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ABSTRACT. We represent a general bilinear Calderén-Zygmund operator as a
sum of simple dyadic operators. The appearing dyadic operators also admit a
simple proof of a sparse bound. In particular, the representation implies a so
called sparse T'1 theorem for bilinear singular integrals.

1. INTRODUCTION

In this paper we show the exact dyadic structure behind bilinear Calderén-
Zygmund operators by representing them using simple dyadic operators, name-
ly some cancellative bilinear shifts and bilinear paraproducts. In the linear case
Petermichl [14] first represented the Hilbert transform in this way, and later Hyto-
nen [4] proved a representation theorem for all linear Calderén-Zygmund oper-
ators.

The representation theorems were originally motivated by the sharp weighted
A, theory, but certainly also have other value and intrinsic interest. For example,
a representation theorem holds also in the bi-parameter setting as shown by one
of us [10] (the multi-parameter extension of this is also by one of us [12]), and
in this context the representation has proved to be very useful e.g. in connection
with bi-parameter commutators, see [3] and [13].

Outside the multi-parameter context it is true that sparse domination results
yield sharp weighted bounds, and that sparse domination can also be proved di-
rectly (without going through a representation). Such proofs usually start from
the unweighted boundedness assumption, then conclude some weak type esti-
mates, and then finally go about proving the sparse domination. However, we
think that the idea of a so called sparse 71, as coined by Lacey—Mena [8], is ex-
tremely practical. This amounts to concluding a sparse bound directly from the
T'1 assumptions (by modifying the probabilistic 7’1 proof), and then noting that
the sparse bound implies all the standard boundedness properties (even weak
type). Such a combination gives everything in one blow.

We think that a very efficient way to go about things is to first prove a sharp for-
m of a representation theorem working directly from the 7'1 assumptions. This
is interesting on its own right, entails 7'1, gives an explicit equality containing
the full dyadic structure of the operator, and can even be used to transfer sparse
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bounds, at least in the form sense, from the model dyadic operators to the singu-
lar integral. This strategy was employed in the linear setting by Culiuc, Di Plinio
and one of us in [2], but of course they were able to cite the linear representation
theorem with 7'1 assumptions from previous literature [5]. It is also to be noted
that sparse bounds are remarkably simple to prove for dyadic model operators
using the method of [2].

In this paper we, for the first time, prove a representation theorem in the bilin-
ear setting, and we do it starting from the bilinear 7'1 assumptions. Moreover, we
carry out the above strategy in the bilinear setting i.e. we prove sparse domina-
tion for our model operators and then transfer them back to the singular integral.
In particular, we get a sparse bilinear 7'1 implying directly the boundedness of
singular integrals from L” x L9 to L" forall 1 < p,q < coand 1/2 < r < o
satisfying 1/p+1/q = 1/r, and even the boundedness from L' x L' to LY/%*, just
from the T'1 assumptions. Of course, one can also recover known sharp weighted
bounds (see e.g. [7]) from sparse domination. It is to be noted though that we
prove sparse domination in the trilinear form sense, as such bounds are easy to
transfer using the representation. A caveat regarding weighted bounds is that
outside the Banach range the literature currently seems to lack an argument giv-
ing sharp weighted bounds from form type domination (but such bounds can be
derived using pointwise sparse domination [1], [9]).

The proof of the representation entails finding a dyadic—probabilistic proof
technique which produces only simple model operators. Some bilinear dyadic—
probabilistic methods were studied by two of us in [11] in the non-homogeneous
setting. However, there seems to be a plethora of possible ways to decompose
things in the bilinear setting, and one has to be quite careful to really get only
nice shifts and nice paraproducts (such that can easily be seen to obey sparse
domination). We now move on to formulating some basic definitions and stating
our theorems.

A function

K:(R"xR"xR")\ A —C, A:={(r,y,2) ER" X R"xR": z =y =z},
is called a standard bilinear Calder6n-Zygmund kernel if for some o € (0, 1] and
Ck < oo it holds that

Ck

K:E7y7z S 9
K@) < Ty e =

|z — 2"

(lz =yl + |z — z[)>n+e

‘K(;U,y,Z) - K(I‘/,y, Z)‘ < CK

whenever |x — 2’| < max(|z — y|, |z — 2|)/2,

ly—y|*

K(l‘7y,2 — K a;,y’,z) SCK
| )~ K@)l < O e —2peee
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whenever |y — ¢/| < max(|z — y|, |z — 2|)/2, and
[z = 2]
(lz =yl + [z = 2[)2n+e

whenever |z — 2/| < max(|z — y|, |z — z|)/2. The best constant Cx is denoted by

1K ]| cz..-
Given a standard bilinear Calderén-Zygmund kernel K we define

max(|z—yl,|z—2|)>e

The above is well-defined as an absolutely convergent integral if e.g. f € L and
g € LP2 for some p;,py € [1,00), since then

|K<I’,y, Z) - K(x,y,z')| S CK

1
< -
//max(w |x,z|)>5’K($’y’ 2)f(y)g(2)| dydz < 8n(l/plﬂ/m)||fHLm||g||Lz»2.

For us a bilinear Calderén—-Zygmund operator is essentially the family of trun-
cations (7%).-¢. In particular, this means that boundedness in some L? spaces is
understood in the sense that all 7, are bounded uniformly in € > 0.

We shall also define some smoother truncations. Suppose ¢ € A, where A con-
sists of smooth functions ¢: [0, 00) — [0, 1] satisfying that ¢ =0on [0,1/2], ¢ =1
on [1,00) and ||¢’|| L < 10. Define the smoothly truncated singular integrals

x%Z/lﬁ@wﬁﬁ@M@MwM -0,

where

K#(2..2) = Koy, ) (LA 22,
g

The point is that 7¥, ¢ > 0, are operators with standard bilinear n-dimensional
kernels (with the kernel bounds being independent of ¢). Moreover, we have

T.(£.9)(a) ~ T, 9)@)] S MU 9)@) i= 50 (1) g 191 sy
where <f>A ‘A| fA f.If0 < &1 < g2 we denote by T¢ 2 the operator

T7 ., (f, 9)(@) = T£(f, 9)(x) — T5(f, 9)(2)
ﬂ‘aax% F(0)oz) dyd,
where K¢ . = Kf — K¢,

The notation 7 and 7% stand for the adjoints of a bilinear operator T, i.e.

<T(f7 9)7 h> = <T1*(h> 9)7 f> - <T2*<f7 h)’ g>'

We can now state our main theorem. For the exact definitions of the various
objects and notions (random dyadic grids, bilinear cancellative shifts, bilinear
paraproducts, weak boundedness, T5(1, 1), sparse collections etc.) see the follow-
ing two sections.
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1.1. Theorem. Let K be a bilinear Calderén—Zygmund kernel so that ||K||cz, < oo,
and let (T.).~¢ be the corresponding bilinear singular integral. Assume that

fsuleTsvaBP +IT5(L, Dllsymo + 1757 (1, 1llsao + 175(1, 1 [[pmo] < o0
>0

Let also p € A. Then there is a constant C' = C(n, ) < oo so that for all ¢ > 0 and all
compactly supported and bounded functions f, g and h it holds that

0o k
(T?(f,9),h) =C(|Kl|cz. +§u§||T5HWBP EwZZQ KUK (f.9),h)
> k=0 i=0
+C(HKcha+§g§HT5(1,1)HBMO (Mg eoi) (f>9) )
+C(HKHCZQ+§UISHT§ (1, 1) lBmo) B (I (o oy (f5.9), 1)
>
+ C(IK ez, +SUPHT52 (1, 1) lBmo) B2 o ooy (f19), h),

where each UX% , is a sum of cancellative bilinear shifts St3F, S; VY and adjoints of
such operators, and 11, stands for a bilinear paraproduct with o as in (3.1). For a fixed w

the operators above are defined using the dyadic lattice D,,.

The following corollary follows from the sparse domination of shifts and para-
products (see Section 5), and the trivial sparse bound for M.

1.2. Corollary. There exist dyadic grids D;, i = 1, ...,3", with the following property.
Let n € (0,1). For compactly supported and bounded functions f,g and h there is a
dyadic grid D; and an n-sparse collection S = S(f, g,h,n) C D; so that the following
holds.

Let K be any standard bilinear Calderon—Zygmund kernel and (1;).~ be the corre-
sponding bilinear singular integral. Then we have

Sgg |<T8(fa g)a h>| S CT,KAS(f7g7 h)7

where
Cri = C(||K||lcz, +sup [|T=(1,1)lzmo + sup [ 727(1, 1) [ smo
e>0 e>0

+ sup || T2*(1, 1) Mo + sup || T2 ||wsp)
e>0 e>0

forsome C = C(n,a,n) < coand

As(fog:h) =Y 1QKIDo(lal)o (1)

QeS

Additional notation. We write A < B, if there is an absolute constant C' > 0
(depending only on some fixed constants like n and « etc.) so that A < CB.
Moreover, A <. B means that the constant C' can also depend on some relevant
given parameter 7 > 0. We may also write A ~ Bif B S A S B.
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We then define some notation related to cubes. If () and R are two cubes we
set:

e ((Q) is the side-length of Q);

e If a« > 0, we denote by a@) the cube that is concentric with ) and has
sidelength a/(Q);

e d(Q, R) = dist(Q, R) denotes the distance between the cubes ) and R;

e ch(()) denotes the dyadic children of Q;

e If Q is in a dyadic grid, then Q¥ denotes the unique dyadic cube S in the
same grid so that  C S and ¢(S) = 2/(Q);

e If Dis adyadic grid, then D, = {Q € D: ¢(Q) =27%};

The notation (f, g) stands for the pairing [ fg.
The following maximal functions are also used:

Mpf(x) = Zlelg Lo(x)(|fho (D is a dyadic grid);

M f(x) = sup (| f])Ba.r-
r>0
Here B(z,r) = {y: |v — y| < r}. The bilinear variants are defined in the natural
way, e.g.
M(f,g)(z) = Sglo) (D) Bn 9] B,
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2. BASIC DEFINITIONS

2.1. Random dyadic grids, martingales, Haar functions. Let w = (w');cz, where
w' € {0,1}". Let Dy be the standard dyadic grid on R". We define the new dyadic
grid
D, = {I+ R IeDO} —{I+w: €Dy},
1:270<l(1)

where we simply have defined 7 +w := I + 3>, , ;2 'w’. There is a natural

i<t
product probability measure P, = P on ({0,1}")% - this gives us the notion of

random dyadic grids w — D,,.
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A cube I € D = D, is called bad if there exists such a cube J € D that ((J) >

27¢(I) and
d(I,0J) < (I)7e(J)' 7.

Here v = «/(2[2n + a]), where o > 0 appears in the kernel estimates. Otherwise
a cube is called good. We note that mgo0q := P,,(/ + w is good) is independent of
the choice of I € D,. The appearing parameter r is a large enough fixed constant
so that mgo0q > 0. Moreover, for a fixed I € D, the set I + w depends on w® with
27" < ((I), while the goodness of I + w depends on w' with 27 > ¢(I). These
notions are thus independent by the product probability structure.

For I € D and a locally integrable function f we define the martingale differ-

Arf = Z [<f>1/_<f>1}1f“

I'ech(])
We have the standard estimate

2\ /2
[ 1aB) |~ 1l 1<p< o0
1eD L

Writing I = I; x --- x I,, we can define the Haar function i}, n = (n1,...,m,) €
{0,1}", by setting

B =B - I
where hY = [I;|7/?1;, and h; = [I;|7/*(1;,, — 1;,,) for every i = 1,...,n. Here
I;; and I;, are the left and right halves of the interval I; respectively. If  # 0 the
Haar function is cancellative: [ h] = 0. We have that

Arf= > (f,h)nl,
ne{0,1}"\{0}
but for convenience we understand that the 7 summation is suppressed and sim-
ply write
Alf = <f7 h[>hl-
In this paper h; always denotes a cancellative Haar function (i.e. h; = h] for
some 7 # 0). A non-cancellative Haar function is explicitly denoted by h{.

2.2. Testing conditions: BMO and WBP. Let K be a standard bilinear Calderén-
Zygmund kernel, and let {7} }. be the related family of truncated operators. We
recall a usual interpretation of 7.(1, 1) and what is means that it belongs BMO.
Fix some ¢ > 0. Let R € R" be a closed cube and let ¢ be an L* function
supported in R such that [ ¢ = 0. Let C' = C'(¢) > 3 be any large constant so that
271C — 1)¢(R) > ¢, whence |x — y| > e forall z € Rand y ¢ CR. We define

(T.(1,1),¢) = (T.(1cr, 1cr), &)

2.1
2.1) N /// (K (.9, 2) — K(cmy, ) Leneon. (s 2)6(x) dy d= d.
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Applying the z-Holder estimate of the kernel it is seen that the integral is abso-
lutely convergent. It is straightforward to check that the right hand side of (2.1)
is independent of the cube R and the constant C as long as ¢ is supported in R
and 271(C — 1){(R) > ¢,C > 3.

If p € Aand ¢ is as above, we define

<Tf<1, 1)7 ¢> = <T5§0<1CR7 1CR)7 ¢>
+ /// (Kf(:c,y, z) — KZ(cr, v, Z))l(CRxCR)C(y, 2)¢(x) dy dz dx

for any closed cube R containing the support of ¢ and any C' > 3, say.

(2.2)

2.3. Definition. Let ¢ > 0. Suppose K is a standard bilinear Calderén-Zygmund
kernel, and let 7} be the related truncated operator. We say that 7..(1, 1) is in BMO,
and write 7.(1,1) € BMO, if there exists a constant C' so that for all closed cubes
R and all functions ¢ supported in R such that ||¢||,~ < 1and [ ¢ = 0 there holds

(7.0.1).0)]
om oC

We denote the smallest constant C'in (2.4) by ||7%(1, 1)||zmo-
If ¢ € A, the corresponding definition for the smoothly truncated operator 7
is obtained just by replacing 7. by T¢.

(2.4)

In the representation theorem we will assume that 7..(1, 1) € BMO. The follow-
ing simple lemma shows that the conditions 7;(1,1) € BMO and 7¥(1,1) € BMO
are equivalent.

2.5. Lemma. Suppose K is a standard bilinear Calderén-Zygmund kernel and let € > 0
and ¢ € A. Then

IT£(1,1)[lemo < C(IK [lez. + I1T=(1,1)|lB7o)
and
IT:(1,1)lemo < C([|K oz, + IT£(1,1)||Bumo) -

Proof. Fix a closed cube R and a function ¢ supported in R such that ||¢[/;~ <1
and [ ¢ = 0. Then, using the definitions (2.1) and (2.2), one sees that

‘<T£(17 1)7 ¢> - <T€¢<17 1)7 ¢>} = |<TE(1CR7 1CR)a ¢> - <Ta‘p(]'CR7 1C'R)7 ¢>|
S (Mlton.Lon).Jo) < [ lolds <)
The claim follows from this estimate. O

For the convenience of the reader we state the following lemma on the equiv-
alence of some BMO type conditions — although 7(1, 1) is not stricly speaking a
function, the lemma nevertheless follows from John-Nirenberg by standard ar-
guments. Therefore, the paraproducts we will encounter can be made to obey
the normalisation in (3.1).



8 KANGWEI LI, HENRI MARTIKAINEN, YUMENG OU, AND EMIL VUORINEN

2.6. Lemma. Suppose K is a standard bilinear Calderén-Zygmund kernel and let € > 0
and ¢ € A. Suppose D is a dyadic lattice. Then

1 2

— T¢(1,1),h < O|T¢(1, 1)

Sup 1 QEEDK #(1,1), he)l 172 (L, Dgnmo
QCR

for some absolute constant C'.
Next, we give the definition of weak boundedness property.

2.7. Definition. The weak boundedness property constant ||7.|wgp is the best
constant C' so that the inequality

|<T€(117 11)7 11>‘ < C|I‘
holds for all cubes I C R".

2.3. Sparse collections. A collection S of cubes is said to be n-sparse (or just s-
parse), 0 < n < 1, if for any ) € S there exists Eg C @ so that |Eg| > 1|Q| and
{Eq : Q € S} are pairwise disjoint. The definition does not require the cubes to
be part of some fixed dyadic grid. Although, it can be convenient to know that
in Corollary 1.2 the sparse family S can always be found inside one of the fixed
dyadic grids D;, #i < 1.

3. BILINEAR SHIFTS

In this section all cubes are part of some fixed dyadic grid D. We will introduce
certain cancellative shifts and paraproducts in this section. We will also show
their boundedness L? x L9 — L" in the simple case 1 < p,q,r < oo satisfying
1/p+ 1/q = 1/r. The restriction » > 1 can be lifted after we have shown the
sparse domination (see Section 5).

3.1. Cancellative bilinear shifts. Define for ¢, j, k > 0 the bilinear shift (f, g) —
SHik(f, g) by setting

SYR(f,9) =Y AL (S, 9),

Q
where N ~ 7
A = Y enamallbi) o)
I,JKCQ
LI)=2"(Q)
0(J1)=2"74(Q)
UK)=2"%4(Q)
and

(hr, hy) € {(h1,hy), (R}, hy)(hr, )}
We also demand that
’]|1/2|J|1/2|K|1/2
lar kol < QP .
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Such a shift will be considered to be a cancellative bilinear shift. Also the duals of
these operators will be used in the representation.
Let1 < p,q,r < oo be such that 1/p + 1/q = 1/r. We show that

1S5 (f, )l < M1 F 1z llgl e

with the constant independent of the shift in question, and only depending on
p,¢,r. To do this, we may assume without loss of generality that for example
hI = hyforall I (a general shift can be split into two shifts where h1 = h; for

all I in one of them and h; = h, for all J in the other). Notice that we have the
pointwise estimate

A (£, g)| < (17D {l9l)o Lo
Define also

Dof = > (f hi)hr
ICQ
(I)=2""4(Q)

Since Agj’k(f, q) = Agj’k(Dégf, g), we have

ASH(f, )] < Mog(|Dpf1) o
Notice that

SSoE) =S 1A ~ 1l 1<p<oo
Q L I Ly

Let 1 < p,q,r < oobesuch that 1/p+ 1/q = 1/r. Using the above we see that

[S*4(£. 9) HLWH(Z\DQSHW, 2)” —H(Z\Wf, )"

L

Now, we have

|1 o)
Q

IN

. 1/2
. MDQ(%(!D’Qﬂ)élQ) ;
, /
<§<|Dézf|>élcz)l I 1sglis

, 1/2
(S 10601) |, gllze < 1711esllgller
Q

IN

AN

3.2. Bilinear paraproduct. Let o = {ak}kep be sequence of complex numbers
such that

1 2
(3.1) e > JaxlP<1

| Kol K: KCKo
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for all Ky € D. We define the bilinear paraproduct
Ma(f.9) =Y ar(f)(9) -
K
To deal with this it is useful to recall the usual (linear) paraproduct

Tof =D ax(f)hx.
K

It is well known that 7,: L” — L" boundedly for 1 < r < oo because of the
condition (3.1). An elegant way to do this directly in L" is in [6]. It follows that
II,: L? x LY — L" boundedly for 1 < p,q,r < oo satisfying 1/r = 1/p + 1/q.
Indeed, it holds that

I~ (S o7 ) )

3 H@mﬂzwpu,g»zﬁﬁ)m

~ ma(Mop(f 9)llr S IMp(f 9)llr S (1 fllze gl 2o

Lr

4. PROOF OF THE BILINEAR REPRESENTATION THEOREM, THEOREM 1.1

Consider an arbitrary €; > 0 and let f, g and h be bounded functions with
compact support. For the moment, let e, > ¢, be arbitrary, and write T = T _
and K = K¢, _ . This is an a priori bounded operator (for example in the L* x
L* — L? sense), which makes the calculations below legit. We will decompose
(T(f,g),h) first, and take the limit e, — co at the end.

Begin by decomposing (T'(f, g), h) as

(T(f.9),hy=E, Y > > (T(Arf,Asg), Axh)

KeD, IeD, JeD,,
L(K)<L(I) L(K)<e(J)

FEY S Y (TU(Akh.Asg) Arf)

IeD,, JeD, KeD,
oN<e(J) o(I)<t(K)

+E, > Y > {T(Af, Agh), Ayg) = S+ £ 4+ 5

JeD, IeD,  KeD,
UT)<EI) £(T)<U(K)
We focus on the first sum X!, and at this point write

Z Z Z <T(Aff’AJg)’AKh>: Z <T(EZJ(K)/2f7EZJ(K)/Qg)vAKh>a

KeD, IeD, JeD,, KeDy,
LK) <L(I) L(K)<L(J)
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where

Ejryof = Z Li(f),-

IeD,

UI)=4(K)/2
The point of doing this is to gain the needed independence for the argument
below (this seems to be a new simpler way to add goodness than in [5], and is

straightforward to use also in this bilinear setting). Write now D,, = D 4 w to the
end that

Z (T(Ejxy st Eilre)29), Axch) = Z (T(Ef(s0) 015 Eire)29)s Ak sl

KeD, KeDg
Next, we write

= B, ) (T(Biix ol Bl 29), Dl

KeDy
1
— > Eullgeod (K + W) EL(T (B0 o, Eilxc)29)s Arcah)]
71—good KeDy
1 [0%) w 1
- E, Y (T(Bixpt Eixp9), Axh) = E SN w),
Tgood K Toood
e,Dw,good

where we used independence: 1g004(K + w) depends on w; for 277 > ¢(K') while
Efi k2] depends on w; for 277 < U(K)/2 < ((K), same for Ejir) 29, and Agh
depends on w; for 277 < ((K).

Fix w and let D,, = D. We will now start finding the shift structure in the sum

Yw)ie.
Z Z Z T(Arf,Asg), AKh>

KeDgood
(K)<f(1) f(K)<4( )

The double sum Z rep ., Jep canbe organised as

K)<U(I) — UK)<L(J)
JED IeD
Z(K)<15(1) f(f)<f( ) HE)<L(I) () <L)

This leads to the fact that

oY Y (T(Af,Avg), Ah)

KeDyo0d IeD JED
(K<) oK) <o)

_ Z Z (T(Arf, Euryj29), Axh)

+ > (T(Ewnf.As9), Axh) =i o' + 07,
JeD
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We will now mostly focus on the part

ol — Z Z (T(Arf, By 29), Axh)

K€Dyooa I1€D
%K<

- Z Z Z <T(A1f,1J<9>J),AKh>.

KGDgood IeD b
LE)<LT) p(J)=e(1)/2

However, to get a simple paraproduct it is crucial to combine i.e. sum up the
paraproduct parts from these two parts ¢! and o?.

Step I: separated part. In this section we consider

oy = Z Z (T(Arf,15(g),), Agh)

KEDgood I,JGDZ
U(K)<0(I)=20(J)
max(d(K,1),d(K,J))>£(K) E(J) =7

= Y > (T(hr, 1), hi ) fy R g, BS) (R ).
K€Dgo0q 1,JeD:
C(K)<0(1)=20(J)
max(d(K,I),d(K,J))>L(K)Ve(J)L =
We need the existence of certain nice parents, the proof in the bilinear setting is
essentially the same as in [5].

4.1. Lemma. For I, J, K as in o{ there exists a cube Q € Dsothat I UJ UK C Q and
max(d(K, 1), d(K, J)) Z ((K)"(Q)' .

Proof. Let Q € D be the minimal parent of K for which both of the following two
conditions hold:

o U(Q) = 2"U(K);

o max(d(K, 1), d(K,J)) < {(K){(Q)'7.
Since ¢(Q) > 2"((K), the goodness of K gives that

UK UQ)™ < d(K, Q).
If we would have that I C Q¢ or J C ()° we would get
((K)UQ) < max(d(K, I),d(K, J)) < U(K)U(Q)7,

which is a contradiction. Therefore, we have I N Q) # ) and J N Q # (). Moreover,
we have
K (I) < max(d(K, 1), d(K, J)) < ((K)(Q)
implying that ¢(Q)) > ¢(J), and so also ¢(Q)) > ¢(I). This implies I U J U K C Q.
It remains to note that the estimate max(d(K, I),d(K,J)) = ((K)4(Q)' 7 is a
trivial consequence of the minimality of (). Indeed, there is something to check
only if ) is minimal because ¢(Q) < ¢(K). But then ¢(Q) < ¢(J) and we get

LR Q) S KUY < max(d(K, I),d(K, J)).
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U

For I,J,K asin o} welet Q = IV JV K be the minimal cube Q € D so that
IUJUK C Q. We then know that

(4.2) max(d(K, I),d(K, J)) = ((K)((Q).

Let us write

ook
ad=> 3> > (T(h1,h%), hae ) f, hr) g, B ) hy hic).
k=0 i=0 QD 1,J€D, K €Dgood
max(d(K,I),d(K,J))>E(K)70(J) =7
2()=0(1)=2-14(Q), £(])=2~+E(Q)
IVIVK=Q

Next, we define
N ~ A{T(hr, BY), hic)
BIEQ T CU(K) 0(Q))or?

ifI,J € D, K € Dypoq, max(d(K,I),d(K, J)) > L(K)(J)7, U(K) < (1) =2((J)
and IV JV K =@, and ay j kg = 0 otherwise. We can then write for fixed k£ > 0
and ¢ < k that

> > (T(hy, 1), ha Y F, ) g, BV

QeD 1,JED, K€Dgooa
max(d(K,I),d(K,J))>0(K)1e(J)1—
20()=€(1)=2"4(Q), L(K)=2"*£(Q)

IVIVK=Q

== 02—ak/2 Z Z aI,J,K,Q<f7 h[><gv h3>hK = C2—ak/QSZ,Z+1,k<f, g)?
QeD 1,J,KCQ
{I)=2"1(Q)
{(N)=2"""1(Q)
UK)=2"F(Q)

which gives

o k
o = 3 2SI g), ).
k=0 i=0
It remains to verify that
’ ‘ |]|1/2|J|1/2|K|1/2
ar Q| <
¢ QP

for an appropriate choice of the constant C' depending on the kernel estimates.
We fix I, J, K, @ so that a; ;.o # 0. Notice that |z — cx| < ((K)/2 (we are using
the ¢ distance) for x € K while

max(|z—yl, |[r—2|) > max(d(K, I),d(K,J)) > ((K)(J)"7 > 27@ > 2"z —ckl|
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forz € K,y € I and z € J. Therefore, we have by the Holder estimate in the =
variable and the estimate (4.2) that

((K)"
ax(d(K,I),d(K, J))?n+
((K)”

(E(E) Q)1 )2mte

I LA P (f(K)
QP (Q)

_ |f|1/2|J|1/2|K|1/2< (K))‘”/2
QP 2(OFa

This establishes the desired normalisation, and therefore we are done with o7.

KT 1), )L S Rl (B ool 22—

S 22 K|

)a v(2n+a)

Step II: diagonal. Here we look at the sum

oy = Z Z (T(Arf,14(g),), Agh)

KEDgood I,JGDZ
L(K)<L(I)=2¢(J)
max(d(K,I),d(K,J))<C(K)Ye(J)1=
KNI=0 or K=I or KNJ=0

> > (T ). ) () (9,15 ().
K€Dgo0q I1,JeD:
(K <U(1)=20(J) <27 £(K)
max (d(K,I),d(K,J))<e(K)TL(J) =

KnI=0or K=I or KNJ=0
The goodness of the cube K was used to conclude that we cannot have /(/)
2"((K). Indeed, in the case K N I = () this would imply d(K, I) > ((K)"¢(I)'™7
((K)76(J)'™ - a contradiction. In the case K N J = () we would have (as ¢(J)
2"0(K)) that d(K, J) > ((K)"¢(J)' "7 — a contradiction.
4.3. Lemma. For I, J, K as in o} there exists a cube Q € D so that [ UJ UK C Q and
Q) < 2MU(K).

Proof. Define Q = K. Then ¢(Q) = 2"¢(K) > ¢(I) > ((J). Therefore, it suffices
to show that 7 N Q # @ and J N Q # (. But this is essentially the same argument
as previously: If we would have that I C Q¢ or J C Q°, we would get

L(E)UQ) < d(K, Q%) < max(d(K,I),d(K,J)) < LK) (I
which implies ¢(J) > ¢(()) — a contradiction. O

VIV Vv

We can now write

Yy > (T ), ) Y KO

k=0 i=0 Q 1,JED, KEDyoou
max(d(K, 1), d(K 7)) <E(K) ()=
KNI=0or K=I or KNJ=0
20(7)=H(D)=2—1(Q), {(K)~2—*£(Q)
IvJv
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Notice thatif K NI = () then
dy dx

(T(hr, h), hic)| S ][]_1/2“’—1/2’[(’—1/2/ /
wong Jr e =y

IR )yt
r @

We get the same bound also if K N J = () with an analogous calculation. So we
only need to estimate in the case X' = [ and J € ch(K). Then we have

(T (hi,h%), hic)| S K| 737 Z (T (g, 15), 150,
K',K"ech(K)
If K' # Jor K" # J then [(T(1x:,1,),1x+)| S |K| simply by the size estimate
of the kernel. In the case K’ = K" = J we have using the weak boundedness
property that [(T(1,,1,),1,)| < |K|. Soin the case K = I and J € ch(K) we also
have

ST K2 ~

- ]‘1/2‘J’1/2|K‘1/2 €(K) a/2
0y A < (et .
(T (h,hy), hi)| S | K| Q2 (é(Q)>

The above lets us write

r k
O'% _ CZ szka/2<8i,i+1,k(f’ g)’ h>

k=0 =0

for cancellative bilinear shifts S***1*, where C' depends on the kernel estimates
and the weak boundedness property. We point out at this point that since 7' =
TY ., =T¢ — T, there holds

€1,€2 €27/

T lwep < C'(|| K|z, + sup |5 ||wesp)-
>0

4.1. Step III: error terms. Here we start working with the sum

oy = > (T(Arf.14{g),), Axh)

1,JED, K €Dygooa
o(1)=2¢(J)
KcJcl

- Z <T(AJ(1>JC7 1J)7AKh><g>J'

JED, K€Dgoo0a
KcJ

We split
(T(Ayor f,10), Achy = (T (e (Ao f = (Ao f) ), 1s), Axch)
— <AJ(1)f>J<T(1, 1Jc), AKh> + <AJ(1)f>J<T(1, 1), AKh>.

This gives us the decomposition o3 = 03, + 03 ., where the first two terms of the
above decomposition are part of o3 ,.
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In this section we only deal with the error term o3 . Notice that

ohe= > T[T (s, 10), hic)

JED, K€Dgoo0a

— (hyr) (T, 15e), hic) (s by ) (g, h)(hy hic),

where s := 1;e(h ;0 — (hya)) ) satisfies |s;| < |J|~'/% and spts, C J°.
We will first bound [(T'(s;, 1), hi )|. In the case £(J) ~ ((K) we are looking for
the bound |(T'(s,, 1), h )| S 1. This follows by writing

(T (ss, 1), hic)| < KT (L3587, 1), b )l + [{T(Lpyess, L), hie)l,
and using the size and Holder estimate in the z-variable respectively. If ¢(.J) >
2"(K) we have d(K,.J¢) > ((K)0(J)'™7 > ((K)Y?((J)"/?. Therefore, Holder
estimate in the z-variable gives

d
(T 10 ] S 1Koy [ e
K Jje | T — y|

((K)\ /2
< | K|V/2 J—1/2<_> '
S KT (G
Notice that this is ~ 1 if ¢(J) ~ ¢(K), so the same estimate holds in both cases.
It is now also obvious, using almost exactly the same calculations as above,
that

U(K)N\o/?

T(1,150),hi)| S IK[M2 (== .

But as |(h;u)) S |~1/2 we have the same bound as above. Therefore, we can
write

03, =CY 272(SOLR(f g), 1)
k=1

for some cancellative bilinear shifts and for some C' depending on the kernel
estimates.

4.2. Part IV: paraproduct. Here we combine

03, = Z <T(1,1),AKh><AJ<1>f>J<g>J

JED, KE€Dyp0d
KcJ

with the relevant paraproduct type term coming from ¢, namely

O5r = Z (T(L 1), Ah)(f) jor (B 9) -

JED, K€Dgoo0a
KCJ

Notice the key cancellation

(Asw f)9); + )y (Bswa); = () (9), = (F) jor 9) -
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Therefore, we get
Toatohe= D (TL1)Ah)(f){9)
KeDgood
Define
<T(17 1)7 hK>

C(IK oz, + supss 1T5(1, 1) [umo)
if K is good, where C is a large enough absolute constant, and otherwise set

ag = 0. Recall that T' = T¢ _ = T¢ — T¥, whence in view of Lemma 2.5 and

€1,€2 €27/

Lemma 2.6 the numbers o satlsfy the correct normalisation (3.1). Hence we can
write

(44) A =

0.+ 05, =C(|K|cz, + Sup 1T5(1, 1) |lemo ) (Ia(f, 9), h).

4.3. Synthesis. Let us collect the pieces of the above steps together. Recall that
the operator 7' is actually 77 _ . We have shown that

[e.e]

k
2 w) = C(IK]lcz, + Sup | Tsllwee) Y > 27 3(UE, ,.(f.9). h)
k=0 i=0

+ C([I1K ez, +sup[IT5(1, Do) (Hog(er a0 (£ 9); h),

where each UZ*_ 4w is @ sum of cancellative shifts Sk . and SHtLE L and
where Il (., ) is the paraproduct related to the sequence defined around E-
quation (4.4). Collecting together the symmetric parts we get the result of Theo-
rem 1.1 except we have the dependence on €, on both sides. However, it is clear
that (77 _,(f,9).h) = (T£(f,9),h) if € is large enough (depending on the sup-
ports of f,g and h.) Thus 1t is enough to do some limiting argument e, — co on
the right hand side also.

The operators U", ., depend on 51, £2 and ¢ because the coefficients of the
shifts are defined using the operator 7% _ . Let U"_  be the corresponding op-

erator, but where the coefficients of the shifts are defined with the operator T
instead. Do the similar thing with the paraproducts. Dominated convergence
theorem shows that it is enough to show that

(UL, ol fr9) )y = (UZE, L (f,9), ),

when e, — o0, and similarly for the paraproducts. The convergence of the above
pairings is simply based on the fact that the coefficients of the shifts defined with
T _, approach to the ones defined with T¥. Let us quickly show the argument

for the paraproduct, the same reasoning applies for the cancellative shifts.
It is enough to show that

lim |7 (T2 1), hie)(F) e 9) o )| = 0.

€2—00
KGDgOOd
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Fix M > 0. Notice that using sup;- ||7¥ (1, 1)||lsmo < oo and the boundness of the
paraproduct there holds for every ¢, > 0 that

S T (0) ()|

K: 6(K)<1/Mor £(K)>M
1/2
S I lellglee > JAkhl3:) " = e(m),
K: ((K)<1/Mor £(K)>M

where ¢(M) — 0 when M — oo. This gives that

| 5 TE DNl ()
<+ 3 (T () 90 e (B )|

K:1/M<(K)<M

The latter sum is finite as i has compact support. Since (7% (1, 1), hx) — 0 when
€2 — 00, we have that

lim | > (TEL ), A ) () 9 ()| < e

€2—00
KeDgood

The claim follows by letting M — oo.
We are done with the proof of Theorem 1.1.

5. SPARSE FORM DOMINATION FOR SHIFTS

Let us first introduce a general framework of trilinear forms. Let D be a fixed
dyadic grid on R" and ¢, j, k be nonnegative integers. Define the trilinear form

SP(frs fa f3) =D Sq(f1, fas f3)

QeD
3
/// o(z1, 29, x5 H (x;) dxy dzo dxs,
QXQXQ

QeD j=1
where p > 0. Assume it satisfies the following:

A. The kernels K : Q x Q x Q — C satisfy | Kg||r~ < Q]2

B. There exist exponents p,q,r € (1,00) such that 1/p+ 1/¢ = 1/r and a
constant B so that for every subcollection Q@ C D of dyadic cubes the
truncated form

SH(f1, for £3) =Y Sq(fi, fas f3)-
QeQ
satisfies

S6(f1, fo, f5)| < Bl full el f2llall f3ll -
C. Ky is constant on sets of the form (); x Q)2 X )3, where Q§p+1) =Q.
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It can easily be seen that trilinear forms associated to both cancellative bilinear
shifts and paraproducts fall into the above class of forms. Corollary 1.2 follows
from Thereom 1.1 by using two results from this section, namely Proposition 5.1
and Corollary 5.8.

We state the next proposition for only dyadic grids without quadrants — these
are dyadic grids where every sequence of cubes I}, with I;, C I, satisfy R" =
\U, Ix- Since almost every dyadic grid has this property, this generality is already
enough for us to conclude everything we need. Of course, the proposition would
hold in every grid but since this is not needed, we prefer this technical simplifi-
cation.

5.1. Proposition. Let n € (0,1), D be a dyadic grid without quadrants and fi, fa, f3
be compactly supported and bounded functions. Then there exists an n-sparse collection
S = S(f1, fa, f3,m) C D, so that for all SP defined in D there holds

(52)  S(fi, for f3) Sy (B+p) ZIQIH<|f]r>Q (B+ p)As(f1, fo, f3)-

QES j=1

Proof. Let ()y € D be so that it contains the supports of all of the three functions
;. Define & to be the collection of maximal cubes @ € D, ) C Qo, such that

(5Dg (g (g _
<<rm>Qo Uy, (s >Q0) o

For Cy = Cy(n) large enough there holds
D 1QI< (1 =n)|Qd|

Qe¢
The cube Q) is the first cube to be included in S, and Eg, := Qo \ UQE e Q.

Let G = G(Qo) = {Q € D: Q C Qoand Q) ¢ Q' forevery ' € £}, and for
Q € Dwrite D(Q) = {R € D: R C Q}. Then we have the decomposition

Sp<f17f27f3) = Z SQ(f1>f27f3) +Sg(f17f27f3>
(5.3) &

+ZS \(filg, f21q, f31q),

Qe&

where we applied the fact that the functions are supported in @y. The size prop-
erty | Kg| =~ < |Q|? of the kernels implies that

‘ Z SQ(fbfmfg)‘ < Z I fullzll foll 2 | f3 ) 2 N |Q0\H<]f]|>Q
J

2
QeD QeD |Q’
Q2Qo0 Q2Qo0
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We will prove the estimate

(5.4) SG(f1, far f3) Sn B+ 0)|Qol [T (1531) g,

From (5.3) and (5.4) it is then seen that the collection S can be obtained by iter-
ating this process, in the second step beginning with S7, ) (filg, f21q, f31¢) for
some () € £. Hence, to conclude the proof, it remains to show (5.4).

We prove (5.4) by performing a Calderén-Zygmund decomposition to f; with
respect to the collection &, obtaining for each j = 1, 2, 3 that

fi=g9i+b =g+ bio bigi= (fj - <fj>Q> Lo
Qee
For every () € £ there hold the standard properties

g5l Sn (16l /Q bio =0, el S0 1QUIS g,
Decompose the left hand side of (5.4) into eight parts:

85(91792793)7 Sg(blab27b3)a Sg(glvg%bfﬂ)a Sg(glab%gfﬂ)a e

The part with three good functions can be directly estimated via the boundedness
of S§ and the estimates ||g; ||~ <, <]fj\>Q0:

S6(91. 92, 93)] < Bllgnllzolg2llzallgsll e o BIQol [T (151,
j

In all the other parts, there is at least one bad function involved. All of these
terms vanish by assumption C if p = 0, so assume now that p > 1. By symmetry
we consider a term of the form S{(by, ks, h3), where h; can either be g; or b;. We
turther decompose G into p subcollections each of which, denoted by &, satisfies
that £(I;) > 2°¢(15) whenever I, I, € G', I} D I. It suffices to show that

(5.5) 1S5/ (b1, 72, 1) S Qo T T {13l g,

Because of the assumption C, the defining property of G’ and the fact that
[b1g = 0 for every Q € &, we have that for every @ € & there exists at most
one R € G’ such that Q C R and Sg(b1.g, he, hs) # 0. If such a cube R exists we
denote it by R(Q). Therefore,

S5, (b1, ha, hg) <> Y [Sr(bi, ha, hs)|

ReG’ Qe€&
(5 6) R(Q)=R
' 610l [[holrl Lt [[hslRl Lt
c3 3 nalololalolistaly,
ReG" Q€&
R(Q)=R

where the size estimate | K|~ < |R|™* was applied.
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Let j = 2,3 and fix some R € G’ for the moment. We will prove ||h;1z| 1 S,
|R|<|fj|>Q0. The L property of g; implies that ||g;1z| 1 S, |R|<|f]~|>QO. The esti-
mates [|b;q |z Sy [QI(I i), 8ive
otall = D lbelln S0 Yo QKIS g, < RIS o,
Qe€: QCR QEE: QCR
Now we proceed from (5.6) as

186 (b1 hay k)l o D Y el (1fl) g, (Ifs]) g,

ReG’ Q€&
R(Q)=R

Sﬂ? ’QO|<|f1|>Q0<|f2‘>Qo<‘f3|>Qo'
This completes the proof of (5.5), and hence the proof of the proposition. O

For clarity we give the proof of the following lemma — it is a simple argument
that can be extracted from the proof of Lemma 4.7 in Lacey-Mena [8].

5.7.Lemma. Let 0 < 1,19 < 0o. Suppose D is a dyadic grid and fi, fo, f3 € L'. Then
there is an ny-sparse family U = U( f1, f2, f3,m2) C D so that for all ny-sparse S C D
there holds that

AS(fl;fQ?f?)) 5771,772 Au(flaf27f3)‘

Proof. We first construct the family &/. Let C = C(n,) > 8" be a large enough
constant depending on 7,. For each k£ € Z define

Uy = {maximal cubes Q € D so that H <]fj|>Q > Ck}.
J

Notice that if () € U, then
CF < TTUAD, <8 TS o < 8°CF < 54
J j

This means that a given () € D can belong to at most one of the collections U.

Define
u=Ju.

keZ
Let us show that this is an 7,-sparse collection. Let ) € U and fix k so that ) € U.

Notice first that
‘UR‘:‘ U R‘: S IRl
RelU REM}H,l Reuk+1
RCQ RCQ RCQ

If R € U1 is such that R C @, then
C
[TD, > = S TTUAD
J J
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and so

(e 0
(AR

This implies that
32"
} U R) < W‘Q’ < (1—m)Q

RelU
RCQ

provided C' = C(,) is large enough. It is now clear that the sets
Eq=Q\|JR Qeu,

Reu
RGQ

are disjoint and satisfy |Eg| > 12|Q|, which proves that U/ is 7,-sparse.

Consider an arbitrary S C D, which is 7;-sparse. If @ € S satisfies [[; (|/;]),, #
0, then there is a cube R € U so that () C R. Let m,() denote the minimal R € U
so that Q@ C R. Suppose m,() € Uy. Then we cannot have [ [, <\fj]>Q > "1 (as
otherwise m;,(Q would not be minimal), and so

[TUrD, < <CTTUAD0 Sm [TUAD o

Finally, we get
(f17f27f3 Z Z |Q|H<|f]’>@
ReU QeS8
Q=R
S DU TTUAD, D 1@l
ReU j QeS
Qa_
Son D IRITTAA1) 5 = Dulfr, far fo)-
Rel j

O

5.8. Corollary. There exists dyadic grids D;, i = 1, ..., 3", with the following property.
Let ny,mo € (0,1). Suppose f1, f2, fs € L. Then for some i there exists an ny-sparse
collection U = U( f1, fa, f3,m2) C D;, so that for all n,-sparse collections of cubes S we
have

(59) AS(f17f27f3) 57)177]2 AU(flanafS)-

Proof. We can let (D;); be any collection of 3" dyadic grids with the property that
for any cube P C R" there exists R € | J, D; so that P C Rand /(R) < 6/(P). Then
it is easy to find a 67");-sparse collections S; C D; (depending on §) so that

As(fis for f3) S D> As,(f1, fos f3):
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LetU; = U;(f1, f2, f3,m2) C D; be the universal sparse collections given by Lemma
5.7. Then we have that

As(frs for f3) S D As,(f1s for f3) S D At (f1, fos f3) S Dy (frs for f)

for some iy. We are done. O
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