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Abstract

We introduce an operator S on vector-valued maps u which has the ability to capture
the relevant topological information carried by u. In particular, this operator is defined on
maps that take values in a closed submanifold 4" of the Euclidean space R™, and coincides
with the distributional Jacobian in case .4 is a sphere. More precisely, the range of S is a
set of maps whose values are flat chains with coefficients in a suitable normed abelian group.
In this paper, we use S to characterise strong limits of smooth, .4 "-valued maps with respect
to Sobolev norms, extending a result by Pakzad and Riviére. We also discuss applications
to the study of manifold-valued maps of bounded variation. In a companion paper, we will
consider applications to the asymptotic behaviour of minimisers of Ginzburg-Landau type
functionals, with .4 -well potentials.
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1 Introduction

Let 4 be a smooth, closed Riemannian manifold, isometrically embedded in a Euclidean
space R™, and let @ C R? be a bounded, smooth domain of dimension d > 2. Functional
spaces of maps u:  — 4 (e.g., Sobolev or BV) have been extensively studied in the literature,
in connection with manifold-constrained variational problems, in order to detect the topological
information encoded by u.

In this paper, instead of dealing directly with .4 '-valued maps, we consider vector-valued
maps u: 2 — R™, which we think of as approximations of a map v: Q — 4. This point
of view also arises quite naturally from variational problems, such as the penalised harmonic
map problem, the Ginzburg-Landau model for superconductivity or other models from material
science that share a common structure, e.g. the Landau-de Gennes model for nematic liquid
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crystals. Moreover, working with vector-valued, instead of manifold-valued, maps allows for
more flexibility. On the other hand, if u: 2 — R™ does not take values uniformly close to A
but only close in, say, an integral sense (e.g. [, dist(u, .#") is small) then it might not be obvious
to extract the topological information carried by u. For instance, in the Ginzburg-Landau theory,
this task is accomplished by means of the distributional Jacobian. However, this tool is only
available when the distinguished manifold 4" has a special structure — typically, when .4 is
a sphere — and cannot be applied to some cases that are relevant to applications, for instance,
when ./ is a real projective plane RP?, as is the case in many models for liquid crystals.

The goal of this paper is to define an operator, S, such that S(u) corresponds to the set of
topological singularities of v and plays the role of a “generalised Jacobian”, which can be applied
to more general target manifolds .4". The properties of S are stated in our main result, Theo-
rem 3.1 in Section 3.1 below. As the distributional Jacobian, this operator captures topological
information and enjoys compactness properties, and in fact it reduces to the distributional Ja-
cobian in the special case .4 ~ S™. The construction of S is carried out in the setting of flat
chains with coefficients in a normed abelian group. This approach has been proposed by Pakzad
and Riviere [52], in the context of manifold-valued maps, in order to characterise strong limits
of smooth .4 -valued maps in W'P(B?, _#"). Because we are interested in vector-valued maps,
our construction is different from theirs, and relies on the “projection trick” devised by Hardt,
Kinderlehrer and Lin [38] (see also [36, 19]). Eventually, we generalise Pakzad and Riviere’s
main result to a broader range of values for the exponent p, see Theorem 1 in Section 1.3.

In this paper, we discuss some applications of the operator S to the study of manifold-valued
functional spaces. In addition to the aforementioned generalisation of the result by Pakzad and
Riviere (Theorem 1), we study manifold-valued spaces of functions of bounded variation. We
show weak density of smooth maps in BV (2, /), see Theorem 2 in Section 1.3, thus generalising
a result by Giaquinta and Mucci [34]. We also discuss the lifting problem in BV (see, for instance,
[26]) for a larger class of manifolds .4", see Theorem 3 in Section 1.3. Further applications to
variational problems, including the asymptotic behaviour of the Landau-de Gennes model for
liquid crystals, will be investigated in forthcoming work [24]. As is the case for the distributional
Jacobian in the Ginzburg-Landau theory, we expect that S might be used to identify the set
where the energy concentrates and characterise the limiting energy densities.

The plan of the paper is the following. After recalling some background in Section 1.1, we
sketch our construction in Section 1.2, and we present the statements of Theorems 1, 2, 3 in
Section 1.3. In Section 2, we review some preliminary material about flat chains (Section 2.1),
topology (Sections 2.2-2.3), and manifold-valued Sobolev spaces (Section 2.4). The main tech-
nical result of this paper, Theorem 3.1, which gives the existence of the operator S, is stated in
Section 3.1. The rest of Section 3 is devoted to the proof of Theorem 3.1 and of Theorem 1,
which we recover as a corollary of Theorem 3.1. Finally, Section 4 contains the applications to
manifold-valued BV spaces, with the proofs of Theorem 2 and 3.

1.1 Background and motivation
For the sake of motivation, consider the Ginzburg-Landau functional:

(1) ue Wh(Q, R?) — ESN(u) = / {; Vul? + 4%:2(1 - \u!2)2},
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where € > 0 is a small parameter. Functionals of this form arise as variational models for the
study of type-1I superconductivity. In this context, u(x) represents the magnetisation vector at
a point z € Q and the energy favours configurations with |u(z)| = 1, which have a well-defined
direction of magnetisation as opposed to the non-superconducting phase v = 0. Let S' denote
the unit circle in the plane R2. As is well known, minimisers u. subject to a (e-independent)
boundary condition u.90 = ubq € W1/22(9Q, S') satisfy the sharp energy bound E.(u.) <
Clloge| for some e-independent constant C' (see e.g. [53, Proposition 2.1]). In particular, u,.
takes values “close” to S' when ¢ is small, in the sense that [, (1 — |uc|?)? < Ce?|loge|. Despite
the lack of uniform energy bounds, under suitable conditions on upq, minimisers u. converge
to a limit map ug: Q@ — S', which is smooth except for a singular set of codimension two (see
e.g. [12, 48, 13, 46, 3, 55, 16]). Moreover, the singular set of ug is itself a minimiser — in a
suitable sense — of some “weighted area” functional [3]. The emergence of singularities in the
limit map wug is related to topological obstructions, which may prevent the existence of a map
in W12(Q, S!) that satisfies the boundary conditions.

There are other functionals, arising as variational models for material science, which share
a common structure with (2), i.e. they can be written in the form

@) w e WHEQ, R™) v Bo(u) i /Q {]1 IVl + ;f(u)}.

Here f: R™ — R is a non-negative, smooth potential that satisfies suitable coercivity and non-
degeneracy conditions, and .4 := f~1(0) is assumed to be a non-empty, smoothly embedded,
compact, connected submanifold of R™ without boundary. The elements of .4  correspond
to the ground states for the material, i.e. the local configurations that are most energetically
convenient. An important example is the Landau-de Gennes model for nematic liquid crystals (in
the so-called one-constant approximation, see e.g. [27]). In this case, k = 2 and the distinguished
manifold is a real projective plane .#* = RP?, whose elements describe the locally preferred
direction of alignment of the constituent molecules (which might be schematically described as
un-oriented rods).

As in the Gingburg-Landau case, topological obstructions may imply the lack of an ex-
tension operator W=Y*k(9Q, A — WIE(Q, A4) (see for instance [10]). As a consequence,
minimisers u. subject to a Dirichlet boundary condition u. = upg € Wi—1/kk (092, A) may
not satisfy uniform energy bounds with respect to €. Compactness results in the spirit of
the Ginzburg-Landau theory have been shown for minimisers of the Landau-de Gennes func-
tional [49, 22, 35, 23]. However, some points that are understood in the Ginzburg-Landau theory
— for instance, a variational characterisation of the singular set of the limit or a description of
the problem in terms of I'-convergence, as in [46, 3, 4] — are still missing, even for the Landau-de
Gennes functional.

A key tool in the analysis of the Ginzburg-Landau functional is the distributional Jacobian.
In case d = m = 2, the distributional Jacobian Ju of a map u € (L N W11)(R2, R?) is defined
as the distributional curl of the field %(ulaﬂﬂ — u20iut, u'opu?® — ulagul). Equivalently, in
the language of differential forms, Ju := xdu*ws1, where x denotes the Hodge duality operator
and wg1(y) = %(yldy2 — y2dy') is the 1-homogeneous extension of the renormalised volume
form on S!. The purpose of the distibutional Jacobian is two-fold: on one hand, it captures



topological information associated with u, as is demonstrated by several formulas relating the
Jacobian with the topological degree (see e.g. [18, Theorem 0.8]); on the other hand, it enjoys
compactness properties — for instance, despite being a quadratic operator, it is stable under
weak W'2-convergence. Unfortunately, an adequate notion of Jacobian may be missing for
general manifolds .#". Consider the following simple example: let S be a (d — k)-plane in RY,
and let u: Q\ S — 4 be a material configuration that is smooth everywhere, except at S.
Then S can be encircled by a (k — 1)-dimensional sphere ¥ C Q\ S, and the (based) homotopy
class of ujg: ¥ — .4 defines an element of 7mk—1(4") which, roughly speaking, characterises
the behaviour of the material around the defect. (This is the basic idea of the topological
classification of defects in ordered materials; see e.g. [50] for more details.) If m;_1(.4#") contains
elements of finite order, these cannot be realised via integration of a differential form, so no
notion of Jacobian that can be expressed as a differential form is able to capture such homotopy
classes of defects. An example is provided by the Landau-de Gennes model for nematic liquid
crystals, where k = 2, .4 ~ RP? and 71 (RP?) ~ Z/27.

The aim of this paper is to construct an object that (i) brings topological information and (ii)
enjoys compactness properties even when the distributional Jacobian is not defined, in particular
when mj_1(.4") contains elements of finite order. A notion of “set of topological singularities”
for a manifold-valued Sobolev map was already introduced by Pakzad and Riviére [52], using
the language of flat chains. Roughly speaking, a flat chain of dimension n with coefficients in
an abelian group G is described by a collection of n-dimensional sets, carrying multiplicities
that are elements of G (see [31, 32]). The group of flat n-chains with coefficients in G can
be given a norm, called the flat norm, which satisfies useful compactness properties. Given
integers numbers 2 < k < d and u € WHE=1(Be, _#"), the topological singular set of u ‘a la
Pakzad-Riviere’ is a flat chain SPR(u) of dimension (d — k) with coefficients in 7,_1(.4), and
has the following property: u can be Wh*~I_strongly approximated by smooth maps Q — .4
if and only if SR (u) = 0 [52, Theorem II]. The construction we carry out here is different (and
relies on ideas from [38]), as we want to deal with vector-valued maps u: Q@ — R™ instead of
manifold-valued ones. However, following Pakzad and Riviere, we work in the formalism of flat
chains. We discuss the link between Pakzad and Riviere’s construction and the one presented
here in Section 3.4.

1.2 Sketch of the construction

Throughout the paper, d, m, k will be integer numbers with min{d, m} > k > 2, Q will be
a smooth, bounded domain in R%, and .4 will denote a smooth submanifold of R™ without
boundary. We make the following assumption on .4 and k:

(H) 4 is compact and (k — 2)-connected, that is mo(A) =1 (A) = ... = T_2(A) =0. In
case k = 2, we also assume that 7 (.4") is abelian.

The integer k is thus related to the topology of .47, and represents the codimension of the
(highest-dimensional) topological singularities for .4 -valued maps. The dimension of .4 plays
no explicit réle in our construction, hence it is not specified. Under the assumption (H), the
group 7;_1(4") is abelian, and will be the coefficient group for our flat chains. As noted above,



mi—1() classifies the topological defects of .4 -valued maps. We will endow 7;_1(.4") with a
norm, see Section 2.2.

The construction we carry out has been introduced by Hardt, Kinderlehrer and Lin [38] as a
method to produce manifold-valued comparison maps with suitable properties. This approach
has been used by Hajlasz [36], to prove strong (resp., sequential weak) density of smooth maps
in WLP(Q, 4) in case .4 is |p|-connected (resp., (|p| — 1)-connected). It has also been used
by Bousquet, Ponce and Van Schaftingen [19], who extended Hajtasz’s results to the setting of
fractional Sobolev spaces W*P with s > 1. We sketch now the main ideas of our construction.

It is impossible to construct a smooth projection of R™ onto a closed manifold .4#". However,
as noted by Hardt and Lin [39, Lemma 6.1], under the assumption (H) it is possible to construct a
smooth projection g: R™\ 2" — .4, where £ is a union of (m — k)-manifolds. Given a smooth
map u: R — R™, one could identify the set of topological singularities of u with u™(.2),
which is exactly the set where the reprojection g o u fails to be well-defined, but «~!(2") may
be very irregular even if u is smooth. However, Thom transversality theorem implies that,
for a.e. y € R™, the set (u —y)~1(2") is indeed a union of (d — k)-dimensional manifolds.
This set can be equipped, in a natural way, with multiplicities in 7;_1(.4"), so to define a flat
chain S, (u) of dimension d — k. Thus, we define the set of topological singularities of u as a
map y € R™ — S, (u) with values in the group of flat chains.

By integrating over y € R™ according to the strategy devised in [38], and applying the coarea
formula, one obtains estimates on S, (u) depending on the Sobolev norms of u. Then, by density,
one can define Sy(u) in case u is a Sobolev map, thus obtaining an operator

S: (L NnWHFhH(Q, R™) — LYR™; Fy_(Q; mp_1(A)))

Here Fy_j (€2 m—1(-4")) denotes the normed 7;_1(.4")-module of (d— k)-dimensional flat chains
in Q with coefficients in m,_1(.4#") (see Section 2.1), and L'(R™; Fyq_1(Q; mr_1(A))) = Y is
the set of Lebesgue-measurable maps S: R™ — Fy_j(€; m,_1(.4)) such that

© ISl = [ Fa(S,)dy < +oc

(Fq being the natural norm on Fy_;(2; mp—1(-4")), see Section 2.1). In general, Y is not a
vector space but it is a m;_1(-4#")-module, and the left hand side of (3) defines a norm on Y.
The operator S is continuous in the following sense: if (u;)jen is a sequence of maps such
that u; — u strongly in Wk~ and sup; [[ujl L < +o0, then [|S(u;) — S(u)|ly — 0. The
same remains true if the sequence (u;);en is assumed to converge only weakly in W% and to be
uniformly bounded in L°°; therefore, some of the compensation compactness properties that are
typical of the Jacobian are retained by S. Moreover, S carries topological information on the
map u. Indeed, the intersection (in a suitable sense: see Section 2.1) between S, (u) and, say, a
k-disk R completely determines the homotopy class of g o (u — y) on OR. A precise statement
of these properties, which requires some notation, is given in Theorem 3.1.

In the special case .4 = S¥~! (the unit sphere in R¥), 2" = {0} C R¥ and ¢: R*\ {0} — S*~!
is the radial projection given by o(y) = y/|y|, we have m,_1(S*¥™1) ~ Z and so elements of
Fy k(€ mx_1(S*71)) have an alternative description as integer currents. Moreover, S, (u) is



related to the distributional Jacobian, as for any u € (L N WHF=1)(Q, R¥) there holds

(@) Ju=—[ s,
Wk JRm

where wy, is the volume of the unit k-disk and the integral in the right-hand side is intended in
the sense of distributions (see e.g. [47, Theorem 1.2]). However, if m;_1(.4") is a finite group
(or, more generally, if it only contains elements of finite order), then there is no meaningful way
to define the integral of S, (u) with respect to the Lebesgue measure dy, as m_1(#) @ R = 0.

It is worth noticing that the proof of our main result, Theorem 3.1, does not strictly rely upon
the manifold structure of .4#". What is needed, is the existence and regularity of the exceptional
set 2" and the retraction g, in order to be able to apply Thom transversality theorem. This
suggests a possible extension to more general targets .4/ C R™ such as, for instance, finite
simplicial complexes.

1.3 Applications

We have chosen to work with vector-valued maps, instead of manifold-valued ones, as we were
motivated by the applications to variational problems, such as (2). We expect that the results
presented in this paper could be used as tools to obtain energy lower bounds for (2) in the
spirit of [54, 45], or even I'-convergence results along the lines of [3]. These questions will
be addressed in a forthcoming work [24]. Instead, we discuss here a few applications of this
approach to classical questions in the theory of manifold-valued function spaces.

The first application concerns density of smooth maps. We define WhP(B9, .#) as the set
of maps u € WHP(B4, R™) such that u(x) € A for a.e. z € Q, and endow it with the distance
induced by W'?(B¢, R™). Bethuel [8] showed that smooth maps are dense in W'P(B%, ¥ if
and only if 7, (.#") = 0 or p > d. Maps that belong to the strong-W'? closure of C* (Ek, Sk=1)
have been characterised in [7], in case p = k — 1, and in [15], in case k — 1 < p < k, using the
distributional Jacobian. Pakzad and Riviere [52, Theorem II] generalised this result to other
target manifolds, working in the setting of flat chains. As a corollary of our construction, we
recover Pakzad and Riviere’s result.

Theorem 1. Let d > 2 be an integer, let 1 < p < d, and let A" be a compact, smooth, (|p| —1)-
connected manifold without boundary. In case 1 < p < 2, we also suppose that w1 (A") is abelian.
Then, there exists a continuous map

SPR. whtr(BY, 4) — Fd_m_ﬂgd; Tp) (A7)

such that SPR(u) = 0 if and only if u is a strong W P-limit of smooth maps B> .

In contrast with Pakzad and Riviére, we do not need to impose the technical restriction
|p| € {1, d —1}. The arguments in [52] rely on fine results in Geometric Measure Theory [33]
(which require |p| € {1, d — 1}); instead, the proof of Theorem 1 follows directly from our main
construction, which is based essentially on the coarea formula, combined with the “removal of
the singularities” results in [52]. It is worth mentioning that the theorem may fail if the domain
is not a disk (see the counterexamples in [37] and the discussion in [52]).



We next drive our attention to manifold-valued BV-maps. Recall that the space BV(Q, R™),
by definition, consists of those functions u € L'(€, R™) whose distributional derivative Du is a
finite Radon measure. The BV-norm is defined by ||u[lgy(q) := |lullz1(q) + [Du|(£2), where | - |
denotes the total variation measure. We say that v € SBV(Q, R™) if there exist Borel functions
Yo, U1 : Q@ — R™*? such that ¢, is #9I-integrable, for j € {0, 1}, and Du = g4 +1p1 #4~L.
We say that a sequence u; of BV-functions converges weakly to u if and only if u; — u strongly
in L' and Du; —* Du weakly* as elements of the dual Cy(£2, R™)’. We define BV(Q, .#) (resp.,
SBV(Q, .#")) as the set of maps u € BV(Q2, R™) (resp., u € SBV(Q, R™)) such that u(x) € A
for a.e. x € Q.

Theorem 2. Let A be a smooth, compact, connected manifold without boundary, with abe-
lian w1 (A"). Then, COO(EC[, N) is sequentially weakly dense in BV(B®, A).

A similar result has been obtained by Giaquinta and Mucci [34, Theorem 2.13], who worked in
the framework of currents (more precisely, in the class of cartesian currents, see [33]). Giaquinta
and Mucci need the additional assumption that m(.4") contains no element of finite order, in
order to apply the formalism of currents. By working in the setting of flat chains, instead
of currents, this assumption is not required any more, although we still need that 71(.#") be
abelian. In contrast with the scalar case, it may not be possible to construct approximating
maps u; € COO(Ed, ) in such a way that |Du;|(B?) — [Du|(B?) (see [34]).

The proofs of Theorems 1 and 2 follow a strategy that was adopted by Bethuel, Brezis and
Coron in [11]: first we control the flat norm of the topological singular set, by means of the
results in Section 3, then we “remove the singularities” using the results of [52]. The flat norm
of the topological singular set coincides with what Bethuel, Brezis and Coron referred to as
“minimal connection”.

Finally, we consider the lifting problem in BV. Let w: & — .4 be the universal covering
of . We choose a metric on & and an isometric embedding & — R’ in such a way that 7 is a
local isometry. We say that v € BV(Q, &) is a lifting for u € BV(2, A) if u = mov a.e. on .

Theorem 3. Let Q C R? be a smooth, bounded domain with d > 2, and let N be a smooth,
compact, connected manifold without boundary, with abelian m (A"). There exists a constant C
such that any uw € BV(Q, A) admits a lifting v € BV(Q, &) satisfying |Dv|(Q) < C|Dul(Q2).
Moreover, if u € SBV(Q, A) then any lifting v of u belongs to SBV (2, &).

The lifting problem in manifold-valued Sobolev spaces was studied by Bethuel and Chi-
ron [14], who proved that any map v € WHP(Q, #") with  simply connected and p > 2 has a
lifting v € WHP(Q, &). (The particular case .4 ~ RP?, with applications to liquid crystals, was
also studied by Ball and Zarnescu [6]). As conjectured by Bethuel and Chiron [14, Remark 1],
Theorem 3 implies that any map v € W1P(Q, 4), with p > 1, has a lifting v € BV(£, &) (which
may not belong to WP, see [14, Lemma 1]). The lifting problem in the space W*?(Q, S') has
been extensively studied by Bourgain, Brezis, and Mironescu, see e.g. [17, 18]. In the setting of
BV-spaces, the lifting problem has been previously studied by Davila and Ignat [26], Ignat [43]
in case .4 = S!', and recently by Ignat and Lamy [44], in case .#* = RP". In contrast with
Theorem 3, the results in [43, 44] are sharp, in the sense that they provide the optimal con-
stant C such that |Dv|(©2) < C|Du|(£2); however, Theorem 3 is robust, in that it applies to more



general manifolds. The proof of this theorem combines properties of the singular set S, (u) with
a classical argument in topology, which gives the existence of the lifting for smooth functions w,
and which we revisit here in case the function u has jumps.

1.4 Concluding remarks

As remarked above, the techniques presented in this paper apply to quite general target man-
ifolds. While these methods capture effectively the topological singularities of the highest ex-
pected dimension (i.e., those of dimension d — k), a severe limitation is that they do not seem
suitable to study lower-dimensional topological singularities. For example, in case .4 = RP?,
k=2and d =3, a map u € WH(B3 RP?) may have both non-orientable line singularities (as-
sociated with 71 (RP?) ~ Z/27) and point singularities, associated with mo(RP?); these methods
only provide information about the former ones. Another example is the case A4 = S?, k = 3,
d =4 and u € W3(B* S?). Such a map u cannot have singularities of dimension d — k = 1,
but it may have point singularities which are not seen by the operator S [40]. These point
singularities lead to the failure of sequential weak density of smooth maps in W'3(B*, §?), as
proved in a striking recent paper by Bethuel [9].

As shown in [52] and in Theorem 1, the operator S detects the local obstruction to approx-
imability by smooth maps in manifold-valued Sobolev spaces. At the current stage, it is not
clear whether the “projection approach” could be used to detect the global obstruction, intro-
duced in [37], as this would probably require a complete control of low-dimensional topological
singularities.

Finally, another restriction lies in the choice of the target manifold. Closed manifolds .4 (or
simplicial complexes) with non-abelian 71(.4") are excluded, because the theory of flat chains
with coefficients in a group G requires G to be abelian. However, in the topological obstruction
theory, this kind of restriction can be removed by using suitable technical tools (homology with
local coefficients systems). This leaves a hope to extend, at least partially, some of the results
in this paper to the case of non-abelian 7 (.#"). Density (in the sense of biting convergence) of
smooth maps in WH1(Q, .#") with non-abelian 71 (.4") has been proven by Pakzad [51].

2 Notation and preliminaries

2.1 Flat chains over an abelian coefficient group

Let (G, |- |) be a normed abelian group, that is, an abelian group (we will use additive notation
for the operation on G) together with a non-negative function | -|: G — [0, +00) that satisfies

(i) |g| =0 if and only if g =0
(ii) [ =gl =lg| for any g € G
(iii) |g + h| < |g| + |h| for any g, h € G.
Throughout the following, we will assume that the norm |- | satisfies

(2.1) lg| > 1 for any G\ {0}.



In order to fix some notation, and for the convenience of the reader, we recall some basic
definitions and facts about flat chains with multiplicities in G. We follow the approach in [60,
32, 58], to which we refer the reader for further details.

Forn € Z, 1 <n < d, consider the free G-module generated by compact, convex, oriented
polyhedra of dimension n in the ambient space R?. (In other words, we consider the set of
all formal sums of polyhedra as above, with coefficients in G; there is a natural notion of sum
which makes this set an abelian group.) We quotient this module by the equivalent relation ~,
requiring —o ~ ¢’ if ¢’ and o only differ for the orientation, and o ~ o1 + o9 if o is obtained
by gluing o1, o2 along a common face (with the correct orientation). The quotient group is
called the group of polyhedral n-chain with coefficients in G, and is denoted P,,(R?% G). Every
element S € P, (R% G) can be represented as a finite sum

(2.2) S: Zai[[ai]],
=1

where «; € G, the o;’s are compact, convex, non-overlapping n-dimensional polyhedra, and [-]
denotes the equivalence class modulo the relation ~ defined above.

The mass of a polyhedral chain S € P,(R% G), presented in the form (2.2), is defined by
M(S) := 3, || (o). A linear operator 9: P,(R% G) — P,_1(R% G), called the boundary
operator, is defined in such a way that, for a single polyhedron o, d[c] is the sum of the boundary
faces of o, with the orientation induced by ¢ and multiplicity 1. The boundary operator satisfies
000 = 0. The flat norm of a polyhedral n-dimensional chain S is defined by

F(S) := inf {M(P) + M(Q): P € P11 (R%; G), Q € Po(R%; G), S =0P+Q}.

It can be shown (see e.g. [32, Section 2]) that F indeed defines a norm on P,(R% G), in
such a way that the group operation on P,(R% G) is Lipschitz continuous. The completion of
(P,(R% G), F), as a metric space, will be denoted F,(R? G). It can be given the structure
of a G-module, and it is called the group of flat n-chain with coefficients in G. Moreover, the
mass M extends to a F-lower semi-continuous functional F,,(R%; G) — [0, 4-oc], still denoted M,
and it remains true that

(23)  F(S):=inf {M(P)+M(Q): P € Fo1(R% G), Q € F,(R% G), § = 0P +Q}

for any S € F,,(R% G) [32, Theorem 3.1]. We let M, (R%; G) be the set of flat n-chains S with
M(S) < 400, and we let

Nu(RY; G) i= {S € My(R?; G): M(S) + M(DS) < +00}.

In fact, M is a norm on M, (R%; G).

Operations with flat chains. Any Lipschitz map f: R — RY induces group homeomor-
phisms f,: F,,(R% G) — F,(RY; G), for 0 < n < d, called the push-forward via f. One first
defines the push-forward of a a single polyhedron, f.[o], by approximating f with piecewise-
affine maps (see [60, p. 297]). Then, f, extends to polyhedral chains by linearity, and to arbitrary



chains by approximation with polyhedral chains. The push-forward commutes with the bound-
ary, that is 9(f.S) = f«(05). If S is a flat n-chain and X is a Lipschitz constant for f, then

(2.4) M(f£.S) < A"M(S),  F(f.S) < max{\", \"t1}F(S)

(see e.g. [32, Section 5]). A chain of the form f,.S, where S is polyhedral and f is Lipschitz (resp.,
smooth), will be called a Lipschitz (resp., smooth) chain. By a remarkable result by Fleming [32],
later improved by White [58], if G satisfies (2.1) then Lipschitz chains are dense in M, (R% G)
with respect to the M-norm, and in particular spt S is a rectifiable set for any S € M, (R?; G).
(However, we will not need this result in our arguments.)

Given a chain S of finite mass and a Borel set A C Rd, one can define the restriction of S
to A, denoted SL A, which roughly speaking represents the portion of S contained in A. Again,
this is obtained via approximation with polyhedral chains (see [32, Section 4]). Then, for fixed A,
the functional S — M(SL A) is F-lower continuous, while for fixed S, A — M(SL A) is a Radon
measure.

A flat chain S is said to be supported in a closed set K C R¢ if, for any open neighbourhood U
of K, there exists a sequence of polyhedral chains (P}) ey that lie in U (i.e., every cell of P;
is contained in U) and F-converges to S. If S, R are supported in a closed set K, then 05,
S+ R are also supported in K. The support of a chain S, noted spt S, is defined by Fleming [32,
Sections 3 and 4] as the smallest closed set K such that S is supported in K. Fleming shows that
the support of S exists if either (i) S is supported in a compact set or (ii) if S has finite mass. In
the latter case, spt S coincides with the support of the measure A — M(SL A). However, a more
general definition of support can be given [1, Section 5], [59, Section 4] so to show that spt S
exists for any flat chain S.

For K closed set in R we denote by F,,(K; G) (resp., M,,(K; G), N, (K; G)) the set of
chains S € F,(R% G) (resp., S € M,(R?%; G), S € N,(R?% G)) that are supported in K. Tt
follows from the definition of spt.S, and from the lower semi-continuity of the mass, that the
sets F,(K; G), M,(K; G), N,,(K; G) are closed under F-convergence.

Finally, we recall the following property of 0-dimensional flat chains.

Lemma 2.1 ([58, Theorem 2.1]). There exists a unique group homomorphism x: Fo(R%; G) —
G that satisfies the following properties:

(i) x(X5=1 gjlas]) = X5, g5 for g; € G and z; € RY, je{l,...,q}.
(i) x(OR) =0 for any R € F1(R?%; G).
(i) 1(S)| < B(S) for any S € Fo(RY: G).

The map x is sometimes called the augmentation homomorphism.

Remark 2.1. Lemma 2.1.(iii) and our assumption (2.1) imply that x(Sp) = x(S1) if the chains Sp,
Sy € Fo(R%; G) are such that F(Sp — S1) < 1.
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Relative flat chains on an open set. In view of our applications, we will need to consider
flat chains defined in an open set U C R%. A definition of the space F,,(U; G) is given in several
places in the literature (see, e.g., [30, 33, 52]...) but, to the best of the authors’ knowledge, it
is usually required that the elements of F,,(U; G) are compactly supported in U, which is not
convenient for our purposes. We discuss here an alternative definition and present some basic
results for the sake of completeness, being aware that these facts might be well-known by the
experts of the field.

Let U C R? be a non-empty open set, and let K be a closed set that contains U. Recall that
we have defined F,,(K; G) as the set of chains in F,(R?% G) that are supported in K. We now
define

]Fn(U; G) = Fn(K; G)/Fn(K \ U; G)

F,.(K\U; G) is a G-submodule of F,,(K; G) and is closed with respect to the F-norm because K\
U is closed, therefore F, (U; G) is a complete normed G-module, with respect to the quotient
norm:

(2.5) Fy(S) == inf {F(R): R € F,(R%; G), spt(R) C K, spt(R— $) C K\ U},

for S € F,(K; G) — by abuse of notation, we denote by the same symbol the chain S and
its equivalence class in F,,(U; G). The boundary operator d induces a well-defined, continuous
operator F,,(U; G) — F,,_1(U; G), still denoted 9. We now give an alternative characterisation
of the norm Fy.

Lemma 2.2. For any S € F,,(K; G), there holds

Fy(S) = inf {(M(PLU) +M(QLU): P € M,,;1(R% G), Q € M,,(R% G),
spt(S — P — Q) CRY\ U}

Proof. Denote by Fy;(S) the right-hand side. For any ¢ > 0, using the definition (2.5) of Fys
and the characterisation (2.3) of the flat norm, we find P € M,,;1(R%; G), Q € M, (R?; G) such
that spt(0P + Q) C K, spt(0P +Q — S) C K\ U and M(P) + M(Q) < Fy(S) + £. This shows
the inequality Fy7(S) < Fy(S).

Before checking the opposite inequality, we remark that, for any chain T of finite mass and
any open set W C R?, there holds

(2.6) spt(T —TLW) CRI\NW,  spt(dT —(TLW)) C R\ W.

(The first inclusion holds true because (' —TLW)LW =TLW —TLW = 0; the second
one follows from the first, because the boundary of chain supported in R?\ W is also supported
in R4\ W.) Now, we fix S € F,(K; G), P € M;,41(R% G) and Q € M,(R% G) such that
spt(S — OP — Q) C R?\ U. Let Kq be the interior of K, and let P’ := PL Ky, Q' := QL Kj.
Then P’, Q' are supported in K, and so is S — 9P’ — Q’. Moreover, there holds

S—9P —Q'=5-0P-Q + 9P — 0P + Q' —Q
N—_——
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and the three terms that are indicated by underbraces are all supported out of U (the first
one is supported in R \ U by assumption, the second and the third ones are supported in
RY\ Ko C R\ U by (2.6)). Therefore, spt(S — OP' — Q') C K \ U. Finally, we have

S—PLU)+QLU + 0P —3(P'LU) + Q =Q'LU + S—0P — Q'
=R

The chain R is supported in U C K, and all the terms in the right-hand side but R are
supported in K C U, thanks to (2.6). Therefore, by the definition (2.5) of Fyy and (2.3), we
deduce that Fr(S) < F(R) < M(PLU) +M(QLU) and hence, by arbitrarity of P, @, that
Fy(S) < Fy(S). O

The right-hand side of Lemma 2.2 do not depend on K. Therefore, the space F,,(U; G) is
indeed independent of the choice of K, in the following sense: for any closed sets K, Ko with
K1 O Ky D U, there exists an isometric isomorphism

Fn(KIS G)/Fn(Kl \ U; G) - Fn(KZS G)/Fn(KQ \ U; G)

The isomorphism is obtained by considering the map M, (K1; G) — Fp(K2; G)/F, (K2 \U; G)
induced by the restriction operator S — SL K5, extending it by density to a map F,(K7; G) —
F.(K2; G)/F,(K2\U; G), with the help of Lemma 2.2, and passing to the quotient. The inverse
is induced by the inclusion Ko — Kj. Because of the existence of an isomorphism, it makes
sense to omit K in the notation. In the rest of this section, we assume that K = U, but other
choices of K might be convenient.

In a similar fashion, from Lemma 2.2 we can derive the following compatibility property with
respect to restrictions. For notational convenience, we set Fra :=TF.

Lemma 2.3. Let Uy, Us be non-empty, open sets in R? with Uy C Uy. Then, there exists a
continuous map
U: F,(Us; G) — F,(Us; G)

such that U(S) = SLU; for any S € M,,(Us; G).

We omit the proof of this lemma. An analougous compatibility property with respect to
restrictions does not hold, in general, for the F-norm. (For instance, let R; € Ma(R?; Z) be the
chain carried by the rectangle [—1/7, 1/j] x [-1, 1] with standard orientation and multiplicity 1;
then OR; F-converges to zero but dR;L_(0, +00) x R does not.) Moreover, if S has infinite mass,
the restriction SL U might not be well defined in Fq(R?%; G): for example, consider the O-chain
with coeffients in Z/2Z carried by the set Uj>1{(—277, 5), (277, j)} C R* and U = (0, +00) x R.
In this case, SLU is not well-defined in Fo(R?; Z/27Z), even though ¥(S) is a well-defined element
of Fo(U; Z/27Z) (i.e., there exists a chain R € Fo(U; G) such that (S—R)LU = 0). However, the
following statement holds: if S; is a sequence of chians that F-converges to S, and if f: R? — R
is a Lipschitz function, then for a.e. t € R the restrictions S;L f~1(—o0, t), SL f~!(—o0, t) are
well-defined and F(S; L f~!(—o0, t) — SL f~!(—o0, t)) — 0 (see e.g. [28, Theorem 5.2.3.(2)];
we recall the proof in the following lemma).
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Lemma 2.4. Let U C R? be a non-empty open set, and let py be a positive number. For p €
(0, po], set := {z € U: dist(z, dU) > p}. Let (Sj)jen be a sequence in Fp(U; G) and let S €
F.(U; G) be such that Fiy(S; — S) — 0 as j — +oo. Then, for a.e. p € (0, po] the restrictions
S;LU,, SLU, are well-defined and F(S; LU, — SL_U,) = 0 as j — +o0.

Proof. We first claim that, for any T € F,,(U; G) and a.e. p € (0, po], the restriction 'L U, is
well-defined and there holds

[4]
(2.7) /0 F(TLU,)dp < (1 + po)F(T).

(As mentioned above, this fact is well-known and we include a proof here only for the sake of
completeness.) Suppose first that T has finite mass. Let P € M, ;1(R% G), Q € M, (R% G)
be such that T' = 0P + ). Having assumed that 7T has finite mass, it follows that 0P has
finite mass. We also remark that, for any p, U, is a sublevel set for the signed distance function
from QU (i.e., the function f defined by f(z) := —dist(z, OU) if x € U, f(x) := dist(z, OU)
if © ¢ U), which is 1-Lipschitz continuous. Then, we can apply [32, Theorem 5.7], and deduce
that B, := 0(PLU,) — (0P)L_U, is well-defined, and there holds

(2.8) o M(B,)dp < M(PLU).
0

Moreover, for a.e. p € (0, po| there holds
TLU,=08(PLU,)+QLU,- B,

which yields

F(T'LU,) <M(P)+M(Q)+ M(B,).
By integrating this inequality with respect to p € (0, po], using (2.8), and taking the infimum
with respect to all possible choices of P and @, we deduce that (2.7) holds, in case T" has finite
mass. If T" has infinite mass, we recover the same result using that finite-mass chains are dense
in F,(U; G).

Now, let (S;);en be a sequence in F,,(U; G) that Fyy-converges to S. By possibly modifying
the S;’s out of U, we can assume that there exists a sequence (R;)jen in F,,(U; G) such that
F(S; — Rj) — 0 as j — 400 and R; — S is supported out of U, for each j. By (2.7), F((S; —
R,))LU,) — 0as j — +oo, for a.e. p. But R; LU, = SL_U,, so the lemma is proved. O

Remark 2.2. Assume that H C U is a Borel set such that dist(H, OU) > 0 and let T' € M, (U; G)
be a finite-mass chain. By taking po := dist(H, 0U), noting that TL.U, = (TLH)+(TLU,\ H)
for any p € (0, po], and selecting a suitable p, from (2.7) we deduce that

F(TLH) < (14 dist™ (H, 9U)) F(T) + M(TL (U \ H)).

By taking the infimum over all finite-mass 7’s in a given equivalence class of F,,(U; G), we also
deduce

(2.9) F(TLH) < (1+ dist™ (H, 9U)) Fu(T) + M(TL (U \ H)).
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In particular, if T" is supported in H then

(2.10) F(T) < (1 + dist ™ (H, 9U) ) Fy/(T).

Lemma 2.5. Let (S))jen be a sequence in M, (U; G), and let S € F, (U, G) be such that
Fy(S; —S) = 0 as j — 4oo. Then, SL U is well-defined and there holds M(S L U) <
liminf;_, o M(S; L U).

Proof. Let U, be as in Lemma 2.4. By Lemma 2.4 and the F-lower semi-continuity of the mass,
we deduce that M(SL U,) < liminf;_, ., M(S;LU,) for a.e. p > 0. The lemma follows by
letting p — 0. O

Finally, we establish a compactness result with respect to the norm Fy. We first remark
that, as a consequence of our assumption (2.1), the following property holds:

(2.11) for any A > 0, the set {g € G: |g| < A} is compact.

Lemma 2.6. Assume that the coefficient group G satisfies (2.11). Let U C RY be a non-empty,
bounded, open set, and let (S})jen be a sequence in M, (U; G) such that

(2.12) sup (M(S; LU) + M(9S;L.U)) < +oc.

JjEN
Then, there exists a subsequence (still denoted S;) and a chain S € M, (U, G) such that Fyy(S; —
S)—0asj— +oo.

Proof. As in Lemma 2.4, let U, := {x € U: dist(z, U) > p}, for p € (0, po] and py > 0 fixed.
Consider the sequence of measures in Cy(U)" defined by A — M(S;L A), for A C U Borel set.
This sequence is bounded due to (2.12), and therefore it converges weakly* (up to a subsequence)
to a limit measure p € Cy(U)'. The boundedness of x implies that p(0U,) = 0 for a.e. p.

Setting B, ; := 0(S;LU,) — (0S;) LU, by [32, Theorem 5.7] and Fatou lemma we deduce
that

Jj—+oo

po 2.12
/ lim inf M((B, ;) dp < liminf M(S; L U) ( < ) +o0.
0 Jj—+oo
Therefore, for a.e. p € (0, po] there exists a subsequence (still denoted S;) such that

sup (M(S;LU,) +M(9(S;LU,))) < sup (M(S; L U,) +M((dS;) LU,) +M(B,;)) < +oc.
J€ je

Due to the assumption (2.11), and the boundedness of U, for a.e. p € (0, pg] we can apply the
compactness result [32, Corollary 7.5]. With the help of a diagonal argument, we find a sequence
pr \¢ 0 and a subsequence of j such that, for any k € N, the following properties hold:

(2.13) u@dU,,) =0,

(2.14) (S;LU,,) jen F-converges to a limit, say Ry € M, (U G).

P41
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The uniqueness of the limit implies that R, L U,, = Ry, for any h < k. The sequence (Ry)ken
is M-convergent, because (2.14) and the F-lower semi-continuity of the mass imply

(2.12)

1
> M(Rj11 — Ri) < liminf Y M(S;L (Up,,, \Up,)) = Ejgng(Sj LU) < 4o0.

keN I7T keN
Let S € M,,(U; G) be the M-limit of the Rj’s; it remains to check that Fy(S; — S) — 0. For a
fixed e > 0, let k. € N be such that u(U\U,, ) < &/2. Dueto (2.13), we have M(S;L(U\U,, )) =
pu(U\ U,,) and hence

lim sup Fy(S; — S) < limsup {FU((S’j —8S)L U, ) +M((S; = S)L(U\ Upk*))}

Jj—+oo Jj——+o00
(2.14)
S 2M(U \ Upk*) =¢,
where we have used again the F-lower semi-continuity of the mass and the fact that Fyy < F.
Since € > 0 is arbitrary, the lemma follows. O

Intersection index for flat chains. For y € R?, we denote by Ty: T € R? 5 2 4y the trans-
lation map associated with y. Given chains S € F,,(R%; G) and R € N,,,(R%; Z), with n+m > d,
for a.e. y € R? we would like to define the intersection SN7y«R as an element of Fn+m_d(Rd; G).
This construction has been described in [59, Section 5] but, for the convenience of the reader,
we briefly recall it here.

Suppose first that S, R are single polyhedra. By Thom transversality theorem, for a.e. y
the polyhedra S and 7, .R intersect transversely, so the set o := [S] N [r,«R] is a finite
union of polyhedra of dimension n + m — d. We orient [S] N [7,«R] according to the con-
vention of [58, Section 3|, i.e., the orientation is chosen in such a way that the following

holds: if (u1, ..., Uptm—q) is an oriented basis for the (n + m — d)-plane spanned by [S] N
[ry«R], (w1, ..., Uptm—d, V1, - .-, Ud—m) is an oriented basis for the n-plane spanned by [S],
and (u1, ..., Uptm—d, W1, - -, Wi—m) is an oriented basis for the m-plane spanned by [, .R],
then (u1, ..., Untm—ds V1, -+ s Vd—m, W1, ..., W4_y) i a positively oriented basis for R?. Having

chosen the orientation, we can regard the intersection SN, . R as a polyhedral (n+m—d) chain,
in the obvious way. This definition now extend by linearity to the case S, R are polyhedral.
Now, it can be shown [59, Theorem 5.3] that

(2.15) /R F(5017,.R) dy < F(S)(M(R) + M(OR).

As a consequence, we can extend N by continuity so that, for any S € F,(R% G) and R €
Ny (R% Z), S N1y 4R is a well-defined element of F,,1,, ¢(R% G) for a.e. y € R™. Moreover,
for a sequence (S;);en that converges to S in the flat norm and a.e. y € R?, the chain SNty «R
flat-converges to S N 7« R.

For the convenience of the reader, we sketch the proof of (2.15).

Proof of (2.15). Suppose that S, R are single polyhedra. Then, by applying the coarea formula,
we deduce that

M(S N 7. R) dy < M(S)M(R).
R4
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This inequality can be extended by linearity to the case S, R are polyhedral chains. Now, it
can be checked that, when A, B are polyhedral chains that intersect transversely, and with the
orientation convention described above, there holds

(2.16) IANB)=(—1)T""HAN B+ ANIB.
Therefore, writing S = P + 0Q), we have
SNTysR=PN1. R+ (-1)"Q N7y .(0R) + (~1)"™ QN 7y R).

By taking the flat norm and integrating with respect to y € R?%, we see that the left-hand side
of (2.15) is bounded by M(P)M(R) + M(Q)M(OR) + M(Q)M(R), and hence (2.15) follows. [J

In the rest of the paper, we will be interested in the case S, R are of complementary dimen-
sions, that is, dim(S) +dim(R) = d. In this case, SN, R is a 0-chain, and we can consider the
quantity x(S N7, «R) € G, where x is the augmentation homomorphism given by Lemma 2.1.

Lemma 2.7. Suppose that (2.1) is satisfied. Let S € F,(R% G), R € Ng_,(R%; Z) be chains
such that

(2.17) spt(9S) Nspt(R) = spt(S) Nspt(OR) = 0.
Then, there exists 6 = (S, R) > 0 such that, for a.e. y1, y2 € B, there holds
X(S N7y« R) = x (SN 7y, 1 R).

Proof. Suppose first that S, R are polyhedra of complementary dimensions that satisfy (2.17).
Take y1, y2 such that S intersects transversely 7, R and 7, R and y2—y1 does not belong to the
linear subspace spanned by R. If |y1], |y2| are small enough, then the 0-chain SN (7, +R—Ty, +R)
is (either 0 or) the boundary of a segment whose length tends to zero as |y2 — y1| — 0, for
fixed S, R. (The assumption (2.17) is essential here.) Thus, F(S N7y, .R — SN 7y, «R) = 0
as |y1]| and |yz| simoultaneously tend to 0, and hence (2.1), together with Lemma 2.1, implies
that x(S N7y, «R) = x(S N 7y, «R) for |yi], |y2| small enough. By linearity and a density
argument, using the stability of N and x with respect to the flat convergence (Equation (2.15)
and Remark 2.1 respectively), the lemma follows. ]

By Lemma 2.7, the function y € R? s y(S N 1y,+R) € G is equal a.e. to a constant, in a
neighbourhood of 0. We call such constant the intersection product of S and R, and we denote
it by I(S, R). Note that I(S, R) is not well-defined if the condition (2.17) does not hold.

Let U C R? is a non-empty, open set. Let S, R satisfy (2.17) with spt R C U, and let S’ €
F,(R% G) be such that spt(S—S’) C R\ U. By approximating S, S’, R with polyhedral chains
Sj, 8%, R; such that spt R; CC U \ spt(S; — %), it can be checked that I(S, R) = I(S’, R).
Therefore, the intersection index I(S, R) is well-defined when S € F,(U; G), provided that R
satisfies spt(R) C U in addition to (2.17).

Lemma 2.8. The intersection product satisfies the following properties.
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(i) 1(S, R) = 0 if spt(S) Nspt(R) = 0.

(ii) 1 is bilinear: 1(S1+S2, R) =1(S1, R)+1(S2, R) and I(S, R1+ R2) =1(S, R1)+1(S, Ra),
as soon as all the terms are well-defined.

(iii) 1 is stable with respect to Frr-convergence: if U C R is a non-empty open set, (Sj)jen is
a sequence in F,(U; G) that Fy-converges to S, and if R € Ng_,(R%; Z) satisfies

spt(R) C U, spt(9S;) Nspt(R) = spt(S;) Nspt(OR) =0  for any j € N,
then 1(S, R) =1(S;, R) for any j large enough.

(iv) 1 is stable with respect to homology: for any S € F,(R% G) and R € Nyg_,,1(R%; Z)
such that spt(9S) Nspt(IR) = 0, there holds 1(S, OR) = (—1)"1(dS, R). In particular, if
spt(9S) Nspt(R) = 0 then I(S, OR) = 0.

Proof. Properties (i), (ii) and (iii) follow in a straighforward way from (2.15) and Lemma 2.1,
2.7. For (iv) we remark that, due to (2.16), there holds

(-1)" oSN T R+ SN7,.(OR) = d(S N7y .R).

By taking x on both sides, and applying Lemma 2.1.(ii) and (ii), we obtain (iv). O

2.2 The group 7m;_1(A)

If the condition (H) is satisfied, in particular if 7;(.4") = 0 for any integer 0 < j < k — 2
(and m(A4) is abelian in case k = 2), then the action of m (A7) over mp_1(A4") is trivial.
Therefore, we can and we shall identify the free homotopy classes of continuous maps S¥~1 — 4
with the elements of the homotopy group m;_1(-/#"). Moreover, we have an isomorphism

Tp—1(A) = Hy—1(A),

due to Hurewicz theorem (see e.g. [41, Theorem 4.37 p. 371]). The group Hj_1(.4") is finitely
generated because .4 can be given the structure of a finite CW complex, hence m;_1(.A4") is
finitely generated. The choice of a finite generating set {'yj}?:l for m,_1(./") induces a group
norm on 7;_1(./4"), in the following way: for a € m,_1(./4"), |a| is the smallest length of a sum
of v;’s representing a, that is

q q
(2.18) |a| := inf {Z |dj|: (dj)i=, €27, a= Zdj'yj}.
j=1 j=1

It can be easily checked that the right-hand side does define a group norm. This norm is
integer-valued, so m;_1(4) is a discrete topological space, and the condition (2.18) is satisfied.
Throughout the paper, we will consider flat chains with multiplicities in G = 7p_1(A).
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2.3 Smooth complexes and the retraction over .4

A compact set 2" C R™ will be called a n-dimensional smooth (resp., Lipschitz) complex if

and only if there exists a diffecomorphism (resp., a bilipschitz map), defined on a neighbourhood

of 2, that takes 2~ onto a finite n-dimensional simplicial complex V3 C R™ For j €N

with j < n, we define the j-skeleton 277 of 2" as the union of all the cells of dimension < j.
We recall an important topological fact, upon which our construction is based.

Lemma 2.9 ([39, Lemma 6.1]). Suppose that (H) is satisfied. Then, there exist a compact (m —
k)-dimensional smooth complex 2 C R™ and a locally smooth retraction o: R"™\ 2" — A such

that
C

< -
= dist(y, Z°)

for any y € R™\ 2" and some constant C = C(A", m, Z') > 0, and Vo has full rank on a
neighbourhood of N .

Vo(y)

Proof. This is exactly the statement of [39, Lemma 6.1], except that in [39], the set 2" is required
to be a Lipschitz complex and g is required to be a Lipschitz map. However, the same argument
can be used to produce a smooth pair (27, p) with the same properties (one starts with a smooth
triangulation of S™ = R U {o0}, in place of a Lipschitz triangulation; the smoothness of g can
be achieved by a standard regularisation argument). Another, self-contained, proof of this fact
is given in [19, Proposition 2.1]. O

Notice that gy: z € A +— po (y — z), for |y| small enough, defines a smooth family of maps
A — A such that gg = Id 4. Therefore, the implicit function theorem implies that g, has a
smooth inverse g, ': A" — A" for |y| sufficiently small.

2.4 Manifold-valued Sobolev maps

Given a bounded, smooth open set U C R? and a number 1 < p < 400, we let HY (U, )
denote the strong W1P-closure of C®(U, .#"). We denote by Hllo’f(U, ") the set of maps u €
Wh2(U, A4) such that, for any point € U, there exists a ball B,(x) CC U such that up, () €
H'P(B,(x), .#). Clearly, we have the chain of inclusions
HY (U, ¥) C HP(U, ¥) C WU, )

and a well-known result by Bethuel [8, Theorem 1] implies that the equality Hllo’g = WP holds
if and only if p > d or 7, () = 0. The equality H“? = WP has been characterised by Hang
and Lin [37, Theorem 1.3] in terms of topological properties of U and .4". In particular, we have

Lemma 2.10. Suppose that U C R? is a smooth, bounded domain that has the same homotopy
type of a smooth (k — 1)-complex, and let p > k — 1. Then, H'"P(U, N) = Hl’p(U, N).

loc
Proof. If p > d then, arguing as in [56, Proposition p. 267], one sees that HP(U, .A4) =
Hﬁ)’f(U, N) = WIP(U, A), so we can assume that k — 1 < p < d. Let u € Hﬁ)’c( ,
and ¢ > 0 be given. By reflection across 92, we can extend u to a map in WHP(U', 4,

~—
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where U’ D U is a slightly larger domain that retracts onto U (see e.g. [3, Lemma 8.1
and Remark 8.2]); thus, we can apply the methods of [37], even though U has a boundary.

Thanks to [37, Theorem 6.1] (or [8, Theorem 2]), we find a smooth cell decomposition M
of U', a dual d — |p] — 1-skeleton L [P)=1 and a map @ € W'P(U’, .#) that is continuous
on U’ \ L4~ P)=1 and satisfies |Ju — ||y < e. It suffices to show that Ujpy1p) can be extended to
a continuous map U’ — .4/, as [37, Theorem 6.2] yields then & € H'P(U, .#') and, by arbitarity
of e, u € H'?(U, .N).

For each cell Q € MPI1 denote by Q' € L4[PI=1 the dual cell and let 2 such that QNQ’ =
{z}. Since u € Hﬁ)’f(U, A), there exist 0 < p < dist(z, Q) a sequence of smooth maps
uj: By(z) — A that converges to u in WP, In case p ¢ Z, Fubini theorem and Sobolev
embeddings imply that, for a.e. r € (0, p), u; — u uniformly on Q N 9B, (z), therefore the
homotopy class of u|gnaB, (») is trivial. In case p € Z, one can approximate u; with the continuous
functions

u?(y) = uj(z)dz for y € Q N By(x).

][QﬂBr(w)ﬂBa ()

By the Poincaré inequality, we deduce that sup, , dist(u?(y), A) = 0asd — 0and u? — ul

uniformly on @ N B,(z) as j — 400, so the same conclusion follows. (Details of the argument
can be found in [21] and [37, Lemma 4.4].) By similar arguments we also obtain that, if ¢
is small enough, then the homotopy class of @gnaB,(z) Is trivial, hence the homotopy class
of U|pq is trivial and 1y, has a continuous extension M [pI4+1 5 ¢, Finally, by applying [37,
Lemma 2.2] and reminding that U is homotopy equivalent to a (k—1)-complex and that p > k—1,
we conclude that Uy i) has a continuous extension U — 4. ]

Push-forward of a chain by a Sobolev map and homology classes. Let S € My_(U; Z)
be an integral chain with 95 = 0, and let w € H"*~1(U, .#"). We aim at defining the homology
class of the push-forward chain u.(S). To this end, we pick a sequence (up)pen in (C*° N
WLA=1)(U, #) that converges to u in W1*~1 and a sequence (S;);en of polyhedral chains
supported in an open set U’ CC U, with 05; = 0 for any j € N, that converges to S in the
flat-norm. (Such a sequence S; exists as a consequence of the deformation theorem; see e.g. [32,
Theorem 5.6 and remark at p. 175].) We claim that, for any n, m, i, j large enough,

(2.19) [tn s (Sl b,y (1) = [t s (Si) by (1)

This homology class does not depend on the choice of the sequences (uy) and (S;), for any two
such pairs of sequences (up, S;) and (uj,, S;) can be restructured into a single converging one.
We denote this homology class by [u.(S)]. By the Hurewicz isomorphism [41, Theorem 4.37
p. 371}, [u.(S)] defines a unique homotopy class in m;_1(.#"), which we denote by the same
symbol. By an approximation argument, once Claim (2.19) is proved we can deduce

Lemma 2.11. If (u;)jen is a sequence in HY=1(U, N) that converges W =1 strongly to u,
and (Sj)jen is a sequence of cycles in Ny_1(U; Z) that converges to S in the flat-norm, then

[ux(S)] = [uj«(S5)]

for any j large enough.
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Proof of Claim (2.19). By applying [32, Lemma 7.7], for ¢ and j large enough we find a polyhe-
dral k-chain R;j, supported in U, such that S; —S; = OR;;. Then, for any n we have

Un,«(5;) — un,*(Sj) =0 (un,*(Rij)) )

S0 Up «(S;) and up «(S;) belong to the same (smooth) homology class. Now, it follows from [37,
Lemma 4.5] and the fact that (u,)nen is a Cauchy sequence in WHE=1(U) that, for any n, m
large enough and any (k — 1)-polyhedral complex K C U, uy|x and uy, g belong to the same
homotopy class of continuous maps K — .4". Since homotopic maps induce the same push-
forward in homology, it follows that [uy, «(S;)] = [um «(Si)] for any n, m large enough and any 4
and, hence, Claim (2.19) is proved. O

3 The construction of the sets of topological singularities

3.1 Statement of the main results

Let Q C R? be a smooth, bounded, connected open set, d > k. We consider the set X (Q) :=
(LNWLE=1)(Q, R™) with the direct limit topology induced by the inceasing family of subspaces

Xp(Q) = {u e WHHQ R™): [ful| oy <A} for A>0

(each X () is given the strong W *~1-topology). This defines a metrisable topology on X (),
and a sequence (u;)jen converges to u in X (1) if and only if u; — u strongly in W1*~! and
supjen |lujllLe < +oo. We also consider the set V() := LYR™, Fy_(9; mp_1(4))), whose
elements are Lebesgue-measurable maps S: R™ — Fy_(Q; m—1(.4")) such that

I8l i= [ FalS)dy < +oc.

The set Y () is a complete normed 7j_; (.4 )-modulus, with respect to the norm || - ||y. When
no ambiguity arises, we will write X, ¥ instead of X (2), Y (). Given an operator S: X — Y,
throughout the paper we will write Sy(u) := (S(u))(y) for y € R™. Recall that, even when not
explicitely stated, the assumption (H) is in force, see Section 1.2.

Theorem 3.1. Suppose that (H) is satisfied. Then, there exists a unique continuous map
S: X — Y that satifies the following property:

(P1) For any u € X, any R € Ni(Q; Z) such that spt R C Q, and a.e. y € R™ such that
spt(OR) Nspt(Sy(u)) = 0, there holds

I(Sy(u), R) = [oo (u—y)«(OR)].
Here o: R™\ 2" — A denotes the retraction given by Lemma 2.9.

Moreover, for any A > 0 there exists Cy > 0 such that, for any u € X with |lu||p~) < A and
a.e. y € R™, the following properties are satisfied.
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(P2) oo (u—y) € WHH(Q, ) N Hgl ™ (Q\ spt Sy (u), A).

loc

(P3) Sy(u) is a relative boundary in §: there exists Ry, € Mg_j1+1(Q; mp—1(4")) such that
spt(Sy(u) — OR,) C RI\ Q and

R (R )dy < Cy ||vu”Lk 1(

(P4) If. in addition, u € WI*(Q, R™) then, for a.e. y € R™, the chain Sy(u) has finite mass
and there holds

- M(Sy(u)) dy < Ca [Vl

(Ps5) If uo, u1 € X satisfy [[uol|Loe() < A, [Juallpee() < A, then
/ Fo (S, (u1) — S, (1)) dy < C’A/Q fur = ol (|9 [ + [V ).

Property (P1) implies that S, (u) does capture topological information on u, and motivates
the name “set of topological singularities”. Notice that both sides of (P;) are well-defined,
thanks to (P2) and Lemmas 2.10, 2.11. (P3) and (P4) provide an integral control on the Fg-
norm and the mass norm of Sy(u), respectively. Property (P3) will be crucially exploited in
the applications we present in Section 4, while (P,4) is important in applications to variational
problems, along the lines of [3]. From (P3) and White’s rectifiability theorem for flat chains [58],
one can deduce that S,(u) is the boundary of a rectifiable chain for a.e. y € R™ (compare
with [2, Theorem 3.8]). Finally, (P5) is a continuity estimate in the spirit of [20, Theorem 1],
Statement (i). By applying the Holder inequality to (Pj), for any A > 0 and any vector-valued
maps ug, u1 € (L N WH*)(Q, R™) satisfying ol oo () < A and [Jug||peo(q) < A we obtain

(3.1) /RkFQ(syw Sy (u0)) dy < Ci [[uo — ur |y ([l 5ty + [V 5k ).

A natural question is whether the distance ||S(u1) — S(ug)||y- can be bounded in terms of the
Sobolev norms of Vu; — Vug. Notice that such an estimate is available for the Jacobian (see
[20, Theorem 1], Statement (ii)). However, the answer is not known in general.

The uniqueness of the operator S, together with Lemma 2.3, implies the following property.

Corollary 3.2. Let 1, Qo be bounded, smooth domains in R* with Q1 CC Qo, and let S,
S be the corresponding operators, given by Theorem 8.1. Let W: Fg_p(Q2; mp_1(A)) —
Fa_r(Q; m_1(A)) be the restriction map, given by Lemma 2.3. Then, for any u € X(Qs9)
and a.e. y € R?, there holds

Sy (uj,) = T(Sy2 (w)).

Corollary 3.2 implies that the operator S is local: if two maps uj, ue € X () coincide
a.e. on a (not necessarily smooth) open subset w C €2, then spt(Sy(u2) — Sy (u1)) € Q\ w for
a.e. y € R™. If we had constructed S as an operator with values in LY(R™, F,,(Q; mx_1(4))),

21



then Corollary 3.2 would not hold, because the restriction SSQ(U) L Q need not be well-defined
(see the discussion in Section 2.1).

We can, in the suitable sense, define “the trace of S” on the boundary of 2. More pre-
cisely, suppose that d > k + 1, consider the space XPd := (L n W~1/k%)(9Q, R™) and
define a direct limit topology on it, in such a way that a sequence (g;j)jen converges to g
in XP if and only if g; — g weakly in W'=/k* and supjey |95l Lo (a0) < +oo. Let ybd .=
LYR™, Fy_j_1(09Q; m,_1(4"))) be endowed with the norm

ISlye = [ F(S,)dy.

Proposition 3.3. There exists a sequentially continuous operator SP4: XPd — Ybd with the
following property: for any g € X%, any open set Q' D Q, any u € (L NWIF) (', R™) such
that u = g on 08 (in the sense of traces), and a.e. y € R™, there holds Sgd(g) =0(Sy(u)LQ) =
O(Sy(u) L Q).

Note that, for a.e. y, the restrictions Sy(u)L Q, S,(u) L Q are well-defined because Sy (u)
has finite mass, due to (P4). The space XP? does not coincide with the image of X under the
trace operator, that is tr (X) = (L®° N W=/E=Dk=1y90 R™) D XPd. In general, it is not
possible to extend SP4 to an operator tr (X) — Y4 that is continuous with respect to the strong
topology on tr (X). In case .4/ =S, k = m = 2, Q is the unit ball in R3, if such an extension
existed then Sgd(g) would be defined for merely measurable maps g: S — S', and continuous
with respect to strong L'-convergence. But C°°(S?, S!) is dense in L(S?, S!) and Sgd(g) =0
for any g € C(S?, S') and a.e. y € R™, so SP4 = 0. This is a contradiction, in view of (4), as
there are maps in W11(S?, S') € W1/22(S2, S') whose distributional Jacobian is non zero.

Recall that two chains are said to be homologous (or cobordant) if they differ by a boundary.
In case u € (L N WHF)(Q, R™), the homology class of S,(u) is determined by the boundary
conditions only. More precisely, we have the following

Proposition 3.4. For any g € X", any open set ' OO Q, any two maps uy, uy € (L= N
WLEY(Q, R™) with uy = ug = g on OQ (in the sense of traces) and a.e. vy, y2 € R™ there
exists a chain R € Mg_4+1(S; mp—1(A4)) such that

(3.2) Sy(uQ)l_ﬁ—Sy(ul)l_ﬁz OR.

Let 6o := dist(A", Z7). If, in addition, g takes values in A then for a.e. y1, yo € R™ with
ly1] < b0, |y2| < do there exists a chain R € My_j11(Q; mr_1(A")) such that

(3.3) S, (uz) L — Sy, (u1) 0 = R.

As above, the previous result need not be true for u; € X, us € X, because the restric-
tions Sy (u1)LQ, S, (uz)LQ may not be well-defined. However, when uy, uz are merely in X and
have the same trace at the boundary it is possible to show that, for a.e. y, there exists a chain R
of finite mass such that spt(S,(uz) — Sy(u1) — OR) C R?\ Q (this follows by Proposition 3.9
below).

Finally, let us mention an additional property of S,(u), in case u is an .4 -valued map.
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Proposition 3.5. As above, let &y := dist(A", Z"). Then, we have:

(i) for any u € WH=1(Q, A) and a.e. y1, y2 € R™ with |y1| < o, |y2| < 6o there holds
Sy, (1) = Sy, (u).

(i) If g € WI=VEE(OQ, N, then ng(g) = Sgg(g) for a.e. y1, yo with |yi| < do, |y2| < do.

(iii) If u € WHE(Q, A), then Sy(u) = 0 for a.e. y € R™ with |y| < do.

In case u is A -valued and |y| < dp, the chain S,(u) actually agrees with the topological
singular set as defined by Pakzad and Riviere in [52] (see Section 3.3).

3.2 The case of smooth maps

We first carry out the construction of S,(u) for a smooth map w. In order to control the
behaviour of u at the boundary, we assume that § is compactly contained in a domain ' C R%,
and we assume that v is smoothly defined on €', with [|u||z () < A. Throughout this section,
we also tacitly assume that the condition (H) is satisfied.

Construction of S,(u). Recall from Lemma 2.9 that, as a consequence of (H), there exists a
smooth rectraction p: R™\ 2" — .4, where 2 is a smooth (m—k)-complex. Let K be a (m—k)-
dimensional cell of 27, and let o be a smooth (m—k)-vector field that defines an orientation on K.
For any x € K \ 0K and r > 0, we consider the k-dimensional disk D¥(z) := B™(z) N (T, K)*,
with the orientation induced by . We suppose that  is so small that D¥(2)N.2" = DF(z)NK =
{x}. Then, we denote by v(K, &) := [p, 0D¥(z)] € m,_1(.#) the homotopy class of o restricted
to ODF(x) ~ S¥~1. (One easily checks that v(K, o) does not depend on the choice of = and 7,
but only on K and o.)

By applying Thom parametric transversality theorem (see e.g. [42, Theorem 2.7 p. 79]) to
the map (z, y) € ' x R™ — wu(z) — y, which is smooth and has surjective differential at every
point, we deduce that, for a.e. y € R™ the map uw — y is transverse to all the cells of 2.
Therefore, for any j-cell K of 2~ with m —d < j < m — k, the set (u —y) '(K) is a smooth
(d —m+ j)-submanifold of €’ with 9((u—1y) }(K)) C (u—y)~1(27~1), while (u—y) *(K) =0
if 5 < m —d. We subdivide each (u — y)~!(K) into (d — m + j)-cells, in such a way to make
(u—y)~1(Z") a smooth, finite complex. Using Thom transversality theorem again, we see that,
for a.e. y € R™, the intersection of any cell of (u — y)~1(2") with 9 is a smooth manifold.
Therefore, up to further subdivision, we can assume that each cell of (u —y)~!(2") is contained
either in Q or in '\ €.

Let H be a (d— k)-cell of (u—y)~1(2"), oriented by a smooth (d — k)-unit vector field 7. By
construction, the image (v — y)(H) is contained in a (m — k)-cell K of 2. Let o be a smooth
(m — k)-vector field associated with the orientation of K. We define

(H.r. K. o) 1 if (u—y)«((*1)¥) A o is a positive m-vector field in R™
eH,1, K, 0):=
—1 otherwise.
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Here (x7)% denotes the k-vector field naturally associated with the Hodge dual of 7, which
induces an orientation on the normal bundle to H, and (u—y)«((*T)#) denotes its push-forward
through u — y. Then, we define

(3.4) Sy(u) = Z e(H, m, K, o)y(K, o)[H, 7],
(H,7)

where the sum is taken over all oriented (d — k)-cells (H, T) of (u —y)~1(2"). Then, S,(u) is a
smooth (m — k)-chain with coefficients in 7;_1(-4#"). Each term of the sum in (3.4) is invariant
under the changes of orientation 7 — —7 and ¢ — —o. From now on, we will omit the 7’s
and o’s in the notation.

Lemma 3.6. Let ¥ be a smoothly embedded k-disk that intersects transversely a (d — k)-cell H
of (u—y) H(Z)NQ at a point x € H\OH, and suppose that ¥N (u—y) 1 (2Z) =YNH = {x}.
Let K be the (m — k)-cell of &~ that contains (u —y)(H). Then, we have

e(H, K)y(K) = [00 (u—y).(9%)].

Proof. Assume, for simplicity of notation only, that y = 0 and u(z) = 0. Let D¥ := B(2)NT,X,
for 0 < r < dist(z, 9%). The sphere 9% is homotopic to D¥ (one contracts 9% towards z, then
project it on the tangent space). Moreover, if r is small enough, wgpk is homotopic to duygpk
because |[u — dug|| o spr)y — 0 as r — 0. Therefore, we have

(35) [(00u)-(9%)] = [(00 u)-(IDf(x))] = |(0 © dus). (9D ().

Now, the transversality assumption yields du,(T;X) + ToK = R™ and hence, by a dimension
argument, du, restricts to an isomorphism of T3> onto its image. Thus, we have

(00 du,).(0DF))] = sign det(duyyr,x) [0.(dus(9DF))] = e(H, K)y(K).
Combining this identity with (3.5), the lemma follows. O

Lemma 3.7. Sy(u) is a relative cycle, that is, 9(S,(u))L Q = 0.

Proof. By construction, d(Sy(u)) is supported on the (d—k—1)-skeleton of (u—y)~1(2"). Let H
be a (d—k—1)-cell of (u—y)~1(2) that is contained in 2, and let Hy, ..., H, be the (d—k)-cells
of (u—y)~1(Z") that are adjacent to H. By composing with a diffeomorphism, we can assume
without loss of generality that H, Hy, ..., H, are affine polyhedra. Moreover, since S,(u) is
independent on the choice of the orientations on the cells, we can choose the orientation 7; of H;
in such a way that Tjg agrees with the orientation of H. Take x € H \ 0H and a radius r > 0
so small that, setting D¥™!(z) := B4(x) N HL, we have DF*1(2) N 0H; = DEFY(z) N H = {x},
for any j € {1, ..., ¢}. Then ODE*1(z) intersects each H; at a single point, which we call z;,
and g o (u — y) restricts to a continuous map dDF1(z)\ {xj}?zl — 4. Take a smooth k-
disk X C OD¥J(z) such that z; € ¥\ % for any j. We endow X with the orientation induced
by OD¥*+1(x). Finally, for each j we take a small k-disk 32; C 3, in such a way that z; € 3;\ 9%,
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and the ¥;’s are pairwise disjoint. By Lemma 3.6, the multiplicity of S,(u) at H; is equal
to [0 0 (u — y)«(0%;)]. Therefore, with our choice of the orientation, we have

I
M=

multiplicity of 0S,(u) at H (multiplicity of Sy(u) at Hj)

<.
Il
—

|
M=

[00 (u—y)«(0%))] = [00 (u—y).(9X)].

<
Il
—

On the other hand, g o (u — y)|x, is null-homotopic, because ¢ o (u — y) is continuous on the
set ODF1(x) \ ¥, which is diffeomorphic to a k-disk. Thus, we have 9(S,(u))L H = 0. O

In the rest of this section, we check that S, (u) satisfies (P1)—(Ps) in case u is smooth. The
extension to the Sobolev case is left to Section 3.3.

Sy(u) satisfies (P1). By applying the deformation theorem [32, Theorem 7.3], we can write
(3.6) R=A+0B+P,

where A is a k-chain with finite mass, B is a (k + 1)-chain with finite mass, and P is a polyhe-
dral k-chain:

q
P =) \lKa.],
a=1

for some A\, € Z, and some affine closed k-polyhedra K,. Since Sy(u) is a relative cycle
(Lemma 3.7), and since we have assumed that spt(Sy(u)) Nspt(JR) = (), we can make sure that

(3.7) spt(Sy(u)) Nspt(OP) = 0, spt(9Sy(u)) Nspt(P) = 0,
(3.8) spt(Sy(u)) Nspt(A) =0, spt(9Sy(u)) Nspt(B) = 0.
By the transversality theorem, we can assume without loss of generality that (u—y)~ (2™ *~1n
Ko = 0, spt(Sy(u)) N 0K, = 0 and K, is transverse to spt(S,(u)) for any «. Thanks to

Lemma 2.8 and (3.8), we have I(Sy(u), A) = I(Sy(u), 0B) = 0. Then, by bilinearity of the
intersection product, we obtain

I(Sy(w), R) = Aal(Sy(u), [Kal)-
a=1

Due to (3.8) and the assumption (u —y) 1 (2™ * )N K, =0, oo (u—y) is well-defined and
continuous in a neighbourhood of spt A. Therefore, taking the homology classes in (3.6), we
deduce

[oo (u—y)«(OR)] = Z_: Aa [0 (u—y)«[0Kd]].-

Thus, it suffices to show that I(S,(u), [K.]) = [00 (u—y)«[0K,]]. Because we assumed
that K, is transverse to spt(Sy(u)), their intersection is a finite set. Using again additiv-
ity on both sides, we reduce to the case #(spt(Sy(u)) N K,) = 1, and then (Py) follows by
Lemma 3.6. Ul



S,(u) satisfies (P2). We claim that go (u —y) € WhHF=1(Q, R™) for a.e. y. Once this claim
is proved, we can deduce that po (u—y) € Hl’k_l(Q \ spt(Sy(u)), A7) for a.e. y by a “removal

loc

of the singularity” technique, as in [8] or in [52, Theorem II]. Recall that, by assumption,

(3.9) ly| > M := A+ sup |z,
zed

then (u —y)~1(2) = 0 and go (u — y) is smooth on 2. Thus, we only need to consider the
case y € BY;. We can now apply the arguments in [38, Lemma 2.3] or [37, Lemma 6.2], which
we recall below for the convenience of the reader, to show that g o (u —y) € WhHE=1(Q R™)
for a.e. y. In fact, we will prove a slightly stronger statement, because it will be useful later on.

Lemma 3.8. For anyv € X := (L® N WYA1)(Q, R™), let ®(v): y € R™ +— go (v —1y). Then,
® is a well-defined and continuous operator

®: X — L (R™, WHFH(Q, ).
Moreover, for any positive M, A and any v € X such that ||[v||rq) < A, there holds
(3.10) [ 1900 (0= i)ty < Call Vol g
M
where Cy is a positive constant that only depends on M, A, k, A and o.

Proof. We first remark the following useful fact, which is the essence of the proof of [38,
Lemma 2.3]: for any positive numbers M, A, any v € L*®(Q, R™) with [[v[| @) < A, any
measurable w:  — [0, +00) and any Borel function f: R™ — [0, +00), there holds

(3.11) [ ([ e@se@-ni)a< [w@ar [ s

M4A
This follows by applying Fubini theorem, then making the change of variable z := v(z) — y in
the integral with respect to y. Another useful fact we will use in the proof is that

m
M

(3.12) Vo e LE-L(R™, R™*™),

loc

Indeed, |Vo| < Cdist(-, 2)~! by Lemma 2.9, and dist(-, 27)"**! is locally integrable on R™
because 2 is, up to a bounded change of metric in R™, a finite union of simplices of codimen-
sion k.

Let us now check that ® is well-defined. For any v € X, the set

N ={(z,y) e QxR":v(x)—ye 2}

is measurable and #9+™(N) = 0, because each slice N N ({2} x R™) = v(x) — 2 has dimen-
sion m — k. By Fubini theorem, it follows that 4N N (2 x {y})) = 0 for a.e. y € R™, so
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00 (u—vy) is well-defined for a.e. y € R™, and belongs to L*(Q, .#"). By the chain rule, for
a.e. (z, y) € Q x R™ we have

[V(eo (v(z) —y))| = [(Vo)(v(z) — y)[[Vu(z)]

and thus (3.10) follows by applying (3.11) with f = |V, w = |Vv|F~! and using (3.12).

It only remains to check the continuity of ®. Let (v;);jen be a sequence such that v; — v
in X as j — +oo, and let A > 0 be such that [|vj[|Le) < A for any j € N. Up to extraction
of a subsequence, we assume that v; — v a.e. Let M > 0 be fixed. By Fubini theorem and a
change of variable as in (3.11), we obtain

/B loo (=) = 20 0 =Dl r < [ [ (lote +0,0) - o) dy) e,

M+A

where 9; := v; — v. Since o(z + v;(x)) — o(2) for any z € R™\ 2" and a.e. x € Q, Lebesgue’s

dominated convergence theorem implies that the right hand side converges to zero as j — 4o0.

Now, for fixed € > 0, let ¢ € C*°(R™, R™*™) be such that ||V — <p|]lzﬁ1(3m ) < e The chain
+A

rule implies
[ 190 09— 00 0= )ity dy 4420 + Lo+ o+ Ty,
M

where

o= [ (170w =0l 90, = Vol a ) ay,
o= [ (9P V00— ) = el =) )
= [ (T e -0 = et ol )

14:=/ (/m\’“w D)~ (Vo - )" ) dy.

We apply (3.11) to each of this integrals. For the first one, we obtain
I < [V = Volliit g Vo(2)[F ! dz,
Bl

and the integral with respect to z in the right hand side is finite, due to (3.12). As for Iz, we
have
L < ||Voll5itig IVe = ellfnts B ) < ellVollit gy

and the same holds for 1. Finally, for I3 we get

h< [ Vila |’“</ ) |<z+ﬁj<x>>w(z>|’“dz>dx

M+A
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where 9 := v; — v, and again we can apply Lebesgue’s dominated convergence theorem to show
that the right hand side tends to zero as j — +oc0. Putting all together, we deduce

1imsur>/B loo (v —y) = 00 (v = Y)litiaqy dy < 47722 (| Vollfili

Jj—+oo o

for arbitrary e, M, and hence the lemma follows. O

S,(u) satisfies (P4). Pick a positive constant C' such that |y(K)| < C for any (m — k)-cell K
of 2. By the definition (3.4) of Sy(u), we have

M(S,(u)LQ) < Y2 F ((u—y) 7 (K)nQ),
K

the sum being taken over all (m — k)-cells of 27, and Sy(u) = 0 if |y| > M where M is defined
in (3.9). Since £ only contains a finite number of cells, each of which is bilipschitz equivalent
to an affine (m — k)-polyedron, it suffices to show

(3.13) /[_M - Y ((u —y) L(V)n ﬁ) dy<C Wuu’zk(m ,

where V' is an affine (m — k)-subspace of R™. By composing with an isometry, we can assume
without loss of generality that V = {y € R™: y; = ... = yp = 0}. We denote the variable y =
(2,2') € V+ x V and let p; : R™ — V+ be the orthogonal projection onto V*. Then, (3.13)
can be rewritten as

/[M Mk x[—M, M] k%d—k ((PLou)—l(Z) mﬁ) dzds < CHVU”lzk(Q)
— i, X|—M, m—

and this inequality follows from the coarea formula, applied to the smooth function p; ou: Q —
V+ ~ RF. This concludes the proof of (Py). O

S,(u) satisfies (P3) and (P5). Properties (P3) and (Ps) follow at once from the result below.

Proposition 3.9. Let 7: [0, 1] x R? — R? denote the canonical projection. Let ug, ui be two
smooth maps ' — R™ and let u: [0, 1] x Q' — R™ be given by u(t, z) := (1 — t)ug(z) + tui(x).
For a.e. y € R™ there holds

(3.14) Sy(u1) — Sy(up) = 0 (m:Sy(u)) in V.
If, in addition, ug = uy on ¥\ Q, then m.Sy(u) is supported in Q for a.e. y € R™. Finally,

for any positive A there exists a constant Cp such that, if ug, u1 satisfy ||uolpe@) < A,
||U1HLOO(Q/) < A, then

(3.15) M (.S, (u) L D)dy < CA/ fur = wol ([ Vuol*™ + [Vt [F).
Rk Q
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Once the proposition is proved, in order to show (P3) we apply Proposition 3.9 with ug
identically equal to 0, and notice that S,(0) = 0 for any y € R™ \ 2". Moreover, (3.14) and
Lemma 2.2 imply that Fo(S,(u1) — Sy(up)) < M(m.Sy(u) L), so (3.15) becomes

/ Fo(Sy(u1) — Sy (uo))dy < CA/ fur = ol (|Vuol* ™ + [Vua )
Rk Q

and (Ps) is proved. The continuity of S also follows. Indeed, if (u;);en is a sequence of smooth
maps that converge to u in X then, by taking a subsequence such that the |[Vu;|’s are dominated
and applying Lebesgue convergence theorem, we conclude that ||S(u;) — S(u)|ly — 0.

The proof of Proposition 3.9 is in some sense a refinement of (P4). It will be convenient
to work in the setting of differential forms and currents. We follow here the notation of [2,
Section 7.4]. Given a smooth map v: [0, 1] x @ — R¥ we define the Jacobian Juv as the pull-
back of the standard volume form on R* through v, i.e. Jv:=v*(dy' A ... Ady*). If we denote

by (2!, ..., 2%) the coordinates on €’ and by x° =t the coordinate in [0, 1], then we can write
(3.16) Ju = Z det(0yv) dz®,
acl(k,d)
where I(k,d) is the set of multi-indices o = (g, ..., ag) € N¥ such that 0 < oy < ag < ... <
ap < d, and
0oV := (O U, - .., Oa,,0), dz® :=da“t AL A da®k.

For any regular value y € R* of v and any = € v~!(y), the Hodge dual xJv(x) is a simple
(d — k + 1)-vector which spans T,v~!(y). By (3.16), we have | x Jv|? = |[Jv|?> = det((Vv)(Vov)T).
We define Ny (v) as the rectifiable current (in the ambient space [0, 1] x ') supported by v~ (y),
with orientation given by *Jv/| * Jv| and constant multiplicity 1. N, (v) can be identified with

an element of My_j41([0, 1] x ©'; Z). The mass of Ny (v), whether it be regarded as a current
or as a flat chain with coefficients in Z, coincides with the Hausdorff measure of the set Ny(v),
because N, (v) is rectifiable.

Lemma 3.10. Let vy, v1 be two smooth maps ' — R¥, and let v: [0, 1] x Q' — R* be defined
by v(t, z) :== (1 — t)vg(z) + tvy(z). Let K CC [0, 1] x Q' be a Borel set. Then, there holds

M (V@)L K) dy <€ [ for = (190! [Fer )
RE 7(K)

Proof. By definition of the mass of a current, we can write

(3.17) M (7 (Ny(v) L K)) = sgp(Ny(v) L K, m*w),

where the sup is taken over all smooth (d—k+ 1)-forms w supported in ', such that the comass
norm ||w(x)|| < 1 for any € Q'. (This condition means (w(z), £) < 1 for any unit, simple
(d — k + 1)-vector £ and any = € Q). Any such form w can be written as

w = Z wg da?
Bel(d—k+1,d): 81>0
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for some functions wg € C°(Q') which satisfy

(3.18) Zwﬁ (2)> < Cllw(@)|> < C  for any z € &

where C' = C(d, k) is a positive constant. Using the properties of x and (3.16), we compute

*Jv
N,(v)L K, m*w :/ ™ w,
< y( ) > 'ufl(y)ﬁK< ‘*J’U’

= (—1)’f(d—’€+1>/ Md%d—k—i—l
ignk | x Il

> d%d—k—&—l

1det(@0)] 4 e

| de
= PN
aelkd) a1=07 v WNK

where & denotes the unique element of I(d — k + 1, d) that complements «. Recalling the
definition of v, for any o € I(k, d) such that o; = 0 we obtain

| det(9a0)] < [9p0] [Vo* ™ < Jug — o] (| Vo] + [Vor )
Then, using (3.17) and (3.18) as well, we have

Vol + [Vor|)*™

1
d%d—k-i-l.
| x Ju

M (. (Ny(v) L K)) < C / . Jvo — w1 (

By integrating this inequality with respect to y € R*, and applying the coarea formula, we
conclude that

. M (4 (Ny(v) L K)) dy < C’/ lvo — v1| (|Vwo| + [V [)F ! dodtt
R K

whence the lemma follows. O

Proof of Proposition 8.9. We first prove (3.14). Pick y € R* such that ug —y, u1 —y and u —
y, together with their restrictions to 92, are transverse to all the cells of 2. Then, up to
subdivision, we can assume that all the cells of (u —y)™1(.2") are contained either in {0, 1} x Q
orin (0, 1) x . Then, (3.14) follows by the same argument of Lemma 3.7. In case up = u; out
of Q, we have u(t, x) = ug(z) for any (¢, z) € [0, 1] x (' \ Q), so

Sy(u) L ([0, 1] x (2"\ @) = [[0, 1]] x Sy(uo) L ('\ Q)
and
7.8, (W)L (2 \ ) = . (8,(0)L (0, 1] x (2 \ 1)) = m.[[0, 1] x S, (o) L (2 \ ) =0,

Thus, 7,.Sy(u) is supported in Q.
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We now prove (3.15). Fix A > 0 such that ||ug||pey < A and |lu|feo(qy < A. Then, we
have [[ul| oo (o, 1]xe) < A and so Sy(ug) = Sy(u1) = 0 whenever

ly| > M := A + sup |z|.
zeX

If we choose a constant C' such that |y(K)| < C for any (m — k)-cell K of 2", then the
definition (3.4) of S, (u) implies

(3.19) M (7.8, (u)L0) < €3 M (mf(u— ) (K)]L Q).
K

Fix a (m — k)-cell K of Z". By composing with a diffeomorphism, we can assume without loss
of generality that K is an affine polyhedron contained in the (m — k)-plane V := {y € R™: y; =
... =1y = 0}. We denote the variable in R™ by y = (z, 2/) € VL x V, and we let p, p; be the
orthogonal projections onto V, V= respectively. For a suitable choice of the orientation of K,
we have

[(w— )" (K)] = Ny, (01 o w) L (pou—p(y) " (K)) .
Thus, for any 2’ € V, by applying Lemma 3.10 to v := p| ou and
K. i=(pou—2)""(K)n ([0, 1] x Q),

we obtain

/WM (mlu= G N EILR) d = [ MmN()LE)) d:

< 0/ o — wi] (|Vuol* + [Vua[*).
Q

By integrating with respect to 2z’ € V N BY?, summing over K, and using (3.19), we obtain

/ M (W*Sy(u) Lﬁ) dy < C/ lug — uq (|Vu0|k*1 + |Vu1|k’1>
VLx(VNBY) Q

for some constant C' depending on M (hence on A) and on Z". Now, reminding that S, (u) =0
if |y| > M, the proposition follows. O

3.3 The case of Sobolev maps

In the previous section, we have defined S, (u) in case u is smooth; we now have to extend the
definition to the case u belongs to a suitable Sobolev space, and of course this is accomplished
by a density argument. We will then provide the proof of the main theorem, Theorem 3.1, and
of Proposition 3.3.

Since 2 is assumed to be bounded and smooth, there exist a larger domain ' 2> Q and
a linear, continuous operator E: X := (L N WHF1)(Q, R™) — (L N WH*1)(Q/,R™) that
satisfies Bujq = u and

(3.20) / |Bus = Bug| (|V(Buo)|*~* + [V(Bu)* ') < C / fur = ol (|Vuol* ™ + [Vua[*)
QY Q

31



for any v € X and some constant C' that only depends on 2. Such an operator can be con-
structed, e.g., by standard reflection about the boundary 0.

Let ¥: Fyqp(Q; mi—1(A)) — Fap(Q; mp—1(4")) be the restriction map given by Lem-
ma 2.3. For any u € E~'C*®(¥, R™) and any y € R™, with a slight abuse of notation, we
let Sy(u) := ¥(Sy(Eu)) = Sy(Fu) L. By Proposition 3.9 and (3.20), this defines a uniformly
continuous operator S: E~1C®(Q/, R™) — Y, if E-1C% (€Y, R™) is given the topology of a
subspace of X. Since E~1C°°(€Y, R™) is dense in X, we can extend S to a continuous operator
X — Y, still denoted S, that safisfies (P5). Now, before completing the proof of Theorem 3.1,
we state a useful lemma.

Lemma 3.11. Let 6 := dist(A", Z7). For any smooth map u: ' — R™ and a.e. y, y € R™
with |y'| < do, there holds Sy(u) = Sy (00 (u—1y)).

For the sake of convenience of exposition, we leave the proof of Lemma 3.11 to Section 3.4.
By the continuity of S, and because go (u; —y) — go(u—y) in W =1 for a.e. y € R™ if uj — u
in X (Lemma 3.8), from Lemma 3.11 we derive

Lemma 3.12. As above, let 6y := dist(A, Z7). For anyu € X and a.e. y, y' € R™ with |y'| <
do, there holds Sy(u) = Sy(0o (u—1y)).

Proof of Theorem 3.1. We already know, by Proposition 3.9 and (3.20), that S satisfies (P5);
we need to check that it also satisfies (P1)—(P4). Properties (P3) and (P4) follow by a density
argument, since we have already established that they hold for smooth maps, using the Fg-
lower semi-continuity of the mass, Lemma 2.5. Property (P3) can be proved by a “removal of
the singularity” technique, exactly as in [52, Theorem II].

We now check (P1). For fixed u € X and y € R™, take a chain R € Ni(R% Z) such
that spt R C Q and spt(OR) N spt(Sy(u)) = 0. Let U be an open neighbourhood of spt(9R)
such that U Nspt(S,(u)) = 0. Taking a smaller U if necessary, we can assume that U retracts
by deformation over spt(0R). Moreover, we can assume without loss of generality that OR is
polyhedral. Indeed, due to the Deformation Theorem [32, Theorem 7.3|, there is a k-chain of
finite mass R, supported in U, such that &R — R is polyhedral. By Lemma 2.8, and because
spt R C U C R%\ spt(S,(u)), we have [(S,(u), R) = 0, so we may redefine R := R — R.

Under these conditions, we can apply (P2) and Lemma 2.10 to deduce that g o (u — y) €
HY=1(U, ). As a consequence, we find a sequence of open sets U]’-7 with spt(OR) C UJ( cc U,
and a sequence w; € C*°(Q, R™) such that w;(x) € A" for any = € U} and any j, and w; —
0o (u—y)in X. Thus, for a.e. y' € R™ with [y'| < dist(.4#", Z7) we have spt(S,(w;)) N U] =0
and we can apply (P1) to w;, because we have already proved (P1) for smooth maps. This gives

(3:21) I(Sy (w;), R) = [00 (w; —y')+(9R)].
Since w; — po (u —y) in X, using Lemma 2.11 we see that
(3.22) [0 (w; =y )«(OR)] = [00 (00 (u—y) — ¥ )«(OR)] = [0 0 (u — y)+(OR)],

for j large enough and a.e. y, ¢’ with |y/| < dist(.#", Z7). The latter identity holds because the
map z € A — o(z — ') is homotopic to the identity on .4 (a homotopy is given by (z, t) €
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A %[0, 1] — o(z — ty')). As for the left-hand side of (3.21), we use again that w; — o(u — y)
in X, the continuity of S, Lemmas 2.8 and 3.12 to obtain that

(3.23) I(Sy (wj), R) =T1(Sy (e(u —y)), k) =1(Sy(u), R)

for a.e. y, ¢/, provided that j is large enough and |y/| is sufficiently small. Then, (P;) follows
from (3.21), (3.22) and (3.23).

Finally, we prove the uniqueness part of the theorem. Let S’: X — Y be a continuous
operator that satisfies (P1), and let u € C*°(€, R™). Let y € R™ be such that u — y intersects
transversly each cell of 27, and let B CC Q\ (u—y)~1(2") be a ball. Since o(u—1y) is well-defined
and smooth on B, by (P;) we have

I(S},(u), R) = [o(u — y)«(0R)] = 0

for any k-disk R supported in B such that spt(9R) N spt(S)(u)) = 0. By approximating S| (u)
with polyhedral chains, using the deformation theorem as stated in [57, Theorem 1.1] together
with [57, Proposition 2.2], we deduce that Sj(u) L B = 0, hence spt(Sj(u)) € (u —y)~'(2).
However, using again (P1), we see that the multiplicity of S, (u) and S (u) must agree on (u —
y) "1 (K), for any (m — k)-open cell K of 2". Thus, S,(u) — S (u) must be supported on the
(d—k—1)-skeleton of (u—y)~*(2"), and thus S, (u) = S}, (u) because no non-trivial (d— k)-chain
can be supported on a (d — k — 1)-dimensional set [57, Theorem 3.1]. We have shown that S’
agrees with S on smooth maps, and by continuity of S’, we must have S’ = S. O

We now turn to the study of SP4. Suppose that d > k + 1, and let Q' OO Q be an open
set. For g € XPd := (L®° N WI-V/kE)(OQ, R™), take a map u € (L N WF)(Q, R™) that
satisfies u|pn = g in the sense of traces. Since Sy(u) € Fg_(Q'; mx_1(#")) has finite mass for
a.e. y, due to (Py), the restriction S, (u)L € is well-defined, for a.e. y. Let Sgd(g) = 0(Sy(u)LQ).

Proof of Proposition 3.3. By construction, Sgd(g) is supported in €. On the other hand, by
noting that S, (u) has no boundary inside €' due to (P3), we see that

(3.24) S,4(9) = ~0(Sy(u) — Sy (w) LQ) = ~9(Sy(u) L (R \ Q)

is supported in R?\ Q. Thus, Szd(g) € Fy__1(09; mp_1(A)) for a.e. y. In fact, the map
y — Shd(g) belongs to Y4 := LY(R™, Fq_j_1(0; mp—1(4))), because F(SP(g)) < M(Sy(u))
by (2.3) and the integral of M(S,(u)) with respect to y is finite, due to (P4). We now claim that

(3.25) Sy(u) Lo =0 for a.e. y € R™.

Indeed, for p € (0, dist(2, 9Q'), let I', := {z € RY: dist(x, 9Q) < p}. Thanks to (P4) and the
locality of S (Corollary 3.2), we have

M(S,(u)LoQ)dy < [ M(S,(u)LT,)dy < C||Vuljxr,,
R4 R4

and the right-hand side tends to zero as p — 0, so (3.25) follows. As a consequence of (3.25),
we have S, (u) L Q = S, (u)LQ for a.e. y.
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We check that Sgd(g) is independent of the choice of u. Let uy, us be two maps in (L N
WLE)(Q, R™) such that u; = uy = g on 9 in the sense of traces. Define the map u. by

up on §
Uy 1= J
ug on R%\ €,

and note that u, € (L N W5HF)(Q, R™). By the locality of the operator S (Corollary 3.2), we
have Sy (u.) L Q = S, (u1) L Q, Sy(ue) L (R\ Q) = Sy (uz) L (R?\ Q) and hence

O(Sy(u1) L) = 0(Sy(us) L Q) (3.24)=(3.25)

= ~0(S,(u2) L RN\ D)) |

~0(Sy(u) L (R\ Q)

(3.24)—(3.25)

(S, (u2) L Q).

It only remains to prove the sequential continuity of SPd. Let (9j)jen be a sequence that
converges to g weakly in W!=1/kk(9Q, R™), and suppose that A := sup; [|g;jll e a0y < +o0. By
Rellich-Kondrakov theorem, we know that g; — g strongly in LF(Q, R™). We can find an open
set ' OO Q and functions u;, u € WLE(Q R™) such that ujla0 = 95, Yo = ¢ in the sense of
traces, and
(3.26) luj —ull iy < Cllgs — 9l Lk aq) »

(3.27) Hvu]HLk(Q/) <C ||gj||W171/k,k(aQ) ) ||Vu||Lk(Q’) <C ||g||W1*1/kvk(8Q) :
By a truncation argument, we can also assume that sup; [|u;|z~@) < A, [lulpe@) < A. For
any p € (0, dist(€2, 0'), let Q, :== QUT, = {x € R?: dist(z, Q) < p}. By applying (2.9) with
U=Q,, H=Q,and using that Fo, <Fgq (as a consequence of Lemma 2.2), we obtain
F(Sy%(gj) — S;%(9)) <F((Sy(uy) — Sy(w)) LQ)
< (14 p~))Far(S, (uy) — S, () + M((S, () — S, () LT,

We integrate with respect to y and apply (3.1), (P4) to deduce

/ RSy g) — 8y (9) dy < OO+ p7) g — ull gy (190313 + 1Vl )

+ ”V“j”ik(pp) + HquLk(I‘ )

(3.26)—(3.27) B
< e+ ) llg = gl (gl + Nl e )

IVl s + Vulee

de

By letting j — +oo first, and then p — 0, we deduce that is sequentially continuous. O

Proof of Proposition 3.4. We first prove (3.2). Let u € (L®NW1*)(Q, R™) be such that u = g
on 012, in the sense of traces. For j € {1, 2}, define

P L on €,
77 lu on O\ QU
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Let p: be a standard mollifier supported in Bg, and let v;. 1= @; * p.. By taking a smaller 0/,
we have that v;. is well-defined and smooth on €, for any ¢ small enough. Setting Q. :=
{z € RY: dist(z, Q) < ¢}, we have v1. = va. on Q' \ Q.. Therefore, by Proposition 3.9, for
a.e. y € R™ and any ¢ there exists a smooth chain R. € My_j1(Q; mx_1(-4#")) such that

Sy('0275) Lﬁe — Sy(ULg) I_ﬁ&* = 8R5

and sup, M(R.) < 4+o00. Up to extraction of a subsequence, we have F(R. — R) — 0 as € — 0,
for some R € My_j41(9; mp—1(4")). Therefore, (3.2) follows if we show that S,(vj.) L Q.
F-converges to Sy(u;) L Q, for j € {1, 2} and a.e. y. To this end, let us fix &g > 0 and
take 0 < € < g9. We apply (2.9) and Lemma 2.2, to obtain

F(Sy(vje) L Q. — Sy(12) LQ) < (1+ EEI)FQ/(Sy(Uj,s) — Sy(v2)) + M(Sy(vje)) L (2, \ Q)

for j € {1, 2}. For a.e. y, the first term in the right-hand side converges to zero as ¢ — 0,
because vj. — v; in (L N WLA1)(Q/, R™) and because of (P5). As for the right-hand side,
we have

sup M(Sy(ve)) L (2, \Q))dy < C sup ||V,.

0<e<eo JRE 0<e<eo

k k
LF(92:0\Q) <C ||vvj||Lk(F2€0)

where Ty, := {z € R?: dist(z, 9Q) < 2¢0}. (We have applied here Young’s inequality for the
convolution.) Since the right-hand side converges to zero as g9 — 0, we conclude the proof
of (3.2).

We turn now to the proof of (3.3). In view of (3.2), we can assume without loss of generality
that uy = wg. Let 0 < € < 1 be fixed. Let y; € R™ with |y1| < 009 = Odist(A, Z).
Let £ € CX(R™) be a cut-off function such that 0 < ¢ < 1, £ = 0 in a neighbourhood of A
and £ = 1 in a neighbourhood of 2" + yi, and let ¢: R™ — R™ be given by ¢(2) := z — yo &(2)
for a fixed yp € R™. There exists 6 > 0 such that, for |yp| < J, the map ¢ is a diffeomorphism.
In fact, since the C'-norm of ¢ can be bounded in terms of 6, &y, we can choose § = §(6, )
uniformly with respect to y; € Bg; . Then, for [yo| < ¢ and a.e. y in a neighbourhood of yi,
there holds

Sy(d’(ul)) = Sy+yo (u1).

This equality is readily checked in case u; is smooth, and remains true in general by the continuity
of S. Since ¢(u1) has trace g on 9Q (because g is .4 -valued), we can apply (3.2) and deduce
that (3.3) holds, provided that [y1| < 6dp and |y1 —y2| < J. Since Bgj can be covered by finitely
many balls of diameter §, (3.3) remains true when |y;| < 0o, |y2| < 009, and the proposition
follows by letting 8 7 1. O

3.4 The topological singular set of .4 "-valued maps

In this section, we study the special case of .4 "-valued Sobolev maps. We show that Pakzad and
Riviere’s construction [52] of a topological singular set

SPR. Wl’kil(Q, JV) — Fd_k(ﬁ, 7Tk_1(</V))
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is essentially equivalent to S, that is, one can reconstruct the operator S given SR, and con-
versely. As a consequence, we prove Theorem 1, which extends the results in [52].

We first recall the definition of SP®. Let R°(Q, A) (resp. RY(Q, .4')) be the class of
maps u € WHP(Q, #) that are smooth (resp., continuous) on 2 away from the skeleton of a
polyhedral (d — |p] — 1)-complex. The set R°(£2, .4) is dense in W1P(, .4) [8, Theorem 2]
(and so is, a fortiori, R)(€2, .47)). Let u € Ré)(Q A) and let Z be a polyhedral (d — |p] — 1)-
complex such that u € C°(Q2\ Z). For each (d |p| —1)-cell H of Z, we take a (|p|+1)-disk By
that intersect transversely H at a unique point zg, and do not intersect any other cell of Z. We
orient H and By in such a way that T, H ® T, By induces the standard orientation on R,
We set

(3.28) SPH(u) =) [u.(8Bn)][H],

H
the sum being taken over all (d — |p| — 1)-cells H of Z. Pakzad and Riviere [52, Theorem II]
showed that, in case Q@ = B%and p € [1, 2)U[d—1, d), the map SPR can be extended continuously
to WH1(BL, ).

Lemma 3.13. Let &y := dist(A4, 27). For anyu € R} (Q, A) and a.e. y € R™ with |y| < do,
there holds Sy(u) = STR(u).

Proof. Choose a number 0 < § < dp, and pick a function u € R) (€2, .#"). By reflection (see e.g.
[3, Lemma 8.1]), we can extend u to a new map defined on a slightly larger domain ' DD Q) that
retracts onto 2, in such a way that u € W*=1(Q, _#"). Let p. be a standard mollifier supported
in BY, and let ue := u*p.. For any 0 < e < dist(€2, 9Q'), u. is a well-defined map in C>(Q, R™).
Let Z be a polyhedral (d — k)-complex such that v € C%(Q\ Z), and for any n > 0, let V,, be
the closed n-neighbourhood of Z. Since u is .4 -valued and uniformly continuous on Q \ V,,,
for £ small enough and any x € @\ V, we have dist(u(x), A#) < dist(.#", ) — . Thus,
Sy(us) L (2\V;) = 0 for any y such that |y| < 6. Taking the limit as ¢ — 0 with the help
of (P5), and using that the flat-convergence preserves the support, we conclude that

spt(S m Vo=2 for any y with |y| <.
n>0

Moreover, S,(u) is a cycle relative to €, being the flat limit of the relative cycles S, (u.).
Therefore, the constancy theorem [29, Theorem 7.1] implies that, for any open (d — k)-cell H
of Z, there exists a(H) € mp_1(.4") such that Sy(u) - H = o(H)[H]. In fact, we also have

Sy(u) = Y a(H)[H],
H
because no non-trivial (d — k)-chain can be supported on the (d — k — 1)-skeleton of Z [57,
Theorem 3.1]. Finally, let By be a closed k-disk that intersects transversely H at a single point,
and does not intersect any other cell of Z. Arguing as above, we see that spt(S,(u:)) V0B = ()
for any y such that |y| < § and for £ small enough. Therefore, using the stability of I with
respect to flat convergence (Lemma 2.8) and (P1), we conclude that

a(H) =1(Sy(u), [Bu]) = (Sy(ue), [Bul) = [0 (v = y)«(0Bm)].
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Now, when |y| < 6 < dist(4", Z7), the map z € A +— p(z—y) is homotopic to the identity on .4";
a homotopy is given by (¢, z) € [O 1] x A — po(z—ty). Therefore, we have [po (u—1y).(0Bg)] =

[u«(0Bg)] and hence Sy(u) = SPR(u) for a.e-y with |y| < §. By letting §  dy, the lemma
follows. =

Remark 3.1. Note that, in the proof of Lemma 3.13, we only need to apply Property (P1) to
smooth maps, so Lemma 3.13 only relies on the results in Section 3.2 and the continuity of S.

Proof of Lemma 3.11. 1f u: Q' — R™ is smooth then, for a.e. y € R™, there holds go (u —y) €
RYF=1(Q, 4"). Thus, Lemma 3.13 (see also Remark 3.1) and the very definition of S, (u) imply

Sy (0o (u—y)=85" (00 (u—y)=Sy(u)
for a.e. v’ with |y/| < do. O

Proof of Proposition 8.5. In case u € WH=F(Q, "), the statement follows immediately from
Lemma 3.13, combined with a density argument. For g € XP4, the statement follows by taking
the boundary of both sides of (3.3), and using Proposition 3.3. Finally, an arbitrary map
u € WHF(Q, A7) can be approximated (in the W'*-norm) by maps @: Q — .4 that are smooth
away from the skeleton of a smooth complex of dimension d — k — 1. By Lemma 3.13, for a.e. y
with |y| < &y we have S, (@) = SPR(4), and the latter must be zero because no non-trivial,
smooth (d — k)-chain can be supported on a (d — k — 1)-dimensional set. The proposition follows
by a density argument. O

We conclude this section by giving the proof of Theorem 1.

Proof of Theorem 1. For any u € R¥(B?, #"), SPR(u) is defined by (3.28), as in [52]. For any
two maps ug, u; € RVP(B?, ), Lemma 3.13 and (P5) (with the choice k = [p] + 1) imply that
F (P (ur) — S™R(up)) < c/ [t = uo| (|Vuo|®! + [Veur |1 + 1)

Bd

for some constant C' = C(A", 27, p). Then, by applying Lebesgue dominated theorem to the
right-hand side of this inequality, we deduce that SP® maps Cauchy sequences in R'P(B¢, .4)

into Cauchy sequences in F;_ [pJ_l(Ed; T|p)(«4)). Thus, SPR admits a continuous extension
to WLP(B? _#"). Now, the theorem follows by the same arguments of [52, Theorem II]. O

4 Applications to ./ -valued BV spaces

4.1 Density of smooth, ./ -valued maps in BV

In this section, we consider the space BV(Q, R™), consisting of functions u € L!(Q, R™) whose
distributional derivative Du is a finite Radon measure, endowed with the norm |u(gy(q) =
lull L1 (o) + [Dul|(€2). We also consider the semi-norm |u|gy(q) := [Du|(£2). The distributional
derivative of a BV-function has the following representation:

Du = Vu 2% + D + Dlu,
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where Vu is called the approximate gradient of u, D and DJu are, respectively, the Cantor
and the jump part. The latter is supported on a (d — 1)-rectifiable set J,, called the jump set,
and we have

Diu = (um —u”) @u, L],

where v, is the approximate unit normal to J, and ™, v~ are the approximate traces of u
from either side of J,. We define SBV(Q,R™) as the set of all functions u € BV(§, R™)
such that D = 0. We refer the reader, e.g., to [5] for more details and notation. We define
BV(Q, A) (resp., SBV(L, .4)) as the set of maps u € BV(2, R™) (resp., u € SBV(L2, R™))
such that u(z) € A for a.e. x € Q. We say that a sequence u; of BV-functions converges
weakly to u if and only if u; — w strongly in L' and Du; —* Du weakly* as elements of the
dual Cp(92, R™)".

Proof of Theorem 2. Let u; € C*®°(B% R™) be a sequence of smooth maps that converges to u
weakly in BV and a.e., with [|[Vu;|1(gay < C|Du|(B?) (see e.g. [5, Theorem 3.5]). Since .4 is
compact, by a truncation argument we can make sure that [|u| o(gay < A, for some constant A
that only depends on the embedding of .4” in R™. Since .4 is connected and 71 (4") is abelian,
we can apply Theorem 3.1 to u; with & = 2. In particular, by (P3), for any j € Nand a.e. y € Bs
(where &y := dist(.#", 27)) there exists a (d — 1)-chain R} such that (OR] — S, (u;)) LBY=0
and
| MR}y < C V3 sy < 1D (B,
50

Moreover, by Lemma 3.8 we have

J

By an average argument we deduce that, for each j € N and 6 € (0, dp), there exists y(j) € By*
such that

(/1920w =)@ dz ) dy < C [Vl ey < CIDUI(B).

m
)

IV (00 (u; — y())lpsgay < CIDUl(Q),  M(R! ) < C|Du|(BY),

for some constant C that depends on §. By choosing § small enough, we can make sure that the
map oy: 2 € A — o(z —y) has a smooth inverse g;l: N — A for any y € By".

We set w; := (Q;é) 0 0)(u; — y(j)). Then, w; € RH(B%, #) and the L'-norm of Vw; is
bounded by the total variation of Du. By applying the “removal of the singularity” technique
in [52, Proposition 5.1] we find a map v; € C*(B%, #') such that

(4.1) [0 _ijLl(Bd) <j

(1.2 19030300y < 1905113y + CMAR) ;) + €3~ < C [Dul (BY)

Now, (wj)jen is bounded in the BV-norm and hence, modulo extraction of a subsequence, w;
converges weakly in BV and a.e. to some limit w € BV(B? R™). On the other hand, it can

be easily checked that, up to subsequences, v; converges to u a.e. out of the J# d_negligible set

U, spt Ri(j), and hence by (4.1) we have w = u. O
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4.2 Lifting results in BV

In this section, we consider the lifting problem in BV. Let 7: & — .4 be the universal cov-
ering of 4. We endow & with the pull back metric 7*(h_4), h_y being the metric of .4, so
that m is a local isometry. We also identify & with an isometrically embedded submanifold of
some Euclidean space RY, and we define BV(£2, &) as the set of functions u € BV(Q, RY) such
that u(z) € & for a.e. © € 2. We say that v € BV(Q, &) is a lifting for v € BV (£, A) if
u = mwow a.e. on {2. When the domain is a ball, the existence of a lifting in BV could be deduced
by a density argument, based on Theorem 2, but we give below a different proof which works
on more general domains.

Proof of Theorem 3. We choose a norm | - | on m(.4") that, in addition to (2.18), satisfies
(4.3) inf{ 1/ (s)|ds: v € gn W (S, JV)} < Clg|
St

for any g € m(4") and some g-independent constant C. Such a norm exists. Indeed, the
left-hand side itself of (4.3) defines a norm on 71 (-4") that satisfies (2.18) up to a multiplicative
factor, as any loop whose length is less than the injectivity radius of .4 is contained in a
contractible geodesic ball.

We also need to fix some notation. Given a smooth chain R € My_1(R% 71(.#)), we can
always assign an orientation to each (d — 1)-cell of R. We can then write R = Y, ¢;[H;], where
the H; are oriented, smooth (d — 1)-polyhedra with pairwise disjoint interiores and g; € m1(.A4").
We denote the local multiplicity of R at a point € H; \ 0H; by g[R](x) := ¢;. Note that g[R)]
depends on the choice of the orientation on H, and g[R|(z) changes into —g[R](z) when the
orientation of H is flipped.

Step 1 (Construction of an approximating sequence). Let €' be an open cube (i.e., Q' = (—L, L)?
for some L > 0) that contains €. Let ug := J##%(Q)~! [, u € R™ be the average of u over (.
Thanks to [5, Proposition 3.21] and the BV-Poincaré inequality [5, Theorem 3.44|, we can
extend u — ug to a map u, € (L>° NBV)(Q', R™) that satisfies [u.|gy (o) < Clulpy(q) for some
constant C' = C(€). Thus, redefining u := u, + uq, we have constructed an extension of the
given map u that belong to (L> NBV)(Q, R™) and satisfies |u|gy(qo) < Clulpy(q)-

Take a sequence of smooth functions u; € C*°(€, R™) that converges to u BV-weakly and
a.e., and is uniformly bounded in L*°. By applying Theorem 3.1 to u;, with the choice k = 2,
and using an average argument, for any j € N we find y(j) € R™ and a smooth (d — 1)-

chain R; := ng i € My_1(€; 71 (A7) such that the following properties are satisfied. We set

Sj = Sy (uy), Zj = (uj —y(5)) " (27?) and w; := (¢, ©€)(u; —y(j)). Then Z; is a union
of submanifolds of dimension < d — 3 and there holds
w; € WHHQ, )N C=(Q\ (spt S; U Z;), A)
w; —u  a.e. on {)
IVwj | 1oy + M(R;) < Clulpv(g)
(OR; — S;)LQ = 0.
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Step 2 (Construction of a lifting for w;). For each j € N, we will construct a lifting v; of w;
such that v; € C°(Q'\ (spt R; U Z;), &) and

(4.8) v;r(x) = (—1)%g[R;](z) -v; () for # % l-a.e. x € spt R;.

To this end, we adapt a well-known topological construction (see e.g. [41, Proposition 1.33]).
We choose base points xg € Q' \ Uj(spt Rj U Z;), nj := w;(x0) and e; € 7~ (ng). For any z €
Y\ (spt R; U Zj), we take a smooth path ~: [0, 1] — @'\ (spt S; U Z;) from x to z. (Such a
path exists, by transversality reasons.) We suppose that 7 crosses transversely each cell of R;,
which is generically the case, by Thom’s transversality theorem. In particular, there exists
finitely many ¢; € (0, 1) such that v(¢;) € spt R;; moreover, each 7(t;) lies in the interior of
a (d — 1)-cell. We define g; € m1(.4) by

(4.9) g = {(—1)dg[Rj](7(ti)) if 7/(t;) agrees with the orientation of R;

' ’ (=1)%1 g[R;]((t;)) otherwise.

We define a path «a: [0, 1] — & in the following way: on the interval [0, t1), « is the lifting
of wj o Yy[0,,) starting from the point ej; on [t1, t2), v is the lifting of wj o v, 4, starting
from g -a(t] ), and so on. Note that « is uniquely defined by . Then, we set v;(x) := a(1) € &.

We need to check that v; is well-defined. Let «, n be two paths from z¢ to = as above, and
let r, B be the corresponding paths in & obtained via the previous construction. Let g1, ..., gp,
resp. hi, ..., hq, be the elements of m1(.4") associated with v, resp. n, via (4.9). We denote
by ~v*7 the loop obtained by first travelling along + then along 7, the opposite way from x to xg.
Since €' is a cube, hence a simply connected set, v * 77 can be seen as the boundary of a smooth
chain T' € M»(Q'; Z). By definition of the g;’s and hy’s and by Lemma 2.8, we have

(4.10) —Zg,—i—th 1)4-1(R;, 9T) = 1(0R;, T) 2 1(5;, T) "2 [w;..(8T)].
=1

Let 0: [0, 1] = &, resp. 7: [0, 1] = &, be liftings for w; o+, resp. w;on, with o(0) = 7(0) = e;.
Then, by construction of a, £, we have

=Y gi-o(l), B =D h-T(1)
i=1 k=1

and o(1) = [w;«(0T)] - 7(1). From these identities and (4.10), it follows that a(1) = £(1),
so vj(z) is well-defined. Now, arguing exactly as in [41, Proposition 1.33], one sees that v; is
smooth on '\ (spt R; U Z;), and (4.8) is satisfied by construction.

Step 3 (Passage to the limit). Since 7 is a local isometry and w; = 7 o vj, we have that
|Vv;| = [Vwj| on '\ (spt Rj U Z;); moreover, for any y € & and g € m1(4") there holds

ly—g -yl < diste(y, g-y) #%E/ 7' (s !ds < Clgl,
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where dists denotes the geodesic distance in &. Together with (4.8), this yields [Div;|(€) <
M(R;) and hence, by (4.6),

(4.11) vilBvia) < C lulpvg) -

Now, thanks to the BV-Poincaré-type inequality [25, Lemma 6, Eq. (16)], for each j we find ; €
& such that

(4.12) / diste (vj (), &) dz < C'lvjlgyar -

Since the group m1(.4") acts isometrically on &, and since & admits a cover of the form {g -
U}germ vy where U C & is bounded, by multiplying each v; by a suitable element of 71(.4")
we can assume without loss of generality that the &;’s are uniformly bounded. Then, (4.11)
and (4.12) imply that (Uj‘Q)jeN is bounded in BV. We extract a subsequence that converges
BV-weakly and a.e. to a limit v € BV(2, &); by (4.5) and (4.11), v is a lifting of u with the
desired properties.

Step 4 (The case u € SBV). Let ¢ be the canonical embedding R™ — R™ x R?*. We first
construct a smooth immersion 7: Rf — R™12¢ that restricts to t o 7w on & C RY. We consider a
tubular neighbourhood U of & together with the nearest-point projection 7: U — &, which is
well-defined and smooth. We take smooth cut-off functions &y, &1 such that &g =0 and & =1
in a neighbourhood of &, spt(&) € U and spt(1 — &) is contained in the interior of & (1) (so
that, for any x € R, either & or & is equal to 1 in a neighbourhood of z). We set

#(2) == (@ (@)m(r(2)), &(2)( — 7(2)), Gola)a)  forz € R,

Using the fact that 7: & — .4 is a local isometry, and in particular an immersion, it can
be checked that 7 has injective differential at any point; moreover, 7o = ¢ o m. Take now a
map u € SBV(Q, .4) and a lifting v € BV(Q, &). Then # ov = 1 ou € SBV(Q, R™+2¢) and
hence the chain rule for BV-functions [5, Theorem 3.96] implies V7 (v)D% = D1 o u) = 0,
where v is the precise representative of v (see, e.g., [5, Corollary 3.80]). Since V7 (y) is injective
for any y € R™+2¢, we conclude that D = 0, that is, v € SBV(Q, &). O
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