IMPROVED A, - A, AND RELATED ESTIMATES FOR
COMMUTATORS OF ROUGH SINGULAR INTEGRALS

ISRAEL P. RIVERA-RIOS

ABSTRACT. An A; — A, estimate improving a previous result in
[22] for [b, Tq] with Q € L>°(S"~1) and b € BMO is obtained. Also
a new result in terms of the A,, constant and the one supremum
A, — AZP constant is proved, providing a counterpart for commu-
tators of the result obained in [19]. Both of the preceding results
rely upon a sparse domination result in terms of bilinear forms
which is established using techniques from [13].

1. INTRODUCTION

We recall that a weight w, namely a non negative locally integrable
function, belongs to A, if

p—1
[w]Ap:sgp<|QL|/Qw><ﬁ/lelp) <oo l<p<o

or in the case p = 1 if

Muw(z)
[w]a, = esssup ——= < 00
sern W(T)
Given Q € L(S"") with [, , © = 0 we define the rough singular
integral T by
Qy')

ly|"

Tof(x) = pv / f(x — y)dy

where ¢y = %
During the last years an increasing interest in the study of the sharp

dependence on the A, constants of rough singular integrals has ap-
peared. In particular it was established in [10] that

1Tl 2wy < enllQ| Loc n—1y[w], -
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Recently the following sparse domination (very recently reproved in
[13] for the case € L>(S""1)) was established in [3].

Theorem. For all1 < p < oo, f € LP(R") and g € L” (R™), we have
that

| [ Tatngds <eaCrsp 3 L) G [ 1a)™

where each S is a sparse family of a dyadic lattice D,

l<s<oo ifQQe =S 1)
¢ <s<oo if Qe Lt logL(S™)

and

¢ {1l iR e L=E
19| Lot 10g Lisn-1)  if @ € L log L(S™ ).

The preceding sparse domination was widely exploited in [20]. Among
other estimates, the following A; — A, estimate was established in that
paper (see Lemma 2.2 in Section 2 for the definition of the A, con-
stant)

1 1
7

1 TallLr@w) < nl|Q Lo @n1y[w] b, [w] .

The preceding inequality is an improvement of the following estimate
established earlier in [22]

1 1+
1Tl o) < enlllzoesnn[w]i, [w]a,”

Now we recall that the commutator of an operator T and a symbol

b is defined as
0, T]f(z) =T(f)(z) — b(z)T f(z).

In the case of T" being a Calderén-Zygmund operator this operator
was introduced by R.R. Coifman, R. Rochberg and G. Weiss in [2].
They established that b € BMO is a sufficient condition for [b, T to
be bounded on LP for every 1 < p < oo and also a converse result in
terms of the Riesz transforms, namely that the boundedness of [b, R;]
on LP for some 1 < p < oo and for every Riesz transform implies that
b € BMO.

In [22] the following estimate for commutators of rough singular in-
tegrals and a symbol b € BMO was obtained.

1 o4l

(1.2) 1[0, Tolll o w) < €l oo gn-1)[w] G, [w] 4 "

One of the main goals of this paper is to improve the dependence on
the [w]a,, constant in (1.2). Our result is the following.
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Theorem 1.1. Let Ty be a rough homogeneous singular integral with

Q€ L*°(S"1) and let b € BMO. For every weight w we have that

147
(1:3) 1116, Talll ooty (- w) < allQlzoesn) [Bllmaco (9P (1) 7
where r > 1. Assuming additionally that w € Ay

1+
1[0, Tl || Lo (v ()= Lo () < Cnl| Q| 2o (sm—1 [|b]lBro (P)* PP [w] 4 7

and, furthermore, if w € Ay, then

oo

1 1+
110, Ta]ll o) < |l oo sn) [1BllBano () *p*[w] 4, (W],

Very recently a conjecture left open by K. Moen and A. Lerner in
[18] was solved by K. Li in [19]. Actually he obtained a more general

result.

Theorem. Let T be a Calderon-Zygmund operator or a rough singular
integral with Q € L>(S"™1). Then for every 1 < ¢ <p < oo

||T||Lp(w) < CnpgCr [w] 1

1 1
Ag (AZP) ¥

where
1 a1 1
— T\ P 1 -1 7
) ey = Saplwlelwe)g” exp ((logw™)q)”
and
HQHLoo(Sn—l) if T'=Tq with Q) € LOO(SH_I),
C —=
g cx + || T2 + ||lwllpini  if T is an w-Calderdn-Zygmund operator.

This result can be regarded as an improvement of the linear depen-
dence on the A, constant established in [20], and that, as it was stated
there, follows from the linear dependence on the A; constant by [5,
Corollary 4.3]. Such an improvement stems from the fact that

[w]Aq% = enltha

In the next Theorem we provide a counterpart of the preceding result
for commutators.

Theorem 1.2. Let T be a Calderon-Zygmund operator or a rough sin-
gular integral with Q € L>°(S"™'). Then for every 1 < q < p < 00

(1.4) 16, TVl zrw) < Cnpacrit]a, [w] ab

We would like to recall the following known estimates.
11, Tl oy < ]y,
11D, Tolllzow) < clwli, -
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The first of them can be derived as a consequence of the quadratic
dependence on the A; constant of [b,T] obtained in [24] combined with
[5, Corollary 4.3], while the second one was established in [22]. In both

cases we improve the dependence on the A, constant since we are able
1 1
to prove a mixed A, — Af (AZP)? bound and

max{(ulau] 3 2} < vl
In order to establish Theorems 1.2 and 1.1 we will rely upon a sui-
table sparse domination result for [b, T|. This result will be a natural
bilinear counterpart of the result obtained in [17] for [b,7] with T" a
Calderén-Zygmund operator and also of (1.1). The precise statement
is the following.

Theorem 1.3. Let T be a rough homogeneous singular integral with
Q € L>(S"'). Then, for every compactly supported f,g € C®(R")
every b € BMO and 1 < p < oo, there exist 3" dyadic lattices D; and
3" sparse families S; C D; such that

(b, Tolf )] < Cap' 19 o) Y (Ts,10(0 £.9) + T, 1,0, £,9))

=1
where

Tsims(b £,9) = D {Fra((b = b0)9)s0|@

QESJ'

T rs(b fr9) =D (b= Q) )ral9)sol@]

QES;
Remark 1.4. In the preceding Theorem and throughout the rest of this
1

work (h)y o = (@ fQ |h|awd:v>a. We may drop « in the case a =1
and w when we consider the Lebesgue measure.

The rest of the paper is organized as follows. We devote Section 2
to gather some results and definitions that will be needed to prove the
main theorems. Section 3 is devoted to the proof of Theorem 1.3. In
Section 4 we prove Theorem 1.1. We end this work providing a proof
of Theorem 1.2 in Section 5.

2. PRELIMINARIES

In this section we gather some definitions and results that will be
necessary for the proofs of the main theorems.

We start borrowing some definitions and a basic lemma from [14].
Given a cube Qg C R"™, we denote by D(Qq) the family of all dyadic
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cubes with respect to )y, namely, the cubes obtained subdividing re-
peatedly )y and each of its descendants into 2" subcubes of the same
sidelength.

We say that D is a dyadic lattice if it is a collection of cubes of R"
such that:

(1) If @ € D, then D(Qy) C D.

(2) For every pair of cubes @), Q" € D there exists a common an-
cestor, namely, we can find ) € D such that @', Q" € D(Q).

(3) For every compact set K C R", there exists a cube @ € D such
that K C Q.

Lemma 2.1 (3" dyadic lattices lemma). Given a dyadic lattice D,
there exist 3" dyadic lattices Dy, ..., Dsn such that

{3Q : Q € D} = UL, D;
and for each cube QQ € D and j = 1,...,3", there exists a unique cube

R € D; with sidelength [(R) = 3l(Q) containing ().

Now we gather some results that will be needed to prove Theorem
1.1. The first of them is the so called Reverse Holder inequality that
was proved in [8] (see also [9]).

Lemma 2.2. For every w € Ay, namely for every weight such that
1

[w]a., = sup / M(wxq) < oo,

o w(@) Jo

the following estimate holds

(@il < )

where ry, =1+ ﬁ and 1, > 0 is a constant independent of w.

At this point we would like to recall that if w € A, C A, then
[w]a.. < cnlw]a,. This fact makes mixed A, — A, bounds interesting,
since they provide a sharper dependence than A, bounds. We also need
to borrow the following lemma from [22].

Lemma 2.3. Let w € Ay. Let D be a dyadic lattice and S C D be
an n-sparse family. Let U be a Young function. Given a measurable
function f on R™ define

Bsf(x) ==Yl flww.oxel@).

QES
Then we have

4
1Bs fllzrw) < E[W]AmHMwL)fHLl(w)-
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We recall that ¥ : [0,00) — [0,00) is a Young function if it is a
convex, increasing function such that W(0) = 0. We define the local
Orlicz norm associated to a Young function ¥ as

) 1
HfH‘IJ(L)(u),E = inf {)\ >0: E/E‘If <%> du < 1}

where E is a set of finite measure. We note that in the case U(t) = t" we
recover the standard L" local norm. We shall drop p from the notation
in the case of the Lebesgue measure and write w instead of wdx for
measures that are absolutely continuous with respect to the Lebesgue
measure.

Using the preceding definition of local norm, we can define the max-
imal function associated to a Young function ¥ in the natural way,

My f(x) = sup 1 ey,

We end this section recalling two basic estimates that work for doubling
measures. The first of them is a particular case of the generalized
Holder inequality and the second can be derived, for example, from [1,
Lemma 4.1].

1

w(0) - dp < - ex °
1) @) Jolf ~ Falloldn 15 = Fellosmalslivsing

< Cn”fHBMO(u)||g||LlogL(u),Q if p = wdx with w € A,.

1

1 =
(2.2)  |Ifllcwo o <cur (—/ wrd,u) r>1
L1 gL(P«) Q H(Q) Q

For a detailed account of local Orlicz norms and maximal functions
associated to Young functions we encourage the reader to consult ref-
erences such as [25], [23], [21] or [4].

3. PROOF OF THEOREM 1.3

The proof of Theorem 1.3 relies upon techniques recently developed
by A. K. Lerner in [13]. Given an operator T" we define the bilinear
operator Mr by

1

Ma(f,9)() =sup o [ [7(xaeso)llldy.
@z Q| Jo

where the supremum is taken over all cubes () C R" containing x.

Our first result provides a sparse domination principle based on that

bilinear operator.
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Theorem 3.1. Let1 < q <71 ands > 1. Assume thatT is a sublinear
opemtor of weak type (q,q), and My maps L™ X L* into L»>, where
l = L4+ 1 Then, for every compactly supported f,g € C®(R") and
every b € BMO there exist 3" dyadic lattices D; and 3" sparse families
S; C D; such that

(3.1) (b, T]f, g) Z (Ts rs(0, f,9) +Ts 45(b, f, g))

where

7:Srsbf7 TQ b_bQ> >5Q‘Q’

O,M

TS, s, fr9) = Z (0 —b0)f)ra(9)s0lQ
Qes;

and
K = Cn(HTHanquoo + HMTHL"XLSHLW’O)-

It is possible to relax the condition imposed on b for this result and
the subsequent ones, but we restrict ourselves to this choice for the
sake of clarity.

Proof of Theorem 3.1. By Lemma 2.1, there exist 3" dyadic lattices D;
such that for every () C R", there is a cube R = Rg € D; for some j,
for which 3Q) C Rg and |Rg| < 9"|Q).

Let us fix a cube Qg C R™. Now we can define a local analogue of

MT by

1
Mra,(f.9)@) = s o [ [T xaso)lsldy,
Q37,QCQo |Q| Q

We define the sets E; i = 1,...4 as follows

By ={z € Qo : [T(fx300) (@) > A1(f)q300}

Ey ={x € Qo : Mrq,(f,9(b—bry ) () > A2(f)r300(9(b — brg, )50}
By ={x € Qo : [T(fx300(b — bro, ) ()| > A3(f(b—brg,))a300}
Ey={z € Qo: Mrg,(f(b—brg,), 9)(x) > As((b = bry, ) [)r300(9)s.00 }-

We can choose A; in such a way that
1
max(|Ex|, |Eal, |Es, | E4|) < it |Qol-
Actually it suffices to take

A, Az = (Cn)l/qHTHLq—wqm and  Ap, Ay = Cn,r,l/|’MTHLT><LS—>L”’°°

with ¢,, ¢, ., large enough. For this choice of E; the set Q@ = U;E;
satisfies |Q] < 57| Qol-
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Now applying Calderén-Zygmund decomposition to the function xo
on (g at height A\ = 271% we obtain pairwise disjoint cubes P; € D(Qo)

such that .

2n+1

and also |©2\ U;P;| = 0. From the properties of the cubes it readily
follows that Y|P < 3|Qo| and P; N Q° # 0.
Now, since |2\ U;P;| = 0, we have that

/ IT(fxa00)l1(0 — brg, gl < Ar(f)asas / 906 — by, )|
Qo\U; P; Qo

1
P < IR E| < 51

[ T brg ) xsan)lsl < Aal(b ~ bag, ) Pasa | ol
Qo\U; Pj Qo

Also, since P; N Q° # (), we obtain
/P IT((b — by, ) Fxsanar, )19l < As{(b — by, ) Fwao (9)s00|Q0l

/P_ I T(fx300\3P) (b = brg, )9l < Aa{f)r300 (b = brg,)9) 500l Qol

Our next step is to observe that for any arbitrary pairwise disjoint
cubes P; € D(Qo),

0 [0 T](fx3@0)19]
_ /QO\Ujpj |6, T1(fx3Q0)1 191 +;/Pj 16, T](fx30,)|19]
< /QO\Ujpj |16, T)(fxsq0)ll9l + EJ:/P 116, T](fxs00\82,) 191

+Z/p 16, T)(fxzr)llgl.

For the first two terms, using that [b,T]f = [b — ¢, T]f for any ¢ € R,
we obtain

/ b, T)Fxseo)llgl + 3 / 16, T1(F X000l

Qo\U; P; i 7b

< / 1b— by, IITFxsen)llg] + 3 / b= brg, IIT(Fxsaunar,)ldl
Qo\U; P i b

—l—/QO\Uij IT((b = brg, ) fX300) 9] + ;/Pj IT((b— br, ) fx3a0\ar,)ll9l-
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Therefore, combining all the preceding estimates with Holder’s inequal-
ity (here we take into account ¢ <7 and s > 1) and calling A =), A,
we have that

%mmmmMs;LMﬂmmw

+ A ({)r300 (0 = DRy, )9) 5,00 Qol + (b = bro, ) f)rsa0(9) 500l Q0l) -

Since Y-, |Pj| < 5]Qol, iterating the above estimate, we obtain that
there is a 3-sparse family F C D(Qo) such that

/WTMMMKAZb—%ﬂmHMQ
(3.2) Qe
+AD (raalad = bry))sol@

QeF

To end the proof, take now a partition of R" by cubes R; such that
supp (f) C 3R; for each j. One way to do that is the following. We take
a cube Qg such that supp (f) C Qo and cover 3Qy\ Qo by 3" —1 congru-
ent cubes ;. Each of them satisfies ()9 C 3R;. We continue covering
in the same way 9Q \ 3Qo, and so on. The family of the resulting
cubes of this process, including @), satisfies the desired property.

Having such a partition, apply (3.2) to each R;. We obtain a %—sparse
family F; C D(R;) such that

/um Dllgl <A Y (b= brg) Prsalaeal@)

QEF;

+AZ )r30(9(b — bry))s,0lQ)

QEF;

Therefore, setting F = U;F;

L BTNl < A 30~ b frsola)-al)

QeF

A (Frsalolb = bro)selQl

QeF

Now since 3Q) C Rq and |Rg| < 3"(3Q)|, clearly (h)a30 < cn(h)a,ro-
Further, setting S; = {Rg € D; Q € F}, and using that F is $-sparse,

we obtain that each family S; is 5o gn -sparse. Hence
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[ .71l < A D™ S (0= b))l

j=1 ReS;

+ A Y (Frrlg(b = br))sr|R|

j=1 ReS;
and (3.1) holds. O

Given 1 < p < oo, we define the maximal operator M,, 1 by

1 1/p
M2 f(z) = sup (@ /Q |T<fon\3Q>rpdy)

Qo

(in the case p = oo we call M, rf(x) = Mrf(x)).
Our next step is to provide a suitable version of [13, Corollary 3.2]
for the commutator. The result is the following.

Corollary 3.2. Let1 < g <71 ands > 1. Assume that T is a sublinear
operator of weak type (q,q), and Mgy 1 is of weak type (r,r). Then, for
every compactly supported f,g € C®(R™) and every b € BMO, there
exist 3" dyadic lattices Dj and 3" sparse families S; C D; such that

|<[b7 T]f? g>| S KZ (7:9j,7",8(b7 f7 g) + 7:;;,7",5(1)7 f7 g))
j=1

where
Ts,rs(0: f19) = Y (Fra{(b = 0)9)s.0lQ)
QES;
gns09) = D (b= ) )ra(9)s0l Q)
QES;
and

K = C, ([T pomspoce + Mo zllropre) -

Proof. The proof is the same as [13, Corollary 3.2]. It suffices to observe
that

[IMzllrspsspvee < Col[Myzllrspre (/v =1/r+1/s),
and to apply Theorem 3.1. O

Remark 3.3. At this point we would like to note that if 7" is an w-
Calderéon-Zygmund operator, with w satisfying a Dini condition, since
My is of weak-type (1, 1) with

| Mr||pipre < cn (Cr + [T 22 + [|w]|Dini)
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(see [12], also for the notation) and we have that
TN zree < cn ([T ]|z + flwllpini)

then from the preceding Corollary we recover a bilinear version of the
sparse domination established in [17].

In order to use Corollary 3.2 to obtain Theorem 1.3, we need to
borrow some results from [13]. Given an operator T', we define the
maximal operator My r by

Myrf(x) =sup(T(fxrmsg)Xxe) (AQ]) 0< A< 1.

Q>x
That operator was proved to be of weak type (1,1) in [13] where the
following estimate was established.

Theorem 3.4. If Q € L>®(S"™!), then

1
| My 1|l 1 pree < Cn”QHLOO(Sn—1)<1 + log X) 0< A<l1.

Also in [13] the following result showing the relationship between the
L' — L'*° norms of the operators M) and M, 7 was provided.

Lemma 3.5. Let 0 < v < 1 and let T be a sublinear operator. The
following statements are equivalent:

(1) there exists C' > 0 such that for all p > 1,
My fllispie < Cps
(2) there exists C' > 0 such that for all 0 < X < 1,

1 Y
HM)\,Tf”Ll—)LLOO <C (1 + log X) .

At this point we are in the position to prove that Theorem 1.3 follows
as a corollary from the previous results.

Proof of Theorem 1.3. Theorem 3.4 combined with Lemma 3.5 with
v =1 yields
[ Moz |11 p100 < npl|€2| oo (1)
with p > 1. Also, by [26], we have that
|Tallz1—r10e < Cul| Q| Loosn1).

Hence, by Corollary 3.2 with ¢ =r =1 and s = p > 1, there exist 3"
dyadic lattices D; and 3" sparse families S; C D, such that

371

|<[b7 TQ]f7 g>| < Cnp,”QHLOQ(S"*l) Z (%j,l,p(b7 f7 g) + %j,l,p(ba f7 g)) .
j=1

U
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4. PROOF OF THEOREM 1.1

We start providing a proof for (1.3). We follow some of the key ideas
from [15, 16] (see also [22]). By duality, it suffices to prove (1.3) it
suffices to show that

M,w

1
< cal| Qe gn 16 lB30 () *P? ()
LP' (Myw)

wlloe ()’

We can calculate the norm by duality. Then,

H [bf’\ﬁf / b, To)f(@)h(z)dx|

= sup
L' (Myw)  llee (apw) =1

Let us define now a Rubio de Francia algorithm suited for this situation
(see [6, Chapter IV.5] and [4] for plenty of applications of the Rubio de
Francia algorithm). First we consider the operator

M (f(M,w)7)
(M,w)?

and we observe that S is bounded on LP(M,w) with norm bounded by
a dimensional multiple of p’. Relying upon S we define

f’:1

NS o0t

S(f) =

k

This operator has the following properties:
(a) 0 < h < R(h),
(b) ||Rh||LP(M,,-w% < 2[|[| ey w) 1
(c) R(h)(M,w)r € Ay with [R(h)(M,w)?]a, < cp’. We also note
that [Rh]a, < [Rh]a, < cup'.

Using Theorem 1.3 and taking into account (a) we have that,

/ [0, Tl f(2) ()

< Cu Qo) I (T (b f0) + T, 10 £ 1)

=1

< Cos' Qi) D (Tl £ BR) + T3, 1,0, £, BR))

Jj=1

8

and it suffices to obtain estimates for

1= 7«-9j,1,s(ba f7 Rh) and I = 7‘-;;,1,5(177 f: Rh’)
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First we focus on I. Now we choose 7, s > 1 such that sr = 1+W.
For instance, choosing r = 1 + W we have that s = 2%

and also that sr’ = 2(1 + 7,,[Rh|a..) ~ [Rh]a.,. Now we recall that for
every 0 < t < oo it was established in [7, Corollary 3.1.8] that

(r612| /Q b(x) — bQ|tdx) ' < (tl“(t))% 127 |blsaio

For t > 1 we have that (tF(t))% ert12" < ¢,t. Taking into account
the preceding estimate, the choices for r and s, the reverse Hoélder
inequality (Lemma 2.2), and the property (c) above, we have that

1<y (|Q|/|b ) — bol*| Rha |dx) /|f|dy

QES;
<Y (b= bg)sro(RN) STQ/ | fldy
QES;
< eolsr”) [blleo 3 (|Q| / Rh) / fldy
QES;
< calRhLa Pllvo 3 RA(Q um/“w
QES;

< el ilao Y- M@ /Q fldy.

QESj

An application of Lemma 2.3 with W(¢) = ¢ yields

]' /
3" RI(Q)— / Fldy < SIRR | M llos ) < eI M A1l o,
2 "1,

From here
1

M L1 rny < / |Mf|p J\/[w)1 p>1,</n(Rh)erw>p

Lp’(MTw)'
Now by [15, Lemma 3. 4] (see also [24, Lemma 2.9])
. ) I

< Cp(r') ” Lp/(w).

LY (Myw) —

bS]

Gathering all the precedmg estimates we have that

f

w

1
v

I < c|[bllmmop(@')(r')?

Lr' (w)
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Now we turn our attention to II. Recalling that we have chosen
rs =14 W, taking into account the Reverse Holder inequality

and applying also (2.1) we have that

1< 3 (g7 L )~ bl sy .l

Qes;
< b(y) — bl f(y)dy ) (Rh)rs.ql Q)
QEZS |Q|/ ol )dy) (kv

< callbllsvo Y 1/ llL1og Lo RI(Q).

QESJ'
Then a direct application of Lemma 2.3 with W¥(¢) = tlog(e + t) yields
the following estimate
D llziogr.@RAQ) < 8[RA AN Mpiogn.f | L1 (an):
QGSJ'
Arguing as in the estimate of I,

M
| Mpiogo.f |1 (rR) < QHM

v (Myw)
Now [24, Proposition 3.2| gives

M, w
Combining all the estimates we have that

22 1+ Hf

< 2/ N1+%
LY (Myw) nl (T) ’

IT < c,||bllsao (@)

v’ (w

Finally, collecting the estimates we have obtained for I and I, we
arrive at the desired bound, namely

ST

1
< call2 ooy 1bllmato ()0 (') 7 ”

L' (w)

We end the proof observing that the A, and the A; — A results are a
direct consequence of the estimate we have just established and of the
Reverse-Holder inequality (see [15, 16, 8] for this kind of argument). O

Mrw

5. PROOF OF THEOREM 1.2

Let us consider first the case in which T is a Calderén-Zygmund
operator. Calculating the norm by duality we have that

J1190

116, T fllerewy = sup

190ty =

1
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Now taking into account Remark 3.3 (or [17]) we have that

‘/[b, T}(f)gw‘ < ¢per i (73“]-,1,1(1% frgw) +T5 11(b, f, gw))

so it suffices to provide estimates for
7?5',1,1([)7 f> g'lU) and 7§k,1,1(b7 fv gw)
First we work on s, 1,1(b, f, gw). Following ideas in [19] we have that

-1 J7\P

(w)e(wm )T~ = (wo (o7 )% ,

where A(t) = t77 and o = w!™?. Then, choosing s < p’ and taking

v
into account [11, Lemma 6], (2.1) and (2.2),
(

Tsaa(b, frgw) =Y (Folgb — bo)w)elQ)

Qcs
1 _1
< CZ(pr>A,Q<w p)Z,QHgHLlogL(w)QHb - bQHeXpL(w)Q
QES
1 _1 w
< cs'||bllsmofw]a. Y {(fwr)agw Pz ol0)vo
Qes

1 1
7

X exp ((log w’1>Q) 7 exp ((logw)g)?

< cs’|]bHBMo[w]Aoo[w] 1 <Z<pr>A Q|Q|>

AP (Ae"p)

QeS
< (32 ((9)0)" exp ((logw™)0) ¥ [QI)”
QeS
-1
< exr” 1Ml ollwolel o] o 1m0l oy

where in the last step we use the Carleson embedding Theorem [8,
Theorem 4.5] and the sparsity of S.

Now we turn our attention to 7g,,(b, f, gw). We observe that for
any 7 > 1

Te1a(b, frgw) =D (f(b—bg))olgw)elQ

Qes

< (Pralb = bo)w.olgw)elQ)

Qes

< ¢||bllBmo Z re(gw)olQ|
Qes
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and from this point it suffices to follow the proof of [19, Theorem 3.1]
to obtain the following estimate
Tonalo fogw) <clul 3 o I 9l

Combining the estimates for 7s11(b, f, gw) and Tg, (b, f, gw) we ob-
tain (1.4) in the case of T being a Calderén-Zygmund operator.

Let us consider now the remaining case. Assume that 7' is a rough
singular integral with Q € L>°(S"~1). Calculating the norm by duality
and denoting by [b, T|" the adjoint of [b, T] we have that

[ T](f)gw] = sw [ Tr<gw>f] |

1911/
Taking into account that [b, T|" is also a commutator we can use the
sparse domination obtained in Theorem 1.3 so we have that

116, T]fllzr(wy =  sup

191 ()=

1 =1

37L

[0 1] < o1y 3 (Tt ) + a0 o)

Jj=1

and then the question reduces to control both
Ejm,l(ba fv gw) and 7;;,11,1(()7 fv gw)

We begin observing that, arguing as before, choosing 1 < s < p/

Tsyu1 (b, fr9w) = > (Huo((b = bo)gw)1elQ)

QES]'

< es'[w]a. [1bllemo Z (Nu(9)sow(Q) = clw]a. [|bllBmoBi.
QES,;

On the other hand we have that for s; > 1 to be chosen later

Tsua (b f.9w) =Y (b= bo) PuclywhielQl

Qes
< Z us1,Q{0 = bQ)us; (9w ,0| Q)]

Qes
< clblsno Y (Flusi.olgw)iel@l = clbllsmoBs.

Qes
By Holder inequality, we have that both B; and B, are controlled by
Qes

We note that we can choose us; as close to 1 as we want so let us
E— p
rename us; = r. Now denoting B(t) = t"@ and arguing as in [19,
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Theorem 3.1] we have that

> (Pralaigui@ < lwl o (D40 holel)’

QESJ'

A
£

g ( > _(9)2)" exp({log w)Q)|Q|> :

QeS

1
S Cn,-)/_lpHMB“[Tlp/r [w] 1 )i HfHLp(w)HgHLP,(w)

AP (AZP
where in the last step we have used again the sparsity of S and the
Carleson embedding theorem ([8, Theorem 4.5]). Collecting all the

estimates
< e[| Lo gn-1y [w] 4 [w] 1 );I|f|\m<w>\|gllmw)-

b, T)
[ 1y (gu)s .
This ends the proof of Theorem 1.2. O
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