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ABSTRACT. In this paper we present a theorem that generalizes Sawyer’s classic result

about mixed weighted inequalities to the multilinear context. Let @ = (ws, ..., w,,) and
1 1

v =w{"..wy , the main result of the paper sentences that under different conditions on
the weights we can obtain

T(f)(x)

v

m
<C H”fi“Ll(wl)a

1 1 5
Lm > (vvm) i=1

where T is a multilinear Calderén-Zygmund operator. To obtain this result we first
prove it for the m-fold product of the Hardy-Littlewood maximal operator M, and also

—

for M(f)(z): the multi(sub)linear maximal function introduced in [LOPTT].
As an application we also prove a vector-valued extension to the mixed weighted
weak-type inequalities of multilinear Calderén-Zygmund operators.

1. INTRODUCTION
In 1985, E. Sawyer [S] proved the following mixed weak-type inequality:

Theorem 1.1. If u,v € Ay, then there is a constant C' such that for all t > 0,
uv({x eER: M{fv)w) > t}) < g/ |f(2)|u(z)v(x) de.
v(x) tJr
In the same work E. Sawyer conjectured that the previous theorem is valid if the
maximal operator is replaced by the Hilbert transform. In 2005, D. Cruz-Uribe, J. M.
Martell and C. Pérez [CMP] extended this result to R™. Furthermore, they proved it for
Calderén-Zygmund operators, solving this Sawyer’s conjecture.

Theorem 1.2 ([CMP)). If u,v € Ay, or u € Ay and uwv € A, then there is a constant
C such that for all t > 0,

uv({x eR™: [T(fo) ()] > t}) < g/n |f(z)|u(z)v(z) dx,

v(x) t

where T' is Hardy-Littlewood mazximal function or any Calderon-Zygmund operator.

Quantitative estimates of these mixed weighted results can be found in [OPR]. More-
over, it was conjectured in [CMP] that the conclusion of the previous theorem still holds
if a weaker and more general hypothesis is satisfied. That is, if we have the following
conditions on the weights, u € A; and v € A. Recently, in [LOP] the first two authors
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and C. Pérez solved such conjecture. Namely, the following theorem was proved, which

constitutes the most difficult case of this class of mixed weighted inequalities.

Theorem 1.3 ([LOP)). Let T' be a Calderon-Zygmund operator or the Hardy-Littlewood
mazimal operator and let u € Ay and v € As. Then there is a finite constant C' depending
on the A1 constant of u and the Ay, constant of v such that

|22 < Ol

v L1:%0(uv)

On the other hand, the study of multilinear Calderén-Zygmund theory started in the
seventies with the works of R. Coifman and Y. Meyer ([CM1] and [CM2]). However, a
systematic treatment of this topic appears later with works of L. Grafakos and R. Torres
[GT1, GT2]. We recall the definition of a multilinear Calderén-Zygmund operator: let
T:SR™) x -+ x S(R") — S'(R"™) be a multilinear operator initially defined on the m-
fold product of Schwartz spaces and taking values into the space of tempered distributions;
we say that T is an m-linear Calderén-Zygmund operator if, for some 1 < ¢q,..., ¢, < 00
and % < p < oo satistying ]lj = qil + -4+ qu’ it extends to a bounded multilinear
operator from L% x --- x L% to LP, and if there exists a function K defined off the
diagonal x = y; = -+ = y,,, in (R")™*! satisfying the appropriate decay and smoothness
conditions (see Page 5 in [LOPTT] ) and such that

(flv"'7 / K(l’ ylv"'vym Hfz yz dyl d
n R?’L

for all = ¢ N suppf;. Related to weighted estimates for these operators, the first result
was obtained in [GT2] (see also [PT]) where the authors proved that, if 1 < ¢1,...,¢, < 0o
and w is a weight in the Muckenhoupt A, class for ¢y = min{q, ..., ¢}, an m-linear
Calderén-Zygmund operator 7' maps L9 (w) X - - - X LY (w) into LP(w). In [LOPTT] Lerner
et. al, developed the appropriate class of multiple weights for m-linear Calderén-Zygmund
operators. Now, we recall some of those results in [LOPTT] that will be useful for us along
this paper. Let 1 < ¢q1,...,¢, < oo and % < p < oo be such that % = qil+~--—|—qim. We
say that @ = (wy, ... wm) satisfies the multilinear Az condition if

/ l/p / 1 q l/ql
Sup < o0
|Q| |Q!

where the supremum is taken over all cubes @) (when ¢; = <|Q| fQ - q1>1/qi is under-
stood as (igf w;) ). Now, if @ satisfies the Az condition and 1 < qy,..., ¢, < 0o, then
an m-linear Calder6n-Zygmund operator 7' maps L% (wy) X --- X LT (w,,) into LP(vg).
If at least one ¢; = 1, then T" maps L% (wy) X --- X L9 (w,,) into LP*°(vz). It is shown
that [[;", A, C Az and that this inclusion is strict. Moreover, if T is the m-linear Riesz
transform, it was proved in [LOPTT] that A is a necessary condition for such weighted

estimate of 7.
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One of the key points in [LOPTT] was the introduction of the multi(sub)linear maximal
function M defined by

- 1
M@ =gl g | 1wl
where f = (f1, ..., fm) and the supremum is taken over all cubes @) containing z.

This maximal operator is smaller than the product [[}", M f;, which was the auxiliary
operator used previously to estimate multilinear singular integral operators.

The aim of this paper is to obtain mixed weighted estimates that generalize Theorem
1.3 to the multilinear context. We will investigate both [[", M f; and M(f) under dif-
ferent assumptions. Then by an extrapolation theorem we can also prove mixed weighted
inequalities for multilinear Calderén-Zygmund operators.

The first result of this paper is the following:

11
Theorem 1.4. Let wy,...,w,, € Ay and v € Ay. Denote v = w{"... w5 . Then,

HZ‘Z1 Mfl
v

< C T Iillr -
L™ (o) i=1

The particular case in which the weight v = 1 in the theorem above was proved in
[LOPTT] (See Theorem 3.12 there). Adding a non-constant function v in the distribution
function makes the proof more complicated. However, benefits from Theorem 1.3 and
the ideas in [LOPTT] allow us to obtain the result. It is obvious that the conclusion in
Theorem 1.4 also holds for the maximal operator M.

We will see below that as a consequence of Theorem 1.4, we can obtain the same result
for multilinear Calderén-Zygmund operators. However, we know that [[", M f; is too big
to estimate multilinear Calderén-Zygmund operators. In fact, it was proved in [LOPTT]
that the condition wy, ..., w, € A; is stronger than @ = (wy, ..., w,) € A;. And since the
last condition characterizes the weak type of a multilinear Calderén-Zygmund operator
T from L'(w;) x - -+ x L*(w,,) into LY™>(v), it is natural to ask if it is possible to relax
the hypothesis wy, ..., w,, € A; in Theorem 1.4 if we put T" or M instead of [[;", M f;.
The next theorem gives a partially positive answer.

11
Theorem 1.5. Let @ = (wy,...,wy) € A7, v = wi"..w5 and v be a weight satisfying

vum € Ao. Then there is a constant C' such that

M(f)(x)

(Y

(1.1) ‘

< C TT Iz w-
L™ (vvm) i=1

So (1.1) holds for either @ = (wy, ..., wn) € Ay and vvm € A or (as a consequence
of Theorem 1.4) if the weights w; € Ay for i = 1,...,m and v € A.. These conditions

are independent. However, we believe that there is a unified condition that contains both
such that (1.1) holds. That is:
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11
Conjecture 1.6. Let @ = (wy, ..., w,,) € Az, v//™ € A, and v = w]"...ws; . Then there

is a constant C such that

M(f)(x)

v

< C [T fillzr s
L™ (o) i=1
Remark 1.7. In general, under the hypothesis of Theorem 1.5 the estimate (1.1) does
not hold if M(f) is replaced by [1;%, M f; even in the case that v(z) = 1. This fact was
proved in [LOPTT, Remark 7.5].

The following (extrapolation) theorem allows us to reduce the problem of multilinear
Calderén-Zygmund operators to the multilinear maximal function, exactly as in the linear
case. Actually, the theorem below was essentially obtained in [OP], which is a combination
of Theorem 1.5 and some observations in Section 2.2 there. However, for the sake of

completeness we will give a complete proof in Appendix A .

1 1

Theorem 1.8 ([OP)). Let i = (w1, ..., wy,) € Az, v¥/™ € Ay, and v = wi"...wj . Then

7(f) M(f)

v

<C

1 1 1 1
Lm>>(vom) Lm > (vym)

where C'is a constant and T is a multilinear Calderon-Zygmund operator.

Now, as a consequence of Theorems 1.4, 1.5 and 1.8 we obtain the main result of this
paper:

Theorem 1.9. Let T be a multilinear Calderdn-Zygmund operator, W = (wyq, ..., wy,) and
1 1

v =w"..wy . Suppose that W € Ay and vum € Ay or Wy, ..., wy € Ay and v € Aw. Then
there is a constant C' such that
T(f)(x)

v

(1.2)

< C T illzr
=1

L%"’o(uv%)
Recall the definition of RH..:

Definition 1.10. We denote by RH,, the class of weights w such that for all cube @),
there exists a constant C', which is independent of @), such that

ess sup w(z) < < /w(x)dx.
reQ |Q| Q

Since if u € A; and v € RH, then wvm € Ay (see Lemma 2.1 below), we have a
direct corollary of Theorem 1.9.

Corollary 1.11. Let W = (wy, ..., wy,) € Ay and let v € RHy,. Then there is a constant
C' such that

A A <C il 21w
” ., s |_| [ fill L2 s
Lm > (vym) =1
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The article is organized as follows. In Section 2 we prove Theorem 1.4. The proof
of Theorem 1.5 is presented in Section 3. In Section 4 as an application of Theorem
1.9 we obtain a vector-valued extension of the mixed weighted inequalities obtained for
multilinear Calderén-Zygmund operators. The last Section is the Appendix A where we
give a complete proof of Theorem 1.8.

2. PROOF OF THEOREM 1.4
First, we need the following Lemma.

Lemma 2.1.

(a) w € Ay if and only if w = wywe, where wy € Ay and wy € RH .
(b) If w € Ay, then w™! € RH..

(c) If u,v € RH, then uv € RH.

(d) If w e Ay and u € RH,, then wu € Ay,

(e) If w € RH, then w® € RH, for any s > 0.

All these properties of A, classes of Muckenhoupt are well known. The first three
can be found in [CN] or [GR] for instance. However, as far as we know, (d) and (e) are
not written specifically in any place, so in the following paragraph we present a simple

argument for them.

Proof of (d): Since w € Ay, by (a), w = wiwsy, where w; € A; and wy € RH,,. By
(¢), wou € RHy. Then, wu = (wywe)u = wy(wqu). Now, by (a), wu € Ay

Proof of (e): If s > 1, this is just by Holder’s inequality, so we only need to consider
the case s < 1. Since w € RH,, C A, then

AR

By definition, our claim follows immediately.
Proof of Theorem 1.4 : The main idea of this proof is to reduce the problem to the
linear case and then apply Theorem 1.3. We define

E={x:v(x <HMfl ) < 2v(x)}

Let v; = H] Lt (ij) and let v; = vv;. Observe that v € A, and 0; € RH,,. By
Lemma 2.1 (d), v; € Aw. In order to prove the theorem it is enough to show that

N m
vinv(E) < C T I fillzr w,)-
=1

By Holder’s inequality and Theorem 1.3, we have

v /HMflwﬁ<H /Mfz w;

1 m

3\
IN
b
—
—
§
i/
3=
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m 1 m .
<2 11(/ viw)” <O TR
E {z:M fi>v;} 21:[ (wi)
where in the last inequality we have used Theorem 1.3 since w; € A; and v; € A

3. PROOF OF THEOREM 1.5

We follow the strategy of [LOP]. So we only need to consider the dyadic multilinear
maximal functions. First, recall that if @ = (wy,...,w,,) € Ay, then v = wﬁ...wé e A
(see Theorem 3.6 in [LOPTT]). On the other hand, since v € A; it is not difficult to check
that the hypothesis vom € Ay implies that v € Ay

We shall prove

b ({1 < st Bodle) <oy < o] [ (ha)’

Without loss of generality, we can assume f; > 0,7=1,--- ,m. Let

B, = {x 1< Md(th.)(.x'; fm) () <2, 4™ < u(z) < am(k+1)},

where a > 2". Again, define
Qk: = {Md(fh o afm) > amk}

and let {I Jk}] be the collection of maximal dyadic cubes in €2;. Then by maximality,
a™ < TTi% (fi) e < 27"a™". Splitting the collection {I}}; to
Qui = {I} - " < (i) < a1}, leZ

Then we have

Zyvi(Ek ZVU’" Ekﬂﬂk ZZI/UW Ekﬁlk)

keZ keZ keZ j

SZZ Z akHl/(Ekﬂ]f)

k€L 120 [FeQ,
= Z Z Z a" (B N If),
k€Z 120 [Fer,
where
L= {]]k € Qi |IJk N{z:d" < v < a1 > 0}
From now on, we shall deal with the case [ = —1 and [ > 0 separately. By monotone

convergence theorem, it suffices to give a uniform estimate for

DX dtuEn ),

k>N 1>0 IJI-“EF[JQ
where N < 0. We have the following two lemmas. The proofs are essentially given in

ILOP].

Lemma 3.1. I' = Ujcz Up>n I'i s sparse.



WEIGHTED MIXED WEAK-TYPE INEQUALITIES FOR MULTILINEAR OPERATORS 7

Lemma 3.2. Forl > 0 and ]j’-C € I, there exist constants ¢, and co depending on v, v
such that
v(E, N ]jk) < cle_”lu(]f).

We also have the following lemma.

Lemma 3.3. If wywy € Ay, then for any cube QQ, we have
(wiws)q < C(lwiwa]a ) (wi)o(w2)q-

Proof. let By = {x € Q : wi(z) > 4(w1)q} and By = {x € Q : wa(x) > 4(w2)q}. Then by
Chebyshev, it is easy to see that F := Q\ (B UE,) satisfies |E| > $|Q|. Since wyw, € A,
we have
wiwz(Q) < c(lwiwa]a, Jurwa(E) < 16¢([wiwa]a, ) (wi)(ws)o| £l
< 16¢([wiwe]an ) (wi)q (w2)ol Q-

With this lemma, we can also obtain the exponential decay for [ < 0.

Lemma 3.4. Forl < 0 and ]]]-€ € I'1 i, there exists a constant c; depending on v,v such
that

v(E, N []k) < clall/(lf).

Proof. By Lemma 3.3, we have
v (1) < Cou () e (070) |1 < Coppa® (1),
On the other hand,
I/U%([f) > a"v(E, N [Jk)
Therefore
v(E, N Ijk) < C’,,’valy([j’-“).
O

Now fix [, form the principal cubes for Up>nIy: let ’Pé be the maximal cubes in
UrsnTig, then for m > 0, if It € P! | we say I]”-C ePL . if Ik is maximal (in the sense of
inclusion) in D(I!) such that

W) >2(v)ny

Denote P! = U,,>0P", and 7(Q) is the minimal principal cube which contains Q. We have

ZZ Z (BN IF) <Zce calll 1= ZZ Z v Yrev(1

leZ IkEFl b leZ k I’“EFZ &
—eall] ,1—1 Lok
< E 2cie”?"a E V) E vm (I5)
leZ IteP! kjim(IF)=1t

<o Y e e wm ] Y Wy (1)

leZ I;ﬁ cpl
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=S ar=ta i [ o Y 0l
R

lez ItePt
<S> e Mo i) a v]a, > v (Q),
l€Z QePL

where in the last step we have used the stopping criteria, i.e.,

Z Wynxp <2vav(z), ae.ze U I
el e s,t:IteP!

and P! is the collection of maximal cubes (in the sense of inclusion) in P'. For fixed
Q € P!, by Lemma 3.3

m
1

v (Q) < Con) @ (v7)0lQ Su a'Cuuu(@) [T ()5

=1
< alCufils, J[( [ s
i=1 Y@

By the disjointness of ) and Holder’s inequality, we obtain

L — - %
Z vom (Q) < ale,v[w]AT H ||fi|’Li(w¢)’
=1

QePL

and we conclude the proof.

4. A VECTOR-VALUED EXTENSION OF THEOREM 1.9

Recently in [CMO] D. Carando, M. Mazzitelli and the second author obtained a gen-
eralization of the Marcinkiewicz-Zygmund inequalities to the context of multilinear oper-
ators. In the particular case of paraproducts, Marcinkiewicz-Zygmund inequalities were
obtained by C. Benea and C. Muscalu in [BM1] and [BM2]. The results in [CMO] extend
the previous ones in [GM] and [BPV].

The following theorem is one of the results in [CMO].

Theorem 4.1 ([CMO)). Let 0 < p, g1y ..y qm <7 <20rr=20and0 <p,q1,...,¢n < 0
and, for each 1 <1i < m, consider {f} }r, C L%(p1;). And Let S be a multilinear operator
such that S: LY (pq) X+« - X LI (u,,) — LP>°(v), then, there exists a constant C' > 0 such

that
1

As a consequence of this theorem and Theorem 1.4 we obtain the following mixed

Sl

(4.1) ( > IS(félw--,féTn)V)

k17~'~7km

< OHSHweak H (Z |f/722
i=1 ks

L (1) 2

weighted vector valued inequality for a multilinear Calderén-Zygmund operator 7.
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—

Corollary 4.2. Let S(f) = Ti ), where T is a Calderon-Zygmund operator. Let W =
1
(wi,...,wn,) € Ay and v € RHo, or wy,...,wy,, € Ay and v € As. Let v = wi™ ... wi;

and let 1 < r < 2. For each 1 < i < m, consider {fi }r, C L*(w;). Then, there exists a
constant C' > 0 such that

w2) ( 5 |s<f;1,.-.,fm>r <oT] (zm;r)T

1 1 =
L (o) = L' (w)

Observe that S satisfies S: L (wy) X - -+ X L (wy,) = Lw*(vvm), so we are under the

hypothesis of Theorem 4.1.

5. APPENDIX A. PROOF OF THEOREM 1.8

11
First, as we mentioned before, that if « = (wy, ..., w,,) € Ay then v = w{"..wji € A;.

We will follow the ideas of [OP, Theorem 1.5], and these ideas are based in previous one
in [CMP]. Define the operator S by

5f(a) = U

when v(z) # 0 and Sf(xz) =0 when v(z) = 0. (Since v € Ay, v > 0 a.e.).
Since v € Ay, S is bounded on L>®(vvw) with constant C' = [v] 4,, that is,

1971y < a1

We will now show that S is bounded on LP° (VU%) for some 1 < py < co. Observe that

1 1.
vom) vom)

/ Sf(x)P° v(x) vi(x) dr = M(fv)(z)Po v(x)' o v%(x) dx.

n Rn
Since v'/™ € A, vm € A, for some ¢ > 1 large. Then by the A, factorization theorem
there exist vy, v, € Ay such that vm = vw%_t; hence,

t—1

plPoy = vy (vug° ).

By Lemma 2.3 in [CMP] there exists 0 < ¢ < 1, depending only on [v]a,, such that
vvs € Ap for all vy € Ay and 0 < € < gy. Thus, if we let

2(t —1
Do = ( )+1a
€o

then vom € Ay,

By Muckenhoupt’s theorem, M is bounded on LP° (1/1_1’%%) and therefore S is bounded
on LPO(VU%) with some constant Cj. Thus by Marcinkiewicz interpolation in the scale of
Lorentz spaces, S is bounded on Lq’l(yv%) for all py < ¢ < co. In particular, by [CMP,
Proposition A.1],
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1 1 1
“SfHLq’l(uv%) < 24 <Co<p—0 — 5) + 01) ||f||Lq71(1/v%)'
Thus, for all ¢ > 2py we have that ||Sf||Lq71(w%) < KO”f”qul(m}%) with Ko = 4po (Co+Ch).

We emphasize that the constant K is valid for every q > 2py.

Again by [CMP, Lemma 2.3], for every weight W; € A; with [Wi]a, < 2K, there
exists 0 < €9 < 1 (that depends only on Kj) such that W1W§ € A; for all Wy € A; and
0<e<eéy.

Fix 0 < ¢ < min{&y, ﬁ} and let = (). Then 7' > 2py and so S is bounded on
Lrlvl(m)%) with constant bounded by K. Now apply the Rubio de Francia algorithm to
define the operator R on h € L™ (vvm), h > 0, by

Ri(z) = 3 L),

kK
k=0 28K

It follows immediately from this definition that:

o h(z) < Rh(x);
o IRl < 2Rl
e S(Rh)(xz) < 2KyRh(z).
In particular, it follows from the last item and the definition of S that Rh v € A;
with [Rh v]a, < 2Ky. Let W, = Rh v and Wy = v; € A;. Then W1W5 € A;. Hence,

Rhuv#EAlCAoo.

Then,
T(f) |1 T(f) 1
H—(f) ; , = sup Amr (mj% {zr e R": ‘—(f)(x)‘ > )\})
v Lm > (vum) A>0 U(ZE)

T _ o)
v(x) > A }>

T(f)() | :
v(x) ~ t}>

= sup A (m;% {r eR": ‘
A>0

=sup t (VU% {xER”:‘
>0

-1

()

1
Lo (pvum)

= sup ‘ /
=1 "
)

1
heL Mo B, 4
L™t (vom

T(f)(x)
)

v(z

o h(z) v(z) v%(x) dx‘

= sup ‘ |
1
heL™ M (vom) : ||hl| =1 UR?

LT,vl(uvm)

T(f)(w)|7 h(z) v(z) vi (z) da).

Before finishing we recall the following fact, which was proved in [LOPTT] (see Corollary
3.8 there), if w € Ay, and s > 0 then
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s T(F) (@) wz)de < C [ M(f)(z)* wix)de.

RTL
From the definition of RA(z), the last inequality and Hélder’s inequality

1

T(F)(2)|7 h(w) v(x) ver (z) de < [ |T(f)(@)|» Rh(z) v(z) ver (z) do

R" R™
</ M(f)(z)m Rh(x) v(z) var (2) da
= /n <M£<f;)>(:c)>7ir Rh(x) v(x) v%(:v) dx
o (Gl N L
M)~
<20 =50 H -
ac MO
v L (pym )

So we have that

mr

1 F—
Lm > (vom)

1
mr

)

()

1 1
Lm > (vym)
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