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Multiplicity and degree as bi-Lipschitz invariants for complex sets

Javier Fernández de Bobadilla, Alexandre Fernandes and J. Edson Sampaio

Abstract

We study invariance of multiplicity of complex analytic germs and degree of complex affine sets
under outer bi-Lipschitz transformations (outer bi-Lipschitz homeomorphims of germs in the
first case and outer bi-Lipschitz homeomorphims at infinity in the second case). We prove that
invariance of multiplicity in the local case is equivalent to invariance of degree in the global case.
We prove invariance for curves and surfaces. In the way we prove invariance of the tangent cone
and relative multiplicities at infinity under outer bi-Lipschitz homeomorphims at infinity, and
that the abstract topology of a homogeneous surface germ determines its multiplicity.

1. Introduction

We study invariance of multiplicity of complex analytic germs and degree of complex affine
sets under outer bi-Lipschitz transformations: outer bi-Lipschitz homeomorphisms of germs
in the first case and outer bi-Lipschitz homeomorphisms at infinity in the second case (see
Definition 3).

The local problem may be seen as a bi-Lipschitz version of Zariski multiplicity problem [16],
that asks whether the embedded topology of complex hypersurface germs determine their
multiplicity. It is well known that the abstract topological type of hypersurface germs (i.e the
topology of the intersection of the germs with a small ball) does not determine the multiplicity.
This is clear for curves, since their abstract topology is too simple, but also in the case of
surfaces, where the abstract topology is very rich, examples are known (see Example 2.22
at [9]).

In contrast with this situation we conjecture, as we will make precise shortly, that the local
and at infinity outer bi-Lipschitz geometry (which does not take into account the embedding)
determine the multiplicity and degree of complex sets respectively. It is known that the inner
bi-Lipschitz geometry does not determine multiplicity (for example complex curves).
Conjecture Ã1(d) Let X ⊂ Cn and Y ⊂ Cm be two complex analytic sets with dimX =
dimY = d, 0 ∈ X and 0 ∈ Y . If their germs at 0 ∈ Cn and 0 ∈ Cm, respectively, are outer bi-
Lipschitz homeomorphic, i.e. there exists an outer bi-Lipschitz homeomorphism ϕ : (X, 0)→
(Y, 0), then their multiplicities m(X, 0) and m(Y, 0) are equal.
Conjecture A1(d) Let X ⊂ Cn and Y ⊂ Cm be two complex algebraic sets with dimX =
dimY = d. If X and Y are outer bi-Lipschitz homeomorphic at infinity (see Definition 3), then
we have the equality deg(X) = deg(Y ).
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Conjecture Ã1(d) was approached by some authors. G. Comte [3] proved that the multiplicity
of complex analytic germs is invariant under outer bi-Lipschitz homeomorphism with Lipschitz
constants close enough to 1 (this is a severe assumption). Neumann and Pichon in [10], with
previous contributions of Pham and Teissier in [12] and Fernandes in [4], proved that the
outer bi-Lipschitz geometry of plane curves determines the Puiseux pairs, and as a consequence
proved Ã1(1). More recently, W. Neumann and A. Pichon in [11] showed that the multiplicity
is an outer bi-Lipschitz invariant in the case of normal surface singularities, as a consequence
of a very detailed and involved study of the outer bi-Lipschitz geometry for that class. In the
non-normal surface case the only partial contribution is the fact that the embedded bi-Lipschitz
geometry determines multiplicity in the hypersurface case (see [5]). Conjecture A1(d) is largely
unexplored up to our knowledge.

Our main results are the following. We prove that Conjecture Ã1(d) is equivalent to
Conjecture A1(d) (Theorem 3.3). We prove the conjectures for curves and surfaces (d = 1, 2)
(Corollary 3.2 and Theorem 3.4). For general d we prove in Theorem 3.6 that Conjecture A1(d)
holds for algebraic hypersurfaces in Cn whose all irreducible components of their tangent cones
at infinity have singular locus with dimension ≤ 1 and, as an immediate corollary of it, we
obtain that degree of complex algebraic surfaces in C3 is an embedded bi-Lipschitz invariant
at infinity.

The way to reach these results is to prove that the outer bi-Lipschitz geometry at infinity
determines the tangent cone at infinity and the relative multiplicities at infinity (Theorem
3.1). These are versions “at infinity” of the corresponding results for germs in [13] and [5]
respectively. In order to have an idea of the ingredients of the statement let us remark that in
the hypersurface case the tangent cone at infinity is the set defined by the highest degree form
of the defining equation. The relative multiplicities at infinity are the exponents appearing in
the factorization in irreducible components of the highest degree form. Precise definitions are
in Section 2.

The case d = 1 comes very easily from the last mentioned result. For the d = 2 case the new
idea is to find the degree of a homogeneous irreducible affine algebraic set S as the torsion
part of a cohomology group of S \ {0}. We use the Leray spectral sequence associated with
its projectivization for that purpose. In particular we show that the abstract topology of a
homogeneous surface germ determines its multiplicity.

The organization of the paper is as follows. In Section 2 we recall the necessary basic
definitions and introduce relative multiplicities at infinity. In Section 3 we prove the results
described above.

Remark 1. After this paper was submitted the last two authors, together with Birbrair
and Verbitsky, proved that conjectures Ã1(d) and A1(d) are false for d ≥ 3, by showing explicit
counter-examples (see [1]). So our arguments cannot be generalized further to work in higher
dimension.

2. Preliminaries

2.1. Multiplicity, degree and tangent cones

Definition 1. Let A be a closed algebraic subset in Cn. We define the degree of A to
be the degree of its projective completion [2].
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Remark 2. If A is a homogeneous algebraic set in Cn (i.e defined by homogeneous
polynomials), its degree coincides with its multiplicity at the origin of Cn (see [2] for a definition
of multiplicity for complex analytic germs in Cn).

Now we set the definition of tangent cone at infinity that we will use along the paper and
we list some of its properties.

Definition 2. Let A ⊂ Rn be an unbounded subset. We say that v ∈ Rn is a tangent
vector of A at infinity if there is a sequence of points {xi}i∈N ⊂ A such that lim

i→∞
‖xi‖ = +∞

and there is a sequence of positive numbers {ti}i∈N ⊂ R+ such that

lim
i→∞

1

ti
xi = v.

Let C∞(A) denote the set of all tangent vectors of A at infinity. This subset C∞(A) ⊂ Rn is
called the tangent cone of A at infinity.

Proposition 2.1 Proposition 4.4 in [6]. Let Z ⊂ Rn be an unbounded semialgebraic set.
A vector v ∈ Rn belongs to C∞(Z) if, and only if, there exists a continuous semialgebraic
curve γ : (ε,+∞)→ Z such that lim

t→+∞
|γ(t)| = +∞ and γ(t) = tv + o∞(t), where g(t) = o∞(t)

means lim
t→+∞

g(t)
t = 0.

Let X ⊂ Cn be a complex algebraic subset. Let I(X) be the ideal of C[x1, · · · , xn] given
by the polynomials which vanish on X. For each f ∈ C[x1, · · · , xn], let us denote by f∗ the
maximum degree form of f . Define I∗(X) to be generated by the f∗ when f ∈ I(X).

Proposition 2.2 Theorem 1.1 in [8]. Let X ⊂ Cn be a complex algebraic subset. Then,
C∞(X) is the affine algebraic subset defined by I∗(X). We emphasize that we take C∞(X) as
a set, with reduced structure.

Among other things, this result above says that tangent cones at infinity of complex algebraic
sets in Cn are complex algebraic subsets as well.

2.2. Outer bi-Lipschitz homeomorphism at infinity

All the Euclidean subsets are equipped with the induced Euclidean distance (outer metric).
So, all the Lipschitz mappings mentioned here are supposed to be Lipschitz with respect to
the outer metric, this is why they are called outer Lipschitz or bi-Lipschitz mappings

Definition 3. Let X ⊂ Rn and Y ⊂ Rm be two subsets. We say that X and Y are outer
bi-Lipschitz homeomorphic at infinity, if there exist compact subsets K ⊂ Rn and K̃ ⊂
Rm and an outer bi-Lipschitz homeomorphism φ : X \K → Y \ K̃.

We finish this subsection reminding the invariance of the tangent cone at infinity under outer
bi-Lipschitz homeomorphisms at infinity.
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Proposition 2.3 Theorem 4.5 in [6]. Let X ⊂ Rn and Y ⊂ Rm be unbounded semialge-
braic subsets. If X and Y are outer bi-Lipschitz homeomorphic at infinity, then there is an
outer bi-Lipschitz homeomorphism dϕ : C∞(X)→ C∞(Y ) with dϕ(0) = 0.

2.3. Relative multiplicities at infinity

Let X ⊂ Cn be a complex algebraic set with p = dimX ≥ 1. Let X1, · · · , Xr be the
irreducible components of C∞(X).

Below we define relative multiplicities at infinity.
Let π : Cn → Cp be a linear projection such that

π−1(0) ∩ (C∞(X)) = {0}.

Therefore, π|X : X → Cp (resp. π|C∞(X) : C∞(X)→ Cp) is a ramified cover with degree equal to
deg(X) (resp. deg(C∞(X))) (see [2], Corollary 1 in the page 126). In particular, π|Xj : Xj → Cp
is a ramified cover with degree equal to deg(Xj), for each j = 1, · · · , r. Moreover, if the
ramification locus of π|X (resp. π|C∞(X)) is not empty, it is a codimension 1 complex
algebraic subset σ(X) (resp. σ(C∞(X))) of Cp. Let us denote ΣX = (π|X)−1(σ(X)) and
Σ′X = (π|C∞(X))

−1(σ(C∞(X))).
Fix j ∈ {1, · · · , r}. For a point v ∈ Xj \ (C∞(ΣX) ∪ C∞(Σ′X)) and for η,R > 0 we define

Cη,R(v′) := {w ∈ Cp| ∃t > 0; ‖tv′ − w‖ ≤ ηt} \BR(0),

where v′ = π(v). Then, we consider a sufficiently small η > 0 and larger R > 0 such
that Cη,R(v′) ⊂ Cp \ σ(X) ∪ σ(C∞(X)). Thus, the number of connected components of
(π|X)−1(Cη,R(v′)) (resp. (π|Xj )−1(Cη,R(v′))) is equal to deg(X) (resp. deg(Xj)). Moreover,
there exist a connected component V of (π|Xj )−1(Cη,R(v′)) such that v ∈ V and a compact
subset K ⊂ Cn such that for each connected component Ai of (π|X)−1(Cη,R(v′)), we have
C∞(Ai) ∩ (Cn \K) ⊂ (π|C∞(X))

−1(Cη,R(v′)). Then, we denote by k∞X (v) to be the number
of connected components A′is such that C∞(Ai) ∩ (Cn \K) ⊂ V . By definition, we can see
that k∞X is locally constant and as Xj \ (C∞(ΣX) ∪ C∞(Σ′X)) is connected, k∞X is constant
on Xj \ (C∞(ΣX) ∪ C∞(Σ′X)). Thus, we define k∞X (Xj) = k∞X (v) and we call k∞X (Xj) the
relative multiplicity at infinity of Xj (over X). In particular, k∞X (w) = k∞X (v) for all
w ∈ π−1(v′) ∩Xj and, therefore, we obtain

deg(X) =

r∑
j=0

k∞X (Xj) · deg(Xj). (2.1)

By taking X = Y and ϕ = id in the proof of Theorem 3.1, we see that the definition of k∞X (Xj)
does not depend on π,

3. Main results

Let Z ⊂ R` be a path connected subset. Given two points q, q̃ ∈ Z, we recall that the inner
distance in Z between q and q̃ is the number dZ(q, q̃) below:

dZ(q, q̃) := inf{length(γ) | γ is an arc on Z connecting q to q̃}.

Theorem 3.1. Let X ⊂ Cn and Y ⊂ Cm be complex algebraic subsets, with pure dimen-
sion p = dimX = dimY , and let X1, . . . , Xr and Y1, . . . , Ys be the irreducible components of
the tangent cones at infinity C∞(X) and C∞(Y ) respectively. If X and Y are outer bi-Lipschitz
homeomorphic at infinity, then r = s and, up to a re-ordering of indices, k∞X (Xj) = k∞Y (Yj),
∀ j.
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Proof. This proof shares its structure with the corresponding result in the local case in
[5]. By hypotheses there are compact subsets K ⊂ Cn and K̃ ⊂ Cm and an outer bi-Lipschitz
homeomorphism ϕ : X \K → Y \ K̃. Let S = {nk}k∈N be a sequence of positive real numbers
such that

nk → +∞ and
ϕ(nkv)

nk
→ dϕ(v),

where dϕ is the tangent map at infinity of ϕ like in Theorem 2.3 (for more details, see [6],
Theorem 4.5). Since, dϕ is an outer bi-Lipschitz homeomorphism, we get r = s and there is
a permutation P : {1, . . . , r} → {1, . . . , s} such that dϕ(Xj) = YP (j) ∀ j. This is why we can
suppose dϕ(Xj) = Yj ∀ j up to a re-ordering of indices.

Let π : Cn → Cp and π̃ : Cm → Cp be linear projections such that

π−1(0) ∩ C∞(X) = {0} and π̃−1(0) ∩ C∞(Y ) = {0}.

Let us denote the ramification locus of

π|X : X → Cp and π|C∞(X) : C∞(X)→ Cp

by σ(X) and σ(C∞(X)) respectively. By similar way, we define σ(Y ) and σ(C∞(Y )). Let us
denote ΣX = (π|X)−1(σ(X)), Σ′X = (π|C∞(X))

−1(σ(C∞(X))), ΣY = (π̃|Y )−1(σ(Y )) and Σ′Y =
(π̃|C∞(Y ))

−1(σ(C∞(Y ))).
Let us suppose that there is j ∈ {1, . . . , r} such that k∞X (Xj) > k∞Y (Yj). Thus, given a unitary

point v ∈ Xj \ (C∞(ΣX) ∪ C∞(Σ′X)) such that w = dϕ(v) ∈ Yj \ (C∞(Σ̃Y ) ∪ C∞(Σ̃′Y )), let
η,R > 0 such that

Cη,R(v′) ⊂ Cp \ (σ(X) ∪ σ(C∞(X)))

and

Cη,R(w′) ⊂ Cp \ (σ(Y ) ∪ σ(C∞(Y ))),

where v′ = π(v) and w′ = π̃(dϕ(v)). Therefore, there are at least two different connected
components Vji and Vjl of π−1(Cη,R(v′)) ∩X and sequences {zk}k∈N ⊂ Vji and {wk}k∈N ⊂ Vjl
such that tk = ‖zk‖ = ‖wk‖ ∈ S = {nk}k∈N, lim 1

tk
zk = lim 1

tk
wk = v and ϕ(zk), ϕ(wk) ∈ Ṽjm,

where Ṽjm is a connected component of π̃−1(Cη,R(w′)) ∩ Y .
Let us choose linear coordinates (x, y) in Cm such that π̃(x, y) = x.

Claim. There exist a compact subset K ⊂ Cm and a constant C > 0 such that ‖y‖ ≤ C‖x‖
for all (x, y) ∈ Y \K.

If this Claim is not true, there exists a sequence {(xk, yk)} ⊂ Y such that lim
k→+∞

‖(xk, yk)‖ =

+∞ and ‖yk‖ > k‖xk‖. Up to subsequence, one can suppose that lim
k→+∞

yk
‖yk‖ = y0. Since ‖xk‖

‖yk‖ <

1
k , (0, y0) ∈ C∞(Y ), which is a contradiction, because y0 6= 0, (0, y0) ∈ π−1(0) and π̃−1(0) ∩
C∞(Y ) = {0}. Therefore, the Claim is true. In particular, V = Ṽjm is outer bi-Lipschitz

homeomorphic to Cη,R(w′) and since ϕ(zk), ϕ(wk) ∈ Ṽjm ∀ k ∈ N, we have

‖ϕ(zk)− ϕ(wk)‖ = o∞(tk)

and

dY (ϕ(zk), ϕ(wk)) ≤ dV (ϕ(zk), ϕ(wk)) = o∞(tk),

where g(tk) = o∞(tk) means lim
k→∞

g(tk)
tk

= 0. Now, since X is outer bi-Lipschitz homeomorphic

to Y , we have dX(zk, wk) ≤ o∞(tk). On the other hand, since zk and wk lie in differ-
ent connected components of π−1(Cη,R(v′)) ∩X, there exists a constant C > 0 such that
dX(zk, wk) ≥ Ctk, which is a contradiction.

We have proved that k∞X (Xj) ≤ k∞Y (Yj), j = 1, · · · , r. By the same arguments, using that
ϕ−1 is an outer bi-Lipschitz map, we also obtain k∞Y (Yj) ≤ k∞X (Xj), j = 1, · · · , r.
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3.1. Degree as an outer bi-Lipschitz invariant at infinity

The first application of our main results proved in the previous section is the outer bi-
Lipschitz invariance of the degree of complex algebraic curves in Cn.

Corollary 3.2. Let X ⊂ Cn and Y ⊂ Cm be complex algebraic subsets, with dimX =
dimY = 1. If X and Y are outer bi-Lipschitz homeomorphic at infinity, then deg(X) = deg(Y ).

Proof. Let X1, . . . , Xr and Y1, . . . , Ys be the irreducible components of the tangent cones at
infinity C∞(X) and C∞(Y ) respectively. Since dimX = dimY = 1, we have that X1, . . . , Xr

and Y1, . . . , Ys are complex lines. Thus,

deg(X1) = · · · = deg(Xr) = deg(Y1) = · · · = deg(Ys) = 1

and using Equality 2.1, we get deg(X) =
r∑
j=0

k∞X (Xj) and deg(Y ) =
s∑
j=0

k∞X (Yj). Therefore, by

Theorem 3.1, deg(X) = deg(Y ).

Let us fix d ∈ N.

Theorem 3.3. The statements below are equivalent.
Ã1(d) Let X ⊂ Cn and Y ⊂ Cm be two complex analytic sets with dimX = dimY = d. If their

germs at 0 ∈ Cn and 0 ∈ Cm, respectively, are outer bi-Lipschitz homeomorphic, then
m(X, 0) = m(Y, 0).

A1(d) Let X ⊂ Cn and Y ⊂ Cm be two complex algebraic sets with dimX = dimY = d. If X
and Y are outer bi-Lipschitz homeomorphic at infinity, then deg(X) = deg(Y ).

Proof.
As we pointed out in the introduction of the paper; we know from [5] that statement Ã1(d)

holds true if and only if it is true by considering just homogeneous complex algebraic sets. But,
if A ⊂ Cn is a homogeneous complex algebraic set, then deg(A) = m(A, 0).

From now, we are ready to start the proof of the theorem. First, let us suppose that statement
A1(d) is true. Since cones which are outer bi-Lipschitz homeomorphic as germs at their vertices
are globally outer bi-Lipschitz homeomorphic, as was remarked in [13], it follows from the above
observation that Ã1(d) holds true as well. Secondly, let us suppose that Ã1(d) holds true. Let
X ⊂ Cn and Y ⊂ Cm be two complex algebraic sets with d = dimX = dimY . Let us suppose
that X and Y are outer bi-Lipschitz homeomorphic at infinity. Then, there exist K ⊂ Cn and
K̃ ⊂ Cm two compact subsets and a outer bi-Lipschitz homeomorphism ϕ : X \K → Y \ K̃.
Let us denote by X1, . . . , Xr and Y1, . . . , Ys the irreducible components of the cones C∞(X)
and C∞(Y ) respectively. It comes from Theorem 3.1 that r = s and the outer bi-Lipschitz
homeomorphism dϕ : C∞(X)→ C∞(Y ), up to re-ordering of indices, sends Xi onto Yi and
k∞X (Xi) = k∞Y (Yi) ∀ i. Furthermore, dϕ(0) = 0.

By Proposition 2.2, the tangent cones at infinity C∞(X) and C∞(Y ) are homogeneous
complex algebraic subsets. Thus, the irreducible components X1, . . . , Xr and Y1, . . . , Ys are
homogeneous complex algebraic subsets as well. Since Ã1(d) is true, we have m(Xi, 0) =
m(Yi, 0) ∀ i, hence deg(Xi) = deg(Yi) ∀ i. Finally, by using Equality 2.1, we get deg(X) =
deg(Y ) which give us that A1(d) is true.

Theorem 3.4.
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(1) Let X ⊂ CN+1 and Y ⊂ CM+1 be two complex analytic surfaces. If (X, 0) and (Y, 0) are
outer bi-Lipschitz homeomorphic, then m(X, 0) = m(Y, 0).

(2) Let X ⊂ CN+1 and Y ⊂ CM+1 be two complex algebraic surfaces. If X and Y are outer
bi-Lipschitz homeomorphic at infinity, then deg(X) = deg(Y ).

Proof. By Theorem 2.1 in [5], it is enough to show (1) when X and Y are two irreducible
homogeneous complex algebraic sets. The proof of Theorem 2.1 in [5] shows that (1) is
equivalent to the following statement: let (S, 0) and (S′, 0) be homogeneous irreducible affine
algebraic surfaces. If S \ {0} is bi-lipschitz homeomorphic to S′ \ {0}, then we have the equality
deg(S) = deg(S′). Indeed, the reader may review the details of the proof of Theorem 2.1 in
[5] and check that ambient bi-lipschitz homeomorphism can be replaced by outer-bilipschitz
homeomorphism in the statement of the theorem.

Thus, the part (1) of the theorem is reduced to prove the following proposition.

Proposition 3.5. Let (S, 0) and (S′, 0) be homogeneous irreducible affine algebraic
surfaces. If S \ {0} is homeomorphic to S′ \ {0}, then we have the equality deg(S) = deg(S′).

Proof. We have the isomorphism H2(S \ {0};Z) ∼= H2(S′ \ {0};Z). Hence it is enough to
show that the torsion part of this cohomology group is isomorphic to Z/deg(S)Z.

Let π : S \ {0} → P(S) denote the quotient map by the C∗-action. The fibration π is a
pullback of the tautological bundle minus the zero section over the projective space PN where
P(S) is embedded. Hence the higher direct images Rqπ∗ZS\{0} form local systems whose stalk
is the q-th cohomology group of the fibre of the fibration π. Since the fibre of π is C∗ we have the
vanishing Rqπ∗ZS\{0} for q 6= 0, 1. Morever Rqπ∗ZS\{0} is the pullback from the corresponding

local systems over PN . Since the projective space is simply-connected the local systems have
trivial monodromy. Hence, the second page of the Leray spectral sequence for π (see [15], 5.8.6,
page 152) is

Ep,q2 = Hp(P(S),Z).

Since Ep,q2 vanishes for p 6= 0, 1, 2 and q 6= 0, 1, the differentials di are all zero for i ≥ 3 and
the only non-zero d2 differential is:

d2 : H0(P(S),Z) ∼= Z→ H2(P(S),Z) ∼= Z,

which coincides with multiplication by the first Chern class of the tautological bundle over PN .
Hence d2 is multiplication by deg(S). We deduce the isomorphisms

E0,2
∞ = E0,2

2 = 0,

E1,1
∞
∼= E1,1

2
∼= Zb1 ,

E2,0
∞
∼= E2,0

3
∼= Z/deg(S)Z,

where b1 is the first Betti number of P(S).
By the vanishing of E0,2

∞ there is a short exact sequence

0→ E2,0
∞ → H2(S \ {0},Z)→ E1,1

∞ → 0,

which splits by the freeness of E1,1
∞ . Hence the torsion part of H2(S \ {0},Z) is isomorphic to

Z/deg(S)Z as needed.
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Now we prove part (2) of the main theorem. Since we have proved part (1), we see that the
statement Ã1(2) of Theorem 3.3 has a positive answer, hence A1(2) has a positive answer as
well. Therefore, part (2) is proved.

Let us denote by C1,∞ the set of all complex algebraic sets X ⊂ Cn, such that each irreducible
component Xj of C∞(X) satisfies dim Sing(Xj) ≤ 1.

Theorem 3.6. Let f, g : Cn → C be two polynomials. Suppose that V (f) ∈ C1,∞. Sup-

pose there exist compact subsets K, K̃ ⊂ Cn and an outer bi-Lipschitz homeomorphism
ϕ : Cn \K → Cn \ K̃ such that ϕ(V (f) \K) = V (g) \ K̃. Then V (g) ∈ C1,∞ and deg(V (f)) =
deg(V (g)).

Proof. By the proof of Theorem 3.1, we can suppose that f and g are irreducible
homogeneous polynomials. By Theorem 5.4 in [14] and using the same arguments as in the
very beginning of the proof of Theorem 3.3, it follows that deg(V (f)) = deg(V (g)).
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Campus do Pici, s/n, Bloco 914, Pici,
60440-900, Fortaleza-CE

Brazil.

alex@mat.ufc.br

J. Edson Sampaio
(1) Departamento de Matemática,
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