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ABSTRACT

In this paperwe presentthe performanceof our parallel
multi-frontal directsolverwhenappliedto solve linearsys-
temsof equationgesultingfrom discretization®f a hp Fi-
nite ElementMethod (hp-FEM). The hp-FEM generates
a sequencef computationaimeshedelivering exponen-
tial corvergenceof the numericalerror with respecto the
meshsize (numberof degreesof freedom).A sequencef
meshess obtainedoy performingseveral hp refinements-
tartingfrom anarbitraryinitial mesh.Thesolver construct-
s initial eliminationtreefor an arbitraryinitial mesh,and
expandgthe eliminationtreeeachtime the meshis refined.
Thesolverhasbeentestedbn 3D Direct Current(DC) bore-
hole resistvity measuremensimulationsproblems. We
comparethe solver with two versionsof the MUMPS par
allel solver: with (1) distributed entriesexecutedover the
entire problem,and (2) the direct sub-structuringnethod
with parallel MUMPS solver utilized to solve the inter-
faceproblem.We show thatby providing to the solver the
knowledgeaboutthe structureof the hp-FEM, the orderof
eliminationis obtainedstraightforward,andleadsto a bet-
ter performancehanby submittingthe entirematrix to the
solver and executinga connectvity graphbasedordering
algorithm.
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mentmethod

1 Introduction

The paperpresentperformancaneasurementsf our new
parallelmulti-frontal direct solver designedor the hp Fi-
nite ElementMethod (FEM) [1]. Parallel 2D and 3D hp
adaptve FE codeq[11, 12] in afully automaticmodegen-
eratea sequencef finite elementmesheslelivering expo-
nentialcorvergenceof the numericalerrorwith respecto
the meshsize (numberof degreesof freedom,d.o.f.). A
sequencef meshegs automaticallygeneratedby thecom-
puterby performingh or p refinementsThe h refinemen-
t consistsof breakinga finite elementgeneratingseveral
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Figurel. Executionof the parallelsolver overtheelimina-
tion treeconstructedor therefinedmesh.

new smallerelementsyp refinementconsistsof increasing
thepolynomialorderof approximatiorover somefinite el-

ementedgesfaces,andinteriors. However, the computa-
tional costneededo solve the problemof interestoverthis

sequencef meshess large. Thus,thereis aneedto utilize

paralleldirect solvers, efficiently utilizing the structureof

therefinedcomputationameshes.

Thepresentedolveris anextensionof themulti-level
parallel direct solver [10]. The previous solver utilized
the frontal elimination pattern[4] over sub-domains. It
browsedfinite elements,one-by-oneto aggreyated.o.f..
Fully assembledi.o.f. were eliminatedfrom the single
front matrix. Thenew solverutilizesthemulti-frontal elim-
ination pattern[2] overthe computationameshdistributed
into sub-domains.The solver algorithmhasbeensumma-
rizedin Figure 1. It constructghe eliminationtreebased
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Figure2. Executiontimesof our new parallelsolver, mea-
suredon thefirst mesh.

ontheanalysiof thefinite elementsonnectvity data.The
elementsarejoint into pairsandfully assembledl.o.f. are
eliminatedwithin frontal matricesassociatedo multiple
branchesf the tree. Finite elementsare assignedo pro-
cessorsand Schurcomplementontritutions are sentbe-
tweenprocessorassignedo adjacenbranchesn thetree.
The technicaldetailson the solver algorithmsand its im-
plementationare presentedn the paper[13]. The main
adwantageof our solver is thattheorderof eliminationfol-
lows the refinementtrees,asillustratedin Figurel. The
meshpresentedn Figure 1 hasbeenobtainedby break-
ing two initial meshelementsnto four sonelementsand
by breakingone of the son elementsagaininto four new
elements.

In this papemwe focusonthecomparisorof our solver
with other reliable multi-frontal parallel solver [8]. The
parallel solver hasbeentestedon a challengingproblem
consistingof simulationsof 3D Direct Current(DC) bore-
hole resistvity measuremenf9]. The problemhasbeen
solved on a sequencef 3D mesheswherewe utiliye a
Fourierseriesexpansionin theazimuthaldirection. We re-
fer to [9] for moredetails. We comparethe solver with t-
wo versionsof the multi-frontal massvely parallel sparse
direct solver (MUMPS) [8]: with (1) distributed entries
executedover the entire problem,and (2) the direct sub-
structuring[3] methodwith parallel MUMPS solver uti-
lized to solve theinterfaceproblem.We show thatby pro-
viding to thesolvertheknowledgeaboutthestructureof the
hp-FEM, the order of eliminationis obtainedstraightfor
ward,andleadsto a betterperformancehanby submitting
the entirematrix to the solver andexecutinga connectvity
graphbasedrderingalgorithm.

2 Numerical experiments
2.1 Measurementsfor our new parallel solver
The proposedsolver hasbeentestedon the following hp

meshe®nthe LONESTAR [7] clusterfrom the TexasAd-
vancedComputingCenter(TACC).

1. Thefirst meshwith 2304 finite elementsanduniform
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Figure 3. Maximum memory usageof our new parallel
solver, measurean thefirst mesh.
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Figure4. Executiontimesof our new parallelsolver, mea-
suredonthe secondmesh.
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Figure 5. Maximum memory usageof our new parallel
solver, measurean the secondmnesh.
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Figure6. Executiontimesof our new parallelsolver, mea-
suredon thethird mesh.



180

160 | #TOT® e\

140 \/ﬂ
g‘ 120 ¥
> 100 N :
S —&— memo
g 80 NEQaR. Y
E 60| N e

40 i

20

0

2 4 8 16 24 32 40 48 56 64 72 80 88 96
number of processors

Figure 7. Maximum memory usageof our new parallel
solver, measurean thethird mesh.

polynomial order of approximationp = 3 through-
out the entire mesh. Thereare 315, 555 d.o.f. over
themeshwith 10, 745, 846 total mumberof non-zeros
entriesin the matrix.

2. The secondmeshwith 9216 finite elementsand uni-
formp = 4. Therearel, 482,570 d.o.f. overthemesh
with 68, 826, 475 totalmumberof non-zero®ntriesin
thematrix.

3. Thethird meshis the optimal meshobtainedby per
forming 10 iterationsof the self-adaptie hp-FEM.
The meshis highly non-uniformwith polynomialor-
derof approximatiorvaryingfromp = 1, ..., 8. There
areb1, 290 d.o.f. overthe meshwith 1, 666, 190 total
mumberof non-zerosentriesin the matrix.

Thereare 576 initial meshelementson every mesh.
Thefirst meshhasbeenobtainedby performingoneglobal
hp refinementi.e. eachinitial meshelementhasbeenbro-
keninto 4 elementsons,andthe polynomial orderof ap-
proximationhasbeenuniformly raisedby one(fromp = 2
to p = 3). It impliesthe depthof the refinementreesto
be equalto 2 on the first mesh(seeFigure1). The second
meshhasbeenobtainedby performingtwo global hp re-
finementsthusthe depthof the refinementreeis equalto
3. Thethird non-uniformmeshhasbeenobtainedby per
forming multiple A, p or hp refinementgselectedcby the
self-adaptie hp FEM algorithm).

The measurementpresentedn Figures2, 4, and 6
describethe maximum(over processors)ime spentfor se-
guential elimination over refinementtreesand over sub-
domains,aswell asthetotal time spenton backward sub-
stitutions, including regenerationof LU factorizationsby
performingfull forward eliminations. The logarithmics-
caleis utilized for timein figures2 and4. Thefigures3, 5,
and7 displaythemaximummemoryusagewherethe max-
imum is takenover all nodesof thedistributedelimination
tree.

The following conclusionsanbe drawn from the p-
resentedneasurementd.he numberof utilized processors
is lower thanthe numberof finite elementslt impliesthat
eachprocessois assignedo a sub-domairwith severalfi-
nite elements.We utilize nested-dissectiof6] algorithms

to partitionthe computationameshinto sub-domainsThe
first and the secondmesheshave beenuniformly hp re-
fined,soeachinitial meshelemenis uniformly loaded.

The maximumspeedupof the solver as well asthe
minimummemoryusageareobtainedvhenthestructureof
the eliminationtreeis nice (the lengthsof all paths,going
from therootof theeliminationtreedown to theleaves,are
the same).If the sub-domain$ave aregularpattern,then
the eliminationtreealsohasa regularpattern:the depthof
the eliminationtreeis uniform (all pathsfrom thetreeroot
downto everyleaf havethesamdength). Theperformance
of thesolver is worsewhenthe structureof the elimination
treeis notuniform, e.g. thereis a singlelongestpathfrom
theroot of theeliminationtreeto a singledeepesteaf.

For the first mesh the maximumspeedups obtained
for 16 or 48 processorgwhenthereare 16 rectangulasub-
domainswith 576/16 = 6 x 6 elementsor 48 rectangu-
lar sub-domainswith 576/48 = 4 x 3 elements). Al-
so, the memoryusagerapidly decrease$or 48 or 96 pro-
cessorgwhenthereare48 or 96 rectangulaisub-domains
with 576/96 = 3 x 2 elements). For the secondmesh,
the maximum speedupis obtainedfor 144 or 192 pro-
cessorgwhenthereare 144 rectangulasub-domainsvith
576/144 = 2 x 2 elementor 192rectangulasub-domains
with (576/192 = 1 x 3 elements) The memoryusagede-
creasesapidly for 96,144 or 192 processors.

The third meshis not uniformly hp refined,andthe
meshpartition canbe highly non-uniform,sothe structure
of the elimination tree can be also non-uniform. In this
case the maximumspeedupr decreas®f memoryusage
do notfollow theabove pattern.

2.2 Comparison with different versions of parallel
MUMPS solver

Our new solver hasbeencomparedwith two versionsof
parallelMUMPS solver with METIS [5] ordering:

1. The parallel MUMPS solver with distributed entries
(theinput matrix storedin a distributedmanney sub-
mittedfrom all processorin assembledormat).

2. The direct sub-structuringmethod with sequential
MUMPS solver utilizedto computethe Schurcomple-
mentsover sub-domainandparallelMUMPS solver
with distributedentriesutilized to solve the interface
problem.

The“Integration”in Figures3, 12and16 standgor integra-
tion of local matricesover hp finite elementsperformedoy
theinterfaceroutine, preparingassembledist of non-zero
entriesfor MUMPS. In the caseof the MUMPS-basedli-
rectsub-structuringnethodpresenteéh Figuresl0,14and
18the“Integration”standdor theintegrationoveractiefi-
nite elementsandthe "Preparation”standdor transferring
Schurcomplemenbutputsinto lists of non-zercentriesfor
the MUMPS parallel solver with distributed entries. No-
tice thatthe “Integration” stagefor MUMPS solver stands
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Figure 8. Executiontime of the parallel MUMPS solver
with distributedentries measuredan thefirst mesh.
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Figure9. Minimum and maximummemoryusageof the
parallelMUMPS solver with distributedentries,measured
onthefirst mesh.

for theintegrationoverfinite elementsandthis integration
is performedin a loop, while preparingassembledist of
nonzeroentriesin theinterfaceto MUMPS routine.In our
parallelsolver, theintegrationover active finite elementss
performedin the leavesof the eliminationtree. Theseop-
erationsare includedin the “Elimination over refinement
trees”. The “Analysis” stagefor MUMPS involvesexecu-
tion of the connectity graphalgorithm (e.g. METIS in
thisexample).In our solverthereis nosuchstage sincethe
orderof eliminationis directly obtainfrom the meshdata
structure(the binary tree constructedor the sub-domains
and initial meshelements,and the order of elimination
over refinementreesfollows the history of refinementss-
toredin our datastructure). The “Factorization”stagefor
MUMPS involves all “Elimination over initial meshele-
ments”and“Elimination over refinementrees”. Thereis
no way to distinguishthesetwo partswithin the MUMPS
solver. Our “Backward substitution”is relatedto the “So-
lution” stagefor MUMPS.

3 Conclusions

We draw the following conclusionsfrom presentednea-
surements. Our solver is slower than parallel MUMPS
solversfor a low numberof processors.This is because
our algorithmsgeneratingocal numberingof matricesat
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Figure 10. Execution times of particular parts of the
MUMPS-baseddirect sub-structuringmethod, measured
onthefirst mesh.
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MUMPS-baseddirect sub-structuringmethod, measured
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tree nodesand making decisionsaboutd.o.f. thatcanbe
eliminatedarenot optimized,andbecomeslow whenthere
aremary finite elementsassignedo a singlesub-domain.
On the otherhand,our solver scalesvery well up to
the maximumnumberof utilized processorsandbecomes
up to two timesfasterthanthe MUMPS solver for a large
numberof processorg57 secondsfor our solver on the
secondmeshversus112 secondof the parallel MUMPS
with distributed entries). The MUMPS-basedlirect sub-
structuringmethodusually runs out of memoryfor large
numberof processorg40 or 32 for the first or the sec-
ond mesh,respectiely - it requiresmore than 8096 MB
of memoryper processor).Notice thatthe Schurcomple-
mentsobtainedrom our solveronthelevel of leavesof the
sub-domaingree are exactly the sameasthe Schurcom-
plementgequestedrom the MUMPS solversin this case.
The METIS orderingprovided for the MUMPS with the
Schurcomplementrestriction over the sub-domaininter-
faceseemsto be not optimal. On the otherside, our al-
gorithm provides quasi-optimalordering under the same
constrains. This resultsclearly shavs that our ordering
obtainedby utilizing the knowledgeaboutthe initial mesh
structureandthehistoryof refinementprovidesmuchbet-
ter scalabilitythanthe graphbasedorderingfor this case.
The METIS ordering(graphbasedordering)is muchbet-
ter whenthe MUMPS solver getsthe entire matrix, but it
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Figure15. Minimum andmaximummemoryusageof the
MUMPS-baseddirect sub-structuringmethod, measured
onthesecondnmesh.
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Figure16. Executiontime of the parallelMUMPS solver
with distributedentries measuredan thethird mesh.
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is far from the optimalorderingif we provide only asingle
sub-domaindataand requestthe Schurcomplementwith
respecto thesub-domairinterface.

All presentegroblemsaresparseandall MUMPS-
basedparallel solvers reachthe minimum executiontime
on 8 or 16 processorsHowever, the memoryusagefor all
threetypesof MUMPS-basedsolversis large. The mem-
ory usageusually stabilizesfor the parallelMUMPS with
distributedentries but theexecutiontime increasesOnthe
otherhand,the memoryusageof our new solveris usually
lowerthanfor any MUMPS solwer.
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