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Abstract

We prove the global in time existence of spherically symmetric solutions to an
initial-boundary value problem for a system of partial differential equations, which
consists of the equations of linear elasticity and a nonlinear, non-uniformly parabolic
equation of second order. The problem models the behavior in time of materials
in which martensitic phase transitions, driven by configurational forces, take place,
and can be considered to be a regularization of the corresponding sharp interface
model. By assuming that the solutions are spherically symmetric, we reduce the
original multidimensional problem to the one in one space dimension, then prove the
existence of spherically symmetric solutions. Our proof is valid due to the essential
feature that the reduced problem is one space dimensional.

1 Introduction

Many inhomogeneous systems can be characterized by domains of different phases sep-
arated by a distinct interface. When driven out of equilibrium, their dynamics result in
the evolution of those interfaces, and the systems might develop into structures (com-
positional and structural inhomogeneities) with characteristic length scales at the nano-,
micro- or meso-scale. To a large extent, the material properties of such systems are de-
termined by those structures of small-scale. Thus it is important to understand precisely
the mechanisms that drive the evolution of those structures. Materials microstructures
may consist of spatially distributed phases of different compositions and /or crystal struc-
tures, grains of different orientations, domains of different structural variants, domains
of different electrical or magnetic polarizations, and structural defects. These structural
features usually have an intermediate mesoscopic length scale in the range of nanometers
to microns. The size, shape, and spatial arrangement of the local structural features in
a microstructure play a critical role in determining the physical properties of a mate-
rial. Because of the complex and nonlinear nature of microstructure evolution, numerical
approaches are often employed. For more details, see e.g. [13] 14 22].
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In this article we are interested in a model for the evolution, driven by configurational
forces, of microstructures in elastically deformable solids. There are two main types of
modeling for the evolution of microstructures. In the conventional approach, the regions
separating the domains are treated as mathematically sharp interfaces. The local interfa-
cial velocity is then determined as part of the boundary conditions, or is calculated from
the driving force for interface motion and the interfacial mobility. This approach requires
the explicit tracking of the interface positions. Such an interface-tracking approach can
be successful in one-dimensional systems, however it will be impractical for complicated
three-dimensional microstructures. Therefore, during the past decades, another approach
has been invented, namely, the phase-field approach in which the interface is not of zero
thickness, instead an interfacial region with thickness of certain order of a small regular-
ization parameter. Though it is still a young discipline in condensed matter physics, this
approach has emerged to be one of the most powerful methods for modeling the evolu-
tion of microstructures. It can be traced back the theory of diffuse-interface description,
which is developed, independently, more than a century ago by van der Waals [26] and
some half century ago by Cahn and Hilliard [IT].

The two well-known models for temporal evolution of microstructures are the Cahn-
Hilliard/Allen-Cahn equations corresponding, respectively, to the case that the order
parameter is conserved and not conserved. These phase field models describe microstruc-
ture phenomena at the mesoscale (see e.g. [22]), and one suitable limit of it may be the
corresponding sharp- or thin-interface descriptions. In this article we study a model for
the behavior in time of materials with diffusionless phase transitions. The model has
diffusive interfaces and consists of the partial differential equations of linear elasticity
coupled to a quasilinear, non-uniformly parabolic equation of second order that differs
from the Allen-Cahn equation (the Cahn-Hilliard equation in the case that the order
parameter is conserved) by a gradient term. It is derived in [2 [4] from a sharp interface
model for diffusionless phase transitions and can be considered to be a regularization of
that model. To verify the validity of the new model, mathematical analysis has been car-
ried out for the existence/regularity of weak solutions to initial boundary value problems
in one space dimension, [3] [5, [7, 27] 28], the motion of interfaces [6], and the existence
of traveling waves [19]. In the present article, the existence of spherically symmetric
solutions to an initial-boundary value problem will be studied. We first formulate this
initial-boundary value problem in the three-dimensional case, then reduce it, by assuming
that the solution is spherically symmetric, to the one-dimensional case. The existence of
weak solutions to this one dimensional problem is proved.

Let © C R? be an open set. It represents the material points of a solid body. The
different phases are characterized by the order parameter S(t,x) € R. A value of S(t, )
close to zero indicates that the material is in the matrix phase at the point x € € at
time ¢, a value close to one indicates that the material is in the second phase. The other
unknowns are the displacement u(t,r) € R?® of the material point = at time ¢ and the
Cauchy stress tensor T'(t,z) € S, where S? denotes the set of symmetric 3 x 3-matrices.
The unknowns must satisfy the quasi-static equations

—div, T(t,z) = b(t,x), (1.1)
T(t,x) = D(e(Vault,z)) —eS(t,z)), (1.2)
Silt.w) = —c(vs(e(Voult,2), St @) — vA,S(t,2) ) IVaS(t ) (1.3)



for (t,z) € (0,00) x Q. The boundary and initial conditions are

u(t,x) =~(t,x), S(t,z)=0, (t,z) € [0,00) x 0L, (1.4)
S(0,x) = So(z), x €. (1.5)

Here V,u denotes the 3 x 3-matrix of first order derivatives of u, the deformation gradient,
(V,u)T denotes the transposed matrix and

e(Vau) = = (Vau+ (Veu)h)

DO | =

is the strain tensor. & € S? is a given matrix, the misfit strain, and D : S* — S? is the
elasticity tensor, a linear, symmetric, positive definite mapping. In the free energy

W(e, §) = %(D(e—e‘S)) e — 28) + B(S), (1.6)

we assume that 1) € C?(R,[0,00)), choose ¥ as a double well potential with minima at
S =0and S = 1. ¥g is the partial derivative. The scalar product of two matrices A and
B is denoted by A- B =) a;;b;;. ¢ > 0is a constant and v is a small positive constant.
Given are the volume force b : [0,00) x  — R3 and the data v : [0,00) x 9Q — R3,
S(] Q= R,

This completes the formulation of the initial-boundary value problem. Equations
(1) and (T2) differ from the system of linear elasticity only by the term £S. The
evolution equation (L3 for the order parameter S is non-uniformly parabolic because of
the term vAS|V,S|. Since this initial-boundary value problem is derived from a sharp
interface model, to verify that it is indeed a diffusive interface model regularizing the
sharp interface model, it must be shown that the equations (ILIl) — (LX) with positive v
have solutions which exist globally in time, and that these solutions tend to solutions of
the sharp interface model for v — 0. This would also be a method to prove existence of
solutions to the original sharp interface model.

We only contribute to the first part of this program in this work and show that there
exist some special solutions to the initial-boundary value problem that is essentially in one
space dimension. Up to now we still can’t solve the following problem: either solutions
in three space dimensions exist or these solutions converge to a solution of the sharp
interface model for v — 0. We shall see later that the existence result of spherically
symmetric solutions is of interest because the problem has a stronger nonlinear term
(compared with the problem by assuming all unknowns depend on only one component
of space variable x which is studied in [3]), despite it is essentially one space dimensional.

Related to our investigations is the model for diffusion dominated phase transforma-
tions obtained by coupling the elasticity equations (IL1J), (I2]) with the Allen-Cahn/Cahn-
Hilliard equations. They have recently been studied in [9] [12] [16].

Statement of the main result. Since we shall look for solutions, which are spherically
symmetric, to problem (L) — (I.A]), the problem can be reduced to the one which is one
space dimensional. To this end we now assume that the body force boundary and initial
data and the unknowns, which are defined in the domain Q x (0,7¢), have the following
form

b(t,x) = b(t,r)~, A(t) = (t,1), So(@) = So(r)
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and

u(t,z) = alt, r)%, S(t,z) = S(t,7),

respectively, where T, is a positive constant which denotes the life-span of weak solutions,
r=lz|, Q= {x € R3|a < r < d} for two positive constant a, d satisfying a < d, and
b, 4, Sop are given functions and 4, S are scalar functions to be determined, which depend

only on t, r. We write

r=(2;), u= (), T = (T35), D= (D,Zfl)

Here and hereafter, ¢,j,k,l = 1,2,3, and we assume that D satisfies the properties of

symmetry:
ij kl ij ji
Djy = Dij = Dy, = Dy;. (L.7)
Moreover we assume that D satisfies
B . .
DU = 0, if k#j; | (1.8)
Df]l = 0, if i #1, for any fixed j. Assume that Df]l is independent of j; (1.9)
Cy = Df]l Assume that Cy; is independent of [ and is equal to p. (1.10)
3
By = Y DN&j=0,ifk#1, and (1.11)
ij=1
Eyy is independent of k£ and is equal to A. (1.12)
Under these assumptions equations (LI]) — (L3]) are reduced to
9? 20 2
2t c—i— a4 = 1.1
87’2u+7*87‘u 2 g, (1.13)
d . d? d .
—S —cv—=S+F||=S = 0. 1.14
at+<c”ar2 * >|8r| (1.14)
Here F,G are nonlinear functions defined by
a4 ANO 4 b
= G(=S,bh) =228+ 1.15
G = G550 = 55+ (1.15)
0 . 4
fl - fl u, Euu 57)
= ¢ —A(gﬁ + 211) + D&- 25 +'(S) (1.16)
or r ’
L0 s 0 2cv O 4
The boundary and initial conditions become
a(t,r) =4(t,r),  St,r)=0, (t,r) €[0,T,] x O, (1.18)
5(0,7) = So(r), 7€ Q, 1.19)



where 4(t,7) is defined by ~(t,7) = (¢, 7).

Remark 1. One can easily find an example which meets the above assumptions: The
media is isotropic and homogenous. These assumptions still lead to an elliptic-parabolic
coupled system, thus the reduced system possesses the main difficulties in the proof of
existence of weak solutions as in [3].

To what follows, except Section 2 in which we reduce the problem to one dimensional
form, we shall change the independent variable r to x, and drop the hat " for all quantities
(except 1&), namely, @ — u, b — b, etc. Denote f, = a%f, Joa = {f—;f, etc. The domain
2 is reduced to an interval: Q = (a,d) is a bounded open interval with constants a < d.
We write Q. := (0,T) x Q, where T, is a positive constant, and define

(v,0)z = /Z o(w)ely) dy

for Z = Q or Z = Qr,. If vis a function defined on @)1, we denote the mapping
x — v(t,x) by v(t). If no confusion is possible we sometimes drop the argument ¢ and
write v = v(t). Since equation (LI3]) is linear, the inhomogeneous Dirichlet boundary
condition for @ can be reduced in the standard way to the homogeneous condition. For
simplicity we thus assume that

4 =0.
Then with these simplifications, equations (ILI3]) - (II4]) can be written in the form

2 2
Uz + Eum - pu = g, (1.20)

0
aS + (F —cvSu) S| = 0. (1.21)
The boundary and initial conditions turn out to be

u(t,z) =0, S(t,x) = 0, (t,x) € [0,T,] x 09, (1.22)
S(0,z) = Sp(x), v €. (1.23)

To define weak solutions of this initial-boundary value problem we note that because
of %(\y!y)’ = |y| equation (L2]]) is equivalent to

0 cv
500~ 5 (SalSal)y + FlSa| = 0. (1.24)
Definition 1.1. Let b € L>(0,T., L*(Q2)), So € L>®(Q). A function (u,S) with
ue L0, To; Wy (Q)), (1.25)
S € L™(Qr,) N L>(0,T,, H (), (1.26)

is a weak solution to the problem (1.20) — (I23)), if the equation (1.20) is satisfied weakly
and if for all p € C§°((—o0,Te) x )

(%
(Sv SDt)QTe - 7(|Sx|sm7 S%)QTe - (]:|Sac|, QD)QTe + (507(70(0))9 =0. (127)

The main result of this article is



Theorem 1.1 To all Sy € H}(Q) and b € C(Qr,) with by € C(Qr,) there exists a weak
solution (u,S) of problem (L20) — (I.Z3), which in addition to (L23) — (I.27) satisfies

Sy € L3(Qr.), S. € L3(0,To; L®(Q)), (1.28)

and
(1S51S2)e € L3(Q1.),  Su € L3(0,To; W13 (9)). (1.29)

Consequently we find spherically symmetric solution (u(t,r) T, S(t, 1)) to the original

problem (L) — (L3).

The remaining sections are devoted to the proof of Theorem [LIl The difficulties
in the proof of existence of weak solutions to the one dimensional problem are due to
the following features: The system is of elliptic-parabolic type, it consists of a linear
second order elliptic equation coupled with a nonlinear equation for the order parameter
equation. The nonlinearity of this nonlinear equation is stronger than the one in [3],
where a one-dimensional initial boundary value problem is investigated. Moreover, this
equation is degenerate and the nonlinearity depends non-smoothly on the gradient of
unknown S. This can be judged easily from the fact that the coefficient v|S,| of the
highest order derivative S, in the order parameter equation is not bounded away from
zero and that it is not differentiable with respect to S,.

The rest of this article is organized as follows: In Section 2, assuming that the domain
), the elasticity tensor D and the misfit stain tensor satisfy suitable conditions, and
that the solutions (u,S) to problem (LI — (LX) and the initial and boundary data are
spherically symmetric, we reduce the original problem to the one dimensional form.

Then to prove Theorem [[.T] we first consider in Section 3 a modified initial-boundary
value problem which consists of (I.20) and the equation

St —cv|SulSpz + F - (|Szls — k) =0, 2€Q, t >0 (1.30)

with a constant x > 0. Here we use the notation

Iplx = VK2 + p2. (1.31)

Since (L30) is a uniformly parabolic equation we can use a standard theorem to con-
clude that the modified initial-boundary value problem has a sufficiently smooth solution
(u",S"). For this solution we derive in Section 4 a-priori estimates that are uniform
in k for k € (0,1]. The assumption x € (0, 1] is reasonable since we consider limits of
approximate solutions for k — 0. We shall see that the selection of a function in the
form (3T results in a simpler proof of the existence of weak solutions than that in [3].

To select a subsequence converging to a solution for kK — 0 we need a compactness
result. However, our a-priori estimates are not strong enough to show that the sequence
S¥ is compact; instead, we can only show that the sequence fosg lyldy = %S§|S§| has
bounded derivatives, with respect to both x and ¢, in some suitable spaces, and thus
can be proved to be compact. It turns out that this is enough to prove existence of
a solution. For the compactness proof in Section 5 we use the Aubin-Lions Lemma;
since one of our a-priori estimates for derivatives of the approximate solutions is only
valid in L'(0,T.; H2(2)), we must use the generalized form of this lemma given by
Roubicék [24], which is valid in L.



Despite we prove the existence of spherically symmetric solutions, the existence of
weak solutions to the original problem (1) — (LA is still open. The method of the proof
in this article and [3] (in which problem (I.I]) — (L&) in one dimensional case is studied)
is limited to one space dimension, since for the a-priori estimates it is crucial that the
term |S;|S;, in (I2I) can be written in the form %(|S;|S;)s. In the higher dimensional
case the corresponding term |V, S|A;S cannot be rewritten in this way. Yet, we believe
that these essentially one-dimensional existence results can also be helpful in an existence
proof for higher space dimensions.

2 Reduction to one dimensional problem

We shall prove in this section that under suitable assumptions, the original problem can
be reduced to a one dimensional problem. We now assume that the body force and the
unknowns, which are defined in the domain 2 x (0,7.), have the following form

b(t, z) = 5(15,7’)%, (2.1)

and

u(t,z) = @(t,r)%, S(t,z) = S(t,r), (2.2)

respectively, where T, is a positive constant, r = |z|, @ = {x € R3 | a < r < d} for two
positive constant a, d satisfying a < d, and 4, S are scalar functions to be determined,
which depend only on ¢, r, and b is a given function in ¢, 7.

Theorem 2.1 Suppose that the tensors D and & satisfy (L) — (LI2). Then the following
two statements are equivalent:
1. (u,S)(t,z) of the form [22) is a classical solution to the problem (1)) — (LI with

b chosen in (2.1,
2. (4, S)(t,r) solves classically the problem (LI3) — (LI9).

Proof. To simplify notations, the Einstein summation convention applies to the rest of
this section: When an index variable (e.g. 4, j, k, [, but with an exception r in this article,
for instance, S’r% in (26]) does not mean that we take the sum for the index r) appears
twice in a single term that is a product of two or more numbers, it implies that we are
summing over all of its possible values. However we shall still use the symbol ¥ to avoid
some possible confusion when in a single term, an index appears more than two times.
Recalling N
= (z;), u=(w), T =(T3), D= (Dy).

where 4,5, k,l =1,2,3.

For partial derivatives, we denote for a function f = f (t,7)
. of . 9%

f,?“ - aa f,rr — W

An index j (or i, k,l,) after a comma in subscript of a quantity (for example, a function
f = f(t,z), a vector u = u(t,z) and tensor 17" = T'(t,x), etc.) indicates the partial
derivative with respect to x;, namely

af ou; 0Ty
= Uiy = oy L= s
£ Ox;’ Yisg Ox; k9T o

J
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Similar convention applies to multiple indices after a comma in subscript of a quantity.
We can thus write

2
T (mz> 037 — mix;
o B Y A et 2.3
T r’ r/ r3 ’ (2:3)
I A W 1) Gir? — wiw; 9.4
uij = (G ’j—uﬂn 2 + U 3 , (2.4)
. XiTTE T2((a:,-a:j)7k+5ija:k)—3a;ixjxk
Uik = Upr -3 U,r 4
2
re (=i — (v + 3x;xix
i (=dsjzy (;SJ) k) ilj k7 (2.5)
~ €T;
Si = S,=. (2.6)
T

Here 0;; is the Kronecker delta.
Hence, the first two equations (IIl) - (I2) can be rewritten as

~ Iy Kl kl=
b? = D u]zk+ Dz]uzﬂc Dijeijs,k
T xk ;T 0; xk 3x;xix)
_ Dkl J Dkl( iTj) k Dkl ij Dkl il
r3 o r? r2 ré

+% (=2 (DKo + Db wizy) 1) + 3Dl ) — Dif;8, 5. (2.7)

From now on we take one [ from {1,2,3}. Invoking assumptions (L8] — (LI2) we
obtain

3

kI LiLjT GlLiL G4 Z]

Di; 5= E D;; 3 :Czl_—Cll_ =p (2.8)
j=1

Since (x;x;) = dirxj + 40,5, one has

DH ($z$2y) Dkl 5zg$k _ DM 33313343%
T 7" r
3
— Z <D??M Dgl%:vj pil 3%‘%‘%’)
1] 7’2 ¥ 7,2 ij 7’4
j—l
3332 + 2x;) — 32 2r2x;
= Z C’ll 4 - il 4
r r
ﬂfl
= W (2.9)



and

3 (Dij 0ijxk + Dij (fﬂifﬂj)ﬁ) + Dy Zr;

3
- =2 Oy + (wiwy) j) + 3wizja;
> D}

i= "
B ! 220,525 + xi055) + 3Tz,
o Z 7D

2(2x; + 3x;)+3r2x; —2x;
= Z Cii— =Ci—3—

5 3
Ty
= —2u—. 2.10
K3 (2.10)
Using (2.8)) — (ZI0), we are in a position to rewrite equation (2.1 as

A 2 2 N

] (M (e + S0, — S0) = )\Sﬂn) . (2.11)
r r r r

This holds, for » > a > 0, if and only if the following equation is satisfied
. 2 2 o
i + Sy = ) =25, = b, (2.12)

which is just (LI3]).
Next, to deal with the order parameter equation we make use of the following formula
Vg(e,8) = —T -+ 19/(S) = —De(Vu) - + Dz - £S5 + 4/(89).
We evaluate De(Vu) - &. Invoking (L12),

_ 1 _ 1 _
De(Vu)-& = §ijlui,j€kl + Qijlujigkl
- 0ij
— a,DE g, <Dkl ~ T kl)
r2 r 7

2
— A <u n —ﬁ) , (2.13)
r
where A is a constant as in (LI2]). Thus (L3)) turns out to be
S+ (—cvS, + F)|S,| =0, (2.14)

where F is the same function as in (LI7). Thus we obtain (LI4).

To finish the reduction of the problem, we write the initial boundary conditions in the
following form: ~(t,x) = 4(t,r)%, So(z) = So(r). Thus we obtain the one dimensional
problem and the proof of Theorem 2.1]is complete.



3 Existence of solutions to the modified problem

In this section, we study the modified initial-boundary value problem and show that
it has a Holder continuous classical solution, consequently we construct approximate
solutions whose limit is a solution to the original problem (L20) — ([23]). To formulate
this problem, let x € C§°(R, [0, 00)) satisty ffooo x(t)dt = 1. For k > 0, we set

X (t) := %x <£> :

and for S € L (Qr,,R) we define

Te
(xk x S)(t,x) = / Xx(t — 8)S(s,x)ds. (3.1)
0
The modified initial-boundary value problem consists of the equations
u —i—gu —zu = G((xx *95)z,b) (3.2)
xrxr T X [132 - Xh} X Y N
Sy — cv|SplSee = —F - (|Szls — K), (3.3)

which must hold in @7, and of the boundary and initial conditions

u(t,z) = 0, S(t,z) =0, (t,z) € (0,T.) x 09, (3.4)
S(0,z) = So(z), xe€. (3.5)

Now we want to rewrite the system as an equation with a nonlocal term. Applying
the Sturm-Liouville theory for ordinary differential equations of the form

d

dx
with suitable boundary conditions at x = a, d, we first solve u in terms of S, and b. To
this end, we rewrite, by multiplying it by 22, (212) as

(p(2)yz(2)) + q(x)y(z) =0,

L) = () + gl (3.
L) = #G((xe = b) (3.7

and the boundary conditions are chosen as u(t,z) =0 at = a,d. Here
p(z) =2*, q(z) = 2.

Consider the eigen-problem L[u] = ou with ¢ = 0 and with u(¢t,z) = 0 at = a,d.
It is easy to show from (B.7]) that

0= /adL[u] cudr = /ad <% (p(z)uz) u + q(az)u2> dr = — /ad (zuZ + 2u?) dz,

whence u = 0, and 0 is not an eigenvalue of this operator. One asserts that for any fixed
t € [0,T¢], there exists a unique solution u to ([B.2]), which can be represented by

d 2
utn) = [ GG (%b(m) #2420 S(t,y»y) dy. (38)
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Here G(z,y) is the Green function, associated with the operator L, such that

1. G(x,y) is continuous in z and y;

For z #y, L[G(z,y)] = 0;

G(z,-) =0 at = = a,d;

Derivative jump: G'(y10,vy) — G'(y—o,y) = @;

Symmetry: G(z,y) = G(y, x).

Recalling the boundary condition (34]) and integrating by parts we infer from (3.8])
that

AR o

d d
uta) = o [ Glads = [ (6a?), xSty

1 [ A
= —/ G, y)y*b(t,y)dy — —/ 2G(x, y)yxx * S(t, y)dy
K Ja B J{zy}
A
- / G(,y)yy*xn * S(t,y)dy. (3.9)
K J{asy}
Thus u(t, z) depends linearly on S and a nonlocal term of S.

To formulate an existence theorem for this problem we need some function spaces: For
nonnegative integers m,n and a real number a € (0,1) we denote by C™"%(Q) the space
of m—times differentiable functions on €, whose m—th derivative is Holder continuous
with exponent a. The space C®®/2 (Qr,) consists of all functions on @Q,, which are
Holder continuous in the parabolic distance

d((t,2), (5,9)) = VIt = s| + |z — y[*.

Cm’“(QTe) and Cmtental 2(@Te), respectively, are the spaces of functions, whose x—
derivatives up to order m and t-derivatives up to order n belong to C(Qr,) or to
coel? (Qr,), respectively.

Theorem 3.1 Let v,k > 0, T, > 0, suppose that the function b € C(@Te) has the
derivative by € C(Qr,) and that the initial data Sy € C*(Q) satisfy Solaa = So.xlon =
So,zzlon = 0. Then there is a solution

(u,8) € C*'(@r,) x C*F 1@y,

of the modified initial-boundary value problem (32) — (33). This solution satisfies Sy, €
L*(Qr.) and

max | S| < max [Sy|. (3.10)
Q

Te

Proof. Making use of ([39]), we rewrite the system ([B.2]) — (B3] as a single equation
St = al(Sx)Smm

+a2 <t7 x? S? SZ'?S? G(‘T7 y)yg(t7 y)dy7/

{z#y}

{z#y}

in Qr, , where S =x.%5,

ai(p) = cvplx
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and
a2(t7x7 Sapuru S) - C?(t7x7 S7p7 r, 81, 32)(‘]7’& - "i)-

Here F is obtained by using formula (3.9) and inserting u, u, into the formula of F.

Equation ([BI1)) is quasilinear, uniformly parabolic equation, which contains nonlocal
terms. Then we can apply, with a little modification, [20, Theorem 2.9, p.23] to (B.I1) to
prove the existence of classical solution S*, and conclude that the estimate (3.I0) holds
by applying the maximum principle to (BI1]). We refer the reader to the paper [3] for
the details. Thus we complete the proof of Theorem [B.11

4 A priori estimates

This section is devoted to the derivation of a-priori estimates for solutions of the modified
problem, which are uniform with respect to x € (0,1]. We remark that the estimates
in Lemma [£1] and Corollary 3.1, though stated in the one-dimensional case, can be
generalized to higher space dimensions.

In what follows we assume that

0<r<1, (4.1)

since we consider the limit x — 0. The L?(2)-norm is denoted by || - ||, and the letter C
stands for varies positive constants independent of k. We start by constructing a family
of approximate solutions to the modified problem. To this end let T, be a fixed positive
number and choose for every x a function S§ € C§°(£2) such that

156 — Sollzza) = 0, & —0, (4.2)

where Sy € H}(€2) are the initial data given in Theorem 1.1. We insert for Sy in (3.5]) the
function S and choose for b in ([3.2)) the function given in Theorem 1.1. These functions
satisfy the assumptions of Theorem [B.I] hence there exists a solution (u”,S*) of the
modified problem ([B:2)) — (3.0]), which exists in Q7,. The inequality (3.I0) and Sobolev’s
embedding theorem yield for this solution

sup [|S"|lo(@r) < sup 156 L) < C- (4.3)
0<r<1 0<r<l

Remembering the formula (39) and assumptions of b, we show easily that u" be-
longs to CY1(Qr,), and conclude from (3.2)) that also [upll Lo (@r,) < € and invoke the
definition of Fj to get

max | Fy(u”,ul, S®)| < C. (4.4)

Te

With the help of this estimate, we can evaluate derivatives of S*.

Lemma 4.1 There holds for any t € [0, T¢]

t
IS5 + cv /0 /Q 1551, [2dedr < C. (4.5)

12



Proof. From the assertion that S € L?(Qr.) in Theorem B}, it follows that there holds

for almost all ¢
H 2 K
FlssR = [ st

Making use of this relation and ([@4]) we obtain by multiplication of (3.3]) by —S%, and
integration by parts with respect to x, where we take the boundary condition ([B.4]) into
account, that for almost all ¢

SEI + /cuSgﬁng2dx:/fSx,{—/iS;xda;
sallssl? [ alssldss e = [ 7Sl w

< c/<1+ SED (S5 + £)| S5, |da

_ (/ 1S5l S5+ / St lde+ [ 1851185155 e + | nrszus;xrdx)
Q Q

= C(L+1, +[3+I4) (4.6)

Now we estimate I; (i =1,2,3,4). For I;, we have

L

IN

c / 151 (15517155, ) da
Q

IN

g/ ]S’;\H\S’;xlzdx+CV/(\S’;]H)2dx+C, (4.7)
8 Ja Q

where we denote €, a constant depending on v. By definition, there holds

1Szl > k. (4.8)

Thus we can use the second term on the left hand side of (£6) to absorb Iy. By the
Cauchy-Schwarz and Young inequalities,

1 1
I < 0/ RIC) dx§0</ /{dx>2 (/ /{|S§x|2d$>2
Q Q
< C”"/y e+ C,. (4.9)

Here we have used the fact that 0 < a < x < d which implies the term % contained in F
is uniformly bounded from below and above, and C, . is a constant depending on v, k.
Moreover, I3 is evaluated by

1 1
. .
L < C//{|S’;||S§x|dx§0</ /1|S’;|2d:17> </ kS5 | dm) C(410)
Q Q

Using the Nirenberg inequality in the following form

1 2
fo” < Cfox”g”f”ioo(Q) + C,”f”LOO(Q)a (4'11)

13



one infers from (4.10) that

1
1 1 ar) 3 K K 2
Bo< 0 (IS5INS g + OIS e ) ([ riSPas)
1
< ont (sl +1) ([ slsspas )

_ (\\smuﬁl - HSMH)

< C"“/ 1S% 2dz + C, (4.12)

where we used the Young inequality of the form ab < a3 + Csb* for non-negative real
numbers a,b. Here Cs is a constant depending on 9.

I3 is the most difficult term to deal with. Again by the Cauchy-Schwarz inequality
one gets

1 1
L = C /Q (155115512) (15512 1%, |

c( / \szrzwssrndx) ( / 155118 da:)
= ot ([ istllse dx> (1.13)

To deal with J, we recall the boundary conditions for S* and rewrite by integration by
parts

IN

J = / (S22 |edir = / S(S51S% )
Q Q

B / 5555 (1S5 + S5(|1yle) |y=ss) da
CH5 >
— [ 5785, (1551, dz
/Q <| | |S“|R

Applying estimate ([£3)) and invoking the definition of |y|,, from ([I4]) one obtains

(4.14)

J<c / 215 |S", da

1 1
< (/ AR dx)2 (/ \ssrndx)z
0

< (/ |55 | S| dw>%(\|5’£\|+1)- (4.15)

Therefore, ([£.I3]) becomes
K l K K
o(lIS5] + 1 ( / |sm|n|sm|2d:c>

% [ 1sEhlsslds + Gzl + ). (1.16)
Q

+

=
N

I3

IN

IN

14



Here we have again used the Young inequality: ab < a3 + Csb*.

Combining estimates (Z7) — IG), subtracting the terms ¥ [, [S5|.| Sk, [*de and
@h [ S5, [*dz on both sides of inequality (@G), splitting the Second term on the left
hand side of ([4.0]) into two equal terms, and recalling the property (48], we derive

385+ 5 [ istisalae + 5 [ isnPd < ISP+ €, (@

Then using the Gronwall inequality, one gets (45, noting also (£2]). And the proof of
this lemma is thus complete.

Furthermore, we obtain

Corollary 4.1 There holds for any t € [0,T]

t
| [astilseidadr < c, (4.18)
0 Q
t
| [aseszptasar < c. (4.19)
0 JQ
ty s 3
/ / |yl ndy dr < C, (4.20)
o IlJo wh5(Q)
8% 5
|ylwdy dr < C, (4.21)
L= ()
NSz1521 4 0 ipoe@y < © (4.22)
[ 1850y < c (4.23)

Proof. For some 2 > p > 1 we choose ¢, ¢’ such that

By Holder’s inequality, we have

[ [ aseidssy dwr
= [ [ asz1o)® (0521008 15.) dear
(f /9“55‘*@)1)5 df“”y < [ [ st \ssx\pqczm);
([ (|S';|n)2%’dxd7> < [ [ 1stse, me) e

Estimate (4.3]) implies that if p satisfies ﬁ <2 (ie. p< %) then the right hand side of
(#24)) is bounded. This yields estimate ([LI8). Then ([@I9) follows from [@I8) and the
estimate (), and the fact that |S¥| < |S%|,.

IN

IN
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Next we are going to prove ([A20]). Writing

Sy
555 = ( /0 |y|ndy) , (4.25)

and invoking that the primitive of |y|. is equal to

1
5 <y\/y2+/£2+/£210g <y+ \/y2+/£2>>,

which, thanks to logz < o — 1 for all x > 0, is bounded by C(y? + 1), we then show

easily that
Sz
/ / [y|wdydz < C/ (IS5 +1)dx < C.
QJo Q

To apply the Poincaré inequality of the form

If = flley < Cllfallir@

where f := ﬁ Jo f(z)dz, we choose

4 Sz
P=73 f= / Y| dy,
0

and obtain

4
3
dr

L3(Q)

ty rSE
/ / ly|wdy
0 0

4
3

t Sy 3 t Sr
< o [|([ ) |, arve [ [ war] o
0 0 21113 (@) o || /o 4@
t 4 t
< ¢ [isssslly  darc [ ar (4.26)
0 L3(Q) 0
which implies, by [I8]), that
ty pSE 3
/ / lyledy|| , dr < C. (4.27)
0 1v/0 L3(Q)

Hence ([@20) follows, and we get fOS; lylxdy € Lg(O,Te;WL%(Q)). Making use of the
Sobolev embedding theorem, we get (L.21]).
It remains to prove estimate ([L22]), since [@23)) is equivalent to (£22). We rewrite

Sk
Jo* yledy as

K

Sy Sy Sy
/ ledy — / yldy + / Iyl — ly)dy
0 0 0

Sk Sr 2
T K
—I—/ —dy
0 o |yle+ 1yl

2770 oyl Yl '

= Ly
= 23/?4

16



Thus

1 Sz K2SE
—(|SE|1SE)z = wd - 4.29
5550 = ([ n) - e (1.20)

By (£8) and the Young inequality we obtain from (£5]) and the assumption that k£ < 1
that

k28"
T < /S5 | thus
'!Sﬂnﬂsﬂ
2
K 2 Kk |12 < i )
1S3l L4 0py < (/QTE (12 + £|SE,| )dasz) <C (4.30)

Combination with (£20) and [@29) yields

Sz
K K <
10518521, 4., < €| ([ ohet)

It is clear that [S§|SE < C [, |S5[*dx < C. Applying again the Poincaré inequality
to the function f = |SZ|S¥, we arrive at

FOIRSE 4 ) SO (431)

L3(Qr.)

K K < .
1821504, , < €

Hence this, combined with (4.31]), implies that

15z15z 11, 4

<
L3(0,T.Wh3(Q) = c,

one concludes by using the Sobolev embedding theorem that

1Sz 15z <C,

L3 (0,Te;L(Q)) —
which is

15218 0.1 10y < C
This completes the proof of the corollary.

To apply some compactness lemma to the approximate solutions, we need estimates
on the time derivative of the unknown S* and also |S%|S%.

Lemma 4.2 The function S§ belongs to L%(QTe) and we have the estimates
1S5 W Lars(@ry < € (4.32)
H(‘SI;’Sg)tHLl(o,Te;Hﬂ(Q)) <C. (4.33)

Proof. From equation ([B3) and the estimates (IS, and ([EH) we immediately see

that S € L%(QTe) and that (£32]) holds. Therefore we only need to prove the second
estimate.

17



To verify (£33]) we must show that there exists a constant C, which is independent
of k, such that

((192152) ). | < CllellLee 0,122 (0)) (4.34)
Qr,

for all functions ¢ € L*(0,7.; H3(Q)). To prove ([@3d]), we first prove that for any
1> 6 > 0 there holds

([ i), =),

for all functions ¢ € L>(0,T.; H3(Q2)). Here § is independent of . Inequality @34 is
obtained from this estimate as follows: From S% € L>(0,T,,L*(Q)) Cc L*(Qr1.), St €
L*(Qr,) and [ |yls — yl| <6 — 0 as § — 0 we infer that || [S[s — |S5|llL@y) — 0. A
straightforward computation yields that

Sy
( /0 |y|5dy> 15515, (4.36)
t

Therefore, (fOS; ]y\(;dy)t = |S%|sS%, — |S%| S%, strongly in L?(Qr,). Whence, as § — 0,

(( / N !y\(;dy)t,cp) L8518, 2,

for all ¢ € L*(0,T,; H3(2)) C L*®(Qr.). This relation together with ([Z37) implies
E.34).

Thus it suffices to prove ([@33]). To simplify the notations we define

< Cllellze 0,102 (0)) (4.35)

Ry = cv|SE| Sy, — FE(|SE |k — k). (4.37)
Here F* = F(u",uf, S, S¥). Recalling estimate ([A4]), we have

Rl < O(ISE1ulS5 |+ (1 SED(ISE ] + ) ). (4.38)

Multiplying equation B3] by (|S%|s¢), , integrating the resulting equation with respect
to (t,x) over Q. , using integration by parts for the term with the time derivative and
noting (4.30)), we obtain

0 = (5 = R (15215%)2) g,
= = (Su 15z169)qr, — Ry (15216%)2) g,

sp
([ wlotn) o9) = (R o)y S50) — (R[Sl (.39
0 t Qre !

Remembering that S%, € L?(Q7,) for any fixed r, we see that the first term in the second
equality of (£39) is properly defined.
To estimate the last two terms on the right hand side of inequality (£39]), we note

that there holds

Y
(yls)| = m' <1 and |yl < Jyl+ 1,

18



which yields the estimates

(R (Y| S526) | < (Rub S5l

(1551419512, lel) g, T (A + 1SSk + £), 1556 g0,
< Clelre@rn) +1 < Cllellpeor.:m200) + 1, (4.40)

IN

A

and

< C 0 (15714 1) |97 x| Seepeld(T, )
Te

+0/Q (L + S5)2(1S5 ] + #) |pa] d(r, )
Te

= J1+ Jo. (4.41)

|(Res 19515 62,

We estimate I first. Write

I = C(5F]s+r+[S2115% ] + &[S2 ] [S7a0D g,
= Il—|—12+]3—|-[4. (442)

One needs to estimate I; (i = 1,2,3,4). By estimate (L)), I; can be treated as

Il = ‘SH’m’Smm(p’)

c / EAHENE \ S5 ol d(t, 2)

IN

IN

1 1
c /0 11512 Lz | 15512 S5 ol oy

Te 1 9 % Te 9 %
0(/0 e df) (/0 ||<,o||L4<Q>dT>

Cllell 20,1254 02)) (4.43)

IN

IN

and

I C (5 |55l qr,

C [ KISE]leld(t, )
QT
CrllSzallz@rylellz2@r)
Cllell L2 0,1.;22(0))- (4.44)

IN

IN A

With the help of (£19]) and of the Cauchy-Schwarz inequality, we deal with I as follows

Iy = C(slS7] 1559 gy,

Te 4 % %
c/ </ \S;S;xhdx> (/ \@\4daz> it
0 Q

Cl S35l 4 o, I¥lEt@r)

IN A

IN

C\|90HL4(0,TE;L4(Q))- (4.45)
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The remaining term I3 is the most difficult to evaluate. Making use of estimates (5]

and (@.23)), we have
I3 = C(ISF11S7 1w, 195D g,

1
2
< Cllolmn / ([ 1szpisz, da:) ([ Issisz i) a
< cugoHLoo(QTe)/o ISy + 1) (/ S5 dm) (/ 15555, | dm) dt
T, 3/ T
< Clelmian ([ 05w+ 02a) " ([ [1sz1asel d:cdt) it
< Cllellie@r,)- (4.46)

Next, we consider Ji, Js. The term J; can be handled as

5= C / (IS5] 4+ 1) S5 |5, oald(r, )

t é %
< Cldiman [ ([ovisie) ( [ossisnie) o
1 3
K n 2\4% K 4 4
< Clenliman | (14185 m@ss?) " ([ (stlulssiar) " ar
: :
< Clledlony ([ @+ 185~ @ar) " / JRCES 3da;d7>

< Cllelipes o1 m2(0)) - (4.47)

Here we used the estimates in ([A.5]) and Corollary 1] which will also be used to evaluate
the term Jy. Invoking inequality ([438]), we obtain that

b < c/ (14 [SED2(SE L + #) ls] d(7,2)
Qr,

< Clorlim@n) /Q (1+1853)d(r, z)

Te

Te
CH‘;DxHLOO(QTE)/O <1+ ||S:||L°°(Q)/Q|Sg|2d$> dr

Te
Cllellim@n) (1 - us:ummm)

< Clliellreeo,r.:m2@)- (4.48)
Combination of (£39) — (448]) and using the Sovolev embedding theorem yield

((f ), 2),,.

C (Il eomsmz@) + 1ellie@n,) + I¢laomm0@) )

IN

IN

IN

IN

Cllell Lo o,1.:m2(0)) » (4.49)
which implies (£30)) and we complete the proof.
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5 Existence of solutions to the phase field model

We shall use in this section the a priori estimates established in the previous section to
study the convergence of (u”,S*) as kK — 0. We shall show that there is a subsequence,
which converges to a weak solution of the initial-boundary value problem (L.20]) — (L.23)),
thereby proving Theorem [I1]

Note first that the estimates in Corollary A1l and Lemma (.2}, the fact that € is bounded,
and Poincaré’s inequality imply

1% lw1a3(0,,) < C (5.1)

for a constant C' independent of k. Hence, we can select a sequence k,, — 0 and a function
S e wid/ 3(Qr,), such that the sequence S*", which we again denote by S*, satisfies

”SK — SHLMS(QTJ — 0, S; — Sx, Sf — St, (52)

where the weak convergence is in L*3(Qr,).

As usual, since equation (3.3]) is nonlinear, the weak convergence of S is not enough
to prove that the limit function solves this equation. In the following lemma we therefore
show that SI converges pointwise almost everywhere:

Lemma 5.1 There exists a subsequence of S, we still denote it by S%, such that
SE— Sy, ae. in Qr, (5.3)
|SE e — |Szl, a.e. in Qr., (5.4)
IS5 — |Szl, weakly in L%(QTe), (5.5)
SK/
@ 1
| wldy = 38u1sel. strongty in L0, 7. Lc) (5.
0
5z 1 s )
| ey 58.1Sul, strongly in 10,75 2(@), 57)
0

as k — 0.
The proof is based on the following two results:

Theorem 5.1 Let By be a normed linear space imbedded compactly into another normed
linear space B which is continuously imbedded into a Hausdorff locally convex space
By. Assume that 1 < p < 400, that v,v; € LP(0,T; By) for all i € IN, that the se-
quence {v;}iew converges weakly to v in LP(0,T,; By) and that {%}ielN s bounded in
LY(0,T.; By). Then v; converges to v strongly in LP(0,T,; B).

Lemma 5.2 Let (0,7,.) x Q be an open set in RT x R™ and assume that 1 < q < 0.
Suppose that the functions gn,g € LI((0,Te) x Q) satisfy

lgnllzaco,1)x0) < C, gn — g almost everywhere in (0,T.) x Q.

Then g, converges to g weakly in LI((0,T,) x Q).
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Theorem [B.1]is a general version of Aubin-Lions lemma valid under the weak assumption
Ow; € LY(0,T.; By). This version, which we need here, is proved in Simon [25] and in
Roubicek [24]. A proof of Lemma 5.2 can be found in |21} p.12].

Proof of Lemma [51: We choose p = % and
Bo=WY3(Q), B=L*Q), B =H ).

These spaces satisfy the assumptions of the theorem. Since the estimates ([@IR]), ([£20)
and ([L33) imply that the sequence fos’” ly|dy is uniformly bounded in LP(0,T¢; By) for

k — 0 and ( fOS; |y|dy)t is uniformly bounded in L'(0,7.; By), it follows from Theo-

rem 3.1 that there is a subsequence, still denoted by fOS; ly|dy, which converges strongly
in L?(0,T.; B) = L%(O,TG;L2(Q)) to a limit function G € L%(O,TG;L2(Q)). Conse-
quently, from this sequence we can select another subsequence, denoted in the same
way, which converges almost everywhere in Qr,. Using that the mapping y — f(y) :=
foy |€|dE = %y|y| has a continuous inverse f~! : R — R, we infer that also the sequence
Sk = f-1 ( fosg \y[dy) converges pointwisely almost everywhere to f~(G) in Qr.. From

the uniqueness of the weak limit we conclude that f~!(G) = S, almost everywhere in

Qr..
For the proof of (B.7) we write

S5 S s
/ ly|wdy = / ly|dy +/ (lyle = lyN)dy = I + L.
0 0 0

It is easy to estimate Iz as [|I2]|p2(Q.) < (15551 22(Qg) < CKIISE Lo (0,12522(0)) < Ok —
0. Therefore, fOS; lyledy — lim, 0 [; = %\Sx]Sx strongly in L%(O,TE;L2(Q). This is
©.1D).

To prove (5.0 we note that the estimate |S%|, < |S%| + £ and the inequality (5.1])

together imply that the sequence |S%|, is uniformly bounded in L%(QTe). Thus, (51 is
a consequence of (5.4]) and Lemma 5.2.

Proof of Theorem 1.1: Define the function u by inserting S into ([3.9]) where S is the limit
function of the sequence S*. We shall prove that (u,S) is a weak solution of problem
2 - (2.

Remember first that by Lemma [Tl we have S € L*°(Qr,). From this relation, from
the above definition of u we immediately see that u satisfies (L25]). Observe next that
15" oo (0,712 () < € by Lemma ELTl and Sobolev’s embedding theorem. This implies
S € L>(0,T.; H}(9)), since we can select a subsequence of S*® which converges weakly
to S in this space. Thus, S satisfies (.20)).

Noting that from (B.J]) and (5:2])

Kk < K _
HX’i * S S”L%(QTE) — HX’i * (S S)”L%(QTe) + ”(S XH * S)HL%(QTe)
< IS xSy g g HIS = Slg 0 0 (58)

for kK — 0, we conclude easily that the function u defined in this way satisfy wealkly
equation (L20). It is thus enough to prove that the equation (L20) — (L21)) are fulfilled
in the weak sense. By definition, these equation are satisfied in the weak sense if the
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relation (L27)) holds. To verify (IL27]) we use that by construction S* solves ([B.3]). Now
we multiply equation (B3] by a test function ¢ € C§°((—o0,T,) X ) and integrate the
resulting equation over (J7,, then obtain

0 = (5, 9)ar, + (—ev[S;laS + F (1521 — 5),0)q

T

Sy
= (S5 0(0)a — (5%, o + ( /0 Ylndly, %)

Qre
+ (FH(195 1k — £), ) g -
Equation ([27]) follows from this relation if we show that
(SH7(10t)QTe — (Sv @t)QTe’ (510)
Sy 1
([T htnee) o (Fisidseen) .11
0 Qr, Qr,

FSE — 1) 9)gr = (Fablop, (5.12)

for k — 0. Now, the relation (5.9]) follows from (£2]), and the relation (GI0) is a

consequence of (5.2)). By (1), one has (5.I1)).
To verify (.12) we note that (0.8]), (£23]) and the definition of F* yield

IF20Sz e =) 3 ) = € (5.13)
Fr(|SEs — k) —  F|Sz|, almost everywhere. (5.14)

Then by Lemma [5.2]
FrH(19% | — &) = FISg],

weakly in L%(QTE), which implies (5.12). Consequently (L27) holds.
It remains to prove that the solution has the regularity properties stated in (28]

and (L29). The relation S; € Ls (Qr,) is implied by ([B.2]). To verify the second assertion
in (L28), we use estimate (£23)) to get

Te s
|15y <.

This inequality and S — S, in L%(O,Te; L>(Q)) imply S, € Lg(O,Te; L>(Q)).
To prove (.29, we recall that fOS” ly|xdy converges to |S;|S, strongly in the space
L%(O,Te;LQ(Q)) C L%(QTE) and that (fOS; |y|,.€dy) is uniformly bounded in L%(QTE)
x

for kK — 0, by [@I8). This together implies that (|S;|S), € L%(QTS). Finally, to prove
the second assertion of (29 we choose a test function ¢ € L4(0,Ty, VVO1 4(Q)), multiply
equation (B3] by —p, and integrate the resulting equation over Q7. to obtain

0= (Sf - Rfﬂ _QOZ‘)QTE = (S:ta SO)QTE + (R,{, (‘DI)QTe ’ (515)
with R,; defined in ([@37)). Invoking the estimates (L) and (23] we deduce that
<
Rell g g, , < C
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hence equation (B.13]) yields

(Sgt’(p)QTe < H,R’{”L%(QTE)H(PIHUL(QT@) < CH('DHL‘l(O,T\.i;WOl"l(Q))7

and this means that S%, is uniformly bounded in Ls (0, Te; W13 (€2)). From this estimate

and from S — S; in L%(QTE) we deduce easily that S,; belongs to the dual space of
L40,T.; W' (9)), which is L3 (0, To; W13 (Q)).

Acknowledgement. The authors would like to express their sincere thanks to Prof.
H.-D. Alber for helpful discussions. The second author of this work has been partly
supported by Grant MTM2008-03541 of the Ministerio de Educacion y Ciencia of Spain,
and by Project P12010-04 of the Basque Government.

References

1]

R. Abeyaratne and J.K. Knowles, On the driving traction acting on a surface of
strain discontinuity in a continuum, J. Mech. Phys. Solids, 38,3 (1990), pp. 345—
360.

H.-D. Alber, Evolving microstructure and homogenization, Continum. Mech. Ther-
modyn., 12 (2000), pp. 235-286.

H.-D. Alber and Peicheng Zhu, Solutions to a model with nonuniformly parabolic
terms for phase evolution driven by configurational forces, SIAM J. Appl. Math., 66
No. 2, (2006) 680-699. DOT 10.1137/050629951

H.-D. Alber and Peicheng Zhu, Evolution of phase boundaries by configurational
forces, Arch. Rational Mech. Anal., 185, (2007) 235-286. DOI 10.1007/s00205-007-
0054-8

H.-D. Alber and Peicheng Zhu, Solutions to a Model for Interface Motion by Interface
Diffusion, Proc. Royal Soc. Edinburgh, 138A, (2008) 923-955.

H.-D. Alber and P. Zhu, Interface motion by interface diffusion driven by bulk energy:
justification of a diffusive interface model. Continuum Mech Thermodyn. Aug. 10,
2010

H.-D. Alber and P. Zhu Solutions to a model with Neumann boundary conditions for
phase transitions driven by configurational forces. (2010) Submitted

H.W. Alt and 1. Pawlow, On the entropy principle of phase transition models with
a conserved order parameter, Adv. Math. Sci. Appl. Vol. 6, No.1 (1996), 291-376.

E. Bonetti, P. Colli, W. Dreyer, G. Gilardi, G. Schimpanera and J. Sprekels, On a
model for phase separation in binary alloys driven by mechanical effects, Physica D
Vol. 165 (2002), 48-65.

G. Buratti, Y. Huo and 1. Miiller, Eshelby tensor as a tensor of free enthalpy, J.
Elasticity Vol. 72 (2003), pp. 31-42.

J. Cahn and J. Hilliard Free Energy of a Nonuniform System. I. Interfacial Free
Energy, J. Chem. Phys. Vol. 28, (1958) 258-267.

24



12]
13)
14]
15]
16]
17]

[18]

M. Carrive, A. Miranville and A. Pierus, The Cahn-Hilliard equation for deformable
elastic continua, Adv. Math. Sci. Appl. Vol. 10, No. 2 (2000), 539-569.

L., Chen, Phase-fieldmodels for microstructure evolution, Annu. Rev. Mater. Res.
Vol. 32 (2002) 113-140.

H., Emmerich, The Diffuse Interface Approach inMaterials Science, (2003) Lecture
Notes in Physics, Springer, Heidelberg.

H., Emmerich, Advances of and by phase-field modelling in condensed-matter
physics, Adv. Phys. Vol. 57, No. 1, (2008), 1-87.

H. Garcke, On Cahn-Hilliard systems with elasticity, Proc. R. Soc. Edinb., Sect. A,
Math. Vol. 133, No. 2 (2003), 307-331.

E. Hornbogen and H. Warlimont (2001) Metallkunde, 4. Auflage. Springer-Verlag,
2001.

James, R. Configurational forces in magnetism with application to the dynamics of
a small-scale ferromagnetic shape memory cantilever, Contin. Mech. Thermodyn.
Vol. 14, (2002) 55-86

S. Kawashima and P. Zhu Traveling waves for models of phase transitions of solids
driven by configurational forces. (2010) To appear in “Discrete and Continuous Dy-
namical Systems - B”.

O. Ladyzenskaya, V. Solonnikov and N. Uralceva, Linear and quasilinear equations
of parabolic type, Translations of Mathematical Monographs Vol. 23, Amer. Math.
Soc., Providence, 1968.

J. Lions, Quelques methodes de resolution des problemes auz limites non lineaires,
Dunod Gauthier-Villars, Paris, 1969.

N. Moelans, B. Blanpain and P. Wollants, An introduction to phase-field modeling
of microstructure evolution, Computer Coupling of Phase Diagrams and Thermo-
chemistry, Vol. 32 (2008), 268-294.

R. Miiller and D. Gross, 3D simulation of equilibrium morphologies of precipitates,
Computational Materials Science Vol. 11 (1998), 35-44.

T. Roubicék, A generalization of the Lions-Temam compact imbedding theorem, Ca-
sopis Pest. Mat. Vol. 115 (1990), 338-342.

J. Simon (1987) Compact sets in the space LP(0,T; B), Annali di Mathematica Pura
ed Applicata, Vol. 146 64-96.

Van der Waals The thermodynamic theory of capillarity under the hypothesis of a
continuous variation of density, J. Stat. Phys. Vol. 20, No. 2, (1979) 197-200.
Translated by J. Rowlinson.

P. Zhu (2010a) Solvability via viscosity solutions for a model of phase transitions
driven by configurational forces. To appear in “Nonlinearity”.

P. Zhu (2010b) Regularity of solutions to a model for solid-solid phase transitions
driven by configurational forces. Submitted.

25



	1 Introduction
	2 Reduction to one dimensional problem
	3 Existence of solutions to the modified problem
	4 A priori estimates
	5 Existence of solutions to the phase field model

