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Abstract

This work is concerned with (n-component) hyperbolic systems of bal-
ance laws in m space dimensions. First we consider linear systems with
constant coefficients and analyze the possible behavior of solutions as
t — oo. Using Fourier transform we exhibit the role that control theo-
retical tools, such as the classical Kalman rank condition, play. We build
Lyapunov functionals allowing to establish explicit decay rates depending
on the frequency variable. In this way we extend the previous analy-
sis by Shizuta and Kawashima under the so-called algebraic condition
(SK). In particular we show the existence of systems exhibiting a more
complex behavior than the one that the (SK) condition allows. We also
discuss the link of this analysis with previous literature in the context of
damped wave equations, hypoellipticity and hypocoercivity. To conclude
we analyze the existence of global solutions around constant equilibria for
nonlinear systems of balance laws. Our analysis of the linear case allows
proving existence results in situations that the previously existing theory
does not cover.
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1 Introduction and main results

1.1 Problem formulation

This work is concerned with the following n-component hyperbolic system of
balance laws in m space dimensions:

ow = OF;(w)
E—’_; oz, = Q(w). (1)

Here m,n € N*, w : Rx R™ — R", w = w(t, ) is the unknown and Q, Fj :
R™ — R™ are smooth functions.

Such nonlinear systems typically govern non equilibrium processes in physics,
for media with hyperbolic response, as, for example, in gas dynamics. They also
arise in the numerical simulation of conservation laws by relaxation schemes (see
[1], [3], [8]; [24] and references cited therein). In many applications, the source
term @Q(w) has, or can be transformed by a linear transformation into the form

2w = 0 ) @

with 0 € R™, ¢(w) € R"2, where ny,ns € N, n; + ng = n.
It is well known that (1) has local (in time) smooth solutions (see [15], [19]),
but these solutions may develop singularities (i.e. shock waves) in finite time,



even when the initial data are smooth and small (see [7], [19]). However, in many
physical examples, thanks to the interplay between the source term and the flux,
there exist global smooth solutions for a suitable set of initial conditions. Total
dissipation, which consists in requiring the source damping term to enter in each
of the equations of the system distributed all over the space, is a well known
assumption for global existence for suitable classes of initial data (see [14]). But
this condition is too strong and it is not satisfied by systems (1)-(2) with ny # 0
(in which the dissipation is not present in all the components of the system)
and more general systems with relaxation (see [6], [16]). This is the case for the
isentropic Euler system with damping

Ou Ov —0 8v+8f(u) B

ot ox ot or (3)

with f/(u) < 0 which has been considered in [17] and [13]. In this case, the
damping term, even if it enters only in the second equation, may prevent shock
formation. We also refer to [18] where similar issues are addressed for systems
with linear principal part, which correspond, in particular, to damped wave
equations involving nonlinear convective terms.

The existence of global smooth solutions for system (1)-(2) is one of the
two main topics of this article. In fact, the study of the nonlinear systems (1)
we shall develop relies on a linearization principle, around constant equilibria,
and this requires analyzing partially dissipative linear hyperbolic systems of the
form

ZAJ o (4)

where A4, ..., Ay, B are nn real matrices, A; := (agcj,l))léhlén being symmetric,
for j =1,...,m, and B such that

B(g g) DeR™=mz, X'DX >0,¥X €R™ — {0}. ()

Note that D is not assumed to be symmetric.

The analysis of linear systems of the form (4) is relevant, as mentioned above,
to understand the behavior of nonlinear systems and, as we shall see, they may
exhibit a very rich behavior. Its analysis is the first goal of this article.

The solutions of (4) with initial conditions wy € L?(R™,R™) are explicit.
Indeed, applying the Fourier transform in the x variable, system (4) can be
rewritten as

gJrzZAgw_—Bw (6)

2 1,) = B(eyalt,© (7)

where

E(§) = -B —iA(¢ ij (8)
Solving this first order ordinary differential equatlon, we get

w(t, €) = exp[E(€)ta°(€). (9)



Note that, when ny # n, the matrix —FE/(£) is not coercive. Indeed, with the
notation

X = ( ? > ceC",X,eC" XoeC™,n1 +n9 =n,
2

we have

X'E(€)X = —X.DX,.

Thus, this quadratic form does not provide any information on the X; compo-
nent.

However, it is by now well known, in the context of linear finite-dimensional
systems, that this fact is not an obstacle for the solutions of (6) to decay as
t — oo. Indeed, the interaction of the dissipative operator B with the time-
dynamics generated by (6) may eventually dissipate all components of solutions.
This can be viewed, for instance, through the Kalman rank condition for the
control of finite-dimensional systems (see [4] and [25]) that we shall discuss in
detail in Section 2.

This fact is also well known in several other contexts, and in particular, for
dissipative wave equations [10] which are particular instances of (4), and par-
tially diffusive partial differential equations where the notions of hypoellipticity
[11] and hypocoercivity [22] have been introduced to measure the global effect of
partial diffusion in the regularity and the time decay of solutions, respectively.

As we shall see, under rather general assumptions on the matrices A4, ..., 4,
and B, and, more precisely, under the so called Kalman rank condition for the
pair (A(§), B), it can be proved that

3C > 0,A(€) > 0 : exp[E(&)t] < Ce 1, (10)

This decay property, together with explicit estimates on the positivity and de-
pendence of A(§) with respect to &, allows describing accurately the asymptotic
behavior of solutions of (4) as ¢ — oo, and deriving a decomposition of solu-
tions in which various terms decaying with different rates can be distinguished.
Obviously, the overall picture depends in a critical way on the properties of the
function &€ — A(€). The analysis of this function is a complex issue to which we
will devote a significant part of this article.

There is in fact an extensive literature on the subject. For instance, in [20],
the authors study systems (4) under the so-called Shizuta-Kawashima condition:

(SK) V¢ € R™, Ker(B) N {eigenvectors of A(&)} = {0}, (11)
and prove that
3C,c > 0s. t. V&€ € R™, exp[E(€)t] < Ce~cmin{bIel}t, (12)

Thanks to (9) and (12), the authors deduce that any solution w of (4) associated
to an initial condition wy € L' N L2(R™,R™) can be decomposed as

w = wy + we (13)

where \
||w1(t>||L2(RWL,Rn) < Ce™ t”wO”LQ(Rm’Rn),vt S (0, +OO),

_m 14
||'U)2(t)||Loc(Rm’Rn) < Ct™>= ||w0||L1(Rm’Rn),vt S (07+OO), ( )



and C, A are positive constants depending only on Ay, ..., A,,, B. The two com-
ponents w; and ws correspond, respectively, to the high and low frequency
components. The high frequency component decays exponentially while the
low frequency one decays polynomially with the decay rate of the heat kernel.
We refer to [18] for similar results for damped wave equations with nonlinear
convection.

This result has motivated many others. For instance, in [2], the authors
proved more precise decay rates for the high frequency component w; under
(SK), and extended the analysis for non linear systems.

Estimate (12) is equivalent to saying that A(§) > cmin{1, |¢*} in (10). In
particular, (SK) implies that A({) may only degenerate quadratically at £ = 0.
Roughly speaking, (SK) is a natural sufficient condition to guarantee that the
damping term affects all the components of the system and the L?-decay of the
solutions of (4) as ¢ — +oo. But it is not sharp. Indeed, as we shall see, there
are many situations in which A\(§) degenerates on other points than & = 0, but
still the L?-decay of solutions holds, together with decompositions in the spirit
of (13), but involving extra terms, decaying more slowly than the m-dimensional
heat kernel. To do that we develop a careful analysis of the finite-dimensional
behavior of system (6) in terms of the multi-dimensional parameter £. This
analysis is inspired by control theoretical tools. Indeed, our approach starts
from the observation that (SK) holds if the pair of matrices (A(§), B) satisfies
the Kalman rank condition:

tk[B, A(§)B,..., A()""'B] = n.

The key ingredient to obtain a complete decomposition of solutions is the
obtention of a careful measure of the decay rate A(§) of solutions of (6) as a
function of £&. To do this we construct explicit Lyapunov functionals, taking
advantage of the interaction of the matrix B with the dynamics generated by
A(€). This kind of Lyapunov function is similar to those introduced by C.
Villani (see [22]) for the analysis of the decay of partially diffusive systems and
is also linked, as we mentioned above, to the extensive literature on damped
wave equations (see [10] and [18], for instance).

The approach we develop here, in addition of being more systematic, has
also the added advantage of being simpler to be carried out from a technical
viewpoint since we avoid some of the long developments in [20] for proving the
sufficiency of (SK) to achieve the decomposition above.

Let us now return to the nonlinear systems of balance laws (1). The existence
of global smooth solutions in a neighborhood of a constant equilibrium W, € R"
and Q(W,) = 0 was proved in [23], under a suitable dissipation assumption,
when the linearized system around W, satisfies (SK).

Let us also mention [9] for the same result in one space dimension (m = 1)
with many examples of application. We also refer to [5], where the authors con-
sider the multidimensional isothermal Euler equations with a strong relaxation
and study the asymptotic behavior of the solutions when the relaxation time
tends to zero. They use the arguments of [23] in order to prove the existence
of global smooth solutions in a neighborhood of a constant equilibrium, whose
size is uniform with respect to the relaxation time.

The techniques we develop in this article, in the frame of 23|, allow us
to obtain explicit estimates of the size of the neighborhood of W, where the



existence of global smooth solutions holds. As a consequence of this, using an
argument inspired in Coron’s return method ([4]), we are able to prove a global
existence result around a constant equilibrium that does not fulfill the (SK)
condition.

1.2 Main results

Let us now describe the content of the article in more detail. Sections 2, 3, 4 and
5 are devoted to the analysis of partially dissipative linear hyperbolic systems
and section 6 to the nonlinear systems of balance laws.

More precisely, section 2, is concerned with the Kalman rank condition, the
(SK) condition, the notion of hypocoercivity and the decay rates. Subsection 2.1
is devoted to a preliminary discussion in which we show that (SK) is equivalent
to the classical Kalman rank condition in control theory for the pairs (A(£), B)
and all £ # 0. Then we develop the proof of decay (10) using Lyapunov function-
als (see subsection 2.2). In particular, this yields a more systematic approach
and a simpler way to get the decomposition (13)-(14) in [20] under the condition
(SK) (see subsection 2.3).

In section 3, using the tools developed in section 2, we investigate the asymp-
totic behavior for (4) without the (SK) condition. More precisely, we study the
L?-stability and the non dissipated solutions of (4). For doing that we introduce
the set of degeneracy

D(A1, ..., Am, B) :={£ € R™ : Ker(B) N {eigenvectors of A(§)} # {0}}, (15)

i. e. the set of values of ¢ for which (SK) fails.

Under the (SK) condition this set is the trivial one {0}. But, of course,
this is false in general and, as we shall see, the structure of this set determines
the asymptotic behavior of solutions. In subsection 3.2, using the fact that the
Kalman condition fails on the set of degeneracy when (SK) does not hold, we
prove that, either

e D(A1,..., A, B) is a strict algebraic submanifold of R™,

or
e D(Ay,...,Ap, B) = R™.

In subsection 3.3, we prove that, in the first case, (4) is strongly stable in L2, i.
e. all L? solutions tend to zero in L? as t — oo. In subsection 3.4, we prove that,
in the second case, there exist non dissipated solutions of constant L2-norm.

In subsection 3.5, we study the 1D case m = 1 whatever the size n of the
system is. We show that, in this case, the (SK) condition is sharp in the sense
that it characterizes completely the behavior of the solutions :

e (SK) is a necessary and sufficient condition for the strong stability in
L?(R,R"),

e (SK) is a necessary and sufficient condition for the decomposition (14),



e without (SK), any solution associated to an L? initial condition can be
decomposed as w = wy + wy + Wiy, Where wy, wy satisly (14) and wyy, is
the sum of a finite number of traveling waves.

This shows, in particular, that in 1D we may not have a third component
decaying at infinity with a slower decay rate. The latter may only arise in the
multi-dimensional case.

Subsection 3.6 is devoted to analyze the most degenerate case in which
D(A4,..., A, B) = R™. We show that this is a necessary condition for the
existence of traveling waves with L? profiles. However, contrary to the case
n = 1, this condition fails to be sufficient when m > 2. Indeed, the solutions
of constant energy may, in general, have a more complex structure that being
sums of traveling waves.

In section 4, we investigate the analogue of the decomposition (13)-(14) for
the solutions of (4), when (SK) is not fulfilled and when the measure of the
set of degeneracy D(Ay, ..., Anm, B) vanishes. We answer this question in some
particular cases where the set of degeneracy is the union of a finite number of
vector subspaces.

In subsection 4.1, we prove a general statement giving a decomposition for
the solutions of (4) when the set of degeneracy D(A;, ..., A, B) is the union of
a finite number of vector subspaces and under an assumption of the following
type

N, (w) > Cdist(w,D(Aq, ..., Ay, B))*, Vw € S™71, (16)

for some constants C' > 0 and « > 2, where
n—1
Ni(w) := min{z ™| BA(w)Fx|? € SPT1Y, (17)
k=0

for a suitable small enough e and suitable exponents my, (see Proposition 1).
Note that the value of N, (w) provides a quantitative version of the (SK) prop-
erty, or the Kalman rank property, in the sense that, when it fails on an isolated
point w, it holds in the neighboring ones (that do not belong to D(A1, ..., Ay, B)),
with an explicit lower bound on NNV, as a power of the distance function.

This decomposition is of the form w = w; + wy + w3 + w4 where w; and
we satisfy (14) and ws (resp. wy) contains some (but not all) high (resp. low)
frequencies and decays like =1/ (resp. t="/® where r € N*).

In this way we see that, in dimension m > 2, there is a whole class of
phenomena that do not arise under the condition (SK). Note that we already
got a complete classification of the possible decompositions for the solutions of
(4) when m = 1 in subsection 3.5.

In subsection 4.2, we study the particular case n; = 1 (i.e. Ker(B) =
Span(e;)) in which the condition on the set of degeneracy being the union of
vector subspaces is automatically satisfied. In that case, (16) holds with a
smaller exponent o = 2. This leads to a decomposition for the solutions of (4),
in this particular case n; = 1.

In subsection 4.3, considering explicit examples, we show that there are
situations in which a = 4 is the smallest exponent one can have in (16), and
the parameter  may take any positive value.



In subsection 4.4, we deduce from the previous analysis a complete classifi-
cation in the case n = 2, whatever the space dimension m is.

In section 5, we recapitulate the various results obtained in the previous
sections, presenting them in a table. This classification is still incomplete in
the sense that not all possible values of m and n are covered by our analysis.
Indeed, we do not provide a decomposition

e in the general case where the set of degeneracy is the union of a finite
number of vector subspaces because we only study particular examples,

e when the set of degeneracy D(Ay, ..., Ay, B) is an algebraic submanifold
that is not a union of vector subspaces,

e or when D(Ay, ..., Ay, B) is the whole space.

We also make precise some open questions and some conjectures about the cases
that our partial classification does not cover.

In Section 6, we study the existence of global (in time) smooth solutions for
the non linear system (1), locally around a constant equilibrium W, € R™. In
subsection 6.1 we make precise the context of our work. The novelty of our study
with respect to [23] is that we do not impose the (SK) condition on the linearized
system around W,. To do that we proceed in two steps. We first assume that
(SK) holds and taking advantage of the explicit Lyapunov function introduced
in subsection 2.2, we make the result in [23] more precise by giving an explicit
estimate on the size for the neighborhood of W, on which global existence holds.
Then, in subsection 6.3, using these explicit estimates and under some suitable
assumptions on the nonlinearities, we prove the existence of global solutions
for (1), around a constant equilibrium W, that does not satisfy (SK). This is
done assuming the existence of a family of constant equilibria fulfilling (SK)
converging to W,. This approach is inspired by Coron’s return method for the
controllability of nonlinear systems (see [4] for an introduction and examples
of applications), that takes advantage of the nonlinearity of the system. We
conclude subsection 6.3 with an example of application of the previous theorem.

At this point, it is convenient to note that the fact that (SK) was not neces-
sary for the existence of global smooth solutions around a constant equilibrium
was already known. Indeed, Zeng proved in [24] the existence of global 1D
(m = 1) smooth solutions for an equation of gas dynamics, around a constant
state, without the (SK) condition, splitting the system in two parts, one of them
being linearly degenerate. But, to our knowledge, there were no general result
of global existence for partially dissipative hyperbolic systems without (SK) (for
arbitrary m,n). Our result is the first one in that direction. One may expect
that a further analysis of the linearized systems along the lines we do in sections
2, 3, 4 together with this way of approaching the nonlinear one, will allow to
generalize further the result we are presenting here.

Notations: In this article, R(.), 3(.) denote the real and imaginary parts of
complex numbers, (eq, ..., e,) is the canonical basis of R™ and {(.,.) denotes the
hermitian product in C", (X,Y) = X'Y.

The notations given in this introduction (m, n, ni, ne, A; = (ak,l)lgk,lgm
B, D, D(A4, ..., A, B)) will be used all along the paper.



2 Rank conditions, (SK), hypocoercivity and de-
cay rates

In subsection 2.1, we show the equivalence between the (SK) condition for hyper-
bolic systems and the Kalman rank condition in control theory. In subsection
2.2, taking advantage of this equivalence, we prove an explicit decay rate for
A(€) in (10), by means of a Lyapunov functional. Finally, in subsection 2.3, we
recover Shizuta-Kawashima’s decomposition (13)-(14) for the solutions of (4)
under the (SK) condition.

2.1 (SK) and Kalman rank conditions

The following lemma is one of the key ingredients of this section.

Lemma 1 Let n € N*, A, B be n x n matrices with real coefficients, such that
B has the form (5). The following statements are equivalent

e (1) A and B satisfy (SK) : {eigenvectors of A}N Ker(B) = {0},

(2) Vy € C" — {0}, t — Bexp(At)y does not vanish on R,

(8) Yy € C* — {0}, there exists k € {0,1,...,n — 1} such that BA*y # 0,

(4) for every ag, ...,an—1 > 0, the expression

n—1 1/2
N(y) := <Z akIBA’“y2>
k=0

defines a norm on C"

(5) (A, B) satisfies the Kalman rank condition : the (n?) * n Kalman

matrixc
B
K= BA (18)
pii
has rank n.

These equivalences are classical (see for example [4, Chapter 1.3], [21, The-
orem 2.2.1]). We give a proof for the sake of completeness.

Proof of Lemma 1: Let us prove “(1) = (2)". We assume that (2) is false.
Then, there exists y € C™ — {0} such that

Bexp(At)y = 0. (19)
Let .

det(A — X1I,,) := H(X — A7
j=1



be the characteristic polynomial of A. We have

C = @ Kel(d- )]
j=1
y = Z;:l Yj-

The equality (19) gives

v ’I‘j—l k

) t
; et 2 aBA- A)Fy; = 0.
o =

Thanks to the linear independence of the family
{theMb0 <k <ry; — 1,1 <j < v}
we deduce that
B(A—X)Fy; =0,Yk € {0,...,7; — 1},¥j € {1,....v}.

Let j € {1,...,v} be such that y; # 0 and k € {0,...,7; — 1} be the largest
integer such that (A — X;)¥y; # 0. Then, (A — \;)¥y; is an eigenvector of A4 in
the null space of B. Thus, (1) is false.

Let us prove now that “(2)=-(3)". We assume that (3) is false. Then, there
exists y € C" — {0} such that BA¥y = 0 for k = 0,...,n — 1 and thanks to the
Cayley-Hamilton theorem, BA¥y = 0 for every k € N. Thus Bexp(At)y = 0
and (2) is false.

The implication “(3)=-(4)" is clear.

Let us prove “(4)=(5)". We assume (4). If y € Ker(K), then BA*y = 0
fork=0,...,n—1. Thus N(y) = 0 and so y = 0. This proves that K is injective
and thus rk(K) = n.

Finally, let us prove “(5)=-(1)". We assume (1) is false. Let v € S"~! be
an eigenvector of A in the null space of B. Then Ky = 0 and, thus, K is not
injective. Therefore rk(K) < n, i.e. (5) is false. O

2.2 Lyapunov functionals and explicit decay rates

According to the results of the previous section there is a very explicit connection
between the (SK) condition, which arises naturally in the analysis of the decay
of partially dissipative hyperbolic systems, and the Kalman rank condition in
finite dimensional control theory.

In this subsection we develop one of the key elements of this article which
consists in deriving explicit decay rates for the finite-dimensional system (6) in
terms of £&. To do this we construct explicit Lyapunov functionals, which are
inspired on those rank conditions and more precisely in the statement (4) of
Lemma 1.

We set € = pw, with p > 0 and w € S™~!, and, consequently, rewrite (6) in
the form:

&t =—(B+ipAw))x, z(0)=xzeC™ (20)

10



Proposition 1 We fiz a family of non-negative real numbers (my)ogr<n such
that

0=mg <mq <..<my, (21)
M1t Mpy

5 >§>0,Vk=1,..,n—1, (22)

mg

for some § > 0.
Let Aq,...,An, B be n xn real matrices such that B has form (5). For
w e S™ L e >0 we define the symmetric non-negative matric

M) =" €™ (A(w)')* Bt BA(w)* (23)

S
|

~
Il

and its minimal eigenvalue

n—1
N..c(w) := min{(z, M (w)z);2 € S" 1} = min{z €™ |BA(w)kz|? € ST,
k=0
(24)
Then, there exist €, = €.(A1,...,Am,B) € (0,1) and ¢ = é(A1,...., A, B) > 0
such that, for every e € (0,¢.), 19 € C*, p € (0,4+00) and w € S™ L, the
solution of (20) satisfies

|2(8)] < V/3|zo|e N @) min{Lo®} i e (0, +00). (25)

Remark 1 This result provides an exponential decay rate for exp[E(pw)t], which
is explicit in terms of p and w, and more precisely on N, ((w). As we will see
in sections 2.3 and 4, the main interest of this Proposition is that it reduces the
problem of the asymptotic behavior of the solutions of (4) to the study of the
real valued map w € S™ 1 — N, (w) € Ry.

Note that Proposition 1 holds without assuming the (SK) condition, which,
in fact, only enters when trying to obtain a uniform lower bound on N, ¢(w) for
w € 8™, in section 2.3. In particular, it could be that, for some value w* of
w, Nye(w*) = 0. In that case, to get explicit decay rates for (4), one has to
analyze the behavior of N, (w) for values w close to w*. This fact will play an
important role when deriving decompositions of solutions in the absence of the
(SK) condition and analyzing their decay rates ast — oo in section 4.

Remark 2 The constant /3 in (25) can be replaced by any constant C > 1.
Indeed, an easy adaptation of the proof below provides the following more general
statement: for every C > 1, there ewist €. = €x(A1,...; A, B) > 0 and & =
¢(C, Ax, ...y Apny, B) > 0 such that the same conclusion holds with V'3 replaced by
C.

On the other hand, C being fized, it is natural to raise the issue of finding

the value of € that maximizes the decay rate. This is an open problem.

Remark 3 Notice that Proposition 1 holds without assuming the symmetry of
the matrices Ay, ..., Apm. This will be used in section 6.

Proof of Proposition 1: First, let us introduce some notations. Since B has
the form (5), there exists C; = C1(B) > 0 such that

R(Bz,z) > C1|Bx|*, Vo € C". (26)

11



We consider the characteristic polynomial
det(X1I, — A(w)) = X" + Z ap(w)X*,

ax(w) being the coefficient of its k — th order term. We also set

My = max{||BAWw)|: 0< k<n—1,we ™1}, (27)
My = max{|ag(w)| : 0 <k <n—1,we S™ 1} (28)
Let €, = €x(A1, ..., Ay, B) > 0 be small enough so that, for every w € S™1,
n—1 1
D e (Aw)) B BAW) | < 3 (29)
k=1
m &
Mie™ + € 4 nMied < — 5 (30)
Mi(n — ) .
— el 1 1
c +e(1+nM3) < 3 (31)
For € € (0,€.), p € (0,400), w € S™! and x € C" we consider
n—1
Lpw.e(x) = |z]* + min{p, p} Y M S(BAW) a, BA(W) a). (32)
k=1
Thanks to (29), one has
1 3
§|ac|2 < Lpwe(x) < §|3:|2,Vx € C",Vp € (0, +00),Yw € S™ 1 Ve € (0, ¢.,).
(33)

Let € € (0,€,). In order to simplify the notations and since € is fixed, in the
sequel, we will rather write N, (w) and £, ., instead of N, (w) and L, .
When z solves (20), one has

4 Lol = —2R((B+ipA)r,a)
~minfp, 1} S e S((BAS (B + ipAu)r, BAka)
—min{p, 2} 307} emeS(BAL Tz, BAL(B + ipA,)z))
(34)
where A, := A(w).
We now distinguish two cases: 0 < p <1 and p > 1.
The case p € (0,1): Using (26), we get

#Lpw(@)] < —201|3910|2 —p? Y0l €™ |BALa)?
0D k-1 Em’“|BSU|[HBAfi HIIBALz| + | BAL || BAL ]
P S e BAR ]| B Ak g,
(35)
Moreover, by (27) and (21) we get

PYho fm’“\BIHHBAf’lIHBAﬁx\ 4 [|BAR || BAE 2]

Mip3iZy | Ba|[|BAL x| + |BAL ]

Mupe™ | Bxl* + ZZ_ll 2/\/11,06"”IBac||BAkgc| (36)
M1P6m1|B:E|2 +Z _|_p2M (n 1) ka\BAkxP)

(C1+ MwemwaP + pﬂ“—“ S0t e B A2

INCINCIN N
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Using (22), we get

p2 Z 1 mk|BAk' 1:L‘||BAk+1.Z‘|
+
PP e BAL e | BA |
% 522 1 €Mk~ 1|BAk 1x|2+€mk+1|BAk+1x|2
pe S eme| B AL |,

(37)

NN IN

Thanks to Cayley-Hamilton theorem, Cauchy-Schwartz inequality, (28) and
(21), the last term of the right hand side in the previous inequality satisfies

p2€5—|-1'n,7

BALz|? e | 3 oak( )BAGz|?
nM2 ? 5+mnz o |BALz[? (38)

% Zk 0 €m’“|BA¢’Z917|2-

NN

Finally, using (36), (37) and (38) in (35) and thanks to (30), (31), we get

d 2 n—1 .
7 Lrw(@)] < \B ? -5 Z “|BALa|?.
k=1

Therefore, using (24) and (33) we get

L (r(1))] < 26N () Ly (1) (39)

where )
¢:= 6 min{C1, 1}.
Finally, thanks to (33), we get

l2(t)] < V/3|zo|e NP7,

The case p € (1,+00) : Now, let us justify the decay estimate in Proposition
1 for p € (1,+00). Let p € (1,4+00) and w € S™ 1. When z solves (20), with
the same arguments as in the previous case, we get

& [Cow(@®)] < —201|B$|2 Sy € | BASz]?

. 11€mk\3$|[||BAk HIIBAG| + | BAL || BAL tx]]
+Zn 1 mk|BAk 1.’1?||BAk+1:17|

(40)
and
d 2 1” . myg k 2
7 Low(@®))] < IB | —*Ze |BAz|”.
k=1

Note that the estimates we get are very close to those of the case p € (0,1)
except for the fact that, due to the weight 1/p on the second term in (32), all
terms in which p appears have to be divided by p.

Finally, with the same computations as in the first case, we get

|lz(t)| < V3|zole Nt O
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Remark 4 The explicit Lyapunov function (32) is inspired by those introduced
by Villani in [22] to derive decay estimates for partially diffusive systems. In
[22] the operators under consideration are of the form L = A* A+ B where B is
antisymmetric. In our case the operator has rather the form L = B + ipA(w)
where ipA(w) is antisymmetric but B does not necessarily have any symmetry
property.

The Lyapunov functional we use is also similar to those used in the analysis
of the decay properties of dissipative wave equations, as, for instance, vy — Av+
vy = 0. There the systems under consideration are second order (in time), and
in the Fourier setting they take the form of the following dissipated harmonic
oscillator 2" + |€|*% 4+ &' = 0. The energy of the system is then given by

(2> +12"]°] ,

|~

e(t) =
while the Lyapunov functional to be used to derive the decay is of the form
L(t) = % [12]% + |2')?] + e’
This corresponds precisely to functionals of the form (32) in the particular case

i which n = 2.

2.3 A new proof for Shizuta and Kawashima’s decompo-
sition
As a consequence of Proposition 1, the decomposition (14) is straightforward.

Theorem 1 We assume that B has form (5), Ai,..., A, are symmetric and
(SK) is satisfied. Then, there exist

C = C(Al, ...,Am,B), A= )\(Al, ,Am,B) >0

such that, for every w® € L' N L?(R™,R"), the solution w(t,x) of (4) can be
decomposed as in (13) where (14) holds.

Proof of Theorem 1 : Let ¢, > 0 be as in Proposition 1 and € € (0,¢,).
Thanks to the implication “(1) = (4)" in Lemma 1, and in view of the (SK)
assumption, we have N, .(w) > 0 for every w € S™~!. Moreover, the function
w + N, (w) is continuous on the compact set S™~1 and, therefore, there exists
N, > 0 such that N, (w) > N,, for every w € S™~1 We define w; and ws by

wl(tag) = wl(ta€)1|§|>l and 7212(15,5) = 12)1(t,f)1|§|<1.
Tanks to Proposition 20, one has,
[ (8, €)] < VBl (E)]e N1, Jaba(t, €)] < VB0 (€)1,
for all £ € R™ and ¢ € (0,+00). Thus, one has

le(t)||L2(Rm7R") < \@HwoHL?(RM,Rn)BfaN*t,
[wa () Lo e mmy < [ 02(8)] L1 @ Rm) .
< V3B [om [0O(E)[eEN-IE1"tdg

< Ct_m/2 HwO”Ll(Rm’Rn). O
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Remark 5 Let us compare the tools developed here with those in [20]. In [20],
the authors use algebraic tools to justify the equivalence between (SK) and the
existence of a compensating function (notion defined below) for (4). Then, they
use this compensating function to prove the decomposition of Proposition 1 with
an energy approach.

Definition 1 A C* map w € S™ 1 — K(w) € C™™" is a compensating func-

tion for (4) if
o K(—w)=—-K(w), Ywe S

o K(w) is a skew-symmetric matriz, for every w € S™1,

o B*;B + (K (w)A(w) + (K (w)A(w))") is positive definite for every w €

Sm—l .

The proof of Proposition 1 contains the arguments to justify that, when € (14
nM3) < 1/2, the expression

K(w) = 2 €™ [(A(w))*B'BA(w)" ™ — (A(w)") T B'BA(w)"]
k=1

defines a compensating function and that

B*;_B 4 %(K(W)A(W) + (K(w)A(w))") =

min{C1, 1}V, ((w).

is known, the expression

~— 2| =

Notice that, once a compensating function K (w
Le(z) := |z|* + emin{1, p} (K (w)x, x)

for e > 0 small enough, provides a Lyapunov function for the proof of Proposi-
tion 1.

Our proof is however much more direct and yields the desired decay rate by
means of an explicit Lyapunov function, inspired by Lemma 1.

3 L’-stability and non dissipated solutions

This section is devoted to the study of the L2-stability and the non dissipated
solutions of (4) when (SK) does not hold i.e. D(Ay, ..., Am, B) # {0}.

In subsection 3.1, we show that there are many situations in which (SK)
does not hold, which is a motivation for the analysis developed in the following
subsections. In subsection 3.2 we prove that, either D(Ay, ..., Ay, B) is a strict
algebraic submanifold of R™, or, D(Ay, ..., Ay, B) = R™. In subsection 3.3, we
prove that, in the first case, (4) is strongly stable in L2, i. e. all L? solutions
tend to zero in L? as t — oo. In subsection 3.4, we prove that, in the second
one, there exist non dissipated solutions of constant L?-norm. In subsection 3.5,
we deduce a complete classification of the decomposition of the solutions in 1D
(m = 1). In subsection 3.6, we prove that D(Aj, ..., A, B) = R™ is a necessary
condition for the existence of traveling waves with L? profiles but this condition
fails to be sufficient when m > 2.
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3.1 (SK) is rarely satisfied

The goal of this section is to emphasize that there are many situations in which
(SK) does no hold. This fact motivates the analysis developed in the following
subsections.

The first case is when m > n and B has form (5) with ngy < n. Indeed, in
that case the set

{¢ € Rm;Zag)l i =0for k=2,..,n}
j=1

is a non empty vector subspace of R™. Tt is contained in D(A4,..., A, B).
Indeed, for every £ in this set, we have A(§)e; = (Z;":l aﬂ j)e1, thus eq is an
eigenvector of A(&) that belongs to Ker(B).

As a consequence, the property (SK) may only be satisfied when m < n.
However, for any pair (m,n) with m < n, and any value of ny there are examples
for which (SK') does not hold. Indeed, let m,n € N* withm < n,n; € {1,...,n—
1} and n*n real matrices Ay, ..., Ay, B with Ay, ..., A,;, symmetric and B of the
form (5). We assume that agi #0, aé{i =0 for j = 2,...,m, and a,(f;)l =0 for

j=1,.,mand k =3,...n. Then A()e; = (37, a(ﬂ j)er + agiﬁleg. Thus,
for every £ in the hyperplane

{£ e R™; & =04,

ey is a eigenvector of A(£) that belongs to Ker(B). Therefore, D(Ay, ..., Am, B)
contains this hyperplane and (SK) is not fulfilled.

3.2 The set of degeneracy

Proposition 2 Let Ay,..., A, B be n x n real matrices such that A1, ..., A,
are symmetric and B has form (5). The set of degeneracy D(A1, ..., Ay, B) is
an algebraic submanifold of R™. In other words, there exists a finite family of
polynomials (P;);c; C R[X] such that

D(A1, ..., Am, B) ={£ e R, P;(§) =0,Vj € J}. (41)

Thus, either D(A1, ..., Am, B) = R™, or D(Ay,..., Apm, B) has zero measure.
Moreover, D(A1, ..., Ay, B) is stable by homotheties.

Remark 6 Note that it can happen that D(A, ..., Ay, B) = R™, the dissipation
matriz B being non-trivial. Indeed, the fact that D(Ax, ..., Ay, B) = R™ means
only that, for each &, there is a direction in which the dissipation mechanism is
not effective but this is compatible, as we shall see, with B being non-trivial (see
Section 3.6).

Proof of Proposition 2 : Thanks to Lemma 1, one may characterize the
set of degeneracy D(A1, ..., Apm, B) as the set of those £ € R™ such that any
n xn subdeterminant of the Kalman matrix K defined in (18) (with A replaced
by A(¢)) vanishes. The polynomials P; in the statement of Proposition 2 are
precisely those corresponding to these subdeterminants.
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Then, either all the polynomials vanish identically, and then
D(A1,...,Am, B) =R™,

or, if some of them do not, the measure of D(Ay, ..., A, B) vanishes.

With the definition (15) of the set of degeneracy, it is clear that, when
£ e€D(A,...,Apn, B) and a € R, then, af € D(Ay, ..., A, B).

O

According to the previous propositions, there are therefore only two possi-
ble cases, depending on the size of the set of degeneracy. Of course, smaller
D(A4, ..., A, B) is, better decay properties we expect. The case in which (SK)
holds is a very particular instance where the measure of D(Ay, ..., 4,,,, B) van-
ishes, since, in that case, actually, D(Aq, ..., Ay, B) is reduced to the trivial set
{0}. One of the main goals of this section is to describe what happens when the
measure of the set of degeneracy vanishes, but (SK) does not hold.

To do that it is first convenient to consider some examples. The first con-
clusion is that, in some cases, D(A41, ..., A, B) is a vector subspace. But, this
is not necessarily always the case. This makes the analysis of the decay rate of
(7) as a function of £ more delicate.

We introduce the notation

m

g, = ag(§) = Zagkﬁ
j=1

for f S Rm, 1 < k,l < n, where Aj = (a’l(c],l))1<kyl§n' Then A(f) = (ak7l)1<k,l<n.
Obviously, ag; = oy, 1 < k,I < n. In the following examples, it is easier to
use the definition (15) of D(Ay, ..., Ay, B) in order to compute the polynomials
than using the minors of the Kalman matrix.

Example 1 : Let us consider the case n; = 1. The definition gives
D(A1,...;Am,B) ={{ € R a1 =0,VEk € {2,...,n}}.
Thus, D(A44, ..., Am, B) is a vector subspace.

Example 2 : Let us consider the case ny = 2. The definition allows char-
acterizing D(Ay, ..., Ay, B) as the set of those £ € R™ for which there exists
a, 3,7 € R such that

11 012 (e} _ « _
( ars g ) ( 3 > —’y< 3 > and aoy 1 + Bog 2 = 0,VE > 3.

Computing explicitly «, 5 as functions of a1, 12, a2 2, distinguishing the
cases («, 8) = (1,0), (o, 8) = (0,1) and (a # 0 and § # 0), we get

D=D1UDyUD3, UD3_,
where
D;(As,..Apn, B) :={£ e R™;ay,; = 0,Vk # j} for j € {1,2},

and D3y (A1,...A,,, B) are the sets of those £ € R™ such that, for every k > 3,

_ 2
2001 a1 = (04171 —o* \/(041,1 —a29)? + 4a172) Q2.
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Now, we distinguish two cases.

Example 2.a : Let us consider matrices A, ..., A, such that aﬂ — ag % =

)

5(1% for j =1,...,m, for some § € R*. Then a1 — a2 = day 2 and

D3+ @] Dg_(Ah Am,B) = {€ S Rm;2ak71 = [(S + v 0% + 4]O[k72,v3 <k < n}

Thus D(Ay, ..., Ap, B) is the union of a finite number of vector subspaces of R™.

Example 2.b : Now, let us take n =3, m =5 and Ay, ..., A5 defined by

100 00 0 010
A= 00 0], Ao:=[01 0], A43:=[ 1 0 0 |,
0 0 = 0 0 = 0 0 =
00 1 00 0
Ag==100 0], 45:=[0 0 1 |,
1 0 =« 0 1 =

where the notation * means that the corresponding coefficient may have any
real value. Then, a1 1 = &1,022 = &§2,a12 = &§3,a31 = 4,32 = & Thus

D3y (A1, .. A5, B) = {€ € R%2838, + (& — £1)& = £&s1/ (& — &)? +4€3).

Obviously, D3+ are not vector subspaces and, consequently, the set of degener-
acy can not be written as the union of a finite number of vector subspaces of
R™ neither.

3.3 A NSC for strong L? stability

Proposition 3 Let Ay, ..., Ay, B be n*n real matrices with B of the form (5),
Ay, ..., Ay being symmetric. The following statements are equivalent

e (1) the measure of D(Aq, ..., Am, B) vanishes,

e (2) any solution of (4) with L*>(R™,R") initial condition converges to zero
strongly in L*>(R™,R") as t — oc.
Proof: First, we prove that “(1)=-(2)". We assume that the measure of
D(Ay, ..., Ay, B) vanishes. Let wg € L?(R™,R") and w be the solution of
(4) with initial condition wg. Applying Proposition 1, we get, for ¢ > 0 small
enough,
(1, €)] < VBl (&) e eI N

where w := £/|¢|. Thanks to the implication “(1) = (4)" in Lemma 1 and since
the measure of D(Ay, ..., A,,, B) vanishes, then, for almost every w € S™~1
N.e(w) > 0. Thus w(¢,§) — 0 when ¢t — +oo for almost every & € R™.
Moreover, |w(t,.)| < |wo(.)] € L2(R™,R"). Thus, the dominated convergence
theorem implies that w(¢) converges to zero in L?(R™,R") when t — +oo.

Now, we prove “(2) = (1)". Let us assume (2) holds. Let ¢ € S(R™,R) be
such that ¢ > 0 on R™. Let wél) € L2(R™,R") be defined by wél)(f) =p€)er
and w) be the solution of (4) with initial condition wél). One has

w(l)(t7 &) = exp|E(&)t]e1p(8).
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Since wM)(t) — 0 strongly in L?(R™,R™), there exists an increasing sequence
(t;l))peN C Ry such that

exp[E(ﬁ)tl()l)]el — 0 when [p — +00] for almost every £ € R™.

Let w(? € L2(R™,R™) be defined by % (€) := ¢(£)es and w® be the solution

62). The sequence (w(z)(tl(,l)))peN tends to zero

strongly in L?(R™,R™). Thus, there exists a subsequence (t1(,2))p€N of (tél))peN

such that

of (4) with initial condition w

exp[E({)tl()Q)]eg — 0 when [p — +o0] for almost every £ € R™.

Tterating this process for k = 1, ..., n, one gets an increasing sequence (t,)pen C
R, and a subset N of R™ of zero measure such that

exp[E(&)t,] — 0 in R™™, VE € R™ — N (42)

Let £ € R™ — N. The convergence (42) implies that the real part of any
eigenvalue of F(£) has a negative real part. Thus, A(£) has no eigenvector in
Ker(B) since, otherwise, one would get an eigenvalue A of F(§) with R(\) = 0.
In conclusion D(Ay, ..., A, B) is contained in A/ and, consequently, its measure
vanishes. U

Remark 7 As a consequence of this result, and in view of Proposition 2 which
classifies the possible structures for the set of degeneracy, we deduce that, when-
ever D(Ay, ..., A, B) is a strict subset of R™, all solutions tend to zero in L?
strongly as t — oco. In the following section we show that, in the other case, 1.
e. when D(Ay, ..., A, B) coincides with R™, there are non-trivial solutions of
constant L?-norm.

3.4 A NSC for the existence of non dissipated solutions

Proposition 4 Let Ay, ..., Ap,, B be nxn real matrices with B of the form (5)
and A1, ..., Ap, symmetric. The following statements are equivalent

o (1) D(Ay,..., Ap, B) = R™,

e (2) there exists a non dissipated solution of (4), i.e. with a constant L*-
norm.

The following Lemma will be important in the proof of Proposition 4.

Lemma 2 Let Ay, ..., Ay, B be n*n real matrices with B of the form (5) and
Ay, ..., Ay symmetric. Let w® € L2(R™,R") and w be the solution of (4) with
initial condition w®. The following statements are equivalent

e (1) w is not dissipated i.e. ||w(t)| gz = [|w°]| Lz,
e (2) for almost every £ € R™, @9(§) belongs to

V(€) :={v e C", BA(&)*v = 0,Vk € N}.
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Proof of Lemma 2 : Let us prove (1) = (2). We assume w is not
dissipated. We have

d

L —2/ (Buw(t,z), w(t, z))dz = 0,
dt o

m

thus Bw = 0, which implies Bw = 0. Thus the expression (9) can be written
w(t, €) = exp[—iA(€)t]" (€).
The equality Bw = 0 implies
Bexp[—iA(&)tw(€), for every t € R, for almost every & € R™.

Differentiating k times this equality with respect to time at ¢t = 0, we get (2).

Now, let us prove (2) = (1). We assume that, for almost every £ € R™,
wo(€) € V(&). By definition, V() is a vector subspace of Ker(B) stable by
A(E), thus (9) gives

o Lk X 4k

W(t,€) = Y Hl-BoiA@©Pa0(E) = Y LA (€) = exp[—iA€)]0°(€).
k=0 " k=0 "

Therefore ||w(t)|| 2 = || (t)|| L2 = ||wol|L2, i-e. (1) holds. O

Proof of Proposition 4 : Let us prove (2) = (1). We assume there exists
a non dissipated solution w, associated to an initial condition w® € L?(R™ R™)
with w® # 0. Thanks to Lemma 2, we know that, for almost every ¢ € R™,
w0(€) € V(). So, for almost every & € Supp(wp) (the support of wg), V(£)
is a non empty vector subspace of Ker(B) stable by A(£), moreover A(§)|v ()
is symmetric, thus it has an eigenvector. We have proved that Supp(w®) C
D(A4,..., Ay, B), thus the measure of D(Ay,..., A, B) does not vanish and
Proposition 2 implies that (1) holds.

Now, let us prove (1) = (2). We assume D(Ay, ..., Ay, B) = R™. Then
for every £ € R™, V() # {0} because V(£) contains at least an eigenvector
of A(¢) that belongs to Ker(B). In order to prove that (2) holds, we build
an L2(R™,R") initial condition w" such that @°(¢) € V (&), for every & € R™,
which gives the conclusion thanks to Lemma 2.

The Cayley-Hamilton theorem justifies that

V() ={veC;BA) v =0for k=0,...,n— 1} = Ker(M;(£)),

where M1(¢) = Z;é A(&)*B'BA(€)* depends polynomially in &. For £ € R™,
let P(£) be the orthogonal projection R™ — Ker(M;(§)). Let £&* € R™ and
z* € S"t N Ker(M(£*)). The map & € R™ +— P(£)z* is continuous at &*
because M;(§) is an analytic perturbation of Mj(£*) (see, for example [12,
Chapter 2, Section 1.4]). Thus, there exists a neighborhood €y of £* in R™
with a positive finite measure such that ||P(£)z*|| > 1/2, for every £ € 3. We
define

@0(5) = P(S)Z*]-Qlu(—fh)(g)

Then w° € L*(R™,R") because [@°(¢)] < 1o, (-0, (€) and ©°(—&) = wO0(&).
Moreover, w® # 0 because [|[w°(¢)|| = 1/2,V€ € QU (). O
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Remark 8 According to the results in this section and the previous one, we
deduce that there are only two possibilities for the set of degeneracy which lead
to different asymptotic properties ast — oo:

o Whenever D(Ay, ..., Am, B) is a strict subset of R™, its measure vanishes,
and all solutions tend to zero in L? strongly as t — oo.

o When D(Ay, ..., A, B) coincides with R™, there are non-trivial solutions
of constant L?-norm.

3.5 Complete classification in the case m =1

In this section we consider the 1D problem
wy + Aw, = Buw. (43)

where A, B € R™", w € R™ and ¢ € R. Note that this simple case can be
treated directly and without the analysis developed in the previous subsections.
However, it is clarifying to treat it in the framework of the general theory we
have developed.

Whenm =1, A(§) = €A, since £ is now scalar. Therefore, the (SK) condition
does not involve the Fourier variable ¢ and can be written simply as

(SK) : Ker(B) N {eigenvectors of A} = {0}.

Obviously, this is equivalent to requiring that the pair (A, B) satisfies the
Kalman rank condition

In 1D (m = 1), the (SK) condition characterizes completely the asymptotic
behavior of the solutions of (43).

Proposition 5 We assume that A is symmetric and B has the form (5). The
following holds:

e The following statements are equivalent

— (1) A and B satisfy (SK) : {eigenvectors of A}N Ker(B) = {0},

— (2) there exist C,\ > 0 such that, for every w® € L' N L?(R,R"),
the solution of (43) can be decomposed as w = wy + wy where (14)
holds with m = 1.

e Moreover, if (SK) is not satisfied, any solution of (43) with initial condi-
tion in LQ(R,R”) may be decomposed as w = w1 + wa + Wy where wy,
wy satisfy the previous estimates and Wiy, 1S a pure transport term consti-
tuted by a finite sum of traveling waves, Wiy, (t,x) = Z;:1 Wirw,j (T —Ajt),
where r < n, \j € R and wry,; € L2(R,R™) for j =0,...,r.

Proof of Proposition 5 : First, the implication “(1)=-(2)" was proved
in Theorem 1.

Now, we prove the second statement, that also gives “(2)=-(1)".

Assume that (SK) is false. Let V' be the subspace of Ker(B) which is stable
by A (AV C V) with maximal dimension constituted by the sum of all subspaces
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of Ker(B) stable by A. Let r :=dim(V). The endomorphism A|y is symmetric
thus, there exists an orthonormal basis (v1, ..., v,) of Vmade of eigenvectors of
A Av; = N\, g =1,...,r. Let VL be the orthogonal supplementary of V'
in Ker(B) (i.e. Ker(B) =V + V=) and (v,41, ..., s, ) be an orthonormal basis
of VL. Then, (v1,...,v,,) is an orthonormal basis of Ker(B). Since Ker(B) =
Span(ey, ..., ey, ), then V := (v1, ..., Un,, €ny+1, -, €) is an orthonormal basis of
R™. Let P be the basis change matrix from the canonical basis (eq,...,e,) to
the basis V (the columns of P are the components of the vectors of V in the
canonical basis (e, ...,e,)). Then P71BP = B,

(Avj,v;) = (vj, Avy) = N (vj,v:) =0,V e {r+1,...,n1},Vi e {1,...,7},

(Aej,v;) = (e, Avy) = Ailej,v;) =0,¥5 € {n1 +1,....,n},Vie {1, ..., 7}
Thus

A1 0O .. 0[O0 .. O

A | O 0|0 .. O

0 0 | % O

A:=P AP = 0 0| = S
0 0 | * S B

0 0 | % O

0 ... 0|« * | % .. %

0 .. 0] % N I

where the first diagonal block is of dimension 7, the second one is of dimension
(n1 —r) * (n1 —r) and the third one is of dimension ng * ng. Then @ := P~ 1w
solves

Wy + A, = —Bw
and w;(t,z) = w;(0,2 — A\;t) for j = 1,...,r. These components are pure
transport terms. We define

The (n — r) latest components of @ solve an hyperbolic system fulfilling the
(SK) condition. Thus, it may be decomposed as Wy + we with (14) for m = 1.
Finally, we take wy := Pw; and ws := Pwsy. This completes the decomposition
in three terms of the second statement.

Note that this argument shows that “(2) = (1)", as claimed. Indeed, if (1)
is not satisfied, i. e. the (SK) is not fulfilled, the argument above shows that,
then, there is a traveling wave component that does not decay, thus showing
that (2) does not hold either. O

3.6 The case D(Ay,..., A, B) = R™ : traveling waves?

Obviously, the case D(Ay, ..., A, B) = R™ is the most degenerate one. Propo-
sition 4 shows that, in this case, there exist non dissipated solutions. In 1D
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(m = 1), any non dissipated solution is a finite sum of traveling waves (see
Proposition 5). Thus, it is natural to ask whether this is also true for m > 2.
As we shall see, this is not the case.

Proposition 6 We assume m > 2. The equality D(A4,..., Ay, B) = R™ s
necessary for the existence of a non trivial traveling wave solution of (4) with
an L?(R™,R™)-profile but it is not sufficient.

Remark 9 As a consequence, when m > 2, the non dissipated solutions exhibit
more complex structures that being sums of traveling waves.

Proof : First, we prove that D(A41, ..., A, B) = R™ is necessary for the
existence of traveling waves solutions. Indeed, any non trivial traveling wave
solution is a non dissipated solution. Thus Proposition 4 gives the result.

Now, we prove that D(A4y, ..., A,,, B) = R™ is not sufficient for the existence
of traveling waves.

Let us remark that, when (4) has a traveling wave solution, then there exists
¢ € R™ and Q C R™ with positive measure, such that, for almost every £ € Q,
A(€) has an eigenvalue (&) of the form

m

A& =D i (44)

j=1

associated to an eigenvector v(£) that belongs to Ker(B). As we will see, one can
easily build examples of matrices Ay, ..., A,,, B for which the later is impossible,
but D(A1, ..., A, B) = R™.

We consider the system (4) with m = 2 and

ar  aro * c1 Cla * 0 0 O
Al = a2 a9 * s A2 = C1,2 C2 * s B = 0 0 O
0 0 = 0 0 0 0 1
with a2 75 0, C1,2 7& 0 and
Oa Oc¢
, 45
a2 €12 (45)
40,0.a1,2¢1,2 # (0ac1,2)® + (0ea1,2)?, (46)
where 0, := as — a1 and d. := co — ¢;. The notation “x" means that the

corresponding coefficient may have any value. We claim that, for this choice
of the parameters ay,a; a,as,c1,¢12,c2, one has D(Aj, Ay, B) = R? but the
eigenvalues of (§1A41 + &2 Az)|ker(p) cannot have the form (44) on a subset of R?
with positive measure.

For (&,&) € R? — {0}, the subspace Ker(B) is stable by A(§) = &4; +
§2A2, and the restriction A(€)|ker(p) is symmetric. Thus it has an eigenvector.
Therefore D(A1, Az, B) = R2.

The eigenvalues of (§141 + §242)|ker(B) are

At (&1,62) = % ((al +a2)é1 + (c1 + c2)éa £ A(&,fz))
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where
A(€1, &) = [0a&1 + 0c&2)? + 4la1 2&1 + c1,260)°

Thanks to (45), we have A(&1,&) > 0 and there does not exist any «, 8 € R
such that

A&, &) = (aéy + BE)?

on a subset of R™ with positive measure because of (46). Thus, non trivial
traveling wave solutions may not exist. [

Remark 10 The structure of the non dissipated solutions in a general context
needs to be further investigated.

4 Decomposition of the solutions when D is the
union of vector subspaces

As proved in previous sections, whenever the measure of D(Ay, ..., A, B) van-
ishes, all solutions tend to zero in L? as t — oo. This section is devoted to
analyze the asymptotic behavior in some more detail. As emphasized in Re-
mark 1, the asymptotic behavior of the solutions of (4) reduces to the study of
the real valued function w € S™~! — N, .(w), defined in Proposition 1. This
study is the key point of this section.

In all this section, we will consider situations in which the set of degeneracy
D(A4, ..., Ay, B) has zero measure and is the union of vector subspaces. This as-
sumption is restrictive because, in general, when the measure of D(Aq, ..., A,,, B)
vanishes, this set is an algebraic submanifold (see Proposition 2), which is not
necessarily a union of vector subspaces (see examples 1, 2.a, 2.b in subsection
3.2). However, this assumption holds in many particular examples, studied in
this section.

In subsection 4.1, we state a decomposition for the solutions of (4) when
D(A4,..., Ay, B) is a union of vector subspaces and under the additional as-
sumption

Nic(w) = edist(w, S ND)* |, Vw € S™1 (47)

for some « > 2, ¢ > 0 (see Proposition 7).

In subsection 4.2, we prove that, in the particular case ny = 1 (i.e. Ker(B) =
Span(e)), D(Ay,...,Am, B) is a vector subspace of R™ and (47) holds with
a = 2 (see Proposition 8). This leads to a decomposition of the solutions of (4)
with n; = 1 (see Theorem 2).

In subsection 4.3, we consider different explicit examples, in which the de-
generate set D(Ay, ..., Ay, B) is a union of vector subspaces and the smallest
exponent in (47) is & = 2 or o = 4. We deduce a decomposition of the solutions
of (4) for these particular cases (see Theorem 3). With these examples, we see
that, when m > 2, there is a whole class of phenomena that do not arise under
(SK).

Finally, in subsection 4.4, we write a complete classification of the different
possible asymptotic behaviors when n = 2.
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4.1 General statement

For g : R™ — R", we define L(g) : (0, 4+00) — (0, +00],
L(g)(p) :=sup{lg(&)[; € € R™, [¢§] = p}.

Proposition 7 We assume m > 2. Let Aq, ..., A, B be nxn real matrices with
Ay, ..., Ay symmetric and B of the form (5). Let € € (0,€x) where €, is as in
Proposition 1. We assume

o (A1)
D(Alv ) Am7 B) = Uj:lpja

where J € N* and D; is a vector subspace of R™ with codimensionr; € N*,

o (A2) there exists ¢; > 0, aj > 2 for j = 1,...,J, such that, for every
w € S™ with dist(w, D(Ax, ..., Am, B)) = dist(w, D;),

N, (w) = ¢;dist(w, Dj). (48)

Then, there exists C = C(A1,...,Am,B) and X = A(A1,...,Am,B) > 0 such
that, for every w® € L' N L?(R™,R™) with

M) = [ Ll o) < o (19)

0

the solution of (4) with initial condition w® can be decomposed as

w = w1 + Wz + W3z + Wy

where (14) holds and
¢ 0
||w3(t)||Loo(R'nL7Rn) < FNl (w ),Vt S (0, -i—OO)7 (50)

where a := max{ay, ...,a;} and

‘ 3
<

J

Q

J
[wa ()| oo @m ey < C [ D = | 00|11 g ), VE € (0, +00). (51)
j=11

Remark 11 The assumption (49) holds, in particular, when w® belongs to the
the Schwartz space S(R™,R™). Indeed, in that case, w° € S(R™,R"™), Thus,
there exists C' > 0 such that, for every & € R™,

C

5] < g

which leads to

oo B R OOC
| emiLa@ede< [ Sap
1 1 P

The assumption (49) also holds when w® belongs to H*(R™ R™) with s large
enough.
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Remark 12 We refer to the Examples 1 and 2.a of Subsection 3.2 for which
the assumption (A1) holds with different values for the codimensions rj. For
example, in the example 2.a, any D; is defined by (n — 2) linear equations, but
some of them may be linearly dependent, thus the codimension of D; may take
any value r; € {1,...,m — 1} by varying n and the coefficients of the matrices
Aly e A

Note that the assumption o; > 2 is natural. Indeed, let us consider w* €
S™=IND(Ay, ..., Am, B) and let us assume that the map w — N, ((w) is smooth
in a neighborhood of w* (this can be justified, for example, when N, (w*) =0
is a simple eigenvalue of the matriz M.(w*) defined by (23)). Since N, . is non
negative and N, (w*) = 0, then, necessarily, dN, (w*) = 0. Thus, the Taylor
formula justifies that, in a neighborhood of w* we have

Ne(©) < BN (") — w7 .
Therefore, if (A2) holds, then, necessarily a; > 2.

Remark 13 Note that in Proposition 7, we do not assume (SK) to hold. Conse-
quently, in the decomposition of the solution, one has two other terms that decay
more slowly with rates t=1/e gnd max{t_ri/aj; 1< j < J}. Note also that, nec-
essarily, v7 /a; < m/2 because rj < m and o > 2 whenever D(Ay, ..., A, B) is
not trivial.

Proof of Proposition 7 : In order to simplify the notations in this proof,
we write D instead of D(A4y, ..., A, B).

Let d € (0,1). We define wy,wa,ws, ws by the following expressions, for
every t € (0,+00) and for every £ € R*,

W1 (t, &) == w(t,€)1,51 Laist(w,p)>d

Wa(t, &) == w(t, &)1 ,<1 Ldist(w,p)>d

w3 = ijl w3, j

w3 5 (t, &) = W(t, §)1p>11dist(w,D)=dist(w,D;)<d
Wy = Z;-le ’U)47j

Wy j(t, &) = W(t, )1 p<1ldist(w, D) =dist(w,D;)<d-

Thanks to Proposition 1 and assumption (A2), there exists ¢ > 0 depending on
d, ¢j, a; such that, for every £ € R™,

[ (¢, )] < VBJDO(E)]e™,
[2(t,§)] < V3[0°(€) e~

The same computations as in the proof of Theorem 1 lead to

w1 ()] 2 @m gr) < V3| 2 @m grye ™,
[wa () Lo (e Rm) < tm%”wOHLl(Rm,]Rn)-

We fix j € {1,...,J}. In the study of ws ; and wy ;, we will use new coordi-
nates on R™. We introduce the orthogonal sum

R™=Dj +D;: { =& +¢".

26



We fix an orthonormal basis (b], ..., b;j) of Dj-- and another orthonormal basis

(b, b, ) of Dj. For & = (&1,...,6m)" € R™ — {0}, let p := [¢| € R,
6 € [0,7/2] be such that

/
|€'| = pcos() i.e. 6 := arccos (E') .
Then & = pcos(6)C*, £’ = psin(0)C**, where (* € ’Dj- nsm=1, ¢ € Dy
S™m=1. There exists a unique pair (o, 3) with a = (ay, as, ey Q1) € Qg 1=
[~7/2,m/2) x [0,27)"572, B = (B1s B2, s Bn—rj—1) € Qp = [-7/2,7/2) X
[0,27)™~ 772 such that

D

¢(* = cos(ay)cos(az)...cos(ay, —2) cos(ay, —1)by+
cos(ay) cos(az)... cos(a; —2) sin(ay, —1)by+
cos(ay) cos(az)... sin(a; —2)bs+

cos(aq) sin(az)by, _1+
sin(on )by,

C**

cos(ay) cos(az)... cos(m—r; —2) COS(Qm—r; —1)0) +
cos(ay) cos(az)... cos(Qm—r, —2) SN —p, 1) b5+
cos(ay) cos(az)... sin(m—p, —2)b5+

cos(av) sin(az )by, 1+
sin(o )bl

m—rj °

In the following arguments, we will use the change of variables (&1, ...,&,) —

(p, 0,2, ), (&1, s €m) — (§',€"). We have
dgy...dE,, = de¢'de”
because & = (£1, ..., &m) — (£/,€") is a unitary linear transformation. We have
déy...dey = J(p,0, o, B)dpdodadp,

where J is the Jacobian of the change of variables. Since the dependence of
§ with respect to 0,1, ..., 1,01, ..., Bm—r,—1 always involves the functions
cos(.) and sin(.), there exists C' = C(D;) > 0 such that,

[7(p, 0, ., B)| < Cp™ ™ dpdfdadp. (52)

Now, let us compute a bound on ws ;. For £ € R™, we have the orthogonal
decomposition

R" = D} + D
& _ g [
foT T e
e € ¢
== = dist (,D ) , (53)
€] )’

27



therefore

Ds; = {€eR™ g > 1,dist (lél,D) — dist (%;Dj) < d}
= {eeR™lg>1, 8 <}

{£ e R™;p > 1,cos(0) < d}.

Using the previous inclusion, Proposition 1, the assumption (48) and finally
(53), we get

lws ()|l pee < |z (t)]| 2
<ID St €)lde
< Jpy, VBlEO(©)]emeN-(/1EDrdg
<ID \f| 0(g)[ecesdist(¢/I€1. D)t ge
< fpy , V/Bl0O(&)lemees U110 e,

Now, we perform a change of variable (&1, ...,&n) — (p, 0, o, 3). Thanks to (52),
we have

ooﬂ'/2
wasOlle < [ [ [ [ eVaL@Iepe s =0 g dpdsdads,

1 6(d) Qa O

where 6(d) := arccos(d) (indeed |¢'|/|¢] = cos(f) < d in D3 ;). Therefore, we

have
/2

Jwa ;O < Cula(u?) [ emeesen®tag,
9(d)

where O} := Cv/3vol(92,)vol(Q23). Performing the change of variable

y = cos(9)t*/* ie. @ = arccos (ﬁ) )

we get
/2 _ dtt/ =i )
f e—ccicos(O)%it g — f e—cciy™ 1 1C5y
y2 /%
0(d) 0 1_1,2/0‘.7‘
1 1 T J
cc;y
< tl/aj 1—d2 Ofe J dy

This proves (50) with any constant C' such that

j=1

o 7_ ey
> — E e~ Y T dy.
V1—d?“
0

Now, let us compute a bound on wy ;. With the same strategy, we get

lwa @)l < [, VBROE)[e eIl N- (/1D g
< [, VBlO(E)]eces U 1165 g
4,5

where

Dy = {€ € R™; |¢] < 1,dist(¢/|¢], D) = dist(¢/|¢], ;) < d}.
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Using ||0°||p < [|[w®]|z1, the inequality [£]? cos(0)® > [|€]cos(0)]% = |¢'|%
(because «; > 2) and the inclusion

D47j C {5 € Rm; |£I| <d, |§H| < 1}7

we get

a0 < VBJuOllpavol(Bynr, (0.1)) [ e €1 g
€'€Byr; (0,d)

Performing the change of variable ¢ =t/ ¢’ we get

'€B,r; (0,d) triri Jre

which gives (51) with any constant C' such that
J .
C >3 vol(Bym—r, (0,1)) / e=ceildl™ge. O
j=1

Remark 14 Extending the validity of this kind of decomposition to more gen-
eral situations (i.e. when the algebraic submanifold D(A1, ..., Apm, B) is not the
union of a finite number of vector subspaces) is an open problem. Indeed, the
strategy used in the proof would need a parameterization of the submanifold
D(A4, ..., Apm, B). In this case the conditions to be imposed on the initial datum
to ensure a similar decomposition are also to be clarified.

4.2 Decomposition when n; =1

This subsection is devoted to study the function w € S™~1 +— N, .(w) for € > 0,
defined in Proposition 1 in the particular case ny = 1 (i.e. Ker(B) = Span(ey)).
The parameters €, mg, ..., m,_1 are fixed as in Proposition 1.

Proposition 8 Let Ay, ..., A, B be n xn real matrices with Ay, ..., Ay, sym-
metric and B of the form (5) with ny = 1. Then

e (1) D(Ay,..., Apm, B) is a vector subspace,

o (2) there exists €, = €.(A1, ..., Apm, B) > 0 such that, for every e € (0,€.),
there exists ¢ = c(e, Ay, ..., Am, B) such that, for every w € S™1,

Ny.e(w) > cdist(w, D).

A direct consequence of Proposition 8 and Proposition 7 is the following
theorem.

Theorem 2 Under the same assumptions as in Proposition 8, there exists
C,\ > 0 such that, for every w° € L' N L2(R™,R™) with (49), the solution

of (4) with initial condition w® can be decomposed as

w = w1 + wg + w3z + wy
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where (14) holds and

C
5Bl sy < N (), ¥ € (0, +00) (54)
C
||w4(t)||L°°(]Rm,]R”) NS g”’lﬂ ||L1 R™ Rn)),vt S (O,+OO), (55)

where r := codim(D(Aq, ..., Ap,, B).
Proof of Proposition 8 : The assumption n; = 1 implies that
D(Ay,...; A, B) ={£ €R™;ep is an eigenvector of A(§)}
—{§€Rng1k1@_0w“—2 .n},

which proves (1).

Let €. > 0 be such that

1
c ¥ 2’

oM 1
€ < =

Z(me ) <1,

where M is defined by (27) and ¢ = ¢(B) is such that |Bv|?> > c[v|?,Vv €
Span(ea, ..., e,). We have

Ni(w) = min{ 3 €| BA(w)kz|?; 2 € S"_l}
k=0
> min{|Bz|2 + €™ |BA(w)z)%x € S"il}.
Let w € R™ — D(Ay, ..., Ay, B) and z € S~ 1. We consider the decomposition

x = fe; +x, where 0 € R and z, € Span(es, ...,e,). Thanks to the definition
of ¢ and (27), we have

|Bz|? + €™ |BA(w)z|?
|Bz|? + 32e™|BA(w)e1]? + €™ |BA(w)z 1 |? + 2Be™ (BA(w)ey, BA(w)r,)
clei]? + 2™ |BA(w)er|* - 2|6le™ [BA(w)er| M x|
2
%|$J_|2 + B2em (1 - —2/\;1 e"“) |BA(w)eq|?

2
Slai|?+ Zem | BA(w)es 2.

A\ARR\VAR\VARI

Since Bey = 0, we have

thus there exists a positive constant ¢ = ¢(B) such that

n m

|BA(w 61|2>CZ‘Zak1wJ’.
k=2 j

Py
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Therefore,

n m
|Bz|* + ™| BA(w)z|? > %min 1;e™ ‘
k=2 j=

. 2
aflwi| ¢ (a4 52),
1

thus

()
g, 1935

NE

€Me
Nw)> 53|

k=2

’ 2

1

<.
Il

In order to conclude, let us prove the existence of a constant C' > 0 such that
n m
(4)
> | Y athe
k=2 j=1
Let D+ be the orthogonal supplementary of the subspace D. Thanks to (56),

the quadratic form
n m .
peDt Y } S a)a,
k=2 j=1

2
‘ > Cdist(w, D)2

‘2

is positive definite on D+. Thus, there exists C' > 0 such that

> Sl

k=2

> C|w|?, Vo € D*.

<.
[

Using the decomposition

R™ = D o) IDL

we get

m

S| S el
k=2 3 ’

1

2
> C|w)? = Cdist(w, D)%, Vw € S™ 1.0

2 n m
_ Ory
= k,1%j

k=2 j=1

4.3 Discussion on explicit examples

This section is devoted to the study of explicit examples, and discussing the
optimal value of the exponents «; in the assumption (48) of Proposition 7 .
Note that the optimal values of the exponents o; are important in the study
of the asymptotic behavior of (4) because they appear in the decomposition of
these solutions (see Proposition 7).

Consider the case m > 2,

01 0 00 1 00 0
Ai=[100], A=l000], B=[0o0 0],
00 0 100 00 1

=

A =0 for k = 3,...,m and the associated system (4) with £ €
have ny = 2 and, for every & = (&1,..., &)t € R™,

™ Then, we

m 0 & &
A= &A= & 0 0
j=1 & 0 0
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Thus
D =Dy UD,

where

Dy :={{ eR™; & =0}, Dy :={{ € R"; & = 0}

(see the analysis made in Example 2.a in Section 3.2).
Proposition 9 There exists e, > 0 such that, for every e € (0,¢,),

(1) with m = 2, there exists ¢ > 0 such that,
N.(w) > cdist(w,D)* , Yw € S*. (57)
(2) with m >3, (57) fails but there exists ¢ > 0 such that
N, (w) > cdist(w,D)* , Yw € S™71L. (58)
The previous proposition leads to the following remarks

e The assumption n; = 1 is not necessary for (57) to hold. Indeed, it holds
for the example studied in this section with m = 2 and in that case ny = 2.

e The power «; in (48), that coincides with 2 when nq = 1, may be strictly
greater than 2 when n; > 2. Indeed, for the example studied in this
section with m > 3, (48) holds with a; = 4 but not with «; = 2.

Propositions 9 and 7 lead to the following decomposition for the solutions of
(4) with the previous matrices.

Theorem 3 Let m > 2 and A, ..., A, B be defined at the beginning of this
section. There exists C,\ > 0 such that, for every w® € L' N L2(R™, R™) with
(49), the solution of (4) with initial condition w® can be decomposed as

w = w1 + w2 + w3 + Wy
where (14) holds and

e when m =2,

C
[ws (£)| Lo (®m Rm) < %Nl(wo),w € (0, +00), (59)

C
||w4(t)HLoo(RmRn) < tm.?‘lwo||Ll(Rvan))7Vt E (O,+OO), (60)

e when m > 3,

C
c
lwa(®)llzs @ pr) < —om [l g g ), VE € (0, +00).  (62)
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Proof of Proposition 9 : Let €, > 0 be such that
m 1
6* 2 < )

2

and € € (0,¢,). Easy computations lead to

2 €M w3 0 0
M. (w) = Z ™ A(w)*B'BA(w)* = 0 €mwiws  €Mwiw (63)
k=0 0 €M wws 14 em2w)

Thus, for every v € S2, we have

vIM(w)v = e™wiv? + elm2wfwgvg + 26m2w1w§’v24v3 + 1+ €m2wi]v?
> emiwiv? + §1€m2wfw§11§ +[1 — em2wi]v?
> min{e™ w3, 3¢ wiwi, 1 — €"2wj}.

Noticing that, for every w € S™~1,

1 1
1—e™wy>1—em > 3 > 56’”%}%0}%,
and using the definition (24), we get
M ma 2 1 mao 2 2
N, (w) = min{e™ w3, F€ wiwa ) (64)

1st case : m = 2. For every w € S!, we have w? + w? = 1 thus (64) leads
to

1
N.(w) > min{e™, ZemQ }ist(w, D).

2nd case : m > 3. Letw € S™ ! and j € {1,2} be such that dist(w, D) =
dist(w, D;). Then |w;| < |w;| < 1 for ¢ € {1,2} such that ¢ # j, thus (64) leads
to

1
N, (w) = min{e™*, §€m2}|wj|4 = min{e™, —¢™2 }dist(w, D)*.

1
2
Now, let us show that (57) may not hold with m > 3. We consider w € S™~!

of the form
w1
2(4}1

| /1 -5w?
w = 0 : (65)
0
where w; > 0 is small. Using the definition of N, (w) given by (24) and the
explicit expression of the matrix M, (w) given by (63), we get
N, (w) < eb M (w)ey = 4e™2w] = 4™ dist(w, D)*.

We conclude by considering points w € S™~! of the form (65), with w; — 0. [J

33



4.4 Complete classification in the case n = 2

Let us consider the system (4) with

G )
a a 0 0
A= L L2 ) B:= < > , 66

with agj), a&{%, a(ﬂ, aéj) € R. All possible partially dissipated systems with n = 2

enter in this setting. Obviously, in this case, n; = ny = 1.

Theorem 4 Letm € N*, m > 2, and A1, ..., Ay, B be real matrices of the form

(66).

(A) When a(ljg =0, forj =1,...,m, then, D(A1,..., Am, B) =R™, and, for
every solution of (4) with L?(R™,R?) initial condition, the first component is a
traveling wave and the second one decays exponentially in L2.

(B) Let us assume that there exists j € {1,...,m} such that a(lj’g # 0. Then

D(Ay, ..., Am, B) = {{ € R™; Z;":O ag‘{%fj = 0} is an hyperplane of R™ and there
exist C = C(Ay, ..., A, B) > 0 and A\ = X441, ..., A, B) > 0 such that, for

every w® € L* N L2(R™, R?) with (49), the solution of (4) with initial condition

w® can be decomposed as

w = w1 + wy + w3

where (14) holds and
¢ 0 0
[ws ()| Loe e m2) < ﬁ(Nl(w )+ lw” || 1 @m mny)

Proof of Proposition 4 : (A) can be obtained from easy explicit com-
putations and (B) is a consequence of Theorem 2. ]

5 Summary array of the classification, open prob-
lems and conjectures

5.1 Summary array of the classification

We recapitulate the results proved in Sections 2, 3 and 4 in the following array.
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m,n | (SK) D L? stability | decomposition
— == 1
m=1] yes {0} yes e+
Vn no R no e t+ % + tr. wave
n=2| yes {0} yes et + %
Ym no hyperplane yes e t+ :t %
no R™ no et +tr. wave
Vn yes {0} yes e t+ tn%
vm no | Uvs codim r yes conjecture :
el 4 + ——+ —%
t2 t (2(n—1)) $2(n—1)
no | submanifold yes open problem
no R™ no open problem
Vn no vs codim r yes el o + 1 + =
t2 t2 t
vm
ny = 1

In this array, by the expression “tr. waves” in the second line we mean “a sum
of a finite number of traveling waves”, and in the fifth one “a traveling wave”.
The notation “U vs codim 1” in the seventh line means that D(Aq, ..., A,,, B)
is the union of a finite number of vector subspaces D;, j = 1,...,J such that
codim(D;) > r for j = 1,...,J. The expression “vs codim 1’ in the last line
means that D(Ay, ..., Ay, B) is a vector subspace with codimension r.

In the first and second lines we collect the results of Proposition 5. The
third, fourth and fifth lines refer to Theorem 4. The sixth line comes from
Theorem 1. The seventh line is explained in the next subsection. The eighth
and ninth lines summarize the results of Propositions 2, 3 and 4. Finally, the
tenth line contains the results of Theorem 2.

5.2 Open problems and conjectures

The decomposition of the solutions of (4) when m > 2, n > 3 are arbitrary is
an open problem.

The simplest situation not covered in this article should be the case when
the set of degeneracy is a finite union of vectors subspaces of R”. We conjecture
that, in that case, the following inequality holds

N, (w) > edist(w, D)2 Y, (67)

The intuition of the exponent 2(n — 1) comes from the definition

n—1
N, e(w) :=min{) "™ |BA(w)*z*;z € §*'}.
k=0

n—1
Indeed, for every z € S"~!, 3 ¢™*|BA(w)*x|? is polynomial of w with degree
k=0

< 2(n —1). If the conjecture (67) is valid, then Proposition 7 leads to a de-
composition for the solutions of (4) when D(A4;, ..., Ay, B) is a finite union of
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vectors subspaces of R™. This decomposition is written in the seventh line of
the array.

Similarly, when the set of degeneracy is a strict algebraic submanifold of R™
of codimension 7, we conjecture that any solution of (4) can be decomposed as
w = w; + wy + w3 + wy where wy and wy satisfy (14) and

C
ws(t)l|l L < ——N(wo),
t2mn—D

C
lwa(®)ll e < —g—llwllzr,

t2(nr—1)

where the constant C' depends on the parameterization of the algebraic mani-
fold D(A4, ..., A, B). However, in this situation, it would not be sufficient to
understand the behavior of N, ((w) since one would also need the analogue of
Proposition 7.

Another open problem is the nature of the non dissipated solutions and the
decomposition of the solutions when D(Aq, ..., Ay, B) = R™.

6 Global existence around a constant equilibrium
for the nonlinear system

6.1 Problem formulation

In this section, we study non linear systems of balance laws of the form

ow s OF;(w) _
a2 T = aw) (69)

where m,n € N*, w: R x R™ — R", w = w(t, z) is the unknown, Fj;,Q : R" —
R™ are smooth functions, and

where 0 € R™ and ¢(w) € R™2.

We consider a constant equilibrium W, € R" i.e. Q(W,) = 0. The aim of this
section is to investigate under what conditions the source term may prevent the
breakdown of smooth solutions, in a neighborhood of W,.. This question has
been addressed earlier, for instance, in [23], under the following assumptions
(HO0)-(H2) in order to deal with strictly entropy dissipative symmetrizable
systems.

(HO) : The differential d,,,q(We) is invertible.

(H1) : There exists a strictly convex entropy n = n(w), defined in a convex
compact neighborhood G of W,, such that d2n(w)d, F;(w) is symmetric for
every w € G and for every j € {1,...,m}.

(H2) : There exists a constant Cg > 0 such that, for every w € G,

[dwn(w) - dwn(WE)] : Q<w) < —CG|Q(w)|2,Vw €G. (69)

36



Under these conditions, in [23] the existence of global smooth solutions in a
neighborhood of W, was proved, when the linearized system around W, satisfies
(SK).

We shall also assume that the hypotheses (HO)-(H2) are fulfilled. Moreover,
in order to simplify the proof, we will assume the following assumption (H3).

(H3) : There exists D € R"2*"2 positive definite such that

aw=( _p,, )- (10)

In subsection 6.2, we make precise Yong’s statement in [23] by giving an
explicit estimate of the size of the neighborhood of W, in which global existence
holds. The possibility of measuring this size explicitly is a key ingredient in the
degenerate case, studied in subsection 6.3, where we show that the (SK) con-
dition on the linearized system around W, is not necessary for global existence
around W,. More precisely, in subsection 6.3, we consider a constant degenerate
equilibrium W, and we assume the existence of a sequence of non degenerate
equilibria (W?),en converging to W, and such that the quantity N, y» in (24)
measuring the decay rate (25) for the linearized system around WP converges
to zero slowly enough. Then, we prove the existence of global smooth solutions
for (68) in a neighborhood of W,. Our theorem takes advantage of the contribu-
tion of the nonlinearity, when the linearized system is degenerate. Our proof is
inspired by Coron’s return method for nonlinear control (see [4]). We end this
section with an example of application of this theorem.

6.2 Size of the neighborhood for global existence under
(SK)

In this section, we assume that (SK) holds. More precisely, it is supposed that
the following hypothesis is fulfilled.

(H4) : The linearized system around W, satisfies (SK),
Ker(B) N {eigenvectors of Ay, (w)} = {0},Vw € S™1,
where Aw, (w) := 370, wiA;(We), Aj(We) := dy, Fj(We) and

s=(35)

Thus, using the same notations as in Proposition 1, we deduce that

n—1
Now, == min{z ™| BAw, (w)*z|* 2z e S"Hwe S > 0,
k=0

We now introduce the compensating function
n—1
K, (@)=Y ™ [Aw, ()" B*BAw, (w)" " = Aw, (w)™* ' B*BAw, (v)"]
k=1

with the notations of Proposition 1 (see the definition of a compensation function
in Remark 5). We know that
B*+B 1 1

T+ S (Kw (@) Aw, () + (Kw, (@) Aw, @)) = 5 New,. (T1)
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We introduce
Cw, = max{||Kw, (w)[|;w € S™7 1}, (72)

S 1 { 1 ]\/v*,l/V,i
W, ‘= —min ,
2 Cw. 203, |IDIP + | D Nww,

}- (73)

Theorem 5 We assume that (HO), (H1), (H2), (H3) and (H4) are fulfilled.
Let s > [m/2] + 2 be an integer and M > 0 be such that

(@) +Z (=¥

j=1

Q|

o) S M. (74)

Then, there exist v, = vp(n,G, M) > 0 for p = 1,2,3 such that, for every
wo € W, + H*(R™, R™) with

||w0 - WCHHS(R"”,R") < VlN*7We min{&we, VQ}7
the system (68) has a unique global solution
w € C°([0, +00), W, + H*(R™,R™))

satisfying, for every T > 0,

T T
5W9N*,We
Jao(T) = Welle + [ hwalfy + 252 [ 9 wlfycs < vallo — Wl
(75)

Proof of Theorem 5 : Thanks to the assumption (H3), we have Wy = 0.
We proceed in several steps.

Step 1: Let wy € W+ H*(R™,R"™). From the local in time existence theory of
H* solutions, we know that there exists 7' > 0 depending only on |jwo — We|| =
such that (68), with initial value wp, has a unique solution

w e C([0,T), W, + H*(R™ R")).
As long as (75) holds, one has

Since the right hand side of this estimate does not depend on T, the solution
can be continued up to T'= +oo. Thus, to prove the theorem, we only need to
justify the bound (75).

Step 2: Let us now prove (75). Arguing as in [23, pp 255-259] we get the
existence of C, = Cp(n, G, M) > 0, for p = 1,2 such that

T
[w(T) = Well3rs + fo llwa(®)]7-dt

T (76)
< Cllwg = Welld + CoNo(T) Jo (Va3 + w2 ()]3. )b

where

Ny(T) := sup |w(t) — Wellms.
0<t<T
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In order to control the term fOT [Vow(t)||3;.—1 dt, we use the linearized system
around W,. Here we develop the arguments in [23] making them more precise.
We have

m

w ow
- 1 ;AJ‘(We)GTj = Q(w) + hw,

where
- ow
1= D [4,(00) — A;w)] 5
— by
=1
Applying the Fourier transform, we get
ow . .
5 T idw. (= Q(w) + hw,. (77)

We compute the imaginary part of the scalar product in C™ of equation (77)
with Ky, (w)w(t, &) (where £ = |¢|w). Using the skew symmetry of Ky, (w), we
get

aA — N

En —70) + [, Kw, (w)Aw, (w)) = S(Kw, ()b, Q(w) + hw,).

Thanks to (71), (72) and Cauchy-Schwarz inequality, we get

S((Kw, (W),

Nawe [ .
[€1(Z5 ] — [ Dllld2]?) <
<

Multiplying this inequality by |¢ |2k*1, integrating over (0,7); x RY", and sum-
ming over k € {1,..., s}, we get

N, T
== Jo IVewlfadt < Cw, (™) = Well3r + llwo — Well3]

+Jo. HDllezlledt (78)
2073
e Jo IQ(w

Indeed, we have

2= 1f0 Jor [P (K, (w)ib, 7 )dedt

_Zk L Jm €177 (K w, () (T), (T)) — (K, (w)i(0), w(0)))dg
< Cw, ey Jam [EPE7H(10(T)J + [0 )dg

< Cw, ([w(T) = Well3s + llwo — Well3.)-

Let Cpq > 0 be such that, for every t € (0, T),

m
e, ()l e—s < D14,
j=1

We get

ow

— < Cu N (T)||V, o1
o, CMNs(T)|Vow(t) || g

Hs—1

ilcs-1(a)Ns(T) ‘

«Wwe [T
Nete [T V0wt < Cuw w(T) ~ We e + o = Wl
202, ||D
(HD||+¢) Jo ezl e (79)

cz, Cc?
+2NWe N (T T)2 [ | Vawl||2,. . dt.
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Thus multiplying (79) by dw, and adding (76), we get

T Swe N T
sllw(T) = Wellh: + (5 —C2NS(T)) Jo lwallfgs + === fo [ Vaw].
é ( + 5) |'U)0 WGH%[S+
CaNo(T) + 26w, CRe N (TP ) [T [Vl
(80)
Indeed, the definition of oy, (see (73)) implies
2Cw2C am 1
§ D|? 4+ e <=
w. (1D + 25 ) < 5
and ]
ow.Cw, < 3 (81)

So, as long as N4(T) is small enough so that w(¢,.) € Gon (0,T), CoNs(T) < 1/4
and
ow, N w.

8

~ C?
CaNo(T) + 20w, CoyNo(T)? 1 < (82)
we have (75) with v3 := 4(C; + 1) and

[w(T) = Wellgs <2vCi+ 1lwo — Well e (83)

The inequality (82) holds in particular when

Sw. N, > C? Sw. N,
CoNy(T) < *Fegg=  and 25WEC/2\4N8(T)2N:VV§ < et

i.e. when

. ow 1
Ns(T) < N, w, min < — . 84
( ) We { 16Cs 4\/?(3/\/10[/[/C } ( )

The inequality (83) justifies that (84) holds as soon as

lwo = Wellms <

1 | ow, 1
————=N, . min , = .
24/C1 +1 16C, 4\/§CMCW€
We have proved Theorem 5 with

— 1 . 4c —
M= g 2T U v G+ O

Remark 15 Thanks to the careful study of the linear hyperbolic systems in the
previous sections, one sees that Yong’s strategy [23] we have pursued here cannot
be applied directly to the case where the linearized system around the equilibrium
W, does not satisfy (SK). For example, if the linearized system around W, is
such that

N.w, (w) > edist(w, D)?,

we cannot get a control on the whole term fOT |Vaw(t)||3.-1dt but only on part of
the gradient. This corresponds to the situation where some of the space directions
are missing in the first order derivatives in the linearized system. In that case,
the PDE does not have any structure on those missing variables which are only
unstructured parameters, the gain of time-space estimates being impossible on
those directions.
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6.3 Global existence without (SK)

In this subsection, we assume the following hypothesis.

(H5) The linearized system around W, does not satisty (SK), but there exists
a sequence of constant equilibria (W?),eny C G such that

o WP — W, when p — +o0,

o for every p € N, the linearized system around W2 satisfies (SK).

Theorem 6 We assume that (HO)- (H3) and (H5) are fulfilled. Let s >
[m/2] + 2 be an integer and M > 0 be such that (74) holds. There exist v, =
ve(n, G, M) >0 for k=0,1,2,3 such that, if

N.(WP) > nCyr|WEP —W,|, forp large enough, (85)
then, there exists p € N* such that for every wg € W, + H*(R™,R") with
wo — Well s gm gny < V1N, wp min{dyr,va}, (86)

the system (68) has a unique global solution w € C°([0, +00), W, + H*(R™,R"))
satisfying, for every T > 0,

T 5 N T
W2LVx, Wk
Jao(T) =W+ [ ol + PG [0l < oo — Wl
(87)

Remark 16 Obviously (H5) implies that N, yw» — 0 when p — +oo. The
assumption (85) only says that this convergence is not too fast.

Proof of Theorem 6 : This proof is an adaptation of the proof of Theorem
5 and the same notations will be used.

As in the proof of Theorem 5, there exists C; = Ci(n,G) > 0, Co =
Ca(n,G, Ay, ..., Ap,) > 0 such that (76) holds.

In order to control fOT |[Vaow(t)||5;.-1dt, we use the linearized system around
WP for p large enough writing

00 LSS 4,0 22— Qu) + .

Applying the Fourier transform, we get

aw —

S +iAwz (€)= Qw) + hyyy. (88)

We compute the imaginary part of the scalar product of this equation with
Kyr(w)w(t,§). Performing the same analysis as in the proof of Theorem 5, we
get

N* P T
== Jo IVawlFadt < pr[llw() V”V||2e+||wo Well%:]
WP
(IIDH+ Nt ) Jy e (0|13 dt (89)

p
NVVVV Jo MWhywe (8)]2. - dt.
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Moreover, there exists Ca > 0 such that for every t € (0,7,
o Olles = o, (0) + 7 (A5 (W) = A5 (WE)] 22 (1)1
S CmNs(T) + [We = W2V aw( )HHS*l-
Thus,

N*’ g T
= Jo IVawl[froadt < Copr(|lw(T ) WHHS+||wo—Wllzs]
pH
+(ID)| + a2 W ) Jy llwa (83
4C§Vp5i4
N*‘wg

(M@ﬂ%ﬂ4@ﬂﬁWm%Hw
(90)
Multiplying (90) by dy» and adding (76), as long as Co N, (T') < 1/4, we get

T é pN* P
%Ilw(T);WeH%sﬂLifo lwa 3. + 2E=E [0V w2
< (G + 3) llwo — Well3
+ CQNS(T)+46W55,2\A[ S(T) + W, — WPH )fo [Vow||2. -1 dt.

So, as long as

wr _ Owr N, we
< — ;
N* W‘" 8

CoNL(T) + Ayr C3[No(T)? + W — WEP?] (91)

we have (87) with v5 := 4(C; +1). The inequality (91) holds in particular when
Co N, ( ) %7

5W”N* wr

c?
46WpCMNWe N (T) X W,

c?
Ay Cha L | We = W22 < Oup Moz
i.e. when
6WpN* WI’ N* WP
Ny(T) < min , ’ 92
( ) { 24Cy A% 960WpCM ( )
and N
W, — WP < —WE
\/%CWgCM
The inequality (87) proves that (92) holds when
lwo = Wel| e < e e b
2VCi +1 24C VI6CyrC g
We have proved Theorem 6 with
1 V24C,
:= V96C 1, = vy = ——— 13 :=4(C; +1).0
Vo - M, V1 A8Co/Cr T 1 V2 2ChrCas V3 (C1 )

Of course, the assumption (H6) may be difficult to check on a given system
of conservation laws. But it gives an easy way to build examples of non linear
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systems of conservation laws with global smooth solutions in a neighborhood of
a degenerate constant equilibrium.

Example of application of Theorem 6 : Let us consider (68) with
m=1,n=2,

o= (55 am=(8). e (2) = ()

where a, # 0 and a, — 0. We assume

OF®2)
a'UJ]_ (We) - 07
* M @)
F F
88@02 w) = 88101 (w),Yw € G, (93)

where G is a neighborhood of W, in R2,
e there exists M > 0 such that

F(2)
OF wr)| < m

X
3w2

oFM
3w2

(We)

,Vp e N. (94)

The assumption (HO) is fulfilled because g(w) = —wsy thus dy,q(w) = —1
is invertible. The assumption (H1) holds with n(w) := |w|?> because d,,F(w)
is symmetric thanks to the assumption (93). The assumption (H2) is fulfilled
with Cg = 1. Tt is clear that (H3) holds.

By definition, N, y is the smallest eigenvalue of the non negative matrix

2
(G n) e )

Owq Owq Owa

2
LWL W) 1+ (2 ))

(2)
w1y Ows w2

thus N, w, = 0, i.e. (SK) is not satisfied for the linearized system around W,
and, for € > 0 small enough, we have

2
J

OF®)
N, wr > = P
*,Wf 2 € 8’(1)1 (We )

By definition of Cyy» and thanks to (94), we have

oF ()
wy

Chwe < 2™ (1+ M)| S —(W2)

Thus, (85) holds in particular when

oFM)
8’11)2

WP > 4o (1 4+ M)|WP — W,|,
( e e

which is valid, in particular, when

9?2FM)
8w28w1

(We)

is large enough. At this point, it is clear that the assumption (85) takes advan-
tage of the nonlinearity.
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Remark 17 Finally, let us notice that Theorem 6 does not apply to the isen-
tropic FEuler equation with damping,

S (0 ) rwr=( e om= (6 )= ().

where a, # 0 and a, — 0 when p — 400. Indeed, easy calculations show that
the non wvalidity of (SK) for the linearized system around W, is equivalent to
£'(0) = 0 and the assumption (85) is equivalent to

| (ap)|? > Do|ay|, Vp € N*.

This last inequality is impossible when f is smooth. Therefore, the existence
of global smooth solutions in a neighborhood of zero, for this equation, when
f'(0) = 0 stays an open problem.
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