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Abstract

In this paper, we establish a global Carleman estimate for stochastic parabolic equa-
tions. Based on this estimate, we study two inverse problems for stochastic parabolic
equations. One is concerned with a determination problem of the history of a stochas-
tic heat process through the observation at the final time 7', for which we obtain a
conditional stability estimate. The other is an inverse source problem with observation
on the lateral boundary. We derive the uniqueness of the source.
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1 Introduction

In this paper, we study two different inverse problems for stochastic parabolic equations by
establishing a global Carleman estimate. We first introduce some notations.

Let T > 0, G C R" (n € N) be a given bounded domain with a C* boundary I'. Put

Q2(0,T)xG, $2(0,T)xT.

Let (2, F,{F:}+>0, P) be a complete filtered probability space on which a one dimensional
standard Brownian motion {B(t)};>0 is defined. Let H be a Banach space. Denote by
L%(0,T; H) the Banach space consisting of all H-valued {F;};>o-adapted processes X|(-)
such that E(|X(-)|%2(O7T;H)) < 00, with the canonical norm; by L¥(0,7; H) the Banach
space consisting of all H-valued {F;};>o-adapted bounded processes; by L%(Q; C([0,T7]; H))
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the Banach space consisting of all H-valued {F;};>o-adapted processes X (-) satisfying that
E(IX ()[20.2.2)) < 00, With the canonical norm(similarly, one can define L3(Q; C*([0, T]; H))
for any positive k).

Throughout this paper, we make the following assumptions on the coefficients

V. OxQ—R, (i,j=1,2,---,n):

(H1) b7 € L%(Q; CY([0,T]; W?>=(Q))) and b = b*;
(H2) There is a constant o > 0 such that

Z bl‘?(w7t7x)£l€] Z O-|£’27 (w7t7x7£) = (w7t7'x7£17 e 7£n) e Q X Q X Rn (11>
i,5=1
Let
ay € LE(0,T; L®(G;R™)), ay € LF(0,T; L>°(G)) az € LF(0,T; W-=(Q)),

f € L%0,T; L*(G)) and g€ L%(0,T; HY(G)).

Consider the following stochastic parabolic equation:

( n
dy — > (0Wya,)o,dt = [(a1,Vy) + azy + f]dt + (asy + g)dB  in Q,
ij=1
1.2
y=20 on X, (12
L y(O) = Yo, in Q?

where yo € L*(Q, Fo, P; L*(G)) and y,, = g_i'

We first recall the definition of the weak and strong solution of equation (1.2) and give
some well-posedness results.

Definition 1.1 We call a stochastic processy € L%(Q; C([0,T]; L*(G)))NL%(0,T; H (G))N

L%(Q;C((0,T]; Hy (@))) a weak solution of equation (1.2) if for any t € [0,T] and any
p € HY(G), it holds that

/G y(t, 2)p(x)dz — / yo(2)p(z)dz
o R ED LI TREEE

ij=1 (1.3)
—l—[(al(s,x), Vy(s,x)) + as(s, x)y(s,z) + f(s,x)}p(x)}dxds

i /ot /G las(s, 2)y(s, ) + g(s,7)|p(x)dzdB,  P-a.s.



Definition 1.2 A processy € L%(Q; C([0,T]; H*(G)NH(Q))) is said to be a strong solution
of equation (1.2) if for any t € [0, T, it holds that

o) =w+ [ {= 3 00m), + [fax(s), Vuls) + axlslyts) + 53] b
b=t (1.4)
+/0 /G[ag(s)y(s)—i-g(s)}dB, P-a.s.

Obviously, strong solution of equation (1.2) is also its weak solution. We have the following
well-posedness results for equation (1.2), whose proof can be found in [11, Chapter 6].

Lemma 1.1 There exists a unique weak solution of equation (1.2). Furthermore, it holds
that

Yl L2 @icorcz@y) + Yz ommi @) < Crilvol e,z pir2@)- (1.5)
Here and in the sequel,
4 2 2 2 1
r = |a1|L3_.°(0,T;L°°(G;]R")) + |a2|L°;(o,T;L°°(G)) + |a3‘L}°(O,T;W1a°°(G)) + L
Lemma 1.2 Let yo € L*(Q, Fo, P; H*(G) N HY(G)), by € LE(0,T;WHe(G;R™)), by €
LE0,T;Wh(@)), and by € LE(0,T; W*(G)). Then there exists a unique strong solution
of equation (1.2).

Next, we recall the following It6’s formula, which plays a key role in the sequel.

Lemma 1.3 [Itd’s formula] Let X(-) € L%(0,T; Hy(G)) be a continuous process with val-
ues in H=Y(G). Suppose that there exist Xo € L*(Q, Fo, P; L*(G)), ®(-) € L%(0,T; H(G))
and ¥(-) € L%(0,T; L*(G)) such that for any t € [0,T), it holds that

¢ ¢
X(t) = Xo +/ @(s)ds—i—/ U(s)dB, P-a.s. (1.6)
0 0
in H~1(G). Then we have that
¢
2 _ 2
X0 = XOe+2 [ (X0.06), - ds

42 /Ot (X(s), \If(s))LQ(G)dB v /Ot U(5) 22 ds

for arbitrary t € [0,T].

Remark 1.1 Here we only present a special case for the Ito’s formula. It is enough for the
proof in our paper. The general form can be found in [25, Chapter 1].
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Remark 1.2 Obviously, both the weak and strong solution of equation (1.2) satisfy the as-
sumptions for Lemma 1.3. In this paper, we sometimes use the differential form the the
above Ito’s formula, that is, d(X?) = 2XdX + (dX)?, for the simplicity of notations.

In this paper, we establish a Carleman estimate for equation (1.2). The so-called Carle-
man estimate is a class of weighted energy estimates which is in connection with (stochastic)
differential operators. As far as we know, the first example of such kind of estimate appeared
in Carleman’s pioneer work for the uniqueness of the solution of first order elliptic system
with two variables(see [8]). The idea was generalized to get the uniqueness of the solutions
for general Cauchy problems in [6]. Now it is a useful tool for studying the uniqueness and
unique continuation property for partial differential equations(see [15] for example). Such
kind of estimate has been introduced to solving inverse problems in [4], and were comprehen-
sively studied in [18, 22]. Now it is a helpful methodology for solving inverse problems (e.g.
[18, 21, 22, 29, 30]). Although the form of Carleman estimate seems to be very complex, the
idea behind them is very simple. One can understand it by the following example.

Let

dx .
== a(t)x in (0,77, (1.8)
z(0) = .

Here zp € R and a(-) € L>(0,T). We prove that there exists a constant C' > 0 such that for
any zo € R, |2(T)| < Clzg| by Carleman estimate. This result is almost trivial. And one
can prove it without utilizing Carleman estimate. However, the proof employed here shows
all the ideas of Carleman estimate.

Let Z(t) = e 'z (t) with ¢ > 0. Then we have

dz’ -2 =2 -2
o= 2a(t)3* — 2¢2* = 2[a(t) — <]
If we choose ¢ > [a|re(o7), then we know that 2 < 0, which implies that #%(T") < #2(0).
Hence, we get

e 2 T23(T) < 2%(0). (1.9)

From this, we obtain |z(T)| < eTlalz=©m)|z)| immediately. Thus, we prove the desired result
and we know C' can be chosen to be ell®z>@.1)

Inequality (1.9) is a kind of Carleman estiamte. The function e~ is called weight function
and ¢ is a parameter which can be chosen for our purpose. By means of the choice of ¢,
we control the lower order term a(t)z and obtain inequality (1.9). For (stochastic) partial
differential equations, both the choice of the weight function and the computation are much
more complex. However, they enjoy the same idea.

Now we introduce the Carleman estimate to be established in this paper. To start with,
we give some functions. Let s € (0, +00), t € (0,+00), and ¢ € C*(R) with |¢| > 1, which
is independent of the z-variable. Put

o =e" and 0 = e (1.10)

We have the following result.



Theorem 1.1 Let § € [0,T). Let ¢ and 6 be given in (1.10). There ezists a Ay > 0 such
that for all X\ > Xy, there exists an so(A1) > 0 so that for all s > so(A1), it holds that

T T
A\E / / 02| Vy|2dxdt + sN’E / / ©O*y*dxdt
4 G 1 G

<CE [HQ(T)IV?J(T)IQLQ@) +0%(0)|Vy(0)[72(c) + sAp(T)OX(T)|y(T)72 () (1.11)

T
LA OFOO )+ [ [ (1406 ++ Vo) o],
Here y is arbitrary weak solution of equation (1.2).

Here and in the sequel, the constant C' depends only on G, (b"),x,, T, d and 1, which
may change from line to line.

Although there are numerous results for the global Carleman estimate for deterministic
parabolic equations(see [13, 29] for example), people know very little about the stochastic
counterpart. In fact, as far as we know, [2, 28] are the only two published papers addressing
the global Carleman estimate for stochastic parabolic equations. In [2, 28], some Carleman-
type inequalities were established, for deriving the null controllability of stochastic parabolic
equations. Note further that the weight function 6 used in this paper (which plays a key role
in the sequel) is quite different from that in [2, 28]. It seems that the Carleman estimate in
[2, 28] cannot be applied to studying the inverse problems introduced in ths sequel. Indeed,
the weight function € in [2, 28] is supposed to vanish at 0 and 7', and therefore it does not
serve the purpose of proving Theorem 1.2 and Theorem 1.4.

As applications of Theorem 1.1, we study two inverse problems for stochastic parabolic
equations. There are abundant works addressing the inverse problems for PDEs. And it is
even impossible to list the related papers owing to the big amount. However, there exist
a very few works addressing inverse problems for stochastic PDEs (see [3, 9, 16] for exam-
ple). Although there are some people considering the inverse source problem for parabolic
equations with random noise in the measurement (see [20] for example), to the best of our
knowledge, there is no paper considering the inverse problem for stochastic parabolic equa-
tions.

Now we introduce the inverse problems studied in this paper. Consider the following
stochastic parabolic equation:

dy — > (07ya,)a,dt = [(ar1, Vy) + agydt + azydB  in Q,
b=l (1.12)
y=20 on X,
y(0) = yo in Q.
Here yo € L*(Q, Foy, P).
The first inverse problem is concerned with the following problem:

Stochastic parabolic equation backward in time: Let 0 < ty < T. Determine
y(-,to), P-a.s. fromy(-,T).



For deterministic parabolic equations, such kind of problem has lots of applications in
mathematical physics (e.g. [1]) and is studied extensively (see [30] for a nice survey). Gener-
ally speaking, the problem of (stochastic) parabolic equation backward in time is ill-posed.
Small errors in the measuring of the terminal data may cause huge deviations in final results,
that is, there is no stability in this problem. Fortunately, if we assume a priori bound for y(0)
(such assumption is reasonable from a practical viewpoint), then we can regain the stability
in some sense. The concept of conditional stability is used to describe such kind of stability.
In general framework, the conditional stability problem can be formulated as follows:

Let ty € [0,T), a1 >0, ag >0 and M > 0. Put

A (6%
Untar = {f € L(Q, P, Fo; H*(G)) + |flr2,prmei @) < M}
If yo € Upra,, then can we choose a function € C[0,400) satisfying the following properties:

1. >0 and (3 is strictly increasing;
2. lim B(n) = 0;
n—0

3. [y(to) 2.7 Pirea @)y < BUN(T) 120,70 P12 (0)))-

Remark 1.3 Here we expect the existence of [ with the assumptions that yy belongs to
a special set Upyo,, which means that yo enjoys a priori bound in some sense. Generally
speaking, B depends on M and ay. Once we choose M and oy, we add some conditions to
the initial data of equation (1.12). Hence, that the stability result implied by [ depends on
our choice of the initial data. This is why we call it “conditional stability”.

Remark 1.4 The first property for B means that we only choose B in a special class of
functions, that is, the strictly increasing functions. The second and the third property quar-
antee the conditional stability. Without assuming property 2, we can always construct B as
B(x) = C + x with a constant C' which is large enough. However, such kind of functions do
not make any sense for conditional stability.

Remark 1.5 Once 8 exists, it is not unique. For example, b(x) = B(x) + x is another
function satisfying the three properties.

In this paper, we obtain the following interpolation inequality for the weak solution of
equation (1.12), which implies a conditional stability result for equation (1.12) backward in
time.

Theorem 1.2 Let ty € [0,T]. Then there ezist a constant 6 € (0,1) and a constant C > 0

such that
[y(to)| 2@z Piz2e) < ClYI oz WD 2270 P ) (1.13)

for any y solving equation (1.12) in the sense of weak solution.
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As a consequence, we obtain the following result.

Theorem 1.3 Let yo € Upro, @ = 1 and B(z) = CM*92% with a constant C' independent
of y(0). Then we have

|y(t0)|L2(Q,]—‘tO,P;L2(G)) < /3(|?/(T)|L2(Q7J’T7P;H1(G)))'

The proof of Theorem 1.3 follows Lemma 1.1 and Theorem 1.2 immediately. We omit it
here.

In deterministic setting, a result which is stronger than Theorem 1.2 was obtained in
[26], where the authors study the following equation:

ye—Ay=by inQ,
: (1.14)
y=20 on .
Here b is a suitable function. With the assumption that G is convex, they get
y(0)|2(q) 2
WO < Coxo () () (1.15)
©e [y (O)|-1(0) L3(Go)

Here Gy is any open subset of G. Compared with Theorem 1.2, only |y(T )|%2(Go) is involved
in the right hand side of the inequality. They prove this result by employing some special
frequency functions, which were first constructed for proving the doubling property of the
solution of heat equations. However, since the solution of equation (1.12) is non-differentiable
with respect to t, it seems that their method cannot be easily adopted to solve our problem.

As another consequence of Theorem 1.2, we get a backward uniqueness for equation
(1.12).

Corollary 1.1 Assume that y is a weak solution of equation (1.12). If y(T) = 0 in G,
P-a.s., then y(t) =0 in G, P-a.s. for allt € [0,T].

The uniqueness problems for the solutions of both deterministic and stochastic partial
differential equations have been studied for a long time. There are a great many positive
results and some negative results. In case of time reversible systems, the backward uniqueness
is equivalent to the classical (forward) uniqueness. If one considers time irreversible systems,
such as parabolic equations, the situation is quite different. The backward uniqueness implies
the classical (forward) uniqueness, however, generally speaking, the converse conclusion is
untrue.

On account of the plentiful applications, such as studying the long time behavior of
solutions and establishing the approximate controllability from the null controllability, the
backward uniqueness for parabolic equations draws lots of attention(see [12, 14, 23, 24, 27]
and the references cited therein). It is well understood now. On the contrast, as far as
we know, [5] is the only paper concerned with backward uniqueness for stochastic parabolic
equations in the literature. In [5], the authors obtained the backward uniqueness for semilin-
ear stochastic parabolic equations with deterministic coefficients. They employed some deep
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tools in Stochastic Analysis to establish the result. However, it seems that their method
depends on the very fact that the coefficients are deterministic and one cannot simply mimic
their method to obtain Corollary 1.1, since the coefficients are random.

The other inverse problem studied in this paper is about the global uniqueness of an
inverse source problem for stochastic parabolic equations. We first give a precise formulation
of the problem.

Let = (v1,2') € R” and 2’ = (29,---,7,) € R"'. Consider a special G as G =
(0,1) x G, where G' C R™" be a bounded domain with a C? boundary. We consider the
following stochastic parabolic equation:
dy — Ay = [(b1, Vy) + by + h(t, ) R(¢, x)]dt + byydB(t) in Q,
y=0 on X, (1.16)
y(0) =0 in G.

Here

by € LE(0, T; Wh(G;R™), by € LE(0,T;WH=(Q)), bz € LE(0,T; W>>(Q)),
and B
Re C*[0,T] xG), heL%(0,T; H(G")).
The inverse source problem studied here is as follows:

Let R be given and 0 <ty < T. Determine the source function h(t,z’), (t,z") € (0,ty) x

0
G', by means of the observation of gy )
Ov l[o,te]x0G
1

Here v = (v',--- ;") € R" is the outer normal vector of T".

We have the following uniqueness result about the above problem.

Theorem 1.4 Let

|R(t,z)| #0 for all (t,x) € [0,t0] x G. (1.17)
If
0
a—g =0 on [0,t] x OG, P-a.s.,
then

h(t,z") =0 for all (t,2') € [0,t] x G', P-a.s.

Remark 1.6 One can follow the proof of Theorem 1.4 to show that Theorem 1.4 also holds
when Ay is substituted by Z (bijyi) .

; Here we consider equation (1.16) for the sake of
ij=1

presenting the key idea in a simple way.



In practical problems, it is important to specify some proper data so that the parameter
to be reconstructed is uniquely identifiable. In our model, the data utilized is the boundary
normal derivative of the solution. This type of inverse problem is important in many branches
of engineering sciences. For examples, an accurate estimation of a pollution source in a river,
a determination of magnitude of groundwater pollution sources.

In the literature, determining a spacewise dependent source function for parabolic equa-
tions has been considered comprehensively(see [7, 10, 18, 19, 30] and the references cited
therein). A classical result for the deterministic setting is as follows.

Consider the following parabolic equation:

{ v — Ay =ciVy+cy+ Rf inQ,

(1.18)
y=0 on X.

Here ¢; and ¢y are suitable functions on Q. R € L®(Q), R, € L>(Q) and R(ty,z) #0in G
for some ¢y € (0,7]. f € L*(G) is independent of t. The authors in [17] proved the following
result:

Assume that y € H*'(Q) and y; € H>'(Q), then there exists a constant C' > 0 such that

Oy

5 (1.19)

|fle2e < C (|y(t0)|H2(G) + ‘

L2(0,T;L2(F0))) ’
where Ty is any open subset of T".

Compared with Theorem 1.4, inequality (1.19) gives an explicit estimate for the source

0
8_% L2(0,T3L2(To)) A key step in the proof of equality (1.19) is to

differentiate the solution of (1.18) with respect to t. Unfortunately, the solution of (1.16) does
not enjoy differentiability with respect to t since the effect of the stochastic noise. However,
we can borrow some idea from the proof of inequality (1.19). Although it is impossible for
us to assume that the solution of equation (1.16) is differentiable with respect to ¢, we can
show that it is differentiable with respect to x with some assumptions(the assumptions in
this paper is enough). In this case, we can show the uniqueness of h if h is independent of
some z;(i = 1,--- ,n). Here we suppose that h is independent of x;.

Obviously, both equation (1.12) and equation (1.16) are special examples of equation
(1.2).

term by [y(to)|n2(e) and

Remark 1.7 As we have pointed out, the non-differentiability with respect to the variable
with noise (say, the time variable considered in this paper) of the solution of a stochastic PDE
usually leads to substantially new difficulties in the study of inverse problems for stochastic
PDFEs. Another trouble for studying the inverse problem of stochastic PDEs is that the usual
compactness embedding result does not remain true for the solution spaces related to stochastic
PDEs. Due to these new difficulties, some useful methods for solving inverse problems for
deterministic PDEs (see [18, 22] for example) cannot be used to solve the corresponding
tnverse problems in the stochastic setting.

The rest paper is organized as follows. In Section 2, we prove Theorem 1.1. Section 3 is
addressed the proof of Theorem 1.2. At last, in Section 4, we give a proof for Theorem 1.4.
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2 Carleman estimate for stochastic parabolic equations

In this section, we prove Theorem 1.1.
We first give a weighted identity, which plays an important role in the proof of Theorem
1.1.

Proposition 2.1 Assume that u is an H*(R")-valued continuous semi-martingale. Put v =
Ou(recall (1.10) for the definition of ). Then we have the following equality:

n n n

S W o] -3 0] + i3 0]
i,j=1 Py ~
= — i (bijvmidv + ibljvxivdt> + %d( i bijvmivxj _ 5/\90th2 + é)\vz)
ij=1 z; by
_ <% i bijdvxidvxj + % i bij%ivxjdt — i)\ i bijvxiv;cjdt> (2.1)
t,5=1 i,j=1 ij—1

1 1 1 1 1
+§s)\290¢f712dt + 53A@¢ttv2dt — ZSAQ@btgondt + 53Agp@/}t(dv)2 - g/\(dv)2

+ [ > (0V0n)s, + SMW} it

ij=1
Proof : The proof is based on some direct computation by It6’s stochastic calculus. The

first term in the left hand side of equality (2.1) reads as

n

—e[ i(b%xi)% + SAWW] [du - Z(bijuxi)xjdt]

i,j=1 4,j=1
= — [ Zn: (bijvxi)xj + sAgowtv] [dv — Zn: (bijvxi)xjdt — S)\prtvdt}
ij=1 ij=1
— Z b”vx x dv — sApudo + [Z b”% 4+ s/\gowtv} 2alt
1,j=1 t,j=1
=— Z bv,,dv),, Z d(b7v,,v,,) — 1 Zn: b dv,,dv,,
i,j=1 u 1 zj:l

—— Z by vy, v, dt — (S)«pl/)tv )+= S/\2¢t ov’d

’L]l

n

1 1 y 2
+§s)\g0wttv2dt + 53)@2590((111)2 + [ > (0s,)a, + skgowtv] dt

ij=1

10



The second term in the left hand side of equality (2.1) satisfies

i)ﬁv [du . ié(bijuxi)% dt}

n

= i)\v [dv — Z (bijvxi)xj dt — s)\gotbtvdt}
ij=1

1 1 I 2
= Z)\Udv — Z)\U Z(ijxi)xjdt - ZS)\ po-dt

ij=1
= —Adv — —A(dv — —>\ Z bI0,,0),, dt + — /\ Z b9,,0,,dt — —S)\thgav
7,7=1 2,J=1
This, together with equality (2.2), implies equality (2.1). O
Now we are in a position to prove Theorem 1.1.

Proof of Theorem 1.1: Applying Proposition 2.1 to equation (1.2) with u = y, integrating
equality (2.1) on [0, T] x G for some § € [0,7T), and taking mathematical expectation, we get
that

n

—IE/ / b”vx ;t s)\gmbtv} [du — Z(b"juxi)xjdt] dx
ij=1

Q=1
/\E / / Qv dy — b”ywi)zjdt} dz
i,5=1

) 1
——E/ / Z b”vxzdv—l— )\b”vxlvdt da:—l— ]E// b”vziij—s)«pwth—l—g)\vQ)dx
i,0=1

4,7=1

—E/ / “A Z b, v, dt + = Z b vy v, dt — = Z b dv,,dv,, >d

i,j=1 23 1 z] 1

T 1 1 1
—HE/ / —s)\2gowt?v2dt + 55)\g0¢tt112dt - Zs)\Qgpthth + 53)\g0¢t(dv)2 - g)\(dv)ﬂ dx

2
+E / / (b0, ). +3A¢¢tv] ddt.
i,7=1

(2.2)
Now we estimate the terms in the right hand side of equality (2.2) one by one.
For the first one, since y|s, = 0, we have that v|y = 0. Therefore, it holds that
T LI 1.
—E/ / (b’jvxidv + —)\b’]vxivdt> dz
s Ja Z 4 x;
(2.3)

:—E/ /Zb” Vg, dv + /\vxvdt>ujdf—()

i,j=1
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For the second one, we have

—E/ / Z b”vm Vg — shpv? + = )xv )dx

ij=1 (2.4)
> ~CE(|V0(T) g + Vo)) + XD ey + 2B 0(0) o).

Since

/ / Z b dv,,dv,, dx

7,7=1

= —IE/ / Z b”92 a5y+g (a3y+g) dxdt

7,7=1

the third one reads as

/ / ) Z b0y 0y dt + — Z b0y, vy, dt — Z bijdvxidvxj>dx

i,j=1 zy 1 1] 1

T
1
> JE/ / IV = VU2 = C(adI Vol + [V 202 + 0%V g + 6%]g]?) | dadt

1
Z—l)\E/ /J|Vv\ dxdt — (|a3\Lw(OTW1m yt+1) / / (IVo]* + v?)dzdt
—(JE/ /02(\Vg|2+g2)dxdt.

s Ja

For the forth one, recalling that [i;| > 1 and utilizing that

E/:/G [%s)\@wt(dv)Q - é)\(dv)Z] dz

4 1 1
—E [ [ #[3oNevi(am + 9 - gAlasy + 9] dud,

(2.5)

we see

T rr 1 1 1 1
E / / bsvwfv?dt + SNt — s\ dt + Sshoun(dv)? — éA(dv)ﬂ dz
d G

1 T T T
> —S)\QE/ / oviddt + SO(/\)]E/ / pv?drdt — C’s)\E/ /(1 + ©)0*g*dxdt.
4 s Ja s Ja s Ja

Thus, we know that there exists a A\g > 0 such that for all A > ), it holds that

(2.6)

T
1
E / / [QSA%O%? 2dt + —s/\gpwttv dt — 13A2¢¢tv2dt+ L oxpuiy(dv)? — gx(dv)ﬂ dx

| (2.7)
> gsAQE / / ov’drdt — CsAE / / 1+ ¢)0*g*dwdt.



Now, we estimate the terms in the left hand side one by one. By equation (1.2) and
noting that

—IE/ / b”vzl -+ s)\gowtv] (asy + g)dBdx = 0,
1,7=1

we know that

n

E / / 3 (60, —l—s)\gowtv} [dy— Z(bijym)xjdt} dz
ij=1

ij=1

- E / / S 090s,)z, + shpvi] [(ar, V) + asy + fdeda
i,j=1

<E/ / Z(b”%) +s>\g0wtv

Tig=1

T _ n
<E [ [ [ Y00, + sxeu]
& G -

1,5=1

T . n
<E / / > 470, + Aot
1

G ij=1

T 2
d:vdt + E/ / 62 [(al, Vy) + asy + f} dtdx
e (2.8)

d:):dt+3E/ /6’2 a1 *|Vul® + aju® + f?)dxdt

d.?:dt + 3|CL1|Loo 0,T;L>(G;R™)) / / |V'U‘ dxdt

T T
+3|a2|%%o(07T;Loo(G))]E/§ /C;Ule’dt—f—?)E/(; /C;QQdefL’dt,

and that

n

-
>
=

o\ﬂ

S

fu [du — 3" Hu,), dt} dz

i,j=1

T
= —)\IE/ /HU[(al,Vy) —|—a2y—|—f] dtdx
4 Js Ja

1 T T 2
< —)\E/ /UZdQZdt—FE/ /92 (a1, Vy) —i—agy—i-f} dtdz

(2.9)

T

< —)\2E/ / 2dxdt+3E/ /92 (Ja1|*|Vul? + a3u® + f?)dzdt
64 s Ja

< —)\2 / / 2d:vdt—|—3|a1|Loo(0TLoo(GRn / /|Vv|2dxdt
64 5§ Ja
+3|a2|%%o(07T7Lm(G))E/§ vadxdt+3E/6 /GQQdexdt

13



From (2.2)—(2.9), we find
Z)\E/ /|VU| dxdt C(’a/1|Loo OTLoo(G ]Rn) +’az3|Loo 0TW1 oo(G) _'_]. / /|VU| dxdt

_C(|a2|%°f°(0,T;L°°(G)) + |a3|%§_.°(0,T;le°°(G)) + 1)E/5 /G|VU|2d$dt

Lo 1. T/ 2
+<83)\ 64)\ >E/5 Ggpv dxdt
SCE[IW(T)Iiz<G)+!Vv(5)!iz(c)+sw(T)!v( )z + sA0()|v(0)[72c)
T
+3A/ /(1 + o) (fP+ g+ |Vg|2)dxdt].
s Ja

(2.10)
Recalling that

T = |a1|%j$(0,T;L°°(G;]R”)) + |a2|%;o(o,T;Loo(G)) + |a3|%;°(0,T;WL°°(G)) +1,

from inequality (2.10), we know that there exists a A; > max {C'ry, Ao} such that for all
A > A, there exists a so(A1) > 0 so that for all s > sg();), it holds that

T T
/\E/ /|Vvl2dxdt+s)\2E/ /gpdexdt
1 G G
SOE[|VU(T>|%2(G)+|VU( )iz + sA(T)[o(T) 221y + A0 (9)[0(6)] 72 (2.11)
T
—I—s)\/ /(1+gp)92(f2+g2+\VgP)dxdt],
1 G

which implies inequality (1.11) immediately. O

3 Proof for Theorem 1.2

This section is devoted to the proof of Theorem 1.2. We borrow some ideas from [30].

Proof of Theorem 1.2: Choose t; and t, such that 0 < t; < t5 < ty. Set oy, = e+
(k=0,1,2). Let p € C*°(R) such that 0 < p <1 and that

17 t Z t27 (3 1)
7Yoo t<u. '
Let z = py, by means of y solves equation (1.12), we know that z solves
dz =Y (072,)0,dt = [(a1, V2) + a2z + py(t)y]dt + azzdB(t) in Q,
ij=1
(3.2)
z=10 on X,
2(0)=0 in G.

14



Applying Theorem 1.1 with ¢ = ¢ and § = 0 to equation (3.2), for A > A\; and s > s¢(A\1),
we have

)\]E/ 02|Vz|2dmdt+s)\2E/ 02| z|>dxdt
N N (3.3)

2 2
gOE[&z(T)Wz(T)\LQ(G)+s>\g0(T)02(T)|z(T)|L2(G)+ /Q 92|pt(t)y|2d93dt].

From the choice of p, we see that
to
E/C292|pt(t)|2y2dxdt < C/t /G€2y2da:dt < 092(t1)|y|i2f(0,T;L2(G))' (3.4)
1
This, together with inequality (3.3), implies that
T T
(o) / / Vy[2dedt + sX26(to)E / / oyt
to G to G
< AE / 0?|V 2|2 dxdt + sA’E / 02|22 dudt (3.5)
Q Q

2 2
< 092(t1)|y|ié(07T;L2(G» + CE (92(T)\vy(T) | @ T sho(T)0*(T)|y(T)|,. (G)>.

Here we utilize the fact that 6(¢) < 6(s) for ¢t < s.
From inequality (3.5), we see

T T
)\]E/ /\Vy\2dxdt+sA2E/ /gp]y|2dxdt
to G to G

_ 2 2
< CO* ()0 2(t0)\y|§;(O’T;L2(G)) + CE (92(T)}vy(T)}L2(G) + sA¢(T)92(T)\y(T)|L2(G)>.

(3.6)
By means of d(y?) = 2ydy + (dy)?, we obtain that
E | lulto)ds
G
T

= E/ ly(T)|*dx — ]E/ / [2ydy + (dy)?]d

G to G
B [P [ [ {20] 3070, + 01, V0) + eay] + agg)? s

G to G ij=1 (3 7)

T
gE/ |y(T)|2dx+CE/ /|Vy|2dxdt
G to G

T
+(|a1|%0}-°(0,T;L00(G;Rn)) + ‘Cl2|LjT°(O,T;LOO(G)) + |a/2’%_‘?,__0(07T;Loo(G)))E/ /Gy2dxdt
to

T T
SE/ \y(T)|2dw+CIE/ /]Vy]2dxdt+CT1E/ /yZda:dt,
G to G to G
15



Recalling ¢ > 1, from inequality (3.7), we know that there exists a Ay > 0 such that for all
A > Ao, it holds that

E [ Juto) ds
G
T T
<E / y(T)Pdz+ C (A / / Vyl2dadt + s\E / / o).
G to G to G

Combing inequality (3.6) and inequality (3.8), for any A > max{A;, A2} and s > so(A\1), we
have

E [ lytto)fda

< OO0y 13 010 + CF (FOITUT 2y + NPT )

(3.8)

Now we fix A3 = max{\;, A2}, from inequality (3.9), we get &
B [ lutto)ds < OO0 0oy o ey + CEME D gy (310)
Replacing C' by CesOeABT, from inequality (3.10), for any s > 0, it holds that
E /G ly(to)[2dx < 06—25<6A3“—6*3t°>w@amm o+ Ce“*Ely(T)| 7, o (3.11)

Choosing s > 0 which minimize the right-hand side of inequality (3.11), we obtain that

2 1—0 0
E‘y(t())}LQ(G) S C|y|L3_.(O,T;L2(G))]E|y<T)‘Hl(G)’ (312)
with
2(6/\3150 _ 6)\3?51)

b= C + 2(eMsto — eratr)’

4 Proof of Theorem 1.4

Thie section is devoted to proving Theorem 1.4. We borrow some ideas in [30] again .

Proof of Theorem 1.4: From the assumptions on by, by, b3, R and h, and by Lemma 1.2,
we know equation (1.16) admits a unique strong solution. For arbitrary small ¢ > 0, we
choose t; and ¢y such that

O<ty—e<ty <ty <tp.

Let x € C*(R) be a cut-off function such that 0 < x < 1 and that

]-) tStla (4 1)
X = .
0, t>t.

16



Put y = Rz (recall (1.17) for R) in [0,t2] X G. Since y is a strong solution of equation
(1.16), we know that z solves

( OVR AR 2(VR,VR)
dz — Azdt = [(bl, Vz)+ <T VZ) + <b2 + n R2
R, VR .
—2 s ( =, b1)>z] dt + hdt + byzdB(t) in [0, ] x G,
z:%zo on [0,t] x T,
\ 2(0) =0 in G.

Setting u =

2z, Doting z is the strong solution of equation (4.2) and z,, = % = 0 on
({0} x G") U ({I} x @), we know that u is the weak solution of the following equation:

2VR 2VR
du— Audt = [(b)a,, V2) + (bl,Vu)Jr((T) V) + (T . Vu )
2(VR,.VR) R
o G - T (o)), 2
2(VR,VR) Rt
+(b2+ 7 #(Sm) e
+(b3) 4, zdt 4 bsud B(t) in [0, t] X G,
u=0 on [0,to]xT
[ u(0) =0 in G.
(4.3)
Set w = xu. Then we know that w is a weak solution of the following equation
2VR 2VR
dw— Awdt = [((bl)m,xw) + (by, Vo) + ((?)xl,xw) + (T,Vw>
2(VR,VR) R, VR
+<b2+ )
2(VR,VR) R, VR
O s i R G )L
+(b3) sy X2dB(t) + bswdB(t) — x'udt in [0, t] X G,
w =10 on [0,t] x T,
(L w=0 in G.
(4.4)
By means of u = z,, and z(t,0,2") = y(t,0,2") = 0 for (¢,2") € (0,t9) x G', we see

Xz = X/ U(t, m, 95/)6177 = / w<t7 7, x/)dn (45)
0 0

This, together with equation (4.4), implies that w is the weak solution of the following
17



equation:

’dw—Awdt: [(bl,Vw) ( ZR Vw) + ((bl)m,V/xlw(t,n,a:/)dn>
0

(5,9 [ vt

o AT (S )

e SR (S [t

\w:() in G.

w =0 on [0,tg] xT,

Applying Theorem 1.1 to equation (4.6) with v (t) = —¢, noting that w(0) = 0, and that

w(ty) = u(ty) = 0, we get

/ /92 (A Vw]? + sA\*w?)dadt

SC’E/ /02|X'u|2dxdt
+Cr1]E/ /92 / w(t, N, dn’

x1 2 l
[ wtenaan] <1 [ ptena)Pan
0 0
x1 2 l to l
/ w(t,n,x')d'r]‘ d:cdtgl/ da:l/ / /02]w(t,n,x’)|2dnd:c’dt
0 0 o JaJo

to
< 12/ /QQ\w(t,n,x’)Pdndaz’dt.
o Ja

x1 )
/ \Vw(t,n, a:’)dn|‘ >dxdt.
0

Since
we know

to
L
0 G

By virtue of

V/ w(t,n,x’)dn:/ Vw(t,n,x’)dn—l—w(t,o,x’):/ Yw(t,n,z")dn,
0 0 0
we get that
/ /92 / w(t,n, 2’ / /62 / w(t,n, dn‘ dxdt
Sl/ d:vl/ / /92|Vw(t,77,:1:’)|2d77dx’dt
0 0 +Jo
to
< lz/ /(92|Vw(t,n,x')|2d77da:'dt.
0o Ja
18
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From inequality (4.7) — (4.9), we obtain that
to
]E/ / 0* (AVw|* + s\ w?)dxdt
o Ja

to to
< CIE/ /92|X’u]2dmdt+0l2rlE/ /92<wa\2+ |w|2>da:dt.
0 G 0 G

(4.10)

Thus, we know that there is a Ay = max{Cry, A\;} such that for all A > )4, there exists an

s1(Ag) > 0 so that for all s > s1()4), it holds that

to to
E/ / 0° (A Vw]? + sA*w?)dzdt < C’]E/ / 02|\ u|*dwdt.
o Ja o Ja

Fix A = A4, by the property of y(see (4.1)), we find

to
567)\ t 567)\ t
E/O /G92\X’UI2d$dt < e 1E/Q ul*dzdt < e yu 72 0,012

This, together with inequality (4.11), implies that for all s > sy, it holds that
Caalto—e) to—e to—e
e?se E/ / ([Vw|?* + sw?)dzdt < IE/ / 0> (|Vw]® + sw?)dzdt
0 G 0 G

to
gE/ /02(|Vw|2+sw2)dxdt
0 G

=4ty

2 2
< Ce** Yy |L§_-(O,T§L2(G)).

From inequality (4.13), we have

< 0623(5*A4t1 _e—M(tg—e) )

2 2
‘wng(o,T;Hl(G)) Yz ‘Li(OﬁT;LQ(G))‘

(4.11)

(4.12)

(4.13)

(4.14)

Recalling that ty — e < t1, we know e M4 — ¢=M(f0=¢) < (. Letting s — 400, we obtain that

w=0 in (0,tp —¢) x G, P-as.
This, together with equality (4.5), implies that
z=0 in (0,tg —e¢) x G, P-as.,

which means
h=0 in (0,tg —e) x G', P-as.

Since € > 0 is arbitrary, the proof of Theorem 1.4 is completed.
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