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Abstract

This paper studies the singular limit of the non-isentropic Navier-Stokes equations with zero
thermal coefficient in a two dimensional bounded domain as the Mach number goes to zero.
A uniform existence result is obtained in a time interval independent of the Mach number,
provided that the initial data satisfy the “bounded derivative conditions”, that is, the time
derivatives up to order two are bounded initially, and Navier’s slip boundary condition is
imposed.
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1. Introduction and Main Results

The motion of low Mach number fluid flows are described by the following non-dimensional
Navier-Stokes equations:

pr + div(pu) =0, (1.1)
1
(pu)¢ + div(pu ® u) — divS + e_QVP =0, (1.2)
(pe); + div(pue) + pdivu — div(kVT) = €S - D(u), (1.3)

where p,u,p, e, T stand for the density, velocity, pressure, internal energy and temperature
respectively. The constants p, A are the viscous coefficients with g > 0, p+ X > 0 (in 2D), €
is the Mach number, x is the heat conductivity coefficient, and

S = S(u) = 2uD(u) + Adivul

is the viscous stress tensor, with D(u) = (Vu+ Vu')/2. Moreover, we assume that the fluid
flows are polytropic ideal gases:

e=CyT, p=RpT, (1.4)
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where Cy > 0 is the specific heat at constant volume, and R is the generic gases constant.
The ratio of specific heats is v = 1 + R/Cy. In this paper, we are interested in the 2-
dimensional flow. In this case, the velocity field is given by v = (u!, u?). Formally, as ¢
tends to zero, the solutions to (1.1)-(1.3) converge to those for the following problem:

pt + div(pv) = 0, (1.5)
(pv); + div(pv @ v) — div(2uD(v)) + Vr =0, (1.6)
1
;))- (1.7)

Specifically, in the isentropic case, or under the assumption x = 0, which is considered in
this paper, (1.7) reduces to the incompressible constraint

Cyrydive = div(kV(

dive = 0.

This low Mach number limit process is singular. It is not only a physically interesting
problem (see [31]), but also challenging mathematically, since it is difficult to obtain uniform
estimates in Mach number which is necessary to justify the convergence to the background
incompressible flows.

The investigation of low Mach number limit began at seventies of last century by EBIN
[16] in the isentropic regime. KLAINERMAN and MAJDA [27, 28] set up a framework for
studying this singular limit in case of no physical boundary conditions for smooth and
“well-prepared” initial data, which means that the initial data is nearly appropriate for
the limit equation. When the fluids are isentropic, the results are rather plentiful (see e.g.
[4, 5, 11, 12, 13, 14, 23, 24, 25, 29, 30, 32, 36, 39, 40, 41, 42, 44] ), even though the initial
data are “ill-prepared”.

In the non-isentropic regime, the behavior of solutions is much more complicated because
the temperature variations play an important role in creating the resonance.

For Euler equations with the solid boundary condition, SCHOCHET [38] studied the low
Mach number limit under the assumptions that the initial data are “well-prepared” and
the entropy is purely transported. By analyzing the acoustics, METIVIER and SCHOCHET
investigated the situation of “ill-prepared” data in R™ by the techniques of pseudo-differential
operators and wave-packet transform [34]. These methods can also be adapted to the case of
exterior domains [2], since the decay of energy also implies the local strong convergence. For
the case of periodic boundary, one may refer to [35] for the results in one spacial dimension.

For the Navier-Stokes equations, the way to obtain the uniform estimates is very different
from the case of the Euler equations, since the viscous dissipation effects would prevent us
identifying the oscillatory acoustic waves from the background incompressible flows. In
the case that both the density and the temperature vary in a small range of O(e), the
differential operators of O(%) are still anti-symmetric. HAGSTROM and LORENZ [22] proved
a uniform estimate independent of € € (0, 1] and ¢ € [0, +00) in the whole space, provided
that the background incompressible fluid flows are sufficiently smooth. We remark that in
the reality, the temperature may vary in a large range, the coefficient of the heat diffusion
term is O(%), thus the strategies in the estimates for Euler equations do not apply. KiMm
and LEE [26] verified the low Mach number limit of local strong solutions of Navier-Stokes



equation with zero heat-conductivity and “well-prepared” initial data in R3. The strategy of
KLAINERMAN and MAJDA [27, 28] and the elementary energy estimates are applied in [26].
Recently, ALAZARD studied the low Mach number limit of the full system in R"™ for certain
“ill-prepared” initial data [3] by the technique of pseudo-differential operators. Moreover,
the uniform estimates in the Mach number hold in both R™ and T". However, the technique
of pseudo-differential operators does not apply directly to the case of bounded domain due
to the restriction of the Fourier transform. FEIREISL and NOVOTNY [18] considered the low
Mach number limit for the periodic “variational solutions” to the full Navier-Stokes-Fourier
equations for “ill-prepared” initial data for certain radiative gases [18], which excludes the
ideal polytropic gas. Related results on bounded domains with various boundary conditions
can be found in [15, 17, 19]. Note that different gaseous laws may lead to different frameworks
for the low Mach number analysis.

The study of low Mach number limit for the non-isentropic Navier-Stokes equations
governing ideal polytropic gases in bounded domains is far from completed. In a recent
work, OU [37] studied the incompressible limit of non-isentropic Navier-Stokes equations
with zero thermal conductivity coefficient in a finite interval. If the time derivatives up to
order two are bounded initially, that is,

1(po, o, qo)ll 122 + 1[(pe(0), £(0), g (0)) 221 + | (p2¢(0), 14e(0), G2t (0)) [l 22 + |0~ H| 2w < C,

with ¢ = (p — 1)/e being the pressure variation, the solutions are bounded uniformly with
respect to the Mach number in the same class as initial data, which implies that the limiting
solution is exactly an incompressible profile. In this case, the analysis relies on the estimates
for the temporal derivatives, which serve as the only tangential derivatives to the boundary.

Note that in the usual sense of “well-prepared” initial data, only the time derivatives of
first order are bounded initially in some norms (see [26, 27, 28] for example), which is almost
equivalent to the boundedness of divug/e and Vpy/e. However, in [37] and this paper, there
are more restrictive bounded derivative conditions on the initial data, due to the presence
of solid boundary. This is motivated by the works [8, 9] of KREISS, who first developed the
method of bounded derivatives. In this paper, the boundedness of time derivatives of second
order coincide with the boundedness of ||divug/€?| g1, [V qo/€*|| s and ||ug|| g

Our purpose is to verify the low Mach number limit for the zero heat-conductive Navier-
Stokes equations in bounded domains of two spatial dimensions. The geometry of boundary
causes much difficulty when showing the uniform estimates in the Mach number, due to the
boundary effects of the acoustic waves. In contrast to [3, 26], integrating by parts is usually
invalid in the boundary case, especially when estimating high order spatial derivatives. Thus
the usual way to balance the singular differential operators in the whole space or periodic
space is not applicable. The result of this paper also generalize the 1D result [37] in some
sense. In the analysis of 1D, high order spatial estimates can nearly be controlled by the
temporal estimates. But it is not true in 2D when we handle the normal derivatives near
the boundary. To circumvent this trouble, we separate the uniform full-norm estimates
into the estimates of vorticity and of divergence of velocity. For this purpose, the most
important observation is that, Navier’s slip boundary condition (see (1.13)), is equivalent
to a representation of vorticity on the boundary (see Lemma 2.7), which is only valid for



dimension two. Another observation is that,
—
Au = Vdivu — curlcurlu,

where éﬁﬁ = (=0, 01)" and curlu = Oyuy — Oouy for any u = (uq, uz)’, so that the separation
of divergence and vorticity is reasonable (yet, this is not limited to dimension two). Note
that we don’t take the strategy in [45] that dealing with the boundary estimates by consider
the tangential and normal components near the boundary separately, since it may lose the
uniform estimates of the highest order normal derivatives to the boundary. Furthermore,
the strategy applied here is more simple and clear.

We prove the local existence of the strong solution to the Navier-Stokes equations under
Navier’s slip boundary conditions with the uniform estimates in a small time interval. The
key ingredients of this paper are the global existence of the “essentially linear” system in
any finite time interval, and the uniform estimates for this system in a small time interval
independent of the Mach number. Note also that in this paper, the space-time derivatives
of same order can be estimated as an entity. Then due to the completeness of L? estimates,
one can show the uniform estimates of the full norm order by order. This is also a key point
of this paper.

In the following, we assume that the heat conductivity coefficient k = 0. We introduce
the pressure variation ¢ by

p=1+eq. (1.8)

Then the non-dimensional system (1.1)-(1.3) can be rewritten as

pr + div(pu) =0, (1.9)
p(us +u - Vu) + %Vq = div(2uD(u)) + AVdivu, (1.10)
%(qt +u - Vq) + qdivu + %divu S €(2u| D (u) > 4+ A(divu)?). (1.11)
We impose the initial conditions
(p,u, @)|1=0 = (po, o, q0)(x), = € €, (1.12)

where  C R? is a simply connected, bounded domain with smooth boundary 952, and
Navier’s slip boundary conditions are described as

u-n=0, 7-Su)-n+au-7=0 on N x(0,T), (1.13)

where a(z) > 0 is a C? function, n and 7 are the unit outer normal and unit tangential
vector to 0f2, respectively. Navier’s slip boundary conditions describe an interaction between
a viscous fluid and a solid wall. Various existence results of compressible Navier-Stokes
equations with this kind of boundary conditions have been proved by Tani [43], Zajaczkowski
[45] and among others.

We denote the norm in Sobolev space W*P(Q) by || - |lywr» for & > 0, 1 < p < o0,
the norm in H*(Q) by || - ||z for & > 0 (H° = L?), the norm in LP(Q) by || - ||z» for
1 < p < +o0. Moreover, we denote the Sobolev norm in LP(0,t; H*(Q)) by || - |4+ for
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1<p<oo, 0<k<ooand0 <t < oo, and the norm in C([0, ¢}, H*(2)) by ||||¢,z+ for k > 0
and t > 0. Throughout this paper, we denote various positive constants, various positive and
continuous functions of My, M (to be defined in Definition 2.1), which are all independent
of ¢, by C, Fy(-) and F(-), respectively. Moreover, we shall use F;(:) (i =0,1,2,---), F(-),
Fi(,9), F(-,-), Fi(-,-,-), F(-,-,+) e.t.c. to stand for various positive and continuous functions.
Furthermore, we would denote the partial derivatives by subscripts and the components of
a vector by superscripts. For example, u/ means the j-th component of a vector u, and u,
stands for the partial derivative of v with respect to y.

During the estimates, Holder’s inequality, Sobolev’s inequality and the following inter-
polation inequality will be used implicitly.

Lemma 1.1. (Interpolation inequality, see Chaper I1, [21]) Assume that Q C RY is a bound-
ed domain with locally Lipschitz boundary 0. Then for any u € WH4(Q),

luller < Cllullz M ullfe, (1.14)
where v € [q, Nq/(N —q)] ifq € [I,N), r € [q,+0) if ¢ > N, and C is independent of u
and A = N(r —q)/(rq). O

Below is the main theorem of this paper.

Theorem 1.1. Suppose that the initial datum (p,us,q5) satisfies that p§ > Cy' > 0, and
||<p67 UB, q(e))HH2 + ||(P§, uj, qg)(O)HHl + H(pgt? uitv qut)(())HLQ < Co. (1'15)

Moreover, we assume that (p§,u§,q5) — (po,uo, qo) in (H?)®. Then the initial-boundary
value problem (1.9)-(1.13) admits a unique solution (p<, u, q°) in C([0,T]o; H*(Q))3, for
some positive constant Ty independent of €. Moreover, (p¢,uf, q%) satisfies

té%a;%o(ll(piw,qe)llm +ellulms + 115 ug, gl + 11009~ I zoe) (1)

T 1 (1.16)
+||<p;,u:t,q;>||Loo<o,To;L2>+(/ <||u€||%{3+||u:||%p+||u;||%ﬁ>dt) <c.
0

Here Cy, C = C(9, Cy) are positive constants independent of € € (0,1]. Furthermore, (p, u°)
converges to (p,u) in certain Sobolev spaces as € — 0, and there exists a function P(z,t)
such that (p,u, P) in C([0,T)o; H*(2)? x HY(R2)) solves the initial-boundary value problem
of the inhomogeneous incompressible Navier-Stokes equations:
pe+u-Vp=0, divu=0,
plus +u-Vu)+ VP =pAu in Qx(0,7p)
u-n=1-S(u)-n+au-7=0 on 090 x (0,Tp),

(p, u) =0 = (po,uo)-

(1.17)

|

Remark 1.1. The notation p;(0) is indeed a quantity signifying for —div(pouo) by the den-
sity equation (1.9). Analogously, the notations q;(0)u(0), pi(0), wy(0), qu(0) are defined
recursively by the equations (1.9)-(1.11) and the initial data po, uy and qo.

Remark 1.2. From the assumption that ¢5(0), u§, ¢f are bounded, and the weak convergence
of initial data of compressible Navier-Stokes equations, we have divug = 0 a.e. in €2, for the
wniatial data of the incompressible Navier-Stokes equations.
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2. Uniform estimates of the “essentially linear” equations

We consider the following “essentially linear” equations:

pr + div(pv) =0, (2.1)
plus +v-Vu) + %Vq = 2udiv(D(u)) + AVdivu, (2.2)
%(qt +v- V) + qdive + %divu ==L oup ) + Addive)?). (2.3)
We impose the following initial conditions
(p, us @)]i=0 = (po, uo, @) (), = € L, (2.4)
and Navier’s slip boundary condition
u-n=0 7-S(u)-n+au-7=0 ondQx(0,T) (2.5)

where n is the unit outer normal to 9Q and v is a given function satisfying v|,—g = wuy,
v-n|oa = 0, vii=0 = u(0), v € C([0,T]; H*)NL?(0,T; H?), v; € C([0,T]; H')N L*(0,T; H?),
and vy € L>(0,T; L*) N L*0,T; H').

Theorem 2.1. (Global existence for the “essentially linear” system) Suppose that the initial
datum (p§, u§), q) satisfies

(66, g, 46) € H*(Q)*, (p;(0), u5(0), ¢:(0)) € H'(Q)?, (p5,(0),5,(0), g (0)) € L*(Q)°,

with py > &y for some positive constant d6y. Assume the following compatibility conditions
are satisfied:
ug-n=1-S(ug) -n+aouy-7=u;(0)-n=0 on N (2.6)

Then the initial boundary problem (2.1)-(2.5) admits a unique solution (p,u,q%) € C([0,T7;
H? x H? x H?) satisfying p¢ > 0 in Q x (0,T) and

(pf,ug. gf) € C((0, T H')?, ug € L*(0,T5 H?),
(Pies uge, i) € L0, T L%, uy € L2(Oa T Hl)'
The proof of this theorem will be given in the last section of this article.

Definition 2.1.

2
Mo =" 110: (0w, q) (t = Ol + g |-

=0

1
2 T 2 2
ot g (3 bt b ) 0+ [ St
; 0 =0

1=0



We will obtain two sets of the uniform estimates for (2.1)-(2.5) in the following propo-
sition, which is the key to our problem. Note that both the short-time estimates and the
long-time estimates are stated in this proposition, which are necessary for the proofs of both
Theorem 1.1 and Theorem 2.1, respectively. Indeed, the intermediate long-time estimates
are also applied in the proof of Theorem 2.1 when we extend the local solution in [0, Tp] to
the global solution in [0,77] in a finite number of fixed time-steps.

Proposition 2.1. Assume that the initial datum (po, uo, qo) satisfies
My < Cy, (2.7)

for some positive constant Cy independent of € € (0,1]. Suppose that (p,u,q) is the unique
global solution described in Theorem 2.1. Then there exist positive constants To(M) and
C(Cy) independent of € € (0,1] and M, such that

max ([[(p, v, q)llmz + ellull s + | (pr we gl + o™ {[2) (2)

te[0,To)
To 3 (2.8)
e essupl g s )l2(0)+ ([l + e+ o)) <
te[0,To] 0
Moreover, if M s fized, then Ty =T, while C' depends on both M and Cjy. O

This proposition follows from Lemma 2.1 and Lemma 2.17, since €||u|| g3 can be estimated
directly from equation (1.10). In the sequel, we derive the estimates of p and the estimates
of ¢ and u separately, since the density equation (2.1) does not contain O(1/€) terms.

2.1. Estimates of p

The proof of this part is standard, we sketch it here for the sake of completeness. First,
we derive the lower bound for p. For any integer k > 2, we multiply (2.1) by —p~* to derive

1
—— [ @+ u-Vp ) dr — / p Fdivudr = 0,

which gives, by integrating by parts,
d k
%HPA”LIH < Cm||diVUHL°°||P_1HLk71,

for some constant C' > 0 independent of k. Then by Gronwall’s inequality and letting
k — 400, we obtain

o7 e (®) < Nl e exp (CVEllell gm0

< O Myexp (\/EM) ., Vtelo,T].
Next, we shall establish the H? estimates of p. It follows from (2.1) that
(D®p); +v- V(D) + D (pdive) = [v, D] - V), 2.9)
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for 0 < |a| < 2, where D* is the spatial derivative with multi-index o and the commutator
la,b] is defined by [a,b] := ab — ba. Multiplying (2.9) by D%p and integrating the resulting
equality over 2 to get, and applying the Gronwall inequality, we have

t
olls (8) <llpol s exp (0 / uvnmds)
0

<M exp (C\/EM> . Ytelo,T].

Differentiating (2.1) in temporal variables once and calculating as above, we obtain

t t
Ioezo) < (U + [ okl ) exp ([ ol
0 0

<(Mo + ViMpllcae) exp (CVIM) . Vi e [0,T].

On account of the lower order estimates, one shows

t t
1V pells (t) < exp (0 / ||v||Hsds) (||pt<o>||H1 + [ odsalole + ||p||Hz||vt||Hz>ds)
0 0

<exp (CVIM) (Mo +VIM(Ipillcs + lllea)) . Ve [0,T].

Finally, we estimate py; to complete the estimates of p. Differentiating (2.1) twice in time
variables, we have

Pttt +v- tht + diVUptt + 2?]15 . th + Uy - Vp + thdiV/Ut + pdivvtt =0. (210)

Similar to the previous computations, we deduce

d .
—loulie < Clldivollellpullze + Cllowllz (ol 2V el 2+

F ol IV pll o + [ diveg [ o[ pel| e+ (| divow]| 22|l 2),
and thus from the assumptions on the initial data, ¥ ¢ € [0, 77,

lpullza(t) < exp (CVEM ) (Mo + VEM (lpdllcun + llpllese)).

Collecting all the estimates above and applying Gronwall’s inequality, we obtain, by observ-
ing that 7" and M are fixed numbers in the long-time estimates in [0, 77,

Lemma 2.1. There exist positive constants Ty(M) := min(T, (1 + M?)™) and C such that
for any t € [0,T1],

(ol + llpela + llpeellze + o7 |z ) (t) < CMo.
Moreover, we have, for any t € [0,T],

(ol + el + llpeell 2 + 1o~ lzoe)(£) < F(Mo, M),

for some positive continuous function F(-,-). O

The later estimate, which is a part of the long-time estimate in Proposition 2.1, can be
obtain at the same time with a bound depending on both M and M,.

In the following steps, we will estimate (u,q) by the anti-symmetric property of the
singular operators.



2.2. L*-estimates of (u,q)

Lemma 2.2. (Korn’s inequality, see [45]) Let Q C R? be a simply connected open bounded
domain with C* boundary 0Q. Then for any u € H'(Q), with u - n|sq = 0, one has

[ull g < CID (W)l L2 (2.11)

([
From Lemma 2.2, one gets

- / (2udiv(D(u)) + AVdivu) - udz
= /(2,u|D(u)|2 + M(divu)?)dz + / a(u-1)%dS > vollull3,
Q a9

for some constant 79 > 0. Therefore we integrate the inner product of both sides of (2.2)
and u over (2 to obtain

1d

1 )
337 IVAuls + ol = £ [ adivada <o, (2.12)

Meanwhile, direct computations show that

1 d 1 ) .
2——||Q||%2 + —/ gdivudz < C||divo]|z=lgll72 + Ce|| Vol Zallqll 2.
’Ydt € Jo

It follows from the previous two inequalities, the un-signed large terms of O(%) are canceled:
Ivpullz2(t) + llqll2(2)
t
<esp (Viloligan ) (Al + [ elolfeds )
0
<C(My + etM)exp(vVtM), Yte0,T].

Thus we conclude that

Lemma 2.3. There exists a positive continuous function Fy(-), such that for anyt € [0,T}],

(s )22 () + llull 2 < Fi(Mo).

Moreover, there exists a positive continuous function F(-,-), s.t. for anyt € [0,T], the above
estimate holds with Fy(My) replaced by F(My, M).
(I

2.8. Estimates of first order derivatives of (u,q)

In the following, we will estimate the time and spacial derivatives of u and ¢ of the same
order as an entity. That is one of our main strategies. First, we will estimate ||Vul|¢,z2 and



gt r2r2- Differentiating (2.2) with respect to ¢t and multiplying the resulting equation by w,
we obtain, by the boundary condition in (2.5) and the immersion H*(Q2) — L*(99),

2 Al 2 @2 1
<uHD(u)||L2 + —||divul|72 + —|ul dS) (t) — - Vg - udxds
2 o 2 €Jo Ja
t
§C<Hu0]|%{1 —i—/ \u0\2d5> —/ /(put)t-udxds
o0 0 JQ
¢

+/ / ((ptv -Vu+ p(vy-Vu+v- Vut)) cudrds = CMZ + I + I,

0 Jo

where the estimates of uy are transferred into the estimates of lower order derivatives:

t

|| < '/ puy - udx
Q

+ llv/pudllzz

s=0

1
< lenllZ2(8) + HlpllZge Il 7 (8) + Mg + [1V/pudllzz 2

and
t
2
|12 S/ (||Pt||H1||v||H2||7~L||H1 + [ pll 2wl g2 (el e [[ V| L2 + ||v||H2||VUt||L2)>d8
0

1 t
<7 IVullzzrs +/0 (el =+ ollm2) M+ ol M) || ds.

Then we reach that, by Korn’s inequality,
1 t
]| 3 (£) — —/ / V¢ - udzxds
€Jo Ja
1 t
<Fo(Mo) + 7 (lwellzz i + Ilut\|i2(t))+/0 oIl oo e |72 ds
t
+/ ((lpellen + Nl a2) M + [|pll 72 M) [ullFnds, vt € [0,T).
0

On the other hand, we multiply (2.3) by ¢ and integrate the resulting equation over
Q2 x (0,t) to get

I N
;“%”Lgm#-z/o /levuqtdxds
t
<ilalzzs +On [ (olellali + 1VolLi)ds
0
t
<nllatllZs 2 + cnl/ M2(|[Vq|2 + q]%)ds + CeM*,
0

Summarizing the above two inequalities and choosing 7 sufficiently small, we obtain the
following lemma by the L?-estimates and the estimates of p.
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Lemma 2.4. There exist a positive constant To(M) := min (T, (1 + M*)™1) and a positive
continuous function Fy(-), such that for any t € [0,T5],

1 1
Julli (6 + - a0 FO(AMo) + Ul + (6
t
+/ Fo(Mo)(1 + M*)([[(ue, Va)l|72 + [Jullfp)ds.
0
Moreover, there exists a positive continuous function F(-,-), s.t. for anyt € [0,T], the above

estimate holds with Fo(My) replaced by F(My, M). O

Next, we estimate ||Vql|¢,z2 and ||[Vdivu| ;z2. Note that the right-hand side of (2.2) can be
written as
—
(2 + A\)Vdivu — pcurleurlu,

—
where curl = (0y, —0;)". Thus we multiply (2.2) by Vdivu and integrate to get, for any
t €10,7],
t — 1 t
(2u + N) | Vdivul|32,. — u/ / curleurlu - Vdivudxds — — / / Vq - Vdivudzds
! 0 Jo €Jo Ja

t
<[ Vdivul|zzp. + 051/0 oI5z (el 22 + [0 2 [V ul[22)ds.

In order to estimate the second term of left-hand side of the above inequality, we introduce
a lemma concerning the boundary condition u - n|gq = 0.

Lemma 2.5. (see [10]) Suppose that Q2 is a bounded simply connected domain in R* with
smooth boundary 99, and v € H*(Q)) withv-n =0 on 0Q. Then we have

27 -D(v)-n—curlv+2kv-7=0 on 0dQ,

where curlv = 01vy — Ovy and k is the curvature of 0S) given in a standard way by Z—Z = —KN.
O

Due to Navier’s slip boundary condition (2.5), Lemma 2.5 and the trace theorem, we have

/ cu—r>lcurlu - Vdivudr = / curlugdivuds
Q o0 T
o

0
= 25 — — ) (u - 7)=—divudS
| = Swng

For § < p/4, we have, for any ¢ € [0, T,

1 t
B vdivul|2,,. — - / / Vq - Vdivudzds
2 t € 0 Q
<OV Rdivul2, e + (/4 + C5 )l (2.13)

t
L5t / 1122 (1 + M) g, V) [2ods.
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In order to cancel the unsigned large integral in the above inequality, we apply the
operator V to (2.3) to get

1 1
;(Vqt—l—v - V%q + VuVq) + Vadive + ¢Vdive + EVdivu

_7 ; LV (2u D)2 + A(dive)?),

Then we integrate the inner product of both sides of this equality and Vq over {2 to get

1 1 [t
%”qu%Z(t)—i_z/o /QVdivu-quxds
t
§0M3+/0 (ol s llallFn + €Nlvll s l|v]F2)ds
t
<CMG + eVtM* + VM ||q|17:(t) + / [0l | Vgl 2ads, Yt e [0,T],
0

Combining (2.13) with the above inequality, and applying Lemma 2.3, we obtain

Lemma 2.6. There exist a positive constant T3(M) := min(T, (1 + M®)™Y) and a positive
continuous function Fy(-), such that for any t € [0,T5] and any § € (0, /4],

1Vql[72(t) + HVdiVUH%ng < (140" Fo(Mo) + 5|\V2diVuH%gL2
t
+/ Fo(Mo)o~1(1 + M2 + [[o]Ls5) | (s, Vi, V)| ls.
0

Moreover, there exists a positive continuous function F(-,-), s.t. for anyt € [0,T], the above

estimate holds with Fy(My) replaced by F(My, M).
O

Next we estimate ||(us, g¢)|lc,z2 and [Ju| 2. From (2.2) and (2.3), we have respectively

. 3 1
pluntv - Vur) = div(2uD(u,)) = AVdivu, + Vg, (2.14)

== pey — pv - Vu — pug - Vu,

and

1 1
—(qu+v - Vg, + v, - Vq) + =divuy + g dive + gdive,
Y €

1 (2.15)
T2 e0,(2u| D)2 + A(dive)?).

Then by (2.1) and (2.5), the integration of the inner product of (2.14) and w, yields, for any

12



€ [0,T],

1 :
SIVPullZa(0) + 20 D(uo) 7 12 + Alldivee7z .2

t 1 t
—l—/ / alu;[*dSds + —/ /Vqt-utdxds
0 Jon €Jo Ja

t
< Fo(Mo) +/ (lpell e el (luell 2 + vl a2 lfull )
0
Fllpllazl[ocll g lull e lludll o) ds

C t
< lluell 7z + Fo(Mo) + 5/ (loellzn + [lplle=) (L + M) (fluell72 + [[ullF)ds

Similarly, we derive from (2.15) that, for any ¢ € [0, 7],

||qt||L2 / / divuygdds

<COM§ + VM + / (vl + llvell ) (e, Va)llZds.
0

By use of Korn’s inequality, we combine the above two inequalities and choose n small enough
to get

Lemma 2.7. There exists a positive continuous function Fy(-), such that for anyt € [0, Ts],
(e, @) 122 () + el 7 0

t
< Fo(Mo) +/ Fo(Mo)(1+ M + [[vllzs + [[oell =) (Il (e, Vg, @) 72 + [lull)ds
0

Moreover, there exists a positive continuous function F(-,-), s.t. for anyt € [0,T], the above
estimate holds with Fo(My) replaced by F(My, M). O

Finally, we will estimate [lcurlul[c,z2 and ||[Veurlu|| 22 to close the estimates of the first
order derivatives. Recall that curlu and divu are in different scales, thus it is convenient to
estimate them separately. Let

w = curlu,

then the momentum equation becomes the equation for the vorticity w:
p(wy +v - Vw) — pAw = g, (2.16)

where g := (Oapury — O1pugt) + (92(pv) - Vuy — 01 (pv) - Vug). The boundary condition for w
is
wloa = (2K — %)u T (2.17)

Direct calculations show that
IVPw|Z2(t) + pl| V|72

2.18
<C’M4 / /gwdxds+/ / w—dmds —C’M4+J1+J2 ( )
o0 571



For any t € [0, 7], one shows

t
/1] S/O [wlle (1Yol el 2 + [lpll 2 ([0l 2 [ Vel £2)ds
t
<6]|wllZ 4 +05_1/ ol 72 (1 + M| (ur, Vi) || Z2ds.
0

Moreover, we deduce by the trace theorem that
t
| Jo| < C/ / |Vwl||u - 7]dSds < (5HVU}H%§H1 + Cé’lHuH%?Hl.
0 Joo

Then we derive the following lemma by (2.18), the estimates of J; and J, and the L?
estimates, and by choosing § € (0, dy] (for example), for some small positive constant dy.

Lemma 2.8. There exists a positive continuous function Fy(-), such that for any t € [0, T
and any 0 € (0, dpl,

lwlZ2(t) + [wliZog < (14671 Fo(Mo) + 0l (VAdivu, Viw) 72

t
+ / Fo(Mo)d™(1 + M) (uy, V) [2dls.
0

Moreover, there exists a positive continuous function F(-,-), s.t. for anyt € [0,T], the above
estimate holds with Fo(My) being replaced by F(Moy, M).
O

We are ready to derive the uniform estimates of first order derivatives. We define the
following notations for convenience.

Definition 2.2.
O (1) :=[(V, u, gi) 72 (2) + [ull7 (2)

t
+/0 (I Cue, w) [ + [(Vdive, g;)[I72)ds.

We conclude from Lemmas 2.4, 2.6, 2.7 and 2.8, by choosing § small enough and using the
Gronwall inequality that

Lemma 2.9. There ezists a positive continuous function Fy(-), such that for any t € [0, T3],
and any positive constant ny which will be chosen sufficiently small later,

Cy(t) < (140 ")Fo(Mo) +mll(VAdive, V2w)||7, . (2.19)

Moreover, there exists a positive continuous function F(-,-), s.t. for anyt € [0,T], the above
estimate holds with Fo(My) replaced by F(My, M). O
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2.4. Estimates of second order derivatives
In order to obtain the lower bound of the density p, one needs to obtain the uniform
high-norm estimates of v as well. We proceed the same procedure as in the estimates of the

first order derivatives.
First, one needs to estimate |[Vdivul|c,z2 and [[Vgi|[22. We integrate by parts and use
Lemma 2.5 to get

—
/ curlcurlu; - Vdivudzx
Q

= / (2k — g)ut - 7(—ng01divu 4 nqOedivu)ds
a0 K
1 .

S g ||Vd1VUH?{1 + 01 ||Ut|‘§{1 .

Multiplying both sides of (2.14) by Vdivu and integrating the resulting product, one has

2+ A
2

1 t
| Vdivul/2(t) — - / /Q Vg, - Vdivudzds
0

t
//putt-Vdivudxds
0 JQ

t
+ [ 1vdivalzs (o Gl + ol V)
0

1 .
SgHlequ%ng + ClHUtHile +

(2.20)
+ ol = ([loell 2] Vuel| 22 + |!v||H2||Vut||L2))d8 +CM;

t
//putt-Vdivudxds
0 Ja

t
e / Utz + P22 (1 + M)ty V)21,

Next, we convert the estimates concerning uy; in terms of the estimates for other derivatives.

¢ ¢
/ /putt - Vdivudzds = / /(Vp - uy + pdivuy)divudzds
0 Jo 0o Ja
t t
= (/ Vp - wdivudz(s) +/ / ug - (Vpedivu + Vpdivut)dxds)
Q s=0 0 JO

+ ( / pdivudivudz(s)
Q
::Kl -+ KQ.
Note that for any ¢ € [0, T7,
K| <|lpoll rr2[|we (0) || 2| divuso || 1 + [V pll e [[ae | 2 (8) | divue] | £a (2)

1 .
SgHVdWUH%ng + Cilluell T + Fo(Mo) +

t t
+ / / divu (prdivu + pdivut)d:vds)
s=0 0 Ja

t

+/ el [z IV el 2 | divul [ + ([l g2 (| dive | 2)ds
0

<Fo(Mo) + C(L+ 1lplE, ar2) (lluel 72 (8) + [ldivul|Za (2))

[+ A . ! :
IIVdWUIliz(tHC/ (IollE, 22 + ol )| (e, divus) [ s,
0

-
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and similarly,
| K| <Fo(Mo) + éHdiVUtH% (t) + Clipll, e lldivul |z ()
+ C/Ot(llpllam + lollE, ) (e, divas) [ ds.
Then from (2.20), Lemma 2.9 and the estimates for K; and K5, we obtain

1 t
p||Vdivul|3s (t) — E/ /QVqt - Vdivudzds
0

1. .
<Fo(Mo) + g ([ divel|z=(t) + [ V*divul|7,2)
+C[luellzzp + C L+ ol ) (el 22 (£) + diva 72 (2))

t
+/0 Fo(Mo) (1 +lpllzr + llpel 7o)l (e, dive) [[7:ds.

(2.21)

To cancel the large quantity appearing in (2.21), we apply the operator V to (2.3) and
integrate the inner product of the resulting identity with V¢, to get

—||Vqt||L2L2+ //levv Vqdxds
_||VthL2L2 +C/ (Il Z=llglEz + I V20lL: [ Voll7e)ds (2.22)
<o Va4 0+ 0 [ Ml
0

By (2.21), (2.22), Lemmas 2.3 and 2.9, we obtain

Lemma 2.10. There exist positive continuous functions Fy(-) and Fy(-) such that, for any
t € [0, T3], and any positive constant n, which will be chosen sufficiently small later,

plVdivalfa () + 5 Vadl e
Sé(HdiVUtH%z (t) + [IV2divul[ 7z ) + Fo(Mo)n || (VP dive, VZw) Lz
+ (L my ) Fo(Mo) + (14 ;) F(Mp) /Ot(l + M?)|[(w, divu, V)| |7 ds.
Moreover, there ezist positive continuous functions F(-,-) and Fy(-,-) s.t. for any t € [0,T],

the above estimate holds with Fo(My), Fo(My) being replaced by F (Mo, M) and Fy(My, M),
respectively. a

Second, we shall estimate [|V?q||¢,z2 and ||[V2divu||2.2. Applying 0,,0.; (denoted by
0;;) to (2.3), and multiplying the resulting equation by 0;;q, then integrating this product
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over 2 x (0,T), we obtain by applying the interpolation inequality,
~o \|2(t)+1/t/8 0;5qded
— |05 - kU0 qdrds
% 341l L2 EOQ]kqu

t
§M§+/ 10sallz2 (V]| 2 [lall 2 + €l V0l oo [ V0|2 + €l VP01 74)ds
0

: \ A s (2.23)
<M; +/O |z ((HU||H3 + iz llalla + 1ol Fllvll 2 + HUHmHUHip)dS
<02 ! 3 2 1.8 1.3
<My +C [ (L4 |l gs)llglli=ds + t5 M5 +t2 M.
0
On the other hand, we deduce from (2.2) that
1 t
(2/1, + )\)H&jkukH%%B — E/ / &jq(?ijkukda:ds
0 Ja
<(u A+ M Orurl|is 2 + C|Vieurlu| 7z 2 (2.24)

t
+/0 ol zre (lel 2 + ol =1Vl 71 ) ds.
Thus we conclude from (2.23) and (2.24) that

Lemma 2.11. There exist positive constants Co and Ty(M) := min(T, (1 + M®)™1), and a
positive continuous function Fy(-) such that, for any t € [0,T]4,

1 .
gHVZQH%z(t) + pl VAdivull7s 2
t 4
<Fo(My) + CQHV2CUI'IUH%?L2 + / Fo(Mo)(1+ M? + |[v]|3:)[1(Vq, u, V) |7 ds.
0

Moreover, there exists a positive continuous function F(-,-), s.t. for anyt € [0,T], the above
estimate holds with Fo(My) replaced by F(My, M). O

Third, we need to estimate ||(divu;, Vg;)|lc,r2 and [|[Vdivay||p2p2. Regarding the time
direction as a tangential direction to 92, we have the boundary condition uy - n|gq = 0, and
thus

. 1d, .. 9
Uy - Vdivugde = —=—||divaug||7 2. (2.25)
Q 2dt
We multiply (2.14) by Vdivu,/p and integrate to get, for any ¢t € [0, T1,
1 . 2 1 . 2 1 ¢ VQt .
§||d1vut||L2 (t)+ 2u+ N[V p leVUt“Lng - r Vdivu,dxds
0o Ja
t
<OMy? + Ceurlunlallp oz, + € [ (Iolfye V] (2.26)
0

Hllvelzn IVl + o™ e ol (el 7 + ||v\|?{z||VUH?{1))d8.
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Next, we apply 0,V to (2.3) to get

1 1
—(Vau +v- V3¢ + VoV + v, - Vg4 Vo, V) + =Vdivu, + Vdive
Y €
(2.27)
+ ¢, Vdive 4+ Vqdivy, + ¢Vdivy, =

—1
€,V (2u|D(v)]* + A(divv)?).
It follows from the density equation (2.1) that

/ p 'V (Vau +v - Vig)ds
Q

1
=5 [ 7 (@0val) + v VIVal )
Q

5 IV Vali: = [ v .

Moreover, the right hand side of (2.27) can be estimated as

10:V (26D (@)[* + A(dive)?)] 2
<C(lvllazlVollz= + IV 2| Ve 4)

1 2 1 1 1 1
<Cl[ocllzlloll s llvll 2 + ol galloll Fpz lvel 2 1ol 72 )

3
<Cllvell 2 + vllzz vl + lvllme vl + vellzz l[vellz)-

Then it yields from (2.27) and the above calculations, for any ¢ € [0, T,

—Hv VC]tHLz // *1Vqt Vdivu,dzds
3
<Fp(Mo) +/ 17 2o (1 + M) |0l gs + el g2 + o]l 22) (Vg @) |72 ds
0

t t 3
+/0 o™ Iz lvell ellal Z2ds +/0 o™ lzoe (lvell 72 + (14 M) ([vllzs + llvel =) ds
Thus we summarize the above inequality and (2.26) to get

Lemma 2.12. There exist a positive constant Cs and a positive continuous function Fy(-)
such that, for any t € [0,Ty],

leUt, VP VQt HL2 + H VP leVUtHLQLQ

SOgM()HVCU_ﬂutHLfLQ + FO(M0>

t 3
+ Fo(Mo)/ (1+ (1 + MH)[ollgs + ol 22) | (ue, Vu, g, V) [ 31 ds.
0

Moreover, there exists a positive continuous function F(-,-), s.t. for anyt € [0,T], the above
estimate holds with Fo(My) replaced by F(My, M). O
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Similar to the estimates for the first order derivatives, we have to estimate ||curlu||c, 2
and ||Veurlu|| ;272 to close the estimates. Differentiating (2.16) in time variable, we get

plwy + v - Vwy) — pAw, = g — prwy — (prv + pvy) - Vo,
where
|g:| < C<|th||ut| + [ Vplluw| + (p| Vol + [Vpl[o]) [V

+ (Pl + |0l V0] + [V il o] + [Vl ) ] )
The boundary condition for w; is

«
wilog = (2k — —)uy - T.
L

Then we derive the estimate for w; by taking the inner product of (2.28) and w;:
Iv/Pwl[72(t) + 20l Vw72
t ¢
< Fo(My) +/ / |ug|dSds + / / grwdxds
0 JoQ 0 JQ
t
/ / wi(prwe + (pev + pvy) - Vw)dxds
0o Ja

1= Fy(Mo) + CHUt”ile + Ly + Lo.

_|_

By direct calculations, one shows, V ¢ € [0,77,

t
L] < C/ HthHl(HUtHHl(HPt”Hl +lelellvllaz) + ol el 2
0

+ IVulla (ol vl + HpthHvHHz))dS

(2.28)

(2.29)

(2.30)

t
< 8|20+ C5 / (el + llpll) (1 + M) e, )l + 32 ) .

Similarly, for any ¢ € [0, 7], we have
t
ol <8l + 5 [ Fo(Mo)(1+ M), 9.
0

As a consequence of (2.30), the estimates of L; and Ly, one obtains

Lemma 2.13. There ezists a positive continuous function Fy(+) such that, for anyt € [0, Ty],

I/pwel[Z2(8) + lwellzz 1

t
<Fo(Mo) +/ Fo(Mo)(1+ M) (|| (ue, V) [ + [Juse72)ds.
0
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Moreover, there exists a positive continuous function F(-,-), s.t. for anyt € [0,T], the above
estimate holds with Fo(My) replaced by F(My, M). O

Next, to complete the estimates for the vorticity, one needs to estimate ||Vcurlu||c, 2 and
|curlu|| ;252 Note that from the boundary conditions for w and wy,

ow
/thAU)diL'— §£HVUJ”L2 —/d (2:"{3— ;)Ut T%ds

Thus we multiply the vorticity equation (2.16) by p~!Aw and integrate the resulting product
to obtain

IVl 4+ ull o Al
<Cllwle + Cllulids + 5~ (ol Vil + o™ 1= g]32),

by the trace theorem. It follows that, for any ¢ € [0, 77,

IVwlZ2(t) + pllv/ o~ Awlzp L

<OMG -+l + [ (0 Lpl)(1 -+ M), 9 s,
0
By (2.16) and the usual H? estimates for the elliptic equations, we have

lwllz < Clgllze + llollze(lwellZe + Il IVwlZe) + llw- 7152 00),

and thus by the estimates obtained so far, we have, for any ¢ € [0, T],

t t
i le\%adsﬁ/o(1+HpHifz)(l+M2)H(ut,VU)H§nd8-

Therefore the following lemma is shown.

Lemma 2.14. There ezists a positive continuous function Fy(+) such that, for anyt € [0, Ty],
t
IVwl[Z2 () + l[wlgs e < Fo(Mo) +/ Fo(Mo)(1 + M?)[|(ur, V) |71 ds.
0

Moreover, there exists a positive continuous function F(-,-), s.t. for anyt € [0,T], the above
estimate holds with Fo(My) replaced by F(My, M). O

Finally, one needs to estimate ||(uu, gu)l|c,z2 and [[Vuy|| 212 to close the energy estimates.
Differentiating (2.2) twice in temporal variable, we obtain

1 : .
P v - Vug) + Ev%t = 2pdiv(D(ug)) — AVdivuy (2.31)

= — putly — 2puyy — (prv + 2p0¢ + puy) - Vu — 2(pev + puy) - V.
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We multiply this equation by uy and integrate to get that, V¢ € [0,T7,

1 1 [t
5”\/5”&”%2@) +'7||utt||ifH1 - Z/ /VQtt'Uttdde
0 70 (2.32)

t
<Fo(Mo) +/O (lpeellZ2 + lpellF + 1ol =) (1 + M) (| (e, V)l + |72 ) s

by using Korn’s inequality, for some constant v > 0. Meanwhile, a similar calculation yields

1d 1/ .
||Qtt||L2 + - /leUttqttdx
Q

SHUHHquttHLz gl 2 (lvel [ L= 1V el 22 + ol 1V gl
+ lldivoll ool gul[ 2 + [|divodl [ llgell e + llgll a2 | divor | 2

1 2
+ llvellazllodll g + V0wl 20l allol ),

by the interpolation inequality. Note that by Young’s inequality, we have

1 2 3
IVl 2 vl [0l 72 < CUllvall + ol aslloll ).

It follows that for any ¢ € [0, Ty,

1
. HQtt || Lz / / divuyqudz

(2.33)
<CMg + 0/0 (14 M2 4 ollas + loellze + [oall 30 (lgul132 + (e, Vo) [0 ds

From (2.32) and (2.33), one concludes the following lemma.

Lemma 2.15. There ezists a positive continuous function Fy(+), such that for anyt € [0, T}],
(Iv/puellze + llgul72)(t) + lusell 7o

t 3
<Fy(My) +/ Fo(Mo) (L4 M? + [Jv]| gz + [Jvel[ 2 + [Jvee| )
0

% (1 @) 2 + 11 (e, Vg1, V) 5 ) ds.

Moreover, there exists a positive continuous function F(-,-), s.t. for anyt € [0,T], the above
estimate holds with Fo(My) replaced by F (Mo, M). O

Definition 2.3.
= i 24 di —1 2
Oy (t) == |[(Vdivu, Vg, divug, \/ p~ 1V, /peurluy, Veurlu, /pu, i) ||7 2
t
+/ (1(Vqs, VAdivu, / p~tVdivuy, Veurly,)||7s + ||curlu|| 3z + [[ul/3:)ds
0
Noting that u; - n = 0 on 02, we have
lucllzn < Clldivue||z2 + fleurlug||72). (2.34)

It thus follows from Lemmas 2.10-2.15 that,
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Lemma 2.16. There exists a positive continuous function Fy(-), such that for allt € [0, Ty],

@y(t) < Fo(Mo) + Fo(Mo)m||(VAdivu, V*w)l[7s 2

t 3 (235)
+/ Fo(Mo)(1+ M? + [ollgs + [[vell 2 + [[vael 712) (@1 (5) + Pa(s))ds.
0

Moreover, there exists a positive continuous function F(-,-), s.t. for anyt € [0,T], the above
estimate holds with Fo(My) replaced by F (Mg, M). O

Summarizing the inequalities in Lemmas 2.9 and 2.16, and inserting the estimate of
[V2divu| 2.2, then the estimate of |[V2w| 12,2 in Lemma 2.14, into the right-hand side of
the resulting inequality, we conclude the following uniform estimates by use of Lemma 2.3
and Gronwall’s inequality.

Lemma 2.17. There exists a positive continuous function F3(-), such that for anyt € [0, Ty],
[(w, @)l 22(8) + [[ull 2 + P1(2) + P2(t) < F3(Mo).

Furthermore, there exists a positive continuous function F(-,-) such that, the left-hand side
of the above inequality is less than F (M, M), for any t € [0,T]. O

3. Proof of the main theorem

In the following, we will prove Theorem 1.1 by fix-point arguments, given the global
existence of the “essentially linear” equations in Theorem 2.1 and the uniform estimates in
Proposition 2.1.

Proof of Theorem 1.1. Let M := C'M, + F3(M;) in Proposition 2.1, where C' and Fj(-)
are defined in Lemma 2.1 and Lemma 2.17, respectively. Then we choose T, > 0, s.t.
To < Ty :=Ty(M(M,)). Define the mapping L: v — u, where (p, ¢, u) is the unique solution
to the problem (2.1)-(2.5). Moreover, we define

Ryimy = {u ‘ we C([0,Ty], H?) N L2(0, Ty; H?),
uy € O([0, Ty], HY) N L*(0, Ty; H?),
uy € L0, Ty; L*) N L*(0, Ty; HY);

max (Jlullz + [l ) () + esssup|ue (¢)] 12
t€[0,To] t€[0,To]

»40
To %
(]l + e+ Nl Byt < 2,
0

where M depends on My, but not on € € (0, 1].

Standard results on closeness of Sobolev spaces in LP-norms ensure that Ry, g, is a closed
subset of X := C([0,Ty],L?). The compactness of Ry 7, C X follows directly from the
celebrated Arzela-Ascoli theorem. And it is easy to check that Rz, is also non-empty and
convex. Given M (defined at the beginning of the proof) and for Ty < Ty, L maps Ry r,
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into itself by the uniform estimates in Proposition 2.1. Note that ¢ € (0, 1] is arbitrary and
Ty is independent of € € (0, 1]. The continuity of L in X can be shown in a routine manner.
Assuming that v = L(v™), u = L(v), and v — v in X, we can show easily that " — w in
X by the Gronwall inequality.

Schauder’s fixed-point theorem says that, if K C X is compact and convex, and the
mapping A : K — K is continuous, then A has a fixed point in K. Applying Schauder’s
fixed-point theorem, we conclude that L has a fixed point u in Rj;7,. Thus there exists
(p%,us, q°) solving the nonlinear problem (1.9)-(1.13) in © X [0, Tp], and satisfying (1.16) for
all € € (0,1]. Uniqueness in X can be shown by the Gronwall inequality. Then the uniform
existence results in Theorem 1.1 is shown. It follows from the above uniform bounds and the
Aubin-Lions Lemma that, there exists a subsequence of (p¢, u¢, ¢¢), still denoted by (p¢, u¢, ¢%),
such that

(p°u,q) = (pyu,q) in L=(0,To; H?), Vs <2,
ut —u in  L*(0,Ty; H?)
and
(pieiﬂ U;, qf) - (pta Ut Qt) in L2(O7 TO; L2)

as € — 0. Therefore we can apply “curl” to (1.9)-(1.13), then pass to the limit to show that
(p,u,q) is indeed a solution of the incompressible Navier-Stokes equations (1.17). a

In order to establish the global existence of the problem (2.1)-(2.5) in 2 x [0, 7] for any
given constant 7' > 0, we should show the local existence theorem to the problem (2.2)-(2.5)
first. In this step, we take ¢ = 1 without loss of generality.

Lemma 3.1. (Local existence) Assume that the initial datum (ug,qo) € (H?)? satisfies
(u(0), 4:(0)) € (H')?, (u(0), 4u(0)) € (L?)*
and the compatibility conditions
ug-n=1-S(ug) -n+auy-7=1u(0)-n=0 on 0,
while p,v are known functions satisfying p > 0 in Q x (0,7T),

(p,v) € C([0, T H*)?, (peve) € C[0,T); H')?, (p, ve) € L0, T L?)?,
ve L*0,T; H?), v, € C([0,T); H?), vy € L*(0,T; H'),

(v, p)|t=0 = (w0, po) and (ve, pt)|i=o = (u(0), p£(0)). Then there exists a positive constant T",
such that the problem (2.2)-(2.5) admits a unique local solution (u,q) in Qx(0,T"), satisfying
q € C([0,T"); H*), v € C([0,T]; Hy N H*) N L*(0,T"; H?),

g € C([0,T']; HY), u, € C([0,T); HY) (1 L*(0, T'; H?), (3.1)
G € L°(0,T"; L?), uy € L®(0,T'; L*) N L*(0,T'; HY).
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Proof. Since (2.2) contains V¢ and (2.3) contains divu, we need to decouple the system
so that the standard theory of linear equations applies. First, we show the existence of the
approximate system:

pur — 2pdiv(D(u)) — AVdivu = —=V§ — pv - Vi == fi, (3.2)

1 _
;(qt +v-Vq) + gdive = 7 e(2u|D(v)])? + A(dive)?) — diva = fo. (3.3)
(u) Q)|t:0 = (UO) qO)(Jf), YOS Qa (34)
u-n=0, 7-S(u)-n+au-7=0 ond2 (3.5)

where ¢, @ are known functions with @-n =0, 7-S(@) -n + ot - 7 = 0 on 0N2. Moreover,
G, U satisfy the same regularities as p, v, respectively.

Since (3.2) and (3.3) are uncoupled, we are able to solve them by different methods:
(3.3) by the method of characteristics, and (3.2) by Galerkin’s method. Then we improve
the regularities by the energy estimates on the solutions themselves and their temporal
derivatives. Finally, we use Schauder’s fixed-point theorem to show the existence of solutions
to (2.2)-(2.3). That is, we define the mapping L: (§,%) — (g,u), and then verify that L
is continuous and has a fixed point (¢,u) in a non-empty, convex, compact subset lfiM,T* -
X = C([0,T.); L*)?, where the definition of Ry, 7, is similar to Ry,

First, we show the existence of (3.3)-(3.4). Define x(z, s;t) the solution to the following
problem
{ %X(x, s;t) = v(x(x,s;t),t), t,s€l0,T],z€, (3.6)
x(x,s;8) = .

Then g can be expressed explicitly as
t
q(z,t) =qo(x(z,t;0)) exp(/ divo(x(z,t;7),7)dT)
0

+y /Ot fa(x(z,t; 8),s)exp(/s divo(x(z, s;7), 7)dTds

along the particle path x(z, s;t). Since v, u € L*(0,T; H?) and f, € L*(0,T; H?), we deduce
that ¢ € C([0,T]; H*) as the estimates for p in the previous section. Thus we also have
o, € C([0,T]; H') and a4 € C([0,T]; L?). Additionally, we can show the energy estimates of
q and its temporal derivatives which depend only on the initial data (possibly also on ¢).

Next, we show the local existence of solutions to (3.2), (3.4)-(3.5) by the Galerkin method.
As in [45], we define the weak solution to the problem (3.2) and (3.4)-(3.5) as the function
u satisfying

/(ﬁut - ¢ + pcurlucurlg + (p + A)divudive — fi - ¢)dx = 0. (3.7)
)

for any ¢ € C*(Q)? with ¢ - n|go = 0. Then we can prove, by small modifications to
[45], that w € L*(0,T; H?*) N L*(0,T; H®), u; € L>(0,T; H') N L*(0,T; H?*) and uy €
L>(0,T; L*) N L*(0,T; H'), by Galerkin’s approximations. Due to the regularity theory, we
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obtain w € C([0,T); H*) and u; € C([0,T]; H'). Note that the boundary condition is a
“complementing” boundary condition in the sense of Agmon-Douglis-Nirenberg [1].

One can verify it in an algebraic way by applying the arguments in pages 38-43 of [1].
However, we can also check it in a non-algebraic way by using the formulation in the para-
graph near the top of page 36 in [1]. Since the equations are invariant under translation
and rotation, it suffices to check the complementing boundary condition in the hyperplane
{y = 0} in the following way. For any £ € R with £ # 0, we consider the solution

u = e (y) (3.8)

of the homogeneous problem

—pAu —vVdivu =0 in R x (0, +00),
u-n=0, 7-S(u)-n+au-7=0 on {y=0}, (3.9)
u—0 as y— +oo,

where v = (v1(y),v2(y))" and v = p+ XA > 0. The complementing boundary condition

requires that v = 0 for every £ # 0, if v is bounded on the semi-axis y > 0. Substituting
(3.8) into (3.9), we obtain the boundary value problem of ordinary differential equations for
v(y) as follows:

(14 V)" — E20)ei™ 4 200/ = 0,y >0,
vee™t =0, (ifvy +avy)e™™ =0 on {y = 0}, (3.10)
v, >0(i=1,2) as y— +oo.

Indeed, calculating separately the real part and the imaginary part of the first equation in
(3.10), we obtain
(1 +v) (0" — &) + 2v€sin(2xé)v’ = 0.

And the boundary conditions on {y = 0} reduce to
V1 = 0, Vg = 0.

Thus we obtain that v;(y) = C1(e?¥ — e®Y), for any C; € R, where ¢; € R(i = 1,2) are the
solutions to the corresponding characteristic equation, with

—vésin 22€ + /v2€2sin? 22€ + E2(pu + v)?
pt+v

q1 > @2 and ¢, = > 0.
Since v should decay at far field, we have C'y = 0, and thus v = 0. This verifies that Navier’s
slip boundary condition in (3.9) is a complementing boundary condition.

Thus we can apply the regularity results therein to deduce that u € C([0,T]; H?) by
regarding f; — pu; as source term. The energy estimates depending only on e and initial
data are standard, as in [45]. O

From the local existence theorem proved above, we are ready to show the global existence
theorem by the standard continuity arguments.
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Proof of Theorem 2.1. Define the particle path x(x, s;t) through (z, s), to be the solution
of

a : = N (0
{ th(ZL‘,S,t) ’U(X(l’,s,t),t}, t,S € [07T]’:E € Q’ (311)

x(x,s;8) = x.

Then p can be expressed explicitly as

plot) = it 0 (- | divo(y(o. £ ) 0is). (312)

on the particle path x = v(x, ).

Lemma 3.2. see ([6]) Assume G € C([0,T];Wk(Q; RN)) with 1 < ¢ < +oo, and k >
N/q+ 1. Then the problem
dx

= (@,1) = Glx(w.1),1), x(x,0) ==,

has a solution x € C([0,T]; D*4(2)), where
DM(Q) = {ne WH(Q)| n: Q— Qis bijective, n~' € WH(Q)}.
U

Lemma 3.3. see ([6]) Let k > 2 be an integer, and let 1 < p < q < 400 be such that
p < +oo and k > % +1. If F € W*P(Q), then the mapping G — F o G is continuous from
D*4(Q) into WEP(Q). O

Since v € C([0,T); H?) and thus v € C([0,T]; W?4) for any 2 < g < oo by Sobolev’s
embeddings, we have x € C'([0,T]* D*7) by use of Lemma 3.2. From the formula of
p in (3.12) and Lemma 3.3, we obtain that p € C([0,T]; H?) since py € H?. Tt follows
immediately from the density equation in (2.1) that p, € C([0,T]; H'), py € C([0,T]; L?),
and p > 0 provided that ;relsfz po(x) > 0.

Since the global existence of p is available, it suffices to show the global existence of (u, q)
to the problem (2.2)-(2.5). Assume that (u,q) is the local solution obtained in Lemma 3.1
with T" being replaced by T := T1(My, M, €). Upon redefining the values of (u, q) at t = T1,
if necessary, we have

([ (s @l ez + ([ (e, @) | + [ (wers Guell 22) (Th) < ﬁ(MO, M,e),

with (-, 71) -n =7-S(u(-,71)) - n+ au(-,T1) - 7 = 0 on 0. Assume that 7} < T without
the loss of generality. By the uniform estimates proved in Proposition 2.1,

(1w, @l + 1| Cue, ge) |5 + [ (wers Guell z2) (8 = T1) < F(Mo, M),

for any 0 < ¢ < 1. Again, we use the local existence results obtained in Lemma 3.1 with
the new initial time ¢ = T7. Then there exists Ty := Ty(My, M, €) such that (u,q) solves
(2.2)-(2.5) in Q x [0,T} + Tp]. If Ty + T5 > T, we are done; otherwise, we continue the
extension of solution. Since 77+ T < T', by the uniform bounds F'(My, M) in [0, 7], we may
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extend (u, q) to Q x [0, Ty +2T3] as in the previous step. Applying the local existence lemma
repeatedly, there must exist m € N such that T} + mT5 > T. Therefore the global existence
of (u,q) in Theorem 2.1 is proved. O

Acknowledgements. The author thanks Profs. Zhouping Xin, Song Jiang and Tao Luo
for the useful discussion during the preparation of this paper. The research of the author is
partially supported by ERC Advanced Grant FP7-246775 NUMERIWAVES, Grant PI2010-
04 of Basque Government, ESF Research Networking Programme OPTPDE, Project MTM
2008-03541 of MICINN, Spain. The author is also supported by the China Postdoctoral
Science Foundation (Grant Nos. 20090450333, 201003077), and the Fundamental Research
Funds for the Central Universities (Grant No. ZYGX2010J105, UESTC).

[1] S. AeMON, A. DoucGLis, and L. NIRENBERG. Estimates near the boundary for solutions

of elliptic partial differential equations satisfying general boundary conditions ii. Comm.
Pure Appl. Math. 17 (1964) 35-92.

[2] T. ALAZARD. Incompressible limit of the nonisentropic Euler equations with solid wall
boundary conditions. Adv. in Differential Equations 10 (2004) 19-44.

[3] T. ALAZARD. Low Mach number limit of the full Navier-Stokes equations. Arch. Ration.
Mech. Anal. 180 (2006) 1-73.

[4] H. BEIRAO DA VEIGA. Singular limits in compressible fluid dynamics. Arch. Ration.
Mech. Anal., 128 (1994), 313-327.

[5] H. BEIRAO DA VEIGA. On the singular limit for slightly compressible fluids. Calc.
Var. Partial Differential Equations, 2 (1994), 205-218.

[6] J. BOURGUIGNON and H. BREZIS. Remarks on the Euler equation. J. Functional
Analysis 15 (1974) 341-363.

[7] D. BRESCH, B. DESJARDINS, E. GRENIER, and C.-K. LIN. Low Mach number limit of

viscous polytropic flows: formal asymptotics in the periodic case. stud. Appl. Math. 109
(2002) 125-149.

[8] G. BROWNING, A. KASAHARA and H.-O. KREIsS, Initialization of the primitive equa-
tions by the bounded derivative method, J. Atmospheric Sci. 37 (1980) 1424-1436.

9] G. BROWNING and H.-O. KREIss, Problems with different time scales for nonlinear
partial differential equations, SIAM J. Appl. Math. 42 (1982) 704-718.

[10] T. CropeEAU, A. MIKELIC, and R. ROBERT. On the vanishing viscosity limit for the

2d incompressible Navier-Stokes equations with the friction type boundary condition.
Nonlinearity 11 (1998) 1625-1636.

[11] R. DANCHIN. Zero Mach number limit for compressible flows with periodic boundary
conditions. Amer. J. Math. 124 (2002) 1153-1219.

27



[12]

[13]

[14]

[23]

[24]

[25]

[26]

R. DANCHIN. Zero Mach number limit in critical spaces for compressible Navier-Stokes
equations. Ann. Sci. cole Norm. Sup. 35 (2002) 27-75.

B. DEsSJARDINS and E. GRENIER. Low Mach number limit of viscous compressible
flows in the whole space. R. Soc. Lond. Proc. Ser. A Math. Phys. Eng. Sci. 455 (1999)
2271-2279.

B. DESJARDINS, E. GRENIER, P.-L. L1ONS, and N. MASMOUDI. Incompressible limit for

solutions of the isentropic Navier-Stokes equations with dirichlet boundary conditions.
J. Math. Pures Appl. (9) 78 (1999) 461-471.

B. DorIN and E. FEIREISL. The incompressible limit of the full Navier-Stokes-Fourier

system on domains with rough boundaries. Nonlinear Anal. Real World Appl. 10 (2009)
3203-3229.

D. G. EBIN. Motion of a slightly compressible fluid. Proc. Nat. Acad. Sci. USA 72
(1975) 539-542.

E. FEIREISL, J. MALEK and A. NOVOTNY. Navier’s slip and incompressible limits in
domains with variable bottoms. Discrete Contin. Dyn. Syst. Ser. S 1 (2008) 427-460.

E. FEIREISL and A. NOVOTNY. The low Mach number limit for the full Navier-Stokes-
fourier system. Arch. Ration. Mech. Anal. 186 (2007) 77-107.

E. FEIREISL, A. NOVOTNY and H. PETZELTOVA. On the incompressible limit for the

Navier-Stokes-Fourier system in domains with wavy bottoms. Math. Models Methods
Appl. Sci. 18 (2008) 291-324.

A. FRIEDMAN. Partial Differential Fquations. Dover Publications, 2008.

G. P. GALDI. An introduction to the mathematical theory of the Navier-Stokes equations.
Vol. I. Linearized steady problems. Springer-Verlag: New York, 1994.

T. HAGSTROM and J. LORENZ. On the stability of approximate solutions of hyperbolic-

parabolic systems and the all-time existence of smooth, slightly compressible flows.
Indiana Univ. Math. J. 51 (2002) 1339-1387.

D. HoFF. The zero-Mach limit of compressible flows. Comm. Math. Phys. 192 (1998)
543-554.

H. Isozaxki. Singular limits for the compressible Euler equation in an exterior domain.
J. Reine Angew. Math. 381 (1987) 1-36.

H. IsozAxki. Singular limits for the compressible Euler equation in an exterior domain.
ii. bodies in a uniform flow. Osaka J. Math. 26 (1989) 399-410.

H. Kim and J. LEE. The incompressible limits of viscous polytropic fluids with zero
thermal conductivity coefficient. Comm. Partial Differential Equations 30 (2005) 1169
1189.

28



[27]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

S. KLAINERMAN and A. MAJDA. Singular perturbations of quasilinear hyperbolic sys-

tems with large parameters and the incompressible limit of compressible fluids. Comm.
Pure Appl. Math. 34 (1981) 481-524.

S. KLAINERMAN and A. MAJDA. Compressible and incompressible fluids. Comm. Pure
Appl. Math. 35 (1982) 629-653.

C.-K. LiN. On the incompressible limit of the compressible Navier-Stokes equations.
Comm. Partial Differential Equations 20 (1995) 677-707.

C.-K. LiN. Potential flow for the compressible viscous fluid and its incompressible limit.
Indiana Univ. Math. J. 49 (2000) 1539-1561.

P.-L. LioNSs. Mathematical Topics in Fluid Dynamics, Vol.1. Incompressible models.
Oxford: London, 1996.

P. L. LioNs and N. MASMOUDI. Incompressible limit for a viscous compressible fluid.
J. Math. Pures Appl. 77 (1998) 585—627.

A. MATSUMURA and T. NISHIDA. Initial-boundary value problems for the equations
of motion of compressible viscous and heat-conductive fluids. Comm. Math. Phys. 89
(1983) 445-464.

G. METIVIER and S. SCHOCHET. The incompressible limit of the non-isentropic Euler
equations. Arch. Ration. Mech. Anal. 158 (2001) 61-90.

G. METIVIER and S. SCHOCHET. Averaging theorems for conservative systems and the
weakly compressible Euler equations. J. Differential Equations 187 (2003) 106-183.

Y. Ou. Incompressible limits of the Navier-Stokes equations for all time. J. Differential
Equations 247 (2009) 3295-3314.

Y. Ou. Low Mach number limit of the non-isentropic Navier-Stokes equations. J.
Differential Equations 246 (2009) 4441-4465.

S. SCHOCHET. The compressible euler equations in a bounded domain: existence of
solutions and the incompressible limit. Comm. Math. Phys. 104 (1986) 49-75.

S. SCHOCHET. Fast singular limits of hyperbolic PDEs. J. Differential Equations 114
(1994) 476-512.

P. SEccHI. On the singular incompressible limit of inviscid compressible fluids. J. Math.
Fluid Mech. 2 (2000) 107-125.

P. SEccHI. On slightly compressible ideal flow in the half-plane. Arch. Ration. Mech.
Anal. 161 (2002) 231-255.

P. SEccHI. 2D slightly compressible ideal flow in an exterior domain. J. Math. Fluid
Mech. 8 (2006) 564-590.

29



[43] A. TANI. The initial value problem for the equations of the motion of general fluid with
general slip boundary condition. Kokyuroku, RIMS, Kyoto Univ. 734 (1990) 123-142.

[44] S. UkAI. The incompressible limit and the initial layer of the compressible Euler equa-
tion. J. Math. Kyoto Univ. 26 (1986) 323-331.

[45] W. M. ZAJACZKOWSKI. On nonstationary motion of a compressible barotropic viscous
fluid with boundary slip condition. J. Appl. Anal. 4 (1998) 167—-204.

30



