ON ZARISKI’'S MULTIPLICITY PROBLEM AT INFINITY

J. EDSON SAMPAIO

ABSTRACT. We address a metric version of Zariski’s multiplicity con-
jecture at infinity that says that two complex algebraic affine sets which
are bi-Lipschitz homeomorphic at infinity must have the same degree.
More specifically, we prove that the degree is a bi-Lipschitz invariant at
infinity when the bi-Lipschitz homeomorphism has Lipschitz constants
close to 1. In particular, we have that a family of complex algebraic
sets bi-Lipschitz equisingular at infinity has constant degree. Moreover,
we prove that if two polynomials are weakly rugose equivalent at infin-
ity, then they have the same degree. In particular, we obtain that if
two polynomials are rugose equivalent at infinity or bi-Lipschitz contact
equivalent at infinity or bi-Lipschitz right-left equivalent at infinity, then

they have the same degree.

1. INTRODUCTION

Let f: (C™,0) — (C,0) be the germ of a reduced holomorphic function
at the origin and let (V(f),0) be the germ of the zero set of f at origin. In
1971 (see [16]), O. Zariski proposed the following problem:

Question A If V(f) is topologically equivalent to V(g) as germs at the
origin 0 € C™, i.e. there exists a homeomorphism ¢: (C", V(f),0) —
(C™,V(g),0), then is it true that m(V'(f),0) = m(V(g),0)?
Although many authors have presented several partial results concerning
the question A, it remains open. In order to know more about Zariski’s
multiplicity question see, for example, [6].

By looking from a metric point of view, and in a more general setting,
we have the following metric version of Zariski’s multiplicity question (see

Chapter 2 in [3], for a definition of multiplicity of complex analytic sets):
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Question A1(d) Let X ¢ C" and Y € C™ be two complex analytic sets
with dim X = dimY = d. If their germs at 0 € C™ and 0 € C™, respectively,
are bi-Lipschitz homeomorphic, i.e. there exists a bi-Lipschitz homeomor-
phism ¢: (X,0) — (Y,0), then is it true that their multiplicities m(X,0)
and m(Y,0) are equal?

This question was answered, since when d < 2, the author jointly with A.
Fernandes and J. F. Bobadilla showed that it has a positive answer and when
d > 3 this question has recently been answered negatively by the author in
collaboration with L. Birbrair, A. Fernandes and Verbitsky in [2]. However,
let us remark that Question Al(d) was approached in some other works. For
instance, G. Comte, in the paper [4], proved that the multiplicity of complex
analytic germs in C” is invariant under bi-Lipschitz homeomorphism with
Lipschitz constant close enough to 1. Recently, the author in [I5] (see also
[1]) showed that multiplicity 1 is invariant by bi-Lipschitz homeomorphism
and the author jointly with A. Fernandes showed in [7] that the multiplicity
of a complex analytic surface singularity in C? is a bi-Lipschitz (embedded)
invariant. It was shown also in [7] that it is enough to address such a question
by considering X and Y homogeneous complex algebraic sets. Actually, this
result is stated in [7] for complex analytic hypersurfaces in C", however, the
proof works for higher codimension complex analytic subsets. Other versions
of Question Al(d) were approached by some authors, for example, J.-J.
Risler and D. Trotman proved in [I4] that if two complex analytic functions
are rugose equivalent or bi-Lipschitz right-left equivalent, then they have
the same order and G. Comte, P. Milman and D. Trotman showed in [5]
that two complex analytic functions f,g : (C™,0) — (C,0) have the same
order, whenever there are positive constants C' and D and a homeomorphism
¢ :(C"0) — (C",0) satisfying

(1) %HZH < |le(2)]| < C||z]|, for all z near 0, and
2) SIIf) < lgow(z)|| < D f(2)|, for all z near 0.

At this point, we finish this overview on metric versions of the Zariski’s
multiplicity question and we start to consider the Lipschitz geometry at
infinity of complex algebraic sets.

Let f: C" — C be a reduced polynomial and X = V(f). The degree
of the polynomial f is an important integer number associated to X; it is
called the degree of X. According to the next example, it is hopeless that

degree of X = V(f) comes as a C* right invariant. In fact, the degree is
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not even C'*° right invariant in families. In particular, the degree is not a

topological invariant of the embedded subset X C C".

Example 1.1. For each t € C, let f, : C> — C be the polynomial given

by fi(z,y) =y — ta?.

by o(z,y,t) = (x,y — ta?). Then, ¢ := ¢(-,t) : C* — C? is a polynomial

Let ¢; : C3 — C2 be the polynomial mapping given

automorphism (in particular it is a smooth diffeomorphism) such that f; =
foows, for allt € C. However, deg(V (fo)) =1 and deg(V (f;)) = 2, for all

t#0.

In this paper, we deal with the following metric question:

Question A1(d) Let X € C" and Y C C™ be two complex algebraic sets
with dim X = dimY = d. If X and Y are bi-Lipschitz homeomorphic at
infinity, in the sense that there exist compact subsets K1 C X, Ko C Y and
a bi-Lipschitz homeomorphism ¢: X \ K1 — Y \ Ko, then is it true that
deg(X) = deg(Y)?

The author jointly with A. Fernandes showed in [8] that degree 1 comes as
a bi-Lipschitz invariant at infinity of complex algebraic subsets (see Section
for a definition of degree for higher codimension algebraic sets in C™). In
[10], the author jointly with J. Fernandez de Bobadilla and A. Fernandes
showed that the Question A1(d) has a positive answer for d = 1 and d = 2
and, for each d € N, Al(d) and Al(d) are equivalent questions. Since
deg(X) = m(X,0), when X is a homogeneous complex algebraic set, the sets
presented in ([2], Theorem 4.3) show that Question Al(d) has, in general, a
negative answer when d > 2. Thus, the aim of this paper is to present some
cases that Question Al(d) has a positive answer.

Let us describe how this paper is organized. Section 2] is dedicated to
present the notions of tangent cones at infinity, degree and relative multi-
plicities at infinity of complex algebraic subsets in C™ and, also, bi-Lipschitz
homeomorphisms at infinity of such subsets. Section [3|is dedicated to prov-
ing the main results of the paper, we prove that the degree of a complex
algebraic set is invariant under bi-Lipschitz homeomorphism with Lipschitz
constant close enough to 1. In particular, in contrast with the example
we obtain that the degree is constant in a family which is bi-Lipschitz
equisingular at infinity. Moreover, we prove that if two polynomials are
weakly rugose equivalent at infinity, then they have the same degree. In

particular, we obtain that two polynomials have the same degree, if they are
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rugose equivalent at infinity or bi-Lipschitz contact equivalent at infinity or

bi-Lipschitz right-left equivalent at infinity.

Acknowledgements. The author would like to thank Alexandre Fernandes
for his interest on this work as well as for his suggestions in the organiza-
tion of this article. The author would like to thank anonymous referee for

corrections and suggestions in writing this article.

2. PRELIMINARIES

2.1. Tangent cones. In this subsection, we set the exact notion of tangent

cone that we will use throughout the paper and we list some of its properties.

Definition 2.1. Let A C R" be an unbounded subset. We say that v €

R™ 4s a tangent vector of A at infinity if there is a sequence of points

{z;}ien C A such that lim ||x;|| = +o0o and there is a sequence of positive
1—00

numbers {t;}ien C RT such that

lim —x; = v.
i—00 t;

Let Cs(A) denote the set of all tangent vectors of A at infinity. This subset
Cxo(A) C R™ is called the tangent cone of A at infinity.

Proposition 2.2 (Proposition 4.4 in [§]). Let Z C R™ be an unbounded
semialgebraic set. A wector v € R™ belongs to Coo(Z) if, and only if,
there exists a continuous semialgebraic curve v: (e,+00) — Z such that

lim |y(t)] = 400 and Y(t) = tv + 0xo(t), where g(t) = o0s(t) means

t——+00
lim
t—+o00

t
ot g,

Let X C C™ be a complex algebraic subset. Let Z(X) be the ideal of
Clxy,- - ,xy,]| given by the polynomials which vanish on X. For each f €
Clx1,- -+ ,xy], let us denote by f* the homogeneous polynomial composed

of the monomials in f of maximum degree.

Proposition 2.3 (Theorem 1.1 in [13]). Let X C C" be a complex algebraic
subset. Then, Co(X) is the affine algebraic set V((f*; f € Z(X))).

Among other things, this result above says that tangent cones at infinity

of complex algebraic sets in C" are complex algebraic subsets as well.
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2.2. Degree and relative multiplicities at infinity. This Subsection is
closely related to Subsection 1.4 in [10].

Let X C C" be a complex algebraic set with p = dim X > 1 and let
X1, , X, be the irreducible components of C(X). Below we present a
definition of degree which suits better our purposes; for more details about
degree see [3].

Let w: C™ — CP be a linear projection such that

71(0) N (Coe (X)) = {0}.

Therefore, m|x: X — CP is a ramified cover with degree equal to k. It is
well known that the number k& does not depend on 7 and, this number is
called the degree of X and denoted by deg(X) (see [3], Corollary 1 on
page 126). In particular, 7|x;: X; — CP (resp. 7| (x): Co(X) — CP) is
a ramified cover with degree equal to deg(X;) (resp. deg(Cuo(X))), for each
G=1,-,7.

Remark 2.4. Let f: C" — C be a reduced polynomial and X = V(f).
Then, deg(X) = deg(f).

Moreover, if the ramification locus of 7|y (resp. 7|c (x)) is not empty,
it is a codimension 1 complex algebraic subset o(X) (resp. 0(Coo(X))) of
CP. Let us denote & = 7|3 (¢(X)) and ¥’ = W\E;(X)(U(COO(X))).

Fix j € {1,--- ,r}. For a point v € X; \ (Cx(X) U Cse(X')), let n, R >0
such that

O r(v)i={w € CP| 3t > 0; |t —w|| < nt}\Br(0) € CP\o(X)Uo(Coo (X)),

where v' = 7(v). Thus, by using the definition of degree and since Cy r(v')
(resp. Cy r(v')) is connected, we have that the number of connected com-
ponents of 7| (Cy, r(v')) (resp. 7T|;(;(CW’R(UI))) is equal to deg(X) (resp.
deg(X;)). Moreover, there exist a connected component V' of w[};(Cn, r(V)
such that v € V and a compact subset X C C" such that for each con-
nected component A; of 7|3 (Cy r(v')), we have Coo(4;) N (C"\ K) C
7T|E,iO(X)(Cn7R(U/)). Then, we denote by k5 (v) the number of connected
components A; such that Co(A4;) N (C™\ K) C V. By definition, we can see
that £ is locally constant and as X; \ (Cx(X) U Csx (X)) is connected, k5
is constant on X \ (Coo(X) U Cso(X)). Thus, we define k¥ (X;) = £ (v).
In particular, £ (w) = k€ (v) for all w € 7~1(v') N X;. Therefore, by using
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the definition of degree of X once more, we obtain the following formula

(1) deg(X) = D KX (X;) - deg(X;).
5=0
The numbers £ (X1), - -+ , k¥ (X,) are called relative multiplicities at

infinity of X.

Definition 2.5. Let X C R" and Y C R™ be two subsets. We say that X
and Y are bi-Lipschitz homeomorphic at infinity, if there exist compact
subsets K C R" and K C R™ and a bi-Lipschitz homeomorphism ¢: X \
K—>Y\K.

We finish this Section by recalling the invariance of the relative multiplic-

ities at infinity under bi-Lipschitz homeomorphisms at infinity.

Proposition 2.6 (Theorem 3.1 in [I0]). Let X € C" and Y C C™ be
complex algebraic subsets, with pure dimension p =dim X = dimY, and let
Xi,..., X, and Yq,...,Ys be the irreducible components of the tangent cones
at infinity Coo(X) and Coo(Y) respectively. If X and Y are bi-Lipschitz
homeomorphic at infinity, then r = s and, up to a re-ordering of indices,
KR (X)) = K2(Y), V 4.

3. DEGREE AS A BI-LIPSCHITZ INVARIANT AT INFINITY

3.1. Degree of complex algebraic sets. The next result is the analogue

at infinity of Comte’s result mentioned in the introduction.

Theorem 3.1. Let X C C" andY C C™ be two complex algebraic sets with
dim X =dimY = d and M = max{deg(X),deg(Y)}. If there are compact
subsets K C C" and K C C™, constants C1,Co > 0 and a bi-Lipschitz
homeomorphism ¢ : X \ K — Y \ K such that

1
oz =yl <lle@) —eWll < Collz =y, ¥o,y € XA K
and (C1C2)?? <1+ L7, then deg(X) = deg(Y).

Proof. Let Xq,...,X, and Y7,...,Y; be the irreducible components of the
tangent cones at infinity Coo(X) and C(Y') respectively. Considering X
and Y, respectively, as the sets X x {0} and {0} x Y in C"*" = C" x C™,
we have by the proof of Lemma 3.1 in [I5], that there are C' > 0 and a
bi-Lipschitz homeomorphism & : C**™ — C"*™ such that ®|y\x = ¢ and

1
ol —vl <ll®@) - 2@l < Clle —yll, Vo,ye X\ K.
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Thus, by the proof of the Theorem 4.5 in [§], there is a bi-Lipschitz homeo-
morphism dy : C"*™ — C"*™ such that dp(0) = 0, dp(Coo(X)) = Co(Y)

and
1
cllv —wl < llde(v) = dp(w)|| < Cllv —wl|, Vv, w € Coo(X).

Moreover, there is a sequence {t;} C N such that ¢y, — dy uniformly on

compact subsets of C"™ where each mapping ¢y, : C"*™ — C"™ is given

by ¢r(v) = +®(kv) for all v € C"Hm.

Claim. C%Hv —wl|| < ||dp(v) — de(w)|| < Collv —wl|l, Yv,w e Cx(X).
Let v € Coo(X). By Proposition[2.2] there is a proper curve y: (g, +o00) —

X such that tiiinoo |7(t)| = +o0 and v(t) = tv 4 0so(t). Then, we obtain

H‘P(tﬂ)) _ 2(y(t))) H _ Oojrg-tj) 5 0as j — +oo.

tj tj

Therefore,
om 26V o, 20M)
]EIEOO tJJ' N ]ETOO ty o= dSD(U)
As @[ x\x = p, we have
(2) jEI—iI-loo t dw(v)'

Therefore, if v,w € Coo(X), there are curves v, 5: (¢,400) — X such that
Y(t) = tv 4 000(t) and B(t) = tw + 0o0(t). Thus, by the hypothesis of the

theorem, we get

() BE;)
t; ;

1
C

N e R

Passing to the limit j — +o00 and using ({2 , we obtain
1
EHU —wl| < [ldp(v) = dp(w)]| < Callv — w].
By Proposition r = s and, up to a re-ordering of indices, k¥ (X;) =
k¥ (Y;) and Y = dgo(X ), V j. Moreover, by eq. (I)), we get

deg(X Z kS (X;) - deg(X;)

and

deg(Y Z ky (Y;) - deg(Y;).

In particular, for each j, M; = max{deg( j),deg(Y;)} < M. Since X;
and Y are homogeneous algebraic sets, we have deg(X;) = m(X;,0) and
deg(Y;) = m(Y;,0). By Theorem 1 in [], deg(X;) = deg(Y;), for all j.
Therefore, deg(X) = deg(Y). O
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Notation. Let A € R™, B C R¥ and f: A — B be a Lipschitz function.
We define the Lipschitz constant of f by

Lip(f) = Sup{M;x,y € A and :c;éy}.

llz=yll

Definition 3.2. The family of complex algebraic sets {Xi}eoq) in C" s
said to be bi-Lipschitz equisingular at infinity, if there are a compact
subset K C C" and a mapping ¢ : (Xo \ K) x [0,1] — C" such that

(i) for each t € [0,1], p((Xo \ K) x {t}) = X; \ K; for some compact
Ky € C" and ¢ :== ¢(-,t) : Xo\ K — X¢ \ K¢ is a bi-Lipschitz
homeomorphism with g = id and
.. . . T . 1y _
(i) Yim Lip(py) = lim Lip(p,7) = 1.
In this case, we say that ¢ is a bi-Lipschitz deformation of X; at in-

finity.

Theorem 3.3. Let {Xi}eo1) be a family of complex algebraic sets. If
{Xi}eepo,1) is bi-Lipschitz equisingular at infinity, then there is 6 € (0,1]
such that deg(X;) = deg(Xo), for all t € ]0,0].

Proof. Let ¢ : (Xo \ K) x [0,1] — C™ be a bi-Lipschitz deformation of
Xo at infinity. Thus, ¢; = ¢(-,t) : (Xo \ K) — X; \ K¢ is a bi-Lipschitz

homeomorphism and % mCy = lir% C} = 1, where Cy and C] are, respectively,
%

i

—0 t

the Lipschitz constants of the mappings ¢; and ¢, 1 As it was done in the
proof of the Theoremm for each t € [0, 1] there is ¥y : Coo(Xo) = Coo(Xy)

such that

£l =l € (w) — belw)] < Cello =], . € Coe(Xo).

Thus, if Yp1,..., Yo, are the irreducible components of C(Xy), then by
Lemma A.8 in [II], for each ¢ = 1,...,r, there is an irreducible compo-
nent Y;; of Coo(Xy) such that ¢ (Yp;) = Yi,, since vy is, in particular,
a homeomorphism. By Theorem 2 in [4], there is ¢; € (0, 1] such that
deg(Y:,,0) = deg(Yp,i,0) for all ¢ € [0,¢;], since Yp,; and Y;; are homoge-
neous complex algebraic sets. Using that the relative multiplicities at infinity
are bi-Lipschitz invariant at infinity, we obtain deg(X},0) = deg(Xo,0) for
all t € [0, 6], where 6 = min{t, ..., ¢, }. O

Remark 3.4. The Theorem above is still true even if the family {¢;}

of bi-Lipschitz homeomorphisms does not satisfy ¢¢ = id.
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3.2. Degree of polynomials.

Definition 3.5. We say that two polynomials f,g : C* — C are bi-
Lipschitz contact equivalent at infinity, if there are compact subsets

K,I? C C*, a constant C > 0 and a bi-Lipschitz homeomorphism ¢ :
C"\ K — C"\ K such that

2@ < lgoe@l < Clf@)), Ve e T\ K.

Definition 3.6. We say that two polynomials f,g : C* — C™ are rugose
equivalent at infinity, if there are compact subsets K, KC C"™, constants
C1,Cy > 0 and a bijection ¢ : C*\ K — C"\ K such that
(1) &llz =yl < lle(x) — o)l < Cillz = yll, for all z € C"\ K and
y € fTH0)\ K;
2) GlIIf @I < llgoe@)l < Callf(@)ll, Vo eC™\K.

The next result is a consequence of Theorem 3.7 in ([9], Theorem 3.7).
However, here we present a direct proof without using the global Lojasiewicz

inequality proved in [12].

Theorem 3.7. Let f,g : C* — C be two polynomials. If f and g are
bi-Lipschitz contact equivalent at infinity, then deg(f) = deg(g).

Proof. Let us denote X = {z € C"; f(z) =0} and Y = {z € C"; g(z) =
0}. We have that X and Y are bi-Lipschitz homeomorphic at infinity. By
Theorem 4.5 in [§] and Proposition Coo(X) and C(Y') are closed and
bi-Lipschitz homeomorphic sets. By hypothesis, there are compact subsets
K,K C C", positive constants C; and Cs and ¢ : C"\ K — C" \ K such
that

1
allfﬂ —yll < lle(@) — )| < Cillz —yl|, Yo,y € C" \ K
and

1
@llf(fv)\l <llgop(@)ll < Caollf(x)ll, VzeC"\K.

Let us suppose that deg(f) < deg(g) = k. Let S = {nj}jen C N be a

sequence such that
nj — +oo and $ln;v) — dp(v),
n;
as in Theorem 4.5 in [§]. Moreover, dp : C* — C" is a bi-Lipschitz homeo-
morphism. Then, there is v € C" such that dp(v) € C"\ {z € C"; ¢g*(z) =
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0}, where g* is the homogeneous polynomial composed of the monomials in
g of maximum degree. Therefore,
lg o (o)l _ o IF (50l

Vn; € S.
k k0 J

n; n;

By taking j — 400, we obtain ||g*(de(v))|| < 0, which is a contradiction.
Then, deg(f) > deg(g) = k and by using ¢! instead of o, we obtain the

other inequality. Therefore, deg(g) = deg(f). O

Definition 3.8. We say that two polynomial mappings F,G : C* — C™
are weakly rugose equivalent at infinity, if there are compact subsets
K, KC C™, constants C1,Cy > 0 and a bijection ¢ : C"\ K — C™\ K such
that
(1) there exist yo € C*\ K and wy € C*\ K such that ||o(x) — o(yo)|| <
Cillz—yol, for allz € C"\K and ||lp™" (2) =~} (wo)|| < Cil|lz—wol,
for all z € C"\ K;
(2) GIIF@) <G op(@)l| < Co||F(2)], VaeCr\K.

Let f: C™ — C be a polynomial. Then, for each r > 0, we define

8r.00(f) = inf{5; 'ﬁ‘ ol is bounded on €™\ B,(0)}.

Remark that 0, o(f) does not depend on r > 0. Thus, we define this

common number by d.(f).
Proposition 3.9. Let f : C" — C be a polynomial. Then, deg(f) = doo(f)-

Proof. 1f 6 < d =deg(f) and f = fo+ fi1+...+ fq, then we choose v & V (fy).
Thus, lim Vg%)' = 4o00. Then, doo(f) > deg(f).

t—+o0
If 0 > deg(f), then | Hlim ‘H(I)l = 0. Thus, there exists 7 > 0 such that
z||—+o0
|ﬁi§ig‘ < 1, for all z ¢ C™\ B,(0). This implies doo(f) < deg(f). Therefore,
Ooo(f) = deg(f)- O

The next result is an analogue at infinity of the result of Comte, Milman

and Trotman that was mentioned in the introduction.

Theorem 3.10. Let f,g : C* — C be two polynomials. If f and g are
weakly rugose equivalent at infinity, then deg(f) = deg(g).

Proof. By hypothesis, there are compact subsets K,I? C C", constants
C1,Cs > 0 and a bijection ¢ : C*\ K — C"\ K such that
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(1) there exist yo € C*\ K and wy € C*\ K such that [o(z) — ¢(yo)]|| <
Cillz=yol, for all z € C"\K and [~ (2) =~ (wo) || < C1lz—wol,
for all z € C"\ K;;
2) GlIf @I < llgow@)] < Callf(@)ll, VaeC™\K.
Let r > 0 be a positive number satisfying ¥ = C; 1 (r — [l (wo)||) —
|lwol| > 0 and K C B,(0). Thus, ||z|| > r implies [|¢(x)| > r. In fact, if
||z|| > r, then

lz =~ wo)ll >l = o™ (wo)ll > 7= lle™ (wo)]

and, by hypothesis, we have

lz — ™ (wo)ll = g™ (p(2)) — ¢~ (wo) || < Cillp(z) — woll,

then

Cille@)l + woll) = Crllle(@) —woll) > 7= llo™ (wo)ll,

and, therefore, |(2)]| > CT'(r — [lo™" (wo) ) — lwo]| = 7.

Moreover, we have the following

f@)l _ f@)] lle@)]°

|
Bk le(@)[5 ]
&, 9@ (llel) - (mW+HﬂmM>5
)l
|

IN
B

el ]

( 5
(Cﬂx—mn uwmm>
(

culatee

IN

)
é
)
° ] ]

)
)| . +0HyoH \w(yo)H>

|
wan
lg(e(z))]
waw
9(o(x))
o

for all z € C"\ B,(0). Thus, if ‘ﬁ?(”y is bounded on C"\ By(0), then L)

is bounded on C" \ B,(0). This implies

IA

r

{p: 192 is bounded on €™\ Bx(0)} C {s; X% is bounded on C" \ B,(0)},

[l [[]l®

Then, we obtain 6,,o(f) < 67.00(9) and, since §, o (f) = doo(f) and 7 o (9) =
d0(g), we have 00(f) < doo(g). Therefore, by Proposition deg(f) <
deg(g). Similarly, we obtain deg(g) < deg(f). Thus, we have the equality

deg(g) = deg(f). O
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Definition 3.11. We say that two polynomials f,g : C* — C are bi-
Lipschitz right-left equivalent at infinity, if there are compact sub-

sets K,IN( C C™, a constant C > 0 and bi-Lipschitz homeomorphisms ¢ :
C"\ K — C"\ K and ¢ : C — C such that f(z) = pogop(zx), Vo € C"\ K.

The following result follows directly from the definitions.

Proposition 3.12. Let f,g : C* — C be two polynomials. Let us consider

the following statements:

(1) f and g are bi-Lipschitz right-left equivalent at infinity;

(

2)
(3) f and g are rugose equivalent at infinity;
4)

(
Then, (1) = (2) = (3) = (4).

f and g are bi-Lipschitz contact equivalent at infinity;

f and g are weakly rugose equivalent at infinity.

We finish this paper by stating some direct consequences of Theorem [3.10

and Proposition 3.12

Corollary 3.13 ([9], Theorem 3.7). Let f,g: C" — C be two polynomials.
If f and g are rugose equivalent at infinity, then deg(f) = deg(g).

Corollary 3.14. Let f,g : C" — C be two polynomials. If f and g are
bi-Lipschitz contact equivalent at infinity, then deg(f) = deg(g).

Corollary 3.15. Let f,g : C* — C be two polynomials. If f and g are
bi-Lipschitz right-left equivalent at infinity, then deg(f) = deg(g).
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