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Abstract

We consider an energy functional motivated by the celebrated Ki3 problem
in the Oseen-Frank theory of nematic liquid crystals. It is defined for sphere-
valued functions and appears as the usual Dirichlet energy with an additional
surface term.

It is known that this energy is unbounded from below and our aim has been
to study the local minimizers. We show that even having a critical point in a
suitable energy space imposes severe restrictions on the boundary conditions.
Having suitable boundary conditions makes the energy functional bounded and
in this case we study the partial regularity of the global minimizers.

1 Introduction

In this paper we study critical points of the following energy functional
K 9 ~
En|= [ —|Vnl*dze+ K3 [ (n-V)n)-vdo (1.1)
Q2 o0
for maps n : Q C R? — R? with |n(x)| =1 a.e. in  where
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and Q C R? with d € {2,3} is a C? domain and v denotes the exterior unit-normal.

This functional is motivated by the K3 problem in the Oseen-Frank theory of
liquid crystals. More details about the physical relevance of this problem are provided
in the next subsection, Section 1.1.

It has been known since 1985 thanks to the work of C. Oldano and G. Barbero [14]
that there exists a domain Q C R? and a sequence {ny}ren C C*°(€2;S?) such that
E[ny] — —o0 as k — oco. Thus one cannot understand the physical meaning of the
energy in the standard way, i.e. from the point of view of global energy minimizers.
However it is conceivable that the energy might still have nontrivial local energy-
minimizers and this has been the starting point of this work.

A first question is then to understand what is the space in which to look for
local minimizers. In order to understand this one can start by noting that for n €
C?(92,S%71) an integration by parts allows to rewrite the energy as:

One On 0*n
_ - 2 « ,8 «
E[n ]—/ |Vn| dx+K13/ Z <8x5 ar. Bﬁxaaxﬁ) dx

A minimal requirement for the functlonal space is that the energy makes sense for
functions in it. Thus a natural choice is:

o = WH(Q; $H) n WA (Q; 87 (1.2)

In this space one can consider various boundary conditions, which would make
the space smaller. However we surprisingly have that there are severe constraints on
what the boundary conditions could be:

THEOREM 1.1. Let Q C R%, d = 2,3 be an open bounded set with C* boundary and
with unit-norm exterior normal denoted v. Consider the energy B as defined in (1.1).

Let i be a critical point of E in the functional space </ defined in (1.2). Then we
have

n(zx) - v(xz) € {0,£1}, for almost all x € O (1.3)

The most interesting case is the one when 7n(x) - v(z) = 0 for almost all z € 92
and in dimension d = 3 as this allows for a certain level of freedom at the boundary.
Then one can show that the energy [E reduces to:

&% nﬁna (1.4)

This energy makes sense in the large functional space WLQ(Q,SZ) and it is easily
shown to be bounded from below and lower semicontinuous. Thus one can now



consider minimizing G over the function space of W'? functions with tangential
boundary conditions:

U= {uecWhH(Q,S?) : Trace(u) € T} (1.5)
where
T = {y € H2(89,S?) : v(z) - v(z) = 0 for almost every = € 90} (1.6)

A first issue to consider is wether or not this functional space is non-empty as the
topological constraint might make it empty, as shown by the “Hairy Ball” Theorem.
Fortunately in our case the regularity at the boundary is weaker than continuous and
we have:

PROPOSITION 1.2. Let Q be a bounded C* domain in R3. Then the space U defined
in (1.5) is non-empty.

Standard arguments provide the existence of a global minimizer. In general this
minimizer might not be continuous at the boundary for topological reasons (think
of the example of the “Hairy Ball” theorem). It is then of interest to look into the
matter of partial regularity for the global minimizers of G in the space ¢ . This is
related to the works of R. Hardt and F. Lin in [7] and later that of Scheven [15] who
considered partially constrained boundary conditions, though only for the Dirichlet
functionals. We look into this through a method combining the two approaches in
the works mentioned above and taking into account the effect of the surface energy.
We can thus show:

THEOREM 1.3. Let Q C R? be a C? domain. Then a global energy minimizer of the
energy G (defined in (1.4)) in the space (1.5) is continuous on Q\ Z where Z is a set
of one-dimensional Hausdorff measure equal to zero.

The paper is organized as follows: in the next section physical background is
provided, to be followed in Section 2 by the example of Barbero and Oldano showing
the unboundedness of the energy functional, and then the proof of Theorem 1.1.
In the last part, Section 3, we prove Proposition 1.2 and then Theorem 1.3. The
appendices contain a number of technical lemmas and the list of notations.

1.1 Physical motivation

Nematic liquid crystals are the simplest yet the most used type of liquid crystals, with
wide-ranging applications, particularly in displays. The simplest and most compre-
hensive model used for describing the stationary patterns is related to the Oseen-Frank
energy (see for instance [21]) :



Eor[n] = / K|V -n* + Kyn - (V x n)|> + Ksln x (V x n)]*dx (1.7)
Q

" /Q<K2 + Ko) (t2(Vn)? — (V- 0)?) + K15V - (V- )n) da
(1.8)

where the vector n is unit-length. Using the identity, valid for n € C1(Q;S?):

tr(Vn)? + [n- (V x n)|> + |n x (V x n)|? = |Vn|?

we have that for “equal elastic constants” K; = Ky = K3 the Oseen-Frank energy
reduces to

Bopln] = /Q Ko Vnl? 4+ Kaa(t:(Vn)? — (V- n)?) + K13V - (V- n)n) da

The Ky, term is a null-Lagrangian as we have (see for instance [21],[1]):

/QK24(tr(Vn)2—(V-n)2)dx—/V~((n-V)n—(V-n)n) da

Q

:/ [(n-V)n—(V-n)n] -vdo = Din:n®v —tr(Dm)n-vdo
o9 o0
where Din == Vn — v ® g—z is a differential operator that involves only tangential

derivatives, thus its value depends only on the boundary conditions.

The K3 term is different as it can be expressed as a surface integral, but the
surface integral does not depend only on tangential derivatives. However, we can
remove the tangential contribution to the K3 term as follows:

Koy (tr(Vn)? — (V- n)?) + K13V - (V- n)n) = (Koy — Ky3)(t1(Vn)? — (V - n)?)
+ Ki3(tr(Vn)? — (V-n)?) + K3V - ((V - n)n)
= Kou(tr(Vn)? — (V- n)?) + K13V - ((n- V)n)
(1.9)
thus the energy E that we consider in (1.1) contains the essential terms capturing
the difficulty of the physical K13 problem namely that the energy is unbounded from

below. The results we obtain in the next section are relevant to the full physical
Oseen-Frank energy, with suitable adaptations.
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2 Constraints on the boundary conditions

2.1 The unboundedness of the energy functional

We show now, by following the example provided in E.Virga’s book [21] and inspired
by [14] that the energy E can become unbounded from below, so no global minimizers
can exist. Let Q be the domain in R?® given by Q := {(x,9,2) : 2,y € (0,]),2 €
(—d, +d)} and consider the functions n.(z,y, z) := (cos(p:(2)), 0, sin(p:(2)) with p.(z)
given by:

pot+e—5(z—d+e?)? ifzeld—ed],

p-(2) =< po+e if z € (—d+¢e% d—&?),
pot+e—F(z+d—e?)? ifze[-d —d+¢€?.

A calculation gives that n. € &/ and

K in(2
Efn.] := 41 (3 — Ky Sm;f 0) ) .

Therefore if we choose py such that sin(py) > 0 then we get
E[ne] — —o0

proving that E is unbounded from below in the function space o/ (for this specific
domain ).

2.2 Critical points

Theorem 1.1 is proved by studying the first variations of the energy E in «/. First we
will prove some lemmas; note that in Lemma 2.1 it is important that we are working

with 7 € W1(Q,S?) (hence —An — n|Va|* € L(Q)).

LEMMA 2.1. Let n be a critical point of the energy E in the function space <f. Then
n satisfies the equation

d
S [ (nata = o) vadS =0
o0

a,By=1

for all ¢ € C=(Q,R?) such that ¢ = 0 on Of).



Proof. Let n be a critical point of E in 7. First, let v € C°(Q,R?) and set n° :=

ﬁii%, then 1S, = Ny + (Vo — Nafigths) + O(g?) as € — 0 and a standard calculation
gives

d ... _ 12

—E[nf] =K [ Vi V¢ —|Va|'n-¢de =0.

de e=0 Q

We now use the fact that 7 € W21(Q, S?) to perform an integration by parts, giving

d

2 E]

= K/ (—An — |Va|*a) - ¥dx = 0.
e=0 Q

As 1 can be chosen arbitrarily and —An — n|Va|* € L'(Q), for variations in the
interior of () we obtain the harmonic map equation for maps into spheres: An +
|V7|*7 = 0 holding almost everywhere.

Next, let ¢ € C(Q,R3) such that p = 0 on 9Q and set n° = IZizil’ Recalling
that we have 1%, = N, + €(pa — flaligps) + O(e?) we obtain on the boundary the

following;:

d
de 'e=0

vg (n5,0a15) = vp — NaNpPp)danp + Nala (Vs — NiaTiyPy))

(Ya

Paballs + Nalatps — Nala (TgTly) Py — NaligliyOaipy)
+160 aPp — nanﬁnwaago“/ + Yo (aaﬁﬁ — N0y (ﬁﬂﬁa)))
+71600P8 — NaNaTiyOaPy)

(
Vs (
vg (
= g (

where for the second equality we used that |n| = 1 hence ngd,ng = 0. For the last
equality we used that ¢ is zero on the boundary.
Using the last calculation we get:

d
d—IE —K/Vn Vo — |Val’n - odr + Ky Z / (©8,alta — ©y.aliyNaiig) VadS
£ e= aﬂ'y 1
:K/ (—AR — |Vi*R) - dz + Ky Z / (08,0710 — Pry.afiyTiahs) vdS
Q a,B,y=1
= K3 Z / ©B,ala — PraflyTalg) VadSs,

a,B,y=1

which proves the lemma (note that in passing from the first to second line we used
that ¢ = 0 on the boundary, and from the second to third that —An — n|Va|* = 0).
m



We now prove an analogue of the fundamental lemma of the Calculus of Variations.

LEMMA 2.2. Let d € {2,3}, Q C R? be a C' domain and g € L>®(09Q,R). Suppose
that
o

[ Sra@yis(a) = 21)

for all ¢ € C*(Q,R) such that ¢|sq = 0, where v(x) is the unit norm to O at x.
Then

g(x) =0
for almost all points x € 0S).

Proof. We prove for the case d = 3, the case d = 2 is a simpler version. Let xy € 0f2
be an arbitrary Lebesgue point of g and let v : (—¢,£)? — 99 be a coordinate patch
such that ¢(0,0) = zo. If we choose € > 0 sufficiently small then the map

H :[0,e) X (—¢g,e) X (—¢,6) = Q
(rys,t) = [¢(s,t) —rv(s,t)]

(where v(s,t) = 2X¥ ;7 is the unit normal to 0€2 at ¥(s,t)) provides a C* homeomor-

|15 X
)
)

x (—e,€) X (—¢,¢) onto a relative neighbourhood U := H([0,¢) x
of xg. For 0 > 0 small define the maps

{0 ifz¢U

phism from (0,
(—e,

€
(—&,6) x (=¢¢)

pa(v) = (%)27 (7’, 55 ;—2) if x € U, where x = (s, t) —rv(s,t).

where

7:00,8) x (=g,6) X (—€,6) = R
is smooth and 0 if (r, s,¢) ¢ [0,%) x (&, %) X (—% £). Then we have

925 o r g 55) -
o0 aV / / 25 7,, g("‘ﬂ(& t))”djs X ’l/}t” dsdt = 0.
Using the change of variables o = 55 and 6 = ;f;, we get
8 (r,o, 9 2(50 200 200 200 250 260

(2.2)
On the other hand we have:



20s 20t

'// most ( <w(255 2;575))‘
'/ O ’ ”‘wsxwt (QLS 2—&>H< ( (258 2?)) —g(w(0,0)>> dtds
/ / ar (009 (W (0,0)) (‘%x%(m 2&)H 45 x 9 (0, O)H) dtds

.:I+U

Using Cauchy- Schwartz inequality, a change of variables and the fact that z, =
¥(0,0) is a Lebesgue point, we have

< (/ s,t))2 o X U (2%872?&)'%%)5
(L1
</

(D)) oo
(5] / (96 (07) =g (0,00 e x v 7] dids) > 0 50

I

=

t\)\m m\m

(eI w\m

£
2
€
2

9 1
0 s t)) s X Uy (2;88 2—&) H dtds)

Next, as 9,1, and g—: are continuous functions, we can use dominated convergence
theorem to yield

H_|//3703t (oo»(‘

—0asd—0.

Vs X Py (268 m) H [1bs x ¢ (0, 0)|\> dtds

We therefore have

g(xo)||1bs x ¢(0,0) H/ / —(0, s,t) dsdt = lim %g(w) dr =0

as 6 — 0.
Choosing y(r, s,t) = r - a(s)b(t), where a,b : (—¢,¢) — R are smooth and satisfy

8

(— —) H — (6 (0,0)) [l x 1 (0, O)H) dsdt




e a(s),b(t) > 0 for s, € (-5, %),
e a(s),b(t) =0 for s,t ¢ (—35,5).

Then we have

[

£
2 2

/ (5)b(t) dsdt > 0

£
2

a(Jstdsdt /

and g(zo) = 0 as required. O

m\m

We can now proceed with the proof of Theorem 1.1.

Proof. [of Theorem 1.1] First we consider d = 2. Let 7 be a critical point of E in
/. By lemma 2.1 n satisfies the equation

/ Z Va.ala (Vg —ng(n,v))dS =0, (2.3)
09 5oy

for all p € C*°(Q,R?) such that ¢ = 0 on Q. Let v(z) = (vi(z),v2(z)) be the unit
vector to 02 at z and 7(z) be a unit tangent to 02 at x. Then at = € 92 we have

n=(n,v)v+ (n,7)T. (2.4)
plugging this into (2.3) gives
0= Z 0.0 (M, V)Vy + (N, T)Ta) (Vg — g(n, V) dS.
02 5oty
Since ¢ = 0 on Jf2 we have a{% = Ypa - Ta = 0. Hence (2.3) simplifies to
8
0= / 25 5,0) (v — s, ) dS. (2.5)
09 5=

If d = 3 then for any point zy € 02 one can choose in a neighbourhood of xg two
unit vector fields P, @ such that P x Q = v and (P, Q) = 0. Then by writing

n=(n,vjv+ (0, P)P + (n,Q)Q



and using a partition of unity to use this into (2.3) we get that (2.5) holds for d = 3.
By setting ¢; =0 for i # § in (2.5), we get

/ g—f(n, v) (vg —ng(n,v))dS =0
o0N

for 5 = 1,2,3 and for all ¢ € C°(Q,R) such that ¢|sq = 0. By Lemma 2.2, we
conclude that

(n,v) (vg —ng(n,v)) =0for f=1,...,d. (2.6)

Fix an arbitrary point x € 9§2. If (n(x),v(x)) = 0 then we are done. Otherwise
suppose (n(z),v(x)) # 0, and then we must have

(vg —ng(n,v)) =0for f=1,...,d.
Since (n,v) # 0

_ Vg
= ———f =1...
ng ) or 3 d,

which implies

(n,v)
B 1
()
Hence
(n,v)? =1
and therefore
(n,v) = +1

]

3 Partial regularity for tangential boundary con-
ditions

We restrict from now on our attention to the case when the boundary conditions are
tangential, i.e. n(z)-v(x) = 0 for all x € 99, where v is the outward pointing unit
normal.
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We note that for any vector v that is tangent to 0§2 at x we have

d(n(x).v(x)) _ - On(@),v(x) o _
T = ; 90 v = 0.
as (n(z),v(x)) is constant in the v direction. That is tangential derivatives of

(n(x),v(z)) are zero for all x € 9. Hence, as n(x) is a tangent vector to 02 at
x € 0L), we have

d d d
LIS RGN
ox™ ox® ox®
a,f=1 a=1 a,f=1
d
P
_ B,
Z axan n
a,B=1

d
on® On® 01/5
Gln ::/K /
[ ] Q a;l 81"8 8.1”3 13 89 al’a

This energy makes sense for maps in W12(Q, S?), and so we now focus on the slightly
simpler task of minimizing G over the function space

U= {ucWH(Q,S?) : Trace(u) € T} (3.1)
where
T ={y¢€ H%((?Q, S*) : y(x) - v(z) = 0 for almost every z € 90}. (3.2)

Given the topological constraints associated with having tangential boundary con-
ditions the first issue is to show that the function space U is non-empty. This will be
addressed in the next subsection, while in the last subsection we will prove a partial
regularity result for the minimizers.

3.1 Function Space is non empty

In this section we consider €2 to be a bounded domain of class C? and study whether
or not the function space U defined through (3.1),(3.2) is non-empty.

If, for instance, 0f) is the torus then there exist smooth maps in 7 that have
smooth extensions to the solid torus BxS! and hence I/ would be non empty. However,
if 90 is S? then the “Hairy Ball Theorem” tells us that there are no continuous maps

11



in 7 and so it is not immediate that ¢/ is non empty. Fortunately, since H 2 in
dimension two is larger than the space of continuous functions we are able to show
that 7 and U are still non-empty even when 9 a general C? surface. !

To this end we use an extension Theorem from [6] (stated as Theorem 3.6 in the
following) which tells us that a function in 7 can be extended to a function in U.
This means to show U is non empty we only need to show that 7 is non empty. To
do this we construct a function that belongs to 7 through a sequence of lemmas. We
remark that a map v € H2(9Q,S?) is in T if and only if v(z) € T,0Q for almost
every x € 02, where T, 012 is the tangent space to 0f2 at x.

In Lemma 3.1 below we will give necessary and sufficient conditions to extend a
vector field from the boundary of a manifold N to its interior. Before we can state
Lemma 3.1 we must first introduce some notation:

If U is a C? manifold embedded in R?, let T,U be the tangent space to U at
x € U. Let g be a smooth vector field on U, i.e a smooth map ¢ : U — RY such that
g(x) € T,U for every x € U. Then let ind(g,U) denote the index of g on U (we refer
the reader to [9],[18] or [3] for detailed properties of ind(g,U)).

If U is a manifold with boundary we define

0.Ulg] :=={x € dU : g(x)-v(x) <0},

where v(z) is the outward-pointed unit normal to U at z.
Furthermore, we recall that if U is a compact surface then its Euler characteristic
X(U) can be related to its topological genus k through the formula

x(U) =2(1—k).

LEMMA 3.1. Let N be a C* manifold with boundary embedded in R? and g € C*(ON,R?)
such that
g(x) € T,(ON) and |g(x)| = 1. (3.3)

Then g admits an extension to a continuous field V : N — R® such that, for every
reN,V(x)eT,N, |V(z)| =1 and V|,y = g if and only if
ind(g, 0-Ng]) = x(N). (3.4)

Proof. Let g € C*°(ON,R?) such that (3.3) and (3.4) hold. Let X be the topological
double of N, that is, the manifold obtained by glueing two copies of N along their
boundaries (see [10] example 3.80 for a detailed construction of X). By modifying
the value of d if needed we can assume that X is embedded in R<.

"'We just need C? regularity for using Theorem 3.6, for all the other results of the section it would
suffice to have C.
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Let U C X be a tubular neighbourhood of ON such that the nearest point pro-
jection m: U — ON is well defined. Let ¢ : X — R be a smooth function such that
¢loy =1 and ¢|y\;; = 0. Then let G : X — R? be the extension of g defined by

Gy o [ Prosux alxta)) o(a) oz € X 10
" |0forze X\U,

where Projr, x (y) is the projection of y onto T, X. As 0 ¢ G(ON), by the Transitivity
Theorem (see [2] Theorem 14.6), there exists a smooth tangent vector field £ on X
such that F" has finitely many zeros in N and F|,5 = g. Define Pyn F to be the map

PynF(z) := Projr,on(F(z)) for x € ON
and for a continuous vector field v : N — R%, define _N[v] is to be the set
O_Nv] :={x € ON :v(x) - v(z) < 0}.
By Morse’s Index Formula (see [12]) and the stability of the index we have
ind(F,N) = ind(G, N)
= X(N) — ind(PynG, 0_N[PynG))
= X(N) —ind(g,9-Nlg])
= 0.
We now just need to modify F' such that |[F| > 0 on N. Up to a continuous

transformation, we can assume that all the zeros are contained in one coordinate
patch D C N , with chart ¢ : D — B%(0,1) such that ¢(0D) = dB%0,1), where

B?(0,1) is the ball in R? centred at 0 with radius 1. Let F': B4(0,1) — R? be the
map defined as

F(x) = F(¢7'(z))
and assume that |F| > 0 in B4(0,1) \ B0, 3). Then,
F

0 = ind(F, B40,1)) = deg (|F|,

8D;Sd1> )

It can now be shown, as proved in [8], that there exists a harmonic field ¢ : B*(0,1) —

S9! such that 1| aBi(0.1) = % Finally, we define our extension:
V(z) = { F0 ifxe N\ D,
Y(o(x)) if x € D.
V' is continuous and smooth everywhere apart from 9D. [

13



Remark: Note that in the above construction we get a vector field on N that is
smooth almost everywhere.

1 . .
We now relate the H2 to a space whose norm is easier to compute, the W1? space:

LEMMA 3.2. Let U C R? be an open set with C' boundary and v € WYP(U,S?) for
1<p<2 Thenue H2(U,S?).

In order to prove this we use the following Propositions from [20] (or [13]):

THEOREM 3.3. Let p € [1,00) and s € (0,1). Let Q be an open set in R of class C*
with bounded boundary and u € W'P(Q,R). Then

lellypeney < Clllynoiey
for some positive constant C = C(n,s,p) > 1.
and

THEOREM 3.4. Let p € [1,+00), s € (0,1) and Q C R"™ be an open set of class C!
with bounded boundary. Then W*P(Q) is continuously embedded in W*P(R™), namely
there exists C = C(n, Q) such that for any u € W*P(Q) there exists i € W*P(R")
such that 71|Q =u and

lallwss@ny < Cllalwen -
We also use the interpolation lemma from [11]

THEOREM 3.5. For all uw € W59(R™) N L>®(R™) there holds the inequality

0 2]
q 1 —s\7 0 1-6
folhgssany < ) (15 ) (15 ) Tullymagen lull2

where 0 < s < 1,1 <qg<o0, and 0 < < 1.

We can now prove Lemma 3.2.

Proof. [Lemma 3.2] Let 1 < p < 2 and u € W?(U). By Theorem 3.3 we have that
ueWws p(U) Let & € W3 P(R?) be the extension given by Theorem 3.4. By setting

5—2 0—1andq——1nTheorem35wehave
3 1
el oy = Nl g gy = Nl 3 3.2 ey < CNUN 2 5 o 10l Ee ey
3 1
i i 1 1
< Clulld g g Ny < Clulld g ey <
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In order to prove Proposition 1.2 we use an extension theorem from [6], which we
state here for the reader’s convenience.

THEOREM 3.6. If 1 < p <m, Q is a bounded C? domain in R™, and N is a compact
C? submanifold of R* with mo(N) = m(N) = ...7-1(N) = 0, then any function
n € WI=VrP(9Q, N) admits an extension w € WP(Q, N).

We are now in a position to prove Proposition 1.2

Proof. [Proposition 1.2] Let 2 be a C? domain such that 9 is a surface of genus
k. Then we have that
x(092) =2(1 — k).

We first show that the map ¢ : B%(0,1) — S* defined by

2 1
(P(IIV'L‘Q) = = ) -

V(@) + (@2) /(@) + (27)?
is in W'*(B*(0,1),8"). Then [Vi| = 7 and we have: thus

1
/ VlPda < C/ ' Pdr
B2(0,1) 0

which is finite for 1 < p < 2, hence ¢ € W'P(B?(0,1),S') for 1 < p < 2.
Fori=1...|x(09)|let (U;, ;) be coordinate patches on 92 such that ﬂﬁ({m)l U, =
(). Using

ple, z7) = <\/(x1)2 ¥ (22)2 VE)? + (x2)2> ’

or

2 1
s 2 z -
90( L ) = )
V(@) + (22?2 /(@1)? + (a?)?
we can put a unit vector field, v;, on each U; such that the map V : |JU; — S? defined
by
v(x) :=wv(x) if x € U;
satisfies
ind (v\a(wi), 999\ UU,-))M) — (09).

Using Lemma 3.1 we can now extend V' to a vector field on 02 that is smooth on
00\ UU;. Since ¢ and ¢ are both in W'P(9,S?) for 1 < p < 2 the map V is
in WP(9Q,S?). Then by Lemma 3.2 we have that V € Hz(9,S?), it follows that

V € T and hence T is non empty. Using Theorem 3.6 we can now conclude that the
function space 7T is non empty. ]
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3.2 Regularity of Minimizers

We prove that a minimizer, u, of G in U is continuous on 2\ Z, where Z is some
subset of 2 with zero one-dimensional Hausdorff measure. We show that for x € Q\ Z

the rescaled energy
E,[u] := r_l/ \Vu|?dx
QNC(a,r)

decays suitably fast as r tends to 0. Continuity of u then follows by Morrey’s Lemma
(see for example [19] Chapter 18). Our proof of the energy decay is based on the
work of Schoen and Uhlenbeck [16] and the papers by Hardt and Lin [6], [7].

We give a brief outline of the proof here. For a given domain 2 we construct a map
Q : Q — SO(3) (depending only on 012) such that for an arbitrary map u € U we have
that Q(x)u(z) lies on the equator of S? for almost all z € 9Q. This transforms our
tangential boundary conditions into a partially constrained boundary condition as in
[7], so we can adapt some of the results there in order to prove a Hybrid inequality
(Lemma 3.11). The proof of the energy decay (Lemma 3.12 and Theorem 3.13) is
then done by contradiction. We assume there exists a sequence of minimizers, u;, and
domains, €);, that do not have energy decay but do satisfy ¢; = fQ|VuZ|2 dr — 0 as
i — 0o. We then form the blow-up sequence ¢; ' (u; — ;) that converges weakly to a
blow up function v. We then prove some estimates on v by showing it is harmonic.
These estimates are then transferred to the u; using the Hybrid inequality in order
to get a contradiction.

3.2.1 Scaling and notations

In order to apply Morrey’s Lemma we must investigate how our energy scales. For
z € R3 define the cylinder C(xz,r) := {y € R® : |(y',y*) — (21, 2?)| < r,|y® — 23| < r}.
Let

o € C2(R2,R) with (0) = 0 = [V(0)], Lip() < 1 (3.5)
and define

Q, = {(z",2%,2°) € C(0,1) : 2* < p(z',2*)}
={zeR’:|(z"2%)| <land —1 <2’ <z 2*)}

For a domain Q C R?, a € 99 there exists R > 0, h € SO(3) and pr, € C*(R* R)
such that ¢ .(0) =0 = |Vgr.(0)|, Lip(¢r.) <1 and

Qo ={h'[(y—a)/R] 1y € Ca, R) N Q}.
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For 0 < r < R, let ¢y = Yra(%), then for u € U, the expression n,.(r) =
n[rh(z) + a] defines a function in W'2(Q, ., S?) whose trace, v, on 99, , \ 9C(0,1)
satisfies v(z) - (h - v(x)) + a) = 0 almost everywhere. We note that

Ei(uyq) = / Vo () da = 7"_1/ \Vu|*dx
Q,NC(0,1) Q,NC(a,r)

Lip(¢rq) = Lip(goR,a)R_lr

a‘ahpr,a(x)
oz~

For convenience we collect the notations of various domains we will use

Q, = {(z" 2%, 2%) € C0,1) : 2* < p(a',2%)} Qo :={(a1,2%,2%) € C(0,1) : 2® < 0}

= R_QTQHSDR,a“cQ-

||90w||c2 ;= max sup
lo]=2 pcR2

G, = 0Q,\0C(0,1) Gp := 08 \ 0C(0,1)
H,:=0Q,n0C(0,1) Hy =00, Nn0C(0,1)
B, :={z e R3 |z| <r} B := B3(0,1)

Using these notations we define the energy, G, for a map u € W%(Q,, S?) to be
OB
Gylu] == / \Vul|? do — K13/ w2 gz,
Qo Gy 6x0‘
3.2.2 A Useful Projection
Given ¢ as above we will construct a map
Q:Q, = SO(3)

such that if
u €U, = {ueW"(Q,,S? : Trace(u) € T,}

where )
T, ={v € Hﬁ(GWS% :v(z) - v(z) = 0 almost everywhere }.

then the map w(x) := Q(x)u(z) is in the function space
&, = {v e W"(Q,,S?) : Trace(v) € S},
where S' = {(z',22,2%) € $* : 2° = 0}.

We construct @) as follows: let © € G, and let v(x) be the unit norm to G, at
x. Define Q(x) to be the rotation about the axis v(z) x (0,0, 1) through the angle 7
given by cos(7) = v(z) - (0,0,1). Explicitly @ is given by
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©25 + 2, cos(T) Oa1p42(1 —cos(T))  @prsin(r) ]
9051 + 909262 903251 + 903262 (Qpil + goig)%
o) 1022 (1 — cos(7)) ©21 + p2, cos(T) 042 sin(7) (3.6)
x) = |— , .
02+ ¢l P+ ol (921 + ¢%)7
L1 8in(7 22 Sin(7
_—i ! (2 ); _—i ’ (2 ); cos(T)
B (9011 + 9%2) 2 (‘P;,;l + S%2) 2 i
. 2 + 2
where ¢, = 3—;, cos(t) = (9% + @2 + 1)72 and sin(r) = %. Then for

r = (2!, 2%, 2%) € Q, define

Q(z) = Q((z*, 2%, p(a", 2%))).

It is straightforward to check that @ € C'(Q,, SO(3)). We now find some bounds on
the entries of ) that will be useful throughout our proof.

LEMMA 3.7. Let Q, ¢ be defined as above, then we have
sup{|Q(x)n — n| : x € Q,,n € S*} < ILip(p).

Proof. Let 2 € G, and n € S%. We have |Q(z)n —n| < 320 [(Q(x)n — n),|, where
(Q(z)n —n); is the i component of Q(z)n —n. We find bounds on each component
individually.

2 2 2 2
o + 02 cos(T %) %) Ve1@z2(1 — cos(T))n
’(Q(x)n—n)ly — ‘( z? xl ( ) z! 12) ny — i 2( ( >> 2 —|—Q0x1 COS(?)ng

02+ 3, 02+ 2,

Writing 1 (x) = 7 cos(t), p.2(z) = rsin(t) for appropriate r € (0,00),t € [0,27) we
have

r? cos®(t) <(r2 +1)7z — 1> 72 cos(t) sin(t) (1 —(r*+ 1)_%>

(@) —nn| < . + . i
<2r+r
< 3Lip(y)
We can get a similar estimate for (Q(x)n — n)y and (Q(x)n — n)s, hence
|Q(z)n — n| < 9Lip(p).
[
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LEMMA 3.8.

sup {| 2228 sk (12,300 €9, b <6l

Proof. Let x € Q,, we find bounds on each BQ#J‘,E””), write 1 (z) = rsin(t), g2(x) =

rcos(t).

0Q11(x) 2 —acgj,ﬁf) Pa2akP21052(1 — €08(T)) 4 Prizapp2s(cos(T) — 1)
% 2 5~ 12 2 2 \2
Ox (9%1 + SOI2) (%1 + ‘;0;,;2)

9021 (prl Prlgk T Pg2 501290’“)
(P2 + 92) (P25 + 92 +1)2

N sin(t) cos(t)(1 — cos(T)) H

r

IN

sin?(t) cos(t)(1 — cos(7)) ‘

200l [

< 2|l 2 Lip(@) + 4[| o= Lip(v)

0Q22
Oxk

By the symmetry of @, will have the same bound.

Next, bounding 882}3;

0Q12 (Patoh ez + a1 @yaqn)(cos(T) — 1) Ot P22 (Pa1 Paigh + ©p2pa2.% ) (1 — cos(T))
P 2 2 +2 2 2 \2

ox V2 + P2 (90551 + 90952)

B Pl Pa2 (@zl Prplgh + g2 (:0332x’“)
3
(05 +@5) (0o + ¢ +1)2

o [ |rcos(t) rsin(t) 4 r cos(t) rsin(t)
< lellonr? (| =252+ |52 ) 2t s |52 + |75
< 6l¢ll¢- Lip()
<6l -

Again, by the symmetry of @, aaciil will have the same bounds. We have
‘ani’) o Ptk . Pat (prupxlx’“ + QOIQQOJ:?J:")
< llellc2 + 2 [l o= Lin(p)*
< 3l
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and 86313, 86211, 6512 will have the same bounds. Finally,

‘ 9Qss

| PatPaigk + Pr2p2,k
RECERE N
< 2Lip(¢) [l c2

< 2ol -

This gives the result with K = 6. O]

oxk

LEMMA 3.9.
sup{@;j(x) 14,5 € {1,2,3} andz € Q,} =1

Proof. First we note that (11(0) = 1 and so 1 < sup{Q;;(z) : i,j € {1,2,3},2 € Q,}.

Next we calculate ) )

@2 ("2t
)| < L + L =1
Qul)l < =+
0201 (1 — cos(7)) ‘ <
903;1 +9092C2 N

290502 Pzl

)| <
|Qu2(z)| < it ok

<1

Pzl
(92 + % + 1)
|Qs3(2)] = |cos(T)] < 1
The other terms are similar or the same. O]

|Qua()] <

3.2.3 Proof of Partial Regularity

We will use the projection @) and the following extension Lemma from [7] in order to
prove a Hybrid Inequality. Note that the following lemma is stated for balls rather
than cylinders.

LEMMA 3.10. There are positive constants 6,q and ¢ such that, if 0 < e < 1, £ € R?,
and n € WH(Q, N IB, S?) satisfies the small oscillation condition

[/ yvtanm?d?ﬂ] [/ \n—§]2d7{2+/ yn—gy%ml] < 6% (3.7)
Q,NOB Q,NIB A(QpNIB)

and if n|sq, s has image in St, then there exists a function w € WH*(Q, N B, S?),
Wl nop = 1,Wlq, has image in St and

/ \Vwﬁdx < 5/ |Vtan?7]2d7-[2—|—ca’q
Q,NB Q,NOB

/ﬁ \n—ﬂ%H”+/) \n—ﬂ”ﬂ1-
Q,NOB 9(Q,NOB)
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Proof. For a proof see Theorem 3.1 in [7]. O

We can now prove our main ingredient:

Lemma 3.11. [Hybrid inequality| There exists positive constants cy,cy and q
such that if 0 < X < 1, ¢ is as above, u s a minimizer of G, amongst maps
in U, with fived trace on H, such that wi|Vu|2dx < ¢1A2, Lip(p) < e1A\2 and
lellce < 1A%, then

1\ !
(3) [ v <||90\|ch - rVuFdx)
Q,nC(0,%) Q,NC(0,1)

+ A%y | Lip(p)* + / lu— 5}2 dx
Q,NC(0,1)

+)\q02/ ‘U—E‘Qd?ﬂ—i—Cz Hg@”éz
G,NC(0,1)

where U := H*(G,) ™ ng; udH?.

Proof. As we have the set inclusions C (0,1) C B3*(0,3) and B C C(0,1) it suffices
to prove the inequality

1 —1
(3) [ 1wetac s (II%@H?;Q + [ |w2dx)
Qwﬂ]ﬂg% QwﬂB
+ A7 (Lip(gp)2 +/ |u — 5‘2 da:)
Q,NB

+)\_qcz/ ‘u—ﬁ‘2d7{2+02\|90||32.
G,NB

Let u be a map satisfying the assumptions of the Lemma. We aim to apply
Lemma 3.10 to the map Q(z)u(z). In order to do this we must check the map
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Q(z)u(x) satisfies the small oscillation condition (3.7). We first bound

IV(Q(z)u(x))|* = Zgjl (%)2

j 2

—Z (8% j+ Qi,j)
00 . ou’ 2
g [(e) (o)
3

i,5,k L
[ 3 90, ; 2 3 ou™ 2
<2y Z( ;i;) Z(MMZ(%) Z(@mf]
ik Lj=1 =1 m=1 n=1
<18 ([|¢llZs + [Vul?) (3.8)

by Lemma 3.8 and 3.9.
As in [5], we note that for an increasing function 7 : [0, 1] — R we have

Ooll—

L ({s:n'(s) = 8(n(1) —n(0))}) <

Hence we can find o € [*[, 1} such that ulg o530 e Wh2(Q,NaB*0,0),S?),

/ |Qu—ﬁ}2d7-l2+/ Qu — " dH! <8 [/ |Qu—ﬁ\2dx+/ |Qu—ﬁ\2dﬂ2]
Q,NOB3(0,0) 8(B3(0,0)NGy) Q,NB Gy

(3.9)
and

/ VenlQuPat <5 [ [9(Qu)fdo. (3.10)
Q,N0B3(0,0)

Q,NB

By Lemma A.3 in the Appendix, there exists a constant ¢ independent of ¢ such that

/ ‘u—ﬁfdxﬁc/ \Vu|? da
QB QB

u—|" dH? < c/ |Vl dz. (3.11)

Gy Q,NB
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Combining inequalities (3.8), (3.9), (3.10), (3.11) and Lemma 3.7 we have

(/ |Vtan(QU)|2dH2) </ |Qu —a|” +/ \Qu—ﬁfcm?)
Q,NOB3(0,0) d(B3(0,0)NG.) Q,N8B3(0,0)

2 _:2 2 _:2
< 64 (/QWB|V(Qu)| das) </GJQU u|” dH +/Q rﬂB|Qu u| da:)

|Vu\2da:) X

@

< 2304 <||¢H“’CQ L£3(Q,NB) +/
Q

B

(/ |Qu—u\2—|—}u—i|2dw—|—/ \Qu—u\z—%‘u—ﬁfd%z)
Q,NB Gy

< 2304c H90H2CQ+/ \Vul? dz | x
Q.NB

<Lip(gp)H2(G¢) + Lip(p)L£3(2,) + 20/Q mB‘VUlQ dac)

<ec (H(pH202 +/ |Vu]2 dx) (Lip((p) +/ |Vu\2dx>
QuMB QuMB

where ¢ has absorbed all constants. Note that as
L£3(Q,NB) < L£3(B) and H*(G,) < / 1+ |Vo|*dz < 2L£%(B?) (3.12)
BQ

the constant ¢ can be chosen to not depend on the domain. Defining ¢ := a), for
. 2

some 0 < a < 1 to be chosen later, and choosing ¢; such that ¢7 < aq%, where § > 0

is the constant from Lemma 3.10, we have

(/ |an(Qu)\2d7{2> (/ |Qu — " am! +/ |Qu—i\2d’ﬂ2>
Q,NOB3(0,0) d(B3(0,0)NG) Q,NIB3(0,0)

< c%)\qc

< 962,

It now follows that QQu satisfies the small oscillation condition of Lemma 3.10. There-
fore, there exists w € W*(Q, N B*(0,0),S?) such that wlo_rsps(..) = Qula,rops0.0)
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Q1
» Wm0 €S and

/ |ch|2 dx < ce/ |Vt(mQu|2 dH?
Q,NB3(0,0) Q,NdB3(0,0)

+ e / ‘Qu—ﬁ‘Qd?—FJr/ |Qu —|* au'| .
Q,NOB3(0,0) 8(Q,NOB3(0,0))

Using (3.8), (3.9), (3.10), (3.11), (3.12) and Lemma 3.7 we bound

/ |Vw|2dac§85/ IVQul|” dz + 8ce™* [/ |Qu—i\2dx+/ |Qu—i\2d’ﬂ2]
Q,NB3(0,0) Q,NB Q,NB Gy

<o (usonéz + [ |Vu|2dx)
Q.NB

+ce 4 [Lip(@Q—F/ ’u—ﬁfdx—i—/ ‘u—i‘zd”l—ﬂ]
Q,NB Gy
(3.13)

where ¢ has absorbed all constants.

We now use the inverse of the matrix @(x) in order to get a map that belongs to
U,. For a given point z € 92, the matrix [Q(z)]™! is given by Q(x)”, thus using the
symmetry of @ we can write [Q(z)]~! out explicitly as

Qu(r)  Qur) —Quz(x)
Q@) ' = | Qu(z) Qn(r) —Qu()|,
—Q3 33) —Q32(l’) Q33($)

where @;;(z) are the entries of the matrix Q(z). By the same calculations as before
the map z — [Q(z)]™! is C' and satisfies the bound

V(R w())]” < 18 (lellEe + e Vaol) . (3.14)

Moreover, as w|g_nps0) € St we have w(z) = [Q(z)] 'w(z) € Un,npe00) and

W(2)|q,no85(0,0) = Ulaunops0,0)-
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Using that o > % and the minimality of u we have

a fo]
/ |Vu|2d:L‘—K13/ uo‘uﬁiﬁ dH?
Q,NB3(0,3) G,NB3(0,1) Ox

s/ |Vu|2dx—K13/ S A
Q,NB3(0,0) G,NB3(0,0) ox
0 0
+ K3 / u®u” VB d'HQ—/ uauﬂiﬁ dH?
G,NB3(0,0) Oz G,NB3(0,1) ox
< / |V |* do
Q,NB3(0,0)
ov® e
+ K3 / (uu” — @*@") Vﬁ dH? — / uauﬁLﬁ dH?
G,NB3(0,0) Ox GoNB3(0,3) ox

which implies the inequality

0
/ |Vul? dr < / V| do + K3 / (v’ — o) L dH?| .
Q,NB3(0,1) Q,NB3(0,0) G,NB3(0,0) OxP

Next we apply (3.14) and (3.13), choose a < 7 and substitute ¢ = aX to get the
bound

/ IVio|? de < / 18 (lpl1 22 + €| Vw|?) do
Q,NB3(0,0) Q,NB3(0,0)
<18 (ca (||g0|]202 / |Vu|? dm)
—l—caqlLlp /|u—u| dx—l—/ ‘u—u‘ d?—[2]>

+ 18 flell e £3(2)

A(||so||é2+ / |Vu|2das>
QpMB
+ A ey Lip(gp)2+/ ‘u—ﬁfdx—k/ ‘u—ﬁfd?—ﬂ
QpMB Gy

+ ez || ollcs -
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On the other hand, as u and w are both S? valued, we have

o v
K / (uu? — i) Lﬁd”ﬂ? < | K13 / | — 0| Lﬁ‘
G,NB3(0,0) Ox G,NB3(0,0) Ox
<c / (31/5 dH?.
G,NB3(0,0) Ox
A straight forward calculation gives
ov . (_Soml,xﬂa —Pr2.a8, O) (SOxl,xﬁgoxl + 90232?;56@552) <_S0:E17 —Pa2, 1)
= T 3
N A (¥ ¢l +1)7
hence :
VOZ
98| =3 lell e -
Recalling that H?(G,,) is bounded for all ¢ we complete the proof.
O

Lemma 3.12. [Energy Improvement| There are positive constants €,c and
6 < 1 such that if ¢ is as in (3.5), u is a minimizer of G, amongst maps in U,
with fized trace on H, and f%]VuFda: < &% then

1
o[ Valde<omax( | [VaPdec(Lip) + el)} (319)
0 Jewona, Q0

Proof. Suppose, for a contradiction, that for fixed 0 < # < 1 there are sequences
(u;), (¢4), (i) such that u; is minimizing in Q,, and €7 = f%_ IV |*de — 0 as i — oo,

but
1
—/ |Vu;|*dz > 0 max /
0 Jowene,, Q

This implies that

Vil *dz, i (Lip(p;) + H%Hca)} :

Pi

1
—/ |V |*dz > <2, (3.16)
0 C(0,0)Ny,
Lip(¢;
lpg(;” 0, (3.17)
”“’;L'C” 0. (3.18)

)
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We now consider the normalised functions

v; = &; Hu; — ).

Then, by Lemma A.3, the sequence {||vi||W1,2(Q¢_)} is a bounded sequence in R.
i) ) i=1

As each v; is defined on a different domain we extend them all to a common domain
using the extension Lemma A.1 that can be found in the appendix. Let C = {z €
R3:|(2',2%)| <1 and —1 < 2® < 5}. Then there exists, by Lemma A.1, a constant
¢, that is independent of 4, and functions v; € W'?(C) such that v; = Uilq,, and

H@\ZHW12(C) < C”UiHWLQ(Q%-)

(note that €2, C C for ¢ sufficiently large and so we assume (2,, C C for all 7). As v;
is bounded in W'?(C) there exists v € W?(C) such that v; converges weakly (on a
subsequence) to ¥ in W?(C). Define v € W*(Qg) as v := 0], .

We claim that the function v is harmonic. In order to see this we first note that
as u; are minimizers and v;(x) - v(z) = 0 for € 0G,,, we have that u; satisfies

Q

Pq

for all ¢ € C5°(Qy,). Let ¢ € C°°(R?) be such that spt(¢) C Q. Then for sufficiently
large ¢ we have spt(¢) C Q,,. Observing that Vu, = ¢;Vv;, substituting this into
(3.19) and dividing by &; yields

0= / (Vi, V) — & VorlPus - Cda.
QLPi

Using the uniform bounds on |Vu;|*u; and ¢, we see that the second term tends to
0 as i — oo. As spt(¢) C Qy C C and we have that spt({) C Q,, C C for i large
enough, we can use the weak convergence of v; to v to get

0= lim (Vvy, VC) — &| V| u; - Cd

11— 00 Q
®q

= lim {/(V%,VQCM} +0
1— 00 C

_ /C(Vv, V()dz
_ /Q (9, V()
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Therefore v is harmonic in €.
We now examine the behaviour of v on Gy and we will show that v is regular up
to the boundary. In order to do so we introduce the following subspaces of S%:

5 ={y €1y v(a' 2% pi(at,2%) = 0}
EO::{yESQZy'(O,OJ) :0}

Claim: v(x) € Tan(Xg,a) for H* almost everywhere x € Gy.

Proof of Claim: For each i let (); be the projection defined by (3.6) (that now depends
on 7). Let @; : Qy — S? be the functions defined by

a;(x) == u;(%;), where &; := (2!, 2%, 2% + i (2", 2?)).

and v; to be the functions

1~}Z‘ = 62-_1(1,%‘ — uz)

Note that for almost every x € Qg we have 9;(z) — v(z). As u;(z) € 3% for almost
every © € G, we have Q;(Z;) - 4;(x) € Xy for almost every x € Gy. Then for almost
every x € Gy we have

= |2

Averaging this over Gy and using Lemma 3.7, relation (3.17) and the Poincaré in-
equalities gives

dist(T;, $o)? < [H2(Go)] ™ ) Q)i — | dH?
<2[HA(Gy)] ™ ( | Qi) = G@)f + [ ﬁ"f#)
< ce?. (3.20)

Hence, for ¢ sufficiently large, there is a unique nearest point a; of w; on Xg. As (U;)sen
is a bounded sequence in R? it has a subsequence converging to some a € R3. Also

dist (%, - .
} = =E (g, 0 < ‘/55’ = /¢, is bounded. Thus on subsequence we have

1=
&; }uz — Q;

lim %; = a € Xy and lime; ' (u; — a;) = w € R,
1—00 1—r

As (w; — a;) € Nor(Xy,a;) and a; — a we have w € Nor(Xg,a). For almost every
x € Gy, v;(x) = v(x) as i — oo. For such an z and ¢ sufficiently large we have that

2

(zh, 2%, 2 + @i (2t 2?)) € Gy,
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and hence @;(z) € X% . We compute

i & (@) () — ) = Jimn (&7 (Qu(w)ii(e) — () + & (a(w) — )
= lim & (Qu()a(x) — () + v(x),

1—00
using Lemma 3.7
Lip(¢;
lim &7 |Q4(2)i(2) — ()] < lim 220
i—00 1—00 E;

=0.

Thus

lim &; ' (Qi(2)i;(z) — W) = v(x) for almost every = € Gp.
1— 00

As &;1(Qi(w)u;(x) — a;) approaches a vector in Tan(¥g,a) and w € Nor(3o,a), we

have
—1
i

e (Ui(7) — a;) - e, (U — a;) — 0 as i — oo.
Thus
(@) - (~w) = lime; (G(2) — W) - &7 (a5 — ;)
i—
= lim (&7 (di(2) — a)e; ' (a; — ) - &7 (i — W)
i—
= [wl”.
By averaging over G we deduce |w|* = T(—w) = 0, hence
v(x) =v(z) +w
= lime; Y(Q;()u;(z) — ;) + lime; (U — a;)
i
= lime; (Q;(z)1;(z) — a;) € Tan(Xo, a).
11—
This proves the claim.
Next we decompose v = v’ + vt, where v € Tan(Xy,a) and v+ € Nor(Zy, a).

We deduce that both v " and v are Harmonic inside )y and that v+ is regular up to
Gy because it satisfies the boundary condition

vt =0 on Gy.

To verify the regularity of v up to Gy we show v' satisfies the Neumann boundary
condition
0

%UT =0 on G()

29



in a weak sense, i.e

Vv -Védr =0

Qo

for any &€ € C>(Qy, Tan(X, a)) with (99 \ Go) NSpt (&) = (). For this purpose choose
an open neighbourhood U of ¥ in R? such that every point y € U has a unique
nearest point on ¥y. For z € G,, and y € U, define the 1-dimensional subspaces of
R3 as

Ti(z,y) = {t(y x vi(z)) +y : t € R}.
Then for x = (2!, 2%, 2%) € Q,, and y € U, define

Ti(xa y) = E((xla 127 Soi(xla xz))? y)

We then have that {T;(z,y) : * € Q,,y € U} is a smooth field of 1 dimensional
subspaces such that

Ti(x,y) C Tan(S?,y) for € G,y € S*NU
and
Ti(x,y) = Tan(XL,y) for x € G, and y € ..

Next, define IT; : Q,, x U x R* — R3 such that for (z,y,2) € Q,, x U xR3, II;(z, y, 2)
is the orthogonal projection of z onto T;(z,y). Explicitly II; is given by

[(y x vi(z)) ® (y x vi(x))] 2 Yy (3.21)
ly > vi(a)[*

Hi<x> Y, Z) =

We have the following bounds on the derivatives of I1;:

6H1(x,y,2) 8H1(5E7ya Z)
oxi 077

aHz(xv Y, Z)

o <Clz|, (3.22)

<cele), \

<1, '

the proof these bounds can be found in Lemma B.1 of the appendix.
We are now in a position to show that

Vv - Vé&dx = 0.
Qo
We use the cut off function
1 if 0<t<3g,
As(t) = =42—25"1¢ if § <t <9,
0 ifd<t
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to define
&i(x) = As, (dist(u (), Xo)) - ILi(z, wiz), £(2)),
where 0; will be determined later. We have
&i(x) € Tan(S?, wi(x)) for z € Q.
&i(x) € Tan(X! u,(z)) for z € G,

Next, for z € Q, let ul(x) be the solution of

{( i) (@) = &(),
D7) = ().
Then u} € Wh2(9,,S?) with Lu! € Tan(Z¢, u;(z)) for € G, hence ul(z) € X for

z € Gy, and ul(z) = w;(z) for x € 9Q, \ G,,. The minimality of u; implies that

8
0= 4 / ‘Vuﬁ(x)|2dx — K13/ ufaufﬁ% dH?

|,
8
+ € u a;a dH>.

©i
Bf)u

_2/ Vqu&dx—Km/ &y 5o

Let A; = {z € Qy, : |ui(2) —ﬁi’ > Il} We have

52 _ _
/ _deg/ ’ui(x)—mfdxg/ |ui(x)—ﬂi|2dx§c/ |Vu2-|2d:):§cgl2
a4 A; Qy, Qy,

and hence
L3(A) < dee?s; 2. (3.23)
Setting B; = Q.,, \ A; we have

Qyp,

_ -1
=g

Qe

ovP
a B 2
/ €] G+ G

<gt / Vu; - (VE—VE) dr| + / Vu; - (VE—VE) dx
A;
_H
K ovP ovP
71 H13 a, B u® 2
/ S g T iaxa‘m

< I+ 11 + ce; 1%2(%) @il .
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We have that &; '¢cH?(G,)||¢ill = — 0 as i — oo and so we must show that I;, I, — 0
as ¢ — 0.

Using Holder we have

L<e! (/ ]Vul-|2d:c)2 (2 (/ |V§]2da:+/ |V§Z~]2da¢))2
A; A; A;

< g l(eh): <2(05§(5;2) + 2/ V& da:) (‘as |V&(x)| < ¢ for some ¢). (3.24)
A;
(3.25)

We now focus on |V&;|*. Writing

Wi(z,y,2) = (i (2, y, 2), 15 (2,9, 2), I (2,9, 2)) . wg = (ug,uff)  and § = (6, €7,€%),

we have

2 2

o&;
oxI

% (Ns, (dist (ws (), So)) T (2, s (), &(2)))

A, (dist (o), 20) ( Jute) O te) 20”) 1T (2. () ()

=1

+)‘5i(di5t(ui(x)’ 20))_' (Hf(x> ul(aj)v f(.ﬁE)))

2

O} (z, wi(@), §(x)) Qui(x) | ONF(x,ui(x),€(x) O (2)
* Dy GY GE. 97 ]

3

2 3 2
ted te
1=1 =1

where in the last line we have used (3.22). Summing this inequality over j, k, using

2

¢! ()

oxI

0 oul
(o, ), €(a) @) ,
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the estimates (3.22), (3.23) and the fact that wi |Vu|*dz = €2 yields

| veras —/Z

11] 1

<[y

17,] 1

85 k
3x3

[05 Z

2 2

l

@:EJ

(z, uz ), £(x))

e

ey
g

63:3 8:61
< e te? + ce? + cel + celf;
< cd; e +de?d % (e +¢) + el (3.26)

Therefore, by combining (3.24) and (3.26) we get
I < 2(cefd; ) + b e + deeld; *(ce? +¢) +ce? — 0 as i — o0,

1
providing o; = €}b, where b is a constant to be chosen later.
We now show II; — 0. Recall that for z € B; we have |u2(x) — ﬁ,-} < % and so
for x € B;

dist(u;(z), o) < dist(u(x),w;) + dist (g, o)

<
8
<

Zl + cgy (by inequality 3.20)
0;

v

( providing §; = 4ce?).

IN

2
For x € B; we have
§i(x) = g, (dist(u;(2), 2o)) - Ii(z, us(x), £ ()
= ILi(2, ui(x), £(x)).
As & € Tan(X, a) we have {(z) = I1;(0, a, {(x)), hence

/ Vi (VE — V&) da| = & / Vi (VIL(0,a,€) — VITi(, ui(z), €)) da
B; B;

-1 -
. =€

<! / Vu, (VIL(0,a,€) — VIL(0, T, ) da
B

J/

e / Vi (VIi(, wi(2), €) — VIL(0,;,€)) da| .
B;
:=7Vi
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We now show that /11; and IV; both go to zero separately. Using Holder’s inequality
and Lemma B.2 from the appendix we estimate

]I]'l S Ei_l </ |VUZ|2d.’L') ’ (/ (vHZ(Oaaag) - VHZ(Oang))de) '
B; B;

- 1

/ <ank (0,a,¢) 8Hf(0ji,g)> ?
N Z < dx
B; k=1 O ox’
- & aﬂk ot oIk ol 2 3
- /Bi jkzl — ’€>@ i 0z ~(0,u uf)a ; dx

/ c’a —ﬁi|daz] — 0 asi— oo.
B;

IN

IV, =¢;*

B;

< 2/ \vmx,ui,é)—vnxx,ﬁi,&)!%w/ VIL(2,;, €) — VIL(0, Ty, )| do

J/ J/

-~

=V ::v[i
= (2(V, + VL))?

If we can show V;, VI; — 0 then I'V; — 0 and hence II; — 0. Using Lemma B.2 and
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(3.22) we have

_ / VL (2 103, €) — VL (2,7, €) [ d

5>

tjk=1

3 2
a@ ank ok _

3

2513 (_ L, 176) - a_xl(x7u27§)) + Z Oxd ayl (xauiag)
=1

=1

dz

< / ce? + ce} + c|u(w) —iifdl' + C/ Vu,|* dx
B Qe

i

< / 2ce? + co7dx + e — 0.
B;
Finally,

B;

/ 3
Bi j k=

Using Lemma B.3 we have

81_[’g OI1k
a—l(il? Y, )_6_(0 Y, 2)

3

3
oe, (o _ ot _
Zl .f um )+Za_xl] < 821 (‘rauivg) - 621 (07u17§))

< c|yi(z) — 1i(0)] < cLip(p;) < cei.

Therefore
Vi g/ cef—l—c&?idx%Oasi%O,
B

and thus we have shown
Vv -Védr =0.

Qo
It now follows that v+ and v’ extend by even and odd reflections to functions
harmonic on C. Thus, since v = 0 and fQO|Vv\2d:U < 1, we have

7"3/ w)Pde < er? | ||’ da
C(O,T)ﬂQ() Qo

< crz/ IVo|? da
Qo
< cr? (3.27)
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The first inequality follows from standard linear elliptic theory (similar to the proof
of Lemma 2.2 in [5]) and the second follows using Lemma A.3. The second inequality
of (3.27) along with the Poincaré inequality and trace theory also implies

—4 2 -3 2
r w]?dH? < r ||U|| <er. (3.28)
/C’(O "NGo C(0,r)NGo)

We now use Vitali convergence Theorem (Theorem A.2) to show that ||v;| 2@,
[0][ 120y As Ui converges weakly in W12(C) to v, we have that v; converges strongly
in L*(C) (on a subsequence) to 0. Hence we have

vilq,, (r) — vig, ()

for £3 almost everywhere x € C, where 1q . and 1g, are the indicator functions of
1, and Q respectively. Using the Sobolev embedding Theorem we have

vill Lo,y < N0l sy < ClTillwrae) < C'Cllvillwra,,) < K- (3.29)

Let E C C be an arbitrary measurable set. Then Holders inequality and inequality

(3.29) yields
/!vﬂlg ’ dr < </‘vlllg ‘ da:) ,C‘3

< K3 (LY(E))?.

w\»-.

=

Therefore for any € > 0 there exists a 6 > 0 such that f E‘@-]lg%_ ‘de < ¢ for all 7 and

all E C C such that £3(F) < §. Hence ‘U,;]IQ% |2 is uniformly integrable. Thus by
Vitali convergence Theorem we get

/C .

}Ui]lg%_ |2 - |v]lQO|2‘dx — 0.

Therefore for any 8 < r < 1 we have

][ |vi|2dx—][ 0] dx:
Qy,NC(0,7) QoNC(0,r)

for sufficiently large i. We also have |[vil|;2q, ) = |vll12(q,), hence for sufficiently

< ch? < er? (3.30)

large ¢ we have

< cb? < er?. (3.31)

][ (22 —][ o PaH?
G, NC(0,) GonC(0,r)
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Combining (3.27), (3.28), (3.30) and (3.31) we arrive at

][ |u; — | de < 2 <c7“2 +][ v]? d:v) < ceir? (3.32)
Qp,NC(0,r) Q0NC(0,r)

and similarly
][ |u; — ﬁi|2d7{2 < ceir®. (3.33)
Gp,NC(0,r)
We now use the Hybrid inequality (Lemma 3.11) and the scaling discussed in

section 3.2.1 in order to to contradict our assumption that 3 fC(o 6))mQ|Vui|2dx > fe?.
For each ¢ we apply the Hybrid inequality to the scaled function (u;)s to obtain

1
—/ V| dz:
20 Jc0.0n0,.,
1
< (H(%)wHéz . rw?m)
40)N8 20,

+ Ale Lip((gpi)49)2 + ][ }Uz — ﬁl|2 dx + ][ ‘ul — 61‘2 d’]—[2
C(0,40)NQp, C(0,40)NGyp,

2
+c|(@i)asl| e

1
<) [(4@)2 ot g [
” n Pq

+ A7 | (40)*Lip(p;)* + ][ }ul — ﬁi|2 dr + ][ ‘Uz _ ﬁif A2
C(0,40)NQy, C(0,40)NGy,

+c(40)* leill 2 -

IV |” dx]
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Iterating this (k — 1) more times (where k is an integer to be chosen later) gives
1

- |V da < )\’“(4’“9)1/ IV |* da
20 Jo.0)na,,

Qy,NC(0,4k0)

K
+ D N [lillge

J=1

k
+ Z NI\ ((4j9)2Lip(<pi)2 + ][ |u; — ﬁif dz
j=1

C(0,470)N,

C(0,470)NGy,

k
+ ) NI AI0)? 2 -

J=1

Let k be an integer such that 4*0 < 1 < 4¥10, then using (3.32) and (3.33) we have
for ¢ large enough

1

k
— (Vu|* de < 4XFe? +) 7 0%2(16))
20 Jo.0)na,, Z

j=1
K k
+ AT S (16067 + 2e6°(16A)] + A71e26% D (16))
=1 =t

< ANFE2 1 NTIeh? (1 — 160) 7 Le?

where | = max{q+ 1,1} and ¢ has absorbed all other constants. Set A = 0%, then
providing 6 < i we have \F = 63 < %. Next, as k — oo as § — 0, we may fix 0 < }1
sufficiently small such that ,

160 < 0% .

Note that for @ sufficiently small we have A < 35 which implies (1 —16X)~! < 2 then

A0 (1 — 160) " = 077 (1 — 16X) "

c6?
< 1—16\)7"1
- 1609( 6)
0
< —.
-8
Therefore . 0 0 20
— Vuﬁdx< (—+_) 5?:_5?7
20 0(0,9)m9¢i| | 48 8
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contradicting our choice of u;, @;.

Theorem 3.13 (Energy Decay). Suppose Q is a C? domain in R and take
a € 00. If u € U is a minimizer of G in U with [, R)\Vu|2d:c < &R, then

/ \Vu|* dz < R0~ max{e?, ¢(R + R?)}
QNnC(a,r)

for 0 <r < R, a suitable 6 € (0,1) and ¢ a constant depending on Q.

Proof. We apply inequality (3.15) to the scaled function v!(x) = ugr () to get that
for a 6 € (0,1) as in Lemma 3.12 we have:

1
=0 \Vu(z)[*dx :/ |Vugg o) da
C(a,RONQ C(a,1)N0

1

_1 / V(@) dz
0 Jc(aone

< max{ Vuga(z)*dz, ¢ (Lip(¢ra) + |orallc2)}

C(a,1)NQ2

<Omax( [ [Vura(o)dr.c (RLip(e) + R 0]c:)).
C(a,1)NQ2
Then, inductively, for £ € N we get that
(0" 1R)~! / Vul*de < 6"~' max{e?, ¢ (RLip(p) + R* [l¢]l o) }
C(a,0~1R)NQ
hence

1
(QkR)_l/ |Vu|2d$ = —/ ‘Vng—1R7a‘2dl'
C(a,0k R)NQ 0 C(a,0)NQ

< fmax {/C( )‘VU@k—lRﬂfdx, c (Lip(()@gk—lR@) + ||909k_1R’aH02)}
a,l

< fmax{[0" ' max {e*, ¢ (RLip(¢p) + R* |¢||c2) }] ,

¢ ("' R)Lip(¢) + ("' R)* | @ll =) }
= 0" max {*, ¢ (RLip(¢) + R* |¢||c2) } -
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Hence the inequality
(0*R)~* / \Vu|?dz < 6% max {*, ¢ (RLip(p) + R* o)l =) }
C(a,0* R)NQ

holds for all k¥ € N. Next, choose k such that #*T'R < r < 0*R. Then

pol / Vuldr < 071 (6" R)! / IVl dz
C(a,r)N2 C(a,0k R)NQ

< 0710" max {*, ¢ (RLip(¢)* + R* ||¢ll¢) }
<070 R'r) max {2, ¢ (RLip(p)* + R? ||¢[|2) }
<0?R'rmax {e*, ¢c(R+ R*)}.

Proof. [of Theorem 1.3]

We note that we just need to look into partial regularity on the boundary, be-
cause in the interior of ) the energy behaves like that of the standard harmonic
map for which the regularity theory is classical (see [17]). Indeed, let 7 be a min-
imizer of G and take an arbitrary open set w with w C Q. Let n, be a mini-
mizer of [ |Vn|*dr in W"?(w;S?) with boundary condition 7l,. Then defining
iz) = { n(z) forzxeQ\w

ng,(x) forx ew
the arguments for harmonic maps can be applied to it in w.

The main point of our work in this last section has been to obtain the energy decay
near the boundary, namely Theorem 3.13 before. For a point where the rescaled
energy is small enough the standard Morrey lemma shows that the estimate thus
obtained implies Holder regularity. Standard covering arguments show then the set
of singularitiy points, those where the renormalized energy is not small, is of zero
one-dimensional Hausorf measure (see for instance [7]). O

we have that 71 is a minimizer of G and thus all

Appendices

A Some Lemmas for Partial Regularity

We prove two lemmas that will be useful in the proof of the partial regularity. They are
standard results for a fixed domain but we need them to hold with certain constants
independent of the domains.
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The first is an extension lemma and it is standard (see for instance [4] Chapter
4), but we reproduce a proof for the readers convenience. Its main point is to show
that the extension map can be chosen in a manner that depends only on the upper
bound of the Lipschitz constant of the boundary.

LEMMA A.1. Let ¢ : R? = R be a Lipschitz map such that o(0) = |V (0)]> = 0 and
Lip(¢) < £. Then if f € W'*(Qy,), there exists f € W *(C) such that f = f on Q,

and
<
HE\HWI‘Q(C(OJ)) — C||f||W1,2(Q<P)

where ¢ is independent of ¢, f and we denote C := {x € R : |(z',2?)] <1 and —1 <
2® < 3} respectively Q, = {(a',22,2°%) € C(0,1) : 2 < p(z!, 2?)}.

Proof. Fix ¢ and define
U:=C\Q,.
For simplicity we write 2’ := (2!, 2?). First suppose that f € C*(Q,) and set
{fjx) = fla) itz €0,
f(x) = f(z', —2® + 2¢(a")) if x € U.

We note that f = fon 2, N C and we claim that

Hﬂ’wmw) < allfllwrzq,):

To see this let ¢ € CH(U) and {px}32, be a sequence of C* functions such that

Yr <@

Y — ¢ uniformly

Dy, — Dy almost everywhere
supy | D | 10 < 0.

Then for 7 = 1,2 we have

20 / , o)
/Uf@dx—/(]f(xﬂgo(x)—x?’)@dx

. oY

o / / 3

—,}ggo/Uf(xﬂsok(x)—x ) 5,7 %

o . af / / 3 af / / 3 8g0k /

= — lim ; (@(90  20n(27) = @) + 255 (', 20(27) — @) 55 (2') | Y

0 P 5
=~ [ (356 260 —at) + 2550 200~ 35) ) vt
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In the same way we can compute

~0 0
/Ufg—;édx = —f(x', 2p(2") — 2*)apda.

U @Ig

Then, by a change of variables and using the fact Lip(yp) < £ we get

/{Df(m’, 20(x") — x3)|2dx < cl/ |Df|2dx, (A1)
U Q,

for some appropriate ¢; that is independent of f and . This proves the claim
‘ﬂ‘wlﬂ(C) < Cl”fnwlv?((zg,)‘ The result for a general
f € Wh(Q,) can now be achieved via density. O

and moreover also shows that

For the proof of the next lemma we will use Vitali convergence theorem which we
state here for the readers convenience

THEOREM A.2 (Vitali Convergence Theorem). Let (X, F,u) be a positive measure
space. Let f, : X - R, Vn € N and f : X — R be measurable functions such that:

a. (X)) < o0
b. {fultnen is uniformly integrable
c. fulz) = f(x) almost everywhere as n — oo
d. |f(x)| < oo almost everywhere
then the following hold
i. feL(p)
ii. Wy og [y|fo — fldp =0

We now use this and lemma A.1 to prove the following Poincaré inequality. Its
main point is to check that the constant in the inequality can be chosen uniformly
for all the domains we consider.

LEMMA A.3. Let ¢ : R? = R be a Lipschitz map such that o(0) = |V (0)]> = 0 and
Lip(¢) < 1. Then there exists C > 0, independent of o, such that for allu € W**(Q,,)
we have the Poincaré type inequality

/ |u —ﬁ|2dx < C'/ \Vu|?dx
Q, Q,
where u := H*(G,) ™ wa udH?.
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Proof. We argue by contradiction and assume that for all i € N there exist p;,u; €
W12(Q,,) such that
2
fQ%|Vui] dx 1

— < -
fQ% |UZ — ﬂl|2d.’ﬁ ?

N

Define the functions v; := (u; — ;) (f% }uz — ﬁi|2daz>7 . Then we have

1
/ Vui|*de < — and / |v;|*dz = 1.
0 Q

]
¥i #i

As |V;| < 3, there exists a subsequence (not relabelled) such that ¢; — ¢ uniformly
for some .

By Lemma A.1 there exist functions v; € W?(C) such that [Villwrze) < CHU@‘HWL?(Q%)
and by inspecting the proof there exists constant ¢; such that [|[V;|| 12 ¢) < c1l|Vui[ 2 ()"
It follows that there exists © € W1%(C) such that v; converge weakly in W2 to v,
but as [|[Vv;[[ 2, — 0 we have that v = k for some constant k. We now investigate
the behaviour of ¥ on G, where we recall that G, := 92, \ 9C(0,1). We have

/ vid’H2—/ vdH? g/ (v; — D) dH? +/ 6d7—[2—/ v dH?
Gy, Gy Gy, Gy, Gy
<|lv; =70 VdH: — | TdH?
- ||,UZ U||H%7£(Gw)+ /Ggoiv " /thv "
< lvi = Bl e _)+/ vdH? — | DdH?
v G, Gy
< [0 = Bll groe () + / DA — | DM
Gy, Gy

As we have |[U[| 1) bounded uniformly we have that v; — ¥ in H'~#(C) and since
also ¢; — ¢ uniformly the above tends to 0. Then

0= / v dH? — / vdH?, (A.2)
Gy, Gy
which implies that v = 0.
However, we claim that
L= lim [ |oPde = / o dz (A.3)
71— 00 Qkpi Q(p
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which would contradict v = 0.

To prove (A.3) we use Vitali convergence Theorem. First as v; converges strongly

in L?(C) to v we have
vi(z)lg, (z) = v(z)lq, ()
for almost every x € C.

We now show that the sequence of functions {|0;1q . |2} are uniformly integrable.
Note that by the Sobolev inequalities, there exists ¢, such that [[0;]| 15 ¢y < c2l|Uil 12 e
hence as ©; is bounded in W'2(C) it is also a bounded sequence in L3(C), say
[0ill 3y < e3. Fix e > 0 we want to show that there exists § > 0 such that

fE|@]lQ%_ |2dzv < & whenever E C C and £3(E) < § . With this in mind for £ C C we

estimate
2 1
[ [t ['ae < ( / |@]1%|3dx>3 ( / dx)?’
E E E

~ 1
< ||Ui||2L3(C)‘CS(E)3
< e3L3(E)3

thus by setting § = £3/c3 we have shown {|@]19% !2} are uniformly integrable. We
can now conclude using Vitali convergence Theorem that

1—00

Jim /Mm%ﬁ ~ [71q, ?Jdx =0
C

which implies (A.3) and completes the proof. ]

B Some bounds on the Projection (3.21)

We prove some bounds on the derivatives of the projection II; : Q,, x U x R* — R?

defined by

[(y x vi(z)) ® (y x vi(z))] 2
ly x vi(x)|”

where Q,, and U are as in the proof of Lemma 3.12.

Hi(xa Y, Z) =

+,

LEMMA B.1. Providing U 1is sufficiently small then there exists C' > 0 such that for
large i the projection 11; satisfies the bounds

aHz (.T, Y, Z)
077

aHz('I? Y, Z)

oxd

<c2l, '

<,
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Proof. Writing y = (y',4?,v®) a straight forward calculation yields

o1L; (2.y.2) = z - (015, 095, 035) X vi(w)) (y X vi(w))
dyi ~ |y x Vi($)|2
Lz (y X vi(z)) ((d15, F25, d35) X vi(z))
ly X vi()[?
~ 2((y x vi(=)) - ((01, 05, 55) x vi(x))) (2 - (y x v4(2))) (y X vi(x))
ly x vi(z)[*
+ (015, 925, 03;)
8—H?'(x y7) = [(y x vi(x)) @ (y x vi(2))] (815, 625, 03;)
2 ly x vi(z)[?
aﬂi( )_Z.(yxagi—z(j:-@)(yXl/i(:v))+z-(y><yi(m))<y><a?—;ﬁ)
owi ly x ni() ly % vi(e)
2(x @) (3 %)) - 0 x wl@) (0 x w(@)
ly x vi(z)|*
where

v _ (_prlmﬂﬁ P29 0) (@mlmi Pg1 + 90902371901:2) (_90:01> — P2, 1)

(9% + @2 +1)° (@2 + 2 +1)°

oxI

We observe that if U is sufficiently small and ¢ sufficiently large then there exists
constants ¢1, ¢y > 0 such that ¢; < |y X v;(x)| < ¢o. This, along with the inequality

(3.18), gives
'8H2(13,y,2) aﬂz(x,y,z)

027

8Hz(xa Y, Z)

Oy < Cz|.

oxI

<c2, ]

<1, ‘

]

We next prove a bound on the difference of two projections onto two different
lines.

LEMMA B.2. Let y1,yo € U, x € Qy, and z € R®. Then we have the bound
@(%?JI,Z) - @(5673/272) <|y' =

45



Proof. First, by writing A; = (015, 025, d3;) we have

oM (X () © (v X mlz)A,
8zj< 9:2) ly x v;(x)]?
= A(y,!L’)A]‘,

where A(z,y) = (yxy"l(;i)l/@((j;;i @) ¢ M3*®. We consider the linear map h : R3 — R3

2 (Aly' 2) — Ay, @)z,

and calculate the operator norm of h. Note that the map v — A(x,y)v is the
projection of v onto the line spanned by (y x v;(x)).We assume that the plane spanned
by (y* x v;(x)) and (y* X v;(z)) to be R? with

((y* x vi(z)) = (1,0,0) and (y* x v3(z)) = (cos(7),sin(7), 0),

where 7 is the angle between (y' x v;(z)) and (y* x v;(x)). Then

1 —cos?*(t)  —cos(7)sin(t) 0
Ay, x) — A(y?, ) = | — cos(7) sin(7) — sin?(7) 0
0 0 0

We can find the operator norm of this by finding the largest eigenvalue. A calculation
yields

12|, = [sin(7)]-
Using elementary geometry we have

|(y' x vi(x)) — (y* x vi())]

sin(7) < gL X 22(2)]
<ly' =9
Therefore
(v x (@) ® (1 x wl@) W2 xw@) ® WP X v@) | [y
'< |(y! x 1/1(:1:))|2 (2 x ,/Z(me ) il < A llsin(r)] < |y Y |

]

Using similar reasoning one can also prove the following.

LEMMA B.3. There exists C' > 0 such that
oIk oIk
8zl

(‘rayaz)_a_z(ovyvz) SC’V1($)_V1(O>|7
for allz € Q,,, y €U and z € R?.

l
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Proof. We first calculate that

7

821 (l‘,y72) - a_zl([)?yuz)

‘anf oTI*

‘(y x vi(x)) ® (y x vi(@));  (y x vi(0)) ® (y x vi(0))A; |
ly x vi(=)[* ly x vi(0)[*

This is the difference between two projections on to two different lines,hence by the
same reasoning as in the proof of Lemma B.2 we obtain

oIt oI

_<$>yv Z) - _Z<anaz)

< . — 1.
82’[ 82’[ — nyl(‘x) I/Z(O)’

as required. O

C Notation
o Eln] = [, 5|Vn>dz + K3 [,,((n- V)n) - vdo
o of =W (Q; S N WAL(Q; S 1)
e O CR" ais C? domain (See Theorem 1.1)

e 1 unit-norm exterior normal.

T :={y e H2(09,S?) : v(x) - v(x) = 0 for almost every z € d}

U = {ueWh?(Q,S?) : Trace(u) € T}

d =% @ d 8
° G[n] = fQ KZ&,B:l %% — K3 faﬂ Za,,@:l gw%nﬁna.

ala‘%’r,a(z)
oz

||907",I1HC2 ‘= MaX|q|=2 SUP;cR2

o Clz,r)={y eR%:|(y",y?) = (2", 2?)| <r |y’ = 2°| <7}

Q, ={(z" 2%, 2%) € C(0,1) : 2* < p(at,2?)}

Qo := {(z, 2%, 2%) € C(0,1) : 2* < 0}

G, = 09,\0C(0,1)

GO == 890 \ 80(0, 1)
e H,=00,Nn0C(0,1)
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o Hy= 09N 3C(0,1)
o G,lu| := wi|Vu\2dx — K3 fG«p uauﬁ% dr.

e B4(0,1) is the ball in R? centred at 0 with radius 1.
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