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Abstract

We supplement the determinantal and Pfaffian bounds of [4] for many-body localization of
quasi-free fermions, by considering the high dimensional case and complex-time correlations.
Our proof uses the analyticity of correlation functions via the Hadamard three-line theorem. We
show that the dynamical localization for the one-particle system yields the dynamical localization
for the many-point fermionic correlation functions, with respect to the Hausdorff distance in the
determinantal case. In [4], a stronger notion of decay for many-particle configurations was used
but only at dimension one and for real times. Considering determinantal and pfaffian correlation
functionals for complex times is important in the study of weakly interacting fermions.
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1 Introduction

Since a few years, the problem of (Anderson) localization in many-body systems is garnering at-
tention. The mathematical understanding of this phenomenon for interacting quantum particles, as
adressed in 2006 by [1] for weakly interacting fermions at small densities, is a long-term goal. In
2009, [2, 3] contributed first rigorous results. In 2016, an exponential decay of many-particle correla-
tions was proven for quasi-free fermions in one-dimensional lattices with disorder [4]. Via the Jordan-
Wigner transformation, this includes the disordered XY spin chains. This last paper has attracted
much attention and it has already been cited many times in one and a half year. See, e.g., [5-13].

As pointed out in [4], it is an interesting open question (a) whether [4, Theorems 1.1 and 1.2] can
be generalized to higher dimensions. Another open question (b) is their generalization for complex-
time correlation functions. This last point is relevant because such correlation functions (of quasi-free
fermions) can be useful to study localization of weakly interacting fermion systems on lattices. In
fact, (quasi-free) complex-time correlation functions appear in the perturbative expansion of (full)
correlations for weakly interacting systems. See, for instance, [14, Section 5.4.1].

By considering the many-body localization in the sense of the Hausdorff distance, like in [3], we
propose an answer to both questions (a) and (b), using the Hadamard three-line theorem (Section 4).
See Corollary 2.3, which, together with Theorem 2.2, is our main result on determinantal correlation
functionals. In a similar way, we also prove the decay of complex-time Pfaffian correlation functionals
with respect to a splitting width (like [3, Equation (5.9)]) of particle configurations. This is a version
of [4, Theorem 1.4] which holds true at any dimension d € N. See Theorem 3.1.



2 Decay of Determinantal Correlation Functionals

2.1 Setup of the Problem and Main Results

(i): Let d € N. For a fixed parameter ¢ € (0, 1], we define

0.(Xy, Xy) = max { max min |z; — z3|°, max min |z; — x2|€} , X, X CZ (1)
r1E€EX] x2E€XS ro€EX2 1 EXL

which is the well-known Hausdorff distance between the two sets, associated with the metric (z1, z3) —

|.CE1 — Z'2|6 on Zd.

(ii): We consider (non-relativistic) fermions in the lattice Z? with arbitrary finite spin set S. Thus,

we define the one-particle Hilbert space to be h = (> (Zd; (CS), the canonical orthonormal basis
{e$7g}(x70)ezdxs of which is

. d
€20.00(%,0) = 01.2000.00 x,x9 € L%, 0,00 € S. 2)

(iii): Let (€2, F, a) be a standard' probability space. As is usual, E[ - | denotes the expectation value
associated with the probability measure a. We consider §F-measurable families { H, },cq C B (h) of

bounded one-particle Hamiltonians satisfying the following (one-body localization) assumption, at
fixed 8 € R™:

Condition 2.1
There is a Borel set I C R as well as constants € € (0,1], D and jn € R™ such that, for all =, € 74
and R > 0,
izH,, H
Z E | sup max (S wem oo <D e_“R, 3)
2€S, 01,02€8 ' 1 + efHo ’
29€Z%: |z —22|°>R s b
where
Sg=R—1i0,3], B eR", “4)

X IS the characteristic function of the set I, and |x, — x5| the euclidean distance between the lattice
points x1, Ty € Z°.

This assumption is similar to the so-called strong exponential dynamical localization in I, see,
e.g., [15, Definition 7.1]. Note that, for ¢ € (0,1], (z1,22) — |x; — 25| defines a translation
invariant metric on the lattice Z¢. Observe also that, for all 3 € Rt and z € Ss, the function

A e (1+ eﬁ’\)_l | on R is bounded by 1. In particular, the left-hand side of (3) is bounded by
the eigenfunction correlator [15, Eq. (7.1)]. Condition 2.1 replaces [4, Eq. (1.19)], noting that

ei(t—s)Hw

B 5t €R, (5)

p(s,1)

is the main example they have in mind [4, Eq. (2.37)].
(iv): Let CAR(h) be the CAR C*—algebra generated by the unit 1 and {a(¢)},cy. For any A;, A; €
CAR(h) and any z1, 2, € C, we define

L A4y if Tm(z) <Im(z),
(O)zl,zg <A17 AQ) - { —A2A1 if Im (Zl) > Im (22) . (6)

'Te., § is the Borel o-algebra of a Polish space ().



(v): For any f € R and w € (2, we define the (gauge invariant) quasi-free state p, = pjs , by the

condition .
(oo alen) = (e rgmn) - eugaeh @

This state is the unique KMS state at inverse temperature 3 € R™ associated with the unique strongly
continuous group {T§“>}teR of (Bogoliubov) automorphisms of CAR(h) satisfying

i (a(p) =ale™p),  teR peb. ®)
Note that, for all ¢ € h, the maps
tes 7 (a(p)) and te 7 (a(p))
on R uniquely extend to entire functions: For any z € C and ¢ € b,
78 (a(9)") = a(e*p)* and 7 (a(p)) = a(e® ). ©)
Observe additionally that, for any z;, 2o € C and ¢y, ¢, € b,
P Oz s (T8)(alp1)"), 75 (alip2)))) (10)

ei(z —z9)Hy .
(o2 “Trome), i (a) <Im(z),

o e(B+i(z1—22))Hy .
_ <<,02, L;—ﬁHiHSD1>h if Im(z1) > Im(2).

Below, we show that strong one-body localization, in the sense of Condition 2.1, yields the cor-
responding many-body localization for the quasi-free state p,,, in the sense of the Hausdorff distance,
as stated in Corollary 2.3. This is achieved by estimating, in Theorem 4.1, determinants of the form

det [Gw ((Spk, 2k) (SDN+I> ZNH))LI:l:l (h

in terms of the entries of one single row or column. In (11), 3 € RT, N € N, ¢;,...,pon € b are
normalized vectors, z1, ..., zon € Sg and

G (1 26)  (Praw40)) = 0 (O (79 (000)), 7, (0lona) ) )

is the two-point, complex-time-ordered correlation function associated with the quasi-free state p,,.

Theorem 2.2
Let {H,}u,ecq C B(h) be a family of bounded Hamiltonians. For all w € Q, f € RT, N € N,
norm-one vectors ¢y, ..., pon € b, and 21, ..., zon € Sp (see (4))

’det [Gw ((gok, %) (90N+l7 ZNH))}Zzzl

N N
< min { IIlil’lN} Z ‘Gw ((Qolm Zk) ) (QON-H? ZN+1)>| ’ min Z |Gw ((<pk7 Zk) ) (QON—H? ZN+Z>) ‘} .
=1

le{1,...,N}



Proof. Fix all parameters of the theorem. By expanding the determinant along a fixed row or column,
forany m € {1,..., N},

N

det |G, ((Sﬁka %) (SONHa ZNH))]k,lzl (12)

—

(_1)m+n Gu ((Wm? Zm) s (()ON—f—nv ZN—l-n))

Il
WE

n=1
x det [Gu (s 2) s (P 2v40)) e gt vy fm)
le{L,...,.N}\{n}
N
= Z ( 1)m+n Gw ((@ny Zn) ) (SDNer’ ZN—i—m))
n=1
x det (G (0 2) s (Pt 2841)) ke qr, v\ oy -
1e{1,...N}\{m}

Then, the assertion directly follows from Lemma 2.5. m

Corollary 2.3
If Condition 2.1 holds true then, forall € RY, N € N, X1 = {x1,...,an}, Xo = {&Ny1,..., 2an} C
Z% such that |X,| = |Xs| = N, and zy,. .., 2ax € Sp,

N
E |: max ‘det [Gw ((XI(Hw)eka,Uka Zk)a (XI(HM)QOCNH,UNH? ZN-H))} kl=1

[ PR 02N

} < De—ubs(é\ﬁ,%),

where 0.(X1, Xy) is the Hausdorff distance (1) between the N-particle configurations X, and Xs.
Recall that x is the characteristic function of the Borel set I and note that the constants €, D and
are exactly the same as in Condition 2.1.

Proof. Combine Condition 2.1 and Theorem 2.2 with Equations (9) and (10). m

The analogue of [4, Theorem 1.1], i.e., an estimate like Corollary 2.3 for the many-point corre-
lation functions at fixed w € ), instead of an estimate for their expectation values, easily follows by
replacing Condition 2.1 with a similar bound for a fixed w € {2. We omit the details.

The bound of Corollary 2.3 is a version of [4, Theorem 1.2] which holds at any dimension d € N
and for any complex times within the strip Sg. However, two observations in relation with [4] are
important to mention:

e Since, for any X, Xy, Vi, Vs C Z4,

0.(X) U Xy, Yy UYs) < max {0.(X1, V1), 0.(Xs, W) },

we have

S . . €
20(X,Y) SOP(X,Y) = min  max |25~ ya(s)
for any set X = {zy,...,2xy} C Z%and Y = {y1,...,yn} C Z? of N € N (different)
lattice points. Here, Sy is the set of all permutations 7 of /N elements. The distance we
use, i.e., the Hausdorff distance (1), is therefore weaker than the symmetrized configuration
distance OES) [4, Equation (1.13) and remarks below]. Nevertheless, Corollary 2.3 yields the
main features of localization. Whether Corollary 2.3 holds true, at any dimension, when 0. is

replaced with 2 is an open question. See also discussions of [3, Section 1.3].

(13)



e The proofs of [4, Theorems 1.1 and 1.2] use that, forall N € N, z1, ..., 2on € Z%, 01, ...,09n €
S,and tq,...,ton € R, the N x N matrix

N

M = |:<2$N+170'N+l? P (tN-H: tk) e$k70'k>h:| kel

defines an operator on CV of norm at most 1. This is true even for complex times, provided that
Z1 =" =ZN € Sﬁ, ZN+1 = *"° = 22N - Sﬁ, Im (ZN) S Im (ZN+1) . (14)

(cf. [4, Erratum]). However, this is generally not true when 24, ..., 2an € Sg are different from
each other. For this reason, instead of a bound on the norm of M, our proof uses (in an essential
way) the analyticity of correlation functions with respect to complex times.

The results of this section are also reminiscent of [3, Theorem 1.1] where a bound like Corollary
2.3, with the Hausdorff distance but for complex times satisfying (14), can be found for n-particle
correlation functions. Note, additionally, that in [3] a particle interaction is included, but no particle
statistics is taken into account: The n-particle Hilbert space is the full space ¢2 (Z”d). By contrast, we
consider many-fermion systems, which would correspond in [3, Theorem 1.1] to restrict ¢2 (Z”d) to
its subspace of antisymmetric functions. In this situation, the one-particle localization theory cannot
be directly used, even in the quasi-free fermion case. Moreover, we do not fix the particle number, by
using the grand-canonical setting.

Finally, observe that guasi-free, complex-time-ordered, many-point correlations appear in the per-
turbative expansion of interacting correlation functions. See, e.g., [14, Section 5.4.1]. Therefore, as
a first step towards the proof of localization in fully interacting fermion systems, it is important to
establish localization for these correlations, as stated in Corollary 2.3. For instance, by combining
Corollary 2.3 with [14, Theorem 5.4.4], one can show that a local, weak interaction cannot destroy
the (static) localization of the thermal, many-point correlation functions of quasi-free fermions in
lattices.

2.2 Universal Bounds on Determinants from the Hadamard Three-line Theo-

rem
For any permutation 7 € S,, of n € N elements with sign (—1)", we define the monomial O, (A44,..., A,) €
CAR(h) in Ay, ..., A, € CAR(bh) by the product

O (A1, An) = (1) Agrgry -+ A1y, (15)

In other words, O places the operator Ay, at the 7(k)th position in the monomial (—1)"A 11y - - - Az-1().
Further, forall k,1 € {1,...,n}, k # [,

Tl : {1,2} — {1,2} (16)

is the identity function if w(k) < m(l), otherwise 7, interchanges 1 and 2. (Remark that Q,, ., (6) is
equal to Oy, , for a conveniently chosen permutation 7.) Then, the following identities holds true for
quasi—free states:

Lemma 2.4
Let p be a quasi—free state on CAR(h). Forany N € N, all permutations m € Syn and ¢4, . .., oy €

b,
det [p(Cp v (0l saleona)) )
= P<@7r (a(e))"s . alen) s alpan), - - alony)) > (17)
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Proof. See [18, Lemma 3.1]. Compare with (28). m
Using Lemma 2.4 and the Hadamard three-line theorem (via Corollary 4.2), we obtain a universal
bound on determinants of the form (11):

Lemma 2.5
Fix H = H* € B(h). Let the quasi—free state p on CAR(h) be the unique KMS state at inverse
temperature 3 € RT associated with the unique strongly continuous group {7, }icr of automorphisms
of CAR(h) satisfying (8)-(9) for H, = H. Then, forany N € N, ¢y,..., 0oy € hand z1,..., 255 €
Sp (see (4)),

det [p <®zk,,ZN+l (Tzk (a(@k)*% TN (a(¢N+l))> )] ]l:l_l

2N
< H ||90k||b :
k=1

Proof. Fix all parameters of the lemma and choose any permutation 7 € Spy such that, for all
k,le{l,...,N},

Im(z) <Im(zyy) © 7w(k) <7 (N+1) . (18)
Then, by Lemma 2.4,
N
det [p(Oupons (Tau(al)) Ty alon)) )] 19)

= p<@ﬂ (Tz1 (a(Qpl)*)a te ?TZN(G<90N)*)7 TZQN(G<902N))7 ce 77-ZN+1<a(90N+1))) >

Define the entire analytic map Y from C2V to C by

T(€1’ e 7€2N) = p<@7r <T§1+"'+£2N7ﬂ'(1)+1 (a(gol)*% e 7T§1+"'+§2N7ﬂ<1\7)+1 (CL(sDN)*)?
T€1+"‘+§2N—7T(2N)+1 (a'((p2N))> Tt 7_§1+'“+52N—7r(N+1)+1 (a(gpNJrl))))‘ (20)

Now, impose additionally that the permutation 7 of 2N elements used in (19)-(20) satisfies, for any
k,le{l,...,N}, k # [, the conditions

Im(zk) < Im(zl) =T (k) <Tm (l), Im(ZgN,k) < Im(ZQN,l) =T (2N — k’) <7 (2N — l) .
Ergo, by (18),
Im(zwfl(l)) S S Im(Zﬁfl(N)) S Im(zﬁfl(QN)) < .- S Im(zwfl(NH)) (21)

and, by (19)-(20), the assertion follows if we can bound the function T on the tube %55 defined below
by (33) for n = 2N. Since T is uniformally bounded on Ty, it suffices to bound the function YT on
the boundary

2N
a(ZQN = {(517' e >€2N) S CQN : v.] € {17 : '72N}7 Im(&]) € {_ﬁao}a Zlm(g‘]) S {_670}} >
j=1
by Corollary 4.2. By the KMS property [14, Section 5.3.1], note that, for all ¢;,...,foy € R and
ke{l,...,2N},
Tty tia te — B, tiyrs s tan) = Tltrga, - tan, by oo te)
while

2N
sup T (s, - -5 &on )l SHHWk:Hb-
k=1

(€150s€an ) ERZN
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Asa consequence,

2N
sup TG bon)l = sup TSl < T T sl (22)
(€1,-82n)ET2N (€15--82N)E0TaN bl

and the assertion follows from (19), (20) and (33). =
Observe that estimates like (22) are related to the generalization of the Holder inequality to non—
commutative LP—spaces. See, e.g., [19].

3 Decay of Pfaffian Correlation Functionals

An estimate similar to Corollary 2.3 can be obtained for Pfaffians of the two-point correlation func-
tions on the d-dimensional square lattice Z, by the same methods, because they also can be seen, like
in the proof of Lemma 2.5, as many-point correlation functions of quasi-free fermions.

(i): For a fixed parameter ¢ € (0,1] and any subset X C Z* we define the quantity

le(X) = I —y|°. 23
() = 2 iy b =

It is a kind of splitting width of the configuration X with respect to the metric (x,y) — |z — y|*: This
quantity is large whenever isolated points of X" are spread in space, but it stays small if the points are
packed in clusters containing at least two points. It is used here to quantify the localization of Pfaffian
correlation functionals. Observe that /. is similar to the splitting width of a configuration defined
by [3, Equation (5.9)].

(ii): For any N € N, the Pfaffian of a 2N X 2N skew-symmetric complex matrix M is defined by

N . 1 T
Pf [Mk,l]i,zzl = o8N Z (—1) HMﬂ(zj—l),ﬂ(zj» (24)

WESQN 7j=1
where we recall that Sy is the set of all permutations of 2V elements.

(iii): Let the field operators be defined by

B(p) =a(p) +alp), ¢ecb.

For (x,0) € Z4xSand ¢ = ¢, o OF © = ¢, ,, We obtain the on-site Majorana fermions of [4, Equation
(1.22)].

Below, we show that strong one-body localization, in the sense of Condition 2.1, yields the local-
ization of many-point correlations of field operators with respect to the quantity (23). This is achieved
by estimating, in Theorem 3.1, Pfaffians of the form

Pt [gw (((pka Zk’) ) (9017 Zl))]iy:l (25)

in terms of the entries of one single row. In (25), 5 € RT, N € N, ¢,,..., ¢,y € b are normalized
vectors, z1, ..., 22y € Sg and

Goo (1 2) + (1,2)) = P (O (757 (B(2y), 757 (B(1))) )

is the two-point, complex-time-ordered correlation function of field operators associated with the
quasi-free state p,,. See Section 2.1. Observe that the matrix in the Pfaffian of (25) is skew-symmetric,
by construction.



Theorem 3.1

Let {H,},ca C B(b) be a §-measurable family { H,},cq C B (h) of bounded (one-particle) Hamil-
tonians satisfying Condition 2.1. Then, forallw € Q, § € R*, N € N, X = {xy,..., 2oy} C Z¢
such that |X| = 2N, and z, . . ., zon € Sp (see (4)),

E| o max  PHG (P (Ho)ery o0 20) (X (e o )P, | < 2D )

The constants €, D and ji are exactly the same as in Condition 2.1.

Proof. The proof uses similar arguments as for determinantal correlation functionals. We present
them in four steps:

Step 1: Similar to determinants, Pfaffians have a Laplace expansion with respect to any row of its
matrix:

2N

PE(Go (0r ) - (0 )iy = D (=1 G (0, 20) (@ 20)) (26)

n=1,n#m

forany 0 e R", N e Nym € {1,...,2N}, ¢1,..., 0oy € hand zy,..., 208 € Sp, where 6 is the
Heaviside step function. Compare (26) with (12).

Step 2: Since p,, is, by definition, a quasi-free state, observe that

2N

Pu (B (901) B ((pQN)) =Pt [pw (@idk,l <B<90k')> B((pl)))};ﬁl:l ) (27)

forall N € Nand ¢,,...,p,5 € b, where idy; is defined by (16), 7 being the neutral element id
of the permutation group Son. See, e.g., [16, Equations (6.6.9) and (6.6.10)]. For any permutation
m € Sony (N € N), Equation (27) can be written as

2N

Puw <@7T (B (901) gt 7B (902N)) ) = Pf [pw ((O)Trk,l (B((pk>7 B<¢l)))}k7l:1 ’ (28)
where O, and the permutation 7, ; are defined by (15) and (16), respectively. See, e.g., [17, Proposi-
tion B.2]. Compare (28) with Lemma 2.4.

Step 3: Then, given 2N € N complex numbers z1, . .., zany € Sg (8 € RT), similar to (21), we choose
a permutation m € Sy such that, forany k, 1 € {1,... 2N}, k # 1,

(k) <7 () & [Im(z) < Im(2)] V [(Im(zx) = Im(2z)) A (k < 1)].

Using the Hadamard three-line theorem (via Corollary 4.2), we thus obtain a universal bound on
Pfaffians of the form

v 1N 2N
PE [, (O (2 (Blw) 7o Ble)in | [ < TT Il 29)
T k=1
forany N € N, ¢;,..., oy € hand z1,..., 205 € Sg. To get this inequality, we have used that

IB()llcarg = llelly peb.

Compare (29) with Lemma 2.5.



Step 4: We infer from (26) and (29) that

2N

< Z G (P> 2m) 5 (005 20))] (30)

n=1,n#m

Pt [gw (((pkzv Z/C) ) (9017 Zl))ﬁyzl

forany § € RY, N € Nym € {1,...,2N}, ¢1,...,0on € hand zy,..., 208 € Sp. By gauge
invariance, Condition 2.1 yield the inequality

> E| sup  max |Gy (7 esy.00 21) s (P2 00, 22))| | < 2D e HE. (31)

2o €Z%: |z —22|* >R 2122655 p1(;1:?§2{g781}

Therefore, the assertion is a direct consequence of Inequalities (30) and (31). m

Theorem 3.1 is a version of [4, Theorem 1.4] which holds true at any dimension d € N and for any
complex times within the strip Sz. A result similar to [4, Theorem 1.3] for the many-point correlation
functions of field operators at fixed w € €2, instead of an estimate for their expectation values, easily
follows by replacing Condition 2.1 with a similar bound for a fixed w € 2. We again omit the details.

One observation in relation with [4, Theorems 1.3 and 1.4] is important to mention: For any
disjoint partition X;, X, of X C Z<, we deduce from (1) and (23) that

0(X) <0 (X0, &) . (32)
By (13) it follows that, for any disjoint partition X}, X, of X C Z% such that | X} | = |Xs],
(X)) <) (X, X))

Note that the right hand side of the above inequality corresponds to [4, Equation (1.27)] when &} =
{21,23,...,0on_1} C Z¥ ' and Xy = {3, 24,...,2on} C Z% for 2N € N (different) lattice
points. Therefore, our notion of localization for Pfaffian correlation functionals is weaker than the
one used in [4, Theorems 1.3 and 1.4]. Note, however, that, like /.(X'), the quantity [4, Equation
(1.27)] stays small if the points of X" are packed in clusters containing exactly two points {x, T1},
k = 1,3,...,2N, independently of how far-apart from each other the clusters are. Therefore, our
notion of localization captures qualitatively the behavior of the one used in [4, Theorems 1.3 and 1.4].

4 Appendix: Log convexity of Multivariable Analytic Functions
on Tubes

Fix B € R*. Let
T, = {¢ € C:Im{€} € [-5,0]} = S,

(see (4)) and f : ¥ — C be a bounded continuous function. Define the map Bj(cl) : [-5,0] —
[_007 OO) by
B](cl)(s) = In (sup |f (t+ 25)]) :

teR

We use the convention In(0 = —oo and 0 (—oc0) = —oo. Then, the Hadamard three-line theorem [20,
Theorem 12.3] states:

Theorem 4.1
Let 5 € R and [ : 1 — C be a bounded continuous function. If f is holomorphic in the interior of
Ty then B}(}) is a convex function.



This theorem has the following generalization to holomorphic functions in several variables: For
all n € N, let K,, C R" be the simplex

K, ={(s1,---,81) : S1,---,8, € [=5,0], s+ -+ + s, > —(}
and define, for all n € N, the “tube”

Sn = {(5177£n) € Cn : (Im{§1}771m{§n}) S Kn} (33)
Define further the map B}n) : K, — [—00,00) by

B}”)(sl, ooy Sp) =1n < sup | f(t1 +is1,...,t, +isn)|>
(t1

with f : T, — C being a bounded continuous function. Then, we obtain the following corollary:

Corollary 4.2
Let € Rt, n € Nand f : T, — C be a bounded continuous function. If [ is holomorphic in the
interior of ‘%, then B}n) is a convex function.

Proof. Fix all parameters of the corollary and assume that f is holomorphic in the interior of ¥,,.
Take (s1,...,8,) € K, and (s),...,s,) € K,. For all (t1,...,t,) € R", define the function

e n

-----

For all £ € %, note that
(L 4i(si(1+EB7Y) = $1E87), i ta +i(sa(1+E87Y) — 5,6871)) € Tar,

by convexity of K. This function is bounded and continuous on ¥, and holomorphic in the interior
of ¥;. Hence, by Theorem 4.1, for all « € [0, 1],

In (sup |F(t1 77777 tn) (T — iaﬁ)}) < aln (sup }F(tl ,,,,, tn) (T — @ﬂ)‘) (34)

teR

Since In is a monotonically increasing, continuous function, for all « € [0, 1],

B}n) (as] + (1 —a)sy,...,as, + (1 —a)s,) = In ( sup  sup |F(t1 77777 tn) (T — iaﬁ)})
(t1

,,,,, tn)ER™ tER

- swp I (sup\Fm ..... ) (t—m6>|),

teR

which, by (34), in turn implies that

B](v”) (as]+ (1 —a)sy,...,as, + (1 —a)s,) < (1—a) B](c") (815...,8,) + ozB](c”) (sy,...,8))

ren

forall « € [0,1]. m
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