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1 Introduction

The numerical solution of parabolic partial differential equations or systems is a widespread
task in numerical analysis, see, e.g., [29, 30, 32]. The discrete solution is naturally re-
quired to reproduce the basic qualitative properties of the exact solution. Such a property
for parabolic equations is the (continuous) maximum principle (CMP), see e.g. [14, 28]
for its several variants. Its discrete analogues, the so-called discrete maximum principles
(DMPs) for linear parabolic problems were first presented in the papers [15, 25, and later
developed and analysed in many papers, see e.g. 9, 10, 31] and the references therein. A
related important discrete qualitative property is the so-called nonnegativity preservation,
analysed in the context of DMPs e.g. in [9].

It is well-known from the above works on linear parabolic equations that the usual
relation between the space and time discretization steps is generally

At = O(h?)

* Supported by the Hungarian Research Grant OTKA No.K 67819, by HAS under the Bolyai Janos
Scholarship, Grant MTM2008-03541 of the MICINN, Spain, the ERC Advanced Grant FP7-246775 NU-
MERIWAVES, and Grant PI12010-04 of the Basque Government.
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(i.e., the ratio of At and O(h?) should remain between two positive constants as they tend
to 0), both to achieve convergence and to satisfy the DMP [9, 10]. We note that mass
lumping can be used to avoid the lower bound At > ch? (which requires sufficiently large
time-steps w.r.t. h?), see [15, 33, 34]; on the other hand, the really important restriction
is not the large time steps but the sufficiently small time steps w.r.t. h% (i.e. the upper
bound At < ch?), which is however inevitable in any work even for linear DMP [9, 10].
The other main assumption to achieve the DMP arises for the space mesh. When using
FEM, one has to impose certain geometrical restrictions, e.g. for simplicial elements this
means certain acuteness of the mesh in the presence of lower order terms. These conditions
also appear in the widely studied elliptic case, see, e.g., [5, 15, 16, 22, 26, 27, 38, 41] and
the references therein. A fairly general algebraic condition on the FE basis functions that
covers most of these conditions has been given in [24]:

Vi Vie; <0 on Q and /wi-wj < —Kyhi™?
Q

for all 7, 7, where h is the mesh size, d is the space dimension and K, > 0 is a constant
(independent of h). Under such conditions, the DMP holds for small enough h, namely,
for h < hg where hq is a computable bound.

In this paper we prove that proper discrete maximum principles hold for nonlinear
parabolic systems of PDEs, discretized in space by FEM, under the same conditions as
discussed above. To our knowledge, there have appeared very few papers on nonlinear
equations concerning parabolic DMP. A related result in [8, Th. 5.13] shows that FEM
for some semilinear reaction-diffusion systems on 2D domains preserves invariant regions
under certain assumptions, which is closely related to DMP. Some results on DMP for
FEM for certain nonlinear parabolic equations have been given in [13]. Our goal is to
extend the result of [13] to systems as general as possible, involving nonsymmetric terms
and mixed boundary and interface conditions as well. The coupling of the equations in
the system is cooperative and weakly diagonally dominant, similarly to the elliptic case
24].

The CMP itself has been extended for nonlinear parabolic systems of PDEs in different
forms, often in the context of invariant sets, see, e.g., [7, 39, 40]. We find it natural to
require an analogy of the DMP, known for linear equations, to hold for nonlinear systems
as well. First, this is suggested by the physical meaning of such systems, most often in the
special form of nonnegativity of the solution. Second, in the elliptic case the same CMP
holds for related nonlinear equations as for linear equations [22], and a natural analogue
of these holds for systems [24].

An important step in our process is to establish a purely algebraic DMP for systems
of ordinary differential equations (ODEs), to which our results on PDE systems can then
be reduced. This DMP for ODEs is of independent interest, and can be regarded as
a basic property that underlies parabolic PDEs. This is analogous to the algebraic or
matrix maximum principle for generalized nonnegative matrices [4, 37] that underlies
most elliptic DMP results.

The paper is organized as follows. In Section 2, we formulate the considered class of
systems. The discretization scheme is given in detail in Section 3. Section 4 is devoted to



55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

75

76

the algebraic DMP for ODE systems. The DMP and related nonnegativity preservation
for the considered parabolic systems are presented in Section 5. Finally, various examples
are given in Section 6.

2 The class of problems

In this paper we consider the following type of nonlinear parabolic systems, involving
cooperative and weakly diagonally dominant coupling, nonsymmetric terms and mixed

boundary and interface conditions. Find a function u = u(z,t) = (u1(x,t),...,us(x,t))
such that for all k =1,... s,
auk

e div <ak(:ﬁ, t,u, Vu)Vuk> + wi(z,t) - Vug + qr(z,t,u) = fi(z,t)

in Qr = (Q\Tin) x(0,7), (1)

where € is a bounded domain in R?¢ and 7' > 0, further, the boundary, interface and

initial conditions are as follows (k =1,...,s):
ug(x,t) = gp(z,t) for (z,t) € Tp x [0,T], (2)
ag(x,t, u, Vu)%ij + sp(z, t,u) = y(z,t) for (z,t) € Ty x [0,T7, (3)
[ug]p, = 0 and [ak(a:,tu, Vu)%—i—sk(x,t, u) N Ye(z, 1) n
for (z,t) € Ty x [0, 77,
ug(x,0) = u,io)(w) for x€Q, (5)

respectively, where v is the outer normal vector and [.], ~ denotes the jump (i.e., the
difference of the limits from the two sides of the interface I';,;;) of a function. We impose
the following

Assumptions 2.1.

(A1) (Domain.) €2 is a bounded polytopic domain in R% Ty, I'p C 09 are disjoint open
subsets of 00 such that 9Q = I'p UT'y, and T';,,; is a piecewise C! surface in €.

(A2) (Smoothness.) For all k = 1,..., s, the scalar functions a; : Qr x R* x R — R,
@ Qr x R° — R and s : (I'v UTy) x [0,7] x R® — R are measurable and
bounded, further, ¢, and s, are continuously differentiable w.r.t. their variables
in R*, on their domains of definition. Further, w, € Wh*(Qr), fir € L®(Q7),

v € L2((Ty UTsn) x [0,T)), g € L®(Tp x [0,T]) and u!” € L>=(€).

(A3) (Ellipticity for the principal space term.) There exist constants py and p; such that

0<“0§ak($7t7€7n) S:ul (6)

forall k=1,...,sand all (z,¢,&,n7) € Q x (0,T) x R x R,

3
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(A4) (Coercivity.) Forall k =1,...,s, we have divw, <0 onQ, wy-v>0 on Iy,
further, [wy], = 0and [wg-v], > 0.

(A5) (Growth.) Let 2 < p1 ifd=2and 2 <p; < 2L if d > 2, further, let 2 < p, if
d=2and 2 < py, < 222 if d > 2. There exist Constants a1, o, B, e > 0 such that
foranyxEQ(orxGI‘NUFmt,resp) € (0,7), ¢ € R* and any k,l =1,.

gy, ) dsp -2
o] ot mler |G| < ot g ")
(A6) (Cooperativity.) Forall k,l=1,...,s, 2 € Q (or x € 'y UL, resp.), t € (0,7),
e R,
g—?;(:c,t,f) <0 g?; (x,t,&) < whenever k # |. (8)

(A7) (Weak diagonal dominance.) For all k =1,...,s, z € Q (or x € 'y U T, resp.),
€ (0,7), £ €R?,

Z a% = 0. Z %@m > 0. (9)

Remark 2.1 Assumptions (A6)-(A7) imply forall k =1,...,s, v € Q (or z € [y UL,
resp.), t € (0,T), €€ R that §&(z,t,6) >0,  Z% (x ¢ 5) > 0.

We will define weak solutions in a usual way. The interface conditions are handled
similarly to the Neumann boundary, see e.g. [23]; now we can join these two sets and
denote

=TyUTlj.

in the sequel. Let
HEH(Q) :={ue H(Q): yr, = 0}.

A function u : Qr — R* is called the weak solution of the problem (1)—(5) if for all
k=1,...,s, uy are continuously differentiable with respect to t and ux(.,t) € HA(Q) for
all t € (0,7), and satisfy the relation

/Z —vk dx + /Z(ak(m, t,u, Vu)Vuy - Vo + (wi(z, t) - Vug)vr + qr(z, ¢, u)vk> dx
k=1
(10)

—i—/Zsk(x,t,u)vk do = /kavk dx—l—/Z’ykvk do (Vv € HL(Q)®, te(0,7)),
Y k=1 o k=1 L k=1

further,
up=gr on [0,7]xTp, Up|1=0 = u,(go) in Q. (11)

Here and in the sequel, equality of functions in Lebesgue or Sobolev spaces is understood
almost everywhere.
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3 Discretization scheme

The full discretization of problem (1)—(5) is built up from two standard steps in space
and time; in addition, suitable vector basis functions are involved.

3.1 Semidiscretization in space

Let 7, be a finite element mesh over the solution domain @ C R¢, where h stands for
the discretization parameter. We choose basis functions in the following way. First, let
ng < n be positive integers and let us choose basis functions

P15+ -5 Pag EHll)(Q>7 gpﬁ0+177¢ﬁ€H1(Q>\Hb<Q)7 (12>

which are associated with the homogeneous and inhomogeneous boundary conditions on
I'p, respectively. These basis functions are assumed to be continuous on €2 and to satisfy

0p =0 (p=1,...,n), Y p,=1, (13)
p=1

further, that there exist node points B, € QUI'y (p = 1,...,7m9) and B, € I'p (p =
ng+1,...,7n) such that

SOp(Bq) = dpg (14)

where d,, is the Kronecker symbol. These conditions hold e.g. for standard linear, bilinear
or prismatic finite elements. We note that in general i = O(h?). Further, one usually
considers a family of subspaces and lets h — 0, hence we will stress the independence of
h for certain bounds where applicable.

We in fact need a basis in the corresponding product spaces, which we define by
repeating the above functions in each of the s coordinates and setting zero in the other
coordinates. That is, let Ny := sng and N := sn. First, for any 1 <7 < Nj,

if i=(ko—1)ng+p forsomel <ky<sandl<p<ng then

¢i :=1(0,...,0,¢,,0,...,0) where ¢, stands at the koth entry, (15)

that is, the mth coordinate of ¢; satisfies (¢;),, = ¢, if m =k, and (¢;), =0 if
m # ko. From these, we let

Vy) = span{¢y, ..., on,} C Hp(Q)". (16)
Similarly, for any Ng+1 <i < N,
if i=No+(ko—1)(n—1ng)+p—mne forsomel <ky<sandng+1<p<n, then

¢ :=(0,...,0,0,,0,...,0)" where ¢, stands at the koth entry, (17)

that is, the mth coordinate of ¢; satisfies (¢;),, = ¢, if m =ky and (¢;),, =0 if
m # ko. From (16) and these, we let

Vi, = span{é1, ..., 65} C H'(Q)*. (18)

5
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Using the above FEM subspaces, one can define the semidiscrete problem for (10) with
initial-boundary conditions (11). We look for a vector function u;, = uy(x,t) that satisfies
(10) for all vy, = (v1,...,vs) € V), and the conditions

ul(2,0) = uP"2) (zeQ),  ul( t)—gl(,t)e V] (te(0,T)), forallk=1,...,s

must hold. In the above formulae, the functions uk M and gi(.,t) (for any fixed t) are
suitable approximations of the given functions uy and g¢(.,t), respectively. In particular,
we will use the following form to describe the kth coordinate g:

gr(z,t) ng ) Prg+p(T), where Ny =N — Ny. (19)

We seek the kth coordinate function u, of the numerical solution in the form

uk €, t Zu +gk xz, t Zu(k + ng @n0+P LE) (2O>

where the coefficients u" (t) (p = 1,...,np) are unknown. The set of all coefficient

functions will be ordered in the following vector:

u'(t) = (uV@), .. ul) @) WP @), WD) WD), a1,

R0 Nl () I o () N () IR (O R A )
(21)
(where © denotes the transposed of a vector), that is, u”(t) has Ny = sfig coordinates from
ul! )(t) to ul ( ) belonging to the points in the interior or on I', and then N — Ny = s(in—mny)
coordinates from g§ )(t) to gna( ) belonging to the boundary points on I'p, such that the
upper index from 1 to s gives the number of coordinate in the parabolic system. We will

also use the notations

2 k k
al(0) = (™ (0), s un(0), g™ = (o), g (1)
for any fixed ko = 1,...,s, to denote the corresponding sub-fip-tuples of u”(¢) and sub-
no-tuples of g"(t), respectively.
To find the function u”(¢), first note that it is sufficient that uy, satisfies (10) for v = ¢;
only (i =1,2,..., Nyg). Writing the index 7 in the following form as before:
i=(ko—1ng+p forsomel <ky<sandl<p<ny, (22)

the function v = ¢; has kth coordinates vy, = dj 4, (Where dy , is the Kronecker symbol)
for k =1,...,s, hence (10) yields

0
/ gfo Pp diE+/ <ak0 ([E, tu, VU)VUK’O 'V¢p+(wko (ZL‘, t)‘VUkO)SOp—Fko ({E, l u)‘ﬂp) dz (23>

Q Q
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—l—/sko(x,t,u)gopda = /fkogopdx+/’yko<ppda (1<ko<s, 1<p<ny).
Q

r r

For fixed ko, using (20), the first integral in (23) becomes M [d“gm, dg;:(])], where

M = [Mpglagxns  Mpq = /Q()OP pq dz. (24)
We shall use the corresponding partition
M = [Mou\_/[a], where 1\_/[0 S RﬁoXﬁO, Ma € R0xmo

and here My is the mass matrix corresponding to the interior of . Let kg = 1,...,s and
let us define the partitioned block matrix

M = [blockdiags(l\_/lo,l\_/lo,...,Mo) | blockdiag,(My, M, ..., My)| € RN*N_ (25)
Then we are led to the following Cauchy problem for the system of ordinary differential

equations:

M—— + G(t,u"(t)) = f(t), (26)

u"(0) = ul, (27)

where using the form of ¢ as in (22),

G(t,u"(t)) = [G(t, 0" (t)i]iey,. x, »

G<t7 uh<t>>i - /(ako (LE, l,u, VU)Vuko ’ v@p + (Wko (:L“, t) : Vuko)(pp + Ak (ZL’, t u)@ﬁ) dx
Q

+ / Sk (2, t, w) e, do,
T

o B = / fio 1)y (&) dt + / o (2, 0y () dor (),

and finally, ul! is defined by setting ¢ = 0 in (21) and using that ugc)(O) = ulgo)(Bp) for
k=1,...,sand p=1,...,n0.

The solution u" = u”(t) of problem (26)—(27) is called the semidiscrete solution.
Here the coefficients g\ (t) are given, hence (26) can be reduced to a system where M
is replaced by the nonsingular square matrix My := blockdiag,(Mgy, My, ..., M) only.
Then existence and uniqueness for (26)—(27) is ensured by Assumptions 2.1, since then
G is locally Lipschitz continuous.
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3.2 Full discretization

In order to get a fully discrete numerical scheme, we choose a time-step At and denote the
approximation to u”(t,) and f(¢,) by u™ and f* (where t,, := nAt, n=20,1,2,...,n7,
T = nrAt), respectively. To discretize (26) in time, we apply the simplest and most
commonly used one-step time discretization method, the so-called §-method [15, 32] with
some given parameter

6 € (0, 1].
We note that the case 6 = 0, which is otherwise also acceptable, will be excluded later by
condition (75).
We then obtain a system of nonlinear algebraic equations of the form
S )

MT +0G (tpi1, w1 + (1 — 0)G(t,, u™) = £™9) .= gf" 1 4 (1 — 9)f", (28)

n=20,1,...,np — 1, which can be rewritten as a recursion
Mu"t! 4 OALG (t,41, u™T) = Mu” — (1 — ) AtG(t,, u™) + At £0) (29)
with u® = u"(0). Furthermore, we will use notations
P(u"™!) := Mu"™ + 0AtG(t,,q, u"™), Q(u") := Mu" — (1-0)AtG(t,, u™), (30)
respectively. Then, the iteration procedure (29) can be also written as
P(u"*!) = Q(u") + At £9, (31)

Finding u™™ in (31) requires the solution of a nonlinear algebraic system. Similarly as
mentioned before, (31) can be reduced to a system with the first Ny coefficients, i.e. M is
replaced by the nonsingular square matrix My := blockdiag,(Mg, My, . .., M) only, since
the other coefficients of u"*! are given from the g;,(,k)(t). Analogously, P is replaced by
Py. The block mass matrix My is positive definite, and it follows from Assumptions 2.1
that u — G(u) has positive semidefinite derivatives. hence by the definition in (30), the
function u — Py(u) has regular derivatives. This ensures the unique solvability of (31)
and, under standard local Lipschitz conditions on the coefficients, also the convergence of
the damped Newton iteration, see e.g. [12].

4 An algebraic discrete maximum principle for ODE
systems

An important and widely studied special case of our problem is the linear case, in fact,
we wish to recast the nonlinear case to that. In this section we establish an algebraic
DMP for systems of ordinary differential equations (ODEs), which can be later used for
our discretized parabolic PDE system.
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The motivation for that is the well-known continuous maximum principle (CMP) for
a linear parabolic PDE. Consider the problem

%—kAu—i—c(iﬁ)u = f(z,t) in Qr, u=g on [0,7]x0Q, uli=o = up In 2 (32)

where k > 0 is constant and ¢ > 0. If the data and solution are assumed to be sufficiently
smooth, then problem (32) satisfies the following CMP [11]:

min{0; min g} + ¢; min{0; min f} < u(x,t;)< max{0; max g} + ¢; max{0; max f} (33)
Q

1—"51 t1 1—‘tl t1

for all z € 2 and any fixed ¢, € (0,7"), where @y, := Q x [0,¢1], and I';, denotes the
parabolic boundary, i.e., I'y, := (992 x[0,%1])U(2x {0}). A related property, which follows
from the above [10], is the continuous nonnegativity preservation principle: relations
f>0,9g>0and up >0 imply wu(z,t) >0 forall (z,t) € Qr.
In the discrete case, the ODE system (26) for (32) becomes linear and has the form
du”

M= -+ Ku"(t) = f. (34)

Suitable analogues of (33) have been established e.g. in [11] for such discretized PDEs.
Below our goal is to formulate a DMP purely algebraically for such ODE systems, to
which our results on PDE systems can then be reduced.

4.1 The Cauchy problem and its discretization
Let us consider the Cauchy problem for the system of linear ordinary differential equations

da
M—+Ku=f 35
where M = [My|My], K = [Ko|Kjs] € RVY*" are partitioned matrices with the entries
My, Ky € RYoxNo My Ky € RN*No (N = Ny + Np), f(t) € RM for all t > 0 and
u(0) € RY are given. Here wi(t) € R" has the partitioning [u(t)|g(¢)]*, where u(t) € R,
g(t) € RM and g(t) for t > 0 and u(0) are given. We seek the unknown function u(t)
for ¢t > 0.

We impose the following conditions for the matrices M and K, wherein ¢ = 1, ..., Ny,
j=1.,N:

N
(Bl) K <0 foralli# j; (B2) > K;>0 foralli;

Jj=1

N
B3 M;; > 0 for all 4, j; B4 M,;; > 1 for all i.
J J
j=1
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Constructing a full discretization of (35) as in subsection 3.2, we obtain a recursion of
algebraic systems analogously to (29):

(M + AAtK)a™ ™ = (M — (1 — §)AtK)a" 4+ At £9, (36)

further, the matrices M + §AtK and M — (1 — §)AtK are denoted by A and B
respectively. In what follows, we shall use the following partitions of the matrices and
vectors:

n u”
A=[AdAsl B BB o= | % 7
where, obviously, Ay and By are quadratic matrices from RN*Mo: Ay By € RNoxNo,
u" = [uf, ..., uf]" € RY and g" = [}, ..., g%, | € R"?. Then, the iteration (36) can be

also written as

A"t = Ba" 4 At £09), (38)
or
n+1 n
Aolao] | B | =Bl | B ]+ aeren 39

4.2 A discrete maximum principle

Let us use the following notations:

Imin = min{gy, ..., g8} Gmae = max{gy, ..., g5, } (40)

upy i, = min{uy, . .. ,u’fvo}, upy . = max{uy, ... ,u}lvo}, (41)

Upin = M0 G Unin by Upaw = X G0 U | (42)

i = min{0, A7, FGTY, fe = max{0, 1 A0, (43)
eo=1[1,...., 1" eR™, ey =1[1,...,1]" e R, e=][1,...,1]" € RM. (44)

We formulate the discrete maximum principle (DMP) for the discrete model (39) as

follows:

< ™t < max{0, gpaps Ghas Una} + At frraas
(1=1,...,No; n=0,1,2...), following [15, p. 100].

In order to satisfy the DMP for the model (39), we also impose conditions for the
choice of the time-discretization parameter At:

The following proposition summarizes some properties of the matrices A and B.

Lemma 4.1 Under conditions (B1)-(B6) the following properties are valid:

10
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P1. Ay <0, P2. ey < Ae;

P3. Ay is an invertible matrix and Aal >0; P4 AalAa <0;

P5. B > 0y P6. Ke > 0;

P7. Ae > Be; PS. —AglAaea < ep.

Proof. Property P1 follows from assumption (B5). Using assumptions (B2) and
(B4), we have

N N N
j=1 j=1 j=1

which shows the validity of P2.
Condition B5 implies that A;; < 0 for all ¢ # j. Moreover, based on P1 and P2, we have
the relation

Apeg > Ageg + Ayey = Ae > ey > 0. (47)

Owing to (B5), the off-diagonal elements of Ay are nonpositive. Moreover, there exists a
positive vector eqg > 0 for which Ageq > 0. This yields that Ag is an M-matrix, see e.g.
[1, Thm. 2.3]. Hence, the statements P3 and P4 are obvious. Condition (B6) implies
that By > 0 for all ¢ = 1,2,... Ny. On the other hand, according to (B1) and (B3), we
get B;; > 0 for all ¢ # j. Hence, P5 also holds. Property P6 follows from (B2). Using P6,
we have

Ae = Me + 0AtKe > Me > (M — (1 — 0)AtK))e = Be,

which proves P7. Finally, due to P2 and P1, we have Agleo < e+ AalAaea. Hence,
using P3, we get —Ag TAyey < ey — Ay ey < ey, which shows the validity of P8. This
completes the proof. m

Now we can prove the following

Theorem 4.1 Assume that conditions (B1)-(B6) are satisfied. Then the DMP of the
form (45) holds for the system (38).

Proof. ;From (39), using P2, we get
Aoun—H + Aagn—l-l — Aq"t! = Ba® + At f(n,@) <

< Bu"+ Atfl eo < Bu" 4+ Atf Ae. (48)
Hence, using P3, and then P5 and P7, respectively, we get
utl < —AJTA g ATBUT + At A T Ae <
<A A gt o A Be + Atfn AjTAe <
< —AGTAp g g, Ag Al + ALSE AT Ae = (49)

= —Ao_lAa gt 4o Aal[Aof Ajle + Atf;fmanl[Ao] Ayle =

max

= —AalAa gn—l—l + ot (eo + AalAa ea)—{—

maxr

—|—Atf1§m(eo + AalAa ea).

11
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237

238

239

240

241

242

243

244

245

246

Regrouping the above inequality, we get

u"tt — " — Atf"

mam max

co < —Ay Ap(g" — vlh,en — AL

mam max )

(50)

Hence, for the i-th coordinate of the both sides of (50), using P4, and finally P8, we
obtain

U?+1 max - Atff?lam Z ( 1A3) ( o — max — At fr?Lax) =
< (0% (—A5'A),, ) - max{0, max; {g} ! — v, 1 < masc{0, mave;{g) ! — o, -

(51)
Finally, expressing u}""! we obtain the required inequality. The inequality on the left-hand
side of (45) can be proved similarly. This completes the proof of the theorem. [
Remark 4.1 The DMP (45) can be equivalently formulated as
min{0, 971+ Goin mm} + At mln{O fin} < (52)
(t=1,...,No; n=0,1,2...), where
n . n,0 n,0 n n,0 n,0
min = min{ [ PG e = max{ £ ) (53)

4.3 The general case

Now we verify that, without loss of generality, we can replace condition (B4) with the less
restrictive assumption Zjvzl M;; > 0 for all 4. Further, assumption (B1) can be formally
omitted (it will follow from the other ones).

Hence we now impose the following five conditions:

Assumptions 4.3.
N
(1) ZKUZO fOI‘aHZ:L,No,
j=1
(11) MzJZO fOI‘aHZ:L,No, jzl,,N,
N
(i) Y M;j=2m; >0 foralli=1,..., Ny;
j=1
<1V) AU:MU—FHAtKUSO fOI'aHZ:l,,No, jzl,,N, ’L#],

Theorem 4.2 Let Assumptions 4.3 hold for the full discretization of the ODE system
(35). Then the discrete solution, obtained from (38), satisfies the following DMP:

<uftt < maX{O, G s G L } + At maX{O AN

max? maa:

(54)

12
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253
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255

256

257

258

259

260

261

262

263

264

265

266

267

268

270

271

(i=1,...,Nog; n=0,1,2...), where, using m; from Assumption 4.3 (iii),
n,0 n,0 n,0 n,0
0 L g TR !

fr. = min{ . e = max{ . (55)
my MmN, my M Ny
PROOF. Introducing the diagonal matrix D = diag[my,...my,], we can rewrite the
original equation (35) in the equivalent form
d
D‘lMd—ltl +D'Ku=D"'f. (56)

Assumptions 4.3 (i)-(ii) and (iv)-(v) for the matrices in (35) are equivalent to the proper-
ties (B2)-(B3) and (B5)-(B6) for the matrix in (56), and assumption (iii) implies that the
matrix D™'M satisfies the condition (B4). Finally, assumptions (B3) and (B5) imply that
6 must be positive, in which case assumption (B1) follows from (B5). Consequently, The-
orem 4.1 can be applied to system (56). By Remark 4.1, this means that (52) holds such
that f is replaced by D~f, i.e. f*. and f* are replaced by f" and fg respectively.

min max min axr)
|

The above result still reduces the values of w on the (n + 1)th time level to the values
of w on nth time level. Now, by induction, we obtain a DMP that reduces the values of
u only to the input data until the (n + 1)th time level:

Theorem 4.3 Let Assumptions 4.3 hold and let us introduce notations

(m) ._ 0 n+1 fn) s ] Fo Fn
gmin (= gmin""’-gmin ’ fm'm = 1nin min""’fmin )

(n) n+1 £ 0 Fn

0 F(n) (57)
Jmaz ‘= max{gmaz, o ,gmax}, fmaz == max{ mamy max}.

Then we have

min{0, g\, ul) 3 + (n + DAt min{0, £} < wi™t < max{0, g, winae} + (n+ 1) At max{0, fi}.

(58)

PROOF. The result follows directly from the previous theorem by mathematical in-
duction. -

Of course, the values in (57) can be further estimated by the global minima and
maxima of g and f for n = 0,...,ny — 1 independently of n, which shows the analogy
with the continuous case (33).

5 The discrete maximum principle for the nonlinear
system

5.1 Reformulation of the problem

First we rewrite problem (10) to a problem with nonlinear coefficients. Let us define, for
any k,l=1,...,s, x € Qresp. I', t >0, £ € R?,
! 8qk ! 8sk

0 a_&(xvtaag) dOé, Zkl($7t7€) = _("L‘vtaag) da (59)

Tk’l(l‘7ta§) = 0 afl

13



272

273

274

275

276

277

278

279

280

and
fk(xvt) = fk<x7t) _Qk(x7t70)7 ;Yk(xvt) = Vk(x7t>_5k(x>t?0) (6())
Then the Newton-Leibniz formula yields for all x, ¢, & that

S S

ar(x,t, &) — qr(z,t,0) = Zrkl(x,t,f) &, sk(x,t, &) — sp(x,t,0) szl (x,t,8)¢

=1 =1

Subtracting qx(z,t,0) and si(z,t,0) from (1) and (3), respectively, we thus obtain that
problem (10) is equivalent to

/ Z%vkdm—l—B(t,u;uw): ((t)v) (e Hp(Q), te(0,T),  (61)

where

B(t,y;u,v) ak x,t,y, Vy)Vuy - Vo + (wi(x,t) - Vug)vg (62)

:a\

k=1

—i—Zrklx t,y) g dx+/szl x,t,y) wug do

k=1 k=1

and  (¥(t),v) :—/kavkda:+/2‘ykvkda.
Q k=1 T k=1

Then the semidiscretization of the problem reads as follows: find a vector function
up, = up(x,t) such that

ul(2,0) = uP"M2) (zeQ), ul( t)—gl(,t)e V] (te(0,T)), forallk=1,...,s

o dr + B(t, up; up, o) = (ah(t),0") (Vo € V', t € (0,7)).

S

»

‘QJ

|
?7'3“

Proceeding as in (20)—(26), the Cauchy problem for the system of ordinary differential
equations (26) takes the following form:

du” .
Md—‘; FK( M = £(t),  ut(0) =u! (63)
where M is as in (26)
K<t7uh) = [K(tauh)ij]NoxN ’ K(tauh)ij = B(tauh;¢j7¢i>7 (64>

£(t) = [fi)]ir, g Si®) Z/kao(l‘,t)@p(x) d$+/rﬁko(fﬁ7t)<ﬁp($) do(z).  (65)

14
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291

292

294

295

296

297

299

300

301
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The full discretization reads as

Mu" ! + ALK (ty41, u"Hu™ = Mu” — (1 — 0)AtK (¢, u™)u” + At £ (66)
Since we have set G(t,u") = K(¢,u")u” in (26), the expressions (30)—(31) become
Pu"!) = (M + 0AtK (ty4q, u™™)) u™, Q(u") = (M — (1 -60)AtK(t,, u))u”,
respectively. Then, letting

A(u") :=M+0AtK(t,, u"), B(u"):=M-—(1-0)AtK(t,, u") (n=0,1,2,...,np),
(67)
the iteration procedure (66) takes the form

A(un+1)un+1 — B(u")un + At f'(”’e), (68)

which is similar to (38), but now the coefficient matrices depend on u™*! resp. u".

5.2 The DMP: problems with sublinear growth

Let us consider Assumptions 2.1, where we let p; = po = 2 in assumption (A5), i.e. we
have

Assumption (A5’°): there exist constants oy, as > 0 such that for any x € Q (or z € T,
resp.), t € (0,7) and £ € R, and any k,l =1,...,s,
aSk
—(z,t < —(z,t < . 69
‘8& (I, 75)‘ > O, agl (.flf, 75)‘ = ( )
In what follows, we will need the standard notion of (patch-)regularity of the considered
meshes.

dqy,

Definition 5.1 Let Q € R? and let us consider a family of FEM subspaces V = {V}, }1 0.
The corresponding family of FE meshes will be called quasi-regular if there exist constants
co,c1 > 0 and a constant 1 < o < 2 such that for any ~ > 0 and basis function ¢,,

c1h? < diam(supp ¢,) < coh and  measq_1(O(supp ¢p)) < cah®! (70)

(where supp denotes the support, i.e. the closure of the set where the function does not
vanish, and meas;_; denotes (d — 1)-dimensional measure of the boundary of supp ¢,),
further, there exist constants cg,qq > 0 and 1 < p < % (independent of the basis functions

and h) such that

Cyrad

Vo, < =1,...,n). 71
maX| gpp| — diam(supp Spp)g (p n) ( )

Note that the first inequality in (70) implies
measy(supp ¢,) < csh?, (72)

and in fact it also implies the second inequality in (70) under certain natural but additional
assumptions, e.g. if supp ¢, are convex, as is usually the case for linear, bilinear or
prismatic elements.
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23 Theorem 5.1 Let problem (1)-(5) satisfy Assumptions 2.1 such that we let p; = py = 2
30 in (7), i.e. (A5) reduces to assumption (A5’) above. Let us consider a family of finite
w5 element subspaces V = {Vi,}no such that the basis functions satisfy (13)—(14), and the
w6 family of associated FE meshes is quasi-reqular as in Definition 5.1. Let the following
07 assumptions hold:

308 (1) foranyp=1,...n0, ¢q=1,....,n (p# q), if measq(supp , Nsupp p,) > 0 then
Vi, -V, <0 on Q  and / Vg, - Vi, < —Koh'? (73)
Q

300 with some constant Ko > 0 independent of p,q and h;

(i1) the mesh parameter h satisfies h < hg, where hg > 0 is the first positive root of the

equation
,UOKO 1 w .
C3 h? o+ Cghga =0
310 where, using notation ||Wls 1= supy , ; [Wi(2,t)],
W = a3 + Corad||Wllso ; (74)
s (i11) using w from (74), we have
h2
At > = ; (75)
e(luoKo — a103h2 — WhQ_QJ)
312 (iv) if 0 <1 then
1
At < —ovo— 76
313 using the notations
w o0 w o0
R() = (i + 0N (1) 400 GOA) + (e + 120 (77)
314 9 f 9
\Y
N(h) := max JolVesl” G(h) = max 2P (78)
p=1,...,no fQ 90127 p=1,...,ng fQ (pl%

31 Then the matrices M, K(t,i1,u™™), A(u"™) and B(u"), defined via (25), (64)
s and (67)-(68), respectively, have the following properties:

3

s

N

w (1) Y K1, u™™h); >0 foralli=1,...,Ny;
i=1

318 (2) Mz]ZO fOTallizl,...,No, j:]_,...,N,'

3

s

N
o (8) Z:lMij::mi>O foralli=1,... Ny;
J:

16



w  (4) A),; <0 (@i#j, i=1,..,No,j=1,..,N);
321 (5) B(u“)“ >0 (ZIl,,NO)

322 PROOF. First we calculate K(t,u");; := B(t,up; ¢;,¢;) for given i = 1,..., Ny, j =
23 1,...,N. Let us write the indices 4, 7 in the form as in (22):

i=(ko—1)ng+p forsomel <ky<sand]l<p< g, (79)

324
j=(lo—1)ng+q forsomel <ly<sand1l<qg<ngor (80)
j=No+ (lo—1)(n—ng)+q—1n forsomel <[y <sandny+1<gq<n.

Then the functions u = ¢; and v = ¢; have Ith and kth coordinates u; = 9;;,¢, and
U = Ok ko 9p (Where 0 is the Kronecker symbol) for k,l =1,...,s, hence by (62),

¢
/Tko lo(xa t? uh) Pp Pq dr + / Zko lo(xa tv uh) ©p Pq do if kO 7é lO;
Q T

K(t, llh)ij = / ako xZ, t ; Up, Vuh)vSOp V%l?q (Wko (I7 t) : v@p)@q + Tko ko (J:’ ta uh) Pp ¢Q> dz
Q
+/sz ko (T, 1, up) pp g do if kg = 1.
\ I
325 Similarly,
M= 0 if kg#1lp, and M, = /cpp wodr i ko =lo. (81)

Q

»s Now we can prove the desired properties (1)-(5). Moreover, we prove them in general for
27 all t and u" (but will use them later only in the case formulated in the theorem).

(1) Let i € {1,..., Np} be fixed. Then, using the notations of (22),

ZK / g (2, t, up, Vup)Vip, - V ngq (W (2,1) - Vi) Zgoq
Q

q=1

S

+O it (@ tun)) 0 (O SOq)) dl”r/ szolo z,t,un)) op qu

lo=1 q=1 lo=1

2s We now use (13) and first estimate the last terms. Using (59), the sums of functions ry,
20 and zg; inherit the nonnegativity (9), hence from (13) we altogether obtain that the last
30 two integrands are nonnegative. Then, (13) also yields that the first integrand vanishes
s and the sum in the second integrand equals 1, thus we obtain

ZK (t,u" /Wko z,t)-V,. (82)

17



For fixed ¢, using the divergence theorem and Assumption 2.1 (A4),

Kty > [ (o) Vi) = [ (wg(.0)-0) gy dot [ (wiglet)- vy do

—/(div W, (2,1)) ¢, dz > 0. (83)
Q

333 (2) It is obvious from (81) and (13) that M;; > 0 for all ¢, j.

334 (3) Using the notations (79)-(80), (81) and (13) again, we find

mi::/gop if i=(ko—1)Ro+p (1 <ko<s, 1<p<ny). (84)
Q

N 7
s osince Y Mij = [ ¢, (30 @) = [¢p > 0.
j=1 Q g=1 Q

(4) We calculate A(t,u");; := M;; + 0AtK(t, u");; and check its nonpositivity for all
t and u”. If kg # Iy then

A(t,u"),; = 0At (/ Tholo (T, 8, Un) ©p g d + /zko 1o (2, t,up) ©p g da) <0,
Q r

s using (13) and that by (59), 7x,1, and zy,;, inherit the nonpositivity (8).
If kg = [y then

3

@

Alt, uh)ij = /Spp pqdz + OAL /(ako (@, T, un, Vun) Vo - Viog + (Wi (2, 1) - Vg, )iog

Q Q
+rk0 ko (ZE, t, uh) ¥p 9011> dx + At / Zko ko (LL', l uh) Pp Pq do.
T
w7 Let €, := supp p, Nsupp ¢,. Here (13) and (72) yield
/ Pp g < measy(Qp) < csh?, (85)
Q

13 and similarly, also using (70),

/ Tho ko (T, 1, Un) ©p g < ajesh?, /zko ko (T, 8, up) p g < acoh®! (86)
Q
T

10 since by (59), rg,k, and zg,x, inherit (69). By (6) and (73), resp. (13), (71) and (72),

[ st Vun) Vi Vg < —poKo 2 [ (o .90 < coraliwlo b
Q Q
(57)

18
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350

351

352

353

354

355

356

357

358

359

360

Altogether, we obtain

A(t uh)" < C3hd [1 + OAt <—M0K0 1 + Co02 + CgradHW”LOO(Q)S)}
) iy = .

C3 h? C3 heeo

Since po < 2 and h < hg for hy defined in assumption (ii), it follows that we have a
negative coefficient of At above, and from (74) and (75) we obtain that the expression
in the large brackets is nonpositive, hence A(t,u");; <0.

(5) We have B(t, uh>n' = M” — (1 — 9)AtK<t, uh)n- Z 0 iff

[z =0t [ (anfotom Vudl Ty + (i) - Vi)
Q

“ (88)
+ Tho ko (T, T, up) @Z) dx + / Zko ko (T, T, Uup) goi do
T

The latter holds for all At > 0 if # = 1 (i.e. the scheme is implicit). If § < 1, then we
estimate the expresssion in brackets from above by

[ (¥l + il Teley + ar62) + [ 0z

Q T
< [w ||oo 2 [w ||oo 2> ph 2
— ( p1 + >|v P| ( Qg + )sop + Q2 Py > R( ) ' Pps
Q r “
which shows that (88) holds for all At that satisfies (76). u

Remark 5.1 (Discussion of the assumptions in Theorem 5.1.) We may state similar
comments as in the scalar case [13]:

(i) Assumption (i) can be ensured by suitable geometric properties of the space mesh,
see subsection 5.4 below.

(ii) The value of hy can be computed easily since it is defined by an equation containing
given or computable constants from the assumptions on the coefficients, the mesh quasi-
regularity and geometry.

(iii) It is well-known from the above works on linear parabolic equations that the usual
requirement for the relation between the space and time discretization steps is generally
to keep their ratio between two positive constants as they tend to 0, i.e.

At = O(h?) (89)

should hold, in order both to achieve convergence in the maximum norm and to satisfy the
DMP [9, 10, 32]. We obtain similar properties in Theorem 5.1 for our nonlinear systems.
Namely, first, the lower bound in (75) is asymptotically of the form At > O(h?) as
h — 0, and all the constants involved are easily computable. If § = 1, i.e. the scheme is
implicit, then there is no upper restriction on At. If § < 1, then for various popular finite
elements one has R(h) = O(h™2) in (77), see [13]. (Namely, this has been proved so far for

19
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381

simplicial elements in any dimension, bilinear elements in 2D and prismatic elements in
3D.) Hence At < O(h?) as h — 0, which yields with the other bound the usual condition
(89) (as h — 0) for the space and time discretizations.

In addition, the lower bound in (75) must be smaller than the upper bound in (76).
In view of the factor 1 — @ in the latter, this gives a restriction on # to be close enough to
1, similarly to the linear case.

Now we can derive the corresponding discrete maximum principles. First, based on
Theorem 4.2, we obtain

Corollary 5.1 Let problem (1)-(5) and its FE discretization satisfy the conditions of
Theorem 5.1. Then the discrete solution, obtained from (68), satisfies the discrete maxi-
mum principles (54) and (58).

One is more interested in the information containing the original coefficients rather
than the discrete values in (54). In this respect we can derive the following result:

Lemma 5.1 Let problem (1)-(5) and its FE discretization satisfy the conditions of The-
orem 5.1.

If the functions u,go), gr and fr are also continuous on the closure of their domains,
then the discrete solution, obtained from (68), satisfies the following discrete maximum
principle:

uft! < max{0, max max gr, max maxu,&o)h}
=1,...,s F(n+1)At =1,..., Q )
+ (n + 1)Atmax{0, max max f;+ D(h) max max A},
k=1,....s Qnt1)At k=1,....s Lint1)at
where F(n+1)At = T'p x[0,(n + 1)At], Tpinar =T x[0,(n + 1A, Quinar :=

Q x [0, (n+ 1)At], further, from (60),

fk<x>t) = fk(x7t> - Qk(xvtvo)v ’A}/k(xvt) = '7k<x7t) - Sk($7t7 0)

and finally, D(h) := max
p

The reverse of the above inequality (discrete minimum principle) holds if all mazima
are replaced by minima.

If we do not assume u,(co), gr and fr to be continuous on the closure of their domains,
then the above inequalities hold if the corresponding max and min are replaced by ess sup
and ess inf.

PROOF. We only prove the first, major, statement. (The other two are then obvious.)
In view of Corollary 5.1, we must estimate further the r.h.s. of (58):

20



Using the definitions, we first have
gﬁ,ﬁw:max{g}(,k)(jAt) cj=0,...,n+1, k=1,....s, p=1,..., 79}

Smax{g]()k)(t): 0<t<(n+1)At, k=1,...,s, p=1,...,19}.

Here (14) and (19) imply g,(f)( t) = gk (Big+p, 1), hence g, < max{ gy(z,t) : * €Tp, 0 <

t<(n+1)At, k=1,...,s} = max max gr. Second, we similarly obtain

k=1
»oST F(n+1)At

ugglx:max{ufgk)(O): k:zl,...,s,pzl,...,ﬁa}:max{u,(go)(Bp): k=1,....,s,p=1,..

< max{ UI(CO)(ZU) e k=1,... , S} = max maxu,(go)’h.

k=1,...,s Q
Finally, from (28), (55) and (65) we have

foie = max L0 ((n+ DAL + (1 - 0)f(nAt)

N M

= max L(/ (0o (z, (0 + 1)AL) + (1 — ) fi, (2, nAL)) @, da
Q

,,le

+ [ Bl (- DAY + (1= ), ,02)) 9y o).
r
By definition and (84),

fn < Joax (( max max fj) /gop + (max  max ) /gp,,)
L., fQ Pp N\ k=L QA Q k=1,.8 T 11) Dettat r
< max max f,+ D(h) max max . |
k=1,...,s Q(n+1)At k:l,...,sp(n+1)At
382 In practical situations the terms with D(h) usually vanish. Namely, one often has

33 Jx = 0 (namely, 7 = 0 and sg(z,t,0) = 0, e.g. for reaction-diffusion problems), in
;s which case the term containing max 4 disappears, and Lemma 5.1 becomes completely
s analogous to (33). The same holds if there is only Dirichlet boundary. More generally, if
s the 4, do not vanish but have a common sign condition, then we have a one-sided analogy.
s These are summarized as follows:

s Theorem 5.2 Let problem (1)-(5) and its FE discretization satisfy the conditions of
0 Theorem 5.1.

390 If the functions u,(go), gr and fi are also continuous on the closure of their domains,
s1 then the discrete solution, obtained from (68), satisfies the following inequalities, where
32 the notations of Lemma 5.1 are used:

(1) If % <0 for all k =1,...,s, then

ul <max{0 max _max gr, max maxuk "M+ (n41)At max{0, max max fi}.

SF(nJrl)At Y =L Quinyae
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(2) If 4. > 0 for allk =1,...,s, then

. . . . . (0)h . . . P
'™ > min{0, min min g/, min min u,(i, ) }+ (n+ 1)Atmin{0, min _min f;}.
:1"“’sfa+1)At =1,...,s Q =1,...,s Q(n+1)At

(3) If % =0 for allk =1,...,s, or Tn UTy,, = 0, then both of the above inequalities
are valid.

If we do not assume u,(co), gr and fi to be continuous on the closure of their domains,

then the above inequalities hold if the corresponding max and min are replaced by ess sup
and ess inf. Finally, nAt can be further bounded uniformly by T in all the estimates.

ProOOF. It readily follows from Lemma 5.1. [ ]

Finally, using statement (2) above, one can readily derive the frequently relevant
discrete nonnegativity principle:

Corollary 5.2 Let problem (1)-(5) and its FE discretization satisfy the conditions of
Theorem 5.1.

If fk >0, g8 >0, % >0 and u,(co)’h >0 forall k =1,...,s, then the fully discrete
solution, obtained from (68), satisfies

uy >0 (n=0,1,....np, i=1,..., Np).

Remark 5.2 Corollary 5.2 means that the coordinates u} of the semidiscrete solution are
nonnegative in each node point. Properties (13)—(14) of the basis functions imply that the
coordinates u” (., nAt) of the FEM solution for all time levels nAt are also nonnegative . If,
in addition, we extend the solutions to Q7 with values between those on the neighbouring
time levels, e.g. with the method of lines, then we obtain that the coordinates of the
discrete solution satisfy

ul >0 on Qr (k=1,...,s).

5.3 The DMP: problems with superlinear growth

In this subsection we allow stronger growth (of power order) of the nonlinearities g, and
sx than in the above, i.e. we return to Assumption 2.1 (A5), and extend our DMP results
from the previous section to this case. For this we need some extra technical assumptions
and results. The discussion of this modification is similar to the scalar case [13], and we
may rely on many of the technical results therein.

Let us first summarize the additional conditions.

Assumptions 5.3.
(B1) We restrict ourselves to the case of implicit scheme: 6 = 1.

(B2) The coefficients on I'y satisty Jx(x,t) := v (x,t) —sp(x,t,0) =0 forallk =1,...,s,
further, I'p # 0.
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(B3) The coordinates of the exact solution satisfy uz(.,t) € W14(Q) for some ¢q > 2 (if
d=2) or some q > 2d/(d — (d—2)(p1 —2)) (if d > 3) for all t € [0, T.

(B4) The discretization satisfies M), := sup,cjo 7y |u(-t) — un(., )| (@) < oo, further, if
By # 0 in (7) then M, = sup;ejo 1y |un(-; )| ez ry) < 00

(B5) The diagonal row-dominance (9) is completed with diagonal dominance w.r.t. columns:
forall k=1,...,s, x€Q (or x € Ty Uy, resp.), t € (0,T), £ € R?,

Z 8‘” (2,,6) > 3 S—Z(x,t,g) > 0. (90)

The full discretization (66) for = 1 reads as

Mu" ™ 4+ AtK (t,,q, u"Hu™ = Mu” + At £, (91)

A~

Let u™*! € Vj, denote the function with coefficient vector u™*!, and let f™(z) := f(x, nAt).
Then, by the definition of the mass and stiffness matrices, (91) implies

/ ”+lvk dx + At B(tpyq,u” oy / Z upvg de + At (Y",v) (92)
Qi Q

k=1

for all v € V},), where (", v) = f”vk dr + At do. Here, by assumption
Qh =
(B2), the integral on I'y vanishes, further, f € L®(Qr) by Assumption 2.1 (A2).

Then the following technical results hold.

Lemma 5.2 Let Assumptions 5.3 hold. Then
(1) the norms ||u™||2q) are bounded independently of n and Vj, by some constant
KL2 > 0.

(2) the norms ||u"||1r () are bounded independently of n and Vj, by some constant
KPLQ > 0.

PROOF. It goes in the same way as in Lemmata 5.2-5.3 in [13], if those proofs are now
applied to the coordinate functions of the solution. The additional coercive nonsymmetric
terms in the equations do not change the derivation in which the bilinear form is dropped
due to coercivity. Any of the equivalent finite-dimensional norms can be chosen for the
vector function u" using the L? resp. LP' norms of its coordinate functions. ]

Now we can prove the main result on the discretization matrices:
Theorem 5.3 Let problem (1)-(5) satisfy Assumptions 2.1 and Assumptions 5.3. Let us
consider a family of finite element subspaces V = {Vj,}n_o such that the basis functions

satisfy (13)-(14), and the family of associated FE meshes is quasi-regular as in Definition
5.1. Let the following assumptions hold:
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(1) foranyp=1,...n0, ¢q=1,....,n (p# q), if measq(supp ¢, Nsupp p,) > 0 then
Vo, -V, <0 on Q and / Vo, - Vi, < —Koh®? (93)
Q

with some constant Ko > 0 independent of p,q and h;

(ii) the mesh parameter h satisfies h < hg, where hg > 0 is the first positive root of the

equation
2-p1 9 2
K 1 W /6 c P1 Kpl_ c 2Mp272
Mo 0_2+&1+ 163 p1,Q +522 P, (94)
c3 h c3heo hm c3h2

where the numbers 0 < v1,ve < 2 are defined below in (96), (97), respectively, and
W = 20 + Cyrad||Wl|oo as in (74);

(i1i) we have

h2
& . . (95)

2
2 29— P1 poP1—27 9 P2 A fP2—279—
Q(MOKO — aic3h? —wh?79 — Biegt K| o ™" — Pacy® Mp, h 72)

At >

Then the matrices M, K(u"™), A(u"™) and B(u"), defined via (25), (64) and
(67)-(68), respectively, have the following properties:

N

(1) ZK(unJrl)ijZO fOTallizl,...,No,'
=1

(2) Mz]ZO fOTallizl,...,No, jzl,...,N,'
N

(3) > M;;=:m; >0 foralli=1,..., Ny,
j=1

(4) A(unJrl)” <0 (7’7&]7 Z:177N0;.]:1a7N);

Proor. We follow the proof of Theorem 5.1. Statements (1)-(3) follow from it
immediately, since (as seen obviously from its proof) the new growth conditions only
affect the last two properties.

To prove properties (4)-(5), instead of u; in the arguments, we must consider the
functions u™*™ (for A) and u" (for B) that have the coefficient vectors u"*!' and u”,
respectively. The derivations below then follow the proof of the scalar case [13] with a
proper adaptation.

(4) Since we now have (7) instead of (69), the first estimate in (86) is replaced by

/Q Tho ko (%, 6,0 ) 0y g < /Q (er B u™ %) 0y 0y < aumeasa(Qpg)+ / [um e

qu
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467

Here the first term is bounded by «;c3h? as before. To estimate the second term, we use
Holder’s inequality:

2
| < e, e
Pq

where [|[u™*|ze1(q,,) = (Jo,, [yt [P1) (/P and |u™*t| stands for the Euclidean length of

the values of vector function u™*!. For the first factor, we use Lemma 5.2 (2) to find that

2 2 2
™ e, < ™ ) < Kl -

. ) 2/p1 % 24 % d—
The second factor satisfies, by (85), [[1[|7s(q,,) = (measy(Qpy)) """ < cf hin = P At
with od
T = d— — 2, (96>
2!

since from Assumption 2.1 (A5) we have 4 > d—2. Hence / ju" P2 < Kl 920”1 hi—n
qu
and altogether,

2
2 —
/ Tho ko (T, 1, 4™ 1) 0, 0, < anesh® + BK) o e cB pdm
Q

Similarly,

/Zko ko (2, 6, 0" @, 0 < aocah 4 By P22
FN qu

and here we can use Assumption 5.3 (B4) and (72) to have

2 2 2/
[ < e I < B (meassca (T)
pq

2(d—1)

2
< M}~ 2 ”2h v = MP22ep pdoe
— p2 2 ’
where I'),, := 0€,, N T" and

2(d—1
Yo ::d——( ) <2 (97)
P2
since from Assumption 2.1 (A5) we have 222 > d — 2. Summing up, using the above and

(87), we obtain that A(u™™!),; is bounded by

2
csh? |14+ At _fofo 1 o Co3 + Corad| W o) | PG 5QC§2M522 2
’ 3 h? ' CBh‘go cpiﬁ - h C3 h2
3

Since h < hy for hg defined in assumption (ii), it follows that we have a negative coefficient
of 0At above, and from (95) we obtain that the expression in [...] is nonpositive, hence

A(uh)i]‘ S 0.
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(5) For the considered implicit scheme, B(u") coincides with the block mass matrix
M, whose diagonal entries are positive. [

From Theorem 5.3, one can derive the corresponding discrete maximum, minimum
and nonnegativity preservation principles, similarly as in Lemma 5.1 and Theorem 5.2 in
the sublinear case. Here we only formulate the discrete nonnegativity principle:

Corollary 5.3 Let the conditions of Theorem 5.3 hold, further, let fk >0, g¢ >0 and

u,(go)’h > 0 for all k = 1,...,s. Then the fully discrete solution, obtained from (68),
satisfies
ul! >0 (n=0,1,...np, i =1,..., Np).

)

In addition, similarly to Remark 5.2, if we extend the solutions to (7 with values
between those on the neighbouring time levels, e.g. with the method of lines, then we
obtain that the coordinates of the discrete solution satisfy

ul >0 on Qr (k=1,...,s).

Remark 5.3 In view of Corollary 5.3, it makes sense to pose problem (1)—(5) if its
coefficients g and/or s, are a priori defined only for nonnegative arguments for g, . .., us,
since the described numerical solution only uses these values. This is the case for various
real-life models with nonnegative unknown quantities, such as concentration etc. (If an
actual inner numerical method still requires arbitrary values of uq, ..., us, than one may
define suitable extensions of ¢; and/or sy.)

Remark 5.4 Similar comments are valid for the assumptions of Theorem 5.3 as in Re-
mark 5.1. In particular, the lower bound in (95) for the space and time discretization
steps is asymptotically of the form

At > O(h?)

as h — 0, and all the constants involved are easily computable. On the other hand, since
we have considered the implicit scheme # = 1 here, there is no corresponding upper bound
as in Remark 5.1.

5.4 Geometric properties of the space mesh

In the above results, the condition on the space mesh to achieve the DMP has been
property (93). We briefly summarize some geometric aspects of this condition.

The most direct way to satisfy (93) is to require the stricter property
Vi, Vo, < —Koh™? (98)

pointwise on the common support of these basis functions. In view of well-known formulae
(see e.g. [2, 5, 27, 41]), the above condition has a nice geometric interpretation: in the
case of simplicial meshes, it is sufficient if the employed mesh is uniformly acute [3, 27].
For practical constructions of such meshes see [3, 6, 36] and references therein. In the case
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of bilinear elements, condition (98) is equivalent to the so-called strict non-narrowness of
the meshes, see [19]. The case of prismatic finite elements in this context is treated in
[16].

These conditions are sufficient but not necessary. For instance, for linear elements,
some obtuse interior angles may occur in the simplices of the meshes, just as for linear
problems (see e.g. [26]). Alternatively, one can require (98) only on a proper subpart of
each intersection of supports [24]: let there exist subsets (2f C Q,, for all p, g such that
the basis functions satisfy

£<0 on QF

Ve, -V, < 3 -

Vi, Vi, <0 on O\ QF

pg’

+
in which case the Q;q must have asymptotically nonvanishing measure: %&gzz; >c3>0

for some constant ¢z independent of p,q. Clearly, these conditions ensure (93). These
weaker conditions may allow in general easier refinement procedures (e.g. allow also right
dihedral angles).

6 Examples

We give some examples of problems where the above DMP theorems yield new results. Let
us recall here that the main conditions of the applied theorems are the relation At = O(h?)
for the space and time mesh and the “acuteness” property (93) for the space mesh.

In all these examples, similarly as before, € stands for a bounded domain in R?
and 7" > 0 is a given number, I';,; is a piecewise C' surface lying in €2, we denote
Qr = (2 \ T'int), and [. ]~ denotes the jump (i.e., the difference of the limits from the
two sides of the interface I';,;) of a function.

6.1 A single equation

As a first trivial example, we mention that even for a single equation our results generalize
those in [13] in two respects: first, one may now have nonsymmetric terms and interface
conditions as well, second, the obtained DMP is now in a form directly analogous to the
corresponding CMP.

Let us consider the equation

% — div (a(x,t, u, Vu)Vu) +w(z,t) - Vu+q(z,t,u) = f(z,t) in Qr, (99)
with boundary, interface and initial conditions analogous to (2)—(5) (in fact, one must
simply drop the subscript k therein). We impose Assumptions 2.1, which now reduce to
the following simpler requirements. The domain and smoothness conditions (A1)-(A2)
remain similar, just as the ellipticity condition 0 < po < a(z,t,&,n) < p; for the
principal space term in (A3) and the coercivity conditions divw <0 on Q, w-v >
0 on I'y, [W}F =0 and [w - V] > 0 in (A4). Conditions (A5)-(A7) become

Dint

int
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much simpler: cooperativity has no meaning in this case, and the growth and diagonal
dominance conditions together become

0
0< a—§($7t,f) <y + B¢, 0< a—z(%t,f) < ap + fo|€P* 2. (100)
Altogether, we just obtain a generalization of the problem in [13].

Then Lemma 5.1 holds together with its consequences. It is worth formulating what
Theorem 5.2 yields for this case, as an analogue to (33):

Corollary 6.1 Let problem (99) and its FE discretization satisfy the conditions of Theo-
rem 5.1. If the functions u'%, g and f are also continuous on the closure of their domains,
then the discrete solution, obtained from (68), satisfies the following inequalities, where
the notations of Lemma 5.1 are used:

(1) If4 < 0, then u!™ < max{0, max g", maxu®"}+(n+1)At max{0, max f}.
T )

F(n+1)At (n+1)At
(2) If 4 >0, then u}™" >min{0, min g¢", minu®"}+ (n+1)At min{0, min f}.
fa+l)At Q Q(n+1)At

(8) If =0 or Ty Ul = 0, then both of the above inequalities are valid.

6.2 Reaction-diffusion systems in chemistry
6.2.1 Reactions in a domain

Certain reaction-diffusion processes in chemistry in a domain Q@ C R?, d = 2 or 3, are
described by systems of the following form:

auk

" brAug + Pi(z,u1,...,us) = fr(x,t) in Qr, (101)

with boundary and initial conditions
up(z,t) = gr(x,t) for (z,t) € Tp x[0,T], (102)
bk% =0 for (z,t) €Dy x[0,T], ug(z,0) = ugfo)(x) for ze€Q, (103)

for all K = 1,...,s. The DMP for steady-states of such systems has been discussed in
[24], now we consider the time-dependent case.

Here, for all k, the quantity u; describes the concentration of the kth species, and Py
is a polynomial which characterizes the rate of the reactions involving the k-th species. A
common way to describe such reactions is the so-called mass action type kinetics [17, 18],
which implies that P; has no constant term for any k, in other words, Py(z,0) = 0 on 2
for all k. The function f; > 0 describes a source independent of concentrations.

We consider system (101)—(103) under the following conditions, such that it becomes
a special case of system (1)-(5). As pointed out later, such chemical models describe
processes with cross-catalysis and strong autoinhibiton.

Assumptions 6.2.1.
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s (i) Q is a bounded polytopic domain in R?, where d = 2 or 3, and I'y,['p C 9Q are

547 are disjoint open measurable subsets of 92 such that 9Q =T'p UTy.
ses (i) (Smoothness and growth.) For all k,l = 1,...,s, the functions P, are polynomials
549 of arbitrary degree if d = 2 or of degree at most 4 if d = 3, and we have Py(z,0) =0
550 on (2. Further, fi, € L>(Qr), gr € L>®(I'p x [0,T]) and u,(co) € L>(9).

ss0 (iii) (Ellipticity for the principal space term.) b, >0 (k=1,...,s) are given numbers.
s2 (iv) (Cooperativity.) We have
P,

g(ag,ﬁ)so (k,i=1,....s, k#1; z€Q, £ €R"). (104)
l

555 (v) (Weak diagonal dominance w.r.t. rows and columns.) We have

Z%_?($75>20’ Zg—g(ﬂﬂ,f)zo (k=1,...,s 2€Q, £€R"). (105)
=1 =1

s+ Similarly as in Remark 2.1, assumptions (104)—(105) now imply

O
&,

55 Returning to the model described by system (101)—(103), the chemical meaning of the
sss cooperativity (104) is cross-catalysis, whereas (106) means autoinhibiton. Cross-catalysis
ss7 arises e.g. in gradient systems [35]. Condition (105) means that autoinhibition is strong
ss8  enough to ensure both weak diagonal dominances.

(0,6)>0 (k=1,....5 1€Q, £ R (106)

559 By definition, the concentrations u; are nonnegative, therefore a proper numerical
ss0o  model must produce such numerical solutions. We can use Corollary 5.3 to obtain the
se1  required property:

s2 Corollary 6.2 Let system (101)-(103) satisfy Assumptions 6.2.1, and assume that ug(.,t) €
ses W1H9(Q) for some q > 2 as in Assumptions 5.3 (B3). Let the FE discretization of the
s system satisfy the conditions of Theorem 5.85.
If f, >0, gt >0 and u,(go)’h >0 forallk =1,...,s, then the discrete solution, obtained
from (68), satisfies
ul >0 (n=20,1,...np, i =1,..., No).

)

In addition, as mentioned after Corollary 5.3, if we extend the solutions to ()7 with
values between those on the neighbouring time levels, e.g. with the method of lines, then
we obtain that the coordinates of the discrete solution satisfy

ul >0 on Qr (k=1,...,s).

sss Remark 6.1 For such systems with only Dirichlet boundary conditions, more specific
ses results on the preservation of invariant rectangles under FEM have been obtained in [§].
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6.2.2 Reactions localized on an interface

A different type of reaction-diffusion process arises in some cases when the chemical
reactions are localized on an interface, i.e. on a subsurface of the domain in 3D or on a
curve in 2D, see [20, 21] and the references therein. If one consideres such time-dependent
systems, then the problem can be described as follows, where 2 C R? is a domain in
d=2or 3:

% — bpAug = fr(z,t) in Qr, (107)

with boundary, interface and initial conditions
ug(x,t) = gz, t) for (x,t) € 9Q x [0,T], (108)
[ur]p, = 0 and bka“’“ + Sp(z,ug, .. u) o= 0 for (x,t) € Ty x [0,T], (109)
ug(z,0) = u,go)(x) for x€Q, (110)

forall k=1,...,s.
Analogously to Assumptions 6.2.1, we now impose

Assumptions 6.2.2.

(i) © is a bounded polytopic domain in R¢, where d = 2 or 3, and T';,; is a piecewise
C! surface lying in Q.

(ii) (Smoothness and growth.) For all k,l = 1,...,s, the functions Sy are polynomials
of arbitrary degree if d = 2 or of degree at most 2 if d = 3, and we have Si(z,0) =0

on Q. Further, f, € L®(Qr), gr € L®(0Q x [0,T]) and u{” € L>=(€).

(iii) (Ellipticity for the principal space term.) by >0 (k= 1,...,s) are given numbers.

(iv) (Cooperativity.) We have f‘;_i
l

(v) (Weak diagonal dominance w.r.t. rows and columns.) We have

(1,6) <0 (kl=1,...,5 k#1; 2 € Ty, £ €RY).

83 85,
Zagk( L6) >0, Za&j (k=1,...,8 & €hy, £ €R).

=1

Similarly to the previous subsection, assumptions (iv)-(v) imply the analogue of (106),
and the chemical meaning for the localized reactions is cross-catalysis and autoinhibition,
the latter being strong enough to ensure both weak diagonal dominances.

We can repeat Corollary 6.2, by replacing Assumptions 6.2.1 by Assumptions 6.2.2,
to obtain that u? >0 (n=0,1,...,np, i = 1,..., Ny), and, by a proper extension of u" to
Qr, that u >0 on Qr (k=1,...,s).
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6.3 Transport problems

Systems describing transport processes generally involve reaction, diffusion and convection
(advection) terms. (Some other possible terms can be mathematically included in the
last, zeroth-order reaction terms.) Let us first consider the case of reactions in the whole
domain, see, e.g., [42].

The mathematical model of such processes is a modification of (101) if a first order
term is added to describe convection. Let us therefore consider the system of equations

ou

a—tk — brAug + wi(z,t) - Vug + Pre(z,uq, ..., us) = fr(z,t) in Qp (111)
(k=1,...,s) with the boundary and initial conditions (102)—(103). We study this system
under conditions such that it becomes a special case of system (1)—(5). For this, we only
need to add the corresponding part of Assumption 2.1 (A4) to the previously studied
properties:

Assumptions 6.3.1. Let Assumptions 6.2.1 hold, and let divw, < 0 on €2 and
wip-v>0 only (E=1,...,s).

As pointed out above, Assumptions 6.2.1 mean that the described chemical process is
cross-catalyc with suitably strong autoinhibiton. Further, in many cases the convective
terms are divergence-free (e.g. if they arise from a related Stokes system): divwy = 0,
i.e. the first property of wy holds. The inequality wy-v > 0 on I'y means that Neumann
conditions are prescribed on the outflow boundary.

Similarly as before, the concentrations u; are nonnegative, therefore the numerical
model must produce such numerical solutions. We can repeat Corollary 6.2, by replacing
Assumptions 6.2.1 by Assumptions 6.3.1, to obtain that u} > 0 (n = 0,1,...,np, i =
1,...,Np), and, by a proper extension of u” to Qr, that uf >0 on Qr (k=1,...,s).

Second, for transport processes we can also consider the case when the chemical reac-
tions are localized on an interface. Then we only have uncoupled nonsymmetric equations
such that the reactions Py(x,uq,...,us) are missing from (111), and they instead appear
in the interface conditions as in subsection 6.2.2, i.e. the side conditions are (108)—(110).
In this case Assumptions 6.2.2 are completed with the conditions [wg], ~—= 0 and
[wk . V}F' ) >0 (k=1,...,s), and provide the desired nonnegativity if these assump-

n

tions replace Assumptions 6.2.1 in Corollary 6.2.

6.4 Population systems and reactions proportional to species

Certain systems in population dynamics can be written in the form

ou
_8151 — biAuy = uy My (ug,us)
(112)
6u2
5~ b = M) (uy, us),
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where uq, us denote the amounts of two species distributed continuously in a plane region
(), see e.g. [8]. The simple boundary and initial conditions

we=gr ondx[0,7), w(,0=u" omQ (k=1,2) (113)

are imposed. Such a system can also describe a chemical reaction as in subsection 6.2 if
the reaction rates are proportional to the quantity of the species. Here we will use the
population terminology. If the species live in symbiosis, then

82M1 Z 0 and 81M2 Z 0. (114)
System (112) falls into the type (1) where

01(&1,62) = =6 Mi(&1,62)  and  qa(&1,62) = =& Ma(&1,62) (115)

and f; = fo = 0. Most of Assumptions 2.1 are trivially satisfied in a natural way. Namely,
let us impose

Assumptions 6.4.1. (2 is a bounded pol{ygonal domain in R? and by, by > 0 are given
numbers. Further, g1, g» € C(0Q x [0,T]), v\, v € C(Q), My, My € C'(R?) and they
can grow at most with polynomial rate Wlth &1, 6.

These assumptions imply that (A1)-(A5) of Assumptions 2.1 are satisfied. The coop-
erativity (A6) follows from (114), since by Remark 5.3 we may only consider nonnegative
values of &. In view of Theorem 5.3 that we want to use, it suffices to fulfil the weak
diagonal dominances (90). Before giving a condition, we recall the property in Remark
2.1, necessary for diagonal dominance. This expresses that the ¢, grow along with their
quantity, and for (115), it amounts to 0; (é} Mi(&,fg)) <0 (1 =1,2) for all &, &, where
0; = a%' The exact condition for diagonal dominance is a strengthened version of this:

Proposition 6.1 The functions (115) satisfy (90) if and only if for all i,j,k = 1,2 and
§1,82 > 0,
0i(& Mil€1,&)) < =& AM;(6.6) (£ K). (116)

PROOF. For brevity, we omit the variables (£, &) after M;. The result follows by
checking four elementary relations for (115):

o+ 0oy > 0 = 01(§1 M) < 82]\41,
O1Ga + 0aq2 > 0 & 0s(&M3) < O Mo,
g+ >0 & 01(& M) < alMQa
Oaq1 + 0age > 0 <= 05(E M) < =& Do M. [
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Remark 6.2 For instance, the functions (115) sometimes have the form

%(51752) =Gi& — fifj hi(fb 52), then Mi(fbfz) =—G; + 5]' hi(£17£2)

(1t = 1,2, i # j), where G; > 0 is the birth-death rate and h; is a factor for the co-
existence of the species. For instance, some Lotka-Volterra type systems can fall into
this type. Assume that the rates h; are small for large populations, in particular, that
|0khi(&1,&2)| < 1+£cf—l+£§ In this case an elementary calculation shows that if ¢; is so small

that ¢ (1 +2v/2) < min(Gy, Gs), then M; satisfy (116).

Now we can use Corollary 5.3 to obtain the required nonnegativity for the numerically
computed populations:

Corollary 6.3 Let system (112)—(113) satisfy (114), Assumptions 6.4.1 and (116). As-
sume further that ug(.,t) € WH(Q) (k = 1,2) for some ¢ > 2 as in Assumptions 5.3
(B3). Let the FE discretization of the system satisfy the conditions of Theorem 5.3.

If gh,gh > 0 and ugo)’h,uéo)’h > 0, then the discrete solution, obtained from (68),

satisfies
ul >0 (n=0,1,...np, i =1,..., No).

)

Further, by a proper extension of u" to Qr, we have u?, u% >0 on Qr.
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