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ABsTraCT. In this paper we provide quantitative Bloom type estimates for
iterated commutators of fractional integrals improving and extending results
from [15]. We give new proofs for those inequalities relying upon a new sparse
domination that we provide as well in this paper and also in techniques de-
veloped in the recent paper [22]. We extend as well the necessity established
in [15] to iterated commutators providing a new proof. As a consequence of
the preceding results we recover the one weight estimates in [7, 1] and es-
tablish the sharpness in the iterated case. Our result provides as well a new
characterization of the BMO space.

1. INTRODUCTION AND MAIN RESULTS

We recall that given 0 < a < n, the fractional integral operator I, or Riesz
potential, on R™ is defined by

I.f(z) ::/]R &dy

n |z —ylrme

and the corresponding associated maximal function M, by

Maf(@) =swp = [ 1£0)ldy
zEQ |Q‘ " JQ

Those operators are bounded from LP to L7 provided that 1 < p < =
% + 5= % (see [28, Chapter 5] for those and other classical related results).

The study of weighted estimates for these operators and slightly more general
ones, is not interesting just for its own sake but also for its applications to partial
differential equations, Sobolev embeddings or quantum mechanics (see for instance
[L1, Section 9] or [27]). A, weights, which were introduced by Muckenhoupt and
Wheeden [25], can be considered the class that governs the behaviour of fractional
operators. We recall that, given 1 < p < ¢ < 00, w € 4, 4 if

— i q i —p')pq/
wlav, <o 1y [ (g [y )" <=

Since 1 < p < g < 0o, using Holder’s inequality, it is not hard to check that

and

(1) wla, < [wl},, and (Wi, < ol

Pq”

where, A, (1 < r < o00) is the the Muckenhoupt class, namely, v € A, if

x
I

1 1 e
MAT_S[QIQP|Q|/QU<@|/QU > < 00.
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During the last decade, many authors have devoted plenty of works to the study
of quantitative weighted estimates, in other words, estimates in which the quanti-
tative dependence on the A, constant [w]4, or, in its case, on the A, , constant
[w]a, ., is the central point. The Ay Theorem, namely the linear dependence on
the Ay constant for Calderén-Zygmund operators [17] can be considered the most
representative result in this line. In the case of fractional integrals, the sharp de-
pendence on the A, ; constant was obtained by Lacey, Moen, Pérez and Torres [19].
The precise statement is the following

Theorem 1. Let a € (0,n) and 1 <p < % and q defined by é + 5= %. Then, if
w € Ap 4 we have that

(17 o max{

o fll La(we) < Cnjalw]y

o }||f||Lp(wp)

and the estimate is sharp in the sense that the inequality does not hold if we replace
the exponent of the A, , constant by a smaller one.

p,q

Given a locally integrable function b and a linear operator G, the commutator
[b, G] is the operator defined by

[b, G1f () = b(x)G f(x) — G(bf)(x)
and the iterated commutator of order m, G}, is defined inductively for b € Lj».(R™),
by
Gy f(x) = [b, Gy f ()

where G = G.

Returning to quantitative estimates, the counterpart of Theorem 1 for commu-
tators was obtained by Cruz-Uribe and Moen [7]. The precise statement of their
result is the following.

Theorem 2. Let a € (0,n) and 1 <p < % and q defined by % + 5= %. Then, if
w € Ap 4 and b € BMO we have that

(2—%)max 1,%/
[w] 4 { }”fHLP(wP)

P,q

116 1o

and the estimate is sharp in the sense that the inequality does not hold if we replace
the exponent of the A, , constant by a smaller one.

One of the main purposes of this paper is to obtain quantitative two weight
estimates for iterated commutators of fractional integrals assuming that the symbol
b belongs to a “modified” BMO class. The motivation to study this kind of estimates
can be traced back to 1985 to the work of Bloom [2]. For the Hilbert transform H,

he proved that if u, A € A, and v = (%)%, then
10, H]fllr(x) < cunll fllze )
if and only if b € BMO,, namely, b is a locally integrable function such that
||b||BMO Sup / |b bQ| < oQ.

Some years later, Garcia-Cuerva, Harboure, Segovia and Torrea [12], extended the
sufficiency of that result to iterated commutators of strongly singular integrals,
assuming that b € BMO 1, where m stands for the order of the commutator.
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Recently Lacey, Holmes and Wick [14] extended Bloom’s result to Calderdn-
Zygmund operators, and a quantitative version of the sufficiency in that result was
provided in [23].

For iterated commutators of Calderén-Zygmund operators, Holmes and Wick
[16] established that b € BMO NBMO,, is a sufficient condition for the two weights
estimate to hold. However that result was substantially improved in [22] where it
was proved that BMO NBMO, C BMO 1 and that b € BMO 1 s also a necessary
condition, besides providing a quantltatlve version of the suﬂimency under the same
condition.

At this point we present our contribution. Combining a sparse domination result
that will be presented in Section 2 with techniques in [22] we obtain the following
result.

Theorem 3. Let a € (0,n) and 1 < p < %, q defined by % + & = % and m a
positive integer. Assume that p, A € Ay, and that v = 5. Ifb € BMOU; , then

(1.2) 1(Te)i" fllLagae) < emmn,aplblBmo | &mlfllee),

vm

where

= (7;) (W, T, )(l)m“{l’i} P(m. h)Q(m. h)

P,q p,q

and

mAGED me () =t max{1, oA}
P < (e e )

;71)% max{1, 15}

P

Aol
QUm. ) < (W12 (W14
Conversely if for every set E of finite measure we have that

1
(1.3) [(Ia)y" xElLa(xay < cp? (E)»
then b € BMO JER

In the case m = 1 a qualitative version of this result was established by Holmes,
Rahm and Spencer [15]. Besides providing a new proof of the result in [15], our
theorem improves that result in several directions. We provide quantitative bounds
instead of qualitative ones, we extend the result to iterated commutators and we
also prove that actually a restricted strong type (p, ¢) estimate is neccesary, instead
of the usual strong type (p, q).

If we restrict ourselves to the case u = A we have the following result.

Corollary 1. Let a € (0,n) and 1 <p < %, q defined by %—i— o= % and m a non
negative integer. Assume that w € A, , and that b € BMO. Then

m m (m-l—l—%)max l,P—/
(14)  (a)p fllaws) < enp.allblByolw]a )

and the estimate is sharp in the sense that the inequality does not hold if we replace
the exponent of the Ay 4 constant by a smaller one.
Conwversely if m > 0 and for every set E of finite measure we have that

1
1(1a)y" X E | La(wey < cwP (E)?

Hf”LP(wP)’

p,q

then b € BMO.
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In the case m = 0 the preceding result is due to Lacey, Moen, Pérez and Torres
[19]. The case m = 1 was settled in [7] but using a different proof based on a
suitable combination of the so called conjugation method, that was introduced in
[5] (see [4] for the first application of the method to obtain sharp constants), and
an extrapolation argument. The case m > 1 was recently established in [1] also
relying upon the conjugation method. We observe that Corollary 1 provides a new
proof of the results in [7, 1]. Additionally we settle the sharpness of the iterated
case and provide a new characterization of BMO in terms of iterated commutators.
The preceding result combined with the characterization recently obtained in [22]
allows to connect the boundedness of commutators of singular integrals and of
commutators of fractional integrals. For instance, if R; is any Riesz transform the
following statement holds:

(Ia)y* : LYR™) —» LP(R") <= (R;);' : LP(R™) — LP(R™).

The remainder of the paper is organized as follows. In Section 2 we will present
and establish the pointwise sparse domination result on which we will rely to prove
Theorem 3 and in Section 3 we provide proofs of Theorem 3 and Corollary 1. We
end up this paper with some remarks regarding mixed estimates involving the A
constant.

2. A SPARSE DOMINATION RESULT FOR ITERATED COMMUTATORS OF
FRACTIONAL INTEGRALS

We begin this section recalling the definitions of the dyadic structures we will
rely upon. These definitions and a profound treatise on dyadic calculus can be
found in [21].

Given a cube Q C R", we denote by D(Q) the family of all dyadic cubes with
respect to @, that is, the cubes obtained subdividing repeatedly @ and each of its
descendants into 2" subcubes of the same sidelength.

Given a family of cubes D, we say that it is a dyadic lattice if it satisfies the
following properties:

(1) If Q € D, then D(Q) C D.

(2) For every pair of cubes Q’, Q" € D there exists a common ancestor, namely,
we can find @ € D such that Q', Q" € D(Q).

(3) For every compact set K C R™, there exists a cube Q € D such that K C Q.

Given a dyadic lattice D we say that a family S C D is an n-sparse family with
n € (0,1) if there exists a family {Eq }ges of pairwise disjoint measurable sets such
that, for any @ € S, the set Eq is contained in @ and satisfies n|Q| < |Eg|.

Since the first simplification of the proof of the A theorem provided by Lerner
[20], sparse domination theory has experienced a fruitful and fast development.
However in the case of fractional integrals, the sparse domination philosophy, via
dyadic discretizations of the operator, had been already implicitly exploited in [27],
[26], and a dyadic type expression for commutators had also shown up in [7]. We
remit the reader to [6] for a more detailed insight on the topic.

Relying upon ideas in [18] and [23], it is possible to obtain a pointwise sparse
domination that covers the case of iterated commutators of fractional integrals.
The precise statement is the following.

Theorem 4. Let 0 < a < n. Let m be a non-negative integer. For every f €
CX(R™) and b € L, (R™), there exist a family {Dj}?ll of dyadic lattices and a

loc
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family {Sj}?; of sparse families such that S; C Dj, for each j, and

3" m
((T)§" f(@)] < nma DD (;’:) AL (b, f) (@), ae wER

j=1h=0

where, for a sparse family S, A;’iﬁ(b, -) is the sparse operator given by

AL, f)(@) =Y [b(x) — bo|™ QI | £(b — bo)" |oxq ().

Qes
To establish the preceding theorem we need to prove that the grand maximal
truncated operator M;_ defined by
My, f(x) = sup ess sup | Lo (fxrm\30)(€)]

Q3x €€

where the supremmum is taken over all the cubes Q C R™ containing x, maps

n

LY(R™) to L#—=""°(R™). We will also use a local version of this operator which is
defined, for a cube Qg C R"”, as

M, of(x) = sup ess sup|la(fX30,\30)(E)]-
T€EQCQo ¢€Q

2.1. Lemmata. The purpose of this subsection is to provide two lemmas that will
be needed to establish Theorem 4. We start presenting the first of them.

Lemma 1. Let 0 < o < n. Let Qo C R" be a cube. The following pointwise
estimates hold:

(1) For a.e. x € Qo,

‘Ia(fx?)Qo)(mH < Mfa,Qof(x)'
(2) For all x € R™

Mlaf(x) <cna (Maf(x) + Iozlf|(x)) .

From this last estimate it follows that My, is bounded from L'(R") to

Li=a>°(R™).
Proof of Lemma 1. To prove (1), let Q(z, s) be a cube centered at z and such that
Q(z,s) C Qo. Then,

|Ia(fX3Q0)($)| < ‘Ia(fXSQ(m,s))(x” + |Ioc(fX3Q0\3Q(z,s))('r)|
(2-1) < ‘[a(fXSQ(w,s))(‘T” + MIonf(‘T)
< Cn,asaMf(x) + MIQ,Qof(:E)v
where the last estimate for the first term follows by standard computations involving
a dyadic annuli-type decomposition of the cube Q(z, s). The estimate in (1) is then
settled letting s — 0 in (2.1).
For the proof of the pointwise inequality in (2), let 2 be a point in R™ and Q a

cube containing x. Denote by B, the closed ball centered at x of radius 2 diam Q.
Then 3Q C B,, and, for every £ € Q we obtain

o (fxrm\30) ()] = [a(fxrr\B,)(§) + La(fXB,\30)(§)]
< Ha(fxem\B,)(€) — La(fXRr\B, ) (2)
+ Lo (fXB.\3Q) ()] + [La(fXrm\ B, ) (@)]-
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For the first term, by using the mean value theorem and adapting [13, Theorem
2.1.10] to our setting, we get

1 1
ly =&y -z

(Lo (fXr\B,)(€) = La(fXRm\B, ) ()] < / £ (y)ldy

R\ B,

|z = ¢
n,o d
< ¢y, /]R"\Bm (lz —y| + |y — &)n—att |f(y)|dy
S cmaMaf(l‘).

For the second term, taking into account the definition of B,, we can write

o (fXB.\30) ()] = /B 50 Wf(y)dy
1
< /BI\SQ ly—&r—a |f(y)| dy

1
< cn,aW /Bm |f(y)|dy
< Cn,aMaf(‘T)'

To end the proof of this pointwise estimate we observe that

o (fxrm\8,) ()] < La| f](2),

which finishes the proof of (2). Now, taking into account the pointwise estimate we
have just obtained, and the boundedness properties of the operators I, and M,, it
is clear that M is bounded from L'(R") to L#-="*°(R"), and we are done. ~ [J

The second lemma that we will need for the proof of Theorem 4 is the so called
3™ dyadic lattices trick. This result was established in [21] and essentially says that
given a dyadic lattice D, if we consider the family of cubes {3Q : @ € D} it is
possible to arrange them in 3™ dyadic lattices.

Lemma 2. Given a dyadic lattice D there exist 3" dyadic lattices D; such that
an
(3Q : QeD}=JD;
j=1
and for every cube Q) € D we can find a cube Rg in each D; such that Q C Rg and
30(Q) = (Rq)

Remark 1. Fix a dyadic lattice D. For an arbitrary cube @Q C R"” there is a cube
Q' € D such that @ < Q") < Q) and Q C 3Q’. We can take a cube with that
property since every generation of cubes in D tiles R™. From this and the preceding
lemma it follows that 3Q" = P € D, for some j € {1,...,3"}. Therefore, for every
cube @ C R” there exists some j € {1,...,3"} and some P € D; such that Q C P
and £(P) < 3¢(Q) and consequently |Q| < |P| < 3"|Q)|.

2.2. Proof of Theorem 4. From Remark 1 it follows that there exist 3" dyadic
lattices such that for every cube @ of R™ there is a cube Rg € D; for some j for
which 3Q) C Rg and |Rg| < 97|Q)|.
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We claim that there is a positive constant ¢ m, o verifying that, for any cube
Qo C R", there exists a 3-sparse family 7 C D(Q) such that for a.e. z € Qo

(22) (107 (Fxa)@)] < enma Y- () B2 0. 7)(0),
h=0
where
BE" (b, (@) = Y b() = brg " " BQIT S (b~ brg)" lsoxa ().

QEF

Suppose that we have already proved the claim. Let us take a partition of R™
by a family {Q}ren of cubes Qp such that supp(f) C 3Qy for each j € N. We
can do it as follows. We start with a cube Qg such that supp(f) C Qo. And cover
3Qo \ Qo by 3™ — 1 congruent cubes Q. Each of them satisfies Qo C 3Qx. We do
the same for 9Q \ 3Q and so on. The union of all those cubes, including Qg, will
satisfy the desired properties.

Fix £ € N and apply the claim to the cube Q. Then we have that since
supp f C 3Qy the following estimate holds for almost every = € R™:

(L0710 30 = L)} (a0 xoul) < oS- (1) B 0. Do),

h=0

where Fj, C D(Qy) is a 3-sparse family. Taking F = (J, oy Fr we have that F is a
%—sparse family and

O] < oo > (3 )BE D), ae s R
h=0

Fix Q C F. Since 3Q C Rg and |Rg| < 3"[3Q|, we have that |3Q|=|f(b —
bRQ)h|3Q < 3n|RQ|%‘f(b - bRQ)h‘RQ' Settlng

S;={RoeD; : Qe F}

! —sparse. Then

and using that F is %—sparse, we obtain that each family S; is 5qw

we have that

A <cnmazi() 6.H@). e seR,

j=1h=0

and we are done.

Proof of the Claim (2.2). To prove the claim it suffices to prove the following
recursive estimate: there is a positive constant ¢, o verifying that there exists
a countable family {P;}; of pairwise disjoint cubes in D(Q) such that > [P;| <

%|Q0| and
(Lo )5 (Fx3Q0) () IX Q0 ()

m

m m— o
< cumn 3 (1)) g, I~ 13Qul 110 ~ brg, o o)

h=0

+ Z |(1a)y" (fx3p,)(2)|xP; (), a.e. T € Q.



BLOOM ESTIMATES FOR ITERATED COMMUTATORS OF FRACTIONAL INTEGRALS 8

Iterating this estimate, we obtain (2.2) with F = {PF};x where {P}}; := {Qo},
{le }i={P;}; and {Pf}j is the union of the cubes obtained at the k-th stage of
the iterative process from each of the cubes Pfﬁl of the (k — 1)-th stage. Clearly
Fisa %—sparse family, since the conditions in the definition hold for the sets

Epy =pPAAUr

Let us prove then the recursive estimate.
For any countable family {P;}, of disjoint cubes P; € D(Qo) we have that

[(a)p" (fX3Q0) ()] X0 (%)
:I(Ia)zn(fX3Qo)(x)|XQo\UjP +Z| X3Q0)(x)|XPj (1’)

<o)t (fx300) () XQo\U, P, (%) + Z |(1a)5" (fX3q0\3P,) ()| X P, (7)

+Z} b (fxap;) x)‘Xij

for almost every x € R™. So it suffices to show that we can find a positive constant
Cn,m,o in such a way we can choose a countable family {P;}; of pairwise disjoint
cubes in D(Qo) with 3, |P;| < 5|Qo| and such that, for a.e. = € Qo,

|(Ia)gn(fX3Qo)(x)|XQo\UjP +Z{ b (fx3Q0\3P;) SC)‘ xp, ()

(2.3) m
< Cnymya Z (f) |b($) - bRQo ‘m_h|3Q0|% |f(b— bRQO)h‘sQoXQo (z)
h=

0
Using that (I,)}"f = (1)} .f for any ¢ € R, and also that

(La)prof = 3 (—1)" " L((b=o)"f)b—c)y™h,
et =30 ()

it follows that
|(La)p" (fX300) IXQo\U; P, () + ZI b (fX3Q0\3P,)IXP; (2)

(24) <) (f) D) — brg, ™" La((b — bro, )" X00) (@) x@o\us 7 ()
h=0

23 42 ())b0o) = b, I S (0= b, ) Fragnan o)l o),

h=0

Now we define the set £ = U} E},, where

Ep = {x € Qo : My, q ((b - bRQo)hf) (z) > Cn,m,a‘3Q0|%|(b - bRQo)hﬂBQo} )

with ¢, m,o being a positive number to be chosen.
As we proved in Lemma 1, we have that

= My, ||

oo
Ll RTL)_)Ln a (]Rn) < )
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s0, since M1, 9,9 < M, (9x30,), We can write, for each h € {0,1,...,m},

n

|En| < cna Jagq 10— bra, )" o
- Cn,m,a|3Q0|% ‘f(b - bRQO)h|3QO

. Cn,a|3Q0‘%_1 fSQO |f(b_bRQ0)h| e |3Q |(17%)nﬁa
3Qo| " [ £(b — bre, )13, 0

_ ( Cn,a )na |3Q0|<1_%)ﬁ = 3” ( Cn,oc )na ‘Qo‘v
Cn,m,a Cn,m,a

and we can choose ¢y m o such that

&
n

Cnym,«a

- 1
(2:6) Bl < Y 1Bul < 551Qol,
h=0

this choice being independent from @y and f.

Now we apply Calderén-Zygmund decomposition to the function xg on @ at
height A\ = 2,1% We obtain a countable family {P;}; of pairwise disjoint cubes in
D(Qo) such that

1
xe(x) < TESE ae. T & UPj.
J

From this it follows that ‘E \U; Pj’ = 0. The family {P;}, also satisfies that

n 1
DB < 2B < S Qo

J

and
\BNE 1
| P51 | P
from which it readily follows that |P; N E°| > 0 for every j. Indeed, given j,

1
/ xe(x) < = for all j,

C 1 C
|Pj\:\ijE|+\ijE|§§|Pj\+|ijE B

and from this it follows that 0 < 1|P;| < |P; N E<|.
Fix some j. Since we have P; N E° # (), we observe that
MIQ:QO ((b - bRQO )hf) (‘T> < C’ﬂ,mﬂl?’QO‘% |(b - bRQO )hf‘?)Qo

for some = € P; and this implies that, for any @ C Qo containing z, we have

s sup e (b = broy )" FX300\30) (€)] < Cnim.al3Qol™ (b= bro, )" flaqo:
g€

which allows us to control the summation in (2.5) by considering the cube P;.
Now, by (1) in Lemma 1, we know that

[0 ((b = brg, )" Fx300) ()| < Mi,.q ((b—bro, )" f) (z), a.e. z € Q.

Since ‘E \U; P

= 0 we have, by the definition of F, that

M, .qo (b= brg,)" ) () < Cnm.al3Qol ™ |(b—bro, )" flsqe, ae. z€Qo\ P
J
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Consequently,
’Ia((b - bRQO)th3Qo)($)} < Cn,m,a|3Q0‘% |(b— bRQO)hf|3QD7 a.e. £ € Qo \ U p;.
J

These estimates allow us to control the remaining terms in (2.4), so we are done.

3. PROOFs OF THEOREM 3 AND COROLLARY 1

The proof of Theorem 3 is presented in the two first subsections. First we deal
with the upper bound and then with the necessity.
We will end up this section with a subsection devoted to establish Corollary 1.

3.1. Proof of the upper bound. To settle the upper bound in Theorem 3 we
argue as in [23, Theorem 1.4] or, to be more precise as in [22, Theorem 1.1]. To do
that we need to borrow the following estimate that was obtained in the case j =1
in [23] and for j > 1 in [22] and that can be stated as follows.

Lemma 3. Let S be a sparse family contained in a dyadic lattice D, 1 a weight,

b € BMO,, and f € C2°(R™). There exists a possibly larger sparse family ScD
containing S such that, for every positive integer j and every Q € S

/\b—bQ|J‘|f|§cnlle%Mo,,/Afé,nf

where AJ f stands for the j-th iteration of Asn, which is defined by Ag nf
As(f)n, wzth Ag being the sparse operator given by

Asf@) =" = [ |flxq()
s %,;mm/@ @

We will also make use of the following quantitative estimates. Let 1 < p < oo
and S a 7-sparse family. If w € A, then

max 1,p
(3.1) [As||zr(w) < en p[w]A st :

If p, g, are as in the hypothesis of Theorem 3 and w € A, ;, then

(1—%)max{1,§}

(32) 15| La(wa)—Lr(wr) < Cnpaalt]a, ;

1350) = 3 o [ e

QeS

We observe that the proof of (3.2) is implicit in one of the proofs of [19, Theorem
2.6] that relies essentially on computing the norm of the operator Ig by duality.
At this point we are in the position to prove the estimate (1.2).
We assume by now that b € Lj7 (R™) and we prove in the end that this assump-
tion is always true. Taking into account Theorem 4, it suffices to prove the estimate
for the sparse operators

AR, ) =D b= bo"MQI " f(b b)) loxg,  h€{0.1,...,m}.
QEeS

where
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Assume that b € BMO,, with n to be chosen. We observe that, using Lemma, 3,

AT (b, f)gA? b—bm’w) b—b
[ anto.ns QES(/ 9116 bo e L b= tallsl

1
< callblBnio, D ([ AZ 9N ) o [ AL, (£])
0 i Q| / 0 X7l

QeSs
< calblno, [ 3 ez () 45,00 vadz; o)
Q€S
_ m o h m—~h q
= culltlio, [ 15 [4%,(17)] 042, (gA") @)
Let us call I, f := IS(f)n. Now, the self-adjointness of Ag yields

[ 75 (4, 0) 4zt = [ g {ag =t 1z, (4, 000)]} ol

Combining the preceding estimates we have that

[ Azt nen SAT g, AL (1)

< CngannMO?7 ”g”LQ’()\q)

La(X\2)

and consequently, taking supremum on g € Lq/()\q) with HgHLq/ o) =1,

m,h m
1AL (B, F)llzors) < eallblBio, AL D],
Taking into account (3.1)
m—h—1
|asag,m 18,4801, ..
m—h—1 max{l,q%l}
q,lq
S< Eo (AT ]Aq> 1., Sn(\fl)\m(w(m,h,n)-
Using (3.2), we have that
a Ah — ||12 A"
78048 O] oty = EAE D] o
m—h (1—%)max{1,%,} h
< gl | REUEL]

and applying again (3.1),

m max{l }
h plp
HAS,,](fI)]Lp(WWh))<cn,p< [T m) [
l=m—h+1

Gathering the preceding estimates we have that

AR, < blEno, P ) me{ )

JAZ2 0, llore) < non BB, PQDI™ 1Lz ooy,
where

o max{1. 52} . max{1.52:}
P( 11 wnmq) Q( 11 Wn%,) -
1=

=0 m—h+1
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1/m

Now we observe that choosing n = /™, it readily follows from Hdlder’s inequality

m—h h m—h m—1 l

== m rort ™ Tm [, T]m _
A ]a,, S NG a7, and [NV SN WT]E L, r=pq

p,q P,q T T

Thus, we can write

m-h-1 , max{1,717} m _ ’ max{1,-1;}
P < ( 11 [AQ]A’;[M‘Z]XQ> Q< ( IT r W’]ﬁ;)
1

=0

and, computing the products, we obtain

m—h 1
m4(h+1) m(h+1)) m ma‘x{]"q—l
p p

Pstuq o

and
ot ho1y e max{l,;i7}
Q< (W2 w1 ) -
Combining all the preceding estimates leads to the desired estimate.
To end the proof we are going to show that b € Lj?.(R"). Indeed, for any

compact set K we choose a cube ) such that K C Q. Then

Jowm s [ <en [ - vgmsen ([ 10)
K Q Q Q

Since b is locally integrable, we only have to the deal with the first term. We observe
that by Lemma 3,

Ab—mﬁHQSGJW&meAAEWMWM

1 1
P 2 \7
S C’ng”glMOVl/m </R Agyl/m (XQ)p)\p> <‘/C'2 Al_p)

and arguing analogously as above we are done.

3.2. Proof of the necessity. We are going to follow ideas in [23]. First we recall
[23, Lemma 2.1]

Lemma 4. Letn € Ay. Then

Q] 1

where wy(f, Q) = infeer ((f — )xq)" (AQ]) and
((f =ex@)"(AQI) = sup  inf |(f —¢)(2)].

EcQ *
|E|=X|Q]
Armed with that lemma we are in the position to provide a proof of the necessity.
Let @ C R™ be an arbitrary cube. There exists a subset £ C Q with |E| = 54=|Q)|
such that for every x €

1 (0, Q) < [b(x) — my(Q)]

ont2

where m(Q) is a not necessarily unique number that satisfies

Ql

max {[{z € @ : b(z) > my(Q)}], {z € @ : b(z) <mp(Q)}H} = =~
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Now let A C @ with |A| = |Q| and such that b(z) > m,(Q) for every z € A.
We call B =Q\ A. Then |B| = }|Q| and b(z) < m,(Q) for every z € B.

As @ is the disjoint union of A and B, at least half of the set F is contained
either in A or in B. We may assume, without loss of generality, that half of F is in
A, so we have

IEI 1

[ENAl=|E| - |En(ENA)S| 2 |E] - = = 5514

We also have then that

1 1 1
BOEN A =181~ B (B0 )] 2 510l - 55510 = (3 - 5 ) @)

So choosing
A'=ANE B =Bn(ENA°

we have that if y € A’ and x € B’ then wﬁ(b, Q) <b(y) —mp(Q) < b(y) — b(x).
50
Consequently, using Hélder’s inequality and the hypothesis on (1,)}",

_ (0. Q"B < / / 2))"dady

<(Q no‘// dd
’ ’ |.T— |na

=@ [ () (vo) @)

<@y ([ ) " ([ )

3=

o) G )

where we used that

And this yields

vl ) ()

Since pu € A, ; we have that p? € A,. Hence (see for example [9])

g foe =< ()
— | P <cl— [ pur] , for any r > 1.
1Ql Jo Ql Jg
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Using that inequality for some r > 1 to be chosen combined with Holder’s inequality
with 8 = , we have that

<Cl?|/cz“p>;< (i [ eae >T<C<|Q|/W1')m<|22|/cgw>é
(k) G

) P
and choosing » = pm + 1 we obtain

(e ) <o ) (@ )
This yields
Ve (0 Q)" <C<|@|/ 1>m<cl2|/cf_ql)QI(|c12|/Ap)p

Now we observe that since ¢ > p then by Holder’s inequality

<22|/Q”>;S<w;|/f); and <22|/QA) (@ [)

Thus

.
'Y

o 1) Gl =G o) Ga )|
= [ )¢ — [} < |[— [ N AP )
(|Q| Q Rl Jo Ql Jg QI

Consequently, since A € A, 4, we finally get

1 1
w_1_(b,Q §c—/ vm
2"“( ) QI Jo

and we are done in view of Lemma 4.

3.3. Proof of Corollary 1. To prove the corollary it suffices to estimate each
term in K,, in Theorem 3 for ; = A. Indeed, we observe first that taking = A

(1-2) max{1,2" }Z( ) (m h) max{1, 11 I}Lup}hmax{l,plj}.

Km = [1] Ap g A,

Now, taking into account (1.1), we get

(m—h) max{1,-21= (m—h) max l,ﬁ
Y
and
h max 1,p% h% max 1,p%
etk et
Consequently

Km < Cm[,u],(:ii max{l T }+mmax{1’q T %/}

P.q

Note that since p < ¢ we have that 2 g < 1 and also

1 P’
p<qg = p>q¢ = — <.
q—1 ¢
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This yields that max {1, qfll, L, '} = max {1, %/} and we have that

Qs

m+1—% max l,p—/
Hmécm[u]g Jmox{ C’},

P,q

as we wanted to prove.

To establish the sharpness of the exponent in (1.4) we will use the adaption of
Buckley’s example [3] to the fractional setting that was devised in [7]. First we
observe that we can restrict ourselves to the case in which p’/q > 1, since the case
p'/g < 1 follows at once by duality, taking into account the fact that (I,)}" is
essentially self-adjoint (in this case, [(I4)}']" = (—1)™(Io)") and the fact that if
w € Apg, then w™t € Ay pand [w™'s, , = [w]g/yq.

Suppose then that p’/q > 1, and take § € (0,1). Define the weight ws(z) =
|2|(®=9)/?" and the power functions fs(z) = |z|°~"X B(0,1)(z). Easy computations
yield

IfsllLoqwry < 677, and  [ws]a,, < 6797

Let b be the BMO function b(z) = log |z|. For € R™ with |z| > 2, we have that

rapsste) = [ B g,

BO1) |T—y["e

> |x|5fn+a/ logm(1/|z‘) ‘Z|67ndz
- B(0,jz|-1) (L +]2])"72

Y L RN
chW/o log™(1/r)r°~ dr.

Integration by parts yields

m!
(m — k)!6% log® ||

||~ m
/ log™ (1/r)r®~tdr = 61 x| =% log™ || Z
0

k=0

_ _ m - m _ _
> 6ol tog™ ol 3 (1) 6 o ol

k=0
=5 Y| 2 log™ |z|(6 "t log ™ 2| + 1)™

> (S_m_1|1"_6.

Then,

m C’I’L
(Ia)b fzi(x) > W, |CC‘ > 2.
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1

Hence, taking into account that ; + ¢ =, we have that

2%\
m —(m+1)
H(IOé)b f(SHLq(wg) Z CTL(S (/z>2 |x|(n—oc)q dll:)
1/q
= ¢, 0~ (m+1) / \x|’5q“’/*"dx
|z >2
=y (M)
m+1— %/
= cluwsl T sl

(m+17%) max{

1,2}
= clws] 4 1 foll Lo wr)

p,q

so the exponent in (1.4) is sharp.

Remark 2. We would like to point out that an alternative argument to settle the
sharpness we have just obtained follows from the combination of arguments in
Sections 3.1 and 3.4 in [24].

3.4. Some further remarks. Mixed A, ;,— A bounds. Werecall that w € A
if and only if

1
[wla., = Sng(Q)/QM(wXQ) <0

and that is, up until now (see [10]), the smallest constant characterizing the A
class. We would like to point out that it would be possible to provide mixed
estimates for (I,);" in terms of this A, constant. For that purpose it suffices to
follow the same argument used to establish Theorem 3, but taking into account

that, if w € A, and we call o = wﬁ, then

=

PN

L+l

+ 2= % and w € A, , then, if,

)

The preceding estimate was established in [8] and is also contained in the recent
work [10].

Asllircy < enplulh, (fo]

Also, if & € (0,n), 1 < p < 2, ¢ is defined by %

. 1
again, 0 = wi-»,

-

N

U?mWHmwﬁ@meﬂ@ﬂL+bq
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