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ABSTRACT. The analysis of nonlocal discrete equations driven by fractional powers of the
discrete Laplacian on a mesh of size h > 0
(_Ah)su = f 5

for u, f: Zr — R, 0 < s < 1, is performed. The pointwise nonlocal formula for (—Ap)°u and
the nonlocal discrete mean value property for discrete s-harmonic functions are obtained.
We observe that a characterization of (—Ay)° as the Dirichlet-to-Neumann operator for
a semidiscrete degenerate elliptic local extension problem is valid. Regularity properties
and Schauder estimates in discrete Holder spaces as well as existence and uniqueness of
solutions to the nonlocal Dirichlet problem are shown. For the latter, the fractional discrete
Sobolev embedding and the fractional discrete Poincaré inequality are proved, which are of
independent interest. We introduce the negative power (fundamental solution)

u=(=An)""f,
which can be seen as the Neumann-to-Dirichlet map for the semidiscrete extension problem.
We then prove the discrete Hardy-Littlewood—Sobolev inequality for (—Aj)~°.

As applications, the convergence of our fractional discrete Laplacian to the (continuous)
fractional Laplacian as h — 0 in Holder spaces is analyzed. Indeed, uniform estimates for the
error of the approximation in terms of A under minimal regularity assumptions are obtained.
We finally prove that solutions to the Poisson problem for the fractional Laplacian

(~A)U = F,

in R, can be approximated by solutions to the Dirichlet problem for our fractional discrete
Laplacian, with explicit uniform error estimates in terms of h.

1. INTRODUCTION AND MAIN RESULTS

The fractional Laplacian, understood as a positive power of the classical Laplacian, has
been present for a long time in several areas of mathematics, like potential theory, harmonic
analysis, fractional calculus, functional analysis and probability [10], 14, [16, 26]. However,
although this operator appeared in some differential equations in physics [I7], it was not
until the past decade when it became a very popular object in the field of partial differential

2010 Mathematics Subject Classification. Primary: 35R11, 49M25. Secondary: 35K05, 65N15.

Key words and phrases. Nonlocal discrete diffusion equations, fractional discrete Laplacian, regularity and
extension problem, Sobolev and Poincaré inequalities, error of approximation, semidiscrete heat equation.

Research partially supported by grants MTM2015-66157-C2-1-P  and MTM2015-65888-C04-4-P,
MINECO/FEDER, UE, from Government of Spain. L.R. was also supported by the Basque Government
through the BERC 2018-2021 program, by Spanish Ministry of Economy and Competitiveness MINECO
through BCAM Severo Ochoa excellence accreditation SEV-2013-0323 and through project MTM2017-82160-
C2-1-P funded by (AEI/FEDER, UE) and acronym “HAQMEC”, and by a 2017 Leonardo grant for Re-
searchers and Cultural Creators, BBVA Foundation. The Foundation accepts no responsibility for the opin-
ions, statements and contents included in the project and/or the results thereof, which are entirely the
responsibility of the authors.

1



2 0. CIAURRI, L. RONCAL, P. R. STINGA, J. L. TORREA, AND J. L. VARONA

equations. Indeed, nonlocal diffusion equations involving fractional Laplacians have been one
of the most studied research topics in the present century. The fractional Laplacian on R™
is defined, for 0 < s < 1 and good enough functions U, as

U(z) —Ul(y)

(1.1) (CAPUG) = ens PV | S

)
for z € R", where ¢, s > 0 is an explicit constant, see [14, 29]. We could say that the triggers
that produced the outbreak in the field were the papers by L. Caffarelli and L. Silvestre
[4] and L. Silvestre [25]. Since the appearance of those works there has been a substantial
revision of a big amount of problems in differential equations where the Laplacian is replaced
by the fractional Laplacian or more general integro-differential operators, see for example
13, B, @, 211, 22, 23, 24], 25, 28, 29] and references therein for models and techniques. On
the other hand, there is the basic question of approximating the continuous problems by
discrete ones. The large literature includes numerical approximations of different sorts, see
for example [11, 2 8, 12, [13] 18] and references therein. The main difficulties to overcome in
numerical approaches are the nonlocality and singularity of the operator . In any case,
it is expected for discrete jump models to approximate continuous jump models in a good
way as the size of the mesh goes to zero [I7], a question that we also address here.

One of our aims in this paper is to present a quite complete study of nonlocal discrete
diffusion equations involving the fractional powers of the discrete Laplacian

(—Ah)su
and show how they can be used to approximate solutions to the Poisson problem for the
fractional Laplacian
(1.2) (=AU =F, inR

We describe next our main results.

Along the paper we consider a mesh of fixed size h > 0 on R given by Z; = {hj : j € Z}.
For a function v : Z, — R we use the notation u; = u(hj) to denote the value of u at the
mesh point hj € Z;. The discrete Laplacian Aj, on Z;, is then given by

1
—Ahu]' = —ﬁ(uj‘+1 — QUJ' + Ujfl).
For 0 < s < 1, we define the fractional powers of the discrete Laplacian (—Ap)%u on Zj with
the semigroup method (see [28, 29]) as

(1.3) (—Ap)*u; = F(is) /000 (emh“j —u;) %

Here w;(t) = e"ru; is the solution to the semidiscrete heat equation

(1.4) {atwj = Apwj, in Zp x (0,00),

w]‘(O) = Uy, on Zh,
(see Section [2) and I' denotes the Gamma function. As we will see, our technique provides

a formula that gives the exact solution of this equation and that is central along the paper.
This can be applied for fixed h > 0, but obviously not for non-uniform meshes, for instance.

Theorem 1.1 (Pointwise nonlocal formula and limits). For 0 < s <1, we let

u
(1.5) lyg = {u cZp — R |uey, = Z [t
me

.
¢ (L fmpy2 =
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(a) If0 < s <1 and u € {4 then
(1.6) (—Ap)*u; = Z (uj — um) KL (j — m),
mEZL,m#]
where the discrete kernel K is given by
4°T(1/2 + s) L(lm|—s)
VTID(=s)|  h2T(jm|+1+s)’

for any m € Z.\ {0}, and K"(0) = 0.
(b) For 0 < s <1 there exist constants 0 < cs < Cy such that, for any m € Z \ {0},
Cs
— h25|m’1+25

(1.7) Khm) =

s

CS
h25|m‘1+25 —
(¢) If u € £y then lim (—Ap)*uj = u;.

s—0t
(d) If u is bounded then SEI{I*(_Ah)Suj = —Apu;.

The expression in and the estimate in show that the fractional discrete Laplacian
is a nonlocal operator on Zj, of order 2s (we precise this in Theorems and . Notice
also that our definition is neither a direct discretization of the pointwise formula for
the fractional Laplacian , nor a “discrete analogue”, but the s-fractional power of the
discrete Laplacian. In this regard, we warn the reader that the notation (—Ah)a/ 20<a<?,
used in [I2] does not refer to the fractional power of the discrete Laplacian , but to a
specific way of discretizing the pointwise formula in . The constant

4T(1/2 + 5)
VL (=s)|

which appears in the kernel Kf(m), see , is exactly the same constant ¢, s > 0 in the
formula for the fractional Laplacian (1.1]) when n = 1.

(1.8) < Kg(m) <

(1.9) A= > 0,

Remark 1.2 (Mean value formula and probabilistic interpretation). Let u be a discrete
harmonic function on Zj, that is, —Apu = 0. This is equivalent as saying that u satisfies the
discrete mean value property:

Uj = ZUj1 T ZUj—1.

2 2
This identity shows that a discrete harmonic function describes the random movement of
a particle that jumps either to the adjacent left point or to the adjacent right point with
probability 1/2. Suppose now that u is a fractional discrete harmonic function, that is,
(—=Ap)*uj = 0. Then from we have the following nonlocal mean value property:

1
Uj; = i Z Z U P ] - )

S meZ,m#j meZ
where X := Y K!'m) = Ah™% /s = % so that Ps(m) is a probability density
on Z with Ps(0) = 0 which is independent of h > 0. In a parallel way we understand this
last identity by saying that a fractional discrete harmonic function describes a particle that
is allowed to randomly jump to any point on Zj (not only to the adjacent ones) and that
the probability to jump from the point hj to the point hm is Ps(j — m). By (| . ) this
probability is proportional to |j — m]*(HQS). As s — 17 the probability to Jump from j to a
non adjacent point tends to zero, while the probability to jump to an adjacent point tends
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to one, recovering in this way the previous situation. As s — 0T, the probability to jump to
any point tends to zero, so there are no jumps.

The solution to the fractional discrete Poisson problem (—Ap)*u = f in Zj, is realized by
the negative powers of the discrete Laplacian, which are also called the fractional discrete
integrals. They are defined, for s > 0 and a function f : Z, — R, as

1 [e.e]
(1.10) A= g [ e

The kernel of (—Aj)™% is the fundamental solution of (—Ap)®.

Theorem 1.3 (Fundamental solution and Hardy—Littlewood—Sobolev inequality). Let us fix
0<s<1/2andlet f € l_4 (see (L.5))).

(a) We have the pointwise formula
(1.11) (A f =Y K (j —m) fm,
meZ

where, for m € 7, the discrete kernel K" (m) is given by
475T(1/2 — s) L(lm|+s)

VT (s) h=25T(|m| +1 —s)
(b) There exist positive constants cs, Cs and ds < Dy such that, for m € Z \ {0},
ds D

(1.12) K" (m) =

1.1 e < KM (m) €
( 3) h— 23|m‘1 2s — ( )— h72s|m|1725’
and
c C
1.14 K" - > < D
(1.14) 2o(m) W22 | = 25|22

(c) Let 1 < p < q < oo such that 1/q < 1/p —2s. There ezists a constant C > 0, depending
only on p, q and s, such that if f € & (see (B.1])) then (—Ap)™°f € £} and

. c
(1.15) 1(=2n) " flles < m”f”ei-

It is worth comparing formula for the kernel of the fractional discrete integral
K" (m) with the one for the kernel of the fractional discrete Laplacian K"(m) in (L.7). We
also point out that the factor of h disappears from the right hand side of when we
reach the critical exponent ¢ = p/(1—2sp). As before, is the (—s)-power of the discrete
Laplacian, not a “discrete analogue” as that of [27]. Observe that the constant

45T (1/2 — s)
VAL (s)

appearing in the kernel K", see (T.12), is exactly the same normalizing constant for the

fractional integral (—A)™* in dimension one in which 0 < s < n/2, n = 1, see [20] and
Theorem [0.9]

(1.16) Ay = >0,

Remark 1.4 (Extension problem for (—Ap)® and (—Ap)~®). The fractional powers of the
discrete Laplacian which, as we have seen in Theorems and are nonlocal discrete
operators, can be regarded as boundary values (Dirichlet or Neumann) of the solution to a
local semidiscrete elliptic extension problem. This observation is just an application of the
general extension problem of [28] 29], see also [9]. Thus, the positive powers can be seen as
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Dirichlet-to-Neumann maps, while the negative ones as Neumann-to-Dirichlet maps. Indeed,
consider the semidiscrete degenerate elliptic operator

Lo = An+ %ay + Dyy;

where @ =1 —2s and 0 < s < 1. This operator acts on semidiscrete functions w = w;(y) =
w(hj,y) : Zp x (0,00) — R. Given u € Dom((—Ap)?), the semidiscrete function w defined as

2s [ee]
_ Y —y2/(4t) tA dt
w](y) - 4SF(S) /0\ € v /( )6 huj tl?
is the unique solution (weakly vanishing as y — o0) to the Dirichlet problem
La’hw = 0, in Zh X (O, OO),
wj(O) = Uuj, On Zh.

Moreover,

) -wy(0) T4
yli%l+y Oywj(y) = 28yl£61+ e _48—1/2F(3)

Analogously, given f € Dom((—Ap)™*), the semidiscrete function v defined as

1 2 dt

(—Ap)°uy.

is the unique solution (weakly vanishing as y — oo) to the Neumann problem

La,hU =0 in Zp, x (O7 oo)7
_yaayvj(y)’y:m- = fj, on Zh‘

Moreover,
45—1/21‘\(5)
li (y) = ———2(—An)"°f;.
Jim vi(y) = =y (CAR T
. . . S, 4571/2F(5) —
It is obvious that if we have (—Ap)%u = W‘f then w = v.

We next go back to the fractional discrete Laplacian and show that it behaves as a fractional
discrete derivative of order 2s in discrete Holder spaces. This will be obtained by exploit-
ing (1.6). The following estimates are parallel to the corresponding ones for the fractional

Laplacian (see [25]). For the definition of discrete Holder spaces Cl,f’a see Definition

Theorem 1.5 (Fractional discrete Laplacian in discrete Holder spaces). Let k >0, 0 < a <
1,0<s<1anduels (see (1.5)).
(1) Ifu e C}]f’a and 2s < o then (—Ap)*u € C,’;’Q_QS and

[(_Ah)su}cl}j,afls S C[u]cg,a.

(i) Ifu € C,’fﬂ’a and 2s > a then (—Ap)°u € C}’:’a_Qs—H and
[(—Ah)su]c;:,a—zsﬂ < C[U]C;:—O—l,a.

The constants C' > 0 appearing above are independent of h > 0 and u.

The following result, which complements Theorem contains the discrete Schauder
estimates for the fractional discrete Laplacian.

Theorem 1.6 (Discrete Schauder estimates). Let k > 0, 0 < o < 1, 0 < s < 1/2 and

f el (see (L))
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(@) If f € C,l.f’a and 2s + « < 1 then (—Ap)"°f € C}’:,aﬂs and
(-8 floasas < Olf]gpe.
(ii) If f € C,’f’a and 2s +a > 1 then (—Ap) " °f € C}’:+170¢+25—1 and
[(—AR)* flpr+tarze—r < C[f] ha-

h h
(iii) If f € £5°, see (B2), then (—Ap)~*f € C** and
[(=20)* flenze < Ol flge-
The constants C' > 0 appearing above are independent of h > 0 and f.

Next we present what might be considered the most interesting results of this paper. We
show how the fractional discrete Laplacian approximates the fractional Laplacian as h — 0
in the strongest possible sense, that is, in the uniform norm. We need some notation. Given
a function U = U(x) : R — R, we define its restriction r,U : Z, — R to the mesh Zj, to be
the discrete function (or sequence) (rpU); := U(hyj), for hj € Zj,. The first approximation
result considers uniform estimates for differences of the type

I(=21)*(00) = 74 ((~2)°U) [

in terms of the size h of the mesh. The estimates will certainly depend on the regularity of
U, which we take to be in a Hélder space C*® (see Definition [4.1). The notation D u refers
to the discrete derivative of u : Z, — R, see (4.1]).

Theorem 1.7 (Uniform comparison with fractional Laplacian). Let 0 < o <1, 0 < s < 1.
(i) If U € C%® and 2s < o then

1 (=20)°(rU) = ra((=A)°U) lgze < CU]co.ah®2.
(ii) If U € CY* and 2s < « then

1D+ (=An)*(rnU) = (g (=A)°U)llge < ClUJorah®™2

(iii) IfU € CH® and o < 25 < 1+ « then
1(=23)*(rnU) = ra((=A)°U)|lgze < C[U]c1,ah®>F
(iv) IfU € C*»® and k + a — 25 is not an integer then
| D% (—An)*(raU) = ra (g (=AY U)llge < CUJemah® >,

dat
where | is the integer part of k + o — 2s.
The constants C > 0 appearing above are independent of h and U.

Although the proof of Theorem is not trivial, one could say in a very naive way that
such a result is in some sense announced by Theorem Indeed, the fractional discrete
Laplacian maps C’f into C’f =25 The continuous version of this property is also true for
the fractional Laplacian, so the restriction of (—A)*U to the mesh Zj, is in C’g =25 whenever
U € CP. We also point out that D, in Theorem can be replaced by D_, see .

The second approximation statement is the convergence of discrete solutions to continuous
ones: the solution to the Poisson problem for the fractional Laplacian can be approx-
imated by using the solution to the Dirichlet problem for the fractional discrete Laplacian
(L17). For R > 0, we set B}, = {hj € Zj, : |hj| < R} and Bg = (—R,R) C R.
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Theorem 1.8 (Convergence of discrete solutions to continuous ones). Let 0 < o, s < 1 such
that o +2s < 1. Let F € C% with compact support contained in an interval Bpg,, for some
Ry > 0. Let U € C%*25 be the unique solution to the Poisson problem vanishing at
infinity (see Theorem where this function U is explicitly constructed). Fiz h > 0 and let
f = rmF, the restriction of F to Zy. Let w : Zp — R be the unique solution (provided by
Theorem to the discrete Dirichlet problem

{(_Ah)su = f7 mn thza

1.17
(1.17) u=0, in Zy, \ B,

where R > max{2Ry, h=*}. Then there is a constant C > 0, depending on s, o and Ry, but
not on R or h, such that

(1.18) lu = 72U e ) < ClIFllcow B R

As far as the authors are aware, Theorem [1.§] is the first result where error estimates
in the L°-norm for approximations of solutions to the Poisson problem for the fractional
Laplacian by a nonlocal discrete problem are proved. We stress that the Poisson problem
(—A)*U = F in Holder spaces is non variational and U and u are classical solutions. In the
discrete problem (|1.17) a Dirichlet boundary condition means to prescribe the values of u
outside B% because of the nonlocality of the fractional discrete Laplacian, see (|1.6]).

On the part of the domain that is left out of the estimate (1.18)), that is, outside of B}%,
we are approximating U by the zero function so, in particular,

[ ]| oo
Ju— ThU”EfLO(Z;L\BI’Q = HrhUHe;;O(zh\Bg) < CW?
where C' > 0 depends only on s, see (8.1) and also Theorem This estimate is sharp.
Indeed, suppose that

X[-11](7) < F(x) < X[—2.9)(x), for every x € R.
Then, for any x > 4, in the notation of Theorem 9.9,
F ! 1 C
& dy > A_g dy > ——.
R ‘.73 _ y’1—25 0 (g3 _ y)l—Zs prl—2s

Another important fact we state in Theorem is the unique solvability of the discrete
Dirichlet problem ([1.17)). We show this in Section |§|, see Theorem On the way we need

to prove the fractional discrete Sobolev embedding

lull zra—20 < Csll(=an)*?ull e

U(z) =A_;

(in which s < 1/2) and obtain as a consequence, see Theorem the fractional discrete
Poincaré inequality

lulle < Colt® (44 supp(w)) " | (~ A0)* *ullz
where #, E denotes the number of points in the set E. The proof of the latter inequality is
postponed until Subsection [9.3

Theorem will then be a consequence of Theorem (z) and the nonlocal discrete
maximum principle we prove in Section see Theorem The presence of the factor
R?® in is actually natural in view of such a maximum principle.

We also claim in Theorem the existence of a unique, explicitly computed, classical
solution U to the Poisson problem . Though we believe this statement belongs to
the folklore, we will present a self contained proof showing that such solution is indeed
U(z) = (—A)"*F(z), see Theorem Note that (—A)~* defines a tempered distribution
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on R if and only if s < 1/2, see [25]. In addition, both the minimal regularity hypothesis
0 < a+2s < 1 and the explicit formula for U in Theorem [9.9|in terms of (—A)~*, as well as
the assumption 2s < a in Theorem [L.7](i), that are used in the proof of Theorem imply
0 < s < 1/2. The same range of s is considered in [23] and [25]. On the other hand U has
the minimal regularity. Hence no extra smoothness other than the correct one is assumed.

In an extremely naive way, and parallel to Theorem one could think that estimate
should be suggested by the value of the difference

I(=AR)"5(raF) — ri((=A)~°F) [|g5e.

However, in this case the situation is completely different. This is due to the absence of
information about (—Ap)*u in Zy, \ B%. Even more, in our Theorem m the presence of R
is essential as we showed a few lines above. Of course, different types of discrete problems
could be chosen to approximate the Poisson problem . Our results could also raise the
question of the approximation of the solution of the Dirichlet problem

(—A)SV:Gin BR, VZOiDR\BR,

but we observe that, in this case, a preliminary discussion about the appropriate definition
of (—A)® that is being used (regional, restriction of the global, etc) should be given.

It is important to notice that the optimal Hoélder regularity of the solution u to the discrete
Dirichlet problem is not known. We conjecture that u € Cg’s. In any case, u, being a
sequence with only finitely many nonzero terms, is a classical solution and our error estimate
@D is explicit in terms of h and R. Observe that, as h tends to zero, the solution u in
@ must be found in a larger domain B.

One of the main strategies used to obtain our results is the method of semigroups. Since
the semidiscrete heat semigroup is given in terms of modified Bessel functions, see Section
we will exhaustively use some properties and facts about these functions that we collect in
Subsection [9.2]

Some of our results can be easily extended to higher dimensions (for example, the extension
problem in Remark and we leave this task to the interested reader. In fact, it is possible to
define the multi-dimensional discrete Laplacian and explicitly write down the solution to the
corresponding semidiscrete heat equation (which is a key tool along our paper) as a discrete
convolution with a heat kernel given as a product of Bessel functions of different integer
orders. In this paper we present several fine results involving precise estimates of Bessel and
Gamma functions that appear to be quite non trivial to mimic in higher dimensions. The
semigroup method we use is obviously independent of the dimension, so semigroup formulas
for fractional powers of multidimensional discrete Laplacians can be written down. However,
closed pointwise formulas as explicit as the ones we discovered in Theorems and [I.3] that
are crucial along the paper, will not be available anymore. Thus a different method must be
found to prove our results in higher dimensions and we pose this together with the Holder
regularity of the solution u to as open problems. In any case, not only our main
results are certainly novel, but also our techniques, which involve the manipulation of the
semidiscrete heat equation. We mention related questions raised in [16], BI]. Those works
deal with discrete Laplacians only at the level of L?-spaces. Instead, we work with Holder
spaces, presenting estimates in the uniform norm (in this regard, our paper does not deal
with variational problems and techniques) with explicit dependence on h. As a matter of
fact, all our estimates recover the continuous ones as h — 0.

The structure of the paper is as follows. Section [2|is devoted to the proof of Theorem
In Section [3]we prove Theorem [I.3] The proofs of Theorems [1.5 and [I.7] are presented in Sec-
tion[d Section [5] contains the proof of Theorem The Dirichlet problem for the fractional
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discrete Laplacian is analyzed in Section [6] Section [7] contains the discrete maximum princi-
ple. The proof of Theorem is done in Section |8 Some technical lemmas, the properties
of Bessel functions, the proofs of the fractional discrete Sobolev and Poincaré inequalities
and the analysis of the Poisson problem are all collected in Section @ By Cs, ¢s, Ds, ds
we mean positive constants depending on s that may change in each occurrence, while by C'
we will denote a constant independent of the significant variables. The notation B" refers to
generic discrete finite interval contained in Zj,.

2. PROOF OF THEOREM [L.1]

Given u : Zp — R, the solution to the semidiscrete heat equation (1.4} can be written as

(2'1> etAhuj = Z G(] m, hQ Um = Z G m, h2 U] m, t=>0,

MEZ meEZ

where the semidiscrete heat kernel GG is defined as
(2.2) G(m,t) = e 2I,(2t), mecZ, t>0.

Here I, is the modified Bessel function of order v that satisfies

0 1
(M) = 5 Tk (8) + -1 (1)),
and from this we have immediately
9, —2t
(2.3) 506 Ir(2t) = " (Ter1(2t) — 20(2t) + L1 (21)).

Then formula for h = 1 follows from . For a fixed h # 1, the formula follows
by scaling. See also [6l [11]. By and the kernel G(m,t) is symmetric in m, that is,
G(m,t) = G(—m,t), and positive.

Let us begin now with the proof of Theorem

First we check that if u € 5, 0 < s <1, then etAhuj is well defined. Indeed, if N > 0, for
fixed t, h > 0, by using the asymptotic of the Bessel function for large order ,

2\|m]| s\ 142s )
ST G(my ) lujom| < Ce7HM N (et/h*)™ (A + m — jI) |t

st st |m||m|+1/2 (1 + |m _ j|)1+25
(2.4) ( t/h2)|m|(1 +|m|+| '|)1+25
< Ce M sup o — |l
- Im|>N |m|[Iml+1/2 ’
= Ct,h,S,N,j u”ZS < Q.

Next we prove each of the items of the statement of Theorem
(a). Define

dt dr
h /
(2.5) Ky (m ) Jo  77) 1+ hZS‘I‘ ‘/ (m,7) 50 Fi+s)

for m # 0, and K Q(O) = 0. The symmetry of this kernel in m follows from the symmetry of
G(m,t). Therefore it is enough to assume that m € N. To get formula (1.7, we use (9.10))
with ¢ = 2 and ¥ = m. On the other hand, it is easy to show that e'®r1 = 1 (see for example
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[6] for the case h = 1). Hence, from (L.3)) and (2.1)),

s dt
ot [ et
m#j
1 & dt
= Z(um—uj)/ G(j—m,%)l—ﬁ
['(—s) s 0 t
= Z _um Kh(] - )
m#j

For the interchange of summation and integration in the second equality, consider the terms
dt
| 66— m il + sl [ 306G - m. )
m#j m#j

By using (1.8) we see that the first term above is bounded by Csp 3, ., [m — G AF29) |y,
which is finite for each j because u € £s. For the second term we use again (|1.8]).
(b). The two sided estimate in ([1.8]) follows from the explicit formula for the kernel ((1.7)) and

the properties of the Gamma function we prove in Subsection Lemma
(c). Observe that

(2.6) R KM m) = Kl(m), m #0.
We have

h2s(fAh)Suj = uj Z Kl(j—m)— Z Kl —m)u, = uTh —Ts.
mj m#j
We write 77 = T11 + T1 2 (see (2 ) where

dt 1 > dt
Tio = — t) —.
1,2 IT(=s)] Z/ G(j 251+s ID(—s)] n%;o/l G(m, )tlJrs

We are going to prove that 77 ; and 75 tend to zero, while 77 2 tends to 1, as s — 0t. Let
us begin with 77 5. By adding and subtracting the term m = 0 in the sum and using ,

we get
1 1 0 =2t [o(2t)
Tio=— |-~ "t .
B0 (—s)) < / ti+s )

By noticing that |T'(—s)|s = I'(1 — s) and that, by (9.8), we have

e 2 y(2t) C /°° C
dt < 2l gy ,
IT(— \/ t1+5 ~T(=9)| /i IT(=s)|(1/2 + s)

we get Th1o — 1 as s — 0T, as desired. Next we handle the other two terms Ty, and T5. On
one hand, by (9.7)),

1 1 ! dt
Y N(=)] mzﬂ T(jm+1) /0 i+ = |r s) 2 Z |m| +1) |m| —s
and the last quantity tends to 0 as s — 0™. On the other hand, for T5, we use . ) to obtain
Cs (I —m|—s)
T < U |-
e \Zru w4109

The constant Cy remains bounded as s — 0. Since u € £y, by dominated convergence, the
sum above is bounded by ||ul|4,, for each j € Z, as s — 07. Therefore To — 0 as s — 07.
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(d). By using the symmetry of the kernel K" we can write
h2s(—Ah)SUj = Sl + SQ,

where (recall (2.6]))
S = K;(l)(—uﬂl + 2u]' — Uj_l), and Sy = Z Kl — Uj— m)

|m|>1

Next we show that K!(1) — 1, while Sy — 0, as s — 17, which would give the conclusion.
By (1.7) with h =1 we have

4°T(1 — s)T'(1/2 4°T(1/2 4T°(3/2
i (1) = i AT OT0/249) | #T/240)  ATG/2)
51— s—1- /TT(=9)T(2+s)  so1- /al(2+s)  /7[(3)
On the other hand, by (1.7) with A = 1, Ss is bounded by
20ulleze Y KL(m) < 2)ullp L(m] = s)
Im[>1 | > 1
which goes to zero as s — 17. O

Remark 2.1. In [7, formula (5)] the following equivalent expression for the kernel of (—A;)*
is presented: for m # 0,

(—1)™*I0(25 4 1)
Fl+s+m)I(1+s—m)

Indeed, apply the duplication formula and Euler’s reflection formula for the Gamma function

to .

K (m) =

3. PrROOF OF THEOREM [L.3]

A function f:Zp - Risin £}, 1 <p < oo if

1/p
(3.1) Il = (1 15r) " <
JEZ

while f € £5° if
(3.2) [fllege = sup [f;] < oc.
hjEZh

Obviously & C ¢} if 1 < p < g < oo, with HfHeZ < hl/qfl/prHei. The discrete Holder’s
inequality takes the form

(3.3) Ifglls < Ifle gl for 1<p<oo, 144 =1
h

1
p/
When h =1 we write ¥ = ] = (P(Z).

(a). Observe that if f € £_, then the semigroup e**» fj is well defined, for each hj € Zj,. This
follows from an analogous computation to that of . By writing down the semidiscrete
heat kernel into ([1.10)) and using Fubini’s theorem (which will be fully justified once we prove
(1.12) and (1.13])) we see that follows with

1 o0 dt 1 o0 dr
h _ t _
K2 (m) = F(s)/o G(m, }TZ)tl_S = h_23F<S>/O G(m, T)ﬁ-
To get (1.12]), we just use the expression in ([2.2) and formula (9.10) in the integral above.
(b). The estimates in (L.13)) and (1.14) follow from (L.12)) and Lemma [9.2]
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(c). We recall that Stein and Wainger showed in [27, Proposition (a)] that the operator

o gj—m .
Lgi= > P jeEZ, 0< A<,
meZ,m#0

acting on functions g : Z — R, is bounded from ¢ into ¢, whenever 1/I < 1/r — 1+ X and
1 <7 <1 < oco. By using Minkoswki’s inequality, the estimate for the kernel K" (m) in
, the boundedness of the operator I, above with 0 < A=1—2s<landr=p,l=¢q
as in our statement, the inclusion / C £ and , we get

1/q
=801l = (| 3 Lm>
JEZ ' meZ
, a\ 1/a
~(Z] X wmfin k05
JEZ ' meZ,m#0
q\ /4 1/q
<<§: 3 mummWJ) +@m{§]mﬁ
F€Z ' meZ,m#0 JEZ
) Fiem |7 1/q ) 1/p
cem(g] 5 i) (g
JEZ ' mEZ,m#0 JEZ
Chaeh <§]mﬁ £ ORIl < o7 Sl
JEZL
Multiply both sides by h'/? and recall (3.1)) to reach (T.15). O

4. PROOF OF THEOREMS [L.5] AND [L.7]

For the reader’s convenience, we recall the definition of Holder spaces on the real line.

Definition 4.1 (Continuous Holder spaces). Given k € Ny and 0 < a < 1, we say that a
continuous function U : R — R belongs to the Holder space C*< if U € C* and

Ve = [UB]cnn = sup T2 =TD@)

z,yeR ‘:C - y‘a
TFy

< 00,

where U®) denotes the k-th derivative of U. The norm in the spaces C*¢ is given by

1Ullgna = ZIIU“)IILOO + [0 oo

Next we define the discrete Holder spaces on the mesh Zj. For u : Zj, — R we consider
the first order difference operators

1
(4.1) DJruj = E(ujJrl — Uj), and D,uj == U; — ujfl).

1
7 (
For v,n € Ny, let Dl’” uj = DlDzuj, where thu means that we apply k-times the operator
Dy to u, with DYu = u.
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Definition 4.2 (Discrete Holder spaces). Let k € Ny and 0 < o < 1. A function w : Zj, — R
belongs to the discrete Holder space C,lf’a if there is a constant C' > 0 such that

< (C < 0.

— = E%ZU‘ — D’Vﬂlu
[U]Ck,oc [l )1’777?,6]00,@ = E sup ’ +,’h ‘] : 7;1 m‘
' ’ " j — hm
yny+n=k hnﬁlgglh J

Remark 4.3. It is obvious that if w : Z; — R is bounded then it belongs to C’g’o‘, for any
0 < a < 1. In this case a discrete Holder norm can be given by Hu||02a = |[ullee + [u]cg,a.
4.1. Proof of Theorem [I.5l

(7). It suffices to prove the case k = 0, since D4+ commutes with (—Ay)®. Let hk, hj € Zj,.
By recalling , we can write

1
(4.2) ](—Ah)suk - (—Ah)suj\ = ﬁ’»SH + S2|7
where
(4.3) Sy = Z (ur — Upgm — uj + Uj+m)Ksl(m)»
1<im|<|k—J]|

and Sy is the rest of the sum over |m| > |k — j|. By the kernel estimate (1.8]),

m|® Co—
S < C’s2[u]02,ah‘” Z |m’|1|+25 < CS[U]CEL,ahﬂk —j¢ 2s
1<|m|<|k—j

For Sy we use that |ug — uj| < [u]0.ahYk — j|* and (L.8) again to get
h

52 < Cs[u]Cﬁha’k *j|a Z ‘m|—1—2s < Cs[u]cgvaha|k - j|a_28'

Im[>|k—j]|

We conclude by pasting together both estimates into .

(i4). As in (), it is enough to consider just the case k = 0. We are going to use ([4.2)).
Without loss of generality, let m € N. We split the sum in f by taking the terms
Uk — Uk and uj — ujqn, separately. The following computation works for both terms, so
we do it only for the first one. It is verified that

m—1

(4.4) Ukgm — Uk = h Y Dyt
v=0

Therefore,
m—1

(4.5) U — Ut = <hmD+uk —h Z D+uk+7> — hmD uy,.
v=0

On one hand, by taking into account that the kernel K!(m) is even, we get

(4.6) > (hmDiup)K}(m)=hDyu, > mKl(m)=0.
1<|m| <[k—j| 1<|m|<|k—j]
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On the other hand, since u € C}IL’O‘, the first term in the right hand side of (4.5) can be
bounded by

m—1 m—1
h Z |Dyup — Dy | < h1+a[u]0i,a Z ol
(4'7) v=0 v=0

< B u] gralm|® ] = [u] o (Rlm]) .

Using (4.6]) and (4.7) (and their analogous for u; — uj4.,) in (4.3)), we conclude that

1+ |t S\ 14a—2
[51] < Cslulgrah'* > [ < Culul e (hlk — G172,
1<|m|<[k—j|
Now we deal with Sy. By (4.4)),
‘(Uk - uj) — (kg — Uj+m)} = ‘(u(kz—j)—&-]’ - uj) - (U(k—j)+(j+m) - uj+m)‘
k—j—1
<h Z |Ditijpy = D thjpmiy| < [U]Ci7ah1+a|m’a|k‘ = Jl-
v=0

Hence,

S| < C[U]CivahHa!k — 7| Z Im|*K(m) < C[U]C]}L,ah1+a’k _ j|ita2s,
|m|>|k—j]

4.2. Proof of Theorem We need a preliminary lemma.
Lemma 4.4. Let 0 < s <1 and let As > 0 be as in (1.9)). Given j € Z, we have

dy h C,
4.8 As/ - — K/(m)| < —F55-, forall meZ)\{0},
e ‘ ly—h(j+m)l<h/2 g — y[1 22 (m) h2s|m|2+2s {0}
dy C,
4.9 / - < , for all m e Z\ {0},
) ly—h(j+m)|<h/2 |hd =yt T2 = h2s|m|1+2s \ {0}
and
hj —vy
(4.10) / Mty g
mez” [y—h(i+m)|<h/2 |h] - y‘1+25

Proof. Let m € Z \ {0}. The change of variable hj — y = hz and ({2.6)) produce
AS / dz h ‘
= b Kh(m)
'hQS |z—m|<1/2 ‘Z‘1+28

< A / 1 1 d
— — 2
= | b2 |z—m|<1/2 ’Z‘1+28 ’m|1+28

By using the mean value theorem,
/ dz
|z—m|<1/2 |m’2+2s

/ 1 1 d
- z
|z—m|<1/2 ‘Z|1+2s ‘m|1+28
while by Lemma [9.2
C
1 s
Ks(m)’ < Im[2t2s

Ag 1
Im[i+2s K (m)|.

+ h_25

Cs

=Cs - [m[2+2s’

As
Im|1+2s
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Thus (4.8) follows. For (4.9)), it is easy to see that

[ “<of W G
y—(hG+m)<h/2 1hd — Y125 = 7% J oy (nm)) <hye TRm|1F25 b2 m[1+2s

Finally, let us prove (4.10). By symmetry, we have

(hj —y)
WY g,
/yhj|<h/2 |hj —y|T2s

Moreover, by changing variables hj — y = z, we get

> EEED DY (R e IE DY R
meZ/z him|<h/2 |Z’ 2 ez letht|<h/2 |Z| 2 en  r—ht|<h/2 \7"| 2
m#Z0 (40 020

and the conclusion readily follows.

Now we present the proof of Theorem [I.7]
(7). We write, for each j € Z,

U(hj) — Ul(y)
Th —A SU L= AS / —dy
( (( ) ))] ng ly—h(j+m)|<h/2 ’hj _y|1+2s
Uhj) — U
ly—hjl<h/2 |hJ —y[tt2s
U(h(j U
n Z/ ( (J{rm))ms W) 4,
e ly=h(i+m)|<h/2 |hj — vl
m##0

d
i Z (o m))) /y h(j+m) )

meZ \<hy2 [hj —y|1+2s
m#0
= AS(SO + 51+ Sz).

We readily notice that

501 < Uleow | hj = yl* =2 dy < Cy[U)gnah® 2.
|hj—y|<h/2

By using that U € C%% and (4.9)), we have

‘Sl‘<C COQZ/ he dy

_ qy|142s
mez ” [v—h(j+m)|<h/2 ‘h] y|
m##0

§ : 1 a—2s
<C [U COah W:CS[U]CO,Q}L .
MEZL
m#0

15
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Now we compare A;Sy with (—Ay)*(rpU);. Since U € C%%, by Lemma we can see that

dy
A, j+m / Y (CA)NrU)
’ mZE:Z . ) ly—h(j+m)|<hs2 [hi —y['+2 (=8n)"(rn0);
m#0

< Y |URg) = Uh(j +m))]

meEZ
m7#0

dy b
N O ——
ly—h(j+m)|<hy2 |hj — y[1+2
|hm|°‘ a—2s
Ulco. Z h28|m’2+2s < CslU]go,a h %5,
m;é(]

(77). Observe that % and Dy commute with (—A)® and (—Ay)?%, respectively. Then

D4 (=50 (0) — 1 (A0

< [[(=2n) D (ral) = (= A0)* (rnigg U)o + | (=20)* (a5 U) = 7 (55 (=2)°0) || o
For the second term we just apply (7). As for the first one, by using the mean value theorem,
|(=AR)° Dy (rpU); An)*(rngs ) |
ZKh |:< .7+1 — U(hj) U/(hj))
MEZ
m#0

(U ) VG ) +m))>”

‘ZK" [U’ &) — U’(hj))—(U’(§j+m)—U’(h(j+m)))H
o

< CUlcre Y KHm)h® < CU]crah® >,
meZ
m#0

where &; is an intermediate point between hj and h(j + 1), and analogously &; .
(731). By taking into account (4.10f), we can write

U(hj) — Uly) — U'(hj)(hj —
m((-A)T), :ASZ/ (hj) — Uly) 1+(QSJ)( j—y) dy
ez, [y=h(i+m)|<h/2 |hj =yl
N\ _ ! . -
:AS[/ Ulhy) = Ulw) = Ui =)
ly—hil|<h/2 |hj —y|t+2s
n / Uk +m) =Uly) = U ()G +m) =),
mez  [y—h(j+m)|<h/2 |hj — y|t+2s
m#0
g . dy
* o+ m)) = U g — b+ m)) [ _
mze:Z ( )) ( )( ( ) ) ly—h(j+m)|<h/2 ’hJ _y‘HQS
m##0

= A (To+ T + 1T3).
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For T, we use the mean value theorem and the hypothesis on U. Indeed, if |y — hj| < h/2
and &;(y) is an intermediate point between hj and y, we have

(U (&) = U'(hg)) (hj —y) < 1€ (y) — hj|*|hj — y]
[hj = y[ 12 S kg g
< [Ulgalhj —y|*~%.

Then, as a consequence,
T] < [U]gne / Ihj — y|2=2% dy < C[U]gn0ho=2+1,
ly—hjl<h/2
whenever 2s < 1 4+ «. By the hypotheses and ( .,

[hm|“h a2
1l < Clllore D aspprras = Colllone b7

meZ
m#0

We compare ATy with (—Ap)*(rpU);. Since K*(m) is even in m, we can write

(A (ral); = > (U(hg) = UG +m)) = U'(hj)(hj — h(j +m))) KL (m).

MEZL
m#0
Then (4.8) and the regularity of U give the result.
(iv). The proof in this case follows as in (i) by iteration [ times. O

5. PROOF OF THEOREM [L.6l

We shall need two lemmas.

Lemma 5.1. Let 0 < s < 1/2 and Hy(r) := / e~V (1 — e "2 dw, for r > 0. For any
0
k > 0 there exists a constant Cj s > 0 such that

dk
WHS('I")‘ _W, fO'f’ all v > 0.

Proof. We have

dk 00
— H, ’ ‘ 1 k/ —(r+s)v 1 —2s k
RH)| = [ [T e e ta
1 00
= +/ e~ — e 2R gy = I} + I,
0 1

On one hand, since 1 —e™" > (1 — e v = Cv for v € (0, 1),

1 (+) b2 r+s ' tk_QS
L <C TSRS du = C e dt
R A v e A A T
CS > —t k—2s
S(T_|_5)k+128/0 et dt
T(k+1—2s)

"(r + s)kt1-2s"
On the other hand,

o0 B o0 _ F(k+ 1)
(r-‘rs)v k _ (k+1) tik
Igg/l e dv = (r+s) /Tﬂe t dtS(r+s)k+1'



18 0. CIAURRI, L. RONCAL, P. R. STINGA, J. L. TORREA, AND J. L. VARONA

By collecting both estimates, we conclude that

d* T(k+1-2s)  T(k+1) Chos
2 ) <. L G
because (r 4 s)~ D) < Cy(r 4 5)~ (125, -

Recall the identity for the quotient of Gamma functions in [30), Section 7 (15)]:

I'(z+ ) 1 /°° _ o f—a—
5.1 = et _ gmvyBra—l gy,
o1 N+ d)  TB-ah e

valid for Re(8 — a) > 0, Re(z + ) > 0. It follows from (1.12) and (5.1)) with z = |m)|,
a=s€(0,1/2) and 8 =1 — s, that

(5.2) K" (m) = Ch2 Hy(|m]), m € Z,

for some constant Cy > 0, where H is the function we defined in Lemma, [5.1

Lemma 5.2. Let 0 < s < 1/2 and j,k € Z. Then
Z (Kﬁs(m - ]) - Kﬁs(m - k;)) =0.
MEZ
Proof. Clearly it is enough to prove that for every positive integer j we have
> (KL y(m =) = KL (m) =0,
mEZL
where
(5.3) K (m)=h"2K"m), meZ.

Observe that by Lemma the series above is absolutely convergent. On the other hand,
by the symmetry of the kernel K we have

m<0 m>0

and
Z (Kls(m —Jj)— Kls(m)) = Z (Kls(m) - Kls(m —I-j)).
m>j m>0

Finally,

> (KL(m =) = KL (m) = K () = K1, (0) + K1,(1 =) = K1, (1)
0<m<j
+o KL (1) = KL (G - 1) + KL1,(0) = KL,(j)
=0.
Pasting together these computations we get the claim. ([l

We are ready to begin with the proof of Theorem We shall prove the result only for
the case h = 1. The general case h > 0 follows by using the relation (5.3)).
(7). As the discrete derivatives commute with (—A;)™% for 0 < s < 1/2, it suffices to prove
the case kK = 0. Moreover, it is enough to show that for any positive j we have

(=A1)7f; = (=A1) " fol < Clf]goas* ™™
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By using Lemma [5.2] we can write

(A1) = (A1) fol = | D (KL (m = j) = KL ((m)) (fm — fo)

meZ

<( Y+ 3 )|K1 = 3) = KL (m)l|fn ~ fol

0<|m|<2j  [m[>2j

=: 51+ 5s.
By using the estimate in (1.13]) we get

< A K (0@ [m|* [m|”
Sl_C[f]C;L (Ks(O)J + Z fm — 5= T2 Z | 125

0<|m|<2y, m;ﬁ] 0<\m\<2j

SC[f]cfvaja<1+ Z m _]|1 T Z = 25>

0<|m—j|<3j 0<|m|<2j

< C[f] a+2s

On the other hand, |D the mean value theorem and Lemma with k& = 1 allow us to

estimate

S2 < C[f]co. > Hy(jm = jl) = Hy(jml)[[m|*
[m[>2j

fleoed > \ ‘7’2’&25 < Clf]goai®™.
Im|>j
(i4). Again, it is enough to prove only the case k = 0. By Lemmal5.2]
Do ((=A1)""f;) = D+ ((=A1)"" fo)
= (A1) fi1 — (=AD)Tf;) = (A1) fr = (A1) fo)
= > [(KLm = G+ 1) = KL (m = ) = (KL 0m = 1) = KL,0m)| (fm = fo)-

|m|>0

Proceeding as in (i), we decompose into the sums 17 = o, j<o; and T = 37, -o:. To
estimate T}, we use the estimates

Cs
’Kis(m_l)_Kis(m)’ < ’m‘g_gsa m?‘éoa
and
. . Cs .
|K*8(m7(]+1))7K*5(m7])|§ |m_j|2,287 m#]

They are deduced from (j5.2]), the mean value theorem and Lemma [5.1{ with k£ = 1 for m # 1
and m # j + 1, respectively. The particular cases m = 1 and m = j + 1 are trivial.
Then, by observmg that 2s < 1, we can proceed as in (i), arriving at 71 < C[f] 0.0]

Regarding the term 75, we write, up to a multiplicative constant depending on s (see ),

(KLl(m—(j+1)) = KL (m—j)) — (KL (m —1) — KL (m))
= Hy(lm — (j + D) = Hy(Im — j|) — (Hs(Jm — 1|) — Hs(|m])).

25— 1
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By a repeated application of the mean value theorem and Lemma with £ = 2 we then get

(KL (m — (+ 1)) = KL (m — 5)) — (KL, (m — 1) = KL (m))| < C, llﬂ

Hence
O[
Ty < O[f] o Z i ‘3 55 < Clflgoag®™ 7t
Im|>j

(7i7). The proof of (i) can be adapted to this case, details are left to the interested reader.
O

6. THE DIRICHLET PROBLEM FOR THE FRACTIONAL DISCRETE LAPLACIAN

Throughout this section we fix a finite interval B" C Zj. The aim of this section is to
show the following existence and uniqueness result.

Theorem 6.1 (Discrete Dirichlet problem). Let 0 < s < 1/2 and f : B" — R. Then there
exists a unique solution u : Zp — R to the nonlocal discrete Dirichlet problem

{(—Ah)su =f, in B",

6.1
(61) u=0, in Zy \ B".

Before presenting the proof we need some preliminaries.
We first observe that if u : Z;, — R is a bounded function then (—Ap)%u is well defined
and bounded, with

W2 |(=2An)*ullge < Csllullge
Indeed, for any hj € Zj, by (1.6) 1.6 and m,

2|[ullese
Ap)
|( h UJ| > hgs mz?é] m|1+25 h25|| ”f Z ‘m’1+25

In particular, (—Ap)*u is a well defined bounded function whenever u € £, for any 1 < p <
o0o. We also observe that, for 0 < s < 1,

. . 4%
(6.2) if u € 6% then (—Ap)%u € 62, with ||(—Ap)* qug < 73
This follows, for example, by using the Fourier transform, which we now introduce. Let

T, = R/(2xZy) = R/(2whZ), the one dimensional torus of length 27h, which we identify
with the interval [—hm, hr). We denote L? = L?(T}) with inner product

fulle.

hm

(U, V>Li = / U@)v(o)de.
—hm

Then the set of exponentials {(27Th)_1/26ij9/h 1jEZ,0€ Th}, where i denotes the imaginary

unit, forms an orthonormal basis of Li. For an integrable function U : T;,, — R, its Fourier

series is given by

SWN0) = iz UG
JEZ

where
~ 1

hm
N —ij0/h ,
06) = G /_hWU(G)e &, e
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Given u : Z, — R, its Fourier transform is a function defined on [—hm, hmr) whose Fourier
coefficients are given by the sequence {u;};cz. In other words, if u € é,ll then we define

Fz,u(f) = Zujeije/h, 0 € [—hm, hr).
JEZ
Then the operator u — Fz, u extends as an isometry from E%L into L%, with inverse given by
—1 . 3.
Fz, UG)=U().
Let us then prove (6.2). We can easily check that if u € £7 then

Fop(-30)(6) = | s (5] Ful0)

It is a simple exercise to verify that our semigroup definition (|1.3|) coincides with the Fourier
transform definition

s o 4 .92 9 S
(6.3) Fa[(=00)"u)(0) = | 7 sin? (5 )| Pz, u(0),
for 0 < s < 1. Then (6.2) follows by noticing that the Fourier multiplier

BEEYAAYS
ms(6) = [msm (Qh)] , 0Ty,

is a bounded function on [—hmw, h), with

45
”msHLOO(Th) = B2s

Lemma 6.2. Let u,v € Ei. Then, for any 0 < s < 1,
(~An)*u, ) = (—An)u, (~A4)" )2
h .
= 52 Z (uj — um)(v; — ”m)Kg(J —m).
JEZ mEL,mF#j

Proof. In view of (6.2) we can use Plancherel’s identity and the Fourier transform character-
ization (6.3) to write

(=AR)"Pu, (—An)"0) @ = (u, (~A1)*0) @

=hY ui(=Ap)°y;
(6.4) JEL
= hz Z u;j (vj — Um)Kg(j —m).
JELZ MmEL,mF# ]
By interchanging the roles of j and m above and using Fubini’s Theorem and the symmetry

K"m —j) = K!(j — m), we can also write

(A0 u, (AR P0)g =0 D wm(vm —v) K (m =)

meZL jEL,jFm

=Y Y oy~ o) KNG - m),

JELZ mEL,mF# ]
After adding (6.4]) and (6.5)) we get the conclusion. O

(6.5)
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Remark 6.3. It is clear from (6.4) and the Cauchy-Schwarz inequality that if u € ¢3 then
the following interpolation inequality holds:

1=A0)"ullz < lullg (~An)uls-
The following important result will be proved in Subsection 9.3

Theorem 6.4 (Fractional discrete Sobolev and Poincaré inequalities). Let 0 < s < 1/2.
There is a constant Cs > 0 depending only on s such that the fractional discrete Sobolev
nequality

. L . 1/2
el 2/0-20 < Csll(=An) Pulp = Cs<2 o>l —unPKIG - m)> :

JEZ mEL,m#]

holds for any function w : Zp — R with compact support supp(u) C Zy,. In particular, we
have the fractional discrete Poincaré inequality

(6.6) lullye < Cuh® (#a supp(w)) [ (=An)"2ul
where, for a set E C Zp, the notation #,E means the number of points in E.
Lemma 6.5. Let 0 < s < 1/2. If we endow the set of functions
H§(B") = {w:Zp ->R:u=0 onZh\Bh},
with the inner product
(u, U>Hg(Bh) = <(*Ah)s/2ua (*Ah)s/%ﬁga
then HE(B") is a Hilbert space.

Proof. Clearly HZ(B") is a linear space and the bilinear form (u,v) (B is symmetric, with
(u, u) s (pny = 0 for all u € HE(B"). Let us check that (u,u) s (pny = 0 implies u = 0.
Indeed, we have
h .
05> D luj—unfKi(i—m)=0.
JEL mEL,m#A]

Since the kernel K!(j —m) is positive for j # m (see (L.7)), we get u; = uy, for all j # m.
As u,, is zero for all m outside B", we get u = 0 everywhere. Another way of proving that
u = 0 is by means of the fractional discrete Poincaré inequality . To show completeness,
suppose that (uk)kzo is a Cauchy sequence in H§(B"). Then, by the Poincaré inequality
, we see that (u”) k>0 is a Cauchy sequence in K%L and so it has a pointwise limit v € 6,21.
Observe that u = 0 in Z;, \ B" and so, in view of (6.2), u € H§(B"). Moreover, again by
(6:2), u* — u in H3(B"), as k — . O

Proof of Theorem [6.1. We say that u : Z;, — R is a weak solution to (6.1)) if u € H§(B") and
(u,0) sy = (= 2n)* %, (AR Po)e = Y fjv; = (f,0)e,

JEZ
for all v € H§(B"). Let us show that v — (f, U)z% is a bounded linear functional in H§(B").
By Holder’s inequality (3.3)) with p = p’ = 2 and the Poincaré inequality ,

‘hij’Uj

JEZ

<|flellvlle < 1flleCsh® (#1B™) 0l g 5r)-
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Hence the Riesz representation theorem applies and shows that for any given f there is a
unique weak solution u € H§(By,). The fact that the first equation in (6.1)) holds (that is, that
u is a classical solution) follows because Lemma [6.2shows that ((—Ap)%u, v) @ = (f,v) @, for

all v : Zj, — R such that v = 0 in Z;, \ B". O

7. THE DISCRETE MAXIMUM PRINCIPLE

To complete the proof of Theorem [I.8 we need the following maximum principle.

Theorem 7.1 (Discrete maximum principle). Let 0 < s < 1. Fix an interval B}% C Zp,
R > 0. Suppose that f € (5°(BY) and g € (5°(Zy, \ BY). If u is a solution to

) {(‘W“ =) By

u=g, inZp\ B}h%.
Then there is a universal constant C' > 0 independent of s, R and h such that
2
[ullgoe gy < CRZ| fllgoe 5y + 9llee (z,\51)-
In particular, uniqueness holds for the Dirichlet problem ([7.1).

For the proof we need a barrier which is constructed in Lemma and the nonlocal
maximum principle stated in Lemma [7.3| (see also [12]).
By the symmetry of the kernel K”(m) in m # 0 we can always write

1

(7.2) (—Ah)suj = 5 Z (QUJ' — Ujfm — u]er)Kg(m)
m##0

Lemma 7.2. Let 0 < s <1 and R > 0. Define

W(z) = 4R? —|z|?, for |z| < R,
o 0, for |x| > R.

Then the function w; = (rp,W); = W(hyj) satisfies
{(—Ah)sw > MR>2, in B,
w =0, in Zp, \ B,
where M > 0 is a constant independent of R, s and h.
Proof. First, for each hm € Zj, it is not difficult to prove that
2W; — Wj—m — Wjym > min{2R% 2|hm[?},  for hj € Bp,

see, for example, the proof of [I2, Lemma 5] for R = 1. With this and taking into account
(7.2) we have, for hj € BE,

1
(=An)*wj = 5 Y min{2R% 2(hmPYKl(m) = R? Y Kl(m)+h* Y [m[PK(m).
m#£0 |hm|>R [hm|<R
m#0
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Now we use the explicit expression (1.7)) and Lemma (b) Then, there exist constants C
and C5 independent of R, s and h such that, on one hand,

R? 45T(1/2 + ) 1
R W;R s(m) = }25 |m|§1:%/h 21425, /7|T(—s)| [m|1+25
[(1/2+s) R? / 1
>0y Lo —dx
= VAL (=) 12 s pyn [P
_ P(1/2+5) 5 9
= Ot

and, on the other hand,

2 Z 2K (m) > h? Z 4T(1/2+s) |m|?

55 142s N 142s
|hm|<R L \m\SR/h2 VL (=s)lim|
m£0 m#0
[(1/245) 5 / il
> Oy /=T 5) po-2s — _dx
2/a0(—s)| jal<ryn |22
L(1/2+s) 2-2
:CQ R S'
(2 — 25) /7| (—s)]
Altogether,
| PA2+89)1 1 Jpaany pype
—Ap)Sw; > C1,Cot—==—=7 |52 B> MEE
( h) w;j > min{C", 2}ﬁ|F(—8)| |:23+2—28:| g ’
'(1/2+s)

where M > 0 is a constant independent of R,s and h, because NG ED] (21—S + 2—123) > %. O

Lemma 7.3. Let v : Zj, — R be a subsolution to (—Ap)%v < 0 in an interval B* C Zy,. Then

maxv < sup v.
Bh Z,\B"

Similarly, if v : Zp — R is a supersolution to (—Ap)*v > 0 in Bh ¢ 7;, then

minv > inf wv.
Bh Zy\B"

Proof. By considering —v in place of v, it is enough to prove the result for subsolutions.
We argue by contradiction. Suppose that the maximum of v in B", which is attained at a
point hjo € B", is strictly larger than supg,\pr v. Then there exists hmy % hjo such that
Vj, > Um,. Hence, by hypothesis and since v;, — v, > 0 for all m # jo, we get

0> (_Ah)svjo = Z (Ujo - vm)K;l(]O - m) > (Ujo - ’Umo)Kg(jO - m(]) >0,
m#jo
which is a contradiction. Then the maximum of v in B" cannot be strictly larger than
supz, \gh V- ([l

Proof of Theorem [7.1]. Set
o —1p2s=2)/_ s
v=u—-M"R [(=An) U||z;>f(3§)w7
where w and M are as in Lemma Then, for any hj € B%,
(~n)0; = (~An) g — M RS (= Ag) e ) (~ A0 )5 < 0,
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Thus, by the maximum principle in Lemma maxpn v < SUPz,\ pn v- On the other hand,
since w = 0 on Zy, \ B}, we have

sup v = sup u.
Z\B% Zp\B%

Thus, as 0 < w < 4R? on B?%,

maxu < sup v+ M TR*72||(=AL)%u 1y INAX W
B Zh\gﬁ [(=An) HZZO(BR) Bl

< ullgee z,\ 1) + 4M_1R2S||(*Ah)su‘|e;°(3g)
= N9l 5ty +4AM T R fllge 1) -
Similarly, it can be proved that

. 152
néénu > _H“HZ?(Zh\Bﬁ) —4M™R SH(—Ah)SUHezO(Bg)'

The proof is complete. O
8. PROOF OF THEOREM
Let v = rp,U — u. Then
(—Ap)*v = (=Ap)*rpU — f, in B,
v=rpU, in Zy, \ B}.
By Theorem [7.1]
lrnU — UHZ;O(B;;) < CR®||(=2p)*(ral) — f||ez°(3§) + HThUHeZO(Zh\Bg)-

Since f = r,((=A)*U) and U € C%**+25 Theorem (z) implies that the first term above is
bounded by CR?**[U]¢0.a+2:h%, where C is independent of R and h. For the second term, we
clearly have ||ThU||£°°(Zh\B§) < Ul oo (r\BR)- From the results in Theorem . we have

[Ulgoates < Cas,Ro | Fllcoses
see (9.20). Moreover, for any x € R\ Br with R > 2Ry, we have (see (9.20))
F F|poo F|poo
PG, -, IFl - JFl

-2 = A=sTHT s = 1-2s5 °
BRO ‘ﬂf - y‘ # RO s R s

(8.1) U(2)| < A_,

where C' > 0 depends only on s. Hence, with our choice of R,
[P0 = ull i (5 < ool Flloo B2 (B + B7) < Copoy | Fllcoa B2,
where Cy, 5 g, > 0 is independent of R and h. O

9. TECHNICAL LEMMAS, BESSEL FUNCTIONS, THE CONTINUOUS POISSON PROBLEM AND
THE FRACTIONAL DISCRETE SOBOLEV AND POINCARE INEQUALITIES

9.1. Some technical lemmas. Lemmas in this subsection are needed in the proof of The-
orem They are also useful to get estimates for the kernels of the fractional discrete
Laplacian in Theorem [[.1] and for the fractional integral kernel in Theorem

Lemma 9.1. Let A > 0. Let a,b be real numbers such that 0 < a < b < oco. Then
b)\ A

. a
min{\, 1} < P —a)

< max{\, 1}.
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Proof. Let us first suppose that A > 1. Then, as 0 < a < b < oo, we have

v —a? 1 — (a/b)*
0<a/b<1=0<(a/b)*<al/b<1l= = > 1.

safb< S@b<ab<l=pmp—y =T _up =
On the other hand, by applying the mean value theorem to the function t — t*, we get

b —a 1—(a/b)?
W-1b—a) 1-a/b

=AMl <,

for certain x € (a/b,1). In the case 0 < A < 1, the proof is analogous. O

Lemma 9.2. Let 0 <s<1,t€eR, and m € Z, m # 0.

(a) We have
: C(lm|+1+s) |m|lF25| = |m|2t2s
In the case when 0 < s < 1/2, we have
L(lm| + s) 1 Cs
9.2 _ _
2 Sl | <
The constants Cs > 0 above depend only on s.
(b) We have the lower bounds
L(jm| — s) 1
Z 14+2s”?
L(lm|+14s) = (2|m])
and, for 0 < s <1/2,
L(|m| + s) < 1
L(fm|+1—s) = (2m[)' 2

Proof. Without loss of generality, m > 0. We begin with the proof of (9.1)) in (a). We write

1 1

I'(m —s) 1 B
(m— )2 i+

I'(m —s) 1
'm+1+s) mlt2s

< _
_‘F(m—i—l—l-s) (m — s)l+2s

The second term can be easily estimated, just by applying Lemma with A = 14-2s,a = +

m

and b = ml_s, namely,

1 1
(m _ 3)1+25 Cplt2s

1 1 1 Cs
(m—s)2\m—-s m m2+2s’
where the symbol ~ means that constants depend only on s. Now we study the first term.
By recalling (5.1)), for & € N, we have

L'(k—s) 1 OO —(k—s) —v\n+2s—1
— s)u(1 — v\n+2s )
I'k+n+s) TI'(n+2s) /0 ¢ (1=e™) dv
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With this,

I'(m—s 1
L1+ 29) F(ﬂi +1 —1—)3) BCEDES

< / e—(m—s)v‘vls - (1 - e—v)?s} dv
0
o — e U\ 2s
:/ e—(m—s)v,v2s 1 <1 € ) d
0 v
0o 1—e?
N/ ef(mfs)v,UQS €
0

v
1o P(1+2s) 1
- (m—s)v, 2s+1 ~
< 2/0 e v dv 5 20

v

1— dv

where we applied Lemma and in the last inequality we used that % >v—1+¢e7" for
v € (0,00). The proof of (9.2)) is analogous, with the restriction 0 < s < 1/2 coming from
Lemma

The proof of the first estimate in (b) follows from and an application of the Mean
Value Theorem, namely,

1 > —(m—s)v 1 —v 2sd > 1 > —(m—s)v ,—2sv 25d
F(1—|—23)/0 ‘ (1—e™) U_I‘(1+2s)/0 c coraw
1 S 1

(m+8)1+25 — 21+25m1+25'

In a similar way we can get the second bound in (b) after choosing z = m, a = s € (0,1/2)
and # =1—sin (5.1). O

9.2. Properties of Bessel functions I;,. We collect in this subsection some properties of
modified Bessel functions. Let I;, be the modified Bessel function of the first kind and order
k € Z, defined as

) 2m+k
(9.3) I(t) = i FJp(it) = ) ! <t> .

mzom!F(m+k+1) 2

Since k is an integer and 1/I'(n) is taken to be equal zero if n = 0, —1,—2,..., the function
I;. is defined in the whole real line. It is verified that
(9.4) I (t) = Ii(t),
for each k € Z. Besides, from it is clear that Io(0) = 1 and [;(0) = 0 for k # 0. Also,
(9.5) Ix(t) > 0
for every k € Z and t > 0, and
(9.6) D e (2t) = 1.

keZ

On the other hand, there exist constants C, ¢ > 0 such that
cth < Ip(t) <Ctk, ast—0t.
In fact,
"1
(9.7) I (t) ~ <2> OISR for a fixed k # —1,—-2,-3,... and t — 0,
see [19]. Tt is well known (see [15]) that
(9.8) Ii(t) = Ce't™Y2 + Ry (1),
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where
IRy (t)] < Crelt™3/2,  ast — oo.

We also have (see [19]) that, as v — oo,
(9.9) I(2) 1 ez\” 2

. zZ) ~ —_— ~ —

v 2 \ 2v 2vyl

For the following formula see [20} p. 305]. For Rec > 0, —Rev < Rea < 1/2,
(2¢)7*T(1/2 — )T (a+v)

N3 'v+1—a)
9.3. The fractional discrete Sobolev and Poincaré inequalities. The aim of this sub-
section is to prove Theorem The idea is to follow the clever elementary proof of the
fractional Sobolev inequality presented by O. Savin and E. Valdinoci in [23], which makes

use of their Sobolev embedding for sets proved in [24]. We sketch the main steps.
Along this subsection we let

0<s<1/2, sothat 2/(1—2s)>2.

(9.10) / e L, (ct)t* dt =
0

We start by working on the integers Z, then we will see how to get the result for the mesh
Zy, for any h > 0. If R > 0 we denote the discrete interval

Ir:={ne€Z:—-R<n<R}.
In this way, if R is an integer then the measure of the interval above is
(9.11) #Ip =2R -1,

where we denote by #FE the number of integers points in the set E C Z (counting measure).
As in [23], the following discrete Sobolev embedding for sets (which in fact is valid for any
s > 0) is crucial in the proof.

Lemma 9.3 (Discrete analogue of [24, Lemma A.1]). Let k € Z be fized. Let E C Z be a
nonempty finite set. There exists a constant Cs > 0 depending only on s such that

1 —2s
D i 2 G #E)
I¢E

Proof. We assume that k € E, otherwise the conclusion is trivially true as the left hand side
of the inequality is infinite. By replacing ¥ by E — k we can suppose that k = 0 € E. Let
R =+#F. Then R is a positive integer. If we show that

1 1
(9.12) > s 2 > e
I¢E I¢Ir
then the conclusion follows. Indeed, we can bound
1 * 1 —2s
) BE Z/R —ivas 4z = Cs(#E)
1¢1n
For (9.12)), we first observe that we can use (9.11]) to get
#(E°NIR) = #Ir — #(ENIR)
=(2R-1)—#(EnIg)
>#FE —#(Enlp) =#(ENIg).
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We estimate now by using this last inequality as follows:

1 1
zmuzs: Z W"’ Z W

I¢E I1¢E el I¢E ¢,
2 Z 1+25 + Z ‘1+25
I¢EJEIR IgEI¢IR
E‘NI 1
L
RI+2s |[|T+2s
I¢E,I¢Ig
#(E N If%) 1
2 R1+2s + Z |l|1+23
I1¢Ei¢In
=z Z B ‘1+25 + Z B ‘1+2s Z m1+2s
I€E,I¢IR I¢E,I¢IR I¢Ig
and (9.12) is proved. O

Lemma 9.4 (See [23, Lemma 5] with 7 =22 > 1 and n = 1). Let N € Z and let a; be a
bounded, nonnegative, decreasing sequence with aj = 0 for all j > N. There is a constant
Cs > 0 depending only on s such that

E 22’{:(1}_28 S Cs § 22]aj+1aj—28
JEZ j€Z,a;7#0

Lemma 9.5 (Discrete analogue of [23] Lemma 6]). Let f : Z — R be a sequence with compact
support. Define

(9.13) aj :=#{k €Z:|fx| > 27}
Then there is a constant Cs > 0 depending only on s such that
> ety Y b
aj410; |] 1j — m|i+2s”
J€Z,a;#0 JEZ mEL,m#£]
Using Lemmas and we can prove the following result.

Theorem 9.6 (Discrete analogue of the fractional Sobolev inequality on Z). There is a
constant Cs > 0 depending only on s such that for any sequence f : Z — R with compact
support,

(9.14) <Z |f,|2/(12s)>(1gs)/2 e <Z Z e )1/2
| ! m|1+25 '

JEZ JEZ meZ m;éj

Proof. Tt is easy to see that the right hand side of (9.14)) is finite (even for the more general

case f € (2, see (6.2), Lemmaﬂand (L.8)). For any] €Zwelet Aj ={keZ:|fx| >27}.
Notice that

(9.15) A;D Ajyy, and |4 =2
JEZ
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Let a; = #A; as in (9.13)). We can write

Z ’fj|2/(l_28) _ Z Z ‘fk‘Q/(l_Qs)

JEZ JEZ kEAj\Aj+1
< Z(2j+1)2/(1723)#(14j \ Ajt1)
JEZ
< Z 22(3'“)/(1’28)%.
JEZL
As 1 —2s < 1, the function op(t) = t1725 ¢ > 0, is concave in [0, 00) and satisfies ©(0) = 0.
Hence ¢ is subadditive. Using this and the estimate we just performed above, we get

1-2s
(9.16) (Z |fj|2/(1‘25)> <43 2%l %,
JEZ JEZ
Next we verify that the sequence a; satisfies the hypotheses of Lemma As f has compact
support, we have A; C supp(f), for all j € Z. Then 0 < a; < #supp(f), so the sequence a;
is uniformly bounded in j € Z and each a; is nonnegative. Using it follows that a; is
decreasing. Finally, as f, being a compactly supported sequence of real numbers, is bounded,
there is an N > 0 such that |f;| < 2% for all k € Z. Hence A; is empty for all j > N, which
gives that a; = 0 for all j > N. Thus we can apply Lem to the sequence a;. From
(19.14)

(9.16)), by Lemma and Lemma we clearly see that follows. O
We are left to prove Lemma for which we follow [23].

Proof of Lemma[9.8. As ||fj| — | fm|| <|fj — fml|, we can assume, by possibly replacing f by
|f|, that f > 0. For any j € Z, let us define

Dj=Aj\Ajy1={meZ:2 < f, <2} and d; =#D;.

As f is bounded with compact support, both a; and d; become zero for j large enough.
Define the convergent series
S = Z 22j(lj__2idj.

jEZ,aj_géO
With this notation we have (see the computation for [23] eq. (32)]):
> Y #utuss
JEL,aj 10 0ELL>j+1
Let j € Z and k € D;. Take any m < j — 2 and any [ € D,,. Then
[fe = fil 22/ =27 > 27 — 277t = 2771,

from which, by Lemma and the facts that Up<joDy = A5 (disjoint union) and
aj_1 = #A;_1, we deduce

fe — fi? i 1
> ZMEQQUU > Zm

MEZ,m<j—21EDm MEZ,m<j—21E€Dm,
— 220 Y L
‘k _ Z‘H'ZS
IgA; 1
25 —2s
> (C,2 a; .
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Now we sum the inequality above among all [ € D,, and use that
- di
£25+1

to get that, for every j € Z,

(9.17) > Yy B ‘|ﬁzs > Co2¥a7%d;

meZ,m<j—21EDy k€D,
= [2% aj— Y 2%—2%1@].
0EL>54+1

We sum for all j € Z such that a;_; # 0 in inequality (9.17)) to get
|fx — 2j 2
YOy Yyl y e -as
J€Z,a; 10 meZm<j—21€Dmy kED; Jj€Z,a;_170
Therefore, as in [23] p. 2685], we reach the analogue of [23, eq. (36)]:
CEUREEED D DD BB Bt N SR O T
J€ZL,aj 1£0meZ,m<j—21€Dy, keD; jEZ,aj,17é0
Finally, by symmetry, we can write

Sy S \f5 = fml?
|] _ m|1+23 j — m[i+2s

JEZ mEL,m+#] JymELM<j

fe — f
I DI 3 e

JmeZm<jkeD;leDm

T S MDD BE Lot

J€Z,a; 10 meZm<j—2keD; €D,
and from (9.18]), the conclusion of Lemma (9.5 follows with Cs = 1/C. O

Corollary 9.7 (Discrete analogue of Sobolev inequality on Zp,). Let u : Zp — R be a function
with compact support. Then there is a constant Cs > 0 depending only on s such that

_ Um’2 1/2
(919) ”uHZi/(1—2s) < Cs< Z Z |h]hm|1+25> .
JEZ meL,m+#]

Proof. Given the function u on Zj we can define a new function (sequence) f on Z; = Z
through f; := u(hj) = u;, for j € Z. With this notation, for any 1 < p < oo, ||u||€2 =

hY/P||f||¢». Then f is a sequence with compact support, so we can apply (9.14)) to it and get

2/(1-2s) Sk < uj — >\
Z|uﬂ'| Cs Z Z |j_ 17 — m|i+2s :

JEL JEL mEZL,m#y

Now we multiply both sides by h(1=25)/2 and ( - ) follows. O
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Remark 9.8. Observe that the factor h? appearing in the right hand side of ([9.19) is the
correct one since that expression is nothing but the ¢?(Z; x Zj;) norm of the two-variables
function v = v(hj, hm) : Zp, x Zp \ {(hj,hm) : j = m} — R given by

luj — um|2
|h] _ hm|1+23'

Proof of Theorem[6.4, By applying (L.8)) and Corollary
h 2 hy - 2 |’U,] B Um’2
32 2 lu—unPEIG-m)2Ch?) S 1hj — hm|1+2s

JEZ mEL,m#£] JEZ mEL,m#£]

v(hj,hm) =

> Cs||“”?i/(1—2s>-

and the Sobolev inequality follows. To prove the Poincaré inequality, notice that, by Holder’s
inequality (3.3]) with p=1/(1 —2s) > 1 and p' =1/(2s) ,

HUHZ% =h Z ’uj’2 = ||Xsupp(u) ' UQHK}L
hjesupp(u)

< [IXsupp(u) [l 2720 ||U2H€}l/<172s>

1—2s
= h2s (#h supp(u))Qs (h Z |uj|2/(1—28)>

JEZ
2
= 1% (#n supp(u) ™ [ull 22/
h
Then we apply the Sobolev inequality. O

9.4. The continuous Poisson problem. In this subsection we prove the following result,
which we believe it belongs to the folklore. We present here a more or less self contained
proof. From now on we denote the Fourier transform of G € L*(R) by

~

G = (2771)1/2/RG(1:)6_@ dr, ¢eR.

Theorem 9.9. Let F be a function in C%®, for some 0 < o < 1, having compact support
on R. Take 0 < s <1 such that 0 < o+ 2s < 1. Then the function U defined by

= (=A)°F(z) = &
V@)= (8 F@ = A [

for z € R, where supp(F') denotes the support of F' and A_g > 0 is as in , 1s the unique
classical solution to the fractional Poisson problem such that |U(z)| = 0 as |z| — oc.
Moreover, U € CYt25 qnd there is a constant C > 0 depending only on s, a and the measure
of supp(F'), such that

(9.20) U ||co.a+2s < C|IF||co.a.

Proof. Without loss of generality we may assume that F' = 0 outside an interval (— Ry, Rp),
for some Ry > 0. Then we can write

Ro o F(y)
U(x) = A_, — _ dy.
(@) R |T —ytm2 Y

It is clear that U is well defined because |y|~1*2% is a locally integrable function in R and F

is bounded. Next we prove a series of properties about U that will complete the proof.
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(1) U is bounded on R and |U(z)| — 0 as |z| — oo. To see this we first do a computation.
Let r > 0. It is easy to see that the positive function

Nor(@)i= [ o=yl dy ek

-Tr

is Holder continuous of order 0 < 2s < 1 on R and smooth in R\ {—r,r}. In particular,

(9.21) d—Nw(x) =(z+r)* = (r—a)* forany —r<ax<r.
x
Now, if |y| < r and |z| > 2r then |z — y|~'*2% < (|o| — r) 71725, Hence,
2
|Nsr(z)| < ! for any |z| > 2r,

NERGE

which shows that |Ns,.(z)| — 0 as |z| — oo. Thus Ny, € C%?. For our claim (1) we
just observe that

(9.22) |U(x)| < A_s||F|| oo Ns Ry (), for any z € R.

(2) Let ¢ € C*®(R) such that (1 + |z|'*2%)D*p € L>®(R), for all k > 0 (that is, p € S,
see the notation in [25, p. 73]). Then

(9.23) /R Ue)p(a) do = /R €2 F(&)B(e) de.

It is easy to check that both integrals in (9.23|) are absolutely convergent. We start by
proving the following identity:
1 —2s=7 7
dg,
o | R

e(y)

A_ dy =
°Jr lylt2

where Z denotes the complex conjugate of z € C. It is readily seen that both integrals

above are absolutely convergent. By Plancherel’s identity and Fubini’s Theorem,

1 g o
W/lel >5(8) dg —F(S 1/2/ / el d5t1 :
e ‘y| /(4t dt
/ / ()2 ¥ Y)dy =5
e~ lYI?/(4t) gy
:/ [ /0 (47rt)1/2 - S](p(y) dy

A—S/| = 25

Next, for any fixed z € R, by the propertles of the Fourier transform,

AL |1 ) / €172 E) e de.

By multiplying both sides above by F(z) and integrating in dz we get

P —) , o [ [ e i
AS/R/R |2 dxdy—/R/R|§| P(—=&)F(x)e"™ dx dé,

which gives

_ F(I - y) _ —25 ~
/R Uw)p(r)do = A, /R o) /R S dy e = /R €7 F(—6)3(—¢) de.
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(3) We have (—A)*U = F in the sense of distributions in S,. As U is bounded, we
have that U € Ls(R) (see [25] for the notation), namely,

JELC T
R 1 + |.’L"1+2S

Then (—A)®*U can be defined in the distributional sense: for any function % in the
Schwartz class S, we have ((—=A)*U,¢) := (U, (—A)*y), see [25, p. 73] for details. The
fractional Laplacian of ¢ € S is defined with the Fourier transform as

(=A)sp(€) = [€*9(©).
Using the semigroup language and the Fourier transform as in [28] 29] we get

P(x) — ¥(y)
(=AY (z) = As e W Y
where A; is as in (L.9). We have that ¢ := (—A)*) € S,, namely, ¢ is a C* function
such that (1+|z|*2%)D¥¢ is bounded, for any k& > 0. The latter is claimed in [25, p. 73],
but we show it here for k = 0 (the proof for k > 1 is the same as the derivatives and the
fractional Laplacian commute) because we will need the computation at a later stage.
Let us see that

A P—IEsT for all |z| > 1.

W |z T+2s”

Let |x| > 1 and y € R. Suppose that |x — y| < |z|/2. Then, for any intermediate point
& between x and y, we have |z| < |z —&| + [¢] < |z —y| + [£] < |x]/2 + [£], which gives
|z| < 2]¢|. As a consequence, by the Mean Value Theorem and using that ¢ € S,

[5(o) ~ 0l = L+ D@ s

lz—yl _ . lz—yl
=TV ) T P

From here,

Y(z) — Py C r—y
/ |1 (z) 1+(25)! ay< ! 1JL25 dy
—yl<lzl/2 1T =Yl 123 S|y <|2)/2 |2 — Y

Gy Csp
- |.’L"2+2S — |x‘1+23'

On the other hand,

/ @) = vl - CS<\¢(06)\ N ||¢||L1<R>>
|—y|>|z|/2 -

|l‘ _ y‘1+28 ‘x|23 |x’1+2s

Cs Cs,w
= W(Iw(:ﬂ)l + [ ¢liw) < e
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Thus (9.24)) is proved. Let us finish then the proof of our claim (3). Using that U € L4(R),
(9.23]) and Plancherel’s identity, for any ¢ € S,

(=2)°U,¢) = (U, (=A)*¢) = /RU(SC)(—A)%(HS) da

—

=iéml%ﬁ@M—AFw@ﬁE

:AQa*ﬁWQMWJ@wm

=/ﬁ@ao&=/Fwwmm=ww»
R R

(9.25)

(4) U is in 0%%*25 and holds. We showed in (1) that U is bounded. From ({9.22)),
(9.26) [Ullzee < Cs,po | Fl| oo -

Let x1,z2 € R. Suppose that |x; — z2| > 1. Then, by using ,
(9.27) |U(21) = U(x2)] < 2|U||zoe < Cs pol|Fl[poe w1 — 2>

Assume next that |xr; — x| < 1. Let us take » > 0 sufficiently large so that r >
Ry + |z1| 4 |x2]. As F = 0 outside the interval (—Ry, Ry) and r > Ry, we can write

U(x1) —U(z2) = A ' (F(y) — F(xl)) (‘xl _ y|*1+28 - y|—1+23) dy

-Tr
r

+A5F@n/“ﬂm—yr”%—ua—m*“ﬂ@/

-r

(9.28)
= A—S/ (F(y) — F(z1)) (Jz1 — y) 712 = Jzg — y|71+2%) dy

-Tr

+ A—sF(x1>(Ns,r(x1) - Ns,r(x2))-

Recall the expression for the derivative of the function Ny, (z) for any —r < z < r given
in . In particular, we can use such a formula for any point between x1 and xo
because we have chosen r large enough so that —r < x1,22 < r. By the Mean Value
Theorem, for some & between x1 and x2, we have

[ Nsr(21) = Nor(2)] = [NL - (§)]|21 — 2]

1 1
< { + |x1 — xo| — 0,

Cr = g

as r — 0o. Therefore, by taking the limit as r — oo in (9.28)), we see that
U(z1) = Ulz2)| < As /R |F(y) — Fa)||lz =yl ™% — |2 —y[ 7] dy.

The last integral is split into

/ - / + / T4
R |x1—y|<2|z1—22| |z1—y|>2|z1—22]
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If |y — z1] < 2|x1 — 22| then |y — xo] < 4|21 — x2|. Hence

F F(x F(y) — F
Is/ [Fy) — 1(28)\d +/ [F'(y) 1(_3;)!@
|x1—y|<2|z1—22| ‘xl | |x1—y|<2|z1—22| ‘xQ - Z/|

ly — x|
[F]Co,a /| w dy

r1—y|<2|T1—22| ’ml

IN

_ [e] _ (%
+CQ[F}CO,Q/ (ly — =2 +!J£28 21| )dy
|z2—y|<4|z1—22] |x2 - y’

o x2|a+2s‘

= Ca75[F]CO,Q|$1

To estimate the second integral, suppose that |z1 —y| > 2|z1 — z2|. Let £ be an interme-
diate point between x1 and zy. Then |21 —y| < |z1 =&+ | —y| < |z1 — 22| + | —y| <
$lz1—y|+|€—y|. Asa consequence, |z1—y| < 2|¢—y| and so [{—y| 7212 < Cflmy —y| 7225
Using this, the Mean Value Theorem and the fact that o + 2s < 1, we can estimate

II < [F]Cov"‘/ |y _ 1,1|Oé“$1 . y|—1+2s o |l‘2 N y|_1+28‘ dy
|1 —y|>2|z1 2]
< CslFlgooz1 — 2o ly — 21|z — y| 7> dy
o1 —y[>2J1 |

= Ca7s[F]Co,a ]xl — .TQ‘OH_QS.

These estimates for I and I, together with (9.26)) and (9.27]), imply (9.20).
(5) (=A)*U is a well defined C”“-function and is given by the pointwise formula

U (w) —U(y)
The pointwise formula follows from the results of |25, p. 73], see also [28]. Observe that
the integral above is absolutely convergent and we have the estimate

U —-U . la+2s
V) =00 4y < s [ Lt
|

Y
R |$ - y|1+28 z—y|<1 ’fL‘ - y|1+23

1
p2U [ dy
|lz—y|>1 ’l‘ - y’1+23
< Ca7s||U||CO,a+23.

This estimate is valid uniformly in z € R, hence (—A)*U is bounded. By [25, p. 74], see
also [28], we conclude that (—A)*U is in C%*(R).
(6) We have

(9.29)

(=A)U(z) = F(x),
in the pointwise sense. We have seen in (3) that (—A)°U = F in the sense of
distributions. In particular, by the computation made in (9.25)),

(9.30) / U(x) (=AY v(z) de — /R Fla)(z) de,
for any ¢ € S. If we show that
(9.31) /RU( J(—A dq:—/z/} U(z) da.

then, by using (9.30), we get (—A)*U(z) = F(z), for ae. z 6 R and by continuity,
(—A)*U(x) = ( ), for every xz € R. So we are left to show (9.31)). Since (—A)*U is



NONLOCAL DISCRETE DIFFUSION EQUATIONS, REGULARITY AND APPLICATIONS 37

bounded (see (5)) the integral in the right hand side of (9.31) is absolutely convergent.
We write the left hand side of (9.31) as

(9.32) /R U(2)(—A) () dz = A / / ,Hgyg dy da,

and
foorcsromaeaf [

_ A // H(ZZ) dy da.

In the second identity in (9.33)) we applied Fubini’s Theorem. To justify it, observe that

(19.24) and (9.29) hold for ¢ € S, so

oo [ S92 [ s |, )

S CS#Z)HUHLOO < 0.

(9.33)

By adding (9.32]) and ((9.33)),

[D@arue s - A [ [ CE-UOEvw) 4,

To show that the right hand side of (9.31)) is also equal to the double integral above
we only need to verify that Fubini’s Theorem can be applied in (9.33) with U and ¥
interchanged. But this is simpler now because of (9.29):

Uy
/|¢ /' |H28|d dy < Co,

Thus (9.31)) is proved.

(7) U is the unique classical solution to (—A)*U = F' in R which vanishes at infinity.
The previous items show that U is a classical solution vanishing at infinity. Let V be
another classical solution vanishing at infinity. Then the difference W := U — V satisfies

Oa+2s/|¢ ‘dy<OO

(AW =0, inR,
|W(z)] =0, as|z|— oo,
W e L*®(R).

By the Liouville Theorem for the fractional Laplacian (see for example [14]), W is a
constant and, since it vanishes at infinity, W = 0.

O

Remark 9.10. It is worth noticing that in [26, p. 117] identity (9.23]) is shown for ¢ € S by
using spherical harmonics. Instead, our proof is more elementary (and valid for more general
functions ¢) in the sense we only use the Gamma function and Plancherel’s identity.

Acknowledgments. We would like to thank the referee for detailed comments and sugges-
tions that helped us to improve the presentation of the paper.
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