EULER REFLEXION FORMULAS FOR MOTIVIC MULTIPLE
ZETA FUNCTIONS

LE QUY THUONG AND NGUYEN HONG DUC

ABSTRACT. We introduce a new notion of E-product of two integrable series
with coefficients in distinct Grothendieck rings of algebraic varieties, preserving
the integrability and commuting with the limit of rational series. In the same
context, we define a motivic multiple zeta function with respect to an ordered
family of regular functions, which is integrable and connects closely to Denef-
Loeser’s motivic zeta functions. We also show that the E-product is associative
in the class of motivic multiple zeta functions.

Furthermore, a version of the Euler reflexion formula for motivic zeta func-
tions is nicely formulated to deal with the E-product and motivic multiple zeta
functions, and it is proved for both univariate and multivariate cases by using
the theory of arc spaces. As an application, taking the limit for the motivic
Euler reflexion formula we recover the well known motivic Thom-Sebastiani
theorem.

1. INTRODUCTION

We study extensions of Denef-Loeser’s motivic zeta functions under motivations
from a nice simple formula concerning multiple zeta values ¢ and from a problem
on poles of the Igusa local zeta function of a Thom-Sebastiani type function. The
latter may involve the monodromy conjecture, the highest interest of ours so that
the present work is just a start. The relation between real numbers s1,s9 > 2
presented through the single and double zeta values as

((s1)¢(s2) = ((s1,52) + ((s2,81) + ((s1 + 52)

is widely known as the Euler reflexion formula, whose further important generaliza-
tions can be found in Zagier’s works, such as [16]. This beauty partially inspires us
to consider an analogous phenomenon in the framework of motivic zeta functions,
which probably provides more profound relations than the motivic Thom-Sebastiani
theorem does.

In [2] and [8], Denef and Denef-Veys discuss poles of the Igusa local zeta function
Zs(s,x, f) of a polynomial f with respect to a Schwartz-Bruhat function & and
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to a character y. It is proved that there exists a function A(s,y) depending on a
character such that, for polynomials f and g and Schwartz-Bruhat functions ® and
¥, the poles of A(s,x)Zaw(s, X, f(x) + g(y)) are of the form s; + s2, where s; and
s9 are poles of A(s, x1)Za(s,x1, f) and A(s, x2)Zw(s, X2, ), respectively, for some
x1X2 = X- Naturally, we can ask whether a similar result still holds for motivic
zeta functions, and, hopefully, a motivic Euler reflexion formula may be the first
step to answer it.

The motivic zeta function of a regular function was developed in the background
of Denef-Loeser’s motivic integration [3, 4, 5]. Afterwards, a version for a family of
regular functions was also discussed in [9] and [11]. Such a motivic zeta function for
r regular functions f; on a smooth algebraic variety X over a field k of characteristic
zero is a formal series Zy, . (T4,...,T,) with coefficients in a certain monodromic
Grothendieck ring Mﬁxo, where Xy is the common zero set of the family of f;.
Originally, it is defined as follows

Zfireifr (Th,....T;) = Z [:X:nhm,nr]L_dzm eI,

where the sum is taken over NL, and X,, ., is the set of arcs ¢ € Ly, (X)
such that f;(¢) = t™ modulo t™*!. When looking for a motivic analogue of the
Euler reflexion formula, we recognize that Zy, ¢ is still rather far to be an ap-
propriate one, even letting the sum run over the “optimal” subset A of NZ; defined
by 1 < n; < --- < n,. This requires a solid improvement in many aspects, in-
cluding motivic zeta functions and products of them. In our approach, we replace
the conditions f;(p) = t™ modulo t"*! by ordf; > n; for every 2 < i < r, and
take the sum over A, where the resulting motivic zeta function will be denoted
by (f,,....5.(Th,...,T;). This new notation still covers classical motivic zeta func-
tions Zy, (T1), thus from now on we shall write (¢, (71) in stead of Zy, (T}) for the
coherence in literature. The integrability of (p,.. 5.(T1,...,T,) will be proved in
Corollary 5.9.

We introduce a new product of two integrable series (e.g., motivic zeta functions)

in different rings of formal series. More precisely, if a(T) € My [[T]] and b(U) e
My [[U]] are integrable series in several variables, we define a reasonable element

a(T) ® b(U) in My .y[[T,U]] which is also an integrable series (Definitions 3.1
and 5.10, Corollary 5.9). Here, for a technical reason, we work in an appropriate

localization W)‘( of M% for any base X. Roughly speaking, the E-product is an
object lying in the middle of the external product and the convolution. When T
and U reduce to univariates T' and U, the commuting of B with limp_y . will
be stated in Theorem 3.2 and given a complete proof. This product allows us to
describe the motivic zeta function of a Thom-Sebastiani type regular function in
terms of motivic multiple zeta functions.

The following is the statement of the most important results of the present
article, the motivic Euler reflexion formulas. Let X and Y be smooth algebraic
k-varieties, on which it admits regular functions f and g with the zero loci Xy and
Yy, respectively. Let f @ g be the function on X x Y defined by the sum f(z)+g(y).
Denote by ¢ the inclusion of Xy x Yy in X x Y. The motivic Euler reflexion formula
in this case states that the identity

(M) BCU) = Crg(ToU) + G (U, T) + (g (TU),
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holds in M;MYO[[T, Ul]]. This formula is given in Theorem 4.1. As an application,
taking T' = U and using the fact that ® and limp_,, commute, we can deduce from
the motivic Euler reflexion formula the motivic Thom-Sebastiani theorem, which
was proved previously in [5], [15] and [13].

More generally, we consider ordered families of regular functions f = (f1,..., f,)
and g = (g1,...,9s) on smooth algebraic k-varieties Xi,...,X, and Yi,..., Y5,
with common zero loci Xy and Yj, respectively, and formulate the general motivic
Euler reflexion formula as follows

* bn
Cf(T) Cg(U) = Z 2 Cpla"wpn (Tg; U,Bbi L ,Tg;} Uﬁn)7

where the context of the identity is MﬂXOXYO [[T,U]], and the sum is taken over all
the ordered families of regular functions (p1,...,p,) satisfying

pi = aifai @bigﬁiy 1<i<n,
with (a;,b;) € {0,1}2\ {(0,0)}, Yo(a; + b;) = r + s, and {a;}a,=1 and {B;}p,=1
being strictly monotonic increasing sequences, and ¢ is the inclusion of Xy x Y in
[Ti—, Xi x [1;_, Y; (see Theorem 5.12). An direct corollary of this formula is the

associativity of the E-product in the class of motivic multiple zeta functions (see
Corollaries 5.13 and 5.14).

Acknowledgement. Part of the present article was written at the Mathematisches
Forschungsinstitut Oberwolfach (MFO) and the Vietnam Institute for Advanced
Study in Mathematics (VIASM). Thanks are sincerely sent to the institutes for
their warm hospitality during the authors’ visits.

2. PRELIMINARIES

2.1. Grothendieck rings and rings of formal series. Let k be a field of char-
acteristic zero, X an algebraic k-variety and Varx the category of X-varieties.
The Grothendieck group Ko(Varx) of X-varieties is an abelian group generated by
symbols [Y — X] for objects Y — X in Varyx modulo the following relations

Y = X]=[V = X]
if Y - X and V — X are isomorphic in Vary, and
Y=>X]|=V-oX]+[Y\V = X]

if V' is Zariski closed in Y. Furthermore, Ko(Varx) has structure of a ring with
unit with product induced by fiber product of X-varieties and the unit being the
class of the identity morphism X — X. Let My be the localization of Ky(Varx)
with respect to the multiplicative system of L’ with i € N, where L := [A}] =
[A} x X — X]. In this situation and from now on, whenever writing X x X' for
k-schemes X and X’ we means the fiber product X x; X'.

Let f1n, = pn (k) be the group scheme of nth roots of unity in k, Spec(k[t]/(t"—1)).
The family of all u,,, n € N5 g, forms a projective system with respect to morphisms
nm — Hn given by & — €™, we denote its projective limit by ji. By definition,
a good pi,-action on an X-variety Y is a group action u, x Y — Y, which is a
morphism of X-varieties, such that each orbit is contained in an affine k-subvariety
of Y'; a good fi-action on Y is an action of i on Y factoring through a good p,,-action.

The monodromic Grothendieck group Kg (Vary) of X-varieties endowed with
good fi-action is an abelian group generated by the ji-equivariant isomorphism
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classes [Y — X, o], o being a good fi-action on X-variety Y, modulo the following
conditions
Y =X ol=[V—=Xoly]+[Y\V = X oly\v]
if V' is Zariski closed in Y and
Y x A = X,0] =[Y x A} = X,0]

if o, ¢’ lift the same fi-action on ¥ — X to an affine action on ¥ x A} — X. When
no confusion may happen, we write [Y, o] for [\ — X, o] for simplicity. Thanks to
fiber product of X-varieties, K'(Varx) has the natural structure of a ring. Define

Mhy = Kb (Varx)[L™'],
the [i-equivariant version of the ring Mx. We also consider the ring M’;( when

working with good [i"-actions. Let Mé be the localization of Mi with respect to
the multiplicative family generated by the elements 1 — L™ with n € N5g. There

is a natural morphism loc : Mé‘( — ﬂux, which has not been proved or disproved
to be injective; however, for simplicity of notation, if necessary, we shall identify a

with loc(a), that is, consider a € Mg‘( as an element of M.
For a morphism of k-varieties f : X — X', one defines group morphisms f; :

M”X — MﬂX, and f : ﬁl;( — ﬁﬂX, by composition, also defines ring morphisms
e M‘;‘(, — M*)L( and f* : ﬁ;, — M& by fiber product. If X’ = Speck, fi is
usually denoted by .

Let M be a Z[L,L~!-module, and let T = (T1,...,T,) be a multivariate. We
shall consider M[[T]] and the following sub-Z[L, L~!]-modules

M[[T]ls = M[T] [(1 —L™T™)~]

M{[T)ser := M[T] [(1 - L™T")~"]

M{[TJine == M[T] [(1 = L"T") 7]
The identity

(m,n)EZX (NT\{(O,...,O)}) ?
(mm)€Zeox (N\{(0,...0)}) » 20D

(mn)€Z<ox (N"\{(0,...,0)}) *

1
_ LT l
]_ _ ]Lan Z( )
>0

induces canonical embeddings of the previous modules in M[[T]]. Elements of
M[[T]]s: are called rational series, elements of M[[T|]ssr are called strongly rational
series, and elements of M[[T]ins are called integrable series, over M. It is immediate
that an integrable series is also a strongly rational series and a strongly rational
series is also a rational series. The terminology “integrable” is inspired from the
discussions of Cluckers and Loeser on integrable constructible functions in Section
4, especially Theorem 4.5.4, of their article [1].

In particular, if we fix a k-variety X and let M be one of two rings M; and ﬁ;,
then the previous rings can be obviously viewed as M-modules. If this is the case,
and if T reduces to a univariate T, we get that every integrable series is also of
finite mass in the sense of Looijenga [15]. Moreover, as shown in [3], there exists a
unique MﬂX—linear morphism

lim : M[[T]]sy = M
T—o0

such that limp_, % = —1 for any (m,n) € Z x Ns.
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2.2. Arc spaces and motivic zeta functions. Let X be an algebraic k-variety.
For any n € N+, let £,,(X) be the space of n-jet schemes of X, which is a k-scheme
representing the functor sending a k-algebra A to the set of morphisms of k-schemes
Spec(A[t]/(#"*1)) — X. For any pair n < m, the truncation defines a morphism of
k-schemes
7t L (X) = L,(X)

and this is an affine morphism. If X is smooth of dimension d, the morphism 7" is
a locally trivial fibration with fiber A;@m_")d. The n-jet schemes and the morphisms
m form in a natural way a projective system of k-schemes, we denote its limit by
L(X) and call this space the arc space of X. For any field extension k C K, the
K-points of £(X) correspond one-to-one to the K[[t]]-points of X.

Furthermore, the schemes £,,(X) and £(X) are endowed with a natural action
of p, given by £p(t) := p(&t). The profinite group scheme [ acts on these schemes
via fi,’s.

Assume in the rest of this section that X is a smooth algebraic k-variety of pure
dimension d. Let f : X — A} be a regular function with the zero locus Xy. For
n € Nxg, let X,,(f) be the set of arcs ¢ € £,,(X) such that f(¢) = t" mod t"*1.
Since the image of X,,(f) under the canonical morphism £,(X) — X is contained
in X, it is also an Xy-variety. Furthermore, X, (f) is stable for the action of u,
on £,(X), thus it defines a motivic class [X,,(f)] := [Xn(f) = Xo] in M’lXO. The
motivic zeta function of f is defined as follows

Zp(T) = [Xu ()L,

n>1

which lives in MﬂXU [[T]]. If « is a closed point in X, we define the local motivic zeta
function Z; o(T) to be *Z;(T), where «* stands for the pullback of the inclusion
of z in Xy. Clearly, the series Z;,(T') is an element of M, [[T]].

Theorem 2.1 (Denef-Loeser). The motwic zeta function Zz(T) is an integrable
series.

The proof of Theorem 2.1 by Denef and Loeser in [3] uses in a crucial way
invariants of a log-resolution of Xy. Let us now recall briefly their work with such
a resolution h : Y — (X, Xy). The exceptional divisors and irreducible components
of the strict transform for A will be denoted by FE;, where 7 is in a finite set A. For
() £ I C A, one puts

Er = ﬂEi and E}’:EI\UEj.
iel JE¢1
Consider an affine covering {U} of Y such that on each piece U N EY # ) the
pullback of f has the form u]J,.; le with v a unit and y; a local coordinate
defining F;. Let my denote ged(N;);cr. Denef and Loeser study the unramified

Galois covering 77 : EY — E} with Galois group p,,, defined locally with respect
to {U} as follows

{(z9) € AL x (UNED) | 2™ =u(y)™'}.

The local pieces are glued over {U} as in the proof of [3, Lemma 3.2.2] to give
E? and 7 as mentioned, and the definition of the covering n; is independent of
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the choice of the affine covering {U}. Furthermore, E’? is endowed with a p,,-
action by multiplication of the z-coordinate with elements of p,,,, defining a class
[EI"] = [EIO — E9 — Xo] in MﬂXO (cf. [7]). For each i € A, we denote by v; — 1
the multiplicity of E; in the divisor of h*wyx, where wx is a local generator of the
sheaf of differential forms on X of maximal degree. Then Denef-Loeser’s formula
of motivic zeta function in terms of h is the following
—vi N
(21) 25T = Y @) EI ]
P£ICA il

which holds in M@O [[T]]. This proves that Z;(T) is an integrable series.
The quantity

8y == Jim Zy(T)= 3 (1-L)"I(E]]
0#AICA

in Mﬂxo is called the motivic nearby cycles of f. Also, the element S¢, := z*8; of

M’kL is called the motivic Milnor fiber of f at x. Recently, 8y and 87, have been
getting more important in singularity theory because of their relations with various
classical invariants, such as Euler characteristic, Hodge spectrum, monodromy zeta
functions (cf. [6, 7], [9], [10]).

More generally, we are going to consider a modification of the motivic zeta
function in several variables concerning a family of functions mentioned in Guibert
[9]. The version with a rational polyhedral convex cone in NT, was studied by
Guibert-Loeser-Merle [11] for one variable with respect to an appropriate linear
form on the cone. Let f be an ordered family of r regular functions f; : X — Af.
For simplicity of notation, we also write X for Xo(f), the common zeros of the
family f. For any n € N2, let [n| = >"'_, n;, and we define

Xa(f) == {¢ € Lin|(X) | filp) =t" mod ™11 <i<r}.

In the particular case where X = X; x---x X,. with X; smooth algebraic k-varieties
and, for every 1 < ¢ <r, f; is a regular function on X;, we define

. fl(@l) =t" mod tn1+1
Dn(f) = {(p = (@17...7@T) S L‘n‘(X) ord fi(ps) > 5,2 < i <r .

It is clear that, for every n € NZ ), X,(f) (resp. Dn(f)) is stable under the good
Hgcd(n)-action (resp. fi,,-action) on the space L5 (X) given by £p(t) = o(&1)
(resp. &p(t) := (p1(&t), 2(t), ..., or(t)), and that Xy (f) (resp. Dn(f)) admits a
morphism to Xg. This fact thus gives rise to an element [Xy(f)] := [Xa(f) = Xo]
(resp. [Dn(f)] := [Dn(f) — Xo]) in M, .

Let C be a rational polyhedral convex cone in N{;, let A be the special one
among C’s which consists of n = (ny,...,n,) such that 1 <mn; < --- <mn,. Let T
denote the r-tuple (71, ...,T;) of variables, and let T™ stand for Ty - - - T/'r.

Definition 2.2. The motivic zeta function Z£ (T) of a family f of regular functions
on X is the following series in M [[T]]:

ZE(T) =) [Xa(F)[L-T™,
neC
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Iff = (fi1,..., fr)is an ordered family f of regular functions f; : X; — A}, 1 <i<r,
the motivic multiple zeta function (¢(T) of £ is the series

GIT) = 3 (D (DL T
neA
in M’}O[[T]] For a closed point € Xy, we define the local motivic and the local
motivic multiple zeta functions as Zf(’:w(T) = 2*Z&(T) and (¢ (T) == 2*(T),
elements of M’g[[T]]

We refer to [11, Section 2.9] and [4, Lemma 3.4] to see that Z{ (T) is a rational
series. Indeed, we can obtain the motivic zeta function ZfC’Z(T) in [11], which
depends on a linear form ¢ positive on the closure C of C in RZ except at the
origin, in terms of replacing T™ in ZfC(T) by T, There, Guibert, Loeser and
Merle deduce the rationality of ch ’Z(T) thanks to [4, Lemma 3.4], and, fortunately,
their arguments are definitely applicable to the rationality of Z¢ (T). To be more
precise, let us consider a log-resolution h : Y — (X, Xo(F)), with F = fy--- f,.
Assume that

W (Xo(F) =Y Ni(F)E; and Ky =h"Kx+» (vi— 1)E;,

icA icA
where E;’s are irreducible components of h~1(X). As previous, we shall work with
[E}’] in M’lXO(F) for any nonempty I C A. Denote by N;(f;) the multiplicity of E;
in the divisor of f; o h, and by N; the vector (N;(f1),...,N:(fr)) € N". Denote by
A the set of all nonempty subsets I of A such that h(EY) C Xo = Xo(f). For any
I € A, we consider the linear morphisms N; : R’ = R" and v; : R’ — R defined
as follows: for any a = (a;)ier € R, Ni(a) := Y ier@ilNi and vr(a) := >, ; agv;.
Using the same method as doing with (2.1) we obtain a formula for Z (T), which
lives in Mg‘(o [[T]], as follows

(2.2) ZE(T) = (L—nIEp Y LomtopNi,

IeA keN; ' (C)
Thus Z{(T) is integrable, since ZkeNI—I(C) L-vr )TNk g integrable, for any
I €A, ie., ZE(T) € My [[T]]ins.

Furthermore, with ¢ being a linear form on R” positive on C \ {0}, where C is
the closure of C' in R, it follows from (2.2) that

ZfC,@(T) = Z(L — 1)\1\—1[5}:] Z v (RN ()
reA keNT 1 (C)
which means that ZfC “(T) is integrable, thus rational, and we can take its limit

Jim ZENT) = 7 (N O)(L - ) E]).
IcA
Observe that the element limp_, o ZfC ’E(T) of Mﬂxo is independent of the choice of
such an /¢, hence one usually writes SfC for it. For a closed point = € X, we define
8¢,z := x*8¢, which evidently equals the limit limp_, a:*ZfC’e(T).
Similarly, we have
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Proposition 2.3. As an element of Mﬂxo[[T]] the motivic multiple zeta function
Ce(T) is integrable, i.e, (z(T) € M;O[[Tﬂmt.

To prove this proposition we may compute directly the series (¢(T) in terms of
a resolution of singularity as done for Z¢(T) in (2.2), with a slight modification.
More precisely, using the previous notation E}’ but changing the definition so that
my = ged(N;)ier is replaced by m’ = ged(N;)ier,, where I7 is the subset of i € T
coming from resolution of {fi = 0}, and by convenience, m; =1 if I = (), we get

G(T) = Z(L — DI ES Z Z L& +8)pNr (k)

TeA BEN; ' ({0}xNLy!) K eN; 1 (A)
kj>—Bi,iel

Remark that, in this setting, although k' and 8 are rational vectors, k’ + 3 are
positively integral vectors. A generalization of Lemma 8.5.2 of [12] (see also [10,
Section 2.9]) shows that

(2.3) S(I;T) := 3 S Lo AN
BEN;H({0}xNLGY) K'eN, 1 (A)
ki>—B;,iel

viewed as a series in Mﬁxo [[T]], is integrable. This proves (¢(T) € ﬂﬂxo [T]]int- We
also notice that we shall provide another proof for Proposition 2.3 in Corollary 5.9.
Furthermore, in terms of (2.3), we get the following formula

Jim S(IT,. . T) = x(Np ({0} x NEGH)x (N, (A)),

which allows to compute the limit limp_,o C¢(T, ..., T) of the motivic multiple zeta
function of f (see Definition 2.4).

Definition 2.4. The motivic multiple nearby cycles of the family f in Proposition
2.3, denoted by 8¢, is defined to be the element

= lim Ge(T,. . T) = = 3 x(N ({0} x NEgh)x(N; () (L — =B
IeA

of the ring ﬁ‘;}o. For a closed point z € X, we set
8f7w = ({l‘} — Xo)*Sf

and call it the local motivic multiple nearby cycles of £ at x.

3. HADAMARD PRODUCTS AND E-PRODUCT

3.1. Convolution and Hadamard products. The standard concept of convo-
lution product on the monodromic Grothendieck rings of algebraic varieties was
given earlier in [5], [15] and [10]. To recall it explicitly, let us consider the Fermat
varieties Fj and F7* in an)k defined by the equations v 4+v™ = 0 and u" +v™ = 1,
respectively. Note that the varieties Fj' and F]* admit the obvious action of iy, X fiy,.

Let X, Y and Z be algebraic k-varieties endowed with good p,-action. Assume
that there are p,-equivariant morphisms ¥ — X and Z — X. Define operations
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in M5 as follows
Y = X] % [Z — X]:= [F] xt*F (Y xx Z)],
Y = X% [Z — X]:= [F] x*F (Y xx Z)],

Y=o X]*x[Z=>X]=Y =2 X]x[Z > X]-[Y - X]*x [Z— X],
where, for i € {0,1}, F* x#n*#n (Y x x Z) is the quotient of F* x (Y xx Z) with
respect to the equivalence relation by which any two elements (§u,nv,z,y) and
(u,v,&x,ny) are equivalent, for £, 1 € u,. The group scheme pu,, acts diagonally on
E x#nX#n (Y xx Z). Then passing through the projective limit with respect to
n € N5 we get the (standard) convolution product * on M. We can also extend

the *-product to ﬁﬁ} in a natural way. By [10, Proposition 5.2], the convolution
product * is commutative and associative.

Let X, Y, Z and W be algebraic k-varieties which are endowed with good [i-
action and admit fi-equivariant morphisms Z — X and W — Y (we may choose
the trivial action of ji on the bases X and Y). The cartesian product induces a

~ ~ ~2
morphism of rings MYy x M§ — MY, by which the diagonal action induces
~2 ~
naturally a canonical morphism MY, — M . Then the composition of these
morphisms yields an external product

(3.1) M x ME — My,

where, by abuse of notation, we also denote it by x. As previous, we let T be an
r-tuple of variables. The (external) Hadamard Xgc-product of two series a(T) =
Y onenr anT™ in MK [[T]] and b(T) = 3 oy baT™ in ME[[T]] is the series

(3.2) a(T) X3¢ b(T) 1= Y an x by T

neN”
in M% __,[[T]]. This product is commutative, and it is also associative in the fol-
lowing sense, where the verification is straightforward. If a(T) is in M’ [[T]], b(T)
is in M4 [[T]] and ¢(T) is in M/ [[T]], then the identity
(3.3) (a(T) x9¢ b(T)) Xg¢ ¢(T) = a(T) xg¢ (b(T) xg¢ ¢(T))

holds in M4y, ,[[T]]. Tt is stated similarly as in Lemma 7.6 of [15] that, in the
univariate case (i.e., r = 1), the x-product is “anti-compatible” with the Hadamard
X gc-product via the morphism limrp_, . Namely, if a(T) is in MﬂX[[Tﬂsr and b(T)
is in M2 [[T]er, then a(T) xg¢ b(T) is in MYy [T and the identity

(3.4) Jim (a(T) x5 b(T)) = =( lim_a(T)) x ( lim b(T))

holds in MﬂXXy. An analogous assertion for an arbitrary r is also true when we
replace the morphism limz_, ., by the morphism limz, —...—7._,~, the composition
of limy_, o and the assignment T'=T; = --- = T,.

The previous external product also deduces naturally the following external prod-
uct, which we again denote by X,

My x My — My iy

This product has the same properties as the previous ones that we have mentioned.
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Let us now introduce a generalized (external) convolution product of the previous
standard one. Using the external product, the generalized (external) convolution
product

w0 B x ME - ME
(again by abuse of notation) is defined as follows
[Z = X% [W=Y]:=(Z=X|x[Y =2Y]) % ([X = X]|x[W=Y)),
Z =X [W=Y]=(Z - X|x[Y 2Y]) % ([X = X]|x[W-=Y)]),

[Z = X+« [W=Y]:=[Z 5 X]*%[W-=Y]|-[Z—>X]x[W-=Y].
The Hadamard *g¢-product of two formal series a(T) = > anT™ € M&[[TH
and b(T) = > oy b T™ € ME[[T]] is the formal series

(3.5) a(T) #5¢ b(T) := Y an * baT"
neN”

neN”

in J\/[’;(Xy [[T]]. The associativity of the Hadamard product *g¢ is obtained from that
of the convolution product *. Similarly to [15, Lemma 7.6], the *-product is anti-
compatible with the Hadamard product xg¢-product via the morphism limz, —...—7, 0.
Namely, for 7 = 1 for instance, if a(T) is in M%[[T]]e and b(T) is in M [[T]]sr,
then a(T) *g¢ b(T) is in M%  [[T]]sr, and moreover,

(3.6) Jim (a(T) #o¢ HT)) = —( Jim_a(T)) = ( lim K(T)).
The external convolution product can be extended to the following
x: My x My — My
which remains the properties mentioned previously.

3.2. The ®-product of integrable univariate series. Let X and Y be two al-
gebraic k-varieties, and let 7" and U be univariates. In this paragraph, we introduce
a new product of two integrable series a(T") € My [[T]]ins and b(U) € My [U]}int,
which is an element of ﬁ; [T, U]])int and commutes with the morphism limy—y— 0.

We use the augmentation map M& — Mx defined in [15, Section 5], with re-
mark that in the context of f the characteristic zero ground field is not necessarily
algebraically closed. There is a more effective way to obtain a generalized augmen-
tation map M’lXT — MﬂXr_l using [10, Proposition 2.6, Section 3.10]. The image of
an element z € J\/[‘)‘( under the augmentation map will be denoted by 2’.

Definition 3.1. The @-product of the series a(T) = >, 5, a,T" and b(U) =
> m>1bmU™ is defined as follows

a(T) b(U) = Z Cn,anUm S MﬂXXY[[T’ U]]v

n,m>1
where ¢, ,, equals
(L —=1)> s, an X by if n <m,
(L—1)>", a; X by if n > m,

—ay, * by, + Zlgn L!="a; %o by + (L — 1) Y isnl@n X by +a; X by) if n=m.
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Remark that the integrability of a(T) and b(U) implies that a(T) @ b(U) is well
defined. Indeed, since a(7T') and b(U) are integrable, they are of finite mass, a

condition guarantees that ), a; and )., b make sense and belong to ﬁux and

Mff , respectively.

Theorem 3.2. The @-product preserves the integrability and commutes with the
limit of integrable series. More precisely, if a(T)) is in My [[T)ine and b(U) is in
My [[U)]ine, then a(T) @ b(U) is in My [T, Ulline, and

li T = 1i T li .
r 2o, (D) BU)) = iy a(T)= iy PO
Proof. The first statement that o(7T) ® b(U) is in M?{Xy[[T, Ullint if a(T) is in

M [T)int and b(U) is in My-[[U]]ine will be proved in the general case for several
variables in Theorem 5.11.

Let us prove the second one. Write the series a(T), b(U) and a(T) ® b(U) as
Dopsi ™, Y~ b U™ and vam Cn,mT"U™, respectively. Take T' = U in
a(T) ® b(U) so that the resulting series can be written as

ch,an+m =A; + Ay + (L — 1)(B1 + Ba),

where, by definition,

Ar == ansby T2, Ay =3 | 3 L s by | T,

n>1 n>1 \I<n
Bl = E (an X E b;) Tn+m’ 82 = E ( E a; X bm> Tner
1<n<m I>m 1<m<n \I>n

Here the integrability of a(7T") and b(U) implies that 3, a converges in Mx and
Zl>m b; converges in My. The first limit is computed to be

lim A; = lim a(T?) % lim b(T?) = lim a(T) * lim b(T)

T—o0 T—o0 T—o0 T—o0 T—o0

by means of (3.6). It is quite easy to obtain that

. T —1\n—1 2n
Jim, 4 %&Z@(M al*obl>T

n>1 \l=1
= [ lim L=7?" | . | lim § A, %0 b T
T— o0 T—o0

n>0 n>1
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. . . Ak . . _ . Ny
which vanishes in MYy, since imp_,o0 Y., 5o LT vanishes in My .y . The

limits of By and B require more computations. It is verified in M ..y [T]ins that

Bi= > (apxV@)T" = > lanx > b | T

1<n<m 1<n<m 1<I<m
=Y anxb(1) Yo T an x Y b | T
n>1 1<m<n 1<n<m 1<i<m
2
a(T
O D S P S
1<n<m 1<i<m

and, similarly, that

a'(1) 2n b(T?) / ntm
By = 1_TZT XHl—Ti Z Zalxbm T ,

n>1 1<m<n \I<n

where /(1) := 5, @, T" and b'(U) == >_ -, b;,,U™. Note that we can extend
naturally the augmentation map to a map J\/[ﬂ;xy — M‘;‘(Xy, from which, for every
m and n, the elements (L —1)a, x b}, and (L —1)a], x b, in M% - coincide, since
both are the image of (L.—1)a,, X b, in MﬂXQXy. We may also refer to [10, Proposition

2.6, Section 3.10] to see this fact. In M;Xy, because L. —1 is invertible, the identity
ap X b, = al, X by, holds. Thus, for each k > 1, by combinatoric computation, we

obtain the following identity in M, y-:

Sl DD anxbi+ > g xbe

n+m=r \1<n,j<m 1<m,i<n

= Z Z an X b + Z a; x by,

n+m=rx \1<n,j<m 1<m,i<n

=Y Y Y ax Y i

n+m=x j<m i<| 5] i<ls]

where | 5 | is the integer part of §. It implies that, in ﬁl;(xy[[T]]im,

By + By = ?(TQT) x b'(1) +a'(1) x ?(TZT) = aTt x> (> )T
1>1 1>1 m<l
—A+D)Y (S a)T x> (D b,) T
1>1 n<l >1 m<li
a 2 2 /
_ % W (1) +a'(1) x i(fT) _ a(T) x f(_T%

- (£ < 1),

1—712 "N 172
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since

)M DRI DRALEETIES) D) WIS SUALEL
w>1 i< %] J<lE] 1>1 n<l m<l

Here, for any two series «(T) € ﬁ;[[T]] and 5(T) € ﬂ;[[T]], by a(T) x B(T)

we mean the usual product of formal series in which the multiplication for the

coefficients uses the external product x. Now it is easy to obtain the vanishing of

lim7 00 (By + Bs) in My .y, and the theorem is proved. O

4. A MOTIVIC ANALOGUE OF THE EULER REFLEXION FORMULA

4.1. Main theorem. In this paragraph we state and prove an analogue of the
Euler reflexion formula for motivic zeta functions, the most important result of the
present article.

Theorem 4.1. Let X andY be smooth algebraic k-varieties, let f and g be regular
functions on X and'Y with the zero loci Xg and Yy, respectively. Define a function
f@gon X xY by f@glz,y) = f(x)+g(y). Let ¢ be the inclusion of Xo x Yy in
X xY. Then the following identity

G(T) B G(U) = Crg(T,U) + G (U, T) + " Crag(TU)
holds in ﬂﬂxoxyo [[T,U]]. It is called the motivic Euler reflexion formula for (f,g).
Proof. Let di and ds be the pure k-dimensions of X and Y, respectively, and let
d := dy + dy. For brevity of notation, we write a,, for [X,,(f)]L™"% in M;O and b,
for [X,,(g)]L~—"% in M*;O, we also ignore writing arrows to base for relative objects

when they are clearly understood, e.g., let [X,,(f)] simply stand for [X,,(f) — Xo].
The motivic zeta functions of f and g can be rewritten as follows

G(T) = anTm e My [IT]] and (G(U) =D b, U™ € MY, [[U]].

n>1 n>1

Let us consider the coefficients of the series t*(rg,(TU). For n € N5, we have

[ Xn(f & 9)] = [{(0.9) € Lu(X xY) | f(9) +9(¢) =" mod ¢""1}]

that equals the sum A(ln) + A(Q") + Ag"), where Agn), Aé") and Ag") are given by the
expressions

A2 = o) € el xv)

F(@) +9(¥) = " mod "+1 H
ord () = ordg(s) = n ’

f(e) +g() =t" mod t"*! H
ordf(¢) # ordg(v) ’

fl@) +9() =t" mod " H
ordf(y) = ordg(y)) =1 '

It is useful for the rest of the proof to introduce another notation, B,,, so that

B, =(L-1) H(Wp) € Ln(X xY) g(% - t_tn m;ién;il H '

ALY = H(W” € Ln(X xY)

A= % o ey

1<i<n

Lemma 4.2. The identities a, %1 b, = Agn)]L_”d and a,, *o by, = B,L™"% hold in

i
MX()XYO °
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Proof of Lemma 4.2. We shall prove the first identity, that a,, % b, = Agn)l[f”d,
proving the second one can be done in the same way. The mapping from the
k-variety X, (f) x Xpn(g) X F* toward the k-variety

Bi={(p0) e Ll x )| YO oo 2 )

that sends (¢ (t),%(t);€,n) to (p(&t),w(nt)) gives rise to a morphism € of (X x Yp)-
varieties

X (f) x Xn(g) xFntn Y — E.
It is clear that the source and the target of 6 are endowed with the natural action
of u,, and that € is a u,-equivariant isomorphism. The desired identity a,, *1 b, =
Agn)L_"d is now proved. The reader may also find in the proof of Lemma 5.2 in
[13] to obtain more detailed arguments. O

Lemma 4.3. The identity (L —1)Y,o, (an x b} + a} x by,) = AYYL=™" holds in
M#XO XYy -

Proof of Lemma 4.3. Note that the condition ordf(¢) # ordg(v) in the definition
of Aén) may be presented as

(ordf(p) < ordg(¢)) V (ordf(v) > ordg(¥)),

so we can write A as follows

45 = [{p € £a(X) [ f(p) = " mod £"*1}] x [{t) € £ (Y) | ordg(¥)) > n)]
+[{p € Ln(X) Jordf(p) > n}] x [{¢ € Ln(Y) [ g(¢) =t" mod t"F1}].
Let us denote by D the constructible subset {¢ € £,(X) | ordf(p) > n} of £, (X).
Then p(r,;1(D)) = [D]JL~%, with u being the motivic measure. Putting
Dy :={pe L(X)|ordf(p) =1},
for any [ > n, we get 7, 1(D) = Uisn D1, and, by o-additivity of u, we have
(D] = Lt (i, {(D)) = 1 3 (D) = 3 [m(Dp] L1,
I>n I>n
Since {¢ € L£i(X) | ordf(¢) =} is isomorphic as an algebraic Xo-variety to the

quotient of X;(f) x G,k by the py-action given by £ - (¢, A) := (g, £71N), we have
[m(Dy)] L™ = (L — 1)aj, thus we get

Dl =@L-1Y a

I>n

and in the same way, [{¢) € £,(Y') | ordg(¢)) > n}] is equal to (L. —1)>",., b). The
lemma, is then proved. ]

Lemma 4.4. The equality ), _, a; *o b= = Ag")l[f”d holds in ﬁ)ﬂ(oxyo-

Proof of Lemma 4.4. For any I < n, let us consider the k-varieties

— " m n+1
oi={e e s | IOE ST
- flp) +g(¥) =t" mod ¢!

U =< (p,1) € L(X xY)| f(p) =t mod !*! ,
g() = —t! mod #'*!
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and
ord (f(¢) +9(¥)) =n
Wi =13 (p,9) € La(X xY)| flp) =¢' mod ¢+ ;
g(y) = —t'  mod !
which admit evidently the natural action of y;. Here, the class of U; is nothing else
than the [-th term of the sum Aén). Again as in the proof of Lemma 4.3, since U is
isomorphic as a (X x Yy)-variety to the quotient of U; x G, , by the p-action given
by £+ (9,10, A) := (€, &8, €7 1N), we get [U1] = (L — D[U3]" in M, . Similarly,
(W] = (L —1)[Uh]" in Ml y, . Hence [U)] = [Wi] in M .y, .
Now we write [W] = [W7"] — [W;""'|L~?, where
. ord (£(e) + 9(9) > n
W =S (p,9) € Lp(X xY) | f(p) =t' mod '+
g(¥) = —t' mod t+!

Put

— 4l +1
En,l = {(%1/)) € LH(X X Y) g((;/f)) = t_tl mroncl(i i }

A= {T € Lnfl(Allc) | T=t+ a2t2 4+ 4 Olnfltn_l} )
The (Xo x Yp)-morphism W7 " x A — E,; sending (,1,7) to (¢ o 7,%) is an

isomorphism, from which [W="] = [E, ;JL"*1". Since [E,, ;] = B(L—1)"'L"~14,
it follows from Lemma 4.2 that [E, ;] = a; %o by(L — 1)71L"¢, therefore

(W™ = @y %o by(IL — 1) M LrdHL=n,
Consequently,
(W] = [W2"] = WL = ag o bL™H
Then we get Aé”)]L_"d =3 WL =37, g %o bLIT™ as desired. O

Let us continue the proof of Theorem 4.1. Using Lemmas 4.2, 4.3 and 4.4 gives
the coefficient of T"U™ in t*(fqqe(TU), also the coefficient of T"U™ in the right
hand side of the Euler reflexion formula, as follows

(X (f © QLT = @y #1 by + > L ay %0 b+ (L= 1)) (an x b + @ X by)

I<n I>n
= —ap # by + Y L ap ko b+ (L= 1)) (an x bj +aj x by) .
I<n >n

This quantity agrees with the coefficient of T7"U™ in the left hand side, according

to the @-product of the motivic zeta functions (;(T") and (;(U) (see Section 3.2).
On the other hand, for n < m, the coefficient of T"U™ in the right hand side of

the Euler reflexion formula is nothing else than [D,, ,,,(f, ¢)] L™ ("™ which equals

[ (I x Y " [{(¥ € Lu(Y) |ordg(y) = L7 = (L— 1) Y an x b,
I>m I>m
definitely coinciding the coefficient of T"U™ in the left hand side of the Euler
reflexion formula. For the detail in proving these identities, see the proof of Lemma
4.3. The previous arguments obviously run for the case n > m, and Theorem 4.1
is now proved. ([
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4.2. Motivic multiple nearby cycles and the motivic Thom-Sebastiani
theorem. Let X, Y, f and g be as in Theorem 4.1. Let us now compute the
motivic multiple zeta functions 8¢, and 8, r, which are the limit of the series
—C,9(T,T) and —(4 ¢ (T, T), respectively. Afterward, together with the commuting
of E-product and limr_, ., and the motivic Euler reflexion formula, we deduce the
motivic Thom-Sebastiani theorem.

Proposition 4.5. The identities 87, = —8; x [Yo] and 8, 5 = —[Xo] x 84 hold in

MHXQXYQ'
Proof. Tt suffices to check for the first identity. As in the proof of Theorem 4.1,
for brevity of notation, let a,, and b, stand for [X,(f)]L™"% and [X,(g)]L "%,
respectively. By definition,

Sfg=— jll_{réo Cf7g(T7 1),

we get the following

*Sf,g = (]L — 1) lim Z Ay X Z b;T’rL+m

T—o0
1<n<m I>m
_ . /n+m . /n+m
—(]L—I)TILIEo Z aanblT —(]L—I)Tlgr(l)o Z aanblT
1<n<m >1 1<n<m I<m
= 1li n+m — — 1 /n+m
Am Z a,T x [Yo] = (L —-1) Tlglclx) Z ap X Z bT
1<n<m 1<n<m I<m
T2n+1 , N
= D an g X Dol = (L) fim D 3 an x T
n>1 1I<n<mlil<m
TG (T?) lox.
= ,1—11_1;1;0 ﬁ X [YO] + (]L ) hm Zf,ld,g

=8 x [Yo] + (L - 1)85 .

where C' is the rational polyhedral convex cone
{(n,l,m)EN3|1§n<m,1§l§m},

l(n,m,l) = n+m, for (n,m,l) € R3, and id is the identity morphism on Aj.
According to [11, Section 2.9], in fact, 8¢ 7 1d is independent of the choice of ¢
provided ¢ is linear on R? and positive on the closure of C in R? outside the origin.
By this, we may replace ¢ by ¢’ defined by ¢'(n,m,l) = m to get Zg;g’g(T) so that

chzf; ,(T') has the same limit limp_, as chzg ,(T). More precisely,

SCZ

c,
1dg -3

C,e .
Fidg = Jim Zfldngh_I)réo S anx b,

1<n<m 1<I<m

By applying Lemma 7.6 of [15] to the external product x, which was already recalled
SC ‘

in Section 3.1, together with the previous identity, we obtain a formula for Fid.g
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as follows
~8Fiag = Jim D (D anx Y b)T
m>1 n<m I<m
= — lim ( an)Tm X lim ( bl)Tm
LN dim, 2 (2
=~ lim mZ;l amT™ ! x Jim. ngl b T™

) Tm+1 ) Tm
=Jim > am g < m > b
m>1 >1

which vanishes because of the vanishing of the second factor of the last expression,
completing the proof of Proposition 4.5. O

Theorem 4.6 (Motivic Thom-Sebastiani theorem). Using the assumption as in
Theorem 4.1, the following identity

L*Sf@g = —Sf *Sg +8f X [Y()] + [Xo] X Sg
holds in ﬂﬂxoxyo-
Proof. This is a direct consequence of Theorems 4.1, 3.2 and Proposition 4.5. [

5. GENERALIZATION OF E-PRODUCT AND MOTIVIC EULER REFLEXION FORMULA

5.1. Integrable series. First of all, let us recall some basic results on integrability
of formal series. We define

Z[L]ioe := Z[L, L™, (1 = L™) "1, n > 1].
Let M and N be Z[L]joc-modules, and let M @ N denote M ®zr;,,. N for short.

Lemma 5.1. If a(T) € M[[T]|int and b(T) € N[[T]|ssr, then a(T) ®4¢ b(T) €
M@ N[[Tfins-

Proof. Looijenga gave a similar statement for the univariate case in [15, Lemma
7.6], which claims that the Hadamard product corresponding to tensor product on
coeflicients of two rational series is again rational. His arguments in fact still work
in our situation. Moreover, there are methods more direct to prove this lemma, such
as combinatorics or Cluckers-Loeser’s computations for the constructible motivic
functions in [1, Section 4] together with the version with action in [14]. O

Lemma 5.2. Let M be Z[L]joc-modules, and T and U separated multivariates.
Then

MTint [[Uline € MT, Ulling © M{[T]ins [[U]],
where M[[T)ins[[U]] is the set of formal series in U over M[[T]in-

Proof of Lemma 5.2 is elementary and left to the readers.

For any pair of formal series with some variables mixed, namely, a(T,V) =
S a1 ant TPV in M{T, V] and b(U,V) = ¥, b U™V in N[[U, V]|, their
V-Hadamard product is an element of M ® N[[T, U, V]| given by

(5.1) a(T, V) @3 b(U, V) := Y a1 ® by T"U™V.

n,m,l



18 LE QUY THUONG AND NGUYEN HONG DUC
Lemma 5.3. If (T, V) is in M[[T, V]]int and b(U, V) is in N[[U]|int[[V]]ssc, then
the V-Hadamard product a(T, V) @4 b(U, V) is in M @ N[[T, U, V]]int.
Proof. 1t is easy to see that the series ¢(T, U, V) := a(T, V) ®4¢ b(U, V) can be
presented as the Hadamard product of two elements of M @ N[[T, U, V]] as follows
a(T, V) b(U, V)

Q¢ ’

[T -0 110 -T)

where [[(1-T;):=(1—-T1)---(1=T,) and [[(1-U;) :==(1—-U1)--- (1 -Us). By
setting b(U, V) =" by (V)U™, we may write the factors in (5.2) as follows

(5.2) (T, U, V) =

ATV) 5, m _ o

M= 0y) = 2T V)U™ € M@N[T, Ve[ [Uls, and
b(U,vV) ~ -

m - %: bm(T? V)U € M ® N[[T, V]]ssr[[UHinty

where
~ . bm (V)
bm (T, V) = 71_[(1 —T

This together with Lemma 5.1 implies that ¢(T, U, V) € M @ N[[T, V]]ssc[[U]]int-
Moreover, we have

(T, U, V) =" a(T, V) @y b (T, V)U™,

m

which belongs to M@ N[[T, V]int[[U]], by Lemma 5.1. It follows that ¢(T, U, V) is
an element of M @ N[[T, V]]int[[U]}int, hence an element of M@ N[[T, U, V]]|ins. O

Let X;, 1 <4 < r, be smooth algebraic k-varieties, and let X := X; x---x X,.. As

usual we use the multivariate T = (71, ...,7;). To each 1 <4 < r and formal series
a(T) =3, anT™ in M4 [[T]] associate a unique formal series a;(T) := > | al)Tn
in M“X[[T]] in such a way that af) = (pr;)ian € Mx,, where pr; is the natural

projection of X onto X;.
Lemma 5.4. If the series a(T) is integrable, so are the series a;(T) for 1 <i <r.
Proof of this lemma is straightforward.

Definition 5.5. For any r € Nyg and 1 <i <7, a r-tuple n = (ny,...,n,) € N*
is said to have the A; -property (resp. the A.-property), written as n € A; -
property (resp. n € A_-property) or simply as n € A; ~ (resp. n € A_), if

ng < -<n;=mnig1=--+=mn, (resp. ng <---<n,.).

We denote by M5<[[T]] (resp. M5[[T]]) the subset of M/%[[T]] consisting of
formal series of the form } A, _anT® (resp. >, .5  anT®). We also have an
analogous definition for ﬁi’; [[T]] and M; [[T]] as subset of ﬁ% [[T]]. By definition,
for any a(T) in M%~[[T]] (vesp. in ﬁ;;[[TH), there exists a series a(T1,...,T;) in
MZI[Ty, ..., Ty (resp. in My T4, ..., Ti]]) such that

a(T) = E(Tl, . aTi—laTi N Tr)
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Let us now introduce a new notion of ordered cells. For an increasing sequence
of positive integers 0 = rog < r; < --- < r; = r we define the basic ordered cell
Arg,...,r;) to be the set

{(nl,...,nT) eN'|n, 1 =-=n, and n,,_, <n,,, 2§j§i}.

A subset A of N" is called an ordered cell if it is the image of a basic ordered
cell Agy,..r,y) under a permutation map p: N' — N" that sends (ni,...,n,) to
(npays - - - ,np(r)). It is easy to see that N” can be partitioned into all the ordered

cells A. This implies that any formal series a(T) € ﬁ;[[T]] can be uniquely
decomposed as a finite sum of formal series

(53) G,(T) = Z an (T) = Z GZ(H Tp(l), ‘g ]j Tp(l)),
A A =1

I=r;_1+1
where aa(T) := Y cx anT™ and a3 € Mx[[Ti, ..., Ti]) in viewing X as
T1 T
I RECEEEE | g0
=1 l=r;—1

Lemma 5.6. If the series a(T) is integrable, so are the series an(T) for all ordered
cells A.

Remark 5.7. Actually, in view of Cluckers-Loeser’s theory on constructible mo-
tivic functions one can show that the lemma also works for any definable subset of
N", cf. [1, Lemma 4.5.8].

Proof of Lemma 5.6. It suffices to prove that aa (T) is integrable for A = A¢. )
being a basic ordered cell. We can check easily that

aa (T) = &(T) -5¢ a(T),
where, be definition,
H.Z]:2 (H’l":’l’jflJrl 1—2)
H;‘:1 (1 - lezrj_l-i-l Tl)

which is strongly rational. Then the present lemma follows from Lemma 5.1. [

e(T) =

We consider the morphism of M;—modules

®: M[[T]] — M[[T]

given by
(> anT) = (L -1 0l x [[(al,, — a1,
n n 1=2
where an) = (pr;)an € ﬂxi, pr, is the natural projection of X onto X;, and e;

is the i-th standard vector in Z", 1 < i < r. Here by []\_, we mean temporarily
the external products. It is clear that ® can be extended to an endomorphism of

M [[T]],
(5:4) = My [[T]] — My [[T],
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by linearity, namely,

(I)(Q(T))::Z(I)(GA(HTp(l)a"'v l_l Tow)),
=1

A l=r;—1+1

in terms of the decomposition of a(T) € M/;([[T]] into finitely many terms of the
form (5.3).

Now we work with the restriction of ® to the sub—ﬁﬂx—module Mﬂx[[T]]int of
vl
M [[T]].

Lemma 5.8. The restriction of ® to My [T]]imt is an automorphism.

Proof. Define the morphism &' : ﬁ;[[THint — ﬂ;[[T]]int as follows
a(T) = Z an T — (L —1)""1 Z all) x H (Zagi_lei)T",
neA o neA - =2 I>1

with [];_, being the external products at the moment. Let us show that ®~*(a(T))
is an integrable series. We first prove that, for any 2 < ¢ <r,

i n (T
L-1) Y > adeT = ZET),

neA. I>1

for some v;(T) € ﬁﬂxi[[T]]im. Indeed, by setting n; := n — n;e; and T, =T —
(T; — 1e;, 2 <i<r, we have

GRS SECPE LETURET) DD DINUNE 0 DI

neAo I>1 I>1n;eAc i<n;<l
i 1
_ @ g L =15
_(L_l)ZAZ Ani+le; ;1 1-T;
>1 n,iEA<
L-DT o (L= 1Da(T)
= ———a;(T;) - —F—,
7 (T 1-1T,
which has the form as desired. It therefore follows that

_ 72(T) 7 (T)
O Y a(T)) = a1 (T) ¢ 2L e .
(a’( )) a’l( ) H 1—T2 H H I_Tr’
which is obviously integrable due to Lemma 5.1. By the decomposition (5.3), the
morphism ® ! may be extended to M [T]]in. It is casily checked that ® o ®~* =

-1 i .
P od = 1dﬁ; (T The lemma is thus proved. O

Corollary 5.9. Let f = (f1,..., fr) be an ordered family of regular functions on
X1,...,Xy. Then the multiple motivic zeta function (e(T) is an integrable series,

ice., Ge(T) € My [[T]in.
Proof. Let a(T) = Z?;” (T) be the motivic zeta function with respect to the trivial
cone NZ defined as in Definition 2.2. Then we have

a(T) = Z5, (Th) X3¢ -+ x9¢ 25, (),

it is therefore integrable due to Lemma 5.3. On the other hand, we deduce from
Lemma 5.6 that the series an_(T) = ZfA<(T) is integrable. Since the identity
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o1 (ZfA< (T)) = (¢(T) holds in M;[[T]], Lemma 5.8 gives us the integrability of
the series (¢(T). O

5.2. Generalized @-product. Let X; and Y}, 1 <i <r, 1 < j < s, be smooth
algebraic k-varieties, and let

(5.5) X=X;x---xX, and Y=Y x---xY,.
As usual we also use the multivariates T = (T1,...,T,.) and U = (Uy,...,Us). Now
for tuples n = (ny,...,n,) and m = (my, ..., ms) having the A_-property, we let

I:=Inm = {(i,j) € N* | n; = my},
and let Iy (resp. I3) be the image of I under the projection on the first component
(resp. the second component). Then, to define the E-product of a series in My [[T]]
and a series in My [[U]] it suffices to define the E-product of a series in ﬁ;[[TH
L ae<

and a series in My [[U]].

Definition 5.10. Let a(T) = > a,T™ and b(U) = > b, U™ be formal series in
M;[[T]] and M;[[UH, respectively. We define the product «(T) ® b(U) in two
steps as follows.

(i) Put
a(T)Bpb(U) = Y camTU™,

neA ,meA

Cnm = H ag) X H bﬁ,jl) X H Eﬁfg,

g1 J€12 (¢,9)€l

where

and, for any (i, ) € I, the quantity éfni is defined to be
_ag) *bgljrl)—’_ Z L_lag)flei *Obg)flej—’_(ﬂ‘_l) Z (a’g) X (bg)Jrlej)l + (afrlizrlei)l X bS’IJI))
0<i<n; ' 1>0 '

with 2’ the image of z under the augmentation map.
(ii) Put
a(T) @ b(U) := &~ (2(a(T)) By ©(b(V))),
where ® is defined previously in (5.4).

It is clear that the E-product in Definition 5.10 is well defined since ® is well
defined. Moreover, when reduced to the univariate case, i.e., r = s = 1, this product
is nothing else than the one defined in Definition 3.1.

Theorem 5.11. With previous notation and hypotheses, if a(T) is in M;[[T]}int
and b(U) is in My [[U]lint, then a(T) @ b(U) is in My oy [T, UlJint.-

Proof. We first consider a(T) and b(U) in ﬁ;[[T]]im and ﬁ;[[U]]int, respectively.
It follows from the proof of Lemma 5.8 that

L)Y Yal, =40

neA. >0 g

(]L_l) Z Zbl(ﬂ]iz“ler = llUj’

meA >0

and that
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for some integrable series «;(T) and §;(U). Then, by simple computation, we
deduce that

a(T) By b(U) = [] ai(T) xsc [[0,(0) xsc [] (T, 0),

igl J¢12 (i,9)el
where for each (7, 7) € I, the series ¢;;(T, U) is equal to
—ai(Ts) *3¢ b;(U;) + ai(T_i)iO_}f%Sjj) + ai(T;) xo¢ ijU[}j) + CIZET;;B xa¢ b (Uj),
where
T = (Th,...,Ti_1, T,U;, Tiyr, ..., T))
and

Uj = (Ul, ey Uj_l,ﬂUj, Uj+1, ey Us)
By using Lemma 5.3, we get the integrability of the series a(T) ®EHy b(U). The
theorem is then follows from Lemma 5.6 and 5.8. O

5.3. Motivic reflexion formulas. In this paragraph, we formulate the motivic
reflexion formulas for the multivariate case that generalize the motivic Euler reflex-
ion formula. As a consequence, we show that the E-product is associative in the
class of motivic multiple zeta functions defined in Definition 2.2. A corollary of the
associativity will be also given.

Theorem 5.12. Let f = (f1,..., fr) and g = (g1,-..,9s) be ordered families of
regular functions on smooth algebraic k-varieties X1,..., X, and Y1,...,Ys, respec-
tively. Then

(D) B G5(U) = D "Gy (T UG- T U,
where the sum is taken over all the ordered families of regular functions (p1,...,py)
satisfying
Di = Gifa, ®bigs, 1 <i<n,

with (a;, b;) € {0,1}2\{(0,0)}, Y- (ai+b;) = r+s, and {a; }a,=1 and {B;}p,=1 being
strictly monotonic increasing sequences; ¢ is the inclusion of Xo x Yy in X XY (cf.

(5.5)).

Proof. First, we note that (¢(T) and (g(U) are elements of ﬁ;o [[T]] and ﬁ;o [y,
respectively. By definition, it suffices to show that

(5.6) (¢ (T)) By ®(¢e(U Z (1" Cp),

where p = (p1,...,py), Cp = (p(TH Ubl I UB:)’ and the sum is taken over
all the p in the theorem. Writing <I>((f(T)) = Ynea. aT™ and (¢ (U)) =
ZmeA< bm U™ we get

= [{¢ € Ln,(Xi) | filp) =t" mod t™ '} — X; o] L—dini
b(J =[{v €L, (Y;) | gj(¥) =t™ mod t™ T} — Yo L™,

with d; = dimy X; and e; = dimy, Y.

Observe that the coefficients of T*U™ in both sides of (5.6) are zero for n ¢ A
or m ¢ A.. In this case, indeed, the statement for the left hand side comes
from Definition 5.10 (i), and that for the right hand side is due to the hypothesis
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that the sequences {«;}q,=1 and {f;}p,—1 are strictly monotonic increasing. For
n € A. and m € A, since the supports of the Zp are distinct, it suffices to show
that there exists p such that the coefficient of T*U™ in @(L*Ep) equals the one in
@ (¢ (T)) @o ({e(U)). To prove this, we set

{h <<l ={ntu{m} ={n,...,n.,mq,...,ms}
and set

pi = Qifa, ©bigs,, 1 < i<,

with a; = 1 (resp. b; = 1) if [; = n,, € {n} (resp. l; = mg, € {m}), otherwise
a; =0 (resp. b; =0). Definel:= (I1,...,[,). It is easily checked that the coefficient
¢ of T*U™ in CI)(L*ZP) equals cfl) X e X an)7 where

A" = [{w € £4,(Z) | pi(w) = 1% mod th+1} — 7, o] L0k

with Z; := (Xa,)% x (Y3,)% and §; = dimy, Z;. It follows from the proof of Theorem
4.1 and direct calculations that

i if b; = 0,
cfz) = i) if a; =0,

al?? s« bl ifa; =b; = 1.
This proves the theorem. O

The following corollaries are direct consequences of Theorem 5.12.

Corollary 5.13. Let f = (f1,..., f+), & = (g91,.-.,9s) and h = (hy,..., h;) be
ordered families of reqular functions on smooth algebraic k-varieties Xq,...,X,,
Yi,....Ys and Z4, ..., Z,, respectively. Then

(Gt (T) B G(U) B (V) =D "Gy (Ta SRUSE, - T S UST),
where the sum is taken over all the ordered families of regular functions (p1, ..., py)
satisfying

bi = aifai S2) bigﬁi S5 Cihfyia 1<i<n,
with (a;,bi,c;) € {0,132\ {(0,0,0)}, Y(a; +b; +¢;) =r +s+ 71, and {;}a,~1,
{Bitp,=1 and {7;i}c,=1 being strictly monotonic increasing sequences.

In particular, the B-product is associative in the class of motivic multiple zeta
functions.

Corollary 5.14. Let f, g and h be regular functions on smooth algebraic k-
varieties X, Y and Z, respectively. Then, up to the pullback of an inclusion of
Xo x Yo x Zy in a Zariski closed subset of X XY x Z, the following identity holds
in M&gXYoXZO [[Tv Ua V” :
(1) B GU) B G (V) = Crgn(T U V) + g (T, V,U) + Con g (U VT

+ Cg,f,h(Uv Tv V) + Ch,f.,g(v7 Tv U) + Ch7g1f(.‘/7 Ua T)

+ Cf@g,h(TU7 V) + Ch,f@g(Vu TU) + Cf,gEBh (T7 UV)

+ Cganf(UV.T) + G 1on(U, TV) + Crang(TV,U)

+ Cf@g@h(TUV).

Remark 5.15. After many attempts we still do not know whether the E-product
is associative in the class of integrable series over monodromic Grothendieck rings
of algebraic varieties.



24

10.

11.

12.

13.

14.
15.

16.

LE QUY THUONG AND NGUYEN HONG DUC

REFERENCES

. J. Cluckers and F. Loeser, Constructible motivic functions and motivic integration, Invent.
Math. 173 (2008), no. 1, 23-121.

. J. Denef, Report on Igusa’s local zeta function, Astérisque 201-203 (1991), 359-386, Séminaire
Bourbaki 1990/1991.

. J. Denef and F. Loeser, Motivic Igusa zeta functions, J. Algebraic Geom. 7 (1998), 505-537.

. J. Denef and F. Loeser, Germs of arcs on singular algebraic varieties and motivic integration,
Invent. Math. 135 (1999), 201-232.

. J. Denef and F. Loeser, Motivic exponential integrals and a motivic Thom-Sebastiani theorem,
Duke Math. J. 99 (1999), no. 2, 285-309.

. J. Denef and F. Loeser, “Geometry on arc spaces of algebraic varieties” in European congress
of Mathematics, Vol. 1 (Barcelona, 2000), Progr. Math. 201, Birkhaiiser, Basel, 2001, 327-348.

. J. Denef and F. Loeser, Lefschetz numbers of iterates of the monodromy and truncated arcs,
Topology 41 (2002), no. 5, 1031-1040.

. J. Denef and W. Veys, On the holomorphy conjecture for Igusa’s local zeta function, Proc.
Amer. Math. Soc. 123 (1995), no. 10, 2981-2988.

. G. Guibert, Espaces d’arcs et invariants d’Alezander, Comment. Math. Helv. 77 (2002),

783-820.

G. Guibert, F. Loeser and M. Merle, [terated vanishing cycles, convolution, and a motivic

analogue of the conjecture of Steenbrink, Duke Math. J. 132 (2006), no. 3, 409-457.

G. Guibert, F. Loeser and M. Merle, Nearby cycles and composition with a non-degenerate

polynomial, Int. Math. Res. Not. 31 (2005), 1873-1888.

E. Hrushovski and F. Loeser, Monodromy and the Lefschetz fized point formula, Ann. Sci.

Ecole Norm. Sup., 48 No. 2 (2015), 313-349.

Q. T. Lé, The motivic Thom-Sebastiani theorem for regular and formal func-

tions, to appear in J. reine angew. Math., DOI: 10.1515/crelle-2015-0022, URL:

http://www.degruyter.com/view/j/crll.ahead-of-print/crelle-2015-0022 /crelle-2015-

0022.xml?format=INT; arXiv:1405.7065.

Q. T. Lé, A proof of the integral identity conjecture, 1I, preprint, arXiv:1508.00425.

E. Looijenga, Motiic measures, Astérisque 276 (2002), 267-297, Séminaire Bourbaki

1999/2000, no. 874.

D. Zagier, Evaluation of the multiple zeta values ¢(2,...,2,3,2,...,2), Ann. of Math. (2) 175

(2012), no. 2, 977-1000.

DEPARTMENT OF MATHEMATICS, VIETNAM NATIONAL UNIVERSITY
334 NGUYEN TRAI STREET, THANH XUAN DISTRICT, HANOI, VIETNAM
E-mail address: leqthuong@gmail.com

QUANG BINH UNIVERSITY

312 Ly TuuoNG KIeT, DoNG Hor CiTy, QUANG BINH, VIETNAM.
E-mail address: nhduc82@gmail.com

Current address: BCAM — Basque Center for Applied Mathematics
Mazarredo, 14, 48009 Bilbao, Basque Country — Spain

E-mail address: hnguyen@bcamath.org



