= By + Bs.



The term B; tends to SH+ |Vuy|?, and for the second term we have that

1 o, 1
[(ha')| da’ = - —

~ —|¢(a")| dz’ — 0.
h™ Jw<s <o’ /Ry

|By| < h—lf

jwrj<on-1 ()"

Then cpp, = SH+|VU1|2 + o(1).

1.2 Normal Derivative at the Boundary

We will recover 0,y with the aid of the functions v, = 7_%uh. Since v €
WP~ L* then by Gagliardo-Nirenberg we can assume that v € W*P(Q) for
S>1+Il)and2<p<oo; in fact, if1<p<2ands>I%,then’yeWs/’z(Q)
for ' =Zs>1+ 1.

We define again a correction function rj, € Hj(€2) such that

div (yV(vp, 4+ 1p)) = 0.

In this case the functions f;; in Theorem 1(B) are f; ) := hzvp|s0; the use
of these functions is licit because we already know the value of v at the
boundary. We repeat here the arguments in the previous section, but now
the computations are longer.

For the main term we have that

L YVup, - Vup, = ﬁVuh|2 + 2 JﬁVy% cupVuy, + J(VéVVé) (V)
= J|Vuh|2 - JVlogy ~upVuy, + iﬁVlogyFui
— Ay + Ay + As (6)
The principal term in the asymptotic expansion is h"A; = ¢ p; since this

term does not involve the conductivity, we can subtract it harmlessly.
The next term is Ay, and we estimate it as

JV log~ - upVuy, = J Vlog~(0) - up,Vuy, + J(Vlogfy — Vlog~(0)) - upVuy
Q

1
= §f u;Vlogy(0) - v + J(V logy — Vlog~(0)) - upVuy,
o0

= (71 +(8)



The term (7) contains the information about the normal derivative at the

boundary, and it has order A~"*! in the asymptotic expansion. We thus have
that

hn n

h
" (7)) = —0, log’y(O)J ui + —

= — J u,%Vlog’y(O) (v —ep).
2 o0 2 Joa

We set ¢, := —3h"™' §,, ui and bound the remaining term as

n 1
’ uiZLVIOgV(O)'(V_en)‘ < Z A +1wf ‘I/—en|+1
o8 hers<l BAnOQ

en| —

Since v(0) = —e,, is a Lebesgue point, then G(A) 1= y5=r {5 50 lv —
0; furthermore, GG is uniformly bounded, so by the dominated convergence
theorem we get

Rt Z )\”H%J lv—e,| = Z G () 2% 0
h<A<1 Brnof 1<p<h~!
Then we conclude that
h"™ - (7) = —c1 10, 1og v(0) h + o(h).
To control (8) we apply Theorem 2 to Vlog~y € W5~ 1P(Q) to get

—n+1 1
OISR

Vlogy — Vlog7(0) +f Vlogy — Vlog(0)

henel BynQ BinQ
< Z AT L Tog 4|, + [V log 4(0))]

h<A<1
_ O<h7n+l+a);

we have thus h"|(8)| = o(h), which allows us to conclude that the term A
in (6) is
h" Ay = ¢1.,0,10g(0) h + o(h). 9)
We are left with the error term Aj in (6). We bound it using the same
arguments as above

1 1
Az = ZlngV(O)’Q Jui T 4 J(WlOngQ — |V10g7(0)\2)ui

|
< f up + ) A‘””—J (IV1og~[* = [V1ogv(0)[*) + 1
Q A" ), o

h<A<1

= o(h™"1). (10)



The estimate we used here to approximate the value of |V log 7|2 at the
boundary is not contained in Theorem 2, and the reader is referred instead
to Corollary 8 in the next section. We collect the estimates (9) and (10) to
find

hnj ’vah -V, — Co,n = Cl,han lOg 7(0)}1 + O<h)= <11>
Q

which is what we wanted.
We deal with the error term as before. We have that

|f7V7“h Vo] < C||div (vVop) |13-1.-

We estimate the norm by duality as

fwvh V= — fw% upVo + fvéVuh Vo

J

l\.’)\»—‘

— [

J

[} =90y wTe + (99 - 92 0) 6V

J

= I + Ey;

V(uno)

to get the second and third identities we used the divergence theorem, and
the identity Aw, = 0 in Q. We use Theorem 2 for Vy2z € W*12() to bound
the error term FE; as

Ei| < PR — f Vyz — Vyz(0)]2de + 1 §¢ .
Els () el ) do +1) 61l

h<A<1
= [lgllnO(h™% ")
To bound FE, we need Hardy’s inequality.

Theorem 4 (Hardy’s Inequality). If f € H'(R™) for n > 3, then

[ U VE - oprpie (12)
R |7

If f € HY(Asr) for Asp = {0 < |z| < R} = R?, then

L@'i_: C(log( )) £ 017 (13)

9



A beautiful proof can be found in [6, sec. 2|. The inequality (13) is not
there, but it follows after minor changes.
For n > 3, we apply Hardy’s inequality with the weight |z + hen| to get

1 1 1
Byl < ( Lw C VA (0) P + heal I Vun®) 6]

<< > A_M?A—lnf

hSASl B)\(WQ
= (|6l O(h2*1).
For n = 2 we get |Fs| = ||¢|| ;1 O(log h™'). Hence, we conclude that

V7% = VO + 1) ¢ll

h" J'yVTh - Vup, = o(h).

With this and (11) we get Theorem 1(B).

2 Lebesgue Points at the Boundary

In this section we prove Theorem 2. The main tool to control the value of a
function at the boundary is the next theorem.

Theorem 5. If f € B¥P(R") for 1 +§ > 5 > %, and T is the graph of a
Lipschitz function, then for 0 < a < s — 110 it holds that

q 1
J J - nJ(rw)J dx dF(y)) "< Callflls, where1 < g <p<o0.
lz—y|<1 ’3‘3 yl
(14)

As a consequence of this theorem we get Theorem 2, which we restate
and prove here.

Theorem 2. Suppose that 2 = R™ is a domain with Lipschitz boundary. If
feBP(Q) forl%—}lJ > 5> Ilj, then for 0 < a < s—% and for y € 0 a.e. it
holds that

1

1
(—f |f(z) — f(y)]* dx) "< COr*, wherer <1 and1<q<p. (15)
" B, (y)ne

The constant C' depends on y.

10



Proof. By definition there is some g € B*P(R") that extends f, and
[ s@-swras [ o -gwra
By (y)nQ Br(y)

We divide the boundary into pieces I' < 02, where I' is the graph of a
Lipschitz function. Since

) < |
g(x) — g(y)|" de <
pr—— Br(y)l () = 9(y)|

e—yl<1 [T — Y|

lg(x) — g(y)|*

n+aoq )

and since the term at the right is finite for y € I' = 02 a.e. by Theorem 5,
then we have that

1 «
— l9(x) = g(y)|" dz < Cr™,
" IB()
and the statement of the theorem follows. O

In Theorem 5 we assumed implicitly that f € B*?(R"), for s > 1/p, is well
defined in I'; but this set has measure zero, so this need some justification.
Let f = >.,o; PAf be a Littlewood-Paley decomposition, where (Pyf)" :=
mxf, and my (&) = m(&/A) for some smooth multiplier m supported in
frequencies |£] ~ 1; for low frequencies we take a function m; supported in
€] < 1. We choose the representative of f given by limy; o Py f(x) =
limas—o D5y <rens Paf(2). The following theorem justifies this choice.

Lemma 6. Suppose that 1" is the graph of a Lipschitz function. If f €
B#P(R™) for s > 1/p, then limp;_,o, P<prf(y) exits for y e T a.e.

Proof. The set of divergence is

{y e T | limsup |Pyvarf(y)| > 0} = | J{y € T' | limsup [Pyer f(y)] > 1},
N<M—o0 1>0 N<M—0o0

then it suffices to prove that each set at the right has measure zero. For each
one of these sets and for every A > 0 we have that

{yel'| limsup |Pv<p f(y)| > put c{yel'| sup [Pyveamf(y)| > p,

N<M—w0 ASN<M

11



so we only need to show that the sets at the right are as small as we please
if we choose A » 1. We bound their measure as

{ sup [Pvanf () > m}l < {25 1PAf(9)] > )

ASN<M S

—HZ\PAfHI

A=A

We use the triangle inequality, the trace inequality || Py f|| .y < C AP 11l 2o ey
which we will prove in Lemma 7 below, and Holder to bound the last term
as

Al sp
{ sup [Pyvenf ()l > p}l < C——|IfI,
ASN<M
Since 1 — sp < 0, then the right hand side goes to zero as A — 0. m

Lemma 7 (The Trace Inequality). Suppose that mx(§) := m(§/N) is a
smooth multiplier supported in frequencies |{| ~ A, and that (Pyf)" = myf
15 the associated projection. If T is the graph of a Lipschitz function, then

[P fll oy < CAP [ fllpo@ny,  for L<q<p. (17)

Proof. We interpolate between (¢, p) = (90, 00) and = (1,7) for r = p/q. For
the first point we have that

PN ooy < Il f 1l = ClA oo emy

where C' does not depend on \.
For the point (¢,p) = (1,7) we have that

1Pl e < f () f iy — 2)| dD(y)dz
< HfHLT(Rn)HLwA(y — )| dC() - (18)

By the smoothness of m we have that [, < CA" X\ (uA) N1 p,, where
N >» 1. Then

IILIWLA(y —2)|d(y)ll, <A ), (l’)‘)_NHJ]lBu(?J = 2)dl(y)l[,.,

p=A"t

12



and we define the functions G,(z) := {15, (y — 2)d'(y) = |Bu(z) n T'|; we
use here the induced measure in F If N, (I') denotes the p-neighborhood of
I', then we have the following estimates

G (Z) < {,u”l]lNu(p) if n < dlam(F)
/,[, ~

In,m otherwise.
Hence,

|| f ia(y — A0, <X Y () NGl

p=A—1

<ox(Y T Y ) e

A~ Igpu<diam(T) diam(T")<p
< O
We replace this bound in (18) to get || Pxfll ;i) < CA+ | f]l,., which concludes
the proof. O

Now we are ready to prove Theorem 5.

Proof of Theorem 5. We follow the arguments in [14, chp. 5|. After a change
of variables we can write (14) as

([ M Il by < e, (19
jal<1

]

To estimate || f(z +y) = f(y)|lrg ) we write the difference as

flz+y) = fly) = (flx+y) — Pan f(x +y))+
+ (Pemf(x +y) — Pau f(y) + (Paa f(y) — f())-

For the first term f(x +vy) — P<yrf(z + y) = Poyf(z + y), we start by
applying the triangle inequality to get

[Ponr f(@ + 9)l Loy < 2 1Pxf (@ + y)|l 2 ry;
A>M

now we use the trace inequality ||PAgl| .y < C’)\%||g||LP(Rn) in Lemma 7 to
get

1 7—3
1 Port f (@ + 9l gy < C Z AP Pr Sl pogny < 115 - (20)

A>M

13



We estimate the difference P<p/f(y) — f(y) in the same way.
For the difference P<ps f(x + y) — P<pr f(y) we use the smoothness of the
projection to write

1
Pouf(z +y) — Pauf(y) =z L VP f(tz +y)dt.

The multiplier of 0;Py is {m(E/X) = Adm(E/N), where m(§) = m(€) is a
smooth function supported in |£| ~ 1. By Minkowski and the trace inequality
we have that

1Partf (2 + ) = PeatF @)l igey < 2l 3 A f IBf (t + )l

ASM

< |z 2 )‘1+5”P)\f”LP(R”)

ASM

1
< Cla| M7 £, (21)

We bound || f(z +y) — f(y)ll g using (20) and (21) to get

1 (@ + ) = FWll gy < O™ + [z M) ],
< Clal#| £

sp7

we obtained the last inequality by choosing M ~ |:L‘|_1. We insert this bound
into the term at the left of (19) to get

I f(z+y)— fy)lli 1 1
(| a2 de) <0 | e dn) | ),
o<1 7] o<1 ’

and the last integral is bounded whenever o < s — %.

In Section 1 we needed also the following result.

Corollary 8. Suppose that 2 < p < oo. If f € B*?(R") for 1 —|— > 5 > %,

and I" is the graph of a Lipschitz function, then for 0 < a < s — % 1t holds

that

[[ =Ll gy < e, (22)
e—yl<t | =yl P

14



Consequently
1
— |f2(x) — f2(y)|dx < Cyr®  fory e 0Q a.e. (23)

n
™ JB.(y)nQ

Proof. We write again the expected estimate as

12z +y) — P
j| D g < Gl f11P,
z|<1

|x|n+a
By Hoélder and by the trace theorem we can bound the difference as
1F% (@ + ) = @)y < 20F ol @+ ) = FO o -

Then by Holder and by Theorem 5 we get

112z +y) = W)l 1f(z+y) = FWl
f P Ly(r) da/: < C“f”spj n+a Ly @) d$
jal<1 || "< ||
If@+y) = FOIy o
<C (J - Ly(r)dx)p
Hst,p 2] <1 |x|n+(a+5)p
< |11z,
where € « 1. This is inequality (22), and (23) follows. O

Notations

e Various: B, is a ball or radius r, usually centered at zero, and we make
the center explicit by writing B, (y). H, is the upper half plane. When
we write Y, we are summing over dyadic numbers A\ = 2 for k integer.

e If F is a set in some measure space, then |F| denotes the size of E for
the corresponding measure.

e We write A = O(B), or A < B, if A < CB for some C > 0; if
cB < A < CB for some constants 0 < ¢,C, then A ~ B. We write
A « 1if A is sufficiently small. We write A = o(B) if A and B are
functions of h and lim;,_,o A/B = 0.

15



e Projections: for a dyadic number A we define the projection (Pyf)" =

my.f, where mx(§) = m(§/A) and m is a smooth multiplier supported in
frequencies [£] ~ 1; for A = 1 we take instead m; supported in |£| < 1.

Function spaces: Let 1 < p < 0. We denote by B*P(R™) the Besov
space of distributions f for which

1 e = IPLFI + D5 APIPASIE < co.

A>1

The Sobolev-Slobodeskij space W*P(R™) equals B*(R") for s # inte-
ger. For s integer, W*P(R") is the space of distributions f for which

1 llew = D5 IDFIl, < 2.

lal<s

We set H*(R™) := W**(R"). The spaces B*P(Q), W*P(Q) and H*(2)
are defined by restriction of functions in R™ to 2. The space H{(2) is
the completion in the norm H*(R") of test functions compactly sup-
ported in €.
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