ON THE ABSOLUTE DIVERGENCE OF FOURIER SERIES
IN THE INFINITE DIMENSIONAL TORUS

EMILIO FERNANDEZ AND LUZ RONCAL

ABSTRACT. In this note we present some simple counterexamples, based
on quadratic forms in infinitely many variables, showing that the impli-
cation f € C(°(T¥) = > peze |f(P)| < 0o is false. There are functions

of the class C(>°(T%) (depending on an infinite number of variables)
whose Fourier series diverges absolutely. This fact establishes a signifi-
cant difference to what happens in the finite dimensional case.

1. INTRODUCTION

In the following result it is established a sufficient condition of smooth-
ness on a function defined on the n-dimensional torus T (n > 1) for the
absolute convergence of its Fourier series:

Theorem 1.1 ([13, p. 249)). If f € C*(T"), k > n/2, then
Z |f(m)‘ < 0.

mezZm"

When f € C(°(T"), more conclusive results are verified, for example

(see [12, Th. 7.25, p. 202]):

Theorem 1.2. If f € C>(T"), then

Z (1+ |m|)N{f(m)‘ <oo VYN=0,1,..., |m|= <Z?:1 mf)l/z.

mezn

This same result holds for cylindrical infinitely smooth functions defined
on the infinite dimensional torus T*, which is the compact abelian group
consisting of the complete direct sum of countably many copies of T ~ R /Z.
Let us remember that f(x) is a cylindrical function on T% if f depends only
on a finite number of variables, i.e., if 4g,: €, — C, with , C T", such
that f = g, o m,, being m,: T — T™ the canonical projection and n > 1.
The space of cylindrical functions of the class C(*® in T% (see Definition 2.3)
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is defined ([1, p. 73-75]) by

D(T*) = U {gn o Tnlgn € C(OO(Tn)}

n=1
so that, if f € D(T*), then there exists p € N and g, € C*(TP) such that
f=gpom,.

The dual group of T*, denoted by Z, is the direct sum of countably
many copies of Z, formed by the finitely nonzero sequences of integer num-
bers. Denote by dx the normalized Haar measure in T¢. If f € L'(T%), then
the function fdeﬁned on Z> by

)= | f@e ™ de (7 ez
TLL)
is the Fourier transform of f, the Fourier series of f being the formal series

(observe that Z* is a countable set)

Z ﬂﬁ)ezmn-m.
REZ
By using the ideas in the proof of Theorem 1.2, the following result could
be proved (see also [2, Proposition 1]):

Theorem 1.3. If ¢ € D(TY), then

S fEE)] <00 YN =01 = (X502)
PEZ®

In May 2016, in a private communication to the second author, Pro-
fessor A. D. Bendikov conjectured that the implication f € C(°(T%) =
D pezes |f(p)| < oo, which holds, as we have said, for functions depending
only on a finite number of variables, is in general false. This fact establishes
a significant difference to what happens in the finite dimensional case.

In order to support the statement of Bendikov, we show in this note
some counterexamples via quadratic forms depending on an infinite number
of variables. The construction of such counterexamples is based on classical
results of Toeplitz [14], Littlewood [10] and Bohnenblust and Hille [4]'.

The main result in this note is the following.

Theorem 1.4. There exist functions of the class C°(T%) (depending on

an infinite number of variables) whose Fourier series diverges absolutely.

n the same private communication, Prof. Bendikov suggested that a counterexample
could be constructed through an appropriate Jacobi Theta function in an infinite number
of variables. The construction via quadratic forms that we show in the present note does
not follow the path indicated by Bendikov.
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Although we restrict ourselves to the case of the infinite dimensional
torus, we point out that Bendikov and L. Saloff-Coste have studied, in [3],
several scales of smooth functions in the more general setting of connected
infinite-dimensional compact groups.

In Section 2 we introduce some definitions and show several basic results.
We present in Section 3 a detailed account of the bilinear and quadratic
forms in infinite number of variables used to construct our counterexamples.

The proof of Theorem 1.4 and the counterexamples are contained in Section
4.

2. PREMILINARY DEFINITIONS AND RESULTS

We will begin by providing some basic principles.

Definition 2.1 ([5, p. 130]). The function f: T — C is continuous at the
point (0 = (29,29, .. ) if Ve > 0 there is a positive integer m and a number
9 > 0 such that, in each point (z1,zs,...) € T% verifying the m inequalities

‘xj—x?‘ <d(j=1,2,...,m), it holds

|flz1,22,...) = fal,2,..)] <e.
Since T* is compact, the vector space
CO(T¥) = {f: T¥ — C| f is continuous at all z € T}
is a Banach space with the norm || f|| = max,ere |f(z)].

Lemma 2.2. Let ¢(t) € C°(T) and > ;-1 a; be an absolutely convergent
series of complex numbers. Then, the function W(z) = 77 ajp(z;) is

continuous on T¢.

Proof. We can suppose that ¢ is not zero, otherwise the statement would
be trivial. In which follows, let 2(®) € T¢ be fixed. Given ¢ > 0, since the
series Y% |a;| converges, there exists m; € N such that

N

> Iaj|<ﬁ

for all N > m;. On the other hand, for each j = 1,...,my, the continuity of

@ in :17§-0) ensures the existence of a number d; > 0 such that, if ‘xj—x§o) ‘ < 0j,

then

(0) €
) — N < ———.
o) = )] < gors
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Let 0 = minj<j<p, 6;. If x is a point of T% verifying ‘xj — x§0)| < ¢ for

j=1,...,mq, then we have, for all N > my,
N N N
0 0
S aeten) - Larotal”)| =[S as(ete) - ta)

<2 lastlete) = el + 3 lalle(ry) =)

j=mi+1
mi c N
< N 2 .
<Y lal g+ 2lele 3 o
J= j=m1+1
SEE.
2 2

Moreover, we have that 3%, |a;po(z;)| < [l¢ll, 2252, las] for all z € T«
Therefore, the series defining the function W(x) is absolutely convergent,
thus the function ¥(z) is defined for all x € T* and there exists mgy = ma(e)
such that, if N > ms,, then

N
|U(z) — Zajgo(xj)‘ <e VxeT".

J=1

Consequently, taking M = max{m;, my}, we have
M M

0
> agely) = D aze(a))
j=1 j=1

[0 @®) =D aje(z”)

[ (z) — U(2O)| < |¥(z) - Z%SO(%H +

< 3e
if v € T% verifies }a:j —:Ego)‘ < dforj=1,..., M, and therefore the function
W(z) is continuous at the point z(?. O

Definition 2.3. Let f(x) be a function defined on T%. For each multiindex
a = (aq, ag, .. .) finitely nonzero, that is, such that «; # 0 for only finitely
many j, it is defined the partial differentiation operator by

- o 0% 9%m , . . .
Daf:Djlln.Dersz:axo‘h”'axajmf lf@jZO\VI]¢{]1,...7]m}.
jl ]m

The total order of o is |a| = ajy + ...+ «,,. When |a| =0, D*f = f.

For each k, the space C*(T%) is defined as the class of the functions
f with continuous everywhere partial derivatives up to the k-th order, i.e.,
such that D*f € CO(T*) for all multiindex « finitely nonzero such that
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la| < k. With the norm

[l = sup [[D*f[l

0<|a|<k

where || Df||., = max,ere |(DYf)(2)| for each fixed o, C*(T%) is a Banach
space ([7, 2.2.4]). The space of the infinitely differentiable functions is the
intersection C*°(T¥) = N2, C*(T¥) and it is a Fréchet space ([7, 12.1]).

Double series. (See [6, p. 72-76]; also [11].) Consider a double series of

complex numbers, as

(e 9]

(2.1) > .

m,n=1

The rectangular partial (finite) sums of (2.1) are

M N
SMN = ZZamn, (M,N) € N°.

m=1 n=1
It is said that the series (2.1) converges to the sum s € C in Pringsheim’s

sense when Ve > 0 Ju such that
’SMN—S| <e€ 1f]\/[,N2u

A necessary and sufficient condition for the convergence of (2.1) in Pring-
sheim’s sense is the following:
(2.2)

Ve > 0 3p such that [spg — syn| <eif P> M > pand Q > N > pu.

When the series Y ap, and Y by, converge in Pringsheim’s sense,
then the same happens to the series Y (@mn + bimy), and

(2.3) > (@mn +bon) = > Gn + > boun.

o m,n
Hardy [8, p. 88] introduced the notion of regular convergence of a double
series as follows: the series (2.1) is said to converge reqularly to the sum
s € C if it converges to s in Pringsheim’s sense and, in addition, each of its
row and column series, Y > | @y for cach m =1,2,..., and Y °_| @y, for
each n = 1,2,..., respectively, also converges as a single series.
A double series absolutely convergent is also regularly convergent, but
the regular convergence is sufficient to
0 o o oo
PBETED D DTS BP B
mn=1 m=1n=1 n=1m=1

hold ([11, Th. 1]).
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3. BILINEAR AND QUADRATIC FORMS IN AN INFINITE NUMBER OF
VARIABLES

Let us denote by S := {(2,)3% |2, € C, |z,] <1 Vn € N} the infinite
dimensional polydisc (the closed unit ball of /. (N)). Analogously to T%,
we will consider the space & with the topology of the cartesian product
of infinitely many closed unit circles of the complex plane. Particularly, if
x € T%, then

2T — (627”'361

z=e ,...,62””",...)68.

We define a bilinear form in S (in principle only formally) by the ex-

pression

m,n=1
The bilinear character and the very existence of the function Q(z, y) depends
on the convergence of the double series above.

Definition 3.1. The series (3.1) is completely bounded in S if there is a

constant H such that
M N

m=1n=1

(3.2) <H Vx,yeS, VM,N € N.

The following property is immediately deduced.

Lemma 3.2. Suppose that the series (3.1) is completely bounded in S.
Then, the series >~ |amy| for each m € N, and Y °_, |am,| for each

n € N, are convergent.

Proof. For M, N € N, let Qun(x,y) denote the rectangular partial sums
(or sections) of Q(z,y), i.e.,

M N
Qun(z,y) = Z Zamnxmyn (r,y €8).

m=1 n=1
The section Qv (z,y) only depends on the M first components of  and on
the N first components of y, and thus we can consider it as a bilinear form
defined on DM x DY where D denotes the closed unit disc of the complex

plane. Let us write
2 = (2, au), Y
Therefore, by hypothesis we have
|Qun (2" y ™) < H it 20 ™ <1
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Let, for example, ny € N be fixed (we proceed in a similar way when we

fix mg € N). Consider the points

Q1n Qmn
{no::< .., O,...> and  Nny = (O1ngy - -+ » Omngy - - -)

| @1 | |G |

(0;; is the Kronecker’s symbol). Obviously, &,, and 7,, belongs to S, and,
for each M € N such that M > ng, it holds

Z ’amn0| QMM( no 7nn0 ) QMM(énoanm)) |QMM(£n0777no)’ S H

with H independent of M. Consequently the series Y °_ @y, | is conver-
gent. U

The theorem which follows is due to Littlewood ([10, p. 166-168]).

Theorem 3.3. If the series (3.1) is completely bounded in S by a constant
H, then it converges in Pringsheim’s sense, uniformly in S%, to a bilinear
form Q(x,y) which verifies |Q(x,y)| < H Vz,y € S (and it is said, then,
that the bilinear form Q(z,y) is completely bounded in S).

Observe that Q(z,y) is a bilinear form if Vx,2',y,y/ € S it is verified
(3.3)
Qz,y+y) =Qz,y) +Qz,y) and Qz+2',y) =Q(z,y) + Q2" y).
When the bilinear form Q(z,y) is completely bounded in § it is verified,

in particular, that given ¢ > 0, there exists 14 = v;(g) such that |Q(x, y) —
Quu(z,y)| <eV(z,y) € S*if v > 1. From here, it follows easily:

Corollary 3.4. A bilinear form Q(x,y) completely bounded in S defines a

continuous function in S2.

Proof. Let (z9,y0) € S? be fixed and € > 0. First, as we just said above,
there exists v;(g) such that

Q(x,y) — Quu(z,y)| <
if v > v1. On the other hand, the bilinear form defined on D** x D"* by

Y(z,y) € S

Wl M

vy v

QI/ll/l (.1.(1/1), y(u1)) = Z Z AmnTmYn

m=1n=1

(1)

is continuous at the point (z ( ,yo ) Then, there exists 6 > 0 (depending

on (9, yo) and ) such that, if max;<j<,, {|z; — zo;|, [y; — yo;|} < 9, then

|QV1IJ1( (Vl)) QVlI/l( 7y[()yl) } < %
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Thus, for every (z,y) € 8% verifying max{|z; — zo;|, |y; — yo,|} < & for
j=1,... 1, we have
’Q(IL‘,?D - Q(ﬁo,yo)} < }Q(m,y) - QV1V1(m7y)|
+ ‘leul (z,y) — Qulul(%,yoﬂ + ‘Qulul(xmy()) - Q(l’o”yo)|
< c + : + - €
33 3

(we have used that Qu,, (,y) = Quu, (), y™) for all (z,y) € §?), and
the continuity of Q(x,y) at the point (xq,yo) is proved. O

Some more definitions and remarks. Let Q(z,y) = > ° | GpmnZm¥n
be a bilinear form completely bounded by a constant H in &, and which
defines, according to Corollary 3.4, a continuous function on S2. Let

C(x) = Z Ayn Lo T,

for x € S. The quadratic form C(x) is also called completely bounded in S,
because it is verified

M M
§ E AmnTm Ty

m=1n=1

|Cr(z)] = <H VreS VMeN.

When the bilinear form Q(x,y) is completely bounded in S, then its
partial derivatives are well defined (see [9, p. 128]). Writing, for each p € N,
ep = (0pn)e, € S, and applying (3.3), we have

9 . 9]
Sieta) = li LI ) Q(ac,) - mzmxm
g_g)(x’ y) _ 15% Q(I’ -+ tepviz) - Q( ) _ Q Cps Y Zapnxny

and thus these partial derivatives are bounded linear forms. According to
Lemma 3.2, the series > 7 |apn| ¥ D ooo_; |amy| are convergent for all p, and
from here it is possible to deduce that the functlons (x Y) and (a: Y)
are continuous in 82 by applying a result (in S?) analogous to Lemma 2.2
(in T¢).

Corollary 3.5. (a) If the bilinear form Q(z,y) is completely bounded in S,
then the quadratic form C(x) = Q(x,x) belongs to the the class C(*(S).

(b) If the quadratic form C(x) = Q(z,x) is completely bounded in S,
then it belongs to the class C(>(S).
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Proof. (a) The quadratic form C(z) = Q(z, z) is continuous in S according
to Corollary 3.4. For each p € N we have
o 0

0Q
a—xp(w) oz,

(r,z)+ a—yp(m,x)

due to the absolute convergence of each series. Then, by applying Lemma

2.2, the linear form %(m) is continuous in S, and its partial derivatives are
V4
constant functions.

(b) From the identity

Qz,y) =Q(3(x +y). 2= +y) - Q(x —y) iz —y)

it follows that the bilinear form Q(z,y) is completely bounded in . Then
apply part (a) and it is done. O

4. FUNCTIONS IN C(*(T%) WHOSE FOURIER SERIES DIVERGES
ABSOLUTELY

In this section, we prove Theorem 1.4. In 1913, Toeplitz [14, p. 427]

introduced a quadratic form

oo

(4.1) C(z) = Z QnZmzn (2 € S)

m,n=1
in infinitely many variables, symmetric (i.e., such that a,,, = auny), com-
pletely bounded in S in the above defined sense, and such that the series
> . |amn| diverges. This quadratic form will be described below. We will

m,n=1

2mix

simply replace in Toeplitz’s form z = €*™* (i.e., z; = €*™% for all j) with

x € T%, and consider the function

(4.2) F(x) = C(e™) = Z g @ EmFTn) g — (zj)52, € T*.
m,n=1
From Corollary 3.5 (b) it follows that F' € C(°(T%). In particular, F is
integrable.
Let us calculate now the Fourier coefficients of the function F'. For this,

we will use that F'(x) = limp; 00 Fas(x), where

Fa() = Y e,

m,n=1,....M
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Due to the fact that the quadratic form (4.1) is completely bounded in S,
ie., |C(2)] < H for all z € S, we have that |Fy/(x)| < H for all M € N and

x € T%. This allows to apply Vitali’s convergence theorem to write, for any
p € Z>™ fixed:

F(p) :/ (Z amne2m(xm+$n))e—2wiﬁ~x da
Tw

m,n=1
= < lim E amne%“”jmﬂ"))e‘%’p'm dx
w \M—o0
m,n=1,....M
= hm < E amn62ﬂl(:€m+zn)6_2ﬂ'1p‘x> dx
Tw M—o0
m,n=1,....M
:]\}gn § : amn/ 6277@((:vm+zn)7p-x) dr
9]
m,n=1,....M ¥
9 00
= E amn/ e2ri((@mtan)—pz) g,
m,n=1 “

amn+anm:2amn 1fﬁ:ém+énam7én
=< Umm if p = 2e,,,
0 otherwise,

where we denote by €, the element (J,;)72, belonging to Z>.
Thus, the above expression (4.2), which defines F'(z), is indeed its Fourier
series, Doy F(p)e*P=_ Therefore we will have

oo
PEL® m,n=1
and, since )% |amn| = 00, our function F is a counterexample showing

that the implication f € C(*°(T¥) = > ez |F(p)] < oo is false.

Let us proceed to describe the quadratic form C(z). We first show an
auxiliary lemma. Toeplitz [14, p. 423-426] gave it for real orthogonal matri-
ces. In what follows, D denotes the closed unit disc of the complex plane.

’In fact, denoting by My the greatest nonzero index of p, i.e., the index such that
p; = 0 for all j > My, we have

Z amn/ 2 l(@mtan) =) g —

m,n=1

Z P / eQﬂ'i((mer:rn)fﬁx) dar.

;,n=1,...,Mo
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Lemma 4.1 (Littlewood, [10, p. 171]. See also [4, p. 609]). Let A =
(@mn)Nxn be a unitary matrix, i.e., a matrix for which the following holds

N
E Qrplgpy = 0ps Vr,s=1,..., N,
n=1

and define Qyy(z) :== N1 Zfr\i,nzl rnTm Ty for £ € DV, Then, it is verified

Qnn(z)| <1 Vo e DV,

Toeplitz’s quadratic form. Toeplitz begins by defining C4(z1, ..., z4) as
the quadratic form in D* whose coefficients matrix is

-1 1 1 1
1 -1 1 1
Cr= 1 1 -1 1
1 1 1 =1

The real symmetric matrix C; verifies C? = 41, and so, by applying Lemma
4.1 it results

|01(Z17 R 24)’ < 43/2 =38

in D* (this maximum value is attained for z; = ... = 24 = 1).
Next, he defines Cy(z1,. .., 2z42) as the quadratic form in D*¥ whose co-
efficients matrix is
-1 v G Gy
¢, -G ¢ ¢y

Cl 01 —Cl Cl
c, ¢ O -0

CQ ==

From Lemma 4.1 it results
}02(21, o ,z42)’ < (42)3/2 _ g2

in D* (and the maximum modulus is attained for z; = ... = zg2 = 1).
Inductively, from the quadratic form in 4% variables (o > 1) with matrix
C,, one can construct the quadratic form in 4%*! variables and matrix

- Oa Ca Coz Ca
Ca — Ca Coz Ca
Ca Ca - Ca Ca
Ca Ca Ca - Ca

CoHrl =

According to Lemma 4.1 we have that, for all o € N, it holds

Ca Zly ooy R4 S 4« 3/2:8a
|Ca )| < (4%)
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in D**. Finally, for x € S, Toeplitz defines
(43) C) =B, 20) + B Oolwan, . was)

M3
+ gcz(x42+4+17 e Tazyayas) oo

where (£14)52, is a sequence of positive numbers determined below, and he
shows the following Lemma (see [14, p. 426-427]):

Lemma 4.2. If p, > 0 are chosen so that the series _ p, is convergent,
then the quadratic form (4.3) is completely bounded in S.

Moreover, the sum of the moduli of all coefficients of the form C(z) is
> 2%, Tt is easy to choose p, so that > u, < oo and > 2%u, = oo (for
example, p, = %, fo = 27% etc.). Thus, the function

F(z) = C(e*™) (x €T¥)

constructed with these p, is our first announced counterexample.

Littlewood’s quadratic forms. From [10, p. 171-173] and [4, p. 609-612]
we can get a variety of counterexamples that generalize the preceding, based
on quadratic forms in S for which not all the coefficients are real.

For example, let N > 2 be a fixed integer, and consider the infinite
collection of matrices

M1 = (62ﬂi%>N><N’

_ 2mi L2
M, = ("'~ - M,_

rs=1,...,N,

1)Nuwa rs=1,...,N, if u>1.

All entries in M, are N-th roots of unity, and M, is an unitary matrix, for
all 1 € N. Let us denote by M (ZB&M ), e :B%)L) the quadratic form associated
with the matrix M, and the variables of a generic point x € S on which it

acts, and then define the quadratic form in infinitely many variables

_ I
]k[(lﬁ =N 3/2A41(1h,. ..,JUV) 4—:1fV 3A4é<ﬂﬂv+1,... ,$]q+4v2)

..
+ §N 9/2M3(90N+N2+1; e TNEN24NB)
3u/2
_Z g“),...mg\’,ﬂ)t).
According to Lemma 4.1 we have
‘M xl ,x%ﬁ)) < N3H/2,
from where we get now

1
,u
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Thus, M (x) is completely bounded and, applying Corollary 3.5 (b), it be-
longs to the class C(* in S. But, if we denote M (z) = >°°°  _ GmnTmTn,

m,n=1

since all the moduli of the nonzero coefficients are equal to 1, we have

> 1 1 > Ni/?
_OnN3/2 A2 L S N3 L N4 L S n—9/2 . AT6 _
Ej]amn]_N N+4N N+9N N+..._§:

72
m,n=1 j=1 J

= 0

and so, the Fourier series of the function G(z) = M (e*®), x € T%, diverges
absolutely.

Bohnenblust and Hille ([4, p. 608-614]) generalized for m-ic forms (m >
2) the results of Littlewood. This would provide new counterexamples, this

time based on m-ic forms (m > 2) in infinitely many variables.
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