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Abstract

In this paper some new results concerning the C, classes introduced by Muckenhoupt [28] and later
extended by Sawyer [39], are provided. In particular we extend the result to the full range expected
p > 0, to the weak norm, to other operators and to their vector-valued extensions. Some of those results
rely upon sparse domination results that in some cases we provide as well. We will also provide sharp
weighted estimates for vector valued extensions relying on those sparse domination results.

1. Introduction

1.1. The Cp condition

We recall that a weight w, that is, a non-negative locally integrable function, belongs to the Muck-
enhoupt A, class for 1 < p < oo if

e ) (o) e

where the supremum is taken over all cubes in R™ with sides parallel to the axes. And in the case p =1
we say that w € Ay if
Mw < rw a.e.

and we define [w]4, = inf{x >0 : Mw < kw a.e.}. The quantity [w]4, is called the A, constant or
characteristic of the weight w. We say that w € A, if

1
[wla, = Népw(@/QM(wXQ) < 00.

Calderon-Zygmund principle states that for each singular operator there exists a maximal operator that
“controls” it. A paradigmatic example of that principle is the Coifman-Fefferman estimate, namely, for
each 0 < p < 0o and every w € Ay there exists ¢ = ¢, 4,p > 0 such that

1T fll e (wy < cllM fl Lo (w)- (1.1)

where T* stands for the maximal Calderon-Zygmund operator (see Subsection for the precise defini-
tion). This kind of estimate plays a central role in modern euclidean Harmonic Analysis. In particular
we emphasize its key role in the main result in [23].

The estimate in leads to a natural question. Is the A, condition necessary for to hold?
B. Muckenhoupt [28] provided a negative answer to the question. He proved that in the case when T is
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the Hilbert transform, (1.1) does not imply that w satisfies the A, condition. He showed that if (|I.1))
holds with p > 1 and T is the Hilbert transform, then w € Cp, that is if there exist ¢,d > 0 such that
for every cube @ and every subset £ C Q we have that

|E]
Q)

Observe that that A, C C), for every p > 0. B. Muckenhoupt showed, in dimension one, that if w € A,
1 < p < oo, then wx[p,) € Cp. In the same paper it was conjectured that the C), condition is also
sufficient for to hold, which is still open. Not much later, the necessity of the C, condition was
extended to arbitrary dimension and a converse result was provided by E.T. Sawyer [39]. More precisely
he proved the following result.

w(E) < ( )6 [ Mixorw.

Theorem I (E. Sawyer [39]). Let 1 < p < co and let w € Cpye for some € > 0. Then

1T () ey < ellMFllew)- (1.2)

Also, relying upon Sawyer’s techniques, K. Yabuta [40, Theorem 2] established the following result
extending the classical result of C. Fefferman and E. Stein relating M and the sharp maximal M7#
function [10] [17].

Theorem II (K. Yabuta [40]). Let 1 < p < oo and let w € Cpy, for some € > 0. Then

HM<f)||LP(w) < CHM#fHLP(w)- (1.3)

The proof of this result, although based on a key lemma from [39], is simpler than the proof of
by Sawyer. In this paper we will present a different approach for proving based on Yabuta’s
lemma which is conceptually much simpler and much flexible. Furthermore, we extend estimate
to the full expected range, namely 0 < p < co and to some vector-valued operators. We remark that
in the last case, the classical good-A seems not be applicable. None of the known methods yield this
result.

Remark 1. We remark that we do not know how to extend Theorem[I] to the full range 0 < p < o< as
in Theorems[1] and [4 below. However, this lemma is the key to prove those theorems in the full range.

We remark that more recently, A. Lerner [I9] provided another proof of Yabuta’s result (1.3]) im-
proving it slightly. He established, using a different argument, that if a weight w satisfies the following
estimate

we) < (BN [ o) e

! dt
; Sﬁp(t)tpﬁ < o0

where

then (1.3) holds.

Let us now turn attention to our contribution. We say that an operator T satisfies the condition
@ if there are some constants, 6 € (0,1) and ¢ > 0 such that for all f,

MF(Tf)(x) < eMf(x). (D)
Some examples of operators satisfying condition @ are:

e Calderon-Zygmund operators These operators are generalization of the regular singular inte-
gral operators as defined above. This was observed in [2].

e Weakly strongly singular integral operators These operators were considered by C. Feffer-
man in [9].

e Pseudo-differential operators. To be more precise, the pseudo-differential operators satisfying
condition (D)) are those that belong to the Hormander class ([13]).

e Oscillatory integral operators These operators were by introduced by Phong and Stein [35].



The proof that last three cases satisfy condition (D)) can be found in [].
It is also possible to consider a suitable variant of condition @ which will allow us to treat some
vector-valued operators. We recall that given an operator G, 1 < ¢ < oo and f = {f; };";1 we define

the vector-valued extension G, by

q

Gof(z) = | D_IG(f;) (@)
j=1

We say that an operator T satisfies the condition with 1 < ¢ < oo if for every 0 < § < 1 there
exists a finite constant ¢ = Cs 4,7 > such that

M (Tyf ) (@) < e M(f1) (@) (Dy)

-

where |f|,(x) = (Z;’il |f; (J:)|q) . Two examples of operators satisfying the condition are the

Hardy-Littlewood maximal operator ([6] Proposition 4.4) and any Calderén-Zygmund operator ([34]
Lemma 3.1).

Next theorems extend and improve the main result from [39] since we are able to provide some
answers for the range 0 < p < 1 and to consider vector-valued extensions. It is not clear that the
method of [39] can be extended to cover both situations. Furthermore, we can extend this result to the
multilinear context and other operators like fractional integrals.

Theorem 1. Let T be an operator satisfying the @ condition. Let 0 < p < oo and let w € Crax{1,p}+e
for some e > 0. Then

1T fll Lo (w) < M fllLew)- (1.4)
Additionally, if 1 < ¢ < oo and T satisfies the condition then

ITqf e () < ellM(1F1a) Lo (w)-

Remark 2. We don’t know how to extend (1.4) to rough singular integral operators or to the Bochner—
Riesz multiplier at the critical index. Indeed, it is not known whether any of these operators satisfies
condition @ above.

Remark 3. Following a similar strategy as in the proof of (1.4) the following result holds. Let I,
0 < a <mn, be a fractional operator and let 1 < p < oo. Let w € Cpi. for some € > 0. Then

Mo || ey < cllMafllLe(w)-

It is possible to extend these kind of results to the multilinear setting as follows. Following [12], we
say that 7" is an m-linear Calderén-Zygmund operator if, for some 1 < ¢; < o0, it extends to a bounded
multilinear operator from L X --- x L% to L4, where % = q% 4+ qi, and if there exists a function

K, defined off the diagonal x = y; = - -+ = y,,, in (R")™*! satisfying

T(f177fm)(x): / K(xaylavym)fl(yl)fm(ym)dyldym

(R)m™

for all = ¢ N7L supp f;; and also satisfies similar size and regularity conditions as that in Section [2.1
It was shown in [24], following the Calderén-Zygmund principle mentioned above, that the right
maximal operator that “controls” these m-linear Calderéon-Zygmund operators is defined by

m

- 1
M) =suw T] 57 [ 1l
(f)(z) anil;[l ] QI i(yi)|dy;
where f = (f1,..., fm) and where the supremum is taken over all cubes @ containing z. In fact, these

m-linear Calderén-Zygmund operators satisfy a version of the @ condition mentioned above as can
be found in [24, Theorem 3.2].

Lemma 1. Let T be an m-linear Calderon-Zygmund operator and § € (0, %) Then, there is a constant

¢ such that . =
MF(T(F))(@) < e M(F)(a). (1.5)



This estimate is very sharp since it is false in the case § = i Also this estimate is quite useful since
one can deduce the following multilinear version of Coifman-Fefferman estimate (1.1),

= =

1T e < clIM(Pllrw) 0 <p <00, we Ax,

which can be found in [24] leading to the characterization of the class of (multilinear) weights for which
any mulitilinear Calderén-Zygmund operators are bounded.
Relying upon the pointwise estimate (1.5]) it is possible to establish the following extension of (1.4).

Theorem 2. Let T be an m-linear Calderén-Zygmund operator, and let 0 < p < oo. Also let w €
Chiax{1,mp}+e Jor some € > 0. Then

— —

1Tl e w) < MU Lr(w)-

We emphasize that the method of Sawyer in [39] does not produce the preceding result even for the
case p > 1.
For commutators, the following estimates are known (see [30, B34]). For every 0 < e < 4 < 1,

ME(B,TIf) (@) < esrlbllaao (Ms(Tf) + M?(f)(x)), (1.6)
ME([,T],£) (@) < csrlbllao (Ms(Tof) + M*(|flq)(2)),  1<q<oo, (1.7)

where T is a Calderén-Zygmund operator satisfying a log-Dini condition. Relying upon them we obtain
the following result.

Theorem 3. Let T be an w-Calderon-Zygmund operator with w satisfying a log-Dini condition and let
b€ BMO. Let 0 < p < oo and let w € Cyax{1,p}+e for some € > 0. Then there is a constant c depending
on the Crax{1,p)+e condition such that

116, TN £l oy < cl1bllBMmO M2 1 1o (-

Additionally, if 1 < q < oo then Then there is a constant ¢ depending on the Cyax{1 p)+e condition such
that

116, 7], f | oy < ellbllmvo 1M2(1F10) | o wy-

Remark 4. We remark that a similar estimate can be derived for the general k-th iterated commutator:
let 0 < p < oo and let w € Crax{1,p)+e for some € > 0. Then there is a constant ¢ depending on the
Chiax{1,p}+e condition such that

I3 fllzo () < cllblino 1454 Fll 2o wy-

In the following results we observe that rephrasing Sawyer’s method [39] in combination with sparse
domination results, that in the vector-valued we settle in section we obtain estimates like (|1.2))
where the strong norm || - || z»(.) is replaced by the weak norm || - ||z, (). The disadvantage of this
approach is that we have to restrict ourselves to the range 1 < p < oco.

Theorem 4. Let T be an w-Calderon-Zygmund operator with w satisfying the Dini condition. Let
1< p<ooandlet w € Cpye for some € > 0. Then there exists ¢ = crpcq Such that

1T f | oo ) < el M f| oo (w)-
If aditionally 1 < g < oo then
T4 Fllzoeey < M1z

We also obtain some results for commutators which are completely new in both the scalar and the
vector-valued case.

Theorem 5. Let T be an w-Calderon-Zygmund operator with w satisfying a Dini condition and b €
BMO. Let1 <p < oo and w € Cpie for some € > 0. Then there exists ¢ = crp e such that

116, T f Il zr ) < ellbllmao M2 fl Lo ).
116, TV fl| oo () < cllbllBao M2 1] oo (w)-
If aditionally 1 < g < oo then
116, TT, | 2oy < cllbllmaoM2 (£l o ()
116, 7T, F 1 o-oe ) < ellbllmaio M2 (| £l ]| oo () -




We would like to note that the preceding result extends results based in the M? approach that
hold for Calderén-Zygmund operators satisfying a log-Dini condition to operators satisfying just a Dini
condition.

1.2. Sparse domination for vector-valued extensions

In the recent years a number of authors have exploited the sparse domination approach to provide
quantitative weighted estimates. Our contribution in that direction in this paper is to settle some
domination results for vector-valued extensions that we state in the following results. First we summarize
some pointwise domination results.

Theorem 6. Let 1 < g < oo and f = {f;}32, such that [f|, € L. There exist 3" dyadic lattices D;
and sparse families S; C Dj, such that

¢ Maximal function.
3’”.

|qu($)| < Cnyq ZAgk|f|q(1‘),

k=1

where

Q=

Asf@@) = | D (1DExale)

QESk

e Calderén-Zygmund operators.

g
Taf@)] < eaCr Y As, |Fla(2),

k=1

where

Asf@) =Y (fhaxalz)

Q€S
and Cr = Ck + |w|[pini + || T L2 L2
o Commutators. If additionally b € L},

3n

B, T], F ()] < enCr Y (Tspl Fla(@) + TSl Fla(@))

j=1

where

Tspf(z) = Y [b(x) = bol{| foxe (@),

Qes

Tsof(x) =Y _{b—ballfoxe(@).

QeS

We recall that if € L1(S"~1) satisfies fSn,l 2 = 0. we define the rough singular integral operator

TQ as
Q(z")

Tof () = pv. [ ;nﬂx ~y)dy,

where 2’ = z/|z| and the associated maximal operator by

/ i U b yyy.

]

n

Tof(x) = sup
e>0

We also recall that the operator B(,_1)/2, the Bochner—Riesz multiplier at the critical index, which is
defined by

Bin12(f)(€) = (1 — )2 f(6).

In our next Theorem we present our sparse domination results for vector-valued extensions of those
kind of operators and commutators.



Theorem 7. Let Q € L>®°(S"~Y). If T is T or Bn—1)/2 and 1 < s < ‘I/TH, then there exists a sparse
collection S such that

|3 [ 1gde] < eniCrs’ X tl)olela) ol
jez Y R"

Qes

Ifl<s< %, then there exists a sparse collection S such that

‘Z/ Té(fj)gjdx‘ < Cnyg
JEL

Qo= (@n-1y5" Y (Fla)s.algle)s.ol @l

QesS

If1<s<q/T+1,1<r<%andbeBMO then

(3 [ 0 Tal(5)sd] < coallllnnol Rl eoe max(r's '} 3 (Elbroghy)el@l
jez YR

QES

The rest of the paper is organised as follows. In Section [2| we gather some preliminary results and
definitions needed in the rest of the paper. Sections [3] and [] are devoted to settle sparse domination
results. Additionally we provide two appendices. In we gather some quantitative estimates
that follow from the sparse domination results. Finally, in we collect some quantitative
versions of unweighted estimates that are needed to obtain some of the sparse domination results.

2. Preliminaries

2.1. Notations and basic definitions

In this Section we fix the notation that we will use in the rest of the paper. First we recall the
definition of w-Calderén-Zygmund operator.

Definition 1. A w-Calderén-Zygmund operator 7' is a linear operator bounded on L?(R™) that admits
the following representation

Tf(z) = / K(x.9)(y)dy

with f € C(R"™) and « ¢ supp f and where K : R” X R™ \ {(z,z) : « € R"} — R has the following
properties

Size condition |K(z,y)| < C’Kﬁ, x #0.

Smoothness condition Provided that |y — z| < |z — y|, then

K (@,y) = K(@,2)] + [K(@,y) ~ K(z9)| < —1y\”w ('i:j) ’

where the modulus of continuity w : [0, 00) — [0, 00) is a subaditive, increasing function such that
w(0) = 0.

It is possible to impose different conditions on the modulus of continuity w. The most general one
is the Dini condition. We say that a modulus of continuity w satisfies a Dini condition if

1
dt
wllpins = / w(t)? < oo,
O t

We will say that the modulus of continuity w satisfies a log-Dini condition if

1
1Y dt
[[w[[10g-Dini :/ w(t) log <> Z < ool
0 t) t

Clearly ||w|pini < [|w/llog-Dini We recall also that if w(t) = ct® we are in the case of the classical

Holder-Lipschitz condition.



Definition 2. Let w be a modulus of continuity and K be a kernel satisfying the properties in the
preceding definition. We define the maximal Calderén-Zygmund operator T* as

T* f(x) = sup
e>0

/l N K(z,y)f(y)dy| -

To end the Section we would like to recall also the definitions of some variants and generaliza-
tions of the Hardy-Littlewood maximal function. We will denote M, f(z) = M(|f|*)(z)*, Mt f(z) =

SUPGs. 17 Jo |F = (el and MEf(x) = ME(|f|*)(2)%, where s > 0.

Now we recall that we say that ® is a Young function if it is a continuous, convex increasing function
that satisfies ®(0) = 0 and such that ®(t) — oo as t — occ.

Let f be a measurable function defined on a set £ C R" with finite Lebesgue measure. The ®-norm
of f over E is defined by

I fllozy,e == inf{)\ >0 : |;|/E<I> <|f(/\x)|) d < 1}.

Using this ®-norm we define, in the natural way, the Orlicz maximal operator Mg 1) by

Mgy f(x) = Sug Ifllew).q-
xre

Some particular cases of interest are
e M, for r > 1 given by the Young function ®(¢) =¢".

® Mg 1ys With 6 > 0 given by the Young function ®(t) = tlog(e + t)%. It is a well known fact
that
M(k+1)f = ML(log L)’“fv

k
where M* = Mo () oM.

® My (1oglog )5 With & > 0 given by the Young function ®(t) = t(loglog(e® + t))°.
® My (1og L)(log log L)s With & > 0 given by the function ®(t) = tlog(e + t)(loglog(e® + 1))°.

One basic fact about this kind of maximal operators that follows from the definition of the norm is the
following. Given ¥ and ® Young functions such that for some &,c¢ > 0 ¥(t) < k®(t), then

[fllwz).@ < (¥(e) + Kl fllew).q
and consequently
My f(x) < (U(c) + )Mo f(x)-
Associated to each Young function A there exists a complementary function A that can be defined
as follows

A(t) = sup{st — A(s)}.

5>0
That complementary function is a Young function as well and it satisfies the following pointwise estimate

t< ATYH)ATH(t) < 2t

An interesting property of this associated function is that the following estimate holds

/Q Faldz < 2|fll40llg]

1 —
@] e
A case of interest for us is the case A(t) = tlog(e + t). In that case we have that

1
01 /. ol < el i allgllssiss o
From that estimate taking into account John-Nirenberg’s theorem, if b € BMO, then

1
1l /Q |f(b—bg)ldz < c||fllziogL.@lI0 = bQllexp(r).@ < cllfllL10g 2.QlIblIBMO- (2.1)

For a detailed account about the ideas presented in the end of this Section we refer the reader to
[36, [37].



2.2. Lerner-Nazarov formula

In this Section we recall the definitions of the local oscillation and the Lerner-Nazarov oscillation
and we show that the latter is controlled by the former. Built upon Lerner-Nazarov oscillation we will
also introduce formula, which will be a quite useful tool for us. Most of the ideas covered in this Section
are borrowed from [22]. Among them, we start with the definition of dyadic lattice.

Let us call D(Q) the dyadic grid obtained repeatedly subdividing @ and its descendents in 2™ cubes
with the same side length.

Definition 3. A dyadic lattice D in R" is a family of cubes that satisfies the following properties

1. If @ € D then each descendant of @ is in D as well.
2. For every 2 cubes @Q1,Q2 we can find a common ancestor, that is, a cube Q € D such that

Q17 Q2 € D(Q)
3. For every compact set K there exists a cube @ € D such that K C Q.

A way to build such a structure is to consider an increasing sequence of cubes {Q;} expanding each
time from a different vertex. That choice of cubes gives that R™ = U;Q; and it is not hard to check

that
D= e eD@)}

is a dyadic lattice.
Lemma 2. Given a dyadic lattice D there exist 3" dyadic lattices D; such that

3n

(3Q : QeD}=JD;

j=1
and for every cube QQ € D we can find a cube Rq in each D; such that Q C Rq and 3lg = lr,

Remark 5. Fiz D. For an arbitrary cube Q C R™ there is a cube Q' € D such that %Q <lg <lg
and Q C 3Q" . It suffices to take the cube Q' that contains the center of Q . From the lemma above
it follows that 3Q)' = P € D; for some j € {1,...,3"}. Therefore, for every cube Q C R™ there exists
P € D; such that Q@ C P and lp < 3lg. From this follows that |Q| < |P| < 3"|Q)|

Definition 4. § C D is a n-sparse family with n € (0,1) if for each @ € S we can find a measurable
subset Fg C @ such that

nQ| < |Eq

and all the Fg are pairwise disjoint.
We also recall here the definition of Carleson family.

Definition 5. We say that a family S C D is A-Carleson with A > 1 if for each @ € S we have that

Yo Pl AQL

PeS,PCQ

The following result that establishes the relationship between Carleson and sparse families was obtained
in [22] and reads as follows.

Lemma 3. If § C D is a n-sparse family then it is a %—Carleson family. Conversely if Sis A-Carleson

then it is %-sparse.

Now we turn to recall the definition of the local oscillation [I8] which is given in terms of decreasing
rearrangements.

Definition 6 (Local oscillation). Given A € (0,1), a measurable function f and a cube Q. We define

BA(£3Q) 1= it (( = )xa)" (AQ).

C



For any function g, its decreasing rearrangement g* is given by
g () =inf{a>0: [{x eR" : |g| > a}| <t}.
In particular,
((f —x@)" (AQ) =inf{a>0: {2 €Q : [f—c[>a} < NQI}.

Now we define Lerner-Nazarov oscillation [22]. We would like to observe that decreasing rearrange-
ments are not involved in the definition.

Definition 7 (Lerner-Nazarov oscillation). Given A € (0,1), a measurable function f and a cube Q.
We define the M-oscillation of f on @ as

wx(f;Q) :==inf{w(f;E) : ECQ, [E] = (1-X)Ql},
where
w(f; E) =sup f —inf f.
E E
It is not hard to check that Lerner-Nazarov oscillation is controlled by the local oscillation.

Lemma 4. Given a measurable function f we have that for every A € (0,1),

w(f; Q) < 2wA(f;Q).

Theorem III (Lerner-Nazarov formula). Let f : R™ — R be a measurable function such that for each
e>0
{z € [-R,R]" : |f(z)| >¢e}| =o(R") as R — co.

Then for each dyadic lattice D and every X € (0,27""2] we can find a reqular %-sparse family of cubes

S C D (depending on f) such that

F@)] <D waf:Qxalx)  ae

QeS

3. Proof of Theorem

3.1. Hardy-Littlewood Maximal operator

We are going to prove

Tyfw) <o [ T <c12| /Q f|q)qm<x>

k=1 \ Q€ESk
First we observe that from Remark [f] it readily follows that

4n
Mf(z) < anMDkf(m).

k=1

Taking that into account it is clear that

The following estimate for local oscillations

o ((174)"5@) < S (@/Qlfq)q,

was established in [4, Lemma 8.1]. Now we recall that by Lemma

o (52):0) <2 (379) )




Then

o ((M7£)"5@) < St <|Q|/ Ifq)

Using now Lerner-Nazarov formula (Theorem D there exists a g—sparse family S C D such that

2)7 <> wy ((Mff)q;Q) xq(z)
QeS
<%ea S (i [ 191) xoo

Consequently

Q=

W rw e (3 (1, £12) xe(@

QeS

Applying this to each M?k f(z) in i we obtain the desired estimate.

3.2. Calderdon-Zygmund operators and commutators

To settle this case we borrow ideas from [20] and [25]. Let T be an w-CZO with w satisfying Dini
condition and 1 < ¢ < co. We define the grand maximal truncated operator M7, by

Mz, f(x) = sup ess sup |Tq(f xzm\30) ()] -
Q3x e

We also consider a local version of this operator

Mz, oo F (@)= sup ess sup |To(Fxanae) €)]-
z€QCQo €€

Lemma 5. Let T be an w-CZO with w satisfying Dini condition and 1 < q < oo. The following
pointwise estimates hold:

1. For a.e. 7 € Qg

Tq(£x300)(@)] < enlTqll s pre| flo(@) + Mz g, f(2).
2. For allx € R" _
./\/lqu(x) < eng(lwllpini + Cr ) Mg f(x) + T4 f (). (3.2)
Furthermore

< cn,qCTv

|z,

where Cr = Ck + ||| pini + | Tl 22— 12-

L1— L1

Proof. Both estimates essentially follow from adapting arguments in [20] so we will establish just (3.2]).
Let x,£ € Q. Denote by B, the closed ball centered at = of radius 2diam@. Then 3Q C B,, and we
obtain

|Tq(fXRn\3Q)(§)| q(fXRn\Bz)(f) + Tq(fXBz\sQ)(fﬂ
o(Fxem\,)(€) = To(fxrm\B,) ()|

+ 1T (FxB.\30) ()] + ITq(fxrm\B,) ()]

By the smoothness condition, since ||a|” — [b]"| < 2m@{Lr}=1|q — p|" for every r > 0 we have that

Ty (Fxem\B.) () = To(Fxrm\B,)(2)]

1

q je%) q

= [ 2o ITFixemp )OI | = | Do IT(fixems,) (@)

Jj=1 Jj=1

<|T
<|T

< Z|T fixem\p,) (&) — T(fixem5,)(@)|"

j=1

10



Now using the smoothness condition (see |20, Proof of Lemma 3.2 (ii)]

IT(fixem\5,)(€) = T(fixen p,)(@)| < callwlpiniM f;(z),
and then we have that

1
oo 4

T4 (fxwm8,)(€) = To(Fxmmp,) (@)] < cnglolom | D IM;@T | = cngllwllpmdyf ().

j=1
On the other hand the size condition of the kernel yields

1
q

Ty (FxE3) ] < || D IT(fixE30)(©)]

Jj=1

=1 T =

1
q

(ij(x))q < CnCKMq.f(x)-

1
a

S CnCK

%

Jj=1

To end the proof of the pointwise estimate we observe that

IT4(fxwmp,) (@) < T f (@),

Now, taking into account the pointwise estimate we have just obtained and Theorem [I§ below it is clear
that

L1— L1

This ends the proof. O

HMT‘Z < ¢n,qCr.

Having the results above at our disposal now we sketch the proofs of the case of Calderén-Zygmund
operators and commutators in Theorem [f] Since the case of Calderén-Zygmund operators is simpler,
we just show the the case of commutators, to make clear how ideas in [20, [25], need to be adapted to
the case of vector-valued extensions.

From Remark [5]it follows that there exist 3" dyadic lattices such that for every cube @ of R™ there
is a cube Rg € D; for some j for which 3Q C R and |Rg| < 9"|Q)

Let us fix a cube Qg C R™. We claim that there exists a %—sparse family F C D(Qo) such that for
a.e. T € Qg

5,77, (Fx300)(@)| < enCr S (b(@) = bro (1 Fladsq + (10 = big)lIflg)se) Xol@).  (3.3)
QEF

Arguing as in [25] from (3.3) it follows that there exists a %—Sparse family F such that for every x € R",

B.77,£@)| < enCr 3 (1) = brgl(Flahsa + (10 = brg)Fla)se) xa(@):

QeF

Now we observe that since 3Q C Rg and |Rqg| < 3"[3Q| we have that |h|3g < cn|h|r,. Setting
S;={RgeD; : Qe F}

and using that F is %—sparse, we obtain that each family S; is ﬁ—sparse. Then we have that

.
BT, @)| < enCr Y2 S (o) = brlilfla) e + (6 = br)1fl)r) Xr():

j=1 RES]'

11



To prove the claim it suffices to prove the following recursive estimate: There exist pairwise disjoint
cubes P; € D(Qo) such that >, |P;| < £1Qo| and for a.e. x € Q,

.77, (Fx300)(@)| xcu ()
< cnOr (Ib(@) = broy [(IFl)sae + (b = broy )l £la)sqo) + Y ’Wq(fx?mj)(x) xp, ().
J
Iterating this estimate we obtain the claim with 7 = {PJ} where {P{} = {Qo}, {P}} = {F;} and

{Pf} are the cubes obtained at the k-th stage of the iterative process. Now we observe that for any
arbitrary family of disjoint cubes P; € D(Qo) we have that by the sublinearity of [b, 77,

.77, (£x300)(@)| X () < [,7T,(Fx500) ()| @\, (@)
+ 3 B TT,(Fxsansn,) @) xay (@) + 3[BT, (Fxar, ) (@) x @)

J

So it suffices to show that we can choose a family of pairwise disjoint cubes P; € D(Qo) with 3, |P;| <
%\Qo\ and such that for a.e. x € Qo,

.71, (Fxs00) (@) xaou, (@) + 3 07T, (Fsanse ) @) xe, (2

<cCr (|b(1‘) - bRQO |<|f|q>3Q0 + <|(b - bRQO)Hf|q>3Q0) :

Now we recall that [b,T|f =[b—c¢,T|f =(b—c)Tf—T((b—c)f) for every ¢ € R. Then

Q=

[0, T, (£X300)(®)Xqo\U; P, ( (Z! — bro, T1(frx3q,.)(x )\q> XQo\U, P; (%)

1
q

| - bRQo) (ka3Qo)(x) =T ((b - bRQg) ka3Q0) (x)|q> XQo\U; P; (z)

IN

Q=

IN

O M8 EMR

(320060~ ) Ui 7 (0 b ) ivsa) @) v 2
=b(
Analogously we also have that

> ‘Wq(fx?,@o\apj)(l‘)‘ v, ()

—bro, | T (FX30) (2)X@o\U, P, () + Tq (b = bra, ) FX30) (2)X@0\U, P, (2)-

< (|6(x) = brey | Ty (Fx3o\sp,) @) + Lo (b= bre, ) Frsaosr,)) Xp, (@)-

J

And combining both estimates

.77, (Fx00)(@) | xanu, 2 (@) + 3[BT, (Frsguar,) (@)| xe, () < L+ 1o,

where

I = [b(x) — brg, | (|Tq(fX3Qo)($)| XQo\U, P; (%) + Z Ty(Fx300\3P,)(@)| xP, (@)

and

Iy = |Tq ((b—bre, ) Fx3q0) (z)] XQo\U, P, (%) + Z Ty ((b—bro, ) FX300\3P,) (1) XP, (2)

12



Now we define the set F = E; U E5 where

Ey={z€Qo : |flg > an(|fla)sqe} U{z € Qo : Mr, 00f > canCr{|fle)s, }

and

Ey ={z € Qo : |[b—Dbrg,||flq > an(lb—bro, Ifle)3q0 }
U {$ S QO : ./\/lT’Q0 ((b — bRQo)f) > OtnCT<|b — bRQo ||f|q>3Q0} .

Since Mz is of weak type (1,1) with
M 1o pre < enCr.

from this point it suffices to follow the arguments given in [25] Theorem 1.1] taking into account Lemma
Bl to end the proof.

4. Proof of Theorem

To settle Theorem [7] unlike our previous approach, we do not need to go through the original proof.
This is due to a very nice observation by Culiuc, Di Plinio and Ou [5], combined with the corresponding
results for the scalar setting. Let us recall first those results.

Theorem IV ([3, Theorems A and B|). Let T' be Tq or B(,—1)/2. Then for all1 < p < oo, f € LP(R")
and g € LP (R™), we have that

‘/ T(f)gdi”’ < eCrs' Y (IfNallghsql@l.

QeS

where S is a sparse family of some dyadic lattice D,

l1<s< oo ’L‘fTZB(nfl)/g orT =1Tq withQELoo(Sn_l)
¢ <s<oo if T=Tg withQ e L% log L(S"™1)

and
€2 oo gn-1), if T = Tq with € L>®(S"1)
Cr =S92 rariogLsn-1y ifQE L% log L(S™1)
1 if T'= B(n—-1)/2-

For T¢, with Q € L>°(S"~!) the following sparse domination was provided in [7].

[ 50| < e X (lelabalel 1<s<ox, (a1)

QES
In the case of commutators, the following result was recently obtained in [38], hinging upon tech-
niques in [21].

Theorem V. Let Tg be a rough homogeneous singular integral with Q € L*(S"~1). Then, for every
compactly supported f,g € C>*(R™) every b € BMO and 1 < p < oo, there exist 3" dyadic lattices D;
and 3" sparse families S; C D; such that

|<[ba TQ]f7 g>| < CHS/HQHL“’(S"_l) Z (7'—5]’,178(177 f7 g) + 7:%,1,5([)7 f7 g)) ’ (42)

j=1

where

Tspms (0o f.9) = D~ (el = b0)gl)s.0lQ)

QGSj

T3 a0 £r9) = D {10 = b0) fl)rallgl)sel@l.

QES;

13



Analogously as we did in the preceding sections, if 1 < ¢ < oo and T"is T or B, _1)/2 and b € Ll
we consider the corresponding vector-valued versions of T and [b, T'] that are defined as follows

—(im Ok
b.T (ile AOR

Having those results at our disposal, we have

’Z/ (Fgsde| < cuCrs' Y- 3 (If;halless0lQ]

J QES;

< 2.Cps/ / S My (fy, 95)(@)de
Rn .
J

loc?

where

M. s(f,9)(x) = Zg§<\f|>r,cz<lgl>s,@,

and (|h|)u.0 = (|h* >Q with u > 1.
In the case of T, taking into account (| and arguing as above

\}; Il T;;<fj)gjdx\ <2e,Crs’ [ D Mol ) e

For the commutator [b, To] with b € BMO and Q € L>(S"™1), taking into account Theorem [V| we
observe that choosing u = 3% then u’ < 25’ and we have that

> (Hellb—b0)9uel@ < Y (Nolb—bg) u(2).@(9)s.0lQ)

QESj QESJ'

< e (2) Pllsro 3 (Nalode

QES;

Scnu( ) IbllBao D (Hre(9)sl@

QES;

<cns'blBrro Y (Hralse
QES;

Ql

Ql.

On the other hand

D (b= 10) Nal9huel@l < car’bllzvo Y (Hrel9)sel@l,

QGSJ' QGS

from which it readily follows that

(b, Tal £, 9)| < cas'(s" + ) blBro Y (F)rel9)sel@l-

QES;

Consequently
| [ BT sda] < s mats'sr Hblonso |7 Mo(fy0)(a)da
jez K" "

where

M,s(f,9)(x) = Zgg<\f|>r,Q<|gl>s,Q

The consideratons above reduce the proof of Theoremto provide a sparse domination for (M,.,), (f, g).
That was already done in [5]. Here we would like to track the constants, so present an alternative proof.

14



Lemma 6. Let1 < g<o0,1<s< % and 1 <r < %1. Then there exists a sparse family of dyadic
cubes S such that

(M), (£,8) < cagd’ Y (IElo)ro(l8le)s.0xa:
QesS

Proof. Again, we use the three lattice theorem to reduce the problem to study the related dyadic
maximal operator. Namely, we shall prove

(MP),(£,2) < cuad D (Ifl)ro(lgle)s0Xa
QEeS

where D is a dyadic grid and
MEs(f.9)(@) = sup (I Dralhs-
QeD

We shall use the Lerner-Nazarov formula. So we only need to calculate the local mean oscillation. For
every x € @y, notice that

MP(f,9)(z) = max{ M (fXqo» 9XQ0) (%), sup (D9l s}
QDQo

the second term on the right is constant, so based on this we define
Ky = Z sup (|f;[)r.@(l9;])s.q-
jez WQED
QDQo
Then
{z € Qo: [(MT,),(f,g)(z) — Kol > t}] < [{z € Qo : [(MF,), (Fxq,. 8XxQ,) ()| > t}].

Now we are in the position to apply the Fefferman-Stein inequality for vector-valued maximal operators.
Since we need to track the constants, here we use the version in Grafakos’ book [11], Theorem 5.6.6]:

Mo (£)]| 1 < cnd'|l[E]gl L1 (4.3)
We also need the Holder’s inequality for the weak type spaces, which can also be found in [I1} p. 16]:

k 1
_1 D
Ifr- - frlleee <p77 [ 0f

i=1

fillzrires, (4.4)

where % = Zk L and 0 < p; < co. With li and |j at hand, we have that since 1 < r, s < oo,

i=1p;
T (.l e < s (58 N e OO
<ot (TE0) 7 Bl [Tl

rts

e N o N
) HMq/r‘fVHilm||Mq’/5‘g‘s‘|zlw°°

r+s

1 (r+s\7 g\ (d / * :
<cortst (ZE) (D) (L) WeglE el 0
1

r+s ’ ’
Now we observe that ¢, r7 s+ (T+S) (3) (%) < ¢nqq¢ = k. Then,

‘{x S Q() :

HTTS %7‘7-‘{-55 %7‘4—5
(MT,), (Fxqo: 8XQo)(@)| > t}| < —== I£15 sly :
tr+s
Qo Qo



Taking into account the preceding estimates, we have that

wx((MP)1(F,8), Qo) < (MP)1(f,8) — Ko) " (\Qol)

< quq/)\iﬁ< f|q>r,Q0<‘g|q’>s,Q0XQo
< quq/)\72<|f|q>r,Qo<|g|q’>s,QoXQo7

where the last inequality holds since 0 < A < 1. From this point, a direct application of Lerner-Nazarov
formula (Theorem together with the 3"-dyadic lattices trick ends the proof. O

5. Proofs of C}, condition estimates

5.1. Proofs of M* approach results. Theorems @ and@

Proof of Theorem[1]l Let § € (0,1) be a parameter to be chosen. Then, by the Lebesgue differentiation
theorem

1 1
T zrwy < IMT°) o) = IMTEI /5 -
Now we choose ¢ € (0,1) such that

max{1,p} < %) < max{1,p} +e.

If we denote &1 = max{1, p} +& — & then, since w € Cyax{1,p}+e, We have that w € C) /5, ., and a direct
application of Lemma [II| combined with the @ condition yields

1T ()l Lrw) < ¢ IIM#(T(f)‘S)Hip/J(w) = | MF(T() ey < IMFN Lo (w)

which is the desired result. The vector-valued case is analogous, assuming the condition instead

so we omit the proof.
O

Proof of Theorem[3 The proof is similar to the case m = 1. Let § € (0, %) be a parameter to be
chosen. Then, as above

A A 1
1T 2wy < IMATF))? Lo w)-
Now we choose § € (0, 1) such that

max{1, mp} < % < max{l,mp} + €.

If we denote &, = max{1,mp} 4+ — £ then, since w € Cpax{1,mp}+e, We have that w € Cp /5., and a
direct application of Lemma [lI] combined with (1.5]) yields

T erwy < e IMFATNG 05 0y = MG TN 2oy < € IMEP 2o )
as we wanted to prove. O

Proof of Theorem[3 We will use the key pointwise estimate (1.6): if 0 < § < d1: there exists a positive
constant ¢ = cs,5, 7 such that,

ME (b, Tf)(x) < essrlbllzaro (Ms, (Tf) + M2(f)(z)) .

By the Lebesgue differentiation theorem,

b, T1f Nl o (wy < M, T1F1°) 7 || 2o (w)-
We choose 0 < § < §; < 1 such that

max{1,p} < % < ‘g < max{1,p} +e.

Now, if we denote £; = max{1l,p} 4+ ¢ — % then, since w € Ciaxf1,p}+e, We have that w € Cp /54, and
a direct application of Lemma [[1] yields

10, Tl oy < ellM# (B, TN) 5 | 2o -
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Combining the preceding estimate with (1.6]),

[0, Tl Lo (wy < clibllBaro (1Ms, (T 1) o) + 1M f1l Lo () -

For the second term we are done, whilst for first one, taking into account our choice for d; and arguing
as in the proof of Theorem [T}

| M5, (T f)l| Loy < el M f| L (w)

and we are done. Taking into account ([1.7) the vector-valued case is analogous so we omit the proof. O

5.2. Proofs of Theorems[{] and[j

The proof of Theorem [4 is actually a consequence of the sparse domination combined with the
following Theorem.

Theorem 8. Let 1 <p < q<oo. Let S be a sparse family and w € Cy. Then
[As fllLe(w) < el M fllzew),
| As fll oo (w) < ellM £l Lo (w)-

Something analogous happens with Therorem [5] It is a consequence of the sparse domination
combined with the following result.

Theorem 9. Let 1 <p < g <oo. Let S be a sparse family and w € Cy, and b € BMO. Then
76,5 fll e (w) < cllbllBmo I M £l Lo w)
T8 f || oo () < cllbllBMo || M f | Lpoo (w)-
and

1T s F 1l ey < cllbllzyoll M2 £l Lo (w),
1 Tois Fll Lowoe ) < cllbllBmol1M £l Loooo () -

To establish the preceding results we will rely upon some Lemmas that are based on ideas of [39].

5.2.1. Lemmata
In this section we present the technical lemmas needed to establish Theorems [d] and [5} Results here

are essentially an elaboration of Sawyer’s arguments [39].
Let Q := {f > 2*} and define

c\n(q—1)
(Mepa(D))? =2 [ Ay, %) dy.

a, Ay, Q)" + [z —y|"
When €y, is open let Q) = Uij be the Whitney decomposition, i.e., Qf are pairwise disjoint and

: k c
< dlSt(Q] ’ Qk)

diamQ;? = 10, ;XGQQ? < Cnxay,

then it is easy to check that
My (1) = 273" M(xge)".

J

Our key lemma is the following

Lemma 7. Suppose that 1 < p < g < oo and that w satisfies the Cy condition. Then for all compactly
supported f,

sup [ (MM )P0 < CIM I
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Proof. Let Qp := {Mf > 2k} = UJQ;? be the Whitney decomposition. Let N be a positive integer (to
be chosen later) and fix a Whitney cube Qf N We now claim

2, N3QFN| < 0,27 N|QF . (5.1)

Indeed, let g = fXgy mor-~ and h = f —g. Let g € 22/nQF N\ Q). Tt is easy to check that for

any x € 3(,2?71\[, we have
M(Rh)(z) < e, M(f)(x0) < 28N,

Let N be sufficiently large such that ¢,27 < 1/2. Then
[0 N3QFN| = [{z € 3Q7™Y : M(f) > 2"
< o e3Qi™ : M(g) > 2"}
<21, [ g <217 Fe, [220nQE N M) o)
< G2 NQF .
As that in [39], define S(k) = 2" 3", fM(XQ?-)qw and S(k; N,i) = 2" 3, fM(XQ;)qw, where the

latter sum is taken over those j for which Q? N Qf_N # (). Since Q? N Qf_N # () together with (5.1))
implies Z(Qf) < QN for large N, and this further implies Qf C QN we have

S(k; N, i) < / 273 Mygelw

JQkcaQi N

:/ +/ ;=141 for N large.
5@ JRMBQETY

By the argument in [39], we know
1< Co2u(sQi ™)+ 827 [ Mxgenftw,

where we have used M (xgqor-~) =~ M(xgr-~). Next we estimate 11, we have

k|q
II < cn2kp/ &w(a:)dx
R

m\sQEN [T — Coh—N |na

2—N k—N q
Scnquk”/ (M) w(x)dz
Rm\5Q; ™

|z — Cok—n |
;

SCn’qu(p*q)Q(ka)p/‘MXQ,?_NHU,.
Thus for N large (depending on p, q),
S(k) <Y S(k; N,i)

< Cs5en2"Pw(Qp_n) + (027 + ¢, 2N P~ S(k — N)

1
< O s2w(Q_n) + 5 3(k=N).

Taking the supremum over k < M, we get

sup [ (Mp.pq(Mf))Pw < Cn,p:qHM(f)Hip,oc(w)a
k<M

provided that

sup [ (Mg pq(Mf))Pw < oo.
k<M

18



By monotone convergence, we can assume that f has compact support, say supp f C Q. Without loss
of generality, assume f > 0 and 2° < (f)g < 2571, Then it is easy to check that

M(f) Z 2°M(xq)-
Moreover, for k > s+ 1, ), C 3Q and we have

sup 273" [ Mlxgy)w
J

sH1<k<M

<  sup Qkp/M(XQ)qw
sH1<k<M

= sup QkpZ/ M(xQ)w+ sup 2]“’/ M(xo)tw
sHI<k<M 57 J2erQ\20qQ sHl<k<M 2Q

=I1+1I.
First, we estimate I/. We have
11 2"70(2Q) < 2MPu({e s Myq(s) > o))
< 2Mpcn7p||MXQ||’£p,m(w) < 2Mp78p0n,p||Mf||ZL7p.oo(w) < 0.

Next we estimate I. Direct calculations give us

I< sup 2kP Z cn g2 " w(271Q \ 2°Q)
s+1<k<M

0>1
1
< sup okp Cnp, 27"y ({z: M XQ) 2 s
s+1<k<M 4221 ' ! e 2 g
< QMPCn,q Z 2_n(q_p)ZHM(XQ) “iP=W(w)
>1

< Cn,p,qQMp2_spHMf”ZzP*‘X’(W) < 00

s—k+2

this case, QO C (27 +1)Q. Then again,

It remains to consider the case k < s. We still follow the idea of Sawyer, but with slight changes. In

< kp q 5 kp q
sup 2 g / M(xor)|Tw < sup2*¥¢,,, / My s—x [Tw
o - ‘ (XQJ)‘ s n,q | X2 = Q|

=2 sup 27 "¢, , / |MX2%Q|qw
m>0

< 2°P gup 27 "P¢ My . m |Tw
= p n’q,/QZ,L‘*'lQ X2nQ|

m>0
w2t e, S [ gyl
m>0 51 J2n T\ W TAQ

S C”7p7q||Mf||ip,<x>(w) < 00,

where the last step follows from similar calculations as the ones above. Now

sup [ (g MOP0 < o M e )
k<M

and taking the supremum over M we conclude the proof.
Our last result in this subsection is the following technical lemma.

Lemma 8. Let {Qf}j be a collection of disjoint cubes in {Mf > 2F}, then

203" M (xt)? S Micpg(MF)P.
J
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Proof. The proof is straightforward. Indeed, let cyr be the center of Qf, and P be the cube from
the Whitney decomposition of {Mf > 2¥} which contains cgr- Of course by the Whitney property,

Q? C ¢, P for some dimensional constant ¢,,. Then

M(XQ;?) < M(chp) < C’/rLM(XP)
and the result follows. O

5.2.2. Proof of Theorem[§
We only provide the proof for the strong type (p, p) estimate, since the weak type (p,p) is analogous.
Let v > 0 a small parameter that will be chosen, then we have that

||ASinp(w) < ZQ(kJrl)pw({x : 2k < .Asf(l‘) < 2k+1})
keZ

<cp Y 2MPw({z: Asf(x) > 2¥})

keZ

<oy 3 2Pu({a s Asf(x) > 28, M(f)(2) < 72t})

kEeZ

+epy 2Pw({z: M(f)(x) > 12"}

keZ

<oy 2Pw{w: Asf(x) > 25, M(f)(2) <72*}) + ¢y
kEZ

P
M2 0

So we only need to estimate
> 2Pw({z: Asf(x) > 28, M(f)(x) <2*}).
keZ
Split § = U,,,S,n,, where
Sm={Q €S 2™ < (f)o <2mT.
It is easy to see that, if 2™ > 42 then for € Q € S,,, M f(z) > v2*. Set my = [logy(2)| + 1, then

1
5
we have

> 2Pw{z: Asf(x) > 28, M(f)(z) < 72*})

kEZ

=S 2w (Lo S A, f) > 20— ) D 25 M(f) (@) <42t
kEZ m<k—mg \@

m<k—mg

<y Y ({: Asf@ > 0= 2™ M@ <21} ).

Denote by, = > e, Xq then As, f < 2m+1p,.. and therefore, if we denote S, is the collection of
maximal dyadic cubes in S,,, taking into account the local exponential decay for sparse operators (see
for instance [29]),

O N O~ S|

2 2v/2
\@ — 1 —mtktmg —m+k+mg
< Haje tbhy > ———2 2 }’<ex —c2 2 .
Qes;, Qes:,

Now, by the C; condition, we have

w <{Asmf(ar) > (1- 1)2W}>

V2
= Z w ({x €qQ: Asmf(x) > (1 _ 1)2%})
QES:, \/5
< exp(—ee2 ™) 3 /M(XQ)QUJ.

QES;,
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Since Uges: @ C {x : M f(x) > 2™}, a combined application of Lemmas |7| and |8 yields the desired
result.

5.2.3. Proof of Theorem|9

We may assume that ||b||pmo = 1 Again we just settle the strong type estimate, since the weak-weak
type (p,p) estimate is analogous.

First we note that using (2.1

Tysf(x) = / b= ballflxq S Iblemo Y Ifllz1es z.ox@ = Iblleymo Aziog £

QEeS ‘Ql QeS

Now we observe that we have that

[AL10g .5 fllLrw) < D25 Pz : 28 < Apiogrsf < 2811
kez

< cpZ2kpw({x t Aprog s f(z) > 27}

kEZ

S Cp Z 2kpw({x : AL logL,Sf(x) > 2k7ML10gLf(x) S 72]6})
kEZ

+cp Z 2" w({z : Mpiogrf(z) > 72F})
kEZ

S szzkpw({x : AL logL,Sf(J:) > 2k7ML10gLf(x) S 72’6})
kEZ

+ cpy | MLiog Lf”;zp(w)

So we only need to estimate
> 2%w({w: Apiogrsf () > 25, Mpiog 1 f(z) <72}
kEZ

Split S = U,,Sn, where
S = {Q eS:2M< ||fHLlogL,Q < 2m+1}.

It is easy to see that, if 2™ > 42* then for z € Q € Sy, Mp10gf(z) > ¥2F. Set mo = Llogz(%)j +1,
we have

ZQkpw({l‘ tArntog s f(x) > 28, Mpiog . f () <~2F})

keZ

=Y e Y Ars, S > 20 - 7) 30 2 My f() <924
keZ m<k—mg m<k—mg

<y 2" > w({x:AuogL,smf@)><1*%>2i’"+“’"” Mg 1 f(2) < 728).

keZ m<k—mg

Denote b,,, = ZQeSm XQ, then Apiogr.s,, f < 2m+1p, .. and therefore, by sparseness,

1 . mtktmg
ALt 2) > (1— —=)2""s H
’{ L1 gL,Smf( ) ( \/5)
\/5— 1 —m+ktmg —m+ktmg
<Hbm>72 2 ngx —c2 2 ,
< e p( )Q%; Q)

where S, is the collection of maximal dyadic cubes in S,,,. By the Cj; condition, we have



Since Uges: Q C {x: Mpiogrf(x) > 2™} C {x: M(M f)(x) > 2"~} then we have that using Lemma

Z M(x@)'w S Mm—np,q(M(Mf))?
QESH,

> /M XQ qw</Mm np.a(MMf))P.

QeS;,

and consequently

Hence taking into account Lemma [7]

w ({ALlogL,Smf($) > (1-— %)27”%2“”0 }) < exp(—ce2 7m+k+m0 /Mm np,g (MM f))P

m-+k+m
Sexp(—ce2™ 7 )|M(MA)Y, .,
m+k+m
~ exp(— 66270)“ML10gLf”Z[),p(w)'
This yields

Z 2kpw({$ : -ALlogL,Sf('r) > Qka ML logLf(‘r) S 72]6})

keZ

m+ +mg
S Z 2kP Z exp(—ce2 )My logLinp(w)
keZ m<k—mg

and we are done.
Now we turn our attention to 7y sf(x). We observe that we have that arguing as before

1o, (@) 1Ty < D25 Pw({a: 2% < Ty s () < 241})
k€EZ

< ¢, 3 2Pu({a: Tosf(2) > 25 M(F)(@) <72 + e [M 1D
kEZ

So we only need to estimate
> 2Pw({z: Tosf(x) > 2% M(f)(x) <72"}).
kEZ

Split § = U,,S,n,, where
Sm={Q €S 2™ < (f)g <2mTH.

It is easy to see that, if 2™ > 2% then for z € Q € S,,, M f(x) > v2*. Set mg = UogQ( )] +1, we
have

Y 2Pw({a: Tosf(x) > 25 M(f)(x) <12"})

kEZ
1 m—k+mg
= 2y [z T )y > 2k - — 27 = M(f)(z) <~2F
kz Y st (1- \/5) > (M) <~
€Z m<k—mg m<k—mg

<X 5 w({eimss@ > 00 S e <2 ).

keZ m<k—mg

Now we observe that Ty s, f(z) < 2m*! > qes,, [b(x) —bglxq, therefore

’{%,Smf(w) > (1 me}‘

V2
< H > Ib(z) = bolxq > \/5\/_5124M§+m }’

QESm
\/5—1 —m-+k+m
=Y [{re@: X @ -bele > 2T,
QESy, PeSm,PCQ 2v2
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where S, is the collection of maximal dyadic cubes in S,,. Now taking into account [25, Lemma 5.1],
we have that there exists a sparse family S, containing S,,, such that

b(z) — bplxp(x) < [blBvocn Y. xr@) =cn > x&@).
RCP,PES,, RCP,PES,,

Taking that into account we can continue the preceding computation as follows

IDRIEETEEDY e Y, xrl(@) >@>E2m

__ 24/2
QeS;, PeSm,PCQ RCP,PES,, \[
2

V2 =1 _—mikim
Z reqQ: Z Xp >Cﬁ2 T

QeSs;, PeS,,,PCQ
< exp(~2 77 37 Q.
QES;L

Hence, combining the preceding estimates and using the C,; condition, we have

w({Fs. s> 0 - =)
< exp(-c2 ) Y0 [ M(xg)w.

QESy,

Since Uges: @ C {x : M f(x) > 2™} then we have that using Lemma

> M(xQ)"w S My p.qo(MF)P
QESx,

and consequently
> [ M@ s [ M, 00ry.
Qesy,

Hence taking into account Lemma [7]

1 m m, —m m,
w{’ﬁ),gmf(x) > (1-— ﬁﬂ — } < exp(—ce2 = O)/Mm’p,q(Mf)p

—m+4k+mg

< exp(—ce2 T M, 0.
This yields

Y 2w({z: Tos, f(z) > 25, M(f)(x) < 72*})

kEZ

—mtktmg
S Z 9kp Z exp(—c€2 4 )HMf”II),P(w)
keZ m<k—mo

and we are done.
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Appendix A. Consequences of sparse domination results

The following results follow combining the sparse domination results provided above and ideas in
[14, 25] and a suitable adaption of the conjugation method in the case of the one weighted setting for

the commutator.

Theorem 10 (A, weak and strong type estimates). Let 1 < p,q < oo and w € A,. Then

¢ Maximal function

Mol S alh, (sl ™ + o1 ) I llanco

oo

i ER )
IMo(of)llzreew) S wli [wla, "l flallrey  »#a

25



e Calder6n-Zygmund operators

S =

(wlZ + 01 ) Mo

_ 1
ITq(@F)Lroo ) < enpaCrlwls, WA N FlallLeo)-

P

ITa(ef)llLrw) < enpaCrlw]

P

¢ Commutators of Calderén-Zygmund operators

1.7, 8l (w) < enpaCrluly, ([wmm + mix) ([w]an + [0)a) [ Fllzou-

<=

If oA € Ay, and v = (§)7. If b € BMO,, namely if ||bllsmo, = supg —rey ot fQ |b — bo|dz < oo,

then

max 1,%1
I TT, e ) < CnprgCrmae { [l a, N, 8 75 g, £l -

e Rough singular integrals, commutators and B(,_1)2

- R S
ITqllLr@w) < enpg erlwly, (wla, +[0]h ) min{[o]a,, [w]a.},

1Tl (w) < enpuall @z gn-nylwlz, (w4, + o]} ) max{lo]a, [wla.},

1 i/ 1
1. Tyl 2o (w) < cnpall Qp= @ lbllemolwlh, ([w]X  + 014 ) max{o]a., [w]a }>.

D

The following estimates can be obtained using the proofs for sparse operators contained in [8) [25].
Theorem 11 (Endpoint estimates). Let 1 < p,q < oo, w a weight and v € Ay. Then

e Calderén-Zygmund operators

ITo(Pllmir Seo [ 15 Mowla)da,
where cp = fl ﬁdt From this estimate we derive the following

T rwor S ol ol + o) [ [F@)le(a)da.

n

e Commutators

w({eer: BT1@ > 1)) s [ o (1m0 T ) by nywtonts,

where ®(t) = tlog(e +t) and cp, = [~ ﬁdt From this estimate it follows that

o({eer BT 1) > o) S oo oste+ bl [ @ (Fll0 ) o

Using results for sparse operators contained in [7, 26} 27, B3] [37] we obtain the following result.

Theorem 12 (Fefferman-Stein type inequalities). Let w a weight, 1 < p < oo and r > 1 small enough.
Then

e Calderén-Zygmund operators and commutators

2 01+ 2
116, T, £ 1l o ) < enaCrllbllmno (@p')° ()7 1| Flall Lo (at,w)
— 1
ITaf 1o (w) < engCrpp" () [l £lall Lo (a1, 0)-
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e Rough singular integrals, commutators and B(,_1)»

1
To(P)llzrw) < enpacr ()7 | Flallear,w),
1
1T (Pl 2o (w) < enpall @l poe @ ()7 N1 Flall o (at

1
1, Tl llrw) < enpallBllsneo @l ze gn-) (') £l o 0t

Theorem 13. Let 1 < s < p < oo, r>1 small enough and w € As. Then

e Calderén-Zygmund operators and commutators

_ R
||qu”LP(w) < Cn,qCTpp/[w]ﬁ}.[ } |||f| HLT’(w

s

JE— 2 1 L
6. T]y £l e (w) < enqCrllbllBrmo (pp')” [w]k, [w]A: 11 Flqll e (w)

e Rough singular integrals, commutators and B(,_1)»

1
1 Tq(F)lLrw) < cnpalwla, (W41 Flalle(w)
i /
1(T5) ()2 (w) < CnpogllQlpoe n-1) [w] 4, [w]Ao: 11l 2o )

T 52t
116, Tol, (F)ll oy < enpallblmmoll Rl e g [w]i, [wla 7 N1 Flall e w)-

s

Sl=

In the following Theorems we gather some estimates in the spirit of [29], some of them already
contained there, that can be settled combining sparse domination results with ideas in [16] [32].

Theorem 14. Let 1 < q < oo, T be an w-Calderon-Zygmund operator with w satisfying the Dini
condition and b € BMO. Assume also that supp |f|q C Q. Then

{z€Q : Myf(z)>tM(|fly) (x)}] < cre —e2t’| ),
{reQ : Tyf (@) > M (fl)) (1)} < cre™!lQ),
{req: [BTLs@]> 02 151) @} < ac Voo

We will finish this section with a similar type result for rough singular integrals.

Theorem 15. Let Q € L*®(S"Y) and T = T or B(n—1y/2. Let also Q be a cube and f such that
supp f C Q, then there exist some constants ¢, > 0 such that

{o € Q : |Tf(@)] > tMf(@)}| <ce™ " 1Ql. >0,
Remark 6. We believe that the preceding estimate is not sharp, we conjecture that the decay should be
exponential instead of suberponential.
Appendix B. Unweighted quantitative estimates

In this appendix we collect some quantitative unweighted estimates for Calderén-Zygmund satisfying
Dini condition and their vector-valued counterparts. These estimates are somehow implicit in the
literature and are a basic ingredient for our fully-quantitative sparse domination results. Our first
result provides a quantitative pointwise estimate involving Mg and T'. It can be obtained following the
strategy devised in [2] it is not hard to check that the following estimate holds.

Proposition 1. Let T be an w-Calderon-Zygmund operator satisfying a Dini condition. For each
0 < § <1 we have that

MTf)(e0) < 2% (125 ) (Tl + ol i) M a0)

Our next result provides quantitative control of ||T||r1 1.

27



Proposition 2. Let 1 < ¢ < 0o and T be an w-Calderon-Zygmund operator satisfying a Dini condition.
Then

Tyl s < enllol s + [T lzos20)
Furthermore, since ||T|pasre < n (|0l pini + 11T L2 122)
ITqllmrree < eallwll pi; + 1T 22— 12).

Proof. Tt suffices to follow the proof in [34], but considering the Calderon-Zygmund decomposition with
respect to the level aA and then optimize in «. U

Appendiz B.1. Boundedness of M, on LP:>

In this Section we prove that M, : LP*° — LP*°. For that purpose we will use the following
Fefferman-Stein type estimate obtained in [3I, Theorem 1.1]

Theorem 16. Let 1 < p < g < 0o then, if g is a locally integrable function, we have that

| Wfa< [ iflas

As we anounced, using the estimate in Theorem we can obtain the following result.

Theorem 17. Let 1 < p, g < co. Then

HquHLp,oo < Cnyg |||f|qHLp,oo .

Proof. Let us fix 1 < r < min{p, ¢}. Then

I3t e = |OT8)7| = || OTat)| 2
Now by duality
o M B Y I
L llall (E)/J:l n
L\T

and using Theorem [16] together with Holder’s inequality in the context of Lorentz spaces we have

M,f) M, f) "M
[ons) o< [ 0Ty sl < [ 100
<N el Mgl oy

< Cnpoll ‘f'q ‘|£P=°°|‘g|‘L($)',1 < Cnpg

[ Flg oo

Summarizing

1 1
50t e = | OFut) || = (comall 11, T )™ < il 1], e

Appendiz B.2. Weak type (1,1) of T*,

In this Section we present a fully quantitative estimate of the weak-type (1,1) of T*, via a suitable
pointwise Cotlar inequality.

Now we recall Cotlar’s inequality for 7. In [I5] Theorem A.2] the following result is obtained

Lemma 9. Let T be an w-Calderon-Zygmund operator with w satisfying a Dini condition and let
5 €(0,1). Then

T f(2) < cns (Ms(ITf)(2) + (1T 2252 + @l Dini) M f(2)) -

Armed with this lemma we are in the position to prove the following pointwise vector-valued Cotlar’s
inequality.
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Lemma 10. Let T be an w-Calderén-Zygmund operator with w satisfying a Dini condition, § € (0,1)
and 1 < g < co. Then

T50f (@) < cns (M3 (THO@ + (Tl e + [wllpind) Mo f (@)

T £16 51
where |Tf|° stands for {|Tf;] }jzl,
Proof. Tt suffices to apply Lemma 0] to each term of the sum. O

Theorem 18. Let T be an w-Calderén-Zygmund operator with w satisfying the Dini condition, and
1< qg<oo. Then o
IT*qf v < ensg (ITN22— 22 + [wllDini) [ FlqllLr-

Proof. Using the previous lemma

_ Bt _
IT%0flree < ens (|| Mg (T |+ T2 + lelipims) 7o F]| ) -
For the second term we have that
Mo f| e < cnalllFlollzr
so we only have to deal with the first term.
Using that M, : LP>° — LP*° (Theorem we have that
1 3 3
TF o (7 £15Y( ) 4 _ 57, (1 £10 b
|25(T @3 | = [750T5)| . < Cosa T

= Un,dq ||qu“L1m < Cn,ts,q”Tq”Ll—wl»W H|f‘q||L1~
Now, taking into account Proposition [2| we have that
max {||Tqll L1 pree, | Tl L2 2 + [wlbini } < cng (1] L2122 + [wliDini)

and we are done.
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