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Abstract
We consider the inertial Qian-Sheng model of liquid crystals which couples a hyperbolic-
type equation involving a second-order material derivative with a forced incom-
pressible Navier-Stokes system. We study the energy law and prove a global well-
posedness result. We further provide an example of twist-wave solutions, that is
solutions of the coupled system for which the flow vanishes for all times.

1. Introduction

The main aim of this article is to study a system describing the hydrodynamics of nematic
liquid crystals in the Q-tensor framework (see for an introduction to the Q-tensor framework
[9],[17]) There exists several such models and we will consider the one proposed by T. Qian
and P. Sheng in [13]. As most tensorial models, this one provides an extension of the classical
Ericksen-Leslie model [6], in particular capturing the biaxial alignment of the molecules, a
feature not available in the classical Ericksen-Leslie model.

Our main interest in this model is due to the fact that it incorporates systematically a
certain term that models inertial effects. Details about the physical relevance of this will be
provided in the Subsection 1.1, below.

The inertial term is usually neglected on physical grounds, a fact that is also convenient
mathematically since keeping it generates considerable analytical and numerical challenges.
From a mathematical point of view the system couples a forced incompressible Navier-Stokes
system, modelling the flow, with a hyperbolic convection-diffusion system for matrix-valued
functions that model the evolution of the orientations of the nematic molecules. The inertial
term is responsible for the hyperbolic character of the equation describing the orientation
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of the molecules. This feature is also present in the Ericksen-Leslie model but it is usually
neglected in the mathematical studies due to the formidable difficulties in treating it in the
presence of the specific unit-length constraint. One can regard our study as a step towards
the analytical understanding of the inertial Ericksen-Leslie model where one discards the
unit-length constraint.

In order to clearly describe the system it is convenient to introduce some terminology.
The local orientation of the molecules is described through a function @) taking values from
Q C R, into the set of the so-called d-dimensional Q-tensors, that is symmetric and traceless
d x d matrices:

V= {Q e R Qy = Qi tr(Q) = 0,4, = 1,...,d}

The evolution of the )’s is driven by the free energy of the molecules, as well as the transport,
distortion and alignment effects caused by the flow.

The velocity of the centres of masses of molecules obeys a forced incompressible Navier-
Stokes system, with an additional stress tensor, a forcing term modelling the effect that the
interaction of the molecules has on the dynamics of their centres of masses. Explicitly the
equations, in non-dimensional form, are:

v+ Vp — @Av =V ( — LVQ O VQ + f1Qtr{QA} + 35AQ + BGQA)
£ (2= m0) + ml@- 2.Q))) (L)
V-v=0 (1.2)
JQ+mQ = LAQ — aQ + b(Q* — —\Q! 1) — cQIQ* + A + 1 [€2, Q] (1.3)
where f = (0, + v - V)f denotes a material derivative and for any two d X d matrices
M, N, we denote their commutator as [M, N] := M N NM. Furthermore, we denote
Agj = 3vig +v54), Qig = 3 (viy — vja), for i, =1,...,d, (VQ ® VQ)ij = 311 QriiQury

(where for a scalar function f, we write f; for ) nd |Q| Vtr(Q?). The I; denotes the

d x d identity matrix.

The physical relevance of the equations and their meaning is provided in the next sub-
section, which can be skipped without impeding on the understanding of the remaining
mathematical aspects of the paper.

1.1. Physical aspects. In the following we consider just the d = 3 case ( out of which one
can reduce everything in a standard manner to the d = 2 case) and take the domain  to
be R3. The velocity v of the centres of masses the molecules satisfies a convection-diffusion
fluid-type equation, with forcing provided by the pressure p, the distortion stress o and the
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viscous stress o’ (here and in the following we use the Einstein summation convention, of
summation over repeated indices):

@z‘ = (—p&j + O'ij + O'gj),j, (14)
where p is the pressure.
The fluid is taken to be incompressible so we have the divergence-free constraint:
Uk = 0. (1.5)
The distortion stress o is given by
07
0ij = =~ Qap;
J a(@aﬁ,i) 8.3
where we use the simplest form of the Landau-de Gennes free energy density
L
F1Q) = 5 IVQP + v5(Q)

modelling the spatial variations through the %\VQP term with positive diffusion coefficient
L > 0, and the nematic ordering enforced through the “bulk term” taken to be of the
standard form [9]

a b c
Un(Q) = §tr(Q?) - 50(Q%) + S (r(@)* (16)
The viscous stress o’ is given by!:
0i; = P1QuQuAw + BaAi; + BsQiAu + BesQu A
1
+ 5#2%@' + i QuMj — pNaQij,

where (1, B4, Bs, Bs, j11 and o are viscosity coefficients, A is the rate-of-strain tensor defined
by means of

o Vy,j + Vji

iy 9 3

i.e. the symmetric part of the velocity gradient, and .4 stands for the co-rotational time
flux of @, whose (i, j)-th component is defined as follows

Nij = (Q —wAQ+QAN W)ij = 0,Qij + i Qijr — EirwrQuj — €jrwrQir-

A represents the time rate of change of ();; with respect to the background fluid angular
velocity w = %V x v. Moreover, one can reformulate .4~ making use of the vorticity tensor

Q

A

Vg — V54

Q

ij - 5

INote that in [13] the divergence of a matrix is taken along columns rather than rows as we do in here.
However we changed everything consistently to fit our definition of matrix divergence
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Indeed, one can check that
Ni; = (Q - [, Q])ij = ng — Q3 Q5 + Qullj,

since we have w X u = Qu, for any d-dimensional vector u.

We will assume that the viscosity coefficients satisfy the following two constraints

B — PBs = o,
Bs + Bs = 0.

For a better understanding of the relation between these conditions and other ones available
in the literature, it is worth making a comparison between the stress tensor o given in (1.7)
and the better-known Leslie stress tensor. Indeed whenever () is uniaxial (with unitary scalar
order parameter, for simplicity) i.e Q(t,z) = s.(n(t,z) @ n(t,z) — %) , with n(t,z) € S* the
director field, s, # 0, the tensor o becomes the better-known Leslie stress tensor of the
Ericksen-Leslie theory, up to some relations involving the viscosity coefficients (see [13]).

(1.7)

The well-known Parodi’s relation for the Leslie stress tensor corresponds in our setting to

Bs — b5 = pa, (1.8)
namely the first identity of (1.7).

The second condition in (1.7) is not always satisfied by physical materials (though for
some it is nearly satisfied such as for MBBA, see below) however it is sometimes assumed in
the physics literature in the more specialised form 5 = B = 0 (see for instance [12]).

Moreover, we will need to assume that the Newtonian viscosity 3, is large enough compared
to the other remaining viscosities, in order to obtain the necessary energy dissipation.

The evolution of the order tensor () is driven by

JQij = hij + iy — A6ij — i M (1.9)
where €;;, the Levi-Civita symbol. The A, A, are Lagrange multiplier enforcing the trace-
lessness and symmetry of the tensor and in our case they can be easily determined as Ay = 0
and \ = —b@]g (with I3 the 3 x 3 identity matrix).

The elastic molecular field h is

h...__&? +( 0.F )
YT 0Qy  \0(kQiin) )

and the viscous molecular field A’ is given by:

1.
hij = §N2Aij — Mg, (1.10)

The definition of fis requires some clarifications. We note that in the paper [13] of Qian
and Sheng, the viscosity coefficient fi5 corresponds exactly to ps while other authors take it
to be fiy = —pg, see [11,12]. The two different choices of the sign for fi; provide intrinsical
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differences at the energy level, as it will be seen in Section 2. We will see there that it would

be more natural to assume fis = —pu9, otherwise a new continuum variable
Q+ 2 Q (1.11)
would effect the time-evolution of the flow. However, if we would take alternatively i = —pus

we would obtain the classical co-rotational time flux .4 = @ — [Q, Q] (instead of the above
variable in (1.11)).

We assume all the coefficients to be non-dimensional. For a common physical example,
the MBBA material, we have the following relations between the coefficients [14]:

P2, 10990 Loar P o B o B oo (1.12)

H1 H1 H1 M1 H1
Furthermore, because the coefficient 3, corresponds to the standard Newtonian stress tensor
we can assume
Bs>0 (1.13)
which fixes the signs for all the viscosities.

The J in (1.9) stands for the inertial density and it is taken to be greater than 0. This is
consistent with the fact that J has the same sign as the inertia in the Leslie-Ericksen type
of model (see Appendix B in [13]) where it is assumed to be positive (see for instance the
assumption that J.L. Ericksen makes in [1]).

The inertial term could conceivably play a role when the anisotropic axis is subjected to
large accelerations, as motivated by F. Leslie (in the context of the director model) in [8].

Another interesting feature of the inertia is that it captures the wave-like phenomena,
and one of the most mysterious and yet simple manifestation of these is related to the so-
called twist-waves, introduced by J.L. Ericksen in [1]. These are very special solutions of
the coupled system, for which the flow vanishes for all time. The effect of the flow still
remains on the ()-tensor part, by imposing an additional constraint, so these are very special
solutions.

1.2. Main results. We note first that the system admits a Lyapunov-type functional, up
to some relations on the viscosity coefficients. This functional includes the free energy due to
the director field, the kinetic energy of the fluid and most importantly the rotational kinetic
energy of the director field.

Theorem 1.1. [Energy law and apriori control of low-regularity norms|
We consider the system (1.1),(1.2),(1.3) in RY, d = 2 or d = 3. Let us assume that the
viscosity coefficients fulfill

B, Bas pr 2 0, (1.14)

and the inertia coefficient J as well as the diffusion coefficient L are positive. Furthermore,
we assume:
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Be — Bs = pa, (1.15)
Bs + B = 0.
Concerning [y we assume that:
if fia = po then both of them are set to zero, i.e. fia = gy = 0. (1.16)

Moreover, in order to have the free energy of the molecules well defined we assume that the
material coefficient ¢ satisfies

¢>0. (1.17)

Then there exists a constant Cy depending on fis, Bs, B, o Such that if the Newtonian
viscosity is large enough, i.e. By > Cy then for classical solutions that decay fast enough at
infinity? the total energy decays, i.e.

d 1 . L
S SR+ JIQF + ZIVQP) +vp(Q) dr <0 (1.18)
t Rd 2 2
Furthermore:
o Ifd=2 and a > 0 then ¥p(Q) > 0 and for any T > 0 we have the apriori bounds:
v e L®(0,T; L*(RY) N L*(0,T; H'(RY)), (1.19)

Qe L>0,T; H'(R?Y) with Q € L>®(0,T; L*(R%)),

e Ifd=2anda <0, ord=3 (and a arbitrary) then ¢Y5(Q) can be negative®. Then
there exists lal = ﬂl(aa b> C>7 J0~:: Jﬂ(lab a, b> C)? and Cd = Cd(ﬂ27ﬁ5>ﬁ6nu/2) >0 such
that if J < Jo, p1 > i1, By > Cy then the apriori bounds (1.19) hold.

The proof of Theorem 1.1 exhibits the main characteristic feature of the system, that is
the mixing of terms that provide the most suitable cancellation of “extraneous” maximal
derivatives, i.e. the highest derivatives in v that appear in the ) equation and the highest
derivatives in () that appear in the v equation.

It is important to observe that despite these apriori estimates, one cannot expect to
construct weak solutions just by making use of this energy relation. Indeed, the most common
approach in order to construct weak solutions is the compactness method, i.e. construct
approximate solutions (satisfying similar apriori bounds) and pass to the limit. In the
classical Navier-Stokes equation one needs to take care in dealing with the nonlinear terms,
but the apriori estimates available do provide enough control. However, things are much

2sufficiently fast to be able to integrate by parts in the proof of the theorem, which happens for instance
if they are in the function spaces (1.19)
3and thus the energy decay (1.18) does not suffice for providing the apriori bounds (1.19)
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worse in our system (1.1)-(1.3). The main difficulty is inside the stress tensor o;;, more
precisely in the nonlinear term

d
(VQOVQ)ij = Y QupiQas, (1.20)
a,f=1
Let us note that the estimates provided by the apriori bounds (1.19) do not suffice for
passing to the limit in the divergence of (1.20). This is to be contrasted with the case J = 0.
One should keep in mind that a positive inertial density J leads the order tensor equation
to be hyperbolic-like, in contrast to the parabolic structure that occurs when J is neglected.
In the parabolic setting one can make use of regularizing effects, achieving a control on two
spatial derivatives of @ (i.e. AQ), which certainly allows to control the limit of a product
as in the divergence of (1.20). This feature is lost when J is positive, so that constructing
weak solutions would require a different approach than a rather common compactness one
based on estimates (1.19).

Thus one can attempt to construct strong solutions and it will turn out that this can
be done. The most interesting aim is then to construct global in time solutions. We have
been able to obtain them, using the one of main features of the system namely the damping
provided by the p; term. Indeed, if one formally takes the flow v to be zero in (1.3) then
the material derivatives in (1.3) reduce to just time derivatives and the equation becomes a
nonlinear damped wave equation. Morally speaking it will be this damping that is responsible
for the global existence even in the case when the flow is present. Thus we have:

Theorem 1.2. [Global existence and uniqueness for small initial data]

Consider the system (1.1),(1.2),(1.3). We assume that J < Jo, g1 > i1, Ba > Cy (where
Jo == Jo(pi1,a,b,¢), iy = p1(a, b, c), and Cy= éd(ﬂg, Bs, Be, p2) > 0 are explicitly computable
coefficients). Furthermore we assume the positivity of a number of coefficients: [y, 1 > 0,
a>0 and J,L > 0.

Let (vg, Q) : RY — R x S(gd) be in H*(R?) x H**Y(R?) with s > & and d =2 or d = 3.
Then there exists g > 0, depending on s and d such that if
mo == [[vollmrs + [|Qoll+1 + [|Qoll s < €0

then there exists a unique strong solution (v, Q) of (1.4)-(1.9), which is global in time.
Moreover there exists a positive constant C' (independent of the solution) such that

V]| Lo (s Ry + IVOl| 21 (may) + Q] oo ry ot (mey) + Q] L2y 35+ 1 (R +
F QU oo ey srrs may) + [|Q 2R s15 Ry < Co-

One important assumption in the above theorem is that the coefficient @ > 0. This
captures a regime of physical interest but unfortunately not the most interesting physical
regime (which would be for a < 0 the “deep nematic” regime, see [9]). Technically this
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assumption that a > 0 provides a sort of additional “damping in time” that was used
previously in related settings in [16], respectively [5].

The difficulties associated with treating the system (1.1),(1.2),(1.3) are generated, as usu-
ally (in this type of non-Newtonian fluid) by the forcing term in the Navier-Stokes part. One
can essentially think of the system as a highly non-trivial perturbation of a Navier-Stokes
system.

However the specific difficulty in our system is that the forcing term involves () whose
equation is now of hyperbolic nature. This is due to the inertial term that contains a second
order material derivative. We are not aware of any systematic treatment of such a term in
other contexts, but it turns out that the most delicate part of the whole proof is related to
its treatment. Indeed, one should start by noticing that this is very far from the case when
v =0 (when it is just 92Q) because it is a highly nonlinear operator, for instance for v and
) smooth we explicitly have:

Q= P2Q +2(v-V)9,Q + (v, - V)Q + ((v- Vv - V) Q + vV?Qu (1.21)
involving an “ezpensive derivative of v” i.e. Oy and the term vV2Qu that competes in a
sense with the regularizing Laplacian LA on the right hand side of the Q)-equation.

Our main trick in dealing with the double material derivative has been to stay as close as
possible to the standard cancellation appearing in the context of convective derivatives, which
can be formally written as [o, (f - V)vfdx = 0 for f decaying sufficiently fast at infinity.
However, in order to implement this we have to use a higher-order commutator estimate that
appears in [2], an estimate which is at the level of homogeneous Sobolev spaces, H*. This is
very convenient for our purposes because the H*(R?) norm does not allow the cancellation
of the worst terms, as in obtaining (1.18) in the L?(R%)-setting. This difficulty is partially
dealt with by reformulating the inner product of H*(R?) into

(Wi, wa) L2(r2) + (W1, W2) s (m2) = - (1+ [€*) @ (&)wa(é)de,
€

where H $(R%) stands for the homogeneous Sobolev space with index s. It is straightforward
that this inner product generates the same topology in H*(R?) with respect to the common
one.

Our main work on proving the existence of classical solutions is to obtain an uniform
estimate for our approximate solutions, that is to close an estimate of the type:

D'(t) + U (t) < CP(t)¥(t), (1.22)

where C is a suitable positive constant, ® is controlling the H®-norms in space for our
solution and V¥ is an integrable-in-time quantity involving H*-norms. Then, a rather standard
argument (see for instance in the Appendix, Lemma 5.1) allows to propagate the smallness
condition on the initial data (i.e. on ®(0)). This leads the right-hand side of the above
equation to be absorbed by the left-hand side, achieving the cited uniform estimates. Finally
we construct our classical solution, through a compactness method.
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The uniqueness of our solutions is proven by evaluating the difference between two solu-
tions at a regularity level s = 0, i.e. in L*(R?). Our work is mainly to obtain an estimate
that leads to the Gronwall lemma. Here the main difficulties are handled taking into ac-
count a specific feature of the coupling system related to the difference of the two solutions.
This feature allows the cancellation of the worst term when considering certain physically
meaningful combination of terms.

It is perhaps interesting to remark that in Theorem 1.2 we do not need consider a positive
constant ¢ in the bulk free energy density 15(Q). Usually, this is a necessary condition in
order to have ¥ 5(Q) bounded from below the space of Q-tensors®. However we do not need
this restriction on ¢ mainly because we are assuming a smallness condition on the initial
data, smallness which will be propagated by the equation.

Finally, one last issue of interest to us are the so-called “twist waves”. These are solutions
of the coupled system, for which the flow v is identically zero. The existence of such solutions
for the Ericksen-Leslie system was first postulated by J.L. Ericksen in [1], who named them
“twist waves” and provided one explicit example.

We note that if v = 0, the @-tensor evolution (1.3) reduces to a nonlinear wave system:

2
JQut Q= 18Q — aQ + Q" U ry) QI (123

Nevertheless, there is a part of the momentum equation (1.1) that survives as an additional
constraint on (), namely:

Vp=V-: (— VQ®VQ + %Qt‘i‘ﬂl [Q:Qt]) (1.24)

Clearly, because of this additional constraint, only very special types of initial data for (1.23)
will generate solutions that respect the constraint (1.24). One example is obtained by taking
in R? with d = 2 or d = 3 the ansatz:

T(t2) == f(t, o) H(x)
with f: Ry X R — R a function to be determined and H the “hedgehog” function (see [3]
for details about its physical significance) :

Hy(x) = 2% %551, .d
(:'U) |aj|2 d?Z’j Y )
Then the (1.23) reduces to:
d—1 2d b(d — 2 cd—1
tht+u1ft:L<frr+frT_T_2f>_af+ <d )f2— (d )f3 (1.25)

also ¢ > 0 is necessary for well-posedness for large data, as can be seen by looking at the ) equation
where we take u =0 and J =0
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We can then show:

Proposition 1.3. Let fo : R — R be a smooth function such that

£(0) = £,(0) = 0.

Let d = 2 and assume that in (1.25) we have J, L,c,puy > 0. Then there exists a function
[ Ry xR — R, that is C? on (0,00) x (0,00), and such that both f and f; are smooth
functions of v on [0,00), solution of the equation (1.25) witht f(0,7) = fo(r) so that the
function T(t,z) = f(t,|z|)H(z) is a smooth twist wave in RY, i.e. a classical solution of
(1.23) satisfying the constraints (1.24).

Remark 1.4. A similar statement can be made for d = 3 but for technical reasons we are
unable to show the global existence of the twist-wave in this case, but only the local existence
in time.

Organization of the paper

This paper is organised as follows: in the next section we prove Theorem 1.1 concerning
the energy law, in Section 3 we present apriori estimates for higher norms and prove the
global existence result, namely Theorem 1.2. Finally in Section 4 we construct a specific
twist-wave solution, providing the proof of Proposition 1.3 . A number of natural open
problems are proposed and discussed in Section 5.

Notations and conventions .

We denote by f the material derivative f = 0;h + v - f, where the fluid velocity v is
understood from the context. We also use the Einstein summation convention, that is
summation over repeated indices. We denote weighted spaces, by specifing the weighted
measure, for instance L*(R,r2dr) = {f : R = R, [, f*r*dr < oo}. We also use the notation
(£ a)llx = I fllx + |lgl|x for any elements f,g € X with X a suitable normed space with
norm || - ||x. We denote by F and F~! respectively the Fourier transform and its inverse.

We use €k, the Levi-Civita symbol, with indices 7, j,k from 1 to d, and the comma in
the subscript denotes derivative with respect to particular spatial coordinate. If M(z) is
a d x d-matrix, then V - M stands for the vector field (M;;;)i=1...4. The |M| denotes the
Frobenius norm of the matrix, i.e. |M| = vV MM?*.

The [-,-] stands for the usual commutator bracket [A, B] := AB — BA, for any d x d-
matrices A and B. We denote = tr(AB) with A : B. The product VA ® VB is a matrix
with ij component (0;A : 0;B).



Liquid crystal model with inertia 11

2. Energy law and apriori bounds

Proof of Theorem 1.1: We multiply the equation (1.1) by v; integrate over the space
and by parts® and use (1.2) to cancel some terms. To the result obtained we add equation
(1.3) multiplied by Q;;, integrated over the space and by parts ® to obtain”:

d 1 .
- /Rd 5(’U|2 + J‘QP) dr = /Rd LQwi jQriivi; + (LAQij —

dt
— / O'gj’l)Z'J dx + / h;JQU dx
R4 R4

= L/d Qi jQriivi; + AQiveQijr dr —L /d 01Qij 1 Qijk
R R

2

8@ ij> (atQij +v- VQU) dx

J/

::71 2;}2
Mp / op
— | 0Qij—==~ dr— | v-VQij—=
Rd Qi 0Q R @i 9Q 4
=y =

—54/ Aijv; jdz —51/ Qi Que Aigvi j dx
R R4
— 7
—55/ Ay Qi dl‘—ﬁﬁ/ QuAijvij dx
R R4

1

- —#2/ (ng — Qi Qrj + Qiszkj> v;; dx
2 R4

— M1 /Rd (Qil@lj - QilQlj)Ui,jdx
+ /Rd (QalS2, Qliy — [, QlaQyy) vy du

+ % AijQij — / (Qu — QiQpy + Qikaj> Qiydr  (2.1)
Rd R

Noting that thanks to (1.2) we have %, = .#; = 0 and moving %, .3, .5 on the left hand
size, the last relation becomes

Swithout boundary terms, thanks to our assumptions

bagain without boundary terms thanks to our assumptions

Twhere o’ was defined in (1.7), / in (1.10) and ¢ in (1.6). The operator £ denotes the projection onto
trace-free matrices.
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d 1 :
E/§(|v|2+J\Q!2+L|vc>2l2)+¢B d:c+—/ Vol* de + / QI dx
R4

=01 | QijQuAnv;dr — 55/ Ay Qi do — 56/ QuAijv; j dz
Rd Rd Rd

1 ) )
- §/L2 /Rd <Qij Qi Qrj + szQk]> Vi + '22 /d Ai; Qi (2.2)

o /Rd <QHQU - QilQlj>vi’jdw T /Rd (ukQrj — Qi) Qi d
— [y /]Rd (2, QlaQi; — Qul2, Qlij) vij; dr dx

Now we analyse each term on the right-hand side of the equality, and we will repeatedly use
that v; ; = A;; + (;; and moreover that tr{BC} = B : C is null for any B symmetric and C
skew-adjoint. We begin with

-1 /Rd QijQueAwvi; = — B /]Rd QijQuAnAij — b1 /Rd Qi Quie A S
=—p (Q:A)z—ﬁl/(Q:Q)(Q:A)
Rd

Rd

=B | (Q:A),

R4

observing that @) : 2 = 0. Furthermore we have:
— /Rd <QilQlj — QleZj>Ui,jd$ + /Rd (rQrj — Qi) Qij dx =
[ Q0 - QMY a1 [ (@0 -0} +m [ u{(20 - @)Q} =
. Jrd Rd Rd

-~

=0

=2 [ {9, QI)

Finally

_ /Rd (12, QlaQu — QulQ, Qlij) vi; = Ml/ {([Qv QlQ — Q[ Q])Q} -
_,Ul/ 2{(QQ — QO)[Q, Q] z—ul/ 2
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Now we deal with
—Ps /Rd Ail@lﬂ)i,j dx — B /Rd QizAljUi,j dx + % o (Qikaj - Qikaj)'Ui,j dzx =
- /R x{QAVY} — G /R r{AQVr} + 22 /R {2, Q] Vo)
— s [ Q4+ 4Q)Ve} - (50— ) [ u{aQve} + 2 [ uiafe. )
== [ QA+ AQ1A} = (B~ ) [ tr{AQua+ )} + 2 [ wwial )

= —28; /R tr{AQA} — (85 — fs) /Rdtr{AQA} + (56;35 —~ %) /Rdtr{A[Q, Ql}
- _(55+56)/Rd tr{ AQA} + po /Rd tr{A[2, Q]}.

We arrange the remaining terms related to us, fio as

1 ) y ) ) y )
——M2/ Qijvi,j"i_&/ AyQy =12 QIVUJF&/ A:Q
2 R4 2 R4 2 R4 2 R4
:—&/Q:A—& Q:Q—F& A:Q
2 Rd 2 R4 2 R4
=0
—szRinA if fig = —po

Summarizing all the previous estimates, we get:

4
dt R4

6 [ QAP+ [ 10-10.QP 2.
= ﬁz/RdQ P A+ Mz/Rdtr{A[Q, Ql}

%(|U|2 + JIQI? + LIVQ[?) + 5(Q) dz + % 9 Vo2 da+

where we have used the assumption 55 + 8 = 0, in (1.15). We recall now the condition we
impose on pe namely (1.16), so that if ji; = gy = 0 then the right hand side of the above
equation is null. Otherwise, if fio = —ps, recalling that A4 = @ — [, Q] we obtain

i ) A AlQ = i AN,
o [ QA+ g [ a0l =

R4
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In both cases, we note out of the above that there exists a constant C; depending on
2, Bs, Bg, p2 such that if 54 > Cy then the total energy decays, i.e.

C S (eP + IQP + LIVQP) + vs(@)dr <0 (2.4)
If d = 2 then the term tr(Q?) vanishes and if furthermore a > 0 then ¥5(Q) > 0 and
the previous estimate provides the claimed apriori bounds. However, in general the estimate
(2.4) does not suffice for obtaining apriori bounds on the norms of the solutions, because
¥p(Q) can be negative.In order to deal with this we need to obtain apriori control on suitable
L? norms of Q.
We multiply (1.3) by @, take the trace and integrate over space, obtaining:

J/ Qaﬁ@aﬂdx + / Qaﬁ@aﬁdx — M1 / (Qom/@’yb’ - Qa'yQ’yﬁ)Qaﬁdx -
R4 Rd R4

-~

=0

B /Rd LAQOABQOCﬁdx - / ( o aQaﬁQaﬂ + bQ@’YQ%BQﬁa - C(QaﬁQaﬂ)2>dx +

R4

J/

=P(Q)

+— Aa@Qagdl’.
2 Rd

Now, let us remark that

J/d Qaﬁ@aﬂdx = J/d atQaﬁQa,B + U’yQa,@,’yQa/de
R R

:J/ at(QaﬁQaﬂ)"i_U'y(QaﬂQaﬂ) d.I—J/ QaﬁQade

d

75 [ 516+ QR = 5108 — SloPde — 7 [ j0Pas

and moreover

u{/c%whmx—L/mAQwadv /IQMM+
Rd Rd 2 dt
+,u1/ ’U,YQOC/BQQ/B;de—FL/ ’VQde
R4 R4

~~
=0

Thus, Summarizing, it turns out that
G L 71G+ QR =010 + = DiQPas [ Q@+ 1 [ 1VQPar -
R

= P(Q) + % / tr{AQ}dx.

2dt (25)
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We will use this estimate together with (2.3) to obtain an estimate of the L? norm of @
which then will allow to obtain out of (2.3) the desired apriori estimates on @, Q and v.

We note that if @) has eigenvalues A, u, —\ — p (as it is traceless) we have |Q|? = 2(\? +
1* + Ap) and tr(Q3) = —3Au(A + ) thus for any § > 0 we have [tr(Q®)] < 2|Q* + Z|Q|*
Furthermore tr(Q%) = 0 if d = 2 since Q is a two-by-two traceless symmetric matrix. If
d = 3 we claim that there exists ji; > 0 depending on a,b and ¢ > 0 such that

QI + 4¢5(Q) > |Q* (2.6)

for some £ > 0.
Indeed, we have fi|Q* + 4¢5(Q) — £|Q* = (i + 2a — €)|Q]* — 2tx(Q?) + £|Q* >
(1 + 2a — €)|Q* — @(%@]4 + 21Q*) + £|Q|*. Thus taking % 2“" = ¢ and letting fi; be
large enough we obtain the claimed relation (2.6). Then, assummg that J < py and adding

(2.5) to twice times (2.3) we obtain
1
G LR+ 5 (104G + 10F) + LIVQF + 5m = DIQF + 20n(Q) da+
+ L/Rd |VQ|2 125, /R {QA)Y + 25, /R VoPd + 24 /R Q- [Q.0Pde (27)
:P(Q)—i-J/ |Q|2dx+% tr{AQ}dx+2ﬂ2/ AN
R4 Rd Rd

Thus for py > i1, J small enough and 3, large enough we have a Gronwall-type inequality
for the L? norm of ) which then can be combined with (2.3) to obtain the apriori bounds
(1.19). O

3. Global strong solutions

3.1. A priori high-norm estimates. In this subsection we provide the apriori estimates
that exhibit in a relatively simple setting the higher-order cancellations and estimates that
will allow us to prove afterwards the existence of strong solutions through a suitable approx-
imation scheme, in the next subsection.

We consider the inhomogeneous Sobolev space H® with s > g, equipped with inner product

(u, v)gs = (u, V)2 + (u, V) ..

where

(w,0) e = (V=2)"u, (V=2)"v) 2
with (V=A)*u(g) := F " (I Ful(€)).

We recall that for s > ¢ we have H*(R?) — L*(R?) and, most importantly for our

purposes, it is an algebra, with

Jwvllzs < lull s |0l s
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We assume that the solutions are suitably smooth and decaying sufficiently fast at infinity
to be able to integrate by parts without boundary terms whenever necessary. Taking the H*
product between (1.1) and v, we get

2dt||v| 2o 4 Bal |Vl = —(v - Vo, v)gs + L{VQ ® VQ, V) s —
— Bi(tr{AQ}Q, V) s — B5(AQ, Vu) s — Be(QA, Vv)prs+ (3.1)
- 7<Q [Q Q] Vv)HS - ul([Qa Q]? VU>H5 +/JJ1<[Q7 [Qa QH> V/U>H5

Now, let us observe that

(v-Vv, v)gs = (v- Vv, v)2 +(v - Vv, v) 4
=0

Since s > d/2, then H™(R?) is continuously embedded in L>®(R?), for m a natural number
in [s,1+ s). Then, by the classical Gagliardo—Niremberg inequality we have

1-0

V]| Loomay S HUH%%Rd)HU‘ Hm(RA) HU||L2(Rd IVl

Hm 1 (Rd)

N ||UHL2(Rd ||VUHHm 1(Rd) S ||U||L2 Rd) IVl Hs Rd

with 0 := 2";—7;61. Hence the second term on the right-hand side of the above equality can be

estimated as follows:
(v Vv, v) g

= [{v@v, V)
< Mvllzge l[oll g V0l s
S Iz Vel ol g1 Vollas,

which yields

(v - Vo, v) gl S MvllZellv]l g
S Iollzz vl (3.2)
< vl lolly
Since s > d/2 > 1 then [[v||%, = [|[Vo|%._, < [[Vv]%., thus
v Vv, 0) ol < ol Vol S IVolEslolEs + callVollz.- (3:3)
Now, the second term on the right-hand side of (3.1) is
(VQOVQ, Vu)g: = (VQ O VQ, Vu)12 +(VQ © VQ, V) 4.
We will see that (VQ ® VQ, Vv) 2 is going to be simplified, while
(VQoVQ, Vo). S IVQllr V@Il IVull e S IVQIGEIVQIIES + ca Vol

Finally, the remaining terms on the right-hand side of (3.1) are controlled as follows:

Bitr{AQ}Q, V)= S 1Allm= Q% 1V vllre S IV 0ll7 | QN e

HS
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%IS + Cﬁ4||vv| %15’

Q|

2
Hs

B5(AQ, Vv) s + Be(QA, Vo) S || A

Q|

V|

we S Vol

Hs Hs

0
72<[Q, Ql, Voyus S QN lIVollzs S IVUllz 1QN s + calVollhs,

2
Hs$»

%JS +Cu1||Q|

Q|

Q. QL Voyue S 11Qll-1Q) 7t

V|

s S ||Vl

Hs Hs

2
Hs-

Vo

2
Hs

M1<[Q7 [Q’ QH’ VU>HS S ||Q|
Thus, summarizing the previous estimates we get

1d
2dt

0]

2+ Bal| Vol % + %(Q, Vo) — LIVQ © VQ, V)2 <
S IVl (ol + IV QIEs + [1QNIE:) + i lIQ]

Now, let us take the H*-inner product between the order equation and Q:
TG, Qe+ Qe = 2, QL Qe + 5 IV

= —a(@ Qi + b Q) — c{QIQPY, Qe + 24, Q)

2dt
We begin observing that

i T IV IVQI .

(3.4)

we + o[Vl 7t

[l

2. —LIAQ, v-VQ)ps =

J d

Hs = 5&”@”%{8 +J(v-VQ, Q) s

J(Q, Q
and that
(v-VQ, Qps = (v-VQ, Q)2 +(v-VQ, Q).
N————

=0

= ((V=2)0-VIQ, (V=AY Q)2 + (v V(V=A)Q, (V-A)'Q)rz  (3.5)

X

S IVl QN < IVl QU + cu Q1.

where for the last inequality we used the commutator estimate from [2]:

I(V=2)",0-V]Bllz2 = |[(V=2)[(v- V)B] = (v V)(V=2)*Bllzz < ¢ Vol Bl -

Moreover

pl(Q, QL Qre S IVl QN Qe S V0l 10Q

e+ G| QI (3.6)
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Now, we have
(AQ, v+ VQ) e = (V=D)Qugii, V=L) (v;Qup;)) 12 =
— (V=D)*Qapi, V=D) (0j:Qup)) 12 — (V=1) Qapi, (V=D)" (1;Qup.is)) 12
and

[{(V=2)Qagir (V=2) (1jiQas)) 12| < IVQI7: V[l S IVQIZ:IVQ

~(V=8)"Qapi» (V=2)"(vjQapii))rz = ~{(V=2)'Q;, [(V=2)", v+ V]Q:) 13—
—(V=2YQu, v V(V=-2)Qa)12 S IVQz:lll(V=2)", v VIQllzz <

2
Hs»

s+, V|

2
Hs

Vol

Hs
-0
SIVQIL IVl S IVQIEIVQIE. + sl Vol
which yields
(AQ. v-VQ) . S IVQIEIVQIE: + ca, Vo (3.7)
Finally
: ad 9
—a(Q, Q) s = _§EHQ| 7s —a{v-VQ, Q)ps,
with
v~ VQ, Qursl < N0l IV Qa1 Qlszs S QU Nwlle + ¢l VR
5(Q. Q| S Q1@ S 1QU QU + 6 QI
and
<(Q. QIO ie| S Q= 1@ < QI (1N + 1QUr)-
Thus, summarizing the previous estimates we get
L2100 + EIVQU + U1QI) + m @l — Lo V. AQ): (4, Q- <
S (IQIE: + 1IVQIE: + IVollgs + ollde) (1QIE + Q7 + VQIIE:)+
+ el Vol + QU3 + el VQIE..

(3.8)
Now, let us consider the H*-inner product between the order tensor equation and @/2,
namely

J . ) L
240, Qs + 510 Qe = B2, QL Qs + SIVQIE + S1IQIR: =

) ~
= (@ Qe — S(QIQP, Qe + A Qo

First, let us observe that

(@, Qs = (Q, Q)rz + (Q, Q) ppe
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We have
<Q7 Q>L% = <atQ7 Q>L% + <U ’ VQ7 Q)Lg

d - . . d - .
= (@ Q2 = (@, 0Q)1z — (@, v~ VQ)rz = — (@, @)1z — Q17
Moreover
00, Q. = (0. Qe — (@ 01
and
(v-VQ, Q) = (V=AY (v VQ) , (V=R Q)12
= (V=AY 0 VIQ (V=AY Q)uz = (V=A)Q, v VIV=AY Q) (5,
= ((V=2)*, v- VIQ, (V=D)"Q) 12+
+{(V=2)Q, [(V=2), v-VIQ)12 — (Q, v- VQ) e,

Thus, summarizing, we get

20.Qhm = 2540, Qe — LNl
; | ; | (3.10)
+ SUW=E) 010, (V=BYQuz + (V=AY Q, (V=B v- VIQ)rz
with the estimate
SUVEY 0910, VBV Quz + SRV WA 0 VIRhy
S IVl Nl @l S I QN+ € QI

Furthermore T4 T4

2240, Qi = TSN + @l — Il — I (3.12)

On the other hand
1, _ M g, e
9 <Q7 Q>H5 - 2 <atQ> C2>HS + 2 <U an Q>H5 - A dtHQHHS + 9 <U an Q)Hsa
with I
1
5 (- VQ, Qs S Wl IVQll | Qll - < 1QI 10l 7 + ¢ VQII ..
Then
110 <V 2 < 2 2 Vo2
5 (& QL Que S IVUlla QN S QN IR + cal[ Vol

b
510" Qe | £ 1Q1 < 1QP QU + QI

S(QIQP, Q| S QI I Q13
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and finally
o o | 2] 2 a 2
P24 J< B2 . P L] (11— .
Then, summarizing the previous estimates, we get
drd, 2 A po —J 2] A a 2
=10 + QI — 1N + E=1Q1%: | - S1Q1. + 3lQl
|faa? L
~Saat = oVl + 31V QI S (190l + 1QUE) (19U + ol )+ (319)
+ea | Vol + cullQIl + callQll + cll VOG-

Finally, taking the sum between (3.4), (3.8) and (3.13) and assuming cg,, ¢,,, ¢ and ¢,
small enough, we get for a suitable 6 > 0 small enough:

A+ 210+ 01 + 21012 + (S + 1 — D012, + Z(vol?

= (51l + 10 + QU3 + FUQNE- + (5 + i = DRI + FIVQIE |+
|fia|? 2 J e a 2 L 2

0= gyt e~ el + (1 = 5 = DIQU + (G2 = D@l + (5 = DIV

S (013 + 1O + QU + 1V QI ) (Nl + QI + QI + VR ),

where we have used

(VQoVQ, Vu)r2 + (v-VQ, AQ) 2 = 0.

The last estimate allows, under suitable relations on the coefficients, to obtain a differential
inequality of the type (1.22) with ®(t) == ||v||%. + [|Ql % + |QI% + [[VQ|%. and W(t) :=
V0|3 + | Q1% + |Q1%s + | VQ||%. which allows to control apriori these norms globally in
time, for small data (see also the Lemma 5.1 in the Appendix).

3.2. Strong solutions. Proof of Theorem 1.2: We divide the proof into the existence
and uniqueness parts. The existence is based on a Friedrichs-type scheme that preserves the
structure exhibited in the higher-order energy laws, which allows to construct approximate
solutions. The uniqueness is achieved afterwards through to an H*®-type energy estimate.

Existence part: In order to construct global strong solutions, we use the classical
Friedrichs scheme and obtain estimates similar to the ones in the previous section. We
define the mollifying operator

Inf(€) = F ' (Lp-ncigay Ff)
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The approximate momentum equation then reads as follows:

J00™ + P, (Jo™ - V™) + %AJan — 1V - P{n(V4Q™ @ V1,Q™) b+

+ V- P8I (1 QWtr{ (1 QU T A™)) 4 B (] A Q) + By (S, Q™ T, A™) |

+ V- P{ B Q" = 10", 1,QW)) + i Ju[JQ, (1,Q") = 1,2, 1,Q))] .
(3.14)
where P denotes the Leray projector onto divergence-free vector fields, and we denote
(n) (n) (n) (n)
Q) = U Y g % T gy
ij - 2 3 ij 2 ) aj )ty

Similarly, the approximate order tensor equation is

JJnQ(n) + MlJnQ(") — LAJnQ(") _ aJnQ(") + an(JnQ(”)JnQ(”))

- btr{Jn(JnQ(")JnQ("))}Ij +ed, (J QMtr{(J,Q™ J, Q(”))})

+ A 0 11,00, J,Q)
where we have used the abuse of notation
f = 0™ 4 Ju (S0 ™ - VI ).

The system above can be regarded as an ordinary differential equation in L? verifying
the conditions of the Cauchy-Lipschitz theorem. Thus it admits a unique maximal so-
lution (v™, QM) in C'([0,T™), L?). As we have (PJ,)?> = PJ, and J? = J,, the pair
(J,v™ | J,Q™) is also a solution of the previous system. Hence, by uniqueness we get that
(Jov™, J,QM) = (v, QM) and moreover the pair (v, Q™) belongs to C*([0, T™), H>)
and solves the system

O™ + P, (v™ - Vo) 4 %AUW = —LV- P{Jn(VQ(”) ® V™) }+
v 7){ B (QUtr{Q™ AMY) + B3], (AMQM) + e, (Q™ A("))}+
+V.'p{ %(Q(m — QM QM) + i, [Q, (O™ — (™, Q])] }
JO™ 4 10" = LAQ™ — aQ™ + bJ,(Q™MQ™)
b {7(QUQ) L + e (@ (@)
\ n % A® L 700, Q)]

Arguing similarly as in the proof of the apriori estimates and taking advantage of the fact
that J, is a self-adjoint operator in L?, in order to obtain similar cancellations we get (for a

(3.15)
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d > 0 suitably small):
a

J L
_INiomygz L (n)||2 ]
5 + 4)HQ s + 7 VO™ ||

=[50 e + 1R + QO + 1R I + (

| 2] J : a L
S— el E— S v Ol _Z_5 M2 4 (Ze —NHIOM|Z. + (= =) IIVO™|3,.
+(Ba 3201 — 2)a VO[5 + (i 5 MNQ™1H +(25 M™% +<2 NV Q™3
S (90 e + 1QW 1 + 1Q™ . + I9Q ) 3 )
(I + QU + 1Q%) I + IVQ™ ),
(3.16)
Defining the functions x(t) and y(t) by
z(t) = [V + 1™ + 1™ +1IVQ™ |3,
y(®) = [0+ 1Q™ N5 + Q™ N7 + IVQ™ |-,

respectively, and thanks to Lemma 5.1 and inequality (3.16), we get the following bound:

sup { [0 (1) 3 + 101 - + QW @3 + IVQW @)l b+

teR
+ / {IVo @ + 1Q (O3 + 1R D)3 + FQ ()3 bat
+

e+ 1Qoll7s + ||Q0| i+ IVQol

We claim that these uniform estimates allow us to pass to the limit as, n goes to co. We
first observe that we can obtain a uniform bound also for 9,Q™ in L{°H*. Indeed

sup [[9,Q" [+ = sup Q" —v™ - vQ™) VQ"[| g
teR4

teR L

2
Hs*

< ol

e NQ | zsorrs + [[0" || 1se e

2
Hs:

7re + |Qoll7s + ||Q0| i+ IVQol

Thus, by classical compactness, weak convergence arguments and thanks to the Aubin-
Lions lemma, there exists

Qe LH™™ N L2H™, ve LH N L2H™, and we L°H'NL2H®,

S [lvol

such that, up to a subsequence, we have the following convergences

Q"™ — @Q strongin L H:t'H

t,loc*"loc

Q™ — w strongin L H: "

t,loc*"loc

U(n) — v strong in L;?ocHlsoz'u

Vo™ Vo  weak in LfHS

for any suitably small positive constant .
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Assuming s — p > d/2, we have that J,(v(™ - VQ®) strongly converges to v - VQ in
Ly H M asn — oo, with v - VQ € L°H®. Furthermore

t,loc™"loc

8,0 = lim 9,Q™ = lim (QW N VQ(”)) —w—v-VQ e L¥H",
n—oo

n—0o0

where the limits are considered in the distributional sense. Then, we deduce 0;Q) € Ly*H*
and w = ) € L H®. Finally, the order-tensor equation yields

J9,0™ = —JJ, (0™ - VO™) — 1,0 + 1 J [, Q] + LAQ™ + % Al _

Id
~aQ" +b(L(QMQ™) — {(QVQM)} 1) — (@M {(QWQ)},
hence, observing that
(0™ -V QM) [ g1 S 0™ - VQW [ o

= IV {v™ @ Q" } |-
S o™ @ QM lae < o™ [l 1Q™ |-,

then 9,Q™ belongs to L?,,,H*~!, with uniformly in n bounded seminorms. Thus

2,Q™ — 9,QQ weakly in L2, H*"!

t,loc

up to a subsequence. Moreover, since J, (v(™ ® Q(”)) converges weakly to v ® Q in L?JOCH 5,
then J, (v - VQ™) converges weakly to v - VQ in L} 1,.H®. Then, summarizing we deduce
that Q) converges weakly to @ in L}, H®.

These convergences allow us to pass to the limit in the classical solutions of (3.15), deducing

that (u, @) is classical solution of system (1.1) and (1.3).

Uniqueness part: We now prove the uniqueness of the strong solutions previously ob-
tained. Let us consider (u1, Q1) and (ug, Q2) to be strong solutions with same initial data.
From here on we will use the following notation:

(5@ = Ql —QQ, 5@ = Ql —QQ, ov = U1 — V2, 0A = A1 —A2,5Q = Ql —QQ.

We begin the proof by considering the difference between the order-parameter equations of
the two solutions, namely

J [(6Q)t + oy - V6O + 6v - VQQ] + 10Q = LASQ — ab6Q + b[Q16Q + 6QQa+
+Hr{Qi0Q +QQa} ] — AQUH{Q}} — Qi {9QQ1} — Qatr{Qu0Q}+

264+ (4, 5Q] + mo, Qu).
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We multiply by 6Q, take the trace and integrate over R? to get:

drJ, .- L a .
= S16QI: + SIV0QIE: + SIQI3: | + mlldQI3 = L(AIQ, v - V6Q

dt L2 )
+L{AGQ, 6v - VQ2)1z — J (1 - V8Q, Q)12 — J(6v - VQs, 6Q) 12—
—a(6Q, v1 - V6Q + 6v - VQa) 2 + b{Q10Q + 6QQs, 6Q)r2—  (3.17)
—c(0Qtr{Q7} + Qatr{6QQ2} + Qatr{Q26Q}, 5Q>L§+
+%(5A, Q) + [, 6Q) + [69, Qal, Q)2
We now estimate each term on the right-hand side. First we remark that

<A5Q> Al V5Q>L§ = <5Qaﬁ,jj; (711)1;5@&5,1‘>L§
= _<5Qa6,ja (U1)i,j5Qa5,i>Lg _<5Qaﬁ,ja (’Ul)iéQaﬁ,ij>L%7

Vv
=0

2+

where for the second equality we have integrated by parts. Then we obtain
(A0Q, v1 - ViQ) 1z < IVQl2 IVOQ 2 [IVorll e S NV [l [[VOQI 2,
Similarly, we can proceed integrating by parts also for the second term, namely
(ASQ, 6v - VQa)rz = (6Qap.jj; 0V (Q2)ap,i) L2

= :<6Qa6,j> 5%‘,3’ : (Q2)a5,i>L%:<6Qaﬁ,ja ov; - (Q2>aﬁ,ij>L%-
A B

HS

First, we control A using a standard estimate:
ASIVOQ L2l Vovl 2 [VQall e S V@2

The term B requires a more careful analysis. First, we define the parameter 6 in (0, 1/2]
as the minimum between 1/2 and s — d/2. Thus, since AQ, belongs to L2(R,, H*~1(R%)),
then it belongs also to L*(R,, H/+%/2~1(R%)). We will make use of the following Sobolev
embeddings:

ViQl72 + ¢l Vo7

2
Hs

Hs—l(Rd) N H9+d/2—1(Rd) N L%(Rd),

. (3.18)
H'(R?) — La20-9 (RY)

Then B is bounded by
BSIVoQllezliovl e IAQal oy S [VOQzzl10vlm [AQ or g

d—2(1-0) -0 "
x T

S IVOQl allov] 2 [AQ2l re—r + 0@ 2 [[ VO] L2 | AQ2 | -1
S IVQ2llz: (16Q17z + ll6vlzz) + esillVovlize + | VOQIIZ:-
Summarizing, the second term is estimated as follows:

(A0Q, 0v -V Q)12 S IVQ:l: (IVOQIZ2 + 10QIZ2 + 10vlI72) + ca,[VOv]IZ + ¢ VOQI7:.




Liquid crystal model with inertia 25

Now, let us observe that (v; - V6@, 6Q) 12 = 0 because of the free divergence condition of
v1. Moreover, still recalling the embeddings (3.18), we have

o1 (16| 2

(00 VQs, 6Q)12 S lovll s ||VQ2||L%9||5QIIL;@ S MI6v]lm [V Q|

d—2(1=0)
< 11Q2]

1
T x
HS
S Q2]

e

The remaining terms can easily controlled by the Holder inequality and the Sobolev em-
bedding H® — L°. First the terms related to the parameter a fulfill

(0Q,v1 - ViQ) 2 S 116QlI vllz=[IVoQl L2 < lvill= (16Q1IZ: + IVIQIZ2),
(0Q,0v-VQ2) 1z < 10Q12ll0v]l 22 [V Qell e S IV Q2llr= (I16QNZ2 + [lov]lZ2),

HS

6ull2118Q 2 + [|Qelr= | Vol 12 1] 2
[6vllZz + 10QIZz) + s, IVOUlIZz + cnll0QIIZ;-

The terms related to b can be bounded as follows

(Q10Q + 6QQ, 5Q>Lg S (@, Q2)||Lg°||5Q||Lg||5Q||L%
SIQ1, Q)13 10Q17: + c 16Q17 2

2
Hs

and finally the one multiplied by c is estimated by

(0Qtr{Q7} + Qa2tr{0QQ5} + Q2tr{Q20Q}, 5Q>Lg S Q1 Q2)]

i

It remains to control the terms related to p; and py which can be handled through

[0QIIZ; + 16QIIZ2)-

(6A, 0Q) 12 S 10A210Ql 2 S 16QN172 + ca, V60|72
and

([, 6Q) + [69. Q2. 6Q) 12 < (V]

e+ 1Qzl%-) (19QIIZ2 + 16QIZ2 )+
+eu [10QN1Zz + ca,l Vvl Z.

Using all the previous estimates in the equality (3.17), we obtain

drJ, .- L a .
= | ZI0QIE: + S1V6QIE + S15Q1%: | + mllsQl: < (1+ Qs
1 Qall + 1V Qs ) (100125 + 16QIE: + Q1% + IV6QIE, )+

+ep,lIVO0llZs + u [6Q 12
(3.19)

ie Q1
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Now let us consider the difference between the momentum equations of the two solutions,
namely

8,60 + vy - Vv + 6v - Vg — @A(s — LV {an ®VQ +VQs ® V(SQ}—
A {tr{(SQAl}Ql 4 tr{Q0A}01 + tr{QgAQ}éQ} + BV - {A16Q + 5AQy }+
+80V - {6QA; + QuA} b + 29 - {50 - 59, Qi) — [0, 6Q)}+

V- {1Q, (@1 — [, Q)] + @, (50 — [0, Q1] — [, 9Q))]}.

We proceed similarly as before, multiplying scalarly by dv and integrating everything over
R?, and by parts, to obtain

(3.20)

thllé vl|72 + 4HV5UII%; = L(V6Q ® VQ1 + V@2 ® V5Q, Vov) 2+
— B (r{6QA Y Q1 + t1{Q242}6Q, Vév) 12 + B (tr{Qa0A}Qy, Vv) 12

)

)r2
—B5(A16Q + 5 AQy, V6v) 12 — Bs(0QA; + QoS A, Vév) 2 — —<5Q, V6v) 12+

)

+EH[2, Q1] + [, 6Q), Vov)z — m(10Q, Q1] V6v) 1z — 1 (@2, 0Q), Vov)e

+p1([Q2, [0, Q1] + [, 0Q]], VOv) 12 + p1([0Q, [, Q1]], VIv]) 12
—(v1 - Vv, 0v) 12 — (dv - Vg, 6v) 2,

We proceed by estimating each term on the right-hand side. First we have
(ViQ @ VQ1 + VQ, ® VQ, Vov) 2 < <||VQ1||LOO + ||VQ2||L°°> IVoQ|| L2 | Vvl L2
< (IVQill: + 1V Q1)
while the terms concerning [3; are handled by
(tr{0QA; }Q1 + tr{Q2A2}6Q, Vév) 12 S
< (IVur e 1Qull e + Vsl [ Qal 2 ) 1522 V0] 2

< (Ivarlli@i] QI

Hs
(tr{Q20A}Q1, Vv 12 < | Qilleee[|Qell = [VOulIZe S N1@1ll el Qall ][V 0|72
Now, we bound the terms related to 85 and (g as follows:
(A10Q + 0AQs, Vou) 12 S [IVorlle= 6@ 2 Vvl 22 + |Qal L= [Vov]| 72
SVl 10Q172 + (co, + Q2 m:) V0017

(3.21)

VoQlIZs + ca.lVovllZs.,

6QI1Zz + call VovlZs,

and

Hs HS)
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(0QAI + Q204, Vov)rz < [16Q 2l Vo[l Vvl 2z + [1Qll e IV vl[Z,
SVl 10QIZ; + (s, + 1Qallm) [VOvllZ,-

Now, we move on and bound the terms related to ps by

(6Q, Vov)rz S 116Q72 + s, Vovl[7s,

(092, Q] + [Q2, 0Q), Vov)rz S 1|Q1llzlIVovlZz + [IVvall e 10Q11 L2 VO]l 2
S Vo2l 10QN Tz + (s, + 1Qullme) IIVovl[Zs,

2
Hs Hi)

while the terms related to p; can be handled by

([6Q, Q1], Vov) 2 < 116Q 2 |Q1 |z [[ Vv 22 S (@]
([Q2, 6Q), Vv) 12 < [|Q2lre2 0@ 22| V6v| 12 < 1| Qo

and also

<[Q27 [597 Ql] + [Q27 5@]], VCS’U>L%
S 1Qallzee Q1 ll2ee [VEv[|72 + [1Q2l oo [ Vva| 1= 10Q 21V ov ]| 12

< 1Qal 192l 10QUZ; + (e, + 1Qallns 101 s ) V335,

5Q3 + ca V]2,
5QI3 + e, V503

2
Hs

2
Hs

2

([0Q, [, Q1]], Vov) 12 < [|Q1l Lo || VL] e [|6Q]| 22 [[ V|| 2
< Q117 IV |7 10Q11 72 + 5, [ V60|72

Finally, let us remark that (v, - Vov, 6v)2 = 0 and

2
Hs

2
Hs

(0v - Vg, 0v)r2 S [ Vuelzllovliz < 1|Vl

Hs 51)”%%

Thus, summarizing all the previous estimates and using them in (3.20) we get

1d
5ol + 2 vael, {1+ v

- < e+ Vol + Vel + 1V Qi
+ Q.| 2 01Qu]
x {1160113; + IV0QU3; + 16QII3; + 6QI1: |+

+ {eou + 1Qall el Qillis + 1Qul + 1 Qalls IV Ol

i+ [IVQs]

Q2|

(3.22)

3+ | Q1]
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Now, defining the functions ¥ = U(t) and f = f(¢) by

1 J. - L a
W= S0l + S16QI; + S I1V6QIE: + S15Q13,

F o= {1 1QuI Vel + 1901 + [V ally + IV QI3+ 11Qall3+
IV Qale + 1701 @l + IVl 3 Q2 + Q111+
192l + 1@l + ol },

and observing that f € L}, (R, ), we finally take the sum between (3.19) and (3.22), obtaining

loc

d . )
S0t QI + STz £ PO+ € 15012+

dt
+ {064 +1Qall Qs + [|@1l[ 11 + [ Q2] H;}||V5U||%g-

Hence, assuming cg,, ¢,, and the initial data small enough, we can absorb by the left-hand
side the terms related to ||0Q||z2 and ||[Vdv||r2 on the right-hand side, so that the following
inequality is fulfilled:

d
—U < fU.
Then, since ¥(0) = 0, the Gronwall’s inequality yields ¥ to be constantly null, especially
v=v—1v,=0 and 0Q =0Q; — Q> =0. (3.23)

This concludes the proof of Theorem 1.2. [J

4. Twist waves

In the following we consider an example of a “twist-wave” solution, that is a solution of the
coupled system for which the flow v is zero. As noted in the introduction, this amounts to
determining a solution of the Q-tensor equation (1.3) with zero flow (hence v =Q = A =0,
Q becomes 9,Q) but satisfying an additional nonlinear constraint namely (1.24).

Our ansatz is inspired from stationary-case studies [3], namely the “melting-hedgehog wave’
obtained by taking in R? with d = 2 or d = 3 the ansatz:

)

T(t,2) = £t ]2 H(x)
with f: Ry x R — R a function to be determined and H the “hedgehog” function (see [3]
for details about its physical significance) :

3 iy 0ij . .

Hij(z) = BE — b= 1,...,d

Let us note that in order to avoid a discontinuity at 0 for 7" we need to take

F(t,0)=0,vt >0 (4.1)
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i.e. the hedgehog “melts” at the origin.
Then one can check that the equation (1.23) reduces to an equation for f only, namely:

St mfi=t (e 50 ) o M p

Note that in order to avoid a singularity at the origin for f we need to further have that

fr(t,0) =0,Vt >0 (4.3)
Condition (4.3) is an apparent singularity, having to do with the radial symmetry, because
if one denotes G(t,z) = f(t,|z|) then (4.3) holds for G sufficiently smooth in the x variable.
On the other hand in order to check that the constraint equation (1.24) holds it suffices
to check that both V- T; and V - (VT ® VT) can be expressed as gradients ®.
We have:

T;Ti 0 1 fi(t,r)\
T, = ¢ L)) =(d-1)=0.fi(t ) = 4.4
\Y% t (ft( 7|x|)(|{1}|2 d))J ( ) (da ft( 7T)+ r |ZE| ( )
Then (4.3) implies
fir(t,0) =0,¥t >0 (4.5)
Thus we have that for sufficiently smooth f there exists a function ¢ : R, x R — R such

that g, = (d — 1) (1 OL(t,7) + M), hence V - T; = V,g(t, |z]).

d drot r
Furthermore, we have:

V- TRT) = (TrwiTw;); = ThrijTri + TitiATw
As Ty 5T, = % (|VT|)Z it suffices to check that Tj; ; AT}, is a gradient, which in our case
amounts to checking that

fr(frr"‘

is a gradient.
Thus, assuming (4.1) and (4.3) we have that there exists A : Ry x R — R such that

he = S (frr + 52— 24 hence V,h(t, |z]) = V- (VT & VT).

r

C 2o (T -2) (Bp - %) - Grou b2

r 2 |z| \ |z|? d | |2 d r r2 |z

These formal computations provide indeed a twist wave under the smoothness conditions
mentioned before. In order to make the above rigorous we continue with the proof of Propo-
sition 1.3:

Proof. We proceed in several steps. We will first show that the @Q-tensor equation (1.23)
has global in time strong solutions for arbitrary initial data. We then prove a weak-strong

8since the commutator appearing in (1.24) vanishes for our ansatz
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uniqueness result for solutions of the (-tensor equation (1.23) and show that the f-equation
(1.25) has weak solutions and then that these weak solutions provide a global weak solution
of (1.23). We use the weak-strong uniqueness to conclude that the solutions provided by
f(t, |z|)H (z) are twist-wave solutions.

Step 1: Global strong solutions of (1.23)

We just provide here the apriori estimates necessary for obtaining the weak and strong
solutions. The actual construction through an approximation scheme can be done similarly
as in the proof of Theorem 1.2.

We first obtain the apriori boundedness of the L? norm. To this end we multiply (1.23)
by T;, integrate over R? and by parts’, to get:

d

dt

We note that because 15(T') can be negative this does not suffice for obtaining estimates
on the L? norm of T'. Thus we multiply (1.23) by T', integrate over R¢ and by parts, to get:

Jd2 2 2 2 2
Edt?/ T dz — J / T3 da + th/ IT| da;+L/ VT2 dx =

/Rd(—a\TyQ + btr(T?) — | T|*) dw (4.7)

We multiply (4.6) by J and (4.7) by p; and add them together to get:

J L
§|Tt|2+§|VT|2+wB(T)dx+,u1/d\Tt]de:O (4.6)
R

Ji 2 e L 2 1R o
T dr + — —|T; —|VT T)+ —=|T|"d
M [ reans S [ Sinp s Ere s sou) + i

+L,u1/ |VT|?dx < C/ |T|? da (4.8)
R4 R4

with the large enough constant C' depending just on puq, a, b and c.
Integrating over [0,t] we obtain:

Jul d
2 dt

J? o, LJ 2 N% 2
< Ju (T T)(0, x)dx—l— 7|Tt| +7|VT| —I—J@DB(T)—I—7|T| (0, ) dx

+C’// |T|*(s, ) ds dx (4.9)
Rd

9throughout the proof we always assume as usually that we can integrate by parts without boundary
terms

2 J? o, LJ 2 M% 2
[Py de s [ (T4 VTP Ts(D) + BT ) (6 de <
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which implies:

2 t

Jm d |T|2(t,x)dm+/ J—|Tt|2(t,x)dx§0+0/ |T(t,:v)|2dx+// IT2(s, 2) ds da
2 dt Rd Rd 2 Rd 0 Rd

(4.10)

with the constants C' depending only on the initial data and the constants in the equation.
Thus using Gronwall inequality and Fubini (to turn the double time integral into a weighted
time integral) together with (4.6) we obtain apriori control over certain energy-level norms:

T € L0, T; L*)NL>(0,T; HYNL>®(0,T; L*Y) < C(a, b, ¢, J, 1, T, | Toll 1, |0:Tol| 2) (4.11)
T, € L™(0,T; L*) < C(a,b,c, J, u1, T, || To|| 2, |0:To|| £2) (4.12)

In order to obtain control over the H® norm we multiply (1.23) with 7; in the H® inner
product, with s > g obtaining:

1d T2
o Il + LIV + pal Tl de = (T =7 +57° = E ) — erirpy
< CITlas (1T e + T |I%-)
< C|Tels + CIT NN + ellT ||
6 6(s—
< CI Tz + CNT s + el TNy - el T || yin
(4.13)

where in the last inequality we estimated H* through interpolation between H' and H**!. In
6(s—1

(s=1)
order to be able to control the term ¢||T||;° we need' to have G(ST_I) <2ie. s<3. Thus
using Gronwal the previous lemma gives apriori control on ||T3||3. + || T||3s+: in L>°(0,T") for
any T > 0, provided that s < % We can then repeate the same estimates as above but at the

last line estimate through interpolation of H* between H 3 and H*H! with s < g Repeating
inductively we obtain control for arbitrary s > %.

Step 2: Weak-strong uniqueness
We assume that the weak solutions have regularity:

T € L0, T; L) N L0, T; H') N L>(0,T; L*) (4.14)

T, € L>(0,T; L?) (4.15)
We consider the difference of two solutions 77 and T of (1.23) with 7} being a weak
solution and T5 a strong solution. We denote 6T := T} — Ts, and note that

1011 here we need d = 2 as we assumed that % < s and d = 3 would contradict the restriction s < %
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0T(0,x) = 0,0T(0,2) =0
and 07 satisfies the equation:

T|? 2T, : 6T
JOTy + 16T, =LAST — adT + b (5T2 + TooT + 6TT, — 07| 510 Id)

d d
— ¢ [0T|0T | + 6T |Ta* + 26T (6T : Tp) + To|6T|* + 2T5(6T : T»)]  (4.16)

I —

We multiply the last relation by 47}, integrate over R? and by parts, to get:

d L
4 1|5ﬂ|2+—|V5T|2+¢B(5T)dx+ul/ |5Tt|2dx:b/ (Ty6T + 6TTy) - 6T, da
dt Rd2 2 Rd Rd

—c/ | T52(8T = 6T;) + 2(0T : To) (8T : 0T,) + |6T|*(Ty : 6T,) 4 2(86T : Ty) (8T} : Tp) da
Rd

<C (/ 6T + [0T|* dx) 2 (/ |6Tt|2d:c> ) (4.17)
R4 R4

with C' a constant depending on ||T3||z~, b and c.
On the other hand, multiplying (4.16) by 67T, integrating over R? and by parts, we get:

J d? ) g ) )
§dt2/ 0T dw — J / (0T, d + = dt/ |07 dx—l—L/ VT dx =

/ (—a|6T)? + btr(6T?) — c|6T|*) do + b/ (To6T + 0TTy) : 6T dw
R y
o C/ (|5T|2|T2|2 + 3(0T : Ty)|6T)* 4 2(0T - T2)2) dr

R

gc/ \5T|2—E/ 0T[4 da da (4.18)
R4 2 R4

with C' a constant depending on ||T3||1~, a, b and c.
We multiply (4.17) by J and (4.18) by p; and add them together to get:

J LJ 2
51 dtz/ 6T |? da +—/ —|(5Tt|2 |V5T|2+Jw3(5T)+%|5T|2dx+Lu1/d|V5T|2dx
R
< C/ |63 + |6T|* da
Rd
(4.19)

with C' a constant depending on ||T3||z~, a, b and c.
Integrating over [0, t] we obtain:
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(]Ml d

2 2
[ 1o P(t,) da +/ L isn2 + L wsr + Jun(sT) + P57 ) (1, 2) de <
> dt i \ 2 2 2

2 L 2
gJul/ (0T, : 5T)(0, )dx+/ N+ B ws T+ qun(or) + 52 | (0.2) d
Rd ~~ R | .

=0

-0
t

+C’/ / (|57}|2+|5T|2)(s,:13)d$dx (4.20)
0 JRd

which implies:

J,Ul d 2 J2 9
5 o |(5T| (t,x) dx—f—/Rd7|5Tt| (t,x)dx

t
<C |5T(t,x)]2dx+6’/ / (|6T3)? + [0T*)(s, ) ds dx (4.21)
R4 0 Jrd

Integrating one more time and using 07;(0,-) = §7°(0,-) = 0 and Gronwal we get that
0Ty(t,-) = 0T(t,-) =0 for all £ > 0.

Step 3: weak solutions of the f-equation (4.2)

We will just provide here the apriori estimates necessary for obtaining the weak solutions.
The actual construction of the approximation scheme can be done through a straightforward
modification of the scheme used in the proof of Theorem 1.2 and it is left to the interested
reader.

We assume that (4.2) has a classical solution. We multiply it by f;r? and integrate over
R to get

4 £f2—|—£f2+h (f)+df—2 r?dr + /f27“2dr20 (4.22)
at Jo |27t Tl e r2 N '
where we used the reduced potential
a,.n bd—2),; cd-1),
— 22 _ 4.2
() = o5 - A D gy A2 (1.23)

On the other hand, multiplying (4.2) by fr? and integrating over R we obtain:

2, 2 2 2 2, 2
dtz/ f?“dr—/ Tdr+2dt/frdT+L/frdr—
d—2
—2d/f2 dr—l—/(—af2 A2 ddo )f4)r2 dr (4.24)
R R d d
We now multiply (4.22) by J and add to it (4.24) multiplied by p; to get:
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& Jur o 2 d S Lo f? 2,2
— dr — - h d— dr =
T [ rrdre o [ 358 5 ha() + i m/f r=
2
—Lul/f7,27‘2d7“—2dp1/f2dr+/,u1(—af2+b(d )f f )r? dr
R R R d d
(4.25)
Integrating over [0, t] we get:
d L 2 2
a /. J'ulfQ(t r)r? d7"+/ {iff%——ff—i—hg —2} r)r dr+&/f2(t,r)r2d7":

[mponroncas [ {25+ Ezvmn i onea b [ Ponea

//(Lf +2df* + af? — o )f +Lﬂf‘*)> (s,7)r* drds
(4.26)

Integrating one more time over [0,¢] we further obtain:

/R‘”” dr—i—/ /{ (5f3+—f3+h3(f)+df—j> +“—%f2}(s7r)7"2d7“d8=

/‘]’“f (0,7) 72 dr+t/Ju1ft(0 ) f(0,7) 2dr+t/ { . f +hB(f)+d£—§}(O,r)r2dr

/f (0,7) er—,ul// /(Lf + 2df* + af? - bld = >f +C(dd_1)f4)) (s,r)r* drds dr
(4.27)

Usmg the fact that for an arbitrary function a € L}, .(R;R) we have: fo Jy a(s)dsdr =
fo (t — 7)a(T) dr and that J, 1, L, ¢ > 0 we obtain out of the last relation:

/ J/“fz(t ryr¥dr < C +02t+03t/ /f2 s,7)r* drds (4.28)
R

which implies for any 7' > 0 that f € L>(0,T; L*(R,r*dr)). Using this bound and inte-
grating (4.22) on [0,T] we also get f € L>(0,T; H'(R,r*dr)) N L>(0,T; L*(R, r*dr)) and
fi € L*>(0,T; L*(R, r? dr)).

Step 4: the existence of smooth twist solutions One can easily see that the pre-
viously obtained weak solution of equation of the f-equation (1.25) will provide a weak
solution of the Q-equation (1.23) through the formula T'(¢, z) = f(t,z)H (), ¥t > 0,7 € R<.
Due to the weak-strong uniqueness we have that T'(¢,z) is also a strong solutions and thus
since we can take s arbitrary we have T" smooth. In particular 7" is continuous at 0 which,
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because of the discontinuity of H necessarily implies that f(,-) is continuous on [0, 00)
for any t > 0 and f(¢,0) = 0 hence condition (4.1) holds. Furthermore by evaluating the
representation formula T'(t,z) = f(¢,|z|)H for at the component 11 of the matrices and at
the point = = (0,7) we have that T1;(¢,0,r) = f(¢, 7’)(:—2 — 3) hence f(t,7) = 3T11(t,0,r).
Similarly f(¢,r) = %Tn(t, 0, —r). Since T}; is a smooth function, we have that its restriction
to the line {(0,7),r € R} is also a smooth function that is furthermore even. Thus we get
that f € C*[0,00) with f,.(t,0) = 0 as a consquence of the evenness of T1(¢,0,-). A similar
argument holds for f; providing its smoothness and f,;(¢,0) = 0, hence conditions (4.3) and
(4.5) hold. Thus, the arguments provided before the statement of Proposition 1.3 hold in a
rigorous sense and we have obtained a twist wave.

O

5. Some Open Problems

The study and the techniques developed in the paper generate some natural open ques-
tions:

e Global existence for small data and a negative The main technical assumption
that we make for obtaining the existence of a global solution is that the coefficient a
appearing in equation (1.3) is positive. This captures a physically relevant regime, in
which the nematic state is nevertheless just a local but not global minimizer of the
bulk potential. It would be interesting and technically challenging to see if one can
obtain global existence for a negative.

We suspect that the case a negative should be treated with different tools, as that
case allows in the case J = 0 for a solution of the Q-equation (without flow) whose
LP norms increase (which seems incompatible with our strategy of the proof of global
existence).

e Long-time behaviour, and relation to inertieless version
The usual expectation for the case of the damped wave equation is that in the long
time one has a diffusive-type behaviour and this is shown in a number of papers (see
for instance [4]). Our system has a resemblance with a damped wave equation but it
is not clear if its structure allows for a similar conclusion.

e The J — 0 limit It is a natural question to try to understand the singular limit
J — 0 in order to understand the effect that taking J = 0 has. It is natural to
conjecture that after an initial boundary layer in time the solutions will converge
strongly to the formal J = 0 limit.

e More twist-waves (with genuine wave structure) We provide in the last section
an example of a twist-wave solution that will remain a solution even if one also sets
J = 0. It would be interesting to provide more such examples, and in particular
to understand if there are examples which would not survive as twist-wave solutions
when setting formally J = 0.
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e The stability of the twist wave solution In [3] it was shown that in the stationary
case the melting hedgehog solution is stable. This is a crucial feature for determining
the physical relevance of such a solution because only the stable solutions can be
observed experimentally. It would be thus very interesting to see if one has dynamical
stability of the “melting hedgehog wave” solution, i.e. if one starts with the an
approximation of the hedgehog initial data in ) and a small initial data in u will this
solution stay close to the melting hedgehog one? Will it evolve in the long-time to
the melting hedgehog wave?

Appendix

Lemma 5.1. Let y be a positive function in I/Vlloc1 (Ry) and = a function in L}, (R, ) that is
almost everywhere positive. Let us assume that

y'(t) +x(t) < Cy(t)a(t), (5.1)
for almost every t in R, .
There exists eg > 0 a suitably small number such that if we take the initial datum y(0) =
Yo € (0,&9), then y and x belong to L(Ry) and L*(Ry) respectively, and moreover
1yl e ®y) + |2l 1@y < o
Proof. Assuming yo < 1/4C, we define T' > 0 as the sup of ¢ > 0 such that y(¢) < 1/2C.
Then, for every t € [0,T] we get

y(t) + 2(t) <0,

2
so that, integrating from 0 to T', we deduce
@t [ <m< o
- x(t) < —.
Y 2 J, Yo °C

This yields that T" = 400 and that

|yl Lo sy + |2] 2y < Yoo
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