ON POINTWISE AND WEIGHTED ESTIMATES FOR
COMMUTATORS OF CALDERON-ZYGMUND
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ANDREI K. LERNER, SHELDY OMBROSI, AND ISRAEL P. RIVERA-RIOS

ABSTRACT. In recent years, it has been well understood that a
Calderon-Zygmund operator 7' is pointwise controlled by a finite
number of dyadic operators of a very simple structure (called the
sparse operators). We obtain a similar pointwise estimate for the
commutator [b, T] with a locally integrable function b. This result
is applied into two directions. If b € BMO, we improve several
weighted weak type bounds for [b, T]. If b belongs to the weighted
BMO, we obtain a quantitative form of the two-weighted bound
for [b, T] due to Bloom-Holmes-Lacey-Wick.

1. INTRODUCTION

1.1. A pointwise bound for commutators. In the past decade, a
question about sharp weighted inequalities has leaded to a much better
understanding of classical Calderén-Zygmund operators. In particular,
it was recently discovered by several authors, first in [5, 25] and sub-
sequently refined in [19, 21, 24], (see also [1, 8] for some interesting
developments) that a Calderén-Zygmund operator is dominated point-
wise by a finite number of sparse operators As defined by

Asf(@) =) foxe(®),

QeS

where fo = ﬁ fQ f and S is a sparse family of cubes from R" (the
latter means that each cube ) € S contains a set Eg of comparable
measure and the sets { Eg}ges are pairwise disjoint).

In this paper we obtain a similar domination result for the commuta-
tor [b, T| of a Calderén-Zygmund operator T" with a locally integrable
function b, defined by

[b, T]f(x) = 0T f(z) — T(bf) ().
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Then we apply this result in order to derive several new weighted weak
and strong type inequalities for [b, 7.

Throughout the paper, we shall deal with w-Calderén-Zygmund op-
erators T on R™. By this we mean that T"is L? bounded, represented as

Tf(r)= [ K(x,y)f(y)dy forall x ¢ supp f,

R

with kernel K satisfying the size condition |K(z,y)| < -Z=. 2 # ¥,

= lz—y|™’
and the smoothness condition

|z — 2| 1
_ / o NN <
K(o) - K )|+ K 0) - Ko <o (221 2
for [x—y| > 2|x—2'|, where w : [0, 1] — [0, 00) is continuous, increasing,
subadditive and w(0) = 0.
In [21], M. Lacey established a pointwise bound by sparse operators
for w-Calderén-Zygmund operators with w satisfying the Dini condition
[w]pini = fol w(t)% < 00. For such operators we adopt the notation

Cr = ||T||z2=12 + Ck + [W]Dini-

A quantitative version of Lacey’s result due to T. Hytonen, L. Roncal
and O. Tapiola [19] states that

(1.1) ITf(x)] < enCr Y As,|fI().

J=1

An alternative proof of this result was obtained by the first author [24].
In order to state an analogue of (1.1) for commutators, we introduce
the sparse operator s, defined by

Tsuf(x) = |b(x) — bol foxe(x).
QEeS

Let Tg, denote the adjoint operator to 7sp:

S =% (o L= bQ|f) Ye(@).

Our first main result is the following. Its proof is based on ideas
developed in [24].

Theorem 1.1. Let T be an w-Calderon-Zygmund operator with w sat-
isfying the Dini condition, and let b € L} . For every compactly sup-

loc*

ported f € L=(R"™), there exist 3" dyadic lattices 2Y) and ﬁ—sparse
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families S; C 2Y) such that for a.e. x € R",
3n

(1.2) b, T1f(@)] < eaCr Y (Ts,ulf1(@) + T3 41 F1(2))

Jj=1

Some comments about this result are in order. A classical theorem
of R. Coifman, R. Rochberg and G. Weiss [4] says that the condition
b € BMO is sufficient (and for some T is also necessary) for the LP
boundedness of [b,T] for all 1 < p < oco. It is easy to see that the
definition of 7s, is adapted to this condition. In Lemma 4.2 below
we show that if b € BMO, then Tg is of weak type (1,1). On the
other hand, C. Pérez [29] showed that [b, T] is not of weak type (1,1).
Therefore, the second term 7g , cannot be removed from (1.2).

Notice that the first term 7g, cannot be removed from (1.2), too.
Indeed, a standard argument (see the proof of (2.4) in Section 2.2)
based on the John-Nirenberg inequality shows that if b € BMO, then

2o/ (@) < callbllzrro D 110 LoXo ().

QeS

But it was recently observed [32] that [b, T] cannot be pointwise bounded
by an L log L-sparse operator appearing here.

In the following subsections we will show applications of Theorem 1.1
to weighted weak and strong type inequalities for [b, T').

1.2. Improved weighted weak type bounds. Given a weight w
(that is, a non-negative locally integrable function) and a measurable
set E C R", denote w(E) = [, w(z)dz and

wr(A) =w{z e R" : |f(x)] > A}

In the classical work [10], C. Fefferman and E.M. Stein obtained the
following weighted weak type (1,1) property of the Hardy-Littlewood
maximal operator M: for an arbitrary weight w,

(1.3) wirp(N) < %" @ Mueds (> 0).

Only forty years after that, M.C. Reguera and C. Thiele [34] gave
an example showing that a similar estimate is not true for the Hilbert
transform instead of M on the left-hand side of (1.3) (they disproved
by this the so-called Muckenhoupt-Wheeden conjecture). On the other
hand, it was shown earlier by C. Pérez [28] that an analogue of (1.3)
holds for a general class of Calderén-Zygmund operators but with a
slightly bigger Orlicz maximal operator Mo 1)- instead of M on the
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right-hand side. This result was reproved with a better dependence
on € in [18]: if T" is a Calderén-Zygmund operator and 0 < ¢ < 1, then

c(n, T
) wny < L @) My peulalds (3> 0)
A general Orlicz maximal operator My is defined for a Young

function ¢ by
M¢(L)f(x) = sup Hf”cp,Q?
Q>ox

where the supremum is taken over all cubes () C R" containing x, and
| flo.o is the normalized Luxemburg norm defined by

. 1
Il =t {3 >0: 50 | sy <1}

If p(t) = tlog®(e +t), o > 0, denote M1y = Mpog 1)
Recently, C. Domingo-Salazar, M. Lacey and G Rey [9] obtained

the following improvement of (1.4): if C,, = jdt < 0o, then

1 t2 log(e-I—t

c(n,T)C,
A

It is easy to see that if () = tlog®(e + 1), then ¢™'(t) = g,
and hence Cy, ~ 1. Thus (1.5) contains (1.4) as a particular case.
On the other hand, (1.5) holds for smaller functions than tlog®(e + t),
for instance, for ¢(t) = tloglog®(e® + t),a > 1. The key ingredient
in the proof of (1.5) was a pointwise control of T" by sparse operators
expressed in (1.1).

Consider now the commutator [b,7] of T" with a BMO function b.
The following analogue of (1.4) was recently obtained by the third
author and C. Pérez [31]: for all 0 < e <1,

(1.5) wrp(A) < - | f(x)| Mypyw(x)d.

A

where ®(t) = tlog(e + ). Observe that ® here reflects an unweighted
Llog L weak type estimate for [b, 7] obtained by C. Pérez [29]. Notice
also that (1.6) with worst dependence on ¢ was proved earlier in [30].

Similarly to the above mentioned improved weak type bound for
Calderén-Zygmund operators (1.5), we apply Theorem 1.1 to improve
(1.6). Our next result shows that (1.6) holds with 1/¢ instead of 1/&?
and that Mg 1)1+ in (1.6) can be replaced by smaller Orlicz maximal
operators.

(16) wuny ) < 5 [ (1llaaio TN ) My (ol
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Theorem 1.2. Let T be an w-Calderon-Zygmund operator with w sat-

isfying the Dini condition, and let b € BMO. Let ¢ be an arbitrary
0o -1

) %dt < oo. Then for every

weight w and for every compactly supported f € L,

T
07) wunyO) < nrCy [ 0 (o 50 ) Macpayutoii

where ®(t) = tlog(e +t).

Young function such that C, =

By Theorem 1.1, the proof of (1.7) is based on weak type esti-
mates for Ts; and 73*1,. The maximal operator Mgo,) (1) appears in
the weighted weak type (1,1) estimate for 7sp. It is interesting that
Tsp, being not of weak type (1,1), satisfies a better estimate than (1.7)
with a smaller maximal operator than Mgoe) () (Which one can deduce
from Lemma 4.5 below).

We mention several particular cases of interest in Theorem 1.2. No-
tice that if ¢(t) < t2 for t > t4, then

Do p(t) < cp(t)logle+t) (t>0).

Hence, if p(t) = tlog®(e +t), 0 < ¢ < 1, then simple estimates along
with (1.7) imply

(18) wyai(A) < C(”S’T) / K (Hb||BMO|f &”““”) Mg 1yis-(x)da.

Similarly, if ¢(t) = tloglog'™*(e® +1),0 < & < 1, then

c(n, T T
wprif(A) < ( 5 )/ o (||b||BMO|f(/\ )|> M, (10g L) (log log )1+ W (2 ) d.

As an application of Theorem 1.2, we obtain an improved weighted
weak type estimate for [b, T'| assuming that the weight w € A;. Recall
that the latter condition means that

Also we define the A, constant of w by
1
[w]a, = sup—/ M (wxg)(z)dx,
o w(Q) Jg
where the supremum is taken over all cubes () C R™. It was shown

in [18] that the dependence on ¢ in (1.4) implies the corresponding
mixed A;-A, estimate. In a similar way we have the following.
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Corollary 1.3. For every w € Ay,

s ) < eCrlula@(ula) [ @ (Bl 50 wajas
where ®(t) = tlog(e + ).

This provides a logarithmic improvement of the corresponding bounds
in [27, 31].

1.3. Two-weighted strong type bounds. Let w be a weight, and
1
let 1 < p < co. Denote o, (z) = w 71 (z). Given a cube Q C R", set

[wa,q = “ﬁ@?) (a,ré;'g))p_l.

We say that w € A, if

[w]a, = Sgp[w]Ap,Q < o0.

As we have mentioned previously, pointwise bounds by sparse oper-
ators were motivated by sharp weighted norm inequalities. For exam-
ple, (1.1) provides a simple proof of the sharp LP(w) bound for T (see
(19, 24]):

max 1,%
(1.9) 1T 2rw) < cnpCrlwly, (s 1). (1<p< o)

In the case of w-Calderén-Zygmund operators with w(t) = ct®, (1.9)
was proved by T. Hyténen [15] (see also [16, 23] for the history of this
result and a different proof).

An analogue of (1.9) for the commutator [b, 7] with a BMO func-
tion b is the following sharp LP(w) bound due to D. Chung, C. Pereyra
and C. Pérez [3]:

2 max (1,%1)
(1.10) |I[b, Tl o) < e(n, p, T)l|bll Barolwl s, 777

Much earlier, S. Bloom [2] obtained an interesting two-weighted re-
sult for the commutator of the Hilbert transform H: if p, A € 4,,1 <
p <oo,v= (/N and b € BMO,, then

(1.11) 16, H] fll ey < (@, i MIBl Baro, | f1] Lo -

Here BMO,, is the weighted BM O space of locally integrable functions
b such that

(1 <p<o0)

1
1bll 10, = sup / Ib(z) — bolda < oo.
Q v(Q) Q Q
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Recently, I. Holmes, M. Lacey and B. Wick [13] extended (1.11) to
w-Calderén-Zygmund operators with w(t) = ct’; the key role in their
proof was played by Hyténen’s representation theorem [15] for such
operators. In the particular case when © = A = w € Ay the approach
in [13] recovers (1.10) (this was checked in [14]; and also, (1.11) was
extended in this work to higher-order commutators).

Using Theorem 1.1, we obtain the following quantitative version
of the Bloom-Holmes-Lacey-Wick result. It extends (1.11) to any w-
Calderéon-Zygmund operator with the Dini condition, and the explicit
dependence on [u]4, and [A]4, is found. Also, it can be viewed as a
natural extension of (1.10) to the two-weighted setting.

Theorem 1.4. Let T be an w-Calderdon-Zygmund operator with w sat-
isfying the Dini condition. Let i, A € Ay, 1 < p < 0o, andv = (u/\)Y/?.
Ifbe BMO,, then

max 1,%1
1. 71wy < empCor (1l W)™ O 18l maton 11 o

The paper is organized as follows. In Section 2, we collect some pre-
liminary information about dyadic lattices, sparse families and Young
functions. Section 3 is devoted to the proof of Theorem 1.1. In Sec-
tion 4, we prove Theorem 1.2 and Corollary 1.3, and Section 5 contains
the proof of Theorem 1.4.

2. PRELIMINARIES

2.1. Dyadic lattices and sparse families. By a cube in R” we mean
a half-open cube @ = [[\_,[a;,a; + h),h > 0. Denote by {¢ the side-
length of (). Given a cube QQy C R", let D((Q)y) denote the set of all
dyadic cubes with respect to )y, that is, the cubes obtained by re-
peated subdivision of )y and each of its descendants into 2" congruent
subcubes.

A dyadic lattice Z in R" is any collection of cubes such that

(i) if @ € Z, then each child of @ is in Z as well;
(ii) every 2 cubes @', Q" € 2 have a common ancestor, i.e., there
exists () € Z such that @', Q" € D(Q);
(iii) for every compact set K C R”, there exists a cube @ € ¥
containing K.

For this definition, as well as for the next Theorem, we refer to [25].

Theorem 2.1. (The Three Lattice Theorem) For every dyadic lattice
D, there exist 3" dyadic lattices 2V, ..., 2G") such that

(3Q:Qe 2}y =ul, 9V
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and for every cube Q € Z and j =1,...,3", there exists a unique cube
R € 2U) of sidelength {r = 3lg containing Q).

Remark 2.2. Fix a dyadic lattice 2. For an arbitrary cube ¢ C R",
there is a cube Q)" € Z such that (/2 < lyp < lg and @ C 3Q)".
By Theorem 2.1, there is j = 1,...,3" such that 3Q' = P € 20,
Therefore, for every cube Q C R”, there exists P € 2U),j =1,...,3",
such that ) C P and ¢p < 3{p. A similar statement can be found in
[17, Lemma 2.5].

We say that a family S of cubes from & is n-sparse, 0 < n < 1,
it for every () € S, there exists a measurable set /g C () such that
|Eg| > n|@|, and the sets {Eg}ges are pairwise disjoint.

A family S C Z is called A-Carleson, A > 1, if for every cube Q € 2,

> IPI<AQI.
PeS,PCQ

It is easy to see that every nm-sparse family is (1/n)-Carleson. In
25, Lemma 6.3], it is shown that the converse statement is also true,
namely, every A-Carleson family is (1/A)-sparse. Also, [25, Lemma 6.6]
says that if S is A-Carleson and m € N such that m > 2, then S
can be written as a union of m families S;, each of which is (1 +
A-1)_Carleson. Using the above mentioned relation between sparse
and Carleson families, one can rewrite the latter fact as follows.

Lemma 2.3. If S C Z is n-sparse and m > 2, then one can represent

S as a disjoint union S = UL, S;, where each family S; is #/n)—l_
sparse.

Now we turn our attention to augmentation. Given a family of
cubes S contained in a dyadic lattice ¥, we associate to each cube
Q € S afamily F(Q) C D(Q) such that @ € F(Q). In some situations
it is useful to construct a new family that combines the families F(Q)
and §. One way to build such a family is the following.

For each F(Q) let F(Q) be the family that consists of all cubes
P € F(Q) that are not contained in any cube R € S with R C Q.

Now we can define the augmented family S as
S=J 7@
QeS
It is clear, by construction, that the augmented family S contains the

original family S. Furthermore, if S and each F(Q) are sparse fam-

ilies, then the augmented family S is also sparse. We state this fact
more clearly in the following lemma (see [25, Lemma 6.7] and the above
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equivalence between the notions of the A-Carleson and %—sparse fami-
lies).

Lemma 2.4. If § C 9 is an no-sparse family then the augmented
family S built upon n-sparse families F(Q),Q € S, is an 1’17;;0 -sparse
famaly.

2.2. Young functions and normalized Luxemburg norms. By
a Young function we mean a continuous, convex, strictly increasing
function ¢ : [0,00) — [0,00) with ¢(0) = 0 and ¢(t)/t — oo as
t — oo. Notice that such functions are also called in the literature the
N-functions. We refer to [20, 33| for their basic properties. We will
use, in particular, that ¢(t)/t is also a strictly increasing function (see,

e.g., [20, p. 8]).
We will also use the fact that

(2.1) 1floe <16 — | @lf@))de < 1.

!Q\

Given a Young function ¢, its complementary function is defined by
o(t) = sg%) (zt — p(2)).

Then ¢ is also a Young function satisfying t < @~ 1(t)o ' (t) < 2t. Also
the following Holder type estimate holds:

(2.2) el / F@)g@)dz < 2] flloeldllse

Recall that the John-Nirenberg inequality (see, e.g., [12, p. 124])
says that for every b € BMO and for any cube () C R",

(23)  {z € Q:[b(x) —bol > A}| < e|Qle T Wmwe (A > 0).
In particular, this inequality implies (see [12, p. 128])

/ Ib(@)—bg| .
enllbliBMO  ~dx < 1.
[Ql
From this and from (2.1), taking ¢(t) = e’ — 1, we obtain

16— bgllo.@ < cullbllBro-

A simple computation shows that in this case ¢(t) ~ tlog(e 4 t), and
therefore, by (2.2),

1
(2.4) @] /Q (b= bg)gldr < cullbl[Brrollgllog .-
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Notice that many important properties of the Luxemburg normalized
norms | f|,,¢ hold without assuming the convexity of . In particular,
we will use the following generalized Holder inequality.

Lemma 2.5. Let A, B and C' be non-negative, continuous, strictly in-

creasing functions on [0,00) satisfying A~ (t)B~1(t) < C~(t) for all
t > 0. Assume also that C is convex. Then

(2.5) Ifglle.e < 2 fllaellyllze-

This lemma was proved by R. O’Neil [26] under the assumption that
A, B and C are Young functions but the same proof works under the
above conditions. Indeed, by homogeneity, it suffices to assume that
lfllao = llgllB.o = 1. Next, notice that the assumptions on A, B and
C' easily imply that C(xy) < A(x) + B(y) for all ,y > 0. Therefore,
using the Convexity of C' and (2.1), we obtain

ol / (17 (2)g()|/2)de

_2|Q|/ (@i + 5 [ Blotwir) <1

which, by (2.1) again, implies (2.5).
Given a dyadic lattice ¥, denote

MZ f(z)= sup |fllaq-

Q>3z,Qe9

The following lemma is a generalization of the Fefferman-Stein inequal-
ity (1.3) to general Orlicz maximal functions, and it is apparently well-
known. We give its proof for the sake of completeness.

Lemma 2.6. Let ® be a Young function. For an arbitrary weight w,
971
w{r € R" : Mgpf(x)> A} < 3”/ o (M) Muw(x)dx.

Proof. By the Calderén-Zygmund decomposition adapted to Mg (see

6, p. 237]), there exists a family of disjoint cubes {Q;} such that
(R : MIf(z) > A} = U@,

and A < ||flle.g; < 2"A. By (2.1), we see that ||f|le,o, > A implies

Jo, @(1f1/A) > |Qi|. Therefore,

w{z € R" : M7 f(x) > \} = Z

<ZwQZ/

n

() /\)dr < / B(|f (x)|/X) Muw(z)dz.

Z
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Now we observe that by the convexity of ® and Remark 2.2, there
exist 3" dyadic lattices 2V such that

.
My f(x) < 3"y Mg f(x).
j=1

Combining this estimate with the previous one completes the proof. [J

Remark 2.7. Suppose that ®(t) = tlog(e+t). It is easy to see that for
all a,b > 0,

(2.6) O(ab) < 2P(a)d(b).
From this and from Lemma 2.6,

w{z € R : My og 0 f(z) > A} < cn/n o (@) Muw(z)dz.

3. PROOF OF THEOREM 1.1

The proof of Theorem 1.1 is a slight modification of the argument
in [24]. Although some parts of the proofs here and in [24] are almost
identical, certain details are different, and hence we give a complete
proof. We start by defining several important objects.

Let T be an w-Calderén-Zygmund operator with w satisfying the Dini
condition. Recall that the maximal truncated operator 7™ is defined
by

T f(x) = sup

e>0

/ K(z,y)f(y)dy|.
ly—z|>e
Define the grand maximal truncated operator Mt by

My f(z) = sup esssup |T'(fxrm3q)(§)],

Q3z  £eQ

where the supremum is taken over all cubes @) C R" containing .
Given a cube @y, for x € )y define a local version of My by

Mrqgof(z) = sup esssup|T(fxsqnse)(E)l
Q32,QCQ0  €€Q

The next lemma was proved in [24].

Lemma 3.1. The following pointwise estimates hold:
(i) for a.e. x € Qy,
T (fxs00) (0)] < el Tl prmpree | f ()] + Mrg, f();
(ii) for all x € R™,
Mz f(x) < enl(|wllpmi + Cx)M f(2) + T f(x).
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An examination of standard proofs (see, e.g., [12, Ch. 8.2]) shows
that

(31) maX(HTHLl%LLoo, HT*’|L14)L1,00) < CnCT.
By part (ii) of Lemma 3.1 and by (3.1),
(3.2) HMTHL1_>L1,O<> S CnCT.

Proof of Theorem 1.1. By Remark 2.2, there exist 3" dyadic lattices
2 such that for every @ C R", there is a cube R = Ry € 2V for
some j, for which 3Q) C Rg and |Rg| < 9"|Q)|.

Fix a cube (g C R™. Let us show that there exists a %—sparse family
F C D(Qo) such that for a.e. = € Qy,

(3-3) b, T1(fx3q0)(2)]

< cnCr Y (1b(x) = brgllflsq + |(b = brg) fls) xo()-
QeF

It suffices to prove the following recursive claim: there exist pairwise
disjoint cubes P; € D(Qp) such that . [F;| < $1Qo| and

0.7 xa0)@lxar < eaCr(b(e) = big | lac + (b = big,)flacy)
+ I TI ) @)

a.e. on (o. Indeed, iterating this estimate, we immediately get (3.3)

with F = {Pf}, k € Z;, where {P)} = {Qo}, {P}} = {P;} and {P]}

are the cubes obtained at the k-th stage of the iterative process.
Next, observe that for arbitrary pairwise disjoint cubes P; € D(Qy),

[0 T](f X300 )Xo = [0 T1(fX300) IX@o\UsP; + Z |[b, T](f X300)IxP,

J

< |16, TI(f x3@0) [X@o\Us Py + Z [6, T)(fXx300\3p,) IXP,

+Z|[b>T](fX3Pj)\xpj.

Hence, in order to prove the recursive claim, it suffices to show that
one can select pairwise disjoint cubes P; € D(Qo) with >, [P;] < 1Qo|
and such that for a.e. = € o,

(3-4) [, TT(fx30) [Xao\u P, (%) + Z (b, T](fX3q0\3p,) X P (7)

J

< nCr([b(x) = brg, |1 f13q0 + (0 = brg, ) flsqo)-
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Using that [b,T]f = [b — ¢, T|f for any ¢ € R, we obtain

(3~5)| [b7 T](fX?)Qo)lXQO\Uij + Z Hb, T](fX3Q0\3Pj)|XPj

J

< 16— brg, | (IT(Fxs0) Xanp, + Do 1T Xaqmar,) x, )
J

+|T<<b - bRQO)fX3QO)|XQO\Uij + Z |T(<b - bRQO)fX3Q0\3Pj)|XPj'

J
By (3.2), one can choose «,, such that the set F = F; U E,, where

By ={z c Qo: [f(2)] > anlflsqur U{zr € Qo: Mrgof > anCrlflsqe}

and
Ey = {z€Qo:|(b—"brg)f|> an|(b—brg, ) l30.}
U {x c Qo : MT,QO ((b - bRQO)f> > anCT’(b - bRQO)f‘3QO}7

will satisfy |E| < 5t |Qol-
The Calderén-Zygmund decomposition applied to the function yg
on Qg at height \ = ﬁ produces pairwise disjoint cubes P; € D(Qy)

such that )

on+1
and |E'\ U;P;j| = 0. It follows that > |P;| < 1|Qo| and P; N E° # 0.
Therefore,

1
P <P Bl < 5P

esgs sup IT(fx3q0\3P;)(§)| < cnCrlfl30,
S

and
esssup |T'((b — brg, ) [x300\37,)(€)] < cnCr|(b— bRy, ) f3qo-

£ep;
Also, by part (i) of Lemma 3.1 and by (3.1), for a.e. x € Qg \ U, P},

T(fx300)(2)] < nCrl 30
and
I T((b = broy ) fX300) (@) < enCrl(b = brg, ) flsqo-

Combining the obtained estimates with (3.5) proves (3.4), and there-
fore, (3.3) is proved.

Take now a partition of R” by cubes @; such that supp (f) C 3Q;
for each j. For example, take a cube @y such that supp (f) C @y and
cover 3Q \ Qo by 3" — 1 congruent cubes ();. Each of them satisfies
Qo C 3Q);. Next, in the same way cover 9Q \ 3Q, and so on. The
union of resulting cubes, including @)y, will satisfy the desired property.
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Having such a partition, apply (3.3) to each @;. We obtain a 3-

sparse family F; C D(Q;) such that (3.3) holds for a.e. z € (); with
|Tf| on the left-hand side. Therefore, setting F = U;F;, we obtain
that F is a %—sparse family, and for a.e. x € R",

(3:6) b, T1f (@) < eaCr Y (16(2) =brgIflsg+I(b—bro) flse) xa(2).
QeF

Since 3Q) C Rg and |Rq| < 3"|3Q|, we obtain |flzq < culf|r,-
Further, setting S; = {Rg € 2V : Q € F}, and using that F is
%—Sparse, we obtain that each family &; is ﬁ—sparse. It follows from
(3.6) that

b, T]f ()] < CnCTZ Z (Io(x) = brllflr + (0 = br) flr) xR (2),

j=1 ReS;

and therefore, the proof is complete. O

4. PROOF OF THEOREM 1.2 AND COROLLARY 1.3

Fix a dyadic lattice . Let § C & be a sparse family. Define the
Llog L sparse operator by

As g f(@) =Y [l zogoxo(®).

QeS

It follows from (2.4) that

(4.1) Tos f(@)] < callbllBroAs Liog . f ().
Let ®(t) = tlog(e +t). Given a Young function ¢, denote

C, = / o . g
L t?log(e+ 1)
By Theorem 1.1 combined with (4.1), Lemma 2.3 and a submulti-

plicative property of ® expressed in (2.6), Theorem 1.2 is an immediate
consequence of the following two lemmas.

Lemma 4.1. Suppose that S s %—sparse. Let ¢ be a Young function
such that C, < 0o. Then for an arbitrary weight w,

IUAS,LIOgLf(A) < cC’L‘D /n ) (’f()\ﬂf)l

where ¢ > 0 is an absolute constant.

) M(@OSD)(L)IU(ZE)CZ:E ()\ > 0),
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Lemma 4.2. Let b € BMO. Suppose that S is %-sparse. Let ¢ be a
Young function such that C, < oo. Then for an arbitrary weight w,

cnCo|bll Brro

3 |f< )| Mgopypyw(z)dz (A > 0).

wr, sf(A) <

In the following subsection we separate a common ingredient used

in the proofs of both Lemmas 4.1 and 4.2. The sparseness conditions

imposed in both of those Lemmas will be needed in order to use that
common ingredient.

4.1. The key lemma. Assume that ¥ is a Young function satisfying
(4.2) U(4t) < Ag¥(t) (t>0,Ag >1).
Given a dyadic lattice Z and k € N, denote
={Qe 74" <|lfllvg <4}

The following lemma in the case ¥(t) =t was proved in [9, Lemma
3.2]. Our extension to any Young function satisfying (4.2) is based on
similar ideas. Notice that the main cases of interest for us are W(t) =t
and V(t) = o(t).

Lemma 4.3. Suppose that the family Fy, is (1 — L) -sparse. Let w

27y
be a weight and let E be an arbitrary measurable set with w(FE) < oo.
Then, for every Young function o,

[ (5 vt <20t ¢ 8 [ )t

QEFk

Proof. By Fatou’s lemma, one can assume that the family Fj is finite.
Split Fj, into the layers Fi ., v = 0,1,..., where Fj( is the family of
the maximal cubes in Fj, and Fj, .41 is the family of the maximal cubes

iIl Fk \ UE/:O Jrk,l-

Denote Eq = Q\Ugez, ., @ for each @ € Fi,. Then the sets Eq
are pairwise disjoint for ) € Fy.

For v > 0 and @) € F}, denote

Ap(Q) = U Q.
QEF, e QCQ
Observe that

Q \ Ak U U EQ/.

=0 Q' €Fk,4+1,Q'CQ
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Using the disjointness of the sets Eg, we obtain

2k 1
S eEn@\A4Q) < X Y Y Y wEnky)
QEFy v=0 Q€Fy,, =0 Q' E€Fk it
Q'CQ
(4.3) < 28" w(ENEg) < 2'w(E).
QETy
Now, let us show that
2A
(4.4) 1< WT : U4k f(2)))dz  (Q € Fp).
Q
Fix a cube Q € Fy,. Since 47571 < || f|lw.g, by (2.1) and by (4.2),
A
(4.5) 1< @ WM f) < |5| U (4" 1))

On the other hand, for any P € F;, we have || f|l¢.p < 47%, and hence,

by (2.1),
1 k
7 [ v <

Using also that, by the sparseness condition, |Q \ Eg| < ﬁ|Q|, we
obtain

k k k
|@r/ £l = |@| g T P / (17D

Q'ESy,,
- |Q\EQ| - U (4F L
< . o < T

which, along with (4.5), proves (4.4).
Applying the sparseness assumption again, we obtain |A;(Q)| <
(1/2A¢)%|Q|. From this and from Holder’s inequality (2.2),

w(Ax(Q)) 2
_ 2 — —
|Q| < HXAk(Q)HLP,QHw”%Q @_1<|Q’/|Ak(Q)|)”wH%Q

2
S o o 1 Wee-
9071((2/&\1/)2]6)“ ”<PQ
Combining this with (4.4) yields

4A\p
< A J, I e

W4 f]) +

w(Ax(Q))
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Indeed,

2
w(A(Q)) < |Q|WHWH%Q

4y
< i (M) [ v
A E w(z)dz
< e, VDM

Hence, by the disjointness of the sets Eg,

4A\1; k
> vl £ | v @D s

which, along with (4.3), completes the proof. O

4.2. Proof of Lemmas 4.1 and 4.2. We first mention another com-
mon ingredient used in both proofs.

Proposition 4.4. Let U be a Young function. Assume that G is an
operator such that for every Young function o,

46) we < ([ 2 ) [ o (V) o
Then

war() < e, / K (if(;ﬂ) Mopwyw()de,

. oo —1(t)
where ¢ > 0 is an absolute constant, and C, = 2@ dt.
’ ® 1 t2log( e+t

Indeed, this follows immediately by setting ® o instead of ¢ in (4.6)
and observing that (P o)™ =1 od~ ! and

plodl(t) [ o),
(47) /1 Z oW = /CD R G

Turn to Lemma 4.1. We actually obtain a stronger statement, namely,
we will prove the following.

Lemma 4.5. Suppose that S is = sparse Let ¢ be a Young function

such that ) log]
t
K, / Joglog(e” +1) jy _ .
t2 log(e + )
Then for an arbitrary weight w,

x
WA 1og 1 f(A) < €K . ® <|f()\ )|> Mypyw(z)dz (A >0),

where ¢ > 0 is an absolute constant.
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Since K, < [ 90;12(75)
lows from Lemma 4.5.

Proof of Lemma 4.5. Consider the set
E = {ZL‘ e R": Ag,LlogLf(ZE) > 4, MLlogLf(x) < 1/4}
By homogeneity combined with Remark 2.7, it suffices to prove that

(4.8) w(B) € ek, | (@) Myqyw(a)d

One can assume that w(E) < oo (otherwise, one could first obtain (4.8)
for E'N K instead of E, for any compact set K).
Denote

S ={QeS: 47" < | fllrogro < 47"}
and set

Tif(x) = D | flrigroxe(@).

QESk

If ENQ # 0 for some Q € S, then ||f||z10gr.0 < 1/4. Therefore, for
r el

(4.9) As.osLf (7 Zka

Now we apply Lemma 4.3 with ¥ = & and F, = Sg. Notice that,
by (2.6), one can take Ay = 16 in (4.2) and ®(4%|f]) < ckd*®(|f]).
Combining this with T f(z) < 47* > 0es, X@» by Lemma 4.3 we obtain

—F —Ck x)dx
[ @p@mte)s <2t + T [ o@D

Combining (4.9) with the latter estimate implies,

U)(E) < /ASLlogLf d17< Z/ka

= k
< —w(E)+c (}; W) /R (| f(2)) Myp(ryw(z)dz.
From this,
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First we observe that if 22" < ¢ < 22°_ then we have that loglog(e2 +
t) ~ k and also

92F

/ dt
g2h-1 tlog(e + 1)

Taking those facts into account

k
° k - > 1 2 loglog(ez—l—t)dt
2 5 07y = CLu 5127 J tloglet+t)
=~ om1(27) T & eT(2P) U og(e

22"
~ log logt|22k_1 >~ c.

Next, we observe that since @_;1(0 is a non-increasing function then
o] 22k 2
loglog(c? + t)
2 e dt
— (2 g2k-1  tlog(e +t)

1ogloge +1)
< dt < cK
CZ/QIC 1@ tlog(e+t) = e

where the last step follows from the fact that ¢='(t)o'(¢) ~ t. This
estimate along with the previous estimates, yields (4.8), and therefore,
the proof is complete. O

Proof of Lemma 4.2. Denote
B ={a:|Tsf(@)| > 8 Mf(z) < 1/4}.

By the Fefferman-Stein estimate (1.3) and by homogeneity, it suffices
to assume that ||b|| o = 1 and to show that in this case,

w(E) < cC, |f(:p)|M(¢,w)(L)w(:p)d:E.
R"L

Let
Sp={QeS: 4" <|flg <47}
and for Q) € S, set
Fu(Q) = {z € Q: [b(z) — bg| > (3/2)}.
If ENQ # 0 for some Q € S, then || f|lg < 1/4. Therefore, for z € E,

Tosf(2)] < Z > () = boll floxa (@)

k=1 QeS8
Z 3/2)" > |floxe(z) + Z > Ib(x) = boll floxr@ ()
= QESK k=1 Q&S

= 7:f( )+ Taf ().
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Let B; ={x € E:T;f(z) >4},i=1,2. Then
(4.10) w(E) < w(Ey) + w(Es).
Lemma 4.3 with W(¢) = ¢ yields (with any Young function ¢)

[ et < (St oty

+16<Oo 3/222k /!f )| My ryw(z)da

This estimate, combined with w(E;) < 7 f B Tif(x)w(z)dz, implies

w(E1)§16<OO ) /|f Mzy0(a)do

Since ¢~ (t)p 1 (t) ~ t, we obtain

o0

23/222k Z/MO _<c/1°°“";<t>dt.

wimn) <o [T EL ) [ 1M

which by Proposition 4.4 yields

Hence,

(4.11) w(Er) £ Cy | 1) Migapyyu(e)de.

Turn to the estimate of w(E,). Exactly as in the proof of Lemma 4.3,
for Q € S, define disjoint subsets Eg. Then, by (4.4),

8
— dzx.

Hence,

1
w(Ey) < —||75f||L1

5222 o L ) = balwteye) [ s

Q

Now we apply twice the generalized Holder inequality. First, by
(2.4),

1

4.12 —
W2l e

b(z) — bglw(z)dr < cpllwXF(@)llLios G-
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Second, we use (2.5) with C(t) = ®(t), B(t) = ® o ¢(t) and A defined
by

cit) _ e7(Y)

B7(t)  ptod (1)’

Since @(t)/t and ® are strictly increasing functions, A is strictly in-
creasing, too. Hence, by (2.5), we obtain

ANt =

(413)  [lwxm@llcogre < 2xF@llagllwll@op).0
2

= [0l (@og) -
AT(QI/E(@D T
By the John-Nirenberg inequality (2.3), |Fj(Q)| < ag|Q|, where ay, =

k
min(1, e~ 1), Combining this with (4.12) and (4.13) yields
1 c
— b(z) — bolw(x)dr < ———||w|(pow).0-
‘Q’ Fu(@) ‘ ( ) Q| ( ) Ail(l/@k) H H(‘I’ ©),Q

From this and from (4.12) we obtain

S loll@ene / F(@)dz

QESk Eq

- 1
M) S 1

< cn<kz:; m> . | f(2)| M (@op)(r)yw(x)dx.

Further, the sum on the right-hand side can be estimated as follows:

= 1 e | L
— <
; A7 (1 on) CZ/ A0 tlogle+ )

k=1 Y /ak—1

oo -1 —1 oo ,.—1 —1
gc/ p o2 (1) L >dt§c/ L(I)(t)dt.
1 1

O-1(t) tlog(e+t t?
Therefore, by (4.7),

w(Es) < c,Cy [ |f(@)|[M@op)ryw(z)de,
R’ﬂ
which, along with (4.10) and (4.11), completes the proof. O

4.3. Proof of Corollary 1.3. The proof follows the same scheme as
in the proof of [18, Corollary 1.4], and hence we outline it briefly.
Using that logt < % for t > 1 and a > 0, we obtain

C
a1+€

M og Lyr+ew(x) < Mivavoew(x).
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Next we use that for r, = 1 + —+—, Mmw(x) < 2Mw(x). Hence,

Cn [w]Aoo

if v is such that (14 ¢)a = ﬁ, then

[w]

1 Crlz+5 1+¢ C7lz+€ 1+e
~Migog ryr+ew (@) < ——w];T Mw(z) < =—[wlylw]a, wiz).

This estimate with € = 1/log(e + [w]a., ), along with (1.8), completes
the proof of Corollary 1.3.

5. PROOF OF THEOREM 1.4

The main role in the proof is played by the following lemma. Denote
by Q(b; Q) the standard mean oscillation,

Q) = /Q b(x) — bolda.

Lemma 5.1. Let ¥ be a dyadic lattice and let S C & be a ~y-sparse

family. Assume that b € L. Then there exists a ﬁ-sparse famaly

S C 9 such that S C S and for every cube @ € g,

(5.1) b(z) — bo| <2 D" Q(b; R)xr(x)
ReS,RCQ

for a.e. x € Q.

This lemma is based on several known ideas. The first idea is an
estimate by oscillations over a sparse family (see [11, 16, 22]) and the
second idea is an augmentation process (see Section 2.1).

Proof. Fix a cube @ € 2. Let us show that there exists a (possi-
bly empty) family of pairwise disjoint cubes {P;} € D(Q) such that
> 1P < :|Q] and for ae. z € Q,

(52)  |b(x) —bol <2705 Q) + Z [b(z) = be,[xp; (2)-

J

Consider the set
E = {CL‘ €Q: Mg(b —bg)(x) > 271+QQ([);Q)},

where Mg is the standard dyadic local maximal operator restricted to
a cube Q. Then |E| < #55|Q).

If E = 0, then (5.2) holds trivially with the empty family {P;}.
Suppose that E # (). The Calderén-Zygmund decomposition applied
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to the function xyg on @ at height A = 2,1% produces pairwise disjoint
cubes P; € D(Q) such that

7B < 1B E| < 5P

and |E\ U;P;| = 0. It follows that . [F;| < 11Ql and P; N E° # 0.
Therefore,

(5.3) lbp, — bo| < == P / |b(z) — bg|dz < 2"T2Q(b; Q)

and for a.e. = € Q,

1b(x) — bglxq\u,p; () < 2"2Q(b; Q).
From this,
() = bolxe(z) < |b(x) = bolxo\u,r (@) + Y lbe, — balxp (@)
J

+ 2 1b(@) = ba[xp, (@)
< 2700:Q) + 3 (@) — ba X (),

which proves (5.2).
We now observe that if P; C R, where R € D(Q), then RN E° # (),
and hence P; in (5.3) can be replaced by R, namely, we have
|bR - bQ| < 2n+2Q(b; Q)

Therefore, if U;P; C U;R;, where R; € D(Q), and the cubes {R;} are
pairwise disjoint, then exactly as above,

(54)  [b(x) — bo| < 2""*Q(b; Q) + Z b(x) — br,[xr, (2)-

Iterating (5.2), we obtain that there exists a 3-sparse family F(Q) C
D(Q) such that for a.e. x € Q,

[b(x) —bolxe <27 > Qb; P)xp(x).
PeF(Q)

We now augment S by families 7 (Q) @ € S. Denote the resulting
family by S. By Lemma 2.4, S is 1+ )

Let us show that (5.1) holds. Take an arbitrary cube Q € S. Let
{P;} be the cubes appearing in (5.2). Denote by M(Q) a family of the

maximal pairwise disjoint cubes from S which are strictly contained in

-sparse.
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(). Then, by the augmentation process, U; P; C Upeaq()F’. Therefore,
by (5.4),

(55)  |b(x) = bolxqlz) <2°Qb;Q) + Y |b(x) — bplxp(x).
PeM(Q)

[terating this estimate completes the proof. Indeed, split S(Q) = {P €
S : P C Q} into the layers S(Q) = U2 My, where My = Q, M, =
M(Q) and My, is the union of the maximal elements of Mj_;. Iterating
(5.5) k times, we obtain

[b(x) = bolxa(x) <272 Y Qb P)xr(z)
(5.6) resQ)
+ Z b(x) — bp|xp(z).

PeM,y,

Now we observe that since § is -sparse,

_
2(14)

1 1 2(1+7)
D IPIS g 2 PI< g 2 Pl Smlel

i=0 PEM; PeS(Q)

Therefore, letting k — oo in (5.6), we obtain (5.1). O

Recall the well-known (see [7] or [25] for a different proof) bound for
the sparse operator Ag, where S is y-sparse:

max 1,%1
61 Ml < emplols ) (1< p <o)

Proof of Theorem 1.4. By Theorem 1.1 and by duality,

(5.8) b, Tl Lo (uy— Lo (x)
3n
<enlr Y (1T, 0l ooy 2o0) + 1T bl Loy 22 )
j=1
377.
= cnCr Z (HE,bHLP'(J,\)%LP'(Uu) + ”TsZ,bHLP(uHLP(A)L
j=1

where S; C 20) is Q,gn -sparse.



ON POINTWISE AND WEIGHTED ESTIMATES 25

By Lemma 5.1, there are ﬁ—sparse families gj containing S;, and

also, for every cube @) € §;,

/Q b(@) — bollf()ldz < e S Qb R) /R f(@)|dz

RES;,RCQ

<clblso, S flav(R) < callllso, /Q Ag (1) (@)v(x)de.

RES;,RCQ

Therefore,
T2 @) < eallbllsro, As, (As (F)v) (x).
Hence, applying (5.7) twice yields

(5:9) 75 Jllere—rroy < caplibllzaro, 1Az oyl Ag, | o)

< enp(Wa bl )™ 70 ol o

From this and from the facts that v = (u/\)'? = (0y/0,)"/?" and
1

[0w]a, = [w]} ", we obtain
* max | 1, ,1
T2 oo < (il )™ C7) bl o,
max 1,%
= euy (14, 0)™ 7 ol v,

[t remains to combine this estimate with (5.8) and (5.9), and to observe

that T3,/ ()] < T2 I/ (2)] -
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