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Abstract

We study the general nonlinear diffusion equation u; = V - (u™~'V(—A)~*u) that describes
a flow through a porous medium which is driven by a nonlocal pressure. We consider constant
parameters m > 1 and 0 < s < 1, we assume that the solutions are non-negative and the problem is
posed in the whole space. In this paper we prove existence of weak solutions for all integrable initial
data ug > 0 and for all exponents m > 1 by developing a new approximation method that allows
to treat the range m > 3 that could not be covered by previous works. We also extend the class
of initial data to include any non-negative measure p with finite mass. In passing from bounded
initial data to measure data we make strong use of an L'-L> smoothing effect and other functional
estimates. Finite speed of propagation is established for all m > 2, and this property implies the
existence of free boundaries. The authors had already proved that finite propagation does not hold
for m < 2.
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1 Introduction

In this paper we study the following evolution equation of diffusive type with nonlocal effects

1) { Ou =V - (um IV (=A)"%u) for x € RV, ¢ >0,

u(0,2) = up(x) for z € RV,

for u = u(x,t), exponents m > 1, 0 < s < 1, and space dimension N > 1. We will only consider
nonnegative data and solutions ug,u > 0 on physical grounds. The problem will be posed in the whole
space, with 2 € RY and ¢ > 0. Here (—A)™* denotes the inverse of the fractional Laplacian operator
as defined in [45].

Our aim is to construct weak solutions for all nonnegative initial data uy € L'(R™) and for all the
stated range of parameters. Model (1.1) reduces to the Porous Medium Equation dyu = V - (v~ 1Vu)
when s = 0, [17], but here we allow for a new dependence via the inverse fractional Laplacian operator,
Owu = V - (u™ 'Vp) with p = (—A)~%u, which accounts for nonlocal effects in the diffusive process.
For convenience we will call this intermediate variable p the pressure, though it is not in agreement
with the usual PME convention unless m = 2.

Model (1.1) was studied for m = 2 by Caffarelli and Vazquez starting with [12, 13], followed by
[10, 11, 14]. In these papers existence of weak solutions, finite speed of propagation, local Holder
regularity, and asymptotic behaviour were established for the particular model. This model and ours
are particular cases of the general equations proposed in [26, 27] in statistical physics, that take the
form u; = V- (0(u)VL(u)). There is also a physical motivation in the theory of dislocations proposed
by Head, that has been investigated by Biler, Karch and Monneau [5] for m = 2 in one space dimension.
However, the extension of the dislocation model to several dimensions leads to a more complicated
system that falls outside of the present investigation. Finally, we point out that the gradient flow
structure for (1.1) with m = 2 has been recently developed in [33] using Wasserstein metrics in the
style of [1]. Uniqueness of suitable solutions is still an open problem for all these models in several
space dimensions, but it holds for N = 1 according to [5]. See more on this issue in Section 6.

Existence of a class of weak solutions for m € (1, 3) obtained as limits of approximations was proved
by the present authors in [11, 13] under some extra decay conditions on the initial data. In that
paper we employed a rather standard regularization of the singular operator by considering a suitable
smooth kernel K, such that K, «u — ||~ (V=29 %y = (—=A)~*u. Energy estimates allowed us to obtain
compactness, but only in the stated range of m. New methods seemed to be needed to tackle the more
degenerate case m > 3; it is the purpose of the present paper to address and solve that problem. A
further discussion on this issue can be found in Section 6. The main step we take here in order to
prove existence of weak solutions of (1.1) is a novel approximation method. It consists in interpreting
model (1.1) in the form

up = V- (™ 'V(=A) " Lu).



Then, we approximate the operator £ = (—A)1~* by

LI ](z) = CN,1_S/ wz) = u(%v)wﬂs dy.
BY (lz —y[2+e)

This approach to model (1.1) allows us to prove some needed LP-estimates, that are an essential tool
in order to derive convergence of the solutions of the approximating problems.

We start by assuming initial data ug € L'(R™) N L>®(RYN), ug > 0, and we prove existence of a class
of weak solutions constructed using an approximating method that uses the preceding observation
and proceeds via several approximation steps. The paper combines a great variety of compactness
techniques and the detailed proofs show how the available energy estimates can be used step by step
as we pass to the limit in the approximating models. The main difficulties of the construction are: the
nonlocal and nonlinear character of the equation, absence of comparison principle, absence of explicit
self-similar solutions (except very particular cases, c.f [12]).

A second contribution of the paper is the generality of the initial data. We may take uy = p €
M*(RN ), the space of nonnegative Radon measures on RY with finite mass. This covers in particular
the case of merely integrable data ug € L'(RY). We cover that issue in Section 5 where we obtain
existence of weak solutions for the whole range 1 < m < oo, generalizing the results of [12] and [13],
where the cases m = 2 and m € (1, 3) were covered respectively. This rounds up the existence theory.

Another positive property of this approach is that it can be successfully generalized to more general
equations of the form
w(z,t) = V- (G'(u)V(=A) "),

where G : [0, +00) — [0, +00) is a regular function with at most linear growth at the origin.

A remarkable property of many diffusive PDE’s of degenerate type is finite speed of propagation,
which means that the support of the solutions may spread but only with finite speed. When we
combine degenerate nonlinearities (powers with m > 1) and nonlocal effects it is not clear whether
finite propagation will hold or not. The property was first observed by Caffarelli and Vézquez in [12]
for the model with m = 2, see also [5] for N = 1. In [13] we discovered that the nonlinearity has a
strong influence on the speed of propagation property of solutions independently of s € (0,1). Indeed,
we proved two different types of behaviour depending on the exponent m: finite speed of propagation
for m € (2,3) and infinite speed of propagation for m € (1,2). A numerical simulation using [I8]
pointed us to this change in the positivity property of the solution. We establish here the property of
finite propagation for all m > 2. See Figure 2. Paper [11] by the present authors contains a survey of
results on this equation and its motivations, including the main results of the present paper. Moreover,
as a further contribution the asymptotic behaviour of solutions with integrable data is established in
N = 1. The problem is still open in several dimensions.

Let us comment on some closely related literature. Indeed, another possible extension of the model
studied by Caffarelli and Vézquez in [12] for m = 2 has been considered in [1, 5, 30]. They assume
that p = (—A)~*u™ ! and the resulting equation is

Bu =V - (WV(—A) "5y ),

In that case there exists a weak solution with finite speed of propagation for the range m > 1. Moreover,
they find explicit Barenblatt self-similar profiles'. It is also proved that finite propagation holds for

1We note for comparison reasons that in their notation a = 2(1 — s).



all m > 1, which implies a strong qualitative difference with our model (1.1) where finite propagation
happens only for m > 2. We can also consider models including nonlinearities on both terms like

Ou =V - (u"V(=A)"%u").

They are interesting for comparison purposes. Work on this last model is naturally more incomplete,
we refer to [12, 24].

We finally recall that there is another model of nonlocal porous medium equation:
(1.2) v+ (=AY (™) =0

with m > 0 and s € (0, 1) for which the theory has been quite developed in [15, 16, 8, 49, 8, (], see also
the survey paper [18]. Infinite propagation holds for this model even if m > 1. A very interesting result
is the connection between model (1.1) and model (1.2): we have found in [12] an exact transformation
formula between self-similar solutions of the two models, (1.2) and (1.1), but it only applies to the
range m < 2 of our present model. We finally refer to [50] or a general presentation of the state of the
art in nonlinear diffusion including linear and nonlinear models with local and nonlocal operators.

2 Precise statement of the main results

We recall that all data and solutions are nonnegative and we will stress this fact when convenient. In
this section will only present the results for integrable and bounded initial data since establishing the
existence and main properties in this case contains the main difficulties. For clarity of exposition, we
delay to Section 5 the case of measure data since it is an independent contribution of the paper.

Definition 2.1. Let ug € LIIOC(]RN) and nonnegative. We say that u > 0 is a weak solution of Problem

(1.1) if:
(i)u € LL (RN x(0,T)), (i) V(=A)"*u € LL (RN x(0,T)), (i) u™ *V(-A)u € LL (RN x(0,T))

and
/ /RN uepy drdt — / /RN U™ IV (=A)Pu - Vo dadt + /RN uo(x)p(z,0)dr =0
for all test functions ¢ € CH(RN T)).

We state our main results on the existence and qualitative properties of solutions.

Theorem 2.2. Let 1 <m < oo, N > 1, and let ug € L'(RY) N L=®(RY) and nonnegative. Then there
exists a weak solution u > 0 of Problem (1.1) such that u € LY(RY x (0,T)), u € L®(RY x (0,T)),

and (—A)%’uf € L2(RN x (0,T)) for all r > m/2. Moreover, u has the following properties:

1. (Conservation of mass) For all 0 <t < T we have / u(z,t)de = / up(x)dx.
RN RN

2. (L*> estimate) For all0 <t <T we have ||u(-,t)||co < ||1o]|oo-

3. (L? energy estimate) For all1 <p < oo and 0 <t < T we have

—s m+p712
2.1 P
(2.1) /RNU(:U,t)d:n—i— +p_1 //RN 3

5

P
dxdt < /]RN ug(z)dx.



4. (Second energy estimate) For all 0 < t < T we have

1

(2.2) 2/sz ’(—A)_Su(t)rdx—i—/ot/ﬂw WV (=AY u(t) | dedt < ;/}RN (SN

‘2
Remark 1. (a) The a priori estimates 1, 2, 3 and 4 for Problem (1.1) can be derived in a formal way
as in [13, Section 3|. A rigorous proof for 1, 2 and 4 when m € (1,3) can be found in that paper. The
approximation used there does not allow to cover the whole range m € (1, +00) because of the lack of

an LP type energy estimate like (2.1). However, 1 and 2 follow as in [13] and therefore they will not
be discussed in detail here.

(b) We would like to note that estimates (2.1) and (2.2) do not present any special form or extra
difficulty when m = 2, m = 3 or m > 3, as it happened with the First Energy Estimate (6.1) used in
[13] and [12]. See Section 6 for a more detailed discussion about this fact.

Theorem 2.3 (Smoothing effect). Let u > 0 be a weak solution of Problem (1.1) with nonnegative
initial data ug € L' (RN) N L>®(RYN) as constructed in Theorem 2.2. Then,

_ 5
(2.3) luCs Dl ooy < ONsmp £ |[uoll fp gy forall >0,
where 7y, = m—DN+2p(1—s)’ Op = (m—lﬁ\fm'

Proof. We combine (2.1) with the Nash-Gagliardo-Niremberg Inequality (7.2) applied to the function

f=umP=D/2 4 get a starting point for a Moser iteration. Then we continue as in [16, Theorem 8.2]
where the authors consider the model u; + (—A)?/?u™ = 0 for 0 = 2 — 2s. From here, the proof is
straightforward. O

Remark 2. In the limit m — 17, Theorems 2.2, 2.3 (and also Theorem 5.2) recover some of the
results of the linear Fractional Heat Equation (cf. [7]).

Theorem 2.4. Letm >2, N > 1, s € (0,1). Let u be a weak solution of Problem (1.1) as constructed
i Theorem 5.2 with compactly supported initial data ug € Ll(IR{N ). Then u(-,t) is compactly supported
for allt > 0, i.e. the solution has finite speed of propagation.

Proof. Once we construct a weak solution of Problem (1.1), we apply the results from [43]. The proof
is based on a careful construction of barrier functions, called true supersolutions in [12]. O

3 Functional setting

3.1 The fractional Laplacian and the inverse operator

We remind some definitions and basic notions for the functional setting of the problem. We will work
with the following functional spaces (see [23]). Let F denote the Fourier transform. For given s € (0, 1)
we consider the space

HS(RY) = {u : L2(RY) /RN(I + €% | Fu(€)Pde < —i—oo} ,

6



with the norm

JulByeqay = Nllagam, + [ €1 u(e) e
RN

For functions u € H*(RY), the fractional Laplacian operator is defined by

(~a)u(e) = Cw. 2. [ Wdy — F (e (Fu)),

for z € RN, where Oy s = n~2+N/2ID(N/2 4 5) /T(—s). Then,
lelFpe vy = lulF2 ey + CI(=2)"2ulf2gn)-

For functions u that are defined on a subset Q C RY with « = 0 on the boundary 99, we will use the
restricted version of the fractional Laplacian computed by extending the function u to the whole RY
with v = 0 in RY \ Q. The same idea is used to define the H*(RY) norm for functions defined in €.

If N > 2s, the inverse operator (—A)~*® coincides with the Riesz potential of order 2s. It can be
represented by convolution with the Riesz kernel Kj:

1
¢(N, s)

(—A)u=Kyxu, K(z)= N=2s)

] ¢

where ¢(N, s) = 71V/2725T(s) /T((N — 2s) /2). Notice that K, € L (RY). When N = 1 and s € [1/2,1)

loc
we have to consider the composed operator V(—A)~%. This operator use to be called nonlocal gradient

and is denoted by V1725 (c.f. [4, 43]). See Section 4.6 for a more detailed discussion of this range.

3.2 Approximation of the fractional Laplacian (—A)°

Let € > 0 and u : RV — R. We define the operator

(3.1) £2[u](x) = Civ.s / u@) —u(y)

N+2s ?

B (o -yl + e

for z € RY. We will use the notation

CN,s
JE(z) = — NS for 2 e RV,

€ N+2s

(|22 +e2) =

It is clear that || JZ| 1y < oo since J¢ is integrable at infinity and nonsingular at the origin. Thus
(3.1) is equivalent to

(3.2) Lelul(z) = u(@) | el vy — (ult, ) * JE) (@)

This kind of zero-order operators has been considered in the literature, see e.g. [2, 29, 37]. For any
€ > 0, £2 is an integral operator with non-singular kernel and £5[u] — (—A)%u pointwise in RY as
€ — 0 for suitable functions . This approximation can also be seen as a consequence of the fact that
the fractional Laplacian can be computed by passing to the limit in the representation of the solution
of an harmonic extension problem (using the explicit Poisson formula), as proved by Caffarelli and
Silvestre in [9].



We can define the bilinear form

Cn,s (1)) (v(z) = v(y))
Ec(u /]RN/RN \x—y\Q—i—e?)NHS dzxdy for u,v € D(L),

and the quadratic form

2
5( ) = Ec(u,u) CNS/ / (y)z]v+2e dxdy.
o Jo T r e

The bilinear form & is well defined for functions in L?(R") since the J? is bounded and integrable.
We refer to [20] for a precise discussion of the natural spaces in a more general framework.

Lemma 3.1. Let 0 < s < 1. Then, for every e > 0, we have that
£ LYRYY N L®(RY) — LYRY) n L®(RY).
Moreover,
L[l vy < 2l|ull pray | JE] L1 vy
[Leulll oo vy < 2lul| poo @) 16 1| 21 vy

Proof. Let u € LY(RY) N L¥(RY), then using (3.2) and the Young Inequality for convolutions the
stated estimates follow. O

The restricted operator. For smooth functions f : B — R we extend f = 0 on RY \ Bg. In this
way L is well defined for f € L?(Bg) by (3.1).

We will also use the following result regarding the composed operator V(—A)~'£1=% that we will
treat in Section 3.3 as a natural approximation of V(—A)~%.

Lemma 3.2. Let 0 < s < 1. Then, for every ¢, R > 0 we have that
V(-A)"tcl%: LY(Bg) N L>®(Bg) — LY(Br) N L®(Bg).

Moreover,
IV (=) LM 21 gy < CUF Lo (mgy + 11l L1 (Br))

IV(=2) " L [l oo By < CULFlpoe(mry + 1 lpa(m)-

Proof. We will write ~ and < to represent identities and inequalities up to constants depending on
R, N and e.

For N > 2 and p = {1, 00}, we use Lemma 3.1 with f extended by 0 outside Br and the explicit form
of the Newtonian potential to get

1
VA0 2 Ul < | [ o aer £l

LP(BR)

. 1
< 1L o / e < ||l
Br |95|



When N = 1, we note that V(—A)~ =— [*_ 9(y)dy, and thus

V(=A)lLle / L9
Then,
IV 8) L @ S 9 [ Wl S 1
O
Square root. The operator £? has a square-root in the Fourier transform sense [19, Lemma 3.7], that

we denote by (L2 ) We have that

1
<, LEu] >p2@ny= [|(£2)2 [u]H%%RN)'

This implies that

s u(z) —u
< Liu),u >pa@ny = Cns /RN /RN u(g:)(‘ ( ’)2 " §§2V+28 dzdy
:z:—y €2) 2

CNS y)]Q
/ / i dxdy
o S |x—y|2+ez>

2
=5 o [ rx—.w (>2V“S] i

where the second identity is obtained by symmetry. We get the following characterization of (Eﬁ)%:

2
(3.3) /R () e = S /R /R! mug?vws] dedy.

Theorem 3.3 (Generalized Stroock-Varopoulos Inequality for L£f). Let u € L*(RY). Let
¥ : R — R such that 1 € CY(R) and ¢’ > 0. Then

1 2
(3.4) vl Lo > [ || .
RN RN

where ¢ = ()2,
Proof. We have that:

s u(z) — u(y)

Liluldz = Cn s v dad
RN v ) a /RN /RN |x —yl?+¢€2) 2z o

-5 L, /RN (@) - wu@)] — vy,



Now, we use that if v is such that ¢’ > 0 and v/ = (¥)2, then
(¥(a) — (b)) (a —b) > (¥(a) — ¥(b)*, Va,beRN.

For convenience, we give the proof of this pointwise inequality based on the Fundamental Theorem of
Calculus and the Cauchy-Schwarz Inequality:

a 2 a
/ / 2
o ~ww)? = ([ wes) <@-n [ (@)
— (a—1) /b W (2)dz = (a — b)((a) — ().

We deduce, using (3.3), that

O W) =P e betatan s
[ ocdwae= = [ ] Y dady = [ [(€}v (@) d.

2) #2»25

Remark 3. (i) We refer to [20] for a related result with more general nonlinearities and nonlocal
operators.
(ii) Note that we recover the classical Stroock-Varopoulos Inequality for £, by taking ¥ (u) = |u|?%u:

_ 2
[ s > M2 e
RN q RN

We refer to Stroock [16], Liskevich and Semenov [32] where this kind of inequality is proved for general
sub-markovian operators.

3.3 Approximation of the inverse fractional Laplacian (—A)~*, s € (0,1)

By using (3.1) we introduce an approximation for the inverse fractional Laplacian (—A)™* and the
nonlocal gradient V!=2 that will play an important role in the sequel to solve the difficulties created
by estimates like (6.1) in the range m > 3. More precisely we propose to approximate (—A)™® by
(—A)~1Ll=5 and V1728 by V(-A)~i1gl=s.

Lemma 3.4. a) Let N > 1, s € (0,1) and s < §. Then for every f € LY(RYN) such that (—A)~*f €
L?(RN) we have that

T.:= /RN (AL = (-8)f) ¢de =0 as € =0, Ve CERY).

b) Let N >1, s € (0,1). Then for every f € LY(RY) such that V'=25f ¢ L>(RN) we have that

7, = / (VAL - V2 ) de 50 as €0, Ve CP(RY).
RN

10



Proof. a) Given any operator T, let Sp (&) be the Fourier symbol associated to the operator T' whenever
it is well defined. Now, we employ Plancherel’s Theorem to obtain:

T= [ (a2 ©8-+(9 = Seay+(9) Foae = [ R

We want to pass to the limit as € — 0 in Z.. For that purpose we need to find an L' dominating
function for F.. We recall that for s € (0,1) we have that

1 —cos(z - &) 1 —cos(z - &)

—-dz and S 1s§:/ ——Ts o
N+3(1=2) (=4) (€) 1250 |z|N+2(1=9)

35) S = | dz ~ 6P0).

l21>0 (2|2 + €2)
Moreover S(_p)-s(§) = S—a)-1(§)S(—ayi-s(§). Note that 0 < S,1-5(§) < S_ay-s(§) for every £ €
RY. Then
IFU()] < | S a1 ©Se-+(©)| |7][9] + [Sca-©)] 7] 9]

< [S-a)+(©Sap-(©)| 7] |9] + S+ |7] 4]

=2|S_a)-(©)F3] < clel > |7]|4].
We conclude that |F(§)] < G(&,t) := C’]E\*%f(g’ € LY(RY) since f € L®(RYN) and ¢ € S(RN),
the Schwartz space of rapidly decaying functions. Moreover, we can see from (3.5) that F.(§) — 0

pointwise as € — 0. Then we use the Dominated Convergence Theorem to conclude that |Z.| — 0 as
e — 0.

b) The proof follows as above noting that Sy = i and |F.(§)| < C ’|§|1*25f$‘ € LY(RY) .

4 Existence of weak solutions via approximating problems

In order to prove existence of weak solutions of Problem (1.1) we proceed by considering an approx-
imating problem. We regularize the degeneracy of the nonlinearity, the singularity of the fractional
operator, we also add a vanishing viscosity term to get more regularity and we restrict the problem to
a bounded domain. We write the equation in the form

up =V - (u" IV (=A)TH=A) ).

The idea is to consider the approximation of the (—A)!~* given by (3.1), that is

L)) = Oy [ —O Mg,
BY (o — g2 + )3

defined for functions u in the natural space L?(R"). We consider the approximating problem

(U1) = 6AUL + V - (U + )™ IV (=A)"1Ll=3[ty])  for (x,t) € Br x (0,T),
(Pespr) Ui(x,0) = up(x) for v € Bp,
Ui(z,t) =0 for x € 0BR, t € (0,7T),

11



with parameters €,0, u, R > 0. We use the notation Br := Bgr(0). The initial data up is a smooth
approximation of ug. We recall that the operator £17%[U;] is defined by formula (3.1) extending the
function U; by 0 on RY \ Bg as in Section 3.1. Moreover, Uy € L?(0,T : H}(Bg)) as we will prove in
formula (4.5), therefore it has the right decay at the boundary dBpg that allows its extension by 0.

The existence of a weak solution of Problem (1.1) is done by passing to the limit step-by-step in
the approximating problems as follows. We denote by U; the solution of the approximating Problem
(P.s;r) with parameters €, 6, u, R. Afterwards, we obtain U = lim_,o Uy and U; solves an approximat-
ing Problem (Fj,r) with parameters 6, i, R. Next, we take Uz = limp_, Uz that will be a solution of
Problem (Ps,), Uy := lim,_,o Us solving Problem (Fj). Finally we obtain u = lims_,o Uy which solves
Problem (1.1). Notice that the § — 0 is the last limit considered in the approximation process. This
is because the §A-term gives H}(Bg) regularity for U; and Us, respectively H'(RY) for U and Uy.
Thus U; and Us will be solutions to Dirichlet problems with homogenous boundary conditions. The
H¢ (BR) regularity allows their extension by 0 to RV \ Bg and thus the nonlocal operators involved in
the equations are properly defined as in Sections 3.1 and 3.2.

Notations. We will often use fo t)dt to avoid introducing new variables. Also, we will use fRN
instead of [ Br when integrating some expressions of Uy, Us, which are supported in Bg, by identifying
these functions with 0 outside the domain Bg. The homogeneous Dirichlet boundary conditions ensures
that the integrals coincide.

We will use — for strong convergence and — for weak convergence. We will write ~ and < when
multiplying by constants depending on N, 4, R, ¢ and the norms p, g that we will use. We will keep
explicit the constants relevant in the proof. We will also avoid to write the variable & and write just
v(t) when considering the norms in x.

4.1 Existence of solutions of (P.,z)

We will use a standard technique: first we will prove that there exists a unique weak solution by the
method of fixed point of a contraction mapping. Then we show the regularity of the fixed point and
prove that it is in fact a strong solution to the problem. We give now the definitions of weak and
strong solution for (P.s.r)-

Definition 4.1. We say that Uy is a weak solution of Problem (Pes,r) if: (i) Ur € LY(Bg x (0,T)) ,
(m) V( A)ILI=s[Uh) € LY(Bg % (0,7)), (i) (Up + p)™ 1V (=A)~1Ll=#[U;] € LY(Br x (0,T)) and

/ / Ui (¢t +5A¢) da;dt—/ / (Ur+p)" V(= A)—lﬁi—S[Ul]-vcpdde/ tio(x)é(z,0)dx = 0
Br B

R

for smooth test functions ¢ that vanish on the spatial boundary O0Br and t =T. We will say that Uy
is a strong solution if additionally (Uy)s, AU,V - (U + p)™ 'V (=A)"LL1=5[Uh]) € LP(Br x (0,T))
for some p > 1 and (P.s,r) is satisfied pointwise almost everywhere.

4.1.1 Solution of a heat equation with forcing term

We consider an arbitrary value of the unknown Uy in the last term of (F.5,r) and solve the following
heat equation with a forcing term

(4.2) up = 6Au+V-Gv) with G(v) = (v+ p)™ 'V(=A)1 L[]
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with initial data u(z,0) = Up(z) for x € Bg and lateral data u(z,t) = 0 for (z,t) € Bj x (0,7). We
recall that ug(x) is a smooth approximation of uy but we will only use the L? norms of 4y and V. In
order to apply of the fixed point theorem we will choose v in a convenient functional space and solve
(4.2) to find u. We want to define a mapping 7 : v — u and we will prove that 7 has a fixed point.

Proposition 4.2. Let X = LY(Bgr) N L>(Bgr). Then T is well defined from X1 = C([0,T]: X) into
Xr for all T > 0. Moreover, for every v € XN L*([0,T), HX(BRr)), we have that u = T (v) is a strong
solution of (4.2) with the given initial and lateral data. We have also precise estimates for T .

Before proving the result above, we need the following lemma:
Lemma 4.3. For every v € Xr we have that G(v) € Xp with ||G(v)|x, < C|v|lx, where C =
Cllvll Lo (@r))-

Proof. Here T is arbitrary and we denote Q7 = Bgr x [0,T]. It is enough to prove the result for fixed
time, and the continuity in time follows easily. By Lemma 3.2 we have that

V(=)7L o( xS o )]l -

Taking supremums in ¢ € [0,7] in the above equation we get ||V(—A)"1L1 %0 x, < |lvllx,. From
here we conclude that

IG@)lIx, < Il + 1l 7o IV(=2) T L™ 0llx, $ Cllvllxy-

O]

Proof of Proposition J.2. (i) The standard theory for the heat equation (see for instance [35]) says that
given such forcing term F' := V - G(v), there exists a unique weak solution u € X7 of the above initial
and boundary value problem. Moreover, by the regularity theory, we also know that Vu € LP(Qr) for
every p € [1,00) since G(v) € LP(Qr). We can express the weak solution by means of the Duhamel
formula:

u(z,t) = A ( /Ve (t=m)A G)(z,7)dr, G) = (v+p) ™" V(=A) 1L,

where e!® is the Heat Semigroup corresponding to the homogenous Dirichlet problem in the ball Bp.
This formula will be convenient to perform a priori estimates needed for the fixed point argument.
When v € L?([0,T], H}(Bg)) we can work out the expression for F

F=V(+p" " V(=A) L] = (v+p)" L],

It follows that F' € L?(Qr). The standard heat equation theory now implies that u is a strong solution
of the problem and us, Au € L?(Qr).

(ii) We now prove that for v € X7 we have T (v(t)) € X for all ¢t € [0,T] with precise estimates. We
will need some decay properties of the Heat Semigroup in Bg. Using classical estimates on the Green
function for the heat operator in a bounded domain [31, p.413, Th. 16.3] we have that for 1 < p < co

_1
(4.3) e 0]l o) < [0llr(r  and (Ve vl oy < 72|Vl Lo (sp)-

13



Let now v € C([0,7T] : X). Using the heat kernel estimates and Lemma 3.2
17 (w(@)llx < lluollx + /Ot(t —7)72|G((r)l|xdr < [follx + /> S [[G(r))[xdr
< |l x + Ct"/? Osglizt(HU(T)HLOO(BR) + )" Hlo(r)[1x < oo
(iii) Moreover T (v) is continuous with respect to t. Indeed, we have that
T)(x,t+h) = T()(@,t) = M2y (2) — e Bug(z) + /t " getinna G(v)(z,T)dr
+ /O t VeOt=1A (PAGQ) (2, 1) — G(v) (2, 7))dr = T + IT 4 I11.

We want to prove that || 7(v)(-,¢ + h) — T (v)(, )| 1 (Bp)nLe(By) — 0 as h — 0. For p = {1, 00},
the LP norms of I and I go to 0 as h — 0 since the Heat Semigroup is well defined in this space:
"2 (f) — f|| — 0. For the second term we should use the decay of the Heat kernel (4.3)

t+h
e A Ry e T
t

< pl/? éu% IG@)(, )| o(py) — 0 as h— 0.

4.1.2 Local in time contraction and existence of a fixed point

Proposition 4.4. Let K = 2|ug||x and denote by By the closed ball of radius K centered at 0
in the space X7 = C([0,T] : X). There exists T = T(|[uol|z~(By)) small enough such that T is a

contraction in Bx C Xr. Therefore, T has a fized point in B C Xr. More precisely, we can take
T < CO(K + p)2(=m.

Proof. First we prove that 7 maps Bx into Bg. Indeed, for v € Bx we have that

1T )l (Bg) < Nuoll i () + T S ([v(m)llz(sp) + " Hu(n)llx < K

Indeed, if 6 TV/2(K + p)™' < 1 we have that 7 is a strict contraction mapping in Bx. The proof is

as follows. Let u1,us € Bg. Then
t
(T (ug) = T(u1))(z,t) = / Vel DR (ug(r) + )™V (= A) L fug — wa)(r)dr
0

t
+ / Ve DA (up(7) + )™ = (ua(r) + )™ 1) V(=A) LS [ ](7)dr.
0
Then, for any 1 < p < oo,

(T (ug) = T (u1))(@, )| r(r) < /0 IVeP D2 (un(r) + )™V (=2) 7L [ug = w) (7)o () d

+/0 Ve ((ua(r) + @)™ = (un(7) + )™ 1) V(=2) T L5 [un] (1) | o

14



Using one again (4.3) we get

(4.4) (T (u2) = T (W), 1)l Lr(Br) (t=7)7 % (uz + )" V(= A) L [z = ) o) ()

ﬁ

+ / (t—1) %H ((u2 + )™ - — (u1 + M)m_l) v(_A)_lﬁi_s[ul]HLP(BR)<T)dT'

For the first term we use the estimates of Lemma 3.2, taking into account that wui,us are in fact
supported in the ball, to show that for p € {1,000} we have

(g + @)™V (=A) L5 fug — wil| o) < (luzllzoesr) + )™ HIV(=A) T L [uz — w]| Lo ()
S (luall o () + )™ Hlug — i l|x-
Similarly, for the second term in (4.4), we use Lemma 3.2, to get
I ((u + )™ = (w1 + @)™ 1) V(=A) L [w] | vy
< [l(ug 4+ @)™ = (u1 + M)m_1||Loo (RN) Hv(_A)_lﬁi_S[ul]”Ll(RN)

S lluz =l g (g - max (™2, (Jut oo + )™ 2, ([fuzlloo + 1)™ )l x.
Summing up, if 67Y/2(K + ;)™ ! < 1 we have that

(T (uz) = T (wa) (@, )| () S 177 sup (2 + )™V (=A) T L fup — ur)(7) | 1y

o<r<t
2 sup | ((uz )™ = (4 )" ) V=A) T ] () ey

S 6T (K + )™ Hlug — || x < [lug — wl|x-

The estimate of [|(7 (u2) — T (u1))(z,1)| Lo (By) follows similarly by taking p = oo in (4.4) and using
Lemma 3.2. Thus, the mapping 7 is a strict contraction on By if 67"/2(K + p)™~' < 1:

1
(T (uz) = T (w1)llcqor:x) < §||U2 — w1l e(o,1):x)-

4.1.3 Local in time improved regularity of the fixed point and strong solution

Using the formulation of u = 7T (v) as a strong solution of the initial and lateral data problem for (4.2),
multiplying by u, and integrating, we get the identity

T T
1/ |u(T)]2dx+5/ / |Vu(t)\2dmdt—/ G(v(t))-Vu(t)dxdt—i—l/ @5 2de
2 Br 0 Br 0 Br 2 Br

We now use Lemma 4.3 so that ||G(v)|x, < C(||v]lze(@p)) ]l x, and since we take [[v]|x, < K then
|G(v)||x, < C(K). Also the last term is bounded by C'(K'). Using now Young’s inequality on the first
term of the right-hand side to absorb one term into the term with |Vu(t)|?, we get

T
/ / |Vu(t)2dzdt < C(K, ),
0 Br
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which means that in all the steps of this iteration Vu € L?(Q7) with a uniform bound depending on
K and ¢ since G(v) is uniformly bounded in X7. In the limit of the iteration process that leads to
the fixed point, we conclude that such a fixed point u € L?([0,T] : H}(Bg)) with a uniform bound
estimated by K. It is now easy to see that u is indeed a strong solution of (P,r). This is what we
take as U;. Note that, for the moment, U; is only defined locally in time. In order to prove existence
for all times, we need some properties that will be derived next.

4.1.4 Nonnegativity and L? decay of the local in time solution

Standard arguments shows that if 1y is nonnegative, then U; is also nonnegative. Similarly, we get
that the L norm of the solution is nonincreasing. Moreover, given T prescribed by Proposition 4.4,
we have for all 0 < t < T the following estimates for the LP of the strong solution Uy:

d

= UP(x,t)dx :p/ UPN(U))yda =

=—ps [ VO -VUdz—p [ VU UL+ p)™ L V(=A) LUy da
Bgr Br

A(p—1)8 2 _ B 1
:_(p)/ ‘V(U{“)( dx—p(p—l)/ UP™2(Uy + )™ VU - V(=A) 7 LI (U7 )da.
p BR BR

The boundary terms are 0 since U; = 0 on RY \ Br. We analyze the second term:

/ U2 (U1 + )" VUL V(=D)L Ude = | V(U) - V(=A) 7Ly [Un]da
Br Br
=/, YU (=AY (=A) LIS (U)de = : W(Uh) L5 (UL
— [ e e 2 [ el )P
RN RN

We have used the generalized Stroock-Varopoulos Inequality (3.4) in the following context: the func-
tions ¢ and W are such that ¢/ = (/)2 and Vo (U;) = UP"*(Uy 4 )™ 'VU;. The precise definition
of these functions is given by

v = [ eeama e = [T

We obtain the following LP-energy estimate:

(4.5) /BR ug(x)dx—/BR Ul (2, t)dx = W/Ot /BR

t
Fpp— 1) /0 [ et widad

2
V(U{’/Q)’ ddt

and then

/ ug(:c)d$>/ UP(z,t)dz+
Br

Br
A0 o) dadi gt 1) [ [ (27 ) P
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As a consequence, we get that (Ei_s)%[\I/(Ul)] € L?(Qr) for ug € LP(RY).

We also get the so-called second energy estimate:
1d

Sl BR\((—A)1£is)é[U1]!2dx:/BR (=)L) 2 [U4]) - ((—A)~LL17) 2 () ]da

= [ e s
=5 | (=AU AUdx +/ (=A)LL SV - (U 4 )™V (=A) T Lo [0y da
Br Br

=5 [ et e [ @ VA P
Br

Br

Therefore, the quantity / |(—A)_%(£i_s)%[U1](a:, t)|2dz is non-increasing in t and we have that

BR
2/
BR

+5/0t/B ‘(Eis)é[Ul]‘dedtnL/ot/B (U + )™ |V (=A) L[] dadt.

1

((—A)_lﬁi_s)% [W)]‘Qdiﬁ == /BR

2

2
’dw

(—A)" £7%) % [t (1)

(4.6)

4.1.5 Global-in-time solution

The preceding analysis shows that the LP norm of the solution constructed in a finite time interval
[0, T] does not increase with time for any p € [1,00] by (4.5). Therefore, we can continue the solution
in a new time interval of the same length with initial data U;(z,T’), thus obtaining a solution in [0, 27].
We iterate this process to get a global in time solution.

We conclude the results obtained so far in the following theorem.

Theorem 4.5. Let s € (0,1), 1 <m < oo and N > 1. There exists a weak solution Uy of Problem
(Pesur) with initial data wg. Moreover, Uy is a strong solution, satisfies the LP-energy estimate (4.5),
the second energy estimate (4.6), and also

1. (Decay of total mass) For all 0 <t < T we have /

Ul(m,t)dxg/ uo(x)dx.
Br

Br
2. (L*>*-estimate) For all0 <t <T we have ||U1(+,t)|]loo < ||u0]]oo-

Remark 4. In Sections 4.2, 4.3, 4.4 and 4.5 we will only consider s € (0, %) when N = 1 since the
operator (—A)™* is not well defined out of this range. We will devote Section 4.6 to comment on how
to deal with the case N =1, s € [3,1).

4.2 Limit as e — 0

Let Uy be a weak solution of problem (F.s,r) with parameters §, i, R > 0 fixed from the beginning.
We will prove that lim._,o U; = Us, where Us is a weak solution of the problem

(U)¢ = 6AUs + V - (Uy + )™ 1V(=A)=5Us) for (x,t) € Br x (0,T),
(Psur) Us(x,0) = up(x) for x € Bp,
Us(z,t) =0 for x € OBR, t > 0.
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Moreover, we will also prove that Uy inherits most of the properties of U;. In particular, we will prove
that Uz can be extended by 0 to R \ Bg, this allowing the definition of (—A)~*Us.

4.2.1 Existence of a limit. Compactness estimate I

I. Using the energy estimate (4.5) with p = 2 we obtain that Uy € L?(0,7 : H}(Bg)).

I1. Estimates on the derivative (Uj);. We use the equation
(U1)e = 0AUL + V- ((Ur + )"V (=A)T LT [h)).

The H{} estimate of (4.5) ensures that AU, € L?(0,7 : H-(Bg)). The second energy estimate (4.6)
implies that
(UL + p) ™2 V(=A)"LL*[th] € L*(0,T : L*(Bg)).
Since also Uy € L>((0,T) x Br) then this implies that V- (U1 4+ )™ 'V (=A)~1L=5[Uh]) € L?(0,T :
H~1(Bg)). We conclude that
(U1) € L*(0,T : H'(BR)).

ITI. We apply the compactness criteria of Simon (see Lemma 7.5 in Section 7) in the context of
H}(BR) C L*(Bgr) C H '(Bg),

where the left hand side inclusion is compact. We conclude that the family of approximate solutions
{Ui}eso is relatively compact in L2(0,T : L?*(Bg)). Therefore, there exists a limit (Ui)es,p —
(U2)sur as € = 0 in L*(0,T : L?*(Bg)), up to subsequences. Note that, since (U1), is a family of
positive functions defined on Br and extended to 0 in R\ Bg, then the limit Us = 0 a.e. on RV \ Bg.
We obtain that

e—0

(4.7) Uy S5 Uy in L?(0,T : L*(Br)) = L*(Bg x (0,7)).

4.2.2 The limit U; is a solution of the new problem (F;,r)

We pass to the limit as € — 0 in the definition (4.1) of a weak solution of Problem (F.s,r) and we
prove that the limit U found in (4.7) is a weak solution of Problem (Fj,r). The convergence of the
first integral in (4.1) is justified by (4.7) since

(4.8)

T
/0 /B (U1 — U2) (64 + 5AG)ddt| < |[TUs — Uall 20 101 + 680|123 (0.7
R

To prove convergence of the second integral in (4.1) we argue as follows. Using (4.7) and the L*°-decay
estimate from Theorem 4.5 we get that

(4.9) (U + )™ — Uy + )™ in L*(Bg x (0,7)).
The convergence of the nonlocal gradient term in (4.1) is proved in the following lemma.
Lemma 4.6. We have that

V(—A)" 150 RO V(=A) U, in LA(Bg x (0,T)).

18



Proof. 1. There exists a weak limit. From the second energy estimate (4.6) we note that

(U + p) "z

|V (=A) " L8 [Uy] V(-A)"el =)

Il
L*(Brx(0,T)) ‘ L2(Brx(0,T))
—1

<" @+ " (-a) el <c.

L2(BR><(O,T)) -

Then, Banach-Alaoglu Theorem ensures that there exists a subsequence such that
V(=A) £l y] = v in L2(Bg x (0,T)).
I1. Identifying the limit in the sense of distributions. Now, we will prove that
V(=A) L] 2V (—A) T,

in distributions. More exactly, we will prove that

T
//(—A)—lﬁg S[Uy vmmzsﬂ// )5 ULV pdadt
0 BR BR

for all ¢ € C°(Br x (0,T)). We estimate the difference of the two integrals above as follows,

T T
I = /0 /BR ((_A)*lﬁi*S[Ul] - (_A)*SUl) Vodxdt —l—/o /BR ((_A)*SUl _ (_A)—SUQ) Vpdrdt
=1+ I

The first integral converges to 0 as a consequence of the approximation of (—A)™% in the sense derived
in Lemma 3.4 a). Note that U; is changing with €, but we have the uniform bound ||Ui|1 < |luoll1
which ensures that Lemma 3.4 can still being applied. For the second integral we write

_ /T /RN (U1 — Us) V(—A) ¢ dadt

//B (U —Ug)V )S¢dxdt+/ /RN\B Uy — Us) V(=A)"5¢ dzdt

for a p to be chosen later. Now fix n > 0. Then

T
110) oo, 01 UV AT 0l < 10— Vsl IV (-8) a0
: P

< 2T ||uo| 2 (mm) IV (=A) "° 9| L2\ B,y x (0,7) -

Since V(—A)~*¢ € L>(RN x (0,T)) then we can choose p large enough such that
||v(_A)_S¢HL2((RN\Bp)><(0,T)) < 77/2. On the other hand

T
/ /B (U1 — Ua) V(=A)dadt < |Us — Usll 25, x(o) V(= 5) 6l 125, x(0.2))
P

We choose € small enough such that |[Ur — Uzl|p2(B,x(0,1)) < 71/2. Therefore I — 0 as e — 0.

Note that we could have fixed p = R and then the first integral in (4.10) is identically zero since U
and Us are supported in Br. We keep the splitting here since it will be needed to estimate I . in the
limit as R — oo (see Section 4.3.2). O
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To conclude this part, we use the following: given two sequences f. — f in L? and g. — ¢ strongly
in L?, then the scalar product converges /fegE dx — | fgdz. Then (4.9) together with Lemma 4.6
implies that

T
/ / (U + p)™ v (=A) "Ll qbdxdtﬂ%/ / (Uy 4+ )™ IV (=A) Uy Vpddt.
0 BR BR

4.2.3 Passing to the limit in the L? energy estimate (4.5)

We have that
Ur(z) — Ui(y)

N+2(1—s)

wmwlwaw—/“ RCTED
(e -yl + &)

Ui(z) = U
:2ﬂhﬁ;“““uw—w@uw» W —rday.

dxdy
Br

(12— yl2 + )
Let 1 U U
Clw.y) = & (GU@) — v(U () — DY)
(1o — yl2 + 2) =52
and

G@ww:;wuhu»—w@ww»ﬁ%ﬁﬁiﬁfy

Note that G(z,y) > 0 since ¢ is a non-decreasing function. Also, [pn [px Ge(2,y) < C uniformly in
€ > 0. Since U; — Uy as € — 0 pointwise a.e. in x € Bg then Gc(x,y) — G(z,y) a.e. z,y € RV,
We can pass to the limit € — 0 in the last term of the energy estimate (4.5) according to the Fatou’s
Lemma

t t t
lim / / G (z,y)dzdydt > / / G(z,y)dzdy = / Y(Us)(—A) 5 Usdadt.
e—0 0 BR BR 0 BR BR 0 BR

Now we pass to the limit in the H! term. The LP energy estimate (4.5) shows that Uf /2 i uniformly
bounded in L?(0,T : HZ(Bg)), therefore there exists a weak limit w in L?(0,7 : H}(Bg)). Since

HY(Bg) ¢ L*(Bg) with continuous inclusion, then U”? — w in L%(Bg x (0,T)). By (4.7) we know
that Uy — Uy in L2(Bg x (0,T)). For p > 2 we deduce that U”*> = U?/? in L*(Bg x (0,T)) and then

we identify the limit w = U} /2. The weak lower semi- continuity of the || - || H(B) Dorm implies that

hmlnf// Up/2 d:cdt>//
e—0 Br Br

We used the fact that the norm of a Hilbert space is weakly semi-continuous. A similar idea will be
employed to pass to the limit also in the integrals in the second energy estimate (4.6).

U”/ 2 dwdt.
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4.2.4 Passing to the limit in the second energy estimate (4.6)

The first two terms involve integral operators, so the continuous inclusion L?(Bgr) C H~*/?(Bg)
together with (4.7) allow to pass to the limit. For the third one we use the argument given in Section
4.2.3 in the particular case ¥(U;y) = U;y. For the last term we have to prove the following inequality

e—0

t t
liminf// (U1+p,)m—1\V(—A)—lﬁg—S[Ul]Fdxdtz// (Us + )™ |V (= A) T ded.
0 JBpr 0 JBRr

This is a consequence of the fact that the L? norm is weakly lower semi-continuous and (U; +
u)mT_IV(—A)_lﬁg_s[Ul] — (Uz + ,u)mTAV(—A)_SUQ in L?(Br x (0,t)). Indeed, we have that

t
// (U + )" V(=A) L5 [U ) gdwdt H0// (Us + p) "2 V(=A)"*Uspdadt
0 BR BR

for every ¢ € L?(Bg x (0,t)). This is because (U —i—u)mT_l(b — (Us +u)mT_1¢ in L?(Bg x (0,t)) (usin
the Dominated Convergence Theorem) and V(—A)~1£1=5[U;] — V(—=A)=*Us in L*(Bg x (0,t)) b
Lemma 4.6.

From now on, we do not need to consider a smooth initial data 2y ~ ug. We sum up the results of
this section in the following theorem.

Theorem 4.7. Let s € (0,1), 1 <m < oo, N > 1. There exists a weak solution Uy of Problem (P, r)
with initial data ug € L*(RY) N L®°(RY). Moreover Us has the following properties:

1. (Decay of total mass) For all 0 <t < T we have /
Br

Ug(x,t)dxg/ uo(z)dz.

Br

2. (L*> estimate) For all0 <t <T we have ||Uz(-,t)||o0 < ||20]]0o-

3. (L? energy estimate) For all1 <p < oo and 0 <t < T we have

/BRUé’(x,t)dx+4(p;1)6/ot/BR

t
(p_l)/o i w(UQ)(—A)l_SUzdxdtS/ ub(z)dz.

Br

2
V(Uf/Q)’ dzdt

(4.11)

4. (Second energy estimate) For all 0 <t < T we have

1
2/ ‘(—A) SUS(t dx+6// Ug}’ dudt
Bgr
/ / Uz + )™ L |V (=A) " Ua(t) | dmdtgl/
Br 2 Br

(4.12)

4.3 Limit as R — o0

In this section we argue for weak solutions Us = (Uz)r of Problem (FPs, ). The energy estimates (4.11)
and (4.12) will give us sufficient information to accomplish the limits.
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4.3.1 Existence of a limit

We remark that the integrals in Bg can be interpreted like integrals on whole RY since we have chosen
Us to be zero outside Br. Moreover, we can get, from the energy estimates (4.11) and (4.12), upper
bounds which are independent on R. Note that the compactness technique used (see Lemma 7.5)
requires compact embeddings, which motivates us to work on bounded domains.

I. Local existence of a limit. Let p > 0 and consider the ball B, C RY. From (4.11) with p = 2
we get that Uy € L?(0,T : H'(B,)) uniformly in R > 0 and then AU, € L2(0,T : H~Y(RY)). Also,
(4.12) gives Uy € L?(0,T : H'™*(B,)). From (4.12) we get that V - (Uz + p)™ 'V (=A)"5U,) €
L2(0,T : H-Y(RY)). Applying Lemma 7.5 in the context

H'™*(B,) c L*(B,) ¢ H Y(B,),

and noting that the left hand side inclusion is compact, we obtain that there exists a limit function
V, € L*(B, x (0,T)) such that, up to sub-sequences,

(4.13) Uy—V, as R—oco in L*B,x (0,T)).

II. Finding a global limit. In order to define a global limit in L?(RY x (0,T)) we adapt the
classical covering plus diagonal argument. Let |J;~; By, , with (pz)52; C R>q, be a countable covering
of RV, By (4.13) we obtain there exists a subsequence (Rj)72, such that Us|p, — V,, as R;j — o0
in L?(B,, x (0,T)) and V,, : B,, — R. Next, we perform a similar argument starting from the
subsequence (R;)52; and Us|p,, to get that there exists a sub-subsequence (R;, )32, C (I;)52; such
that Uz, — V), as Rj, — oo in L*(B,, x (0,T)) and V,, : B,, — R. It is clear that V,, =V,
in B,, N B,,. The argument continues for the remaining balls B,,, B,,,... . In the end we define
the function V : RN — R such that V|Bﬂk =V, for k € N5o. We denote this limit Us for better
organization. Therefore, up to subsequences,

Us — Uz as R — oo in L*(0,T : L2 . (RM)).

In particular, this implies Uy — Uz as R — oo a.e. in RY. We recall that the functions U, are extended
by 0 in RV \ Br and then, by the energy estimate (4.11), we have that Jen UZdz is uniformly bounded
in R > 0. Then, by Fatou’s Lemma we get that Uz € L2(R™ x (0,T)) since

T T
lim inf / / (Us)?dadt > / / (Us)?daxdt.
R—oo [ RN 0 RN

4.3.2 The limit Us; is a solution of the new problem (Fj,)

Similarly, one can prove that Us is a weak solution of Problem (Fj,):

(U3)y = 0AU3 + V- (Us + p)™ 1V(=A)~*U3) for (z,t) € RN x (0,T),
GO

Us(z,0) = up(z) for z € RV,

The test functions used in Subsection 4.2.1 are compactly supported so the arguments perfectly work
here. Let ¢ be a suitable test function supported in a ball B, for some p > 0. For the convergence of
the nonlinear term we use that

(U + )™ — (Us + )™ in L*(B, x (0,T)) as R — +o0,
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and
(4.14) V(=A)"*Uy = V(~A)"*Us in L*(B, x (0,T)) as R — +o0,

where (4.14) is proved as in Lemma 4.6.

4.3.3 Energy estimates

All the energy estimates of Uy can be written with integrals in RY and they provide upper bounds
which independent on R. As before, the existence of a pointwise limit plus Fatou’s Lemma allow us
to pass to the limit as R — +o00. We refer to [13] for the proof of mass conservation. However,
in Theorem 5.2 we prove this result in the general setting of measure data. We conclude with the
following theorem.

Theorem 4.8. Let s € (0,1), 1 <m < oo and N > 1. There exists a weak solution Us of Problem
(Ps,) with initial data ug € LY(RY) N L°(RN). Moreover, Us has the following properties:

1. (Conservation of total mass) For all 0 <t < T we have /
RN

Us(z,t)dx = / uo(z)dz.
RN
2. (L™ estimate) For all0 <t <T we have ||Us(-,t)||loo < [|20]]oo-

3. (L? energy estimate) For all1 < p < oo and 0 <t < T we have

4(p—1 t 2
/ U§(x,t)d:c+w/ / ’V(Ué’ﬂ)‘ dzdt
RN p 0 JRN

(4.15) t
+p(p — 1)/0 . Y(U3)(—A) 5 Usdadt < /]RN ub(z)dz.

4. (Second energy estimate) For all 0 <t < T we have

1 s 2 t e 2
/ ’(—A)_iUg(t)’ dz + 5/ / ’(—A)IT[U?,]‘ dzdt
2 RN 0o JRN
(4.16) . ) )
+/ / (Us + )™ [V (—A) Ty ()| dadt < / [N I
0o JRN 2 Jry
4.4 Limit as 4 — 0
We remark that some of previous arguments can not be applied here since (Us + u)*(mfl) may degen-

erate as p — 0 close to the free boundary. Therefore we adapt the proof to overcome this issue.

4.4.1 Existence of a limit

The energy estimates (4.15) and (4.16) gives us uniform upper bounds in p which allows us to prove
the existence of a limit

(4.17) Us—U; as pu—0 in L2 (RY x (0,7)),

using the same covering plus diagonal argument of Section 4.3.
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4.4.2 The limit U, is a solution of the new problem (F)

As before the compact support of the test functions allows us to prove that Uy is in fact a weak solution
of the problem:

P (Us)t = 6AUL + V - (U IV(=A)"5Uy)  for (z,t) € RN x (0,T),
(Fs) { Ug(z,0) = up(x) for z € RV,

The first integral of the weak formulation passes to the limit like in (4.8) as consequence of (4.17). It
remains to prove that

T T
(4.18) / / (Us + )™ 1V (—A) s - Vodadt "~ / / UPIV(— AU, - Vodadt,
0 RN 0 RN
Let ¢ be supported in B, for some p > 0. It is clear that
(4.19) (Us+ )™t UM as p—0 in L*B, x (0,7)).

Moreover, from the second energy estimate, we get that there exists a weak limit of Uz in L2(0,T :
H'7%(B,)). Furthermore, the limit can be identified in L*(B, x (0,7)) from (4.17), and then

Us—U; as p—0 in L*0,T:H"%(B,)).
Since the term V(—A)~* is of order 1 — 2s, which is smaller than 1 — s, then
(4.20) V(=A)"*Us = V(-A)U; in L*B, x (0,T)).

Combining (4.19) and (4.20) the convergence (4.18) follows.

4.4.3 Energy estimates

We state the main properties of the solution of Problem (F).
Theorem 4.9. Let s € (0,1), 1 <m < oo and N > 1. There exists a weak solution Uy of Problem
(Ps) with initial data ug € L'(RN) N L>®(RYN). Moreover, Uy has the following properties:

1. (Conservation of total mass) For all 0 <t < T we have /
RN

Uy(z,t)dx = / uo(x)dz.
RN
2. (L*>*-estimate) For all0 <t <T we have ||Us(+,t)|]lo0 < ||20]]o0o-

3. (LP-decay energy estimate) For all1 <p <oo and 0 <t <T

_ t 2
/ Uf(m,t)dx+w// V(Uf;/?)‘ dadt
RN RN

(4.21)
U2 (— A o Ud dt</ P(x)d.
el [ A “Usdrit < [ oyt
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4. (Second energy estimate) For all 0 < t < T we have

;/RN’(—A) Ut d:c+5/ /RN 4}) dadt

(4.22) 1 2
n /0 /. Uf—l\v<—A>-5U4<t>|2dxdts5 L e8]

t
The proof is as in the previous part. The term / / (Us 4 )™ ! ‘V(—A)_SU4(t)‘2 dxdt passes to
0 JRN

the limit by Fatou’s Lemma since (U + )™ ' — U~ ! as p — 0 pointwise.

4.5 Limit as § — 0

This part is quite interesting and brings some novelty in the techniques we have employed so far.
Here we use a different compactness criteria in order to derive the convergence as § — 0. This is
a consequence of the lack of regularity that was given by the J-term in the previous approximating
problems.

Estimates (4.21) and (4.22) provide an upper bound independent of §. The terms with ¢ coefficient
are positive and bounded and therefore Uy satisfies:

(4.23) Ul (z, t)da:—i— / Ut (- A)18U4dxdt§/ ub(z)de,
RN m + p— 2 RN RN
and
1 s 2 t 1 2 1 s 2
(4.24) / [(~a) 5ua) d:n~|—// UP! V(- A) S Ta(t)| d:rdtg/ [N I
2 JrN 0o JrRN 2 JrN

4.5.1 Existence of a limit. Compactness estimate 11

We will prove compactness for the following sequence:

L Ug if m<2
W‘S'_{Ujf if m>2.

The idea is to apply Theorem 7.8 for Ws and in order to use this compactness criteria we need to work
on a bounded domain B, for p > 0. From (4.23), applying Stroock-Varopoulos we obtain

(4.25) /RNUO( )d;p>/RNUf(:U,t)dx+ i p_1 //RN

In this way we get a uniform bound for Wy in L?(0,7 : H'=*(B,)) by using (4.25) with p = 3 — m if
m < 2and p=m+1if m > 2. Note that the exponent 3 —m is again critical in the proof of existence,
as happened in the article [13]. In both cases we get that there exists a weak limit

m+p12

2 dxdt.

Ws — W in L*(0,T : H'~%(B,)).
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Then, hypothesis a) in Theorem 7.8 is satisfied in the context V' = H'7%(B,) and H = L*(B,).
However, b) also holds due to the energy estimate (4.25) for p = 2q where ¢ =1if m <2 and ¢ =m
if m > 2. Indeed we have the following estimate

_ q _ q < q
Sup W5 (0 s,y = 0D 020235, = S0 NS,y < ol < 400

for every t € (0,T). It remains to prove assumption c) of Theorem 7.8. Since L?(B,) is a separable
Hilbert space, we can find a countable set D dense in L?(B,). Moreover, we can assume that the
elements ¢ € D are smooth and nonnegative.

We want to prove that the family of functions gfp(t) =< Uy(+t),% >12(p,) is relatively compact in
L((0,T)). First, {g,}s>0 is equibounded in L'((0,T)) since

T T 1/2 T 1/2
195121 (0.1 :_/ / Uy(z, t)y)(x)dadt < (/ / (U4)2dxdt> </ ¢2d:pdt>
0o JB, o JB, 0 JB,

<Tuollz2(,) 1Yl L2(B,)-

Moreover, we also have that gg (t) is equicontinuous in L*((0,T)): using (Pj) we have

T T T
/ (95, (t)dt = 5/ < U, Ay > dt +/ < (=A)T2UL, V(=A) "2 (UM IVy) > dt
0 0 0
< 0|10l 2, x 0.0) T2 1A% | 12(8,) + (= A) "2 Ul 2(s, %0 IV (= A) "2 (U V) | 128, % (0.1

where all the terms in the last inequality are absolutely bounded in 0 due to the energy estimates (4.23)
and (4.24). We use the fact that for any smooth function ¢ € D we have that U""' € L*(0,T :
H'=*(RY)) and then V(—A)~2(U"'Vy) € L2 (RN x (0,T)) uniformly on 4.

In this way, if m < 2, since Uy = Wy, we have that hypothesis ¢) of Theorem 7.8 is satisfied by Wj.
If m > 2, then < Uj", ¢ >12(p,) is clearly equibounded in L'((0,T)). Moreover, by the equicontinuity
of gfb (t) and the following estimate

to 1 to
/ < U >p2p,) dt < HUOWLHQ(RN)/t < Us, Y >12(q) dt,
1

t1

we have that < Uj", ¢ >12(p,) is also equicontinuous in L'((0,T)). We apply Theorem 7.6 to obtain
W5 — W in L*(B, x (0,T)).

For m < 2 this means Uy — W in L?(B, x (0,7)) and we are done. Now, let m > 2. We have

Ws = U™ — W in L*(B, x (0,T)). Since (Uy)s € L=(RY x (0,7)) uniformly in § then also the limit

W(z,t) € L®(RY x (0,T)). In both cases, by the covering plus diagonal argument and Fatou’s Lemma

as in Section 4.3.1, we obtain, up to a subsequence, that

(4.26) Uy — uin LE (RN x (0,7)).
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4.5.2 The limit v is a weak solution of Problem (1.1)

We pass to the limit as § — 0 in the weak formulation corresponding to Problem (Ps). Let ¢ a
compactly supported test function with support in B,. Then by (4.26) we get

T T
/ / U4¢tdmdt—>/ / udpidxdt as 6 — 0.
0o JRN 0 JRN

T
6/ UsApdzdt -0 as 6 — 0.
0 JRN

Moreover,

It remains to prove that

T T
(4.27) / / Ul (=A) U Vpdadt — / / U™V (= A) TS uV pdadt.
0 RN 0 RN

I. Case m < 2. From LP estimate (4.25) with p = 3—m we have that Uy € H'~%(B,) and then Uy — u
in H'7%(Q). As a consequence

(4.28) V(=A)"*Us = V(=A) " u in L*(B, x (0,T)).

Moreover, we have that U;"~! — u™~1 in L2(B, x (0,T)), which together with (4.28) implies (4.27).

II. Case m > 2. We will use the fact that V - (=A)~5(U""'Ve) € LP(RY x (0,T)) uniformly on 4,
for a certain p > 1. For the sake of a clean presentation, we present the proof of this fact in Appendix
7.3. On the other hand, Uy € LY(RY) for any L(R™) uniformly on 6 > 0 and thus we integrate by
parts the first integral of (4.27) to get

T T
I(Uy) :—/ / Uf_1V(—A)*sU4V¢dxdt —/ / U4V - (—A)*S(U;”AVqﬁ)dxdt.
o JRN o JRN
Moreover, for every ¢ there exists a weak limit
V- (—A)S(UMVe) v as 6§ =0 in LP(RY x (0,7)).

We identify the limit in the sense of distributions and show that v = V- (—=A)~%(u™"1V¢): indeed we
have that

T T
/ / U™ VoV(=A)"*¢dzdt — / / U IOV (—A) " Fpdadt  for all p € (RN x (0,T))
0 JRN 0 JRN

since Uy" ' — u™ 1 in LL (RY x (0,T)). Therefore
(4.29) V- (=A) 5 (UMIVe) = V- (~A) P (w™'Ve) as §—0 in LP(RY x (0,7)),

for every test function ¢.
Let R > 0. Then

T
I(Uy) = //U4V (Uf—1v¢)dxdt+// U,V - (=A) 5 (U IV $)dxdt
Bgr 0 JRN\Bg

= 1(Uy) + I (Uy).
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Since the sequence UZHIVqZ) has the same compact support for all § then V - (—A)_S(UI%IV(;S)
uniformly decays for large |z| (see (4.30)). Then we can choose R big enough such that I5(Us) < €/3.
In the same way I»(u) < €/3. Now, with this given R we use that Uy — u in L _(RY x (0,T)) together
with (4.29) and we have I;(Uy) — I1(u) as 6 — 0. Thus, we choose > 0 such that

[I(Us) = I(w)| < |[I1(Us) = Ti(uw)] + [12(Ua)] + [12(u)] < §+ g + % =

We integrate by parts to obtain the desired convergence (4.27).

4.5.3 Energy estimates

We pass to the limit in the energy estimates. From (4.23)-(4.25) we get that

/ uP(z,t)de + ——— / / w2 (— AV TSy dadt < / ub(z)dz.
RN + b— 2 RN RN
From (4.24) we get

;/]RN ‘(—A)_%u(t)rd:c + /Ot /RN u™ ! ‘V(—A)_Su(tﬂzda:dt < ;/]RN ’(—A)_%uo‘Qda:.

We have obtained so far the existence of a weak solution of Problem (1.1) enjoying regularity properties
and the corresponding energy estimates. This concludes the proof of Theorem 2.2.

4.6 Dealing with the case N =1, s € [3,1)

The operator (—A)~* is not well defined when N = 1 and % < s < 1 since the convolution kernel

K, = does not decay at infinity. Therefore it does not make sense to think of equation (1.1)

|$’1_25
in terms of a pressure. This may not be very convenient, but the issue can be avoided by writing the

equation as
up =V - (W),

where V1725 denotes formally the composition operator V(—A)~*. According to [1], V1~2% can be
written in the whole range 0 < s < 1 in terms of the singular integral formula for smooth and bounded
functions

(4.30) VI72(z) = Ons / (Y(z) —Y(z + Z))mdz'

Note that for 3 < s <1, [2|7V7172 € L] (R") and decays at infinity. Note also that V=2 has the

Fourier symbol given by isign(¢)|¢['~2%. Moreover, the operator (—A)_% is well defined in the whole
range 0 < s < 1 even in dimension N = 1. In this way, we have the following property:

VI = (—A)2V(-A) 2 = (-A) 2V

The LP energy estimate (2.1) still has the same form, while the second energy estimate (2.2) needs
has to be reformulated as

1 s 2 t 1 1—2 2 1 s 2
/ ‘(—A)_iu(t)’ da:—l—/ / u™ V()| dadt < / ’(—A)_iu()’ dx.
2 RN 0 RN 2 RN

The proofs of Section 4 follow similarly. For the ¢ — 0 limit, we shall use part b) of Lemma 3.4.
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5 Existence of solutions with measure data

In this section we give the proof of the existence of weak solutions taking as initial data any u €
M+(RN ), the space of nonnegative Radon measures on RN with finite mass. In particular, this
includes the case of only integrable data ug € L'(RY). Therefore, we improve the results from [12, 43]
to less restrictive initial data. As precedent we mention [10] where the authors extend the existence
theory for m = 2 to every uy € L'(RY). The case of measures has been considered for the case
m =2, s— 1in [39], and for model (1.2) in [19].

Definition 5.1. Let p € MT(RN). We say that u > 0 is a weak solution of Problem (1.1) with initial
data @ if:
(i) u € L
(0,7)),

Le®Y x (0,7)) . (ii) V(~A)u € LL (RN x (0.T)), (iii) w" 'V (~A)"*u € L]

/OT /RN ugy drdt — /OT /RN W (= A) - Vi dadt + /RN o(x,0)du(z) = 0.

for all test functions ¢ € C}(RYN x [0,T)).

(RN x

loc

Theorem 5.2. Let 1 < m < 0o, N > 1 and p € M*Y(RY). Then there exists a weak solution u > 0
(in the sense of Definition 5.1) of Problem (1.1) such that the smoothing effect (2.3) holds for p = 1
i the following sense:

[u( )l Lo @nvy < Cnsim tTY@®NY forall ¢t >0,

where v = 0

2(1—s
Wy 0= -s) y- Moreover,

= o) NT20=5)
u e L((0,00) : LYRY) NL®RY x (1,00)) forall 7>0

and it has the following properties

1. (Conservation of mass) For all 0 <t < T we have / u(x, t)de = / du(z).
RN RN

2. (L? energy estimate) For all1 <p < oo and 0 <7 <t <T we have

s mipe 2
/ up(x,t)dx—i- // uE
RN m+p—1 RN

3. (Second energy estimate) For all 0 < T <t < T we have

;/RN )(A)‘Su(t)‘zdx+/:/RN UV (=A) ()| dedt < ;/RN ‘(*A)‘%U(T) 2

Remark 5. If p is an absolutely continuous with respect to the Lebesgue measure, it has a density
ug € L'(RN) such that du(z) = ug(x)dx. In this case g is an initial condition in the sense given in
Definition 2.1.

dxdtg/ uP(z, 7)dx.
RN
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Proof. 1. Approximation with bounded solutions. Let {p,},~0 be a sequence of standard mol-
lifiers. We define the approximate initial data by convolution, i.e., for any n > 0 we consider the
function (ug), € L*(RY) N L>®(RY) defined by

(o)) = /R ol — 2)du(2).

Note that, by Fubini’s Theorem, we have that

)l = | dnte) = n(®Y)

It is clear that (ug), — 1 as n — oo in the sense required by Definition 5.1, that is,

(5.1) [ @tz > [ w@ine) as 0.

RN

for all ¢» € CH(RY). Now let u,, € L'(RY)N L>®(RY) be the solution of Problem (1.1) with initial data
(ug)n provided by Theorem 2.2. Moreover, thanks to the L'-L° smoothing effect given by Theorem
2.3 we have the following estimates that are independent of n:

i) For all 0 <t < T we have |[un(-,1)| 1@~y = [[(w0)nllL1@yy = pw(RN).
ii) For all 0 < 7 < t < T we have

lun (Ol L@y < (7l oe @y < Cnsan ™ (wo)nll 1 vy = Onsm 7 (RY)?,

_ N _ 2(1—s)
where v = =N =) 0= (m—l)N—i—S2(1—s)'
Furthermore, since i) and ii) show that u, € L¥(RY x (r,T)) N LY(RY x (0,T)) uniformly in n, we
have the following energy estimates for which the right hand side are absolutely bounded in n (the
precise bounds will be given later):

iii) Foralll <p<ooand 0 <7 <t <T,

O //
/RNU (z, t)dx —I—p—l RN

iv) Forall0 <7 <t <T,

;/RN ‘(_A)_%un(t)rdx + /Tt /RN um! |V(—A)—sun(t)‘2 dxdt < ;/RN ‘(_A)_%%(T) 2

II. Convergence away from ¢t = 0. Given any 7 > 0 we can use the compactness criteria given by
Theorem 7.8 as in Section 4.5.1 to show that

m+p12

2

dxdtg/ ub (x,7)dx.
RN

(5.2) U, —u” as n—oo in LI (RN x (1,T)).

In the weak formulation, for any ¢ € C (RN x [0,T)), u, satisfies:

T T
/ / Uprdrdt — / / u?_1V(—A)_SunV¢dacdt + / un(7)P(x, T)dx = 0.
T JRN T JRN RN
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Moreover, we can proceed as in Section 4.5.2 to prove that for any test function ¢ we have

T T
/ / unqbtdacdt—>/ / u" gpdxdt as 6 — 0.
T RN T RN

T T
/ / u?_IV(—A)_Suanbdxdt—)/ / (u")™ IV (=A)"5uTV pdadt.
T RN T RN

and

III. Uniform estimates at ¢t = 0. In order to show that we can pass to the limit as 7 — 0 to obtain
a weak solution of Problem (1.1) we need to prove that the remaining terms converge to zero as 7 — 0.
First of all,

// ungi)tdxdt‘gC’/ (- 8) 2 vyt = Cra(RY).
0 RN 0

Now we use the classical Riesz embedding (c.f [45]) and that u,(-,t) € L*(RY) N L>®(RY) for any ¢t > 0
to get
s

s 2 1
2 2 . -
/RN ‘(—A) QUn(t)’ dz < Cllug (b)), with 5= N

h

Also, from the smoothing effect, we have
un (BB < flen (8) |1 un()[[2 " < Cp(RN)HHP=13=3w=1),
In this way, we get
. 2
/ [(~8) Fun(t)] dr < Oy,
RN
for some o > 0 and

A_2’y(p—1)_ 2N N —2s N —2s
S p  (m—-1)N+2-2s 2N  (m—-1)N+2-2s

Consider the strip Qr = RY x (t1,tx_1) with t, = 27%. Then

1/2 1/2
// U™V (=A) Sy, |dadt < (// u?_ldl‘dt> <// u:’L@_1|V(—A)_sun|2dxdt>
Qk Qk Qk

m— 1 s

< o) T (20 (3 [ fim )

m—2 1 A

= Cu(®™)7t7,
for some 6 > 0 and
1 N —2s 1
= (1-~7(m-2)— — :
“ 2< v(m —2) (m—l)N—|—2—2s> m—DN+2-25 "

In this way,

(5.3)

// uZ‘_1V(—A)_5unV¢dxdt'gHVqﬁHoo// WPV (—A) | dadt < A7)
0 RN 0 RN
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for some modulus of continuity A.

IV. Initial data. The only thing left is to prove that the initial data is taken. Let ¢ be a C}(RY)
test function. Then, using the estimate given by (5.3), we get

(5.4)
[ () = o))
RN

/ 6tunq§dacdt‘: // u" IV (=A) " u, Vo dadt| < A(T).
o JrRN 0o JrN

A standard diagonal procedure in n and 7 concludes the proof.

V. Conservation of mass. We can also conclude conservation of mass by taking a sequence of test
functions of the cutoff type, ¢r(x) = ¢(x/R) with 0 < ¢ <1 and ¢1(x) =1 for |z| < 1 and such that
IVOR Loo @y = O(R™!) (see appendix A.2 in [43] for more details). Then, using (5.3) and (5.4), we
get that for any 7 > 0 we have

[ untrionds = [ (uohuonda

In particular, the previous estimate implies that

A7)

< :
_CR

[ unnyonds = [ (w)udnds — /R
RN RN
= [ (whnénds ~ [ on)dnta) + [ ono)dutz) - CATI/R

RN RN RN
In view of (5.2) and (5.1) we can let n — oo in the previous estimate to get

[ uyonds > [ onw)intz) - A/

RN RN

Note that, since p is measure with finite mass in R, then

[ onta)duta) = u(®Y) — ()

with €(R) — 0 as R — oo. Therefore,

/R ulr)onde > u(RY) — (R) ~ CA(r)/R

Letting now R — oo we get
/ u(r) dz > p(RY).
RN

In this way we show that no mass is lost at infinity during the evolution. The other inequality comes
from the construction of solutions.

O]

Remark 6. The proof of mass conservation given in Theorem 5.2 is strongly based on the estimates
available from the L' — L smoothing effect. This is a more powerful tool than the one presented in
[13] where the assumption of the boundedness on solution was unavoidable.
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6 Comments and open problems

e First energy estimate. Let u be the solution of Problem (1.1). The following formal estimates
can be derived for any ¢t > 0:

(2 —m)(3 — m|// - 2u2d:vdt+/RNu(t)3_mdx§/RN oMdrif om#2,3.
(6.1) //RN _ 2u]2d:cdt—|—/R ((t)—log(u(t)))dxg/RN(uo—log(uo))dx it m—3.

// - 2u]2d1:dt+/ u(t)log(u(t))dxg/ ug log(up)dx if m=2.
RN RN RN

This kind of energy estimates were a key tool to prove existence in the previous paper [13]. When m €
(1,2), they only require ug € L'(RV)NL>(RY) in order to have uniform bounds on the L?(RY x (0, 7))
norm of V(—A)_%u. When m € [2,3) they are still being useful energy estimates, but an additional
decay has to be imposed to ug. In [13] we proved that if uy decays exponentially for large |z|, then u(t)
has a similar decay and (6.1) gives us meaningful information. For m > 3, (6.1) is not valid anymore
with a decay property. This has motivated us to use a different approximation technique in the present
paper which satisfies a different energy estimate (2.1) without any additional conditions to be imposed
on the initial data.

e The LP-energy estimate (2.1) can be proved for a general nonlinearity ¢(u):

/RN go(u)(:c,t)dx%—/ot/RN ’(—

where (¢/)2(a) = ¢"(a)a™ . This kind of energy estimate is used in [4] and in [20].

S| dei< [ e,

e More general equations and estimates. The techniques employed in this paper can be used to
prove existence results for more general equations of the form

(6.2) w(z,t) = V- (G'(u)V(=A)"*u),

where G : [0, +00) — [0, +00) has at most linear growth at the origin or G’ > 0. The general Stroock-
Varopoulos Inequality (7.1) allows us to obtain an energy inequality also in this case:

/RN go(u)(x,t)d:c+/0t /RN ‘(_

where (¢')%(a) = ¢"(a)G'(a). We give a few examples below.
a) For instance we consider G(u) = = (u+ 1)™, then G’(u) = (u+1)™"! and the model is

(6.3) w(z,t) = Vo ((u+1)™ 1V (=A) ") .

T )| dedt < /R (o) (x)dr,

This corresponds to the approximating problem (Ps,,) without viscosity i =1, 6 = 0. There is positive
velocity and the solutions seem to have infinite speed of propagation. See Figure 1a for the particular
case m = 2.

b) Let G(u) =log(1 + u), then G'(u) = H% and the model is

1
1+u

(6.4) w(z,t) = V- ( V(—A)_Su) .
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We provide a numerical simulation in Figure 1b. This may correspond to m — 0, m > 0. This
nonlinearity has been considered for the Fractional Porous Medium Equation u;+(—A)* log(14+u) = 0
in [17].

(a) Solution for model (6.3) with s = 0.5 (b) Solution for model (6.4) with s = 0.5

Figure 1: More general equations of type (6.2)

¢ Finite/infinite speed of propagation depending on the nonlinearity. In [13] some preliminary
results have been obtained concerning the positivity properties of the solution of Problem (1.1). Jointly
with the existence theory developed in the present work for all 1 < m < oo we have the following results
so far:

a) Let N > 1, m € [2,+00), s € (0,1) and let u be a constructed weak solution to Problem (1.1) with
compactly supported initial data ug € L'(R™) N L®(RY). Then, u(-,t) is also compactly supported
for any t > 0, i.e. the solution has finite speed of propagation. This causes the appearance of free
boundaries.

b) Let N =1, m € (1,2), s € (0,1). Then for any ¢ > 0 and any R > 0, the set Mg = {z : |z| >
R, u(z,t) > 0} has positive measure even if ug is compactly supported. This is a weak form of infinite
speed of propagation. If moreover ug is radially symmetric and monotone non-increasing in |z|, then
we get a clearer result: u(z,t) > 0 for all z € R and ¢ > 0.

e The effect of the nonlocal operator on the diffusion. The parameter s € (0,1) plays a crucial
role in the the diffusion effects.

a) In the limit s — 1, we get u; = V- (™ 1V (—A)~1u), which is no more a diffusion equation. This
is an interesting problem to be further investigated. When m = 2, it has been proved in [39] that the
model gives in the limit s — 1 a "mean field” equation arising in superconductivity and superfluidity.
For this equation, the authors obtain uniqueness in the class of bounded solutions, universal bounds
and regularity results. To note that Holder regularity is no more true for the standard class of bounded
integrable solutions.

b) When s — 0 we get uy = V- (u™ ' Vu) which is the classical Porous Medium Equation u; = = Au™
with m > 1. It is known that solutions propagate with finite speed and have C® regularity.

Such limit processes have not been justified with analytical rigor for m # 2. We provide some
numerical simulations which confirm the behaviour of solutions for different values of m and s (see
[18, 22]). Figures 2a, 2c¢, 2e indicate the effect of diffusion in the infinite speed of propagation case.
Figures 2b, 2d, 2f indicate the effect of diffusion in the finite speed of propagation case. Note that the
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larger the s, the slower is the diffusion velocity.

(a) m=1.5, 5 =0.25 (b)y m=2,s=0.25

(e) m=1.5,5s=0.75 (f)y m=2,s=0.75

Figure 2: Infinite vs. finite speed of propagation for different pressures

e The question of uniqueness.

As mentioned in the introduction there is an open problem about uniqueness in several space dimen-
sions. There are recent uniqueness results if the initial data are smooth, see Zhou et al. [52] that obtain
unique local-in-time strong solutions in Besov spaces; thus, for initial data in Bf  if 1 /2 <s<1and
a > N+1 with N > 2. See also [51]. On the other hand, Duerincks [25] proves uniqueness and stability
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of solutions having a given regularity, based on previous work by Serfaty in the Coulomb case [35].
These results need to be extended to our model.

e Other open problems.

— The problem in a bounded domain with Dirichlet or Neumann data has not scarcely studied. See
Nguyen and Viazquez [34] for Dirichlet data.

— We have considered only nonnegative solutions on physical grounds. But we could have also consid-
ered signed solutions after writing the equation as uy = V - (|u|™ 1V (=A)"%u).

— Good numerical studies are needed. A rigorous study of convergent numerical schemes is developed
in [21] in dimension N = 1.

7 Appendix

7.1 Functional inequalities related to the fractional Laplacian

We recall some functional inequalities related to the fractional Laplacian operator that we used through-
out the paper. We refer to [16] for the proofs.

Lemma 7.1 (Stroock-Varopoulos Inequality). Let 0 < s <1, ¢ > 1. Then

— 2
/ ’U|q_21}(—A)Svdx > 4((](]21)/ ‘(_A)s/2‘v’q/2 dr
RN RN

for allv € LYRYN) such that (—A)%v € LY(RYN).
Lemma 7.2 (Generalized Stroock-Varopoulos Inequality). Let 0 < s < 1. Then
2
(7.1) D) (—A)vdz > / [(~ayu)| e
RN RN
whenever ' = (¥)2.

Theorem 7.3 (Sobolev Inequality). Let 0 <s <1 (s< 3 if N =1). Then

Il _2a < S
N—2s

(-2,
2
where the best constant is given in [5] page 31.

Theorem 7.4 (Nash-Gagliardo-Nirenberg type inequality). Let 0 < s < 1 (s < % if N =1),
p>1,r>1,0<s<min{N/2,1}. Then there exists a constant C = C(p,r,s,N) > 0 such that for
any f € LP(RYN) with (=A)*f € L"(RN) we have

(7.2) I < CI=2)F1, 115,

SRR @ = M

where ro =
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7.2 Compactness criteria

Necessary and sufficient conditions of convergence in the spaces LP(0,7T : B) are given by Simon in
[10]. We recall now their applications to evolution problems. We consider the spaces X C B C Y with
compact embedding X C B.

Lemma 7.5. Let F be a bounded family of functions in LP(0,T : X), where 1 < p < co and OF /Ot =
{0f/0t : f € F} be bounded in L'(0,T :Y). Then the family F is relatively compact in LP(0,T : B).

We refer to Rakotoson and Temam [30] for the proof of the following Lemma 7.6 and 7.7.

Lemma 7.6. Let (V)| - ||v), (H,| - ||g) two separable Hilbert spaces. Assume that V. C H with a
compact and dense embedding. Consider a sequence (ug)s>o converging weakly to a function u in
L?(0,T:V), T < +oo. Then us — u strongly in L*>(0,T : H) if and only if

(i) us(t) — u(t) in H for a.e. t.

(7’7’) liHl?’neas(E)—>(],EC[O,T] SUPs>0 fE HU(S(t)H%{dt =0.

Lemma 7.7. Let H be a separable Hilbert space. Consider us a sequence of functions satisfying the
following:

1) For almost every t C (0,T'), supss ||us(t)||m is finite.
2) w—wuin L*(0,T : H).

3) There exists a countable set D dense in H such that for all b € D, the sequence gi(t) =<
us(t),v >p is relatively compact in L(0,T).

Then, there exists a subsequence (6) = (6p) such that u®(t) — u(t) in H-weak for almost every t.

Combining both lemmas above the following optimal compactness theorem holds.

Theorem 7.8. Let (V| - |lv), (H,| - |lg) two separable Hilbert spaces. Assume that V. C H with a
compact and dense embedding. Consider a sequence (us)s>o such that

a) us —u in L?(0,T: V), T < +oo.

b) For almost every t € (0,T), supssg ||us(t)||m is finite.

c) There exists a countable set D dense in H such that for all ) € D, the sequence
gg)(t) =< us(t),v >y is relatively compact in L*((0,T)).

Then, up to a subsequence, us — u strongly in L*(0,T : H).

Proof. Weak convergence in L2(0,T : V') implies weak convergence in L?(0,7" : H), therefore a) implies
assumption 2) in Lemma 7.7. By Lemma 7.7 we obtain that, up to a subsequence, ud(t) — u(t) in
H-weak for almost every ¢t. Moreover, the upper bound given by 1) implies (ii) from Lemma 7.6. Then
using Lemma 7.6 we obtain that us — u strongly in L%(0,7 : H). O
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7.3 A technical result related to the approximation arguments

Let Uy be as given in Section 4.5. We want to show that V- (—=A)™*(U7"'V¢) € LP(RN x (0,T)) for
some p > 1. We will express the operator V - (—A)~* using the Riesz transforms applied to the Riesz
potential operator or to a fractional operator, depending on the range of s.

First let s € (0,1/2). We have that

N

\v& (_A)fs(Uin—lvgb) — V. (_A)71/2(_A)1/275(Uin—lv(b) _ Z axj (_A)fl/Q(_A)1/2fs(UZn—l axj¢),
j=1

where R; = 8xj(—A)_1/ 2 are the Riesz Transforms which are bounded linear operators from L? to

L2. Notice that (—A)Y2=5(U""'V¢) € L? since
(_A)l/2_3<UAIn_1 a$3¢> = (_A)l/z_s(UZlﬂ_l) 8CC]¢ + Uzln_l (_A)1/2_8(8$j¢) - H1/2_S(Uzln_17 81U]¢)

where H* is the remaining in the fractional Leibniz formula, also called Carré du Champ operator [3,

Ch. 1.4.2] :
(fx) = Fw)lo(z) = 9(v)) ;.
oyl '

H(7,9)(@)i= PV. |

RN
Note that, by Holder’s Inequality

12U 05, 0)17 S/\HWS(Uf‘l,Uin‘l)!dﬂf'/lﬂ”QS(axjeﬁﬂxﬂﬁﬂd@“

1/2—s 1/2—s
2

O D72 1(=8)"2 (9u;0) 172 < oo

= [(=4)
Thus, using the energy estimate (4.21) with p = m — 1, we get that

(=) 27U 0, 0) 12 <N (=2)27 (U222, 6l 22 + U g2 1(=2) 127 (00, ) 2
+ | H2 (U, 8,0) 2 < oo

We have used the energy estimate (4.24) for Uy with p = m — 1. We then obtain that
V- (=AU V) € LARY x (0,T))
since

N
IV (=)= (U Vo)l 2 = Z&rj(—A)_W(—A)I/(‘)_S(Uf*1 0z;0)

Jj=1 2

IR (=2)2= (U 02,0) .2

NE

<.
Il
—

I(=2) 22U 85, 0) 2 < oo

WE

[
Il
—

Consider now s € [1/2,1). We interpret the term as follows:

V- (—A) P UIVe) = V(—A) V2 (=A) 12 (mlvg)
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where the Riesz vector transform R; := amj(—A)_l/ 2 is a bounded operator in LP for 1 < p < oo [28,
Cor. 4.2.8, pp. 274]. Then UZL_IV(b € LP(RN x (0,T)) for every p > 1 since

1 (m—l) 1/]7 p(m—2) 1/p
Vol = ([ v Owepar) < s ([ viveras) <o
R R

It follows that for s € [1/2,1), the operator (—A)~(~1/2) = I, is the Riesz potential, and we have

1 1 2s—-1
—A)~ =Y (m-ly <NUPVele < 00, === - :
I(=4) (U Vo)le <UL V| i » N

for all p < N/(2s—1). Since N/(2s—1) > 1 for all s € [1/2, 1), this shows that V-(—A)~$(U" " 'V¢) €
LYRN x (0,T)) for some g > 1.
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