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DAVID BELTRAN AND JOSE MADRID

ABSTRACT. We establish continuity mapping properties of the non-centered
fractional maximal operator Mg in the endpoint input space lel(Rd) for
d > 2 in the cases for which its boundedness is known. More precisely, we prove
that for ¢ = d/(d — 8) the map f — |VMgf| is continuous from W11 (R9)
to LI(RY) for 0 < B < 1 if f is radial and for 1 < 8 < d for general f. The
results for 1 < g < d extend to the centered counterpart Mg Moreover, if
d =1, we show that the conjectured boundedness of that map for M[‘; implies
its continuity.

1. INTRODUCTION

Given f € L} .(R%) and 0 < 8 < d, the non-centered fractional Hardy-Littlewood
maximal operator Mg is defined by

B
for every x € R?. The centered version of Mg, denoted by Mg, is defined by
taking the supremum over all balls centered at . The non-fractional case g = 0
corresponds to the classical maximal function, which we denote by M = Mj.

In recent years, there has been considerable interest in understanding the reg-
ularity properties of M and Mpg. This study was initiated by Kinnunen [13], who
showed that if f € W1P(RY) with 1 < p < oo, then M f € WP(R?) and

VM f(z)| < M(IVf])(z) (1.1)
almost everywhere in R%. His result extends in a straightforward way to the frac-
tional case in the scaling line % = 1% — %; more generally, any LP? — L9 bounded

sublinear operator A on R¢ that commutes with translations preserves the bound-
edness at the derivative level if 1 < p, ¢ < oo, that is

[Afl1.q < ClIf]

At the endpoint p = 1, one cannot expect boundedness of Mg from W1 to whats
to hold, as Mp fails to be bounded at the level of Lebesgue spaces. However, one
may still ask the question of whether the map f +— |VMpf| is bounded from W!
to L% . This problem has received a lot of attention in recent years and in the
case 3 = 0 is commonly referred to as the W' -problem. In this case, despite
the question is still open, there are positive results for d = 1 [27, 1, 16] and for
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d > 1 if the function f is radial [19]; see also [11, 9, 5, 26, 24, 23, 15] for related
results and [4, 6, 22] for similar results in the discrete setting. In the fractional case
0 < 8 < d, it was observed by Carneiro and the second author [7] that the case
B > 1 follows from combining Sobolev embeddings with the following smoothing

property of fractional maximal functions due to Kinnunen and Saksman [14]: if
feLP(RY) with 1 <p<dand 1< <d/p, then

VMg f(x)] < CMg_1f(x) (1.2)

almost everywhere in R?. Together with the boundedness of M, s—1 and the Gagliardo—
Nirenberg—Sobolev inequality,

VMg fllg < CliMp-1fllg < Cllfll 2, < CIV Ik

for ¢ = ﬁ, establishing the endpoint Sobolev bound for 5 > 1. Here and in (1.2)
the results continue to hold for M 5

The case 0 < 8 < 1 is considerably more difficult. The one dimensional case
was established by Carneiro and the second author [7], whilst in higher dimensions
Luiro and the second author [20] proved its validity for radial functions. More
recently, the first author, Ramos and Saari [2] obtained the boundedness result for
d > 2 without the radial hypothesis but for certain variants of Mg. Such variants
correspond to a lacunary version of the maximal function Mg and to maximal
functions of convolution type with smoother kernels than xpo,1)-

The maximal functions Mg are sublinear operators, and therefore its bound-
edness on Lebesgue spaces implies its continuity. However, this property is not
preserved at the derivative level: the map f — |VMgzf| is no longer sublinear.
Therefore, it is a non-trivial question to determine the continuity of f — [V Mgz f|
as a map from W1P(R?) to L4(R?). This question was first posed by Hajtasz and
Onninen [12], where it was attributed to Iwaniec. The first affirmative results in
this direction were obtained by Luiro [17] for § = 0 in the non-endpoint cases
p > 1, although his analysis extends to the fractional setting; see also his work
[18] for more general maximal operators in non-endpoint cases, which includes an
interesting result for Mg in the case 1 < 3 < d.

In analogy to the boundedness problem, the continuity at the endpoint p =1 is
a much subtler question. In recent years, there has been progress in this direction
for d = 1: Carneiro, the second author and Pierce [8] established the continuity
for d = 1 and 8 = 0, and the second author [21] showed the analogous result for
d =1and 0 < f < 1. The main goal of this paper is to explore the analogous
questions in higher dimensions for the cases in which the boundedness of the map
[ = |[VMgaf| from Wh! to L7 is known. In particular, we obtain positive results
for the fractional case. Similarly to the boundedness, our analysis naturally splits
in two cases depending on whether 0 < 8 < 1 or 1 < 3 < d; this is dictated by the
availability of (1.2) in the latter case.

Theorem 1.1. Let Mg € {Mpg, Mg}. If 1 < B < d, the operator f — [VMgf|
maps continuously WH1(R?) into LY (4=8)(R%).

The range 0 < 8 < 1 is more interesting as the inequality (1.2) is no longer at
our disposal. However, we are able to give positive results for radial functions; note
that boundedness of Mg at its derivative level is currently only known under this
assumption. This constitutes the main result of this paper.

Theorem 1.2. If 0 < 8 < 1, the operator f +— |VMpgf| maps continuously
WLIRY) into LY (@=F(RY).

re

IThe space era’é in Theorem 1.2 denotes the subspace of W11 consisting of radial functions.
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The proof of this theorem differs from its one dimensional counterpart, which
strongly uses that M f and Mgf are in L>=(R) if f € WH1(R). In fact, the one-
dimensional arguments will only continue to work in higher dimensions in the re-
stricted range d — 1 < 8 < d which is, in particular, covered by Theorem 1.1, or
inside an annulus A(a,b) with 0 < a < b < oo in the case we consider small radii.
Our approach will combine the one-dimensional arguments in A(a,b) and a refine-
ment of the techniques used in [20] to show the bound ||V Mp fll4/a—p) < C||IVfllx
for radial functions.

Moreover, our arguments can be combined with those in [21] to yield a conjectural
result in one dimension regarding the continuity of the map f — |(Mg f)| from
WULR) to LY (R). Our result depends upon the boundedness of that map
between such function spaces, which is currently an open question.

Theorem 1.3. Let 0 < 8 < 1. Assume that |[(M§f) || Lary < CIf'[|L1(r) holds for
q =1/(1 = B). Then the operator f — |(M§f)'| maps continuously W"'(R) into
LI(R).

Finally, it is noted that some of our arguments also continue to work without the
radial assumption, for 5 = 0 and for the centered maximal function. In particular,
the analysis can always be reduced to showing the continuity inside a compact set
K; this will be discussed in Section 4.3.

Structure of the paper. Section 2 contains many auxiliary results that will be
used in the proofs of the main theorems. The proofs of Theorems 1.1, 1.2 and 1.3
are provided in Sections 3, 4 and 5 respectively. Finally, an alternative proof for
the range 8 € (d — 1, d) based on a one dimensional analysis will be provided in an
Appendix.

Acknowledgements. The authors are indebted to Hannes Luiro for a clarifica-
tion regarding his previous work [17] and to Emanuel Carneiro, Cristian Gonzélez
and Juha Kinnunen for valuable comments. They also would like to thank BCAM,
ICTP and UCLA for supporting research visits that helped to the development of
this project. The second author would like to thank Carlos Pérez for his hospital-
ity during his visit to BCAM. The authors are also grateful to the referee for the
valuable suggestions.

2. PRELIMINARIES

Notation. Throghout this paper, the value of the Lebesgue exponent g will always
be ¢ = d/(d — ). Given a measurable set £ C R?, xg denotes the characteristic
function of E and E°¢ := R\ E its complementary set in R?. For ¢ € R , we denote
by cE the concentric set to E dilated by ¢. The integral average of f € Li, (R?)
over F is denoted by fp = fE f. The notation A < B is used if there exists C' > 0
such that A < CB, and similarly A 2 B and A ~ B. The implicit constant may
change from line to line but will be always independent of the relevant parameters
(such as the index j), and depend only on the dimension d and the fractional order
8. The volume of the d-dimensional unit ball is denoted by wy.

2.1. The families of good balls and good radii. Fix 0 < g < d. Given a
function f € W11 (R?) and a point = € R?, define the family of good balls for f at
T as

BAS) = {Bler) s € Blavr), Maf(a) =r* f

B(z,r)

()l dy}.
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Note that B2(f) # () for all z € R? if f € L'(RY). Moreover, BZ(f) is a compact
set in the sense that if B(zy,r) € B2(f) for all k € N and 2, — z and r, — 7 as
k — oo, then B(z,r) € B2(f).

For ease of notation, BZ(f) will be simply denoted by B?, and given a sequence

of functions {f;},en the associated families of good balls are denoted by BB The
families of good radii R? and Rg j are defined as the subsets of R cons1st1ng of the
radii associated to good balls in B2 and Bgy ; respectively.

If 0 < B < d, the value r = 0 ¢ RZ for almost every z € R? This is
indeed a simple consequence of the Lebesgue differentiation theorem. Assume
that {B(zk,7k)}ken is a family of balls containing x such that r, — 0; then
{x} = B(z,0) € BY by compactness. By Lebesgue differentiation theorem

Tg][ /] = 0x f(x)=0 ae. ask— oo,
B(zk,rk)

but Mg f(x) > 0 for any f not identically zero.

If 3 =0, a similar argument yields that 0 € R on the set {x € R? : M f(z) >
f(x)}.

An important observation is the following relation between the sets Bf. ; and B2,
which constitutes the fractional higher dimensional analogue of Lemma 12 in [8].

Lemma 2.1. Let f € WL RY) and {f;}jen € WHL(RY) be such that | f; —
fllwragay = 0 as j — co. For a.e. x € RY, let {(z,75)}jen C R? x [0,00) be
a sequence of centers and radii such that By ; = B(z;,7;) € Bf’j. If (z,7) is an
accumulation point of {(zj,7;)}jen, then B(z,r) € BE.

Proof. Set fo = f, and for every j > 0 let E; be the set of the Lebesgue points of
fj. Define E = N;>0FE;; note R?\ E is a set of measure zero. Consider a point
x € E and assume, without loss of generality, that (z;,7;) — (z,r) as j — oo (going
through a subsequence, if necessary) and that r # 0. Note the convergence

‘Mﬁfj(x) S NI

r B
r
/ — I ‘ / id B(z ) (Y) = A XB(, (Y dy‘ -0

as j — oco. The first term goes to 0 as 7; — 7 > 0 and [|f; — f[|p1 ey — O
as j — oo. The convergence of the second term may be seen by the dominated
convergence theorem, as f € L', (zj,r;) — (z,r) as j = oo and rj,r > C for
some constant C' and j large enough. As ||f; — fllpp(ray — 0 for 1 < p < ﬁ,
then ||Mpf; — Maf||r@ey — 0 as j — oo for some r > ﬁ and therefore there
is a subsequence {Mpg [}, }ren converging to Mpf almost everywhere as k — oo, so
B(z,r) € B2(f).

We conclude the proof observing that, by contradiction, the case 7 = 0 does not
happen for © € E. To see this, define the set A; = {y € E: M(f; — f)(y) > 1}. If
{j € N:z ¢ A;}| = co then going through a subsequence, if necessary,

v
Mafiu() MG =D+ 2 [ 15040 x |f(a)| =
ik By,
by the Lebesgue differentiation theorem, which is a contradiction. Otherwise, if
HjeN:z ¢ A;}| < oo then

zed:= ] ) A4

Jjoz1j>jo
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which is a measure zero set as a consequence of the weak (1,1) inequality for the
maximal operator M and the hypothesis || f; — fl|L1®&s) — 0. O

In the case of Mg, the family of good balls B2 is just determined by the family
of good radii R2. Of course, Lemma 2.1 continues to hold in this case, where z =
and z; =z for all j € N.

2.2. The derivative of Mg. In order to understand the weak derivative VMg f,
it is useful to recall the concept of approximate derivative. A function f: R — R
is said to be approximately differentiable at a point xo € R if there exists a real
number « such that, for any € > 0, the set

|f(z) = f(z0) — a(x — x0)| < 5}

|z — o]

Aaz{xeR:

has xy as a density point. In this case, the number « is called the approximate
deriwative of f at xy and it is uniquely determined. It follows directly from the
definition that if f is differentiable at x then it is approximately differentiable at
Tg, and the classical and approximate derivatives coincide. In the absence of differ-
entiability, if the weak derivative of f exists it also coincides with the approximate
derivative [10, Theorem 6.4].

Hajtasz and Maly [11] showed that M§f is approximate differentiable, and their
arguments easily adapt to the non-centered maximal operator and to the fractional
setting. Moreover, the boundedness

VMg fllg < CIIV fl

for1 < g < d[14] and g € (0,1) if f is radial [20] implies that Mgz f is weakly differ-
entiable in those cases and therefore its weak derivative equals to its approximate
derivative, leading to the following lemma.

Lemma 2.2 (Derivative of the maximal function [20]). Let f € WHY(R?) and
x € R, Then, for all B = B(z,r) € B?, we have that

(i) If 1 < B < d, then Mgf is weakly differentiable and for almost every
x € R? its weak derivative VMgf satisfies

VM f(z) = ]i VI/1(y) dy

and the same holds for Mgf.
(ii) If B € (0,1) and f is a radial function, then Mgf is differentiable a.e.,
and for almost every x € R? its derivative VMg f satisfies

VM f(z) = 1 ]{3 VI/1(y) dy.

We call this identity Luiro’s formula.

The value of the approximate derivative of Mgf is a simple computation which
can be obtained arguing as in [11] or [20], and has its roots in the work of Luiro
[17]. The stronger statement in (ii) regarding the a.e. differentiability of Mg f
in the radial case is a consequence of the one-dimensional result of Carneiro and
the second author [7], who showed that for d = 1, the maximal function Mgf is
absolutely continuous and therefore differentiable almost everywhere in the classical
sense; this extends to higher dimensions when acting on radial functions.
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2.3. A Brézis—Lieb type reduction. In order to prove both Theorem 1.1 and
1.2, we will show that for any f € W1H(R?) and {f;};en sequence of functions in
WHL(RY) such that [|f; — f|lw1.1gay — 0 as j — oo, then

\VMgf; — VMBf”Ld/(d—B)(Rd) —0 asj— oo. (2.1)

The classical Brézis-Lieb lemma [3] reduces the proof of (2.1) to showing that

[ 975 s [ 9Mafle as o
R4 R4
provided the almost everywhere convergence
VMgfi(x) = VMgf(x) ae asj— oo (2.2)

holds.
The rest of this section is devoted to show (2.2), which is the content of the
forthcoming Lemma 2.4.

2.4. Almost everywhere convergence of the derivatives. In order to show
(2.2) we extend to higher dimensions and to the fractional case the strategy of
Carneiro, Pierce and the second author [8]. Their arguments do not straightforward
generalise to higher dimensions due to the lack of uniform convergence of Mg f; to
Mg f (which holds for d = 1 and W11 (R)-functions).

In view of the representation of the derivative of Mg in Lemma 2.2, it is useful
to note that convergence of f; to f in Wh! implies convergence of their modulus.
A proof of this functional analytic result is provided below for completeness as we
could not find it in the literature. This fact was implicitly used in the work of
Luiro [17], to whom we are grateful for a helpful conversation regarding a step in
the proof. It is noted that the one-dimensional version of this result has a slightly
simpler proof based on the fundamental theorem of calculus; see [8, Lemma 14].

Lemma 2.3. Let f € WHYRY) and {f;}jen € WHL(RY) be such that | f; —
fllwii(ray — 0 as j — oco. Then |||f;| — | flllw11@ey — 0 as j — oc.

Proof. Of course ||| f;| — | flllL1@ey < [1fj — flli ey — O follows from the triangle
inequality. To see that [|[V|fj| — V|fll[L1@e)y — 0, define the sets X; := {z €
RY: fi(x) > 0}, Y; :=={z € R : fj(z) < 0} and Z; := {x € R? : f;(x) = 0}
for all j € N, and let X,Y and Z be defined similarly with respect to f. It
then suffices to show the convergence on each of the nine subsets obtained by
intersecting X;,Y;, Z; with X,Y, Z. Note that on X; N X, Y;NY and Z; N Z, one
has |V|f;| = V|f|| = |V f; — V f] and therefore the convergence on those sets follows
from the hypothesis ||V f; — V f|| 1 (gay — 0.

On X, N Z and Y; N Z, one should note that Vf = V|f| = 0 except for a set of
measure zero. Indeed, if I C Z has positive measure, one has f(x) = |f(z)| =0 on
I and therefore Vf = V|f| =0. Then |V|f;| — VI|f|| = |Vf; — Vf|lae. on X;NZ
and Y; N Z and the convergence on such sets follows again simply by the hypothesis
IVfi = VfllLimay — 0. The terms corresponding to Z; N X and Z; NY follow in
a similar manner.

On ijY,
/ IVIij—V\fH=/ Iij+Vf|S/ \ij—vm/ 2V S
X;nYy X;nYy R4 X;nYy

The first term goes to 0 as j — oo, as by hypothesis ||V f; — V f| 11 (ga) — 0.
To show that second term goes to 0, it suffices to see that | X; N Y| — 0 as
j — oo. Indeed, assume that this assumption holds and, for a contradiction, that
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there exists a subsequence j; and ¢ > 0 such that

lim 2IVf] >ec.
k—o00 Xjka
As it is assumed that |X; NY| — 0, there exists a further subsequence ji, for
which xx; ny — 0 a.e., and thus the dominated convergence theorem yields
4

lim 2]V f| =0,

L—00 Xjk-z
a contradiction. Finally, to show that |X; NY| — 0, for any given € > 0, let 6 > 0
be such that

|As| = |[{z € R?: 0 < f(x) <0} < e/2.

The set {x € R? : fj(z) < 0 and f(z) < &} is contained in {z € R? : |f(x) —
fj(x)] > 0}, and the measure of the latter converges to 0 as j — oo by hypothesis
(convergence in L implies convergence in measure). Thus, there exists jo € N large
enough so that

|Bs| := |{z € R?: f;(z) <0 and f(z) < §}| <¢e/2

for all j > jo. As X; NY := As U Bs, the result follows from combining the two
previous displays. The term corresponding to Y; N X follows analogously, and the
proof is then concluded. U

We now have all the necessary ingredients to prove (2.2). The proof is a minor
variant of its one-dimensional counterpart in [8, Lemma 15]; full details are given
below for completeness.

Lemma 2.4. Let f € WYY R?) and {f;}jen € WHL(RY) be such that | f; —
fllwiaiay = 0 as j — oo. Then

VM fy(a) = VMaf(@) ace. as j— o0 (2.3)
if Luiro’s formula holds for Mg, and the same holds for M.

Proof. Set fo = f, and for every j > 0 let E; be the set of measure zero for which
Lemma 2.2 fails for f;. The set E := U;>¢E; continues to have measure zero. Let
F be the sets of measure zero for which Lemma 2.1 fails. That is, if x € F and
{(2j,7;)}jen is a sequence where B(z;,7;) € B2, an accumulation point (z,7) of
{(zj,7;)}jen does not necessarily satisfy B(z,r) € BS. It then suffices to prove the
desired result for z € D := RN\ (E U F).

Given z € D, there exist § = §(x) > 0and N = N(z) < oo such that R? C [4, N].
We claim that there exists jo = jo(z) such that Rf’j C (6/2,2N) for 5 > jo.
Otherwise, we may find a sequence {rj, }r>1 C [0,0/2] U [2N,00). If there exists
a constant C' < oo such that {r;, }ren C [0,0/2] U [2N, C], the sequence {7, }ren
admits a convergent subsequence {rjkz teen. By Lemma 2.1, limy_, o Tje, € Rg
but by construction this limit lies in [0,6/2] U [2N, C], which is a contradiction.
If one cannot find such a C' < oo, there exists a subsequence {r;, }een such that
limy_ oo T, = 00, which is again a contradiction by Lemma 2.1.

Let r; € Rij for j > jo and z; such that B; = B(z;,r;) € Bf,j' Using the above
lower bound on r; and Lemma 2.2 one has

VMg fi(z)| < Tffd/ V£l < 872UV = VISl gey + IVl @) < C
for j > max{jo,j1}, where j; is such that ||V|f;| — V|f[||p1(re)y < € for some
€. Then {VMpgf;(x)} en is a bounded sequence. Consider any convergent sub-
sequence {VMpf;, (z)}ren. As the sequence {rj, }ren is bounded, passing to a
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further subsequence one may assume that (zjke,rjke) — (z,r) as £ — oo, where
B(z,7) € B? by Lemma 2.1. By Lemma 2.2

VMg [, () = wa ]{3 V|fj,| and  VMgf(z) =1’ ]{3( )V|f\-
iy PR

Then VMg fj, (z) = VMg f(x) as £ — oo, as

SO S AENEE Y]
Bjk@ B(z,r)
8 5 4

r" ;
< Jky . _ (ﬂ _ )
s [ =i+ [ e, )~ Lrxaten() dy 0

Jky

as £ — oo; the first term goes to 0 by Lemma 2.3 whilst the second term can be seen
to go to 0 by the dominated convergence theorem, as f € W' and the radii Tk,
are bounded below. Then, the original convergent subsequence {VMgf;, (x)}keN
converges to VMg f(z) as k — co. As this holds for any convergent subsequence
{VMgf;.(x)}ken of {VMgaf;(x)};en, one has that VMg f(z) is the unique accumu-
lation point of {V M3z f;(x)}en, and thus the result follows because such a sequence
is bounded. O

Remark 2.5. Note that the above proof also shows that, in particular, for any
0< p<d,

Mg fi(z) = Mg f(x) (2.4)
a.e. on R? as j — oo, provided ||f; — f|lwr: — 0. Note that for d =1, or d > 1
and 8 € (d — 1,d) this is slightly easier due to the L> boundedness of Mg for
f € WHY(RY). The same holds for Mg,

2.5. A classical convergence result. Finally, the following classical variant of
the dominated convergence theorem will be used several times throughout the pa-
per.

Theorem 2.6 (Generalised Dominated Convergence Theorem). Let 1 < p < o0
frg € LP(RY) and {f;}jen and {g;}jen be sequences of functions on LP(R?) such
that

(i) 1f;(@)] < lg;(z)| a-e.,
(ii) fij(z) = f(x) and gj(x) — g(x) a.e. as j — oo,
(i) lg; — 9llLr@ray — 0.
Then || f; = fllrga) = 0.

The proof of this theorem is standard and consists in two applications of Fatou’s
lemma; see for instance [25, Chapter 4, Theorem 19].
3. THE CASE 1 < 8 < d: PROOF OF THEOREM 1.1

This follows from a simple application of the Generalised Dominated Conver-
gence Theorem together with the inequality (1.2) and the a.e. convergences (2.3)
and (2.4).

Indeed, let f € WHL(RY) and {f;}jen € WHH(RY) such that || f; — f|lwra ey —
0 as j — oco. Recall the inequality (1.2) of Kinnunen and Saksman [14],

VM f;(2)] < My fy(2) for all j >0,
which holds for all 1 < g <das f; € L" for 1 <r < d%'ll. By Lemma 2.4, one has

VMgf; — VMgf ae. asj— oo.
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By Remark 2.5
Mg_1f; = Mg_1f ae asj— o0

and, moreover, the sublinearity and boundedness of Mg_; implies
[Mp-1f; — MﬁflfHLﬁ(Rd) S - f”Lﬁ(Rd) SIVE = VillLiwey =0

as j — oo.
The hypothesis of Theorem 2.6 are then satisfied, yielding
VMg f; — VMBf”Lﬁ(Rd) —0 asj— oo,
as desired.

4. THE CASE 0 < 8 < 1 FOR RADIAL FUNCTIONS: PROOF OF THEOREM 1.2

The proof strategy for Theorem 1.2 consists in studying separately what happens
inside and outside a large compact set K. The main difficulty relies in establishing
convergence in K; the term corresponding to K¢ may be seen as an error term.
This strategy was already used by the second author in the one dimensional case
[21]. However, the techniques used therein to analyse K and K€ only continue to
work in very specific situations, and we need to develop a new approach in higher
dimensions to deal with the general situation.?

In order to overcome the higher dimensional obstacles, we make use of some
fundamental observations that proved to be useful in establishing the bound

IVMsfllg < Cd, B)IIV Iy (4.1)

for radial f in [20]. We remark that in contrast to [21], our analysis outside the
compact set is rather general and continues to hold for general function, any dimen-
sion, the centered case and any 0 < § < d (including the classical Hardy—Littlewood
maximal operator) provided the bound (4.1) holds in each corresponding case. This
will be appropriately discussed in Section 4.3.

4.1. Preliminaries. A trivial but important observation for the non-centered max-
imal function is that if [VMgf(x)| # 0 and B € BY, then # € 0B,: as B, is an
admissible ball for all y € B,, one would have Mgf(x) < Mgf(y) for all y € By,
so if = lied in the interior of the ball, it would be a local minimum for Mgf and
therefore VMgsf(z) = 0.

Arguing in a similar manner, if f is a radial function, |VMpgf(x)| # 0 and
B, € B?, the center of the ball B must lie in the direction joining z and the
origin: otherwise, there is a point y lying in the interior of B, with |y| = |z| which
by radiality satisfies |VMgf(x)| = |[VMpf(y)|, and the previous argument would
imply [VMpsf(y)| = 0. Thus, if B, = B(zs,7,) € BZ, one has z, = ¢,z for some
constant c,. However, by radiality and the argument just described, one must have
c; > 0, as otherwise —x lies in the interior of B,. Then we are left with two cases:
either

B, C B(0, |z|) or B, C B(0,|z])". (4.2)

The first case corresponds to 0 < ¢, < 1 and the second one to ¢, > 1.

Next we shall recall two preliminary lemmas observed in [20] that will be useful to
the proof of Theorem 1.2. The first one corresponds to a refinement of Kinnunen’s
pointwise estimate (1.1).

2As mentioned in the Introduction, the analysis on K for d = 1 in [21] only extends in a natural
way to higher dimensions if d—1 < 8 < d; further details of this will be provided in the Appendix
A
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Lemma 4.1 (Lemma 2.9 [20]). Suppose that f € W'(R?), 0 < 8 < d and

loc

B, € B? for some x € R?\ {0} such that B, C B(0,|x|). Then
£ v | < £ wiola.
B, B, ||

The second one is a refinement of the Kinnunen—Saksman inequality (1.2), which
in fact is an implicit consequence of their proof. It is noted that this refinement
also works for the centered maximal function - this will be used in Section 4.3

Lemma 4.2 ([14]). Suppose that f € VVlloc1 (RY), 0 < B < d and B, € B? for some
x € R, and let r, denote the radius of B,. Then

B -1
8 ]{%vmy)dy < C(d, Py’ ][B ()] dy.

x

In fact, Luiro and Madrid [20, Lemma 2.7] obtained a further refinement which
consists on an equality with a boundary term arising from integration-by-parts,
although such a stronger statement will not be needed for the purposes of this
paper.

Remark 4.3. The above lemmas continue to hold for f = 0 if x is such that
M f(x) > f(x), which ensures 0 ¢ RY.

4.2. Inside a compact set K C R? d > 1. We first prove convergence inside a
compact set K.

Proposition 4.4. Let 0 < 8 < 1, f € WHY(R?) and {f;}jen € WHH(RY) radial
functions such that ||f; — fllw1.1@aey — 0. Then, for any compact set K = B(0,b),

||VMij — VMBf”Lq(K) — 0 as ] — 00, (4.3)
where ¢ = d/(d — f).

To this end, we start establishing the desired result for the auxiliary operator
B
r
Mjfi(x):=  suwp [f ()l dy.
o B(zr)sa,r<|zl/a Bz 1) JBzm)

In the case S = 0 this operator was introduced by Luiro [19]. Its fractional coun-
terpart was implicitly studied in [20], and in particular

IVME fllpaggay S IV fllorma) (4.4)
holds for radial f from the analysis on the set E3 in [20].
The following lemmas will be crucial to analyse the convergence of M é at the
derivative level.

Lemma 4.5. Let 0 < B8 < 1, f € WYH(RY) and {f;}jen € WHLHRY) radial
functions such that || f; — fllwri(gey — 0. Then, for every e > 0 there is a ball
B, = B(0,a) such that

IVMEflLapy <€ and [V fllLia,) <e
and, moreover,

VM fillLasy <€ and |V fillLis,) <€
for all j > j(e).

Proof of Lemma 4.5. For every € > 0 there exists a ball B = B(0,d) such that
IVfllersy < € and [[VM]f||pas) < €, also there exists j(e) such that ||V f; —
VfllLimay < e forall j > j(e). Then ||V fj|l1 sy < 2¢ for all j > j(e). Moreover

IVME fill Loz By < IVME(fixp)llLa) S IVEillLm) < 2¢
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for all j > j(e), where the first inequality follows by the definition of M’ and
the second one from the boundedness (4.4). The conclusion is obtained choosing
B = 2B. O

Lemma 4.6. Let 0 < g < 1, f € WHY(RY) and {f;}jen € WHL(R?) radial
functions such that || f; — fllw11@ey — 0. Then, for any annulus A(a,b) := {x €
R?:a < |z| < b} with 0 < a < b/3 < 0o we have that || f; — fll~(a(@p) — 0 as
J — oo then ||Méfj - M[gf”mo A(2a,26/3)) — 0.

Proof. Let f, f; : (0, oo) — R be such that f(z) = f(|z|) and f;(z) = f;(|z|). Note
that Vf(z) = f'(Jz[) % and Vf;(z) = f’ (|z]) & 7o7- By hypothesis one has that

||

/Oo|fj(t)ff(t)|td’1dtﬁo and /Oo\fj’v(t)ff"(t)\td’ldtﬁo (4.5)
0 0

as j — oo. Note that given g € W1((0,0)), by the Fundamental Theorem of

Calculus,
j9(a)] < lg(w)] + / g/ (0]t

for any x,y € [a,b]. Averaging over y € [a, b] one has

o < 5 [ owtars [l

Applying this for g = fj — f, it follows that for a < |x| <b,

150) 1) < s [ 150~

and using (4.5) it follows that || f; — fllze(a(a,p)) — 0 as j — oo.
Finally, note that for 2a < || < 2b/3, one has Méf = Mé(fXA(a,b)); as the
admissible radii  in the definition of Mﬁl satisfy r < |z|/4. O

(t)|t?= 1 dt

The next Lemma follows similarly to Lemma 2.4.

Lemma 4.7. Let 0 < B8 < 1, f € WHH(RY) and {f;}jen € WHLH(RY) radial
functions such that ||f; — f|lw1.1@®ay — 0. Then

VMéfj(m) — VMﬁlf(x) a.e as j— oo. (4.6)

In view of the previous lemmas, the desired convergence result for M ﬁI on radial
functions can be obtained using the one-dimensional arguments in [21]. Those ar-
guments cannot be extended to Mg, as the full maximal operator lacks the uniform
convergence obtained in Lemma 4.6. This is in contrast with d = 1, where uniform
convergence follows for Mg for convergent sequences of functions in WLHL(R).

Proposition 4.8. Let 0 < 3 < 1, f € WHHR?) and {f;}jen € WHHR?) radial
functions such that || f; — fllwi1(ray — 0. Then, for any compact set K = B(0,b),

VM5 f; = VM fllpagey =0 as j— oo, (4.7)
where ¢ = d/(d — B).

Proof. By Lemma 4.5 it suffices to show the convergence for any annulus A(a,b)
with 0 < @ < b/3 < co. By Lemma 4.7 and the dominated convergence theorem, it
suffices to show that there exist a constant C' > 0 and jo € N such that

|VMéfj(m)| <C for all x € A(a,b) and all j > jo,

as constants are integrable on bounded domains.
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To this end, let C4,C4 ; > 0 be such that

inf Mjf(z)=C d inf MJfij(z) = Cay;
et s5f(x)=Ca  an et 5fi(x) =Cay;
note that these constants always exist provided f is not identically 0. By Lemma 4.6
one has || M} f— M} f|| Lo (a(a,p)) — 0 as j — oo, so there exists j1(A) € N such that
gﬁ,j > Cy/2forall j > j1(A). For each z € A(a,b), let By j := B(2g,j,72,j) € Bf’j.
en

| Fillzoe (aqaey) S 7o i1 Fllzoe(aqasy) (4.8)

Ca/2< Tf,j][ il <7l

for j > jo := max{j1(A),j2(A)} where js(A) € N is large enough so that ||f; —
fllee(agap)) < IflLe(a(a,p)), Which holds by Lemma 4.6. As 3 > 0, one has the
uniform lower bound 7, j > (Ca)'/# =: Cs > 0.
This uniform lower bound on the radius together with Lemmas 2.2 and 2.3 yield
the desired bound
. ]{3

1
=5 (VI = VIl ey + IVl ray )
)d—5

VM fi ()] <

VA1) dy]

for all z € A(a,b) and all j > jo.
O

Remark 4.9. The arguments used for to prove Proposition 4.8 continue to work
for the centered version of M ﬁl

Now we are in position to obtain our desired convergence result for the full Mg
at the derivative level on compact sets.

Proof of Proposition 4.4. Set fo = f, and let E; be the set of measure zero for
which Lemma 2.2 fails for f;. The set ' := U;>oF; continues to have measure
zero. Let F', G and H be the set of measure zero for which Lemmas 2.1, 2.4
and Remark 2.5 fail respectively. It then suffices to show (4.7) for K replaced by
K := K\(EUFUG U H), which for ease of notation is relabelled as K.

For all j > 0 we have K = KJUU;UV;UW;, where K{ = {x € K : VMg f;(z) =
0} and

Uj={z € K\K):3B,; €B;, with r,; > |z|/4 and B,; C B(0,|z[)"},

V,={zx e K\K):3B,; €B,, with r,; > |z|/4 and B,; C B(0,z|)}

and
W, ={z e K\ K} : Mgf(x) = Mjf(z)}.

The definitions of U; and V; are motivated by the two types of balls that one needs
to consider when |VMpgf;(x)| # 0: see the discussion at the beginning of Section
4.1 and display (4.2). The additional constraint r, ; > |z|/4 is included because
the case of small radii has already been analysed via the operator M BI . Define the
functions
XB(.Jy)) (%)

[yl

wi@) = [ 191516 a.
and
1

|y
vi(x) == — Vfily)|—dy.
@)= o /B oy VO
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By Lemma 2.2,
1 _
VM@ < o VI IRl el se k. @)

Note that as |[VMpgf;(x)| # 0 on U; UVj, the good balls B, ; € Bf,j are of the type
described in the previous subsection: « € 0B, ; and the center of B, ; belongs to
the line joining = and the origin; this features in the following bounds on U; and
V.

For every z € U;, if y € B, j one has r, j > |y| — |z| > |y| — 4r, ; and |z| < |y].
Then

d
][ VIl (y dy]<—/ IVI£51(y XBT'fd( )dyz‘iuj(x) on Uj.

Wq
For every « € Vj, one has |z|/4 < r5; < 2|z| and Lemma 4.1 then yields

£ vl sta [ whe = tuw e,
j T d j — VT on i
B., Y= Ll Bz |l Y=o !

Using (4.9) in U; UV} and the previous estimates, for all j > 0,
VM ()1 S IVIEIE (s @) +05(@) + [VMEG @I on K. (4.10)

The desired result will follow from an application of the generalised dominated
convergence theorem (Theorem 2.6) for functions on L'. Indeed, a successful ap-
plication of that theorem would yield

IV Mg f;|* = [V Mg f|*lrxc) = 0 as j — o0,

and consequently
/ |VM5fj\q—>/ [IVMgfl|? asj— oo.
K K

Convergence on L(K) would now follow from the Brézis-Lieb lemma (see Subsec-
tion 2.3). Therefore, it suffices to verify the hypothesis of Theorem 2.6 with the
sequences involved in (4.10).

Concerning the left-hand-side, the estimate |[VMgafl|l, S |V fl1 in [20] implies
that the sequence {|VMpf;(x)|?},en is on L'(K). Moreover, Lemma 2.4 ensures
that |[VMgaf;|9 — |VMpgf|? a.e. as j — oo, satisfying the desired hypothesis.

Concerning the right-hand-side, by Lemma 4.7 and Proposition 4.8 one has that

VM fi(@)| = VM f(x)] and [[VMjf; — VM5 f|lLex) — 0 (4.11)
as j — 0o, so it suffices to show

uj(z) > u(r) and |lu; —ullt -0 asj— oo, (4.12)
vj(z) 2> v(z) and |v;—vl]1 =0 asj— oo (4.13)

where u and v are defined analogously to u; and v; respectively but with f; re-

placed by f. Indeed, Lemma 2.3 ensures that |V|f;| — V|f||l1 = 0 as j — o0,

so together with (4.11), (4.12) and (4.13) this implies that the right-hand-side on

(4.10) converges a.e. and on L', as desired for the application of Theorem 2.6.
The rest of the proof is devoted to verify (4.12) and (4.13).
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4.2.1. The case of uj. For any = # 0, one trivially has
o)~ el < [ 915100 - Vil 220 gy
<l VI = VISl =0 asj o0

as |y| > |z|, so u; = u a.e. as j — oo. Moreover, by Fubini’s theorem

XB(0,
o =l < [ 191510 - Visi) [ 220 ar
SII| = VISl =0 asj > oo

4.2.2. The case of vj. Similarly, for any x # 0,

vi(z) —v(z 1 ; ]
o) @) < g [ VA - @

1
< WHij —Vfli—=0 asj— cc.
Moroever, by Fubini’s theorem and a change to polar coordinates one has

o — vl < / V55) — V@) / 2|4 da dy
R B(0,|y|)°
<IVF— Vil =0 asj— oo,

as desired. This concludes the proof of Proposition 4.4.
d

4.3. Smallness outside a compact set 3K. In order to conclude the proof of
Theorem 1.2, it suffices to show smallness outside a compact set. Our argument
relies on Lemma 4.2, and therefore continues to work for the case 8 = 0, the
centered maximal function Mg and does not require any radial hypothesis on the
functions.

Proposition 4.10. Let 0 < 3 < d, f € WHH(RY) and {f;}jen € WEHRY) such
that || f; — fllwr1 ey — 0. Assume that Mg € {Mp, Mg} satisfies

IV Mg fllg < IV £l (4.14)

where ¢ = d/(d — ). Then, for any € > 0 there exists a compact set K and j. > 0
such that

VMg f; = VMsfllLaar)e) <&
for all j > je.
The above lemma may be applied in our case as the bound (4.14) is satisfied for
the non-centered fractional maximal function Mg acting on radial functions. As is
mentioned above, it is remarked that it would also apply to the centered case, to

general functions and to 8 = 0 provided the hypothetical endpoint Sobolev bound
(4.14) holds in such cases.

Proof. Let 1 < p < ﬁ and r be such that % == — % As fj, f € W one has

fi, f € L?, and by the boundedness of Mg one h
[Mafllr SNl (4.15)
Given € > 0, let K be a compact set satisfying

/Kc ] <e, /K V| <e, /K IMafl” <& and /KC|VM5f|"< (/2)7 (4.16)

.

S



CONTINUITY FRACTIONAL MAXIMAL FUNCTION 15

for some 7 > ¢; note that the two last conditions follow from (4.15) and the hy-
pothesis (4.14). Moreover, let j. > 0 be such that

£ — fHLl(]Rd) <e€ and V£ — Vf”Ll(]Rd) <e€ (4.17)
for all j > j.. ' _ _

For every j > j. write (3K)¢ = Y{ UYJ, where Y{ := {z € (3K)*: KNB, ; = 0}
and Y3 = (3K)“\ Y{. By the triangle inequality and the last condition in (4.16) it
suffices to show

[ Mapir < e/ forall =
(8K)°

On Ylj one may replace f; by fjxra\ k. Using (4.14), (4.16) and (4.17),

| IV Marmtdn < [ 19Mafxea ) )l dy
1

5 ||v(ijRd\K)||%l(Rd)
5 ”(vfj)XRd\Knil(Rd)
< vaj - fo%l(]Rd) + H(vf)XRd\KH%I(Rd)
< 2¢4
for all j > j..
If z € Yy one has 7, ; > |z|/3. This and Lemma 4.2 imply®

Cij’jﬁ)Mﬁfj(x) < 3C|(j7 5)/\45]‘]-(3:).

. > d. Then, by Hélder’s inequality,

VMg f(2)] <

For p and r as above, note that » > ¢ and
(4.15), (4.16) and (4.17),

r—aq

/ TMaf, @l de 5 /| 2]_ ) ([ I ) 7 (4.18)

< ((f ot -00) ()

2
S U5 = fllorgaey +€)1
< (2¢)1
for all j > j., as the values of ¢ and r ensure that the second integral in (4.18) is

uniformly finite provided K contains the unit ball. Reverse engineering the choice
of € in (4.16) and (4.17) concludes the proof. O

4.4. Concluding the argument: Proof of Theorem 1.2. This is now a simple
consequence of Propositions 4.4 and 4.10. Given € > 0, by Proposition 4.10 there
exist a compact set K and j. ;1 > 0 such that

||VMgfj — VMﬁfHLq((gK)c) <e/2

for all j > j.1. As 3K is itself a compact set, Proposition 4.4 shows that there
exists jc,2 > 0 such that

VMg f; = VMafllLaar) <e/2
for all j > jc 2. Therefore
VMg f; = VMg fllpamey <e

for all j > max{jc1,jc 2}, as desired.

3Note that for B=0,ifx e Y2j then 0 ¢ RQ, and Lemma 4.2 can safely be applied in this case.
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5. THE CASE Mg IF d = 1: PROOF OF THEOREM 1.3

As in the previous section, we first use Proposition 4.10 to show that it suffices to
see the convergence inside any compact set K. The convergence in the compact set
then follows from adapting the ideas for the non-centered M3 used by the second
author in [21, Theorem 1] or in the proof of Proposition 4.8. Note that it is crucial
that if d = 1, || f; — fllw1.1(mey — 0 as j — oo ensures uniform convergence.

It is important to note that the monotonicity arguments used in [21] to show
smallness of (Mg f)' outside a compact set do not adapt to the centered maximal
operator Mg and therefore Proposition 4.10 plays a crucial role here.

APPENDIX A. THE CASE 3 € (d — 1,d)

The goal of this appendix is to show the limitations of the one dimensional
techniques in [21], which only extend to higher dimensions in the limited range
B € (d — 1,d); note that this range is already subsumed by Theorem 1.1.

Let f € Wh! and {f;}jen € Wh! such that || f; — fllwraga) = 0 as j = oo.
By Sobolev embedding and interpolation with L', one has || f; — fllzr ey — 0 for
all1 <p< d%‘ll as j — oco. Note that for p = d/f and any ball B, of radius r,

o awidns ([ rwra)”

r

SO
[Mg fj(x) = Mg f ()] < |Mp(f; = [)(@)| < [|f5 = fllasg =0 asj— o0

for all # € RY provided 1 < d/f < %, which requires d — 1 < 8 < d. Thus, in this

regime of 3, there is uniform convergence of Mg f; to Mgaf. Interpolation with the
convergence of Mgf; to Mgf in Ld%ﬁ"x’(Rd), which holds by assumption, yields
the convergence on L"(R%) with ﬁ <r < oo.

The convergence inside any compact set K of VMzf; to VMpgf on L4/(d=B)
follows as in the proof of Proposition 4.8 with some minor modifications. First, it
is not needed to remove a small ball near the origin, as in the range d — 1 < 8 < d
there is uniform convergence* of Mgf; to Mg in RY. Therefore, the compact set
can be treated all in one go and can be analysed as the annulus A(a,b). The lack
of convergence || f; — f||L(x) can be overcome replacing the bound (4.8) by

Cr /2 < ‘3][ 5l <,

z,j

[fillsr S sl flls

which now holds for j > max{j1(K), j2(K)} where j2(K) is large enough so that
Ifi—Flls < |Iflls for 1 < s' < 2%, where o := B—d/s’. Note that if « = —d/s’ >
0, one has the uniform lower bound 75 ; 2 (CK)I/O‘ =: Cx > 0. Thus, it is required
that s’ > d/f and s’ < 5%, which holds if d — 1 < 8 < d.° This immediately yields
the desired uniform lower bound on the radius and the convergence in the compact
set can be concluded as in Proposition 4.8.

In order to show smallness outside a compact set K, one can argue as in Propo-
sition 4.10 or, more directly, appeal to the Kinnunen—Saksman inequality (1.2)
instead of its refined version in Lemma 4.2, which is at our disposal in the range

4The uniform convergence is a key point in the argument to relate the constants C4, ; and Cjy,
and it is not available if 0 < 8 < d — 1.

5The required conditions on s do not allow to obtain the case 8 = d — 1; in particular, this
method does not yield results for the classical case 5 =0if d = 1.
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B € (d—1,d) for d > 1, yielding
/ VMaf;| < / My f]7 + / Mpa(f — )]
KC KC KC

As f e L%(Rd), one has Ms_1f € LI(R%) and one can then choose K so that
Jice IMp_1f]? < . For the second term, one can use the boundedness of Mz_;

and the convergence of f; to f in LTT as j — oo to conclude

[ taatr-npes ([ 15— g™ g

provided j is large enough.

Finally, it is remarked that the inequality (1.2) does not yield a favourable
estimate in one dimension to show smallness outside a compact set. Instead,
given a fixed compact set K = [—R, R], the argument in [21] for d = 1 splits
RN3K = Y/ UYJ, where Y{ := {z ¢ 3K : |R| ¢ B,;} and Y is the comple-
mentary set in RY\3K. The smallness in Y7 is obtained as in Proposition 4.10.
However, to show smallness on YQj, the author makes use of the fundamental the-
orem of calculus after observing some monotonocity properties satisfied Mg f; this
is very attached to the case d = 1 and does not extend to higher dimensions or
the centered case Mg. The more general Proposition 4.10 now subsumes the one
dimensional case in [21].
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