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Abstract

Classical H-measures introduced by Tartar (1990) and independently by Gérard (1991) are
not well suited for the study of parabolic equations. Recently, several parabolic variants have
been proposed, together with a number of applications. We introduce a new parabolic variant
(and call it the parabolic H-measure), which is suitable for these known applications. Moreover,
for this variant we prove the localisation and propagation principle, establishing a basis for more
demanding applications of parabolic H-measures, similarly as it was the case with classical H-
measures. In particular, the propagation principle enables us to write down a transport equation
satisfied by the parabolic H-measure associated to a sequence of solutions of a Schrédinger type
equation. Some applications to specific equations are presented, illustrating the possible use of
this new tool. A comparison to similar results for classical H-measures has been made as well.
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1. Introduction

H-measures

In various situations concerning partial differential equations one often encounters weakly
converging sequences (in order to fix the ideas, let us take u, — w in L?(R%)), which do not
converge strongly (numerous such examples can be found in [17]). For such a sequence it is natural
to consider a L' bounded sequence |u,, —u|?, which in general does not converge weakly in L', but
only vaguely (after eventual extraction of a subsequence) in the space of bounded Radon measures
(My, = C, the convergence vague being just the weak * convergence) to a defect measure v. This
simple object was the starting point of Pierre-Louis Lions’ study of variational elliptic problems
[29, 30].

Essentially, there are two distinctive types of non-compact sequences (for these two examples
we fix ¢ € C°(R?) such that [l 2(ra) = 1, and note that in both cases below one has u, — 0):

a) concentration: u,(x) := n%?p(n(x — xq)), where v = dy,, and

b) oscillation: u,(x) := p(x)e”?™"*€ where v is actually equal to |¢|? (i.e. to the measure
having density |p|? with respect to the Lebesgue measure).

In the seventies of the last century, Luc Tartar [39, 42] proposed a new mathematical approach
for solving nonlinear partial differential equations of continuum mechanics, in particular the
method of compactness by compensation (the term compacité par compensation was coined by
Jacques-Louis Lions, and it is usually translated—imprecisely—as compensated compactness).
More precisely, in continuum mechanics one distinguishes between two types of laws: the general
balance laws, which are expressed as linear partial differential equations, and are amenable to
treatment by the method of compactness by compensation, and pointwise nonlinear constitutive
relations, which are treated by Young measures. This approach led to a number of successful
applications, like those initiated by Ronald DiPerna in conservation laws [15] or by John Ball and
Richard James in materials science [13] (see also [33]).

However, in a number of situations Young measures turned out to be inadequate [41]. One
can get an idea of such an inadequacy by considering the above examples of oscillating sequences.
The direction &€ of the oscillation can be important in some problems, but neither Young measures
nor defect measures can capture that information.

This was one of the deficiencies motivating Tartar to introduce a new mathematical tool,
H-measures [40] (essentially the same objects were introduced independently, under the name
of microlocal defect measures, by Patrick Gérard [22] practically at the same time). These new
objects indicate where in the physical space, and at which frequency in the Fourier space, are the
obstacles to strong L? convergence. The corresponding defect measure can be obtained simply
by integrating the H-measure with respect to the Fourier space variable &.

Consider a domain 2 C RY; an H-measure is a Radon measure on the product Q2 x S%~1 (in
general, we can take a manifold 2, and the corresponding cospherical bundle). In order to apply
the Fourier transform, functions defined on the entire R? should be considered and this can be
achieved by extending the functions by zero outside of the domain. Such an extension preserves
the weak convergence in L2. After such adjustment, the following theorem can be stated [40, 22]
(the reader might also choose to consult [18, 44|, which are written more recently):

Theorem 1 (existence of H-measures) If (u,) is a sequence in L2(R% C"), such that

2
Up—— 0 (weakly), then there exists a subsequence (u,) and a complexr r X r matrix Radon



measure g on R% x SV such that for all 1,2 € Co(RY) and ¢ € C(S971):

lzlrp/}'(cmun') ®]:<<P2Un/)l/1<|§|> d€ = (p, (p192) M)
Rd

_ / 01(%) Ba (X)U(€) dpa(x, €) -
Rdx Sd—1

The above matrix Radon measure p is hermitian and it is called H-measure. We shall often
abuse the notation and terminology, assuming that we have already passed to a subsequence
determining an H-measure.

As an immediate consequence we have that any H-measure associated to a strongly convergent
sequence is necessarily zero.

Notation. Throughout this paper ® stands for the vector tensor product on C?, defined by
(a®b)v = (v-b)a (in components (a ® b);; = a;b;), while X stands for the tensor product of
functions in different variables. By - we denote a (complex) scalar product for vectors and matrices
(linear operators, elements of Mgy 4) on C%, in the latter case defined as A -B = tr(AB*). On the
other side, (-,-) denotes a sesquilinear dual product, which we take to be antilinear in the first
variable, and linear in the second. When vector or matrix functions appear as both arguments
in a dual product, we interpret it as (u,v) = [v-u= (v |u) and (A,B) = [B-A = [tr(BA*).
This choice allows us to use the complex scalar product, while preservmg the known formulse for
H-measures.

Variables in R x R? are denoted by (¢,x) = (t,z!,...,2%) = (20, 2',... 29), whichever is more
convenient, and Jy = i Similarly for the dua] variable (1,&) = (7, &1, .., &q) = (€0, 61, -+, 4),
where the derivatives are denoted by 9= 6{ We conveniently write Vi x = (0o, Vx), and use V

for Vx. When we deem it convenient, we explicitly write the variables of differentiation, like V&
and Vy, or for Schwartz’ notation 0 (where o € N is a multiindex). Summation with repeated
indices, one upper and one lower, is assumed. -

The Fourier transform is defined as 4(§) := Fu(€) := [ga e~ miEXy(x) dx. As 0jf = 27m'§jf,

occasionally it will be more convenient to use the reduced derivative operator D; := %mﬁj (sim-

ilarly we define D7 := %83' ) in order to have a simple relation ﬁj\f =& f , which we shall need
for symbols of (pseudo)differential operators.

We denote the Lebesgue measure by A and integration over R% with respect to the Lebesgue
measure by dx = d\(x); for integration over a surface we simply write dA. Closed and open
intervals in R we denote by [a,b] and (a,b), and analogously for semiclosed [a, b) and (a, b].

loc(Rd; CT)
as well; however, in that case p is not necessary a finite Radon measure, but only a distribution
of order 0 (in the Bourbaki terminology, a Radon measure), which we shall denote by p €
M(R% Mxa) = (Co(R% Maxa)) -

H-measures, when applied to multiphase composite materials, appear as two point correlation
functions which play a crucial role in estimating their effective properties. They were applied by
Robert Kohn to multiple-wells problem (quadratic wells in linearised elasticity) [26], where the
solution is equivalent to finding all possible H-measures of phase mixtures, being the relaxation
of multiple-wells energies (the practical interest being in modelling coherent phase transitions).

One successful application of H-measures is also in extending the compactness by compen-
sation theory from constant coefficient differential relations to variable coefficients [40]. Assume
that u, — 0 weakly in L2(R% C") and satisfy the following differential relations in divergence
form (summation over k € 1..d is implicitly assumed)

"
A result similar to Theorem 1 is valid for weakly convergent sequences (uy) in L2

On(AFu,) =1, ,



where each A* is a continuous r x r matrix function, while f, — 0 strongly in Hi}i(Rd; Cn).
Denoting (after passing to a subsequence if needed) the H-measure associated to (u,) by pu,
we have, with the principal symbol (to be precise, up to a multiplicative constant 27¢) in the

differential relation being P(x, £) := & AF(x), the following localisation identity on R® x S4~1:
Pu=0.

This result implies that the support of H-measure p is contained in the set {(x, &) € R% x §4-1 .
det P(x,&) = 0} of points where P(x, &) is a singular matrix.

A more complicated result is the propagation principle [40], which in a more general setting
of symmetric systems takes the form [1]:

Theorem 2 (propagation principle for symmetric systems) Let the hermitian r X r matriz
functions A¥ be of class C{() and let B be of class Co(Q; Myx,.). If for every n the pair (un, f,)
satisfies the system

Akakun + Bu, =1, ,

and both sequences (u,) and (f,) converge to zero weakly in L2(Q; C"), then any H-measure

Hi1 M2
H fry
[Hzl N22]

associated to (a subsequence of ) the sequence (un,f,) satisfies, in the sense of distributions on
Q x S the following first order partial differential equation:

8l(61P M) — OIT(@ZP “pyp) +(d—=1)(9P - Hn)fl + (28 - alAl) 11 = 2Retrpy,

where 8% = 0 — £l&,0" is the (I-th component of) tangential gradient on the unit sphere, while
S is the hermitian part of matriz B. .

The microlocal energy density for the wave equation, with smooth non-oscillating coefficients
and oscillating initial data was successfully computed by Gilles Francfort and Frangois Murat in
[19], by considering the initial-value problem for H-measures (see also [23]). Well posedness of
such evolution equations for H-measures associated to sequences of solutions of linear transport
equations was studied by Sergey Sazhenkov [37].

While Tartar defined H-measures for sequences of functions taking values in finite dimensional
spaces, Gérard [22], with a goal of an application to averaging lemmata, considered also the
functions taking values in a separable Hilbert space. Another such extension, to H-measures
parametrised by a continuous parameter, was proposed by Evgenii Panov [34] (see also [27]),
with applications in the theory of conservation laws. Some other variants were introduced in [10]
and [32].

Related, but certainly different objects are semiclassical measures first introduced by Gérard
[21], and later renamed by Pierre-Luis Lions and Thierry Paul [31] as Wigner measures. Their
relation to H-measures was a source of some controversy and conflicting opinions, to which we do
not want to contribute, but refer the interested reader to [31, 41, 44] instead.

The above mentioned variants are not the ones we are going to study in this paper. Our
goal is to replace the 1:1 ratio between ¢t and x variables in the definition with 1:2, which will
be suited to parabolic problems, as well as to some other situations where such ratio occurs.
For such a ratio, we would like to present a theory parallel to what Tartar did in [40], with
respective applications. Clearly, based on this, additional variants along the above lines might be
introduced. Also, the ratio 1:2 might be replaced by 1:3, 2:3, or some other, but we have not yet
worked out any interesting applications in such cases.

This paper is a part of a long-term research programme started in [1] (a parallel recent
development towards the same ultimate goal can be found in [4, 5]), where it was clear that for



symmetric systems that change their type an improved version of H-measures was needed. Our
hope is that better understanding of parabolic H-measures provided by this paper would, besides
presenting a number of immediate applications, bring us closer to a new tool, applicable in more
general situations.

Parabolic variants

The study of parabolic H-measures has been motivated by a similar problem to the one which
motivated Tartar to introduce the original ones; namely the simple model based on the Navier-
Stokes equation [40], where in the stationary case the correction term in the homogenised problem
could be expressed using the corresponding H-measure. However, for the time-dependent case,
where the equation is parabolic, this was not possible. This prompted Tartar to consider parabolic
scaling, in some discussions with Konstantina Trivisa and Chun Liu in 1996/97. This was partially
written down in [42, pp. 67-69], while quite recently the correction term was expressed via a
variant parabolic H-measure in [9] , where it was also proved that this correction is symmetric.

As already stated, H-measures are defined as Radon measures on the product Q x S%1; we
often refer to Q C R? as the physical space, while & € S4 ! is the dual variable to x € R%
Symbols are functions on the phase space, in variables x € Q and & € RY := R%\ {0}, satisfying
certain properties; in the simplest case they are products p(x,&) = a(€)b(x). In particular, it is
assumed that a is defined on S9!, and then extended to R¢ by homogeneity a(€) = a (£/|€]).
This introduces the projection & — é—‘, of R4\ {0} onto S9~!. If we denote the origin by O, and

for a given point S, by Sy its projection to S¢~1, while by S’ the intersection of the ray OS with
the circle around O passing through another point 7' (see Figure 1), we have equal ratios:

d(So,To) : 1 =4d(S,T") : d(O,S) =d(S',T) : d(O,T) ,
which easily leads to an important inequality

d(s,T)
d(0,8) +d(0,T)

d(So,Tp) < 2

On the other hand, when dealing with the non-stationary Stokes equation, or the heat equation
U — Uge = 0, we are led to consider some variants [7]. The symbol of the heat operator is it + £2,
and the natural scaling is no longer along the rays through the origin, but along the parabolas
7 = c£2 in the dual space (Figure 2).

>
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Figure 1. Projection on the unit sphere. Figure 2. Projection on a parabolic surface of order four.



Function a should be constant along these parabolas, and we can choose a set of representative
points of each parabola. One choice could be the points of intersection with unit sphere S%1;
however, the coordinate expression for the projection, which we are going to use quite often, is
not convenient in this case.

A smooth compact hypersurface we chose in [8] was implicitly given by:

=t . o7, &) = (2n7)* + (2nl€)T =1 .

For any given point (7,&) € RY, its projection to I1%~! is given by (as ¢ > 0 on RY, by choosing
positive determination of roots, the projection is uniquely defined)

m(1,€) = <U2(:,§)’ o(iﬁ)) .

In particular, from this formula it is clear that we indeed have a projection on IT¢~ 1.
On the other hand, in this case we were able to prove [8] an inequality of the form

d(s,T)

d(S0, T0) < O a5

which is valid only for S and T far away from the origin.

In general, one can define a variant H-measure as long as one has a smooth compact hypersur-
face ¥ in R%, and a smooth projection 7 : R? — ¥ (some details can be found in [44, Ch. 28]).
However, for some additional results the choice of ¥ and =, and the corresponding inequalities
similar to those mentioned for particular cases above, are important.

Parabolic variants presented above have proved to be a successful tool when applied to ho-
mogenisation (]9, 11]), velocity averaging [28, 35]), and some other types of problems. However,
in order to set up a complete theory of parabolic H-measures, parallel to the one developed by
Tartar for the original H-measures, we had to introduce a new variant. The crucial ingredient
was the correct choice of the domain (i.e. the smooth hypersurface in the dual space), making the
partial integration in the dual space feasible. This allowed us to prove the propagation principle,
resulting in a transport equation satisfied by the parabolic H-measure associated to a sequence
of solutions of Schriodinger type equations. At the same time, we were able to preserve the lo-
calisation principle (for which an earlier variant was tailored for), and the referred applications
remain feasible with this new variant as well. Even though we used the localisation principle
earlier [6], this is the first published proof of the result for any parabolic variant (it requires
fractional derivatives, which are nonlocal operators, a dissimilar situation compared to classical
H-measures).

In the next section we introduce the new parabolic variant, describing the properties of the
new scaling; in particular, by proving the integration by parts formula. We also state the existence
result for the new variant, some of its immediate properties and two standard examples. A number
of proofs has been omitted, as they are quite similar either to the proofs for classical H-measures,
or already published proofs for earlier parabolic variants.

In the third section we prove the localisation principle, and the propagation principle in the
last section. For this we had to introduce anisotropic Sobolev spaces and fractional derivatives.

Some applications to classical partial differential equations are presented, immediately follow-
ing the introduction of general properties of parabolic H-measures, illustrating the possible uses
of this new tool. Throughout the paper we tried to keep the regularity assumptions on symbols
minimal, having in mind that in applications they are the coefficients in differential equations. At
the same time we sketched the possibility of proving similar results in the smooth case by using
classical results on pseudodifferential operators [25].

We conclude the paper with a comparison of the propagation results for classical and parabolic
H-measures.



2. New parabolic variant

New scaling

In the study of parabolic equations it is convenient to single out one variable ¢ (the time), so
we shall systematically use (¢,x) € R in the physical space, and analogously (7,&) € R*% in
the dual space.

Let us denote by P4 a smooth hypersurface (in fact, a rotational ellipsoid) in R!'*? defined
by 72 + g = 1, and by p a parabolic projection (this particular projection we denote by p; while
discussing other projections we use 7 instead) of the set R1*4 := R\ {0} onto P?, defined by
the relation

-— T 5 .
p(7,€) : <|£/m2ﬁ_wqg/24—%r2’NA5/2P-+ |£/2|4+T2>

This is a parabolic projection indeed, as p(A\27, \¢) = p(7, &), so the whole branch of parabola
{(N27,X\¢) : A € RT} (such a branch we call the coordinate parabola) is projected to the same
point on P<.

In the sequel we shall denote the introduced projection of a point T' = (7,€£) € R1T4 by

-
T = (€)= 0(T) = 2476 = (g gy )
where p stands for the non-negative function defined by p?(7,&) := |€/2|> + \/|€/2|* + 72. Both
T and Ty lie on the paraboloid o = an?, a = 7/|€|? (on the line 7 = 0 for £ = 0, and on the plane
o =0 for 7 = 0). The projection p is constant along any meridian of the above paraboloid (on a
coordinate parabola) through point T’ (Figure 3), while function p takes constant value A € R
on each ellipsoid 72 + |\¢|2/2 = A*. Note that the value A = 1 corresponds to P?, and that P?
can alternatively be characterised as the set of all points satisfying p(7, &) = 1.

ThA
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Figure 3. The new parabolic projection on P Figure 4. The variables appearing in the inequality.

By means of p we define a mapping associating to a pair of points T' = (7,£) and S = (0, n)
the value

TS|y :=p(T = 5) =p(r—0,§— 7).



It can easily be checked that the introduced function is a parabolic distance (metric) on R (in
fact, it is uniformly equivalent to the classical parabolic metric [20, 3.2]

dp(S,T) == /|7 — o| + € — n[?;

the Euclidean norm and metric being written without a subscript, while for the parabolic quan-
tities we write the subscript p).
The crucial property of the introduced scaling is contained in the following lemma.

Lemma 1 For points T, S € R1T? the following inequality holds

TSlp

< ' r

where O = (0,0) is the origin (see Figure 4).

Dem. LetT = (1,&) and S = (0, n); without loosing generality we assume that p(7') > p(S) > 0.

By denoting 1/r = p(T) = |OT|, and 1/s = p(S) = |OS|,, we can write the parabolic
projections of T and S as Ty = (r27,7€) and Sy = (s%0,sn). Let S’ = (r0,rn) be the intersection
of the coordinate parabola through S (and Sp) with the coordinate ellipsoid p = r/s < 1, which
is contained inside P¢. The triangle inequality for Euclidean distance gives us

|T0S0| < |T()S/| + |S/S()’ .

For the first term on the right hand side, let us denote t := |19 — 0’|, = := |€, — 7’|, and notice
that both points are contained within P%, where ¢ < 2, so that t? < 2¢. Therefore we have

< 2&((2)2 + (3)4 + t2> = 2V2? (¥ (r — o), r(E — m)) = 2V2 (TS 3,

which gives us the bound |TpS’| < V2v27|TS|,.
It remains to estimate the second term:

[5"Sol = V/(s? = 12)202 + (s = r)2[n]2 = (s — 1)/ (s + 1)20% + [n]2.

However, (s +1)? < 452 = 4/p%(S) < 4/|o|, so (s +7)%0? + |n|? < 4|a| + |n|? < 4p?(9).

On the other hand, as p(- —-) is a metric, s—r = rs(p(T) — p(S)) < rsp(T'—S), which implies
|S"So| < 2rp(T — S) = 2r|TS|p.

Finally, taking into account the assumption r < s we get the required symmetric formula

TS lp

< _
I ToSol < 2<2 + 2\6) 0T, + |0S],

Q.E.D.

Parabolic scaling and integration by parts

In comparison to other choices of hypersurfaces I1% discussed in the Introduction, the advan-
tage of this one is in the fact that the curves along which the projections are taken (the coordinate
parabolas) intersect the ellipsoid P< in the normal direction, as it was in the classical case, where
the rays from origin normally intersected the unit sphere. Indeed, the normal to P has the form
(27,€&) T, which is equal to the velocity (2A7,&)" (for A = 1) of the above parabola parametrised
by A, as described above.



Each coordinate parabola is uniquely determined by the point of its intersection with ellipsoid
P¢, while a point on the chosen coordinate parabola is determined by parameter A € R*. Based
on this observation, and following the analogy with spherical coordinate system, we can introduce
a curvilinear coordinate system on R!*¢ (the only singularity being the origin O). However, this
coordinate system is not orthogonal, except on the ellipsoid P?, which will suffice for our needs
to carry out integration by parts (being necessary for applications of the propagation principle;
for the classical case see the last equation in Theorem 2).

Let us calculate the mean curvature H of the rotational ellipsoid (with semiaxes equal to a
and b) in R, which will be needed later.

The ellipsoid can be described as a level surface:

F(£07£1>7§d) 5*0"‘%‘1‘ +%—1

First we calculate (| - | denotes the Euclidean norm in R*9):

ZaGRIEEICI-

IVF| (&0, €) =2\/§° +%+ + f;i !

while the Hessian is of the form

% 0 0
0 32 0
VVF(&,€) =
0 --- b%
Without loss of generality, we can consider the curvature at the point p = (£,£1,0,...,0),

as the curvatures will stay the same along the whole parallel on the rotational ellipsoid.
For calculating the mean curvature we can use a well known formula [45, Exercise 12.16]

S )

where vectors vy, ..., vg form an orthonormal basis for the tangential space at the given point p,
while k(v) denotes the normal curvature in the direction v.
It can easily be seen that (the second expression does not change along a parallel)

&M—‘

1

—_

2 2 - 2 2
T8 JEeau5)

al

so we actually have the following orthonormal basis
= (/% —akp/a?,0,...,0), vo = (0,0,1,0,...,0),...,vg = (0,...,0,1)

for the tangent space at p.
Now we can apply another well known formula [45, Exercise 12.1] (here Sp, denotes the second
fundamental form to the ellipsoid at p)

k(v) = Sp(v) = — ' F(p)viv;

IVE(p)|



which gives us:

o3
w1) = g
k(vy) = —a/b?
k(vg) = —a/b? .

The mean value of these normal curvatures is the sought mean curvature H(p).

One can easily check that the directions have been chosen in such a way that the above
numbers are, in fact, the principal curvatures, their product being the Gauss-Kronecker curvature
K(p) [45, p. 91].

In particular, we have for P¢ that a = 1 and b = /2, so the mean curvature is

e
H(p) = (0> +d 1),
with o? = TQLH (of course, T = &y, as specified in Notation at the beginning of the first section).

Lemma 2 (integration by parts formula) For p and q, a scalar and a vector function of
class CLRTY), the following formula for integration on a C? level surface P in R*? holds

/ (Vrp-q+p(divg—Vq-(n®n)))dA = —d/ Hpq-ndA.
P P
Here n stands for the outwardly directed unit normal vector to P, H for the mean curvature of

surface P, while Vp := V —nV, is the tangential gradient on P (Vof := VYV f-n denotes the
normal component of the gradient).

Dem. We start from the formula [24, Lemma 16.1]
/ (Vg —(Vg-n)n)dA = —d,/ gHndA,
P P
where g is a C! scalar function.

Taking the i-th component of the formula above, and inserting g = f;, where f = (fo,..., fa)"
is a vector function, after summation with respect to 7 we get

[ orsiaa= [@fi—(henniaa=—a [ mpaaa,
P P P
which can be written in an intrinsic form as:
/(divf—Vf-(n@n))dA:—d/ Hf-ndA .
P P

Now we can take f = pq to obtain

/ (Vp-ﬁ +pdivg— (pVg+Vp®q) - (n® n))dA = —d/ Hpq-ndA,

P p

i.e.
(1) / <(Vp —(Vp-n)n)-qg+p(divg—Vqg- (n® n)))dA = —d/ Hpq - ndA.

P P

Q.E.D.



Applying the lemma to the rotational ellipsoid P?, where the mean curvature is H = —2%(042+
d — 1), we get the following corollary.

Corollary 1 For p € CYR?) parabolicly homogeneous, and q € C* (R4 R, one has

/ (Vp-q+p(diva—Va-(n@n))dd= | % +d—1)pq-nda.
pd pd

Dem. As p is parabolicly homogeneous, it is constant along meridians of paraboloids T = a|€|?,
while these parabolas are normal to the surface P¢ at the intersection points, so the term V,p in
(1) vanishes. Q.E.D.

Existence

When defining a new variant of H-measures, we consider two types of elementary operators on
L2(R'*%). For a function ¢ € C(P?) we define an operator P, on L2(R*?) by Pyu := ((vpop)d)Y,
i.e.

2) (Pt = [

R1+d

27Ti(tT+X'£)w( T 6 ) ~ € d d€

e : a(r, &) drd€ .

2.8 ore) "7

Clearly, Py is a bounded operator, called (the Fourier) multiplier, with norm equal to ||¢||r.
For ¢ € Co(R'T9) a (Sobolev) multiplication operator My on L2(R1*%) is defined,

(3) Myu = ¢u,

with norm ||¢[|; . It might be of interest to note that both ¢ +— Py and ¢ — My are linear
isometries.

By approximating v uniformly by Lipschitz functions, we can prove the First commutation
lemma, essentially following the same steps as in [40, 7]. Of course, the crucial réle in the proof

is played by Lemma 1, as it is played by inequality ‘I%\ — ﬁ;—“ < 2% in [40], or Lemma 2 in

[7] (Lemma 2 in the cited paper!).

Lemma 3 (first commutation lemma) If ¢» € C(P%) and ¢ € Co(R'T%), the commutator
. . 2R 1+d
K := [Py, My] is a compact operator on L=(R'™%). .

The main theorem on existence of H-measures with parabolic scaling now follows as in [40, 7].
We believe that the reader will neither have any difficulties in repeating that proof, nor with the
proof of next theorem. Let us just mention in passing that everything remains true also in the
case where R4 is replaced by any open set Q@ C R!*?, as we can easily extend L? functions by
zero to R1T4\ Q, preserving the weak convergence to zero. The resulting parabolic H-measure
will not be supported in the interior of R\ Q, due to Corollary 3 below.

Theorem 3 (existence of parabolic H-measures) If (u,) is a sequence in L2(R'T¢;C"),

such that uni 0 (weakly), then there exists a subsequence (u,) and a complex r X r matric
Radon measure p on R x P4 such that for all ¢, p2 € Co(R'™?) and ¢ € C(P?):

linrp / F(prup) @ F(poup ) (1 o p) d€ = <M7 (¢102) K 1/’>

R1+d

— / 61 (%) B2(x) 0 (€) dpa(x, £)

RI+dxPd



Measure p from the above theorem we call the parabolic H-measure associated to (a sub)se-
quence (of) (u,). A sequence (uy,) is called pure if the associated parabolic H-measure is unique
for any chosen subsequence. Of course, to a sequence converging strongly, it corresponds the
parabolic H-measure zero. The opposite is true, but only in L120c-

Indeed, a simple example is furnished by taking a nontrivial v € LZ(R!'T%), and considering
the sequence uy,(t,x) := v((t,x) — ne), e being a unit vector, which weakly tends to 0. The
supports of u, tend to infinity, but the convergence is not strong, while the parabolic H-measure

is zero.

If Py and M, are operators defined by (2) and (3) respectively, by the means of First com-
mutation lemma the limit from the last theorem can be rephrased as:

o —

(4) i ( Py Mgun | Up )p2gica) = 1inLn< (Y op)in | (¢un)

Drria = 0BV
where p is the parabolic projection defined above, i.e. 1 op is parabolicly homogeneous extension
of function ¢ to R4,

If we restrict test functions ¢ to those with compact support (i.e. ¢ € C.(R!*9)), the above
theorem is valid for weakly convergent sequences (u,) in L2 (R4 C") as well (however, in that
case p is not necessary a finite Radon measure, but a distribution of order 0). In the sequel, we
shall use both forms, whichever will be better suited to the intended application.

Immediate consequences of Theorem 3 are the following corollaries; their simple proofs are

almost identical to analogous statements in [8, Corollaries 4.1.1-3].

Corollary 2 Parabolic H-measure p is hermitian and non-negative:
p=p" and (Vo € CR'MEC)) (n,p@d) >0,

where (p, p @ @) is considered as a Radon measure on P, In particular, p is supported on the
support of its trace tru. .

For parabolic H-measures we have simple localisation as an immediate consequence of the
definition.

Corollary 3 Let the sequence (u,) define a parabolic H-measure w. If all the components u,, - ;
have their supports in closed sets K; C R respectively, then the support of the component
pe; - ; is contained in (K; N K;) x P2. .

To an L? sequence (u,,) we can associate a defect measure corresponding to (u2). Its connec-
tion to parabolic H-measures is given by the following corollary.

Corollary 4 If u, ®u, converges weakly* in (Co(R'T% M,«,)) to a measure v, then for every
b€ Co(R1+d)!
(v,0) =({n, oW 1),

where p is any parabolic H-measure determined by a subsequence of (uy). .
Next lemma gives us a relation between parabolic H-measures associated to conjugated (the
complex conjugation being performed on each component of vector u,) sequences (v. [9, Lemma

1]).

Lemma 4 Let (u,) be a pure sequence in L2(Rt% C"), and p the corresponding parabolic
H-measure. Then the sequence (Uy) is pure with associated parabolic H-measure v, such that
v(t,x,7,€) = pn' (t,x,—1,—&).

In particular, a parabolic H-measure p associated to a real scalar sequence is antipodally

symmetric, i. e. p(t,x,7,€) = p(t,x, —7, —§&). .



First examples

As for the original H-measures, we are particularly interested in the examples of sequences
converging weakly, but not strongly, i.e. to oscillating and concentrating sequences, as typical of
such behaviour.

Example 1. (oscillation) Let v € L2 (R'*?) be a periodic function with (for simplicity) unit
period in each of its variables. Thus it can be written as a Fourier expansion

’U(t,X) _ Z '[)w,k 627ri(wt—i—k-x) ,
(w,k)eZ1+d

where 7, x denote Fourier coefficients of function v. Furthermore, we assume it to have zero mean
value, i.e. 99 = 0.
For o, B € R, let us define a sequence of periodic functions with periods approaching zero:

up(t, x) := U(nat,nﬂx) = Z D e2ﬂi(nawt+nﬁk~x) ’
(w,k)eZ1+d

Then (u,,) is pure, and its parabolic H-measure (for details see [8]) is

A~ 2 ) 2
Do heklPoz 0T &) + 3 [hoxldg k(1 €),  a>28
(w,k)ezltd oz
w#0
A~ 2 R 2
it ) = A 2l S0, (m &)+ z:z 00,070 2.0)(T: &), <28
(w,k)ezZ1+d b=
k40
Z |ﬁw,k|25< » ; )(T’ 5)’ a=283.
(w,k)ez!td 02 (w k)’ p(w k)

Example 2. (concentration) For given function v € L2(R!*9) and a, 8 € R* we consider a

sequence of functions
U (t,X) 1= n®FPdy(n22t, n?x).

The above sequence is pure, with the associated parabolic H-measure (the details, mutatis mu-
tandis, are to be found in [8])

[ ttemPo(Z0)dzan + | ja0.mpe(o. ) an. a2

a| Ll
(1, B V) = 6(0,0) /R 2o mPo (0, 1L ) dodn + /R 00,06 (7,0) do. <28
o(0,m)[? d 1) dod —28.
sl (s s ) doan oo

It might be of interest to note that any non-negative Radon measure on Q x P of total mass
A? can be described as a parabolic H-measure of some sequence u,, —* 0 with L?(2) norm not
greater than A + ¢, as it was true for classical H-measures. The proof resembles the one in [40,
Corollary 2.3], and is left to the reader.



3. Localisation principle

Anisotropic Sobolev spaces

In preparation to state the localisation principle, we are first going to define certain func-
tion spaces, and describe their essential properties. While we first introduced these spaces as a
necessary framework for our immediate goal, we only much later learned that such spaces had
previously been studied as a particular generalisation of Sobolev spaces.

In particular, the spaces we are interested in consist of temperate distributions u such that
ki € L2(R*?), for some weight function k, which are described in [25, 10.1] and denoted by By
there. While we are going to recall the main properties of these spaces in our notation, we refer
the reader to look up the details and, in particular, the proofs in Héormander’s book.

Analogously to isotropic Sobolev spaces H?, for s € R, we can define special anisotropic
function spaces

HE (R = {u €S ki€ L2(R1+d)} :

where we define:

— Y1+ (2rr)? + 2nlE))?
Here, index p denotes the fact that kp is adjusted to parabolic problems; we shall also use

k(&) := /1 + (2n|€])?, which figures in the definition of isotropic spaces (in fact, H® = By s,
while H2'® = B, ks, using Hoérmander’s notation). With the scalar product

(ulv)yssmivay = (kp @ | Ky 0)r2mava),

Hz *(R'™%) is a Hilbert space. Also, for s € R*, space H"2(R'*9) is continuously embedded
into H=2"~*(R!'*4). Indeed, for u € H™2 (R'*9) the integral Jri+a [4?k, ?5drdg is finite, and the
statement follows from the inequality

3

1

—S

%o <¢1 )+ (i€’ ) <¢1 )

Remark. It might be of interest to note that kg = 1+ o*, where o was used to define the

—s/2

compact hypersurface II¢, which was used in the definition of variant parabolic H-measure in 18],
as described in the Introduction. Actually, it was this convenience in calculations that prompted
us to consider such variant. However, in order to get the propagation principle, we had to replace

o by p. .

Lemma 5 We have S < H2 5(R'™t?) < &', the embeddings being dense and continuous. Fur-

thermore, C°(R*9) is dense in H2 *(R'*%), .

Lemma 6 If we define H*"(R*?) as the set of those u € S’ such that ({/1+ (27|€))Y) 0 €
L2(R*9), then for any compact set K C R*? the embedding

HO: (R N E(K) — H 2 ~5(R'HY)

s compact, provided r < s.

As the space H2'*(R'*) is semi-local (v. [25, loc. cit.]), the smallest local space containing
it is
H27

loc

"R = {ue DRI (V€ CERITY) pue HEI(RITD ]



Naturally, it is endowed with the weakest topology in which every such mapping u — @u is
continuous.

The principle

Besides a simple localisation result expressed in Corollary 3, as for classical H-measures, we
are able to prove a more powerful localisation principle, which is quite useful in various applica-
tions (as it was in the classical case). Let us just mention the small amplitude homogenisation
[11], where the precise argument relies on this principle. Also, when we shall later study the prop-
agation principle, the localisation principle will be used first to reduce the form of the parabolic
H-measure. Finally, compactness by compensation turns out to be a special case of the localisation
principle.

First we need to define the fractional derivative: v/8; denotes a pseudodifferential operator
with a polyhomogeneous symbol v/2miT, i.e.

Vou =F (\/% a(T)) .

Here we assume that one branch of the square root has been selected.
The introduced operator is well defined on the union of Sobolev spaces H™°(R!*9) =

Us HS(RH_d).

Theorem 4 (localisation principle) Let (uy,) be a sequence of functions uniformly compactly
supported in t and converging weakly to zero in L2(R'T%;,C"), and let for s € N

(5) A Up) Z 0% (A%u,) — 0 strongly in H,_ - "R |

loc
loe|=s

where A%, A® € Cyp(R'T4 My, (C)) (i.e. in C(RM; My, (C)) NL®(RFE My, (C))), for some
Il €N, while a € Ng.
Then for the associated parabolic H-measure p we have

<(W)SA0 + ) (27ri§)°‘A°‘) p' =o.

lar|=s

Dem. Let us first show that an analogue to relation (5) holds for any localised sequence (¢uy,),
where ¢ € C®°(R*?). First, we take ¢ € C°(R?) (a function independent of t), for which we

have
Vo (A%u) + Y 02 (A%gu,) = ¢>< T(A%,) + Y a2 (A% >

lor|=s lor|=s

+ > Z ( >a£¢a§“‘ﬂ>(Aaun).

la|=s[8]=1

By Lemma 6, the terms under the last summation converge strongly to zero in H™ 2> ~* (R4,
The remaining terms converge in the same space by the assumption (5) of the theorem, which
proves the claim.

For an arbitrary ¢ € C°(R!*9), we can take a time independent function ¢ € C°(R%) such



that ¢ = ¢p. Taking into account that p*(7,€&) < (277)2 + (2n|€])*, we get

|V (aou) + 37 a2 (A%u,)

|| =s

S

H_f’_s(Rler)

V2miT ) Koo ng)a Ic
) <€/(27TT)2 + (2m€))* Pn gj Y/ @rr)? + (2r(€)t” A, L2(R1+d)
<reatiun 3 Patonton)]
|o|=s
< (b( SDUn Z P A ©Up, )‘ L2 (R1+4)

+| PS,M¢]<A Pun) + 3, [P Myl (A% puy)

|a|=s

L2(R1+d)’

T S
where P; and P, denote Fourier multiplier operators associated to symbols ps = (V 2””) and

p(T.€)
Do = (2(7:?)3 , respectively. By the First commutation lemma the commutators [P, My] and

[Po, My) are compact operators on L2(R'*9), thus implying the convergence of the last term
above to 0. According to the first part of the proof, the uniformly compactly supported sequence
(gpun) satisfies the analogous relation to (5), and by Lemma 7 below, the sequence of functions

Py(A%u,) + > laj=s Pa(A%puy) converges strongly in L2 (R'™¥). Thus we have shown that

VO (Auy,) + 2 jafes Ox (A%@uy) — 0 in H™ 275(R19), as well as

p~*(1,€) (V2mir Adgu, + > (2mi€)*A%0u, ) — 0 in L*(RITY),
|ax|=s

After multiplying the n-th term of the above sequence by @ and v o p, for 1) € C(P?), we
have that

0 = lim / (wop)<<%> Agu,, + Z 27”5 Aaqﬁun)@(@)dmg

1 y S y « [0
- <p(7_’£)s(\/27n7') AY+ Y (2mig)*Acp, Wx@.

lov|=s

As p(7,€) = 1 on the support of parabolic H-measure u, the claim follows. Q.E.D.

Remark. The supports of u,, have to be contained in a fixed compact, as 1/9; is not local, and
we lack an appropriate variant of the Leibniz product rule for fractional derivatives. Of course,
for an even integer s the proof is much simpler.

This assumption can be substituted by the requirement that coefficients A% have compact
support in . .
Remark. The principle can easily been generalised to sequences with mixed time and space
partial derivatives. Thus the strong convergence

S V0% (Agaun) — 0 in HLZT(RITY
B4 lal=s
implies

( Z (v 27ri7)5(27ri§)°‘A57a> p' =o0.

Btlal=s



Lemma 7 Letf be a measurable vector function on R?, and h a continuous scalar function of the
form h(x) = Zle |22t a; € N. Suppose (uy,) is a sequence of vector functions with supports
contained in a fived compact set such that u, — 0 in L2(R% R"), and

f 2

(1+h) (RY

for some constant f € RT. If h=3f e L2 (R%R"), then also
loc

b, — 0 in LI (RY).

f
hB
The proof can essentially be found in [9, Lemma 3].

Application to the heat equation

A natural next step is to apply the localisation principle to oscillating sequences of solutions
of some well-studied parabolic equations. We start with the heat equation on Rt x R%:

© { dyu — div (AVu) = f

u(ov ) = Uuo,

where A € L>®([0,T] x R% Myx4(R)) is a positive definite matrix field, i.e. A(t,x)v -v >
alv|? (ae. (t,x) € [0,T] x RY), for some a > 0. The existence and regularity of a solution
to (6) is derived from the theory presented in [14, Ch. XVIII, §3], for which one needs the
following result.

Lemma 8 Let X,Y be (complex) Hilbert spaces, such that X g Y (continuously and densely
embedded), and let a,b € R. Then

W(a,b; X,Y) = {u :u € L2([a, b); X), Oyu € L2([a, b];Y)}

is a Hilbert space with the norm defined by ||lulls, = ||u||i2([a,b];X)+ ||8tu|]iz([ by)- Further-
more, the space C°([a,bl; X) (restrictions of functions from C°(R;X) to [a,b] N R) is dense
in W(a,b; X,Y).

In particular, if X =V, Y =V', and H is a Hilbert space such that V.— H = H — V' (we
identify H with its dual H'; the embeddings are continuous and dense), i.e. V,H and V' form a
Gelfand triplet, then the following embedding holds

W(a,b; V) :=W(a,b;V, V") — C([a,b]; H) .

In the case —a = b = oo we shall usually write W(R; X,Y") instead of W(—o0,00; X,Y).
The existence result for (6) is now given by the following theorem.

Theorem 5 Letug € L2(R?) and f € L2([0, T); H"Y(R%)). Then under the above assumptions on
coefficients A there exists a unique solution u of (6), uw € W(0,T; H'(R%)) — C(]0,T]; L2(R%)).
Furthermore, the following bound holds (C being a positive constant, independent of uy and f)

el o 200 ey < C (o laqeay + 1 lao,myn-s ey ) -



The energy in this problem is

with the time derivative

d
B0 = 2mmof u(t) ot )

— zHl(Rd)< ult, ), div(A(t, ) Vu(t, ) > + zHl(Rd)< ut,-), £(, ) >

H-1(R4)

= -2 " A(t,x)Vu(t,x) - Vu(t,x)dx + 2H1(Rd)< u(t,-), f(t,-) >

H-1(R4)

Hfl(Rd) ’
which holds for a.e. t € [0,T]. The application of Gauss’s theorem is justified, as the functions
with compact support are dense in L2(R%).

In the sequel we consider a sequence of initial-value problems

(7)

Opuy, — div (AVuy,) = divf,
’LLn(O, ) = Tn,

where f, — 0 in L2 _(R*;L2(R%RY), 4, — 0 in L2(R?), and we additionally assume A €
Cb(].:{,+ X Rd;MdXd(R)).

The energy dissipation is described by the quadratic term with Vu, converging weakly to
zero in the space L2([0, 7] x R?%; R%), together with the linear term (involving also f,).

Our goal is to express it via a parabolic H-measure associated to the sequences (uy,) and (f,)
(more precisely, we shall use some derivatives of w, which will define the parabolic H-measure,
see below), and then to relate it to the parabolic H-measure determined by the data, -, and f,.

For the application of Theorem 4, besides the above given bounds on the solutions, we shall
need a bound on sequence (y/9;uy,). This is derived by using results on fractional derivatives [28,

1.4].
Theorem 6 Let X,Y be Hilbert spaces, and u € W(R, X,Y'). Then for r € [0,1]
I7|"a € L*(R; [X, Y],),

where [X,Y], stands for the classical intermediate space of X andY with index r, and

-
1] gy < Il
In particular, for separable X =V and Y = V' it follows that |7|'/?0 € L2(R; H), where H is a
Hilbert space such that V, H,V' form a Gelfand triplet. .
In order to apply the last theorem, as well as the localisation principle, we need to localise

(in time) sequences of functions u,, and f,. Multiplication of (71) by § € CX(R™) gives
O (Quy,) — div (AVOuy,) = div (6f,) + qn,

where, according to Theorem 5, ¢, = (0;8)u, is bounded in L?(R'*?) and converges strongly

1
in H;g’fl(RHd). Thus multiplication by 6 does not affect the application of the localisation
principle. For that reason, in the sequel we shall not distinguish the solutions w, from the
localised functions fu,,.

Furthermore, for the sequence of (localised) functions u, we have that uw, — 0 weakly in
W(R; HY(R%), and the last theorem together with the Plancherel formula gives that /0; u, =

(V2mit ﬂ;)v is bounded in L2(R*+%),



Thus we can define a sequence of functions v, = (v0, vy, )" = (vVOtun, Vun, f,) | converging
weakly to zero in LZ2(R!'*T¢; R!'*2d). The associated parabolic H-measure has the block matrix
form

Ho  Ho1  HMHo2
H=1Ho K Hi2|,
K20 H21 My

where po and p stand for measures associated to vg = Oy, and v, = Vu,, respectively, while
s denotes the parabolic H-measure associated to f,.
With the notation just introduced, we rewrite (71) as

Vol —div (Av,) = divf,,
and apply the localisation principle, thus obtaining
MoV 2T — 2Tipug, - ATe - 2mipgy - € =0

(8) pioV2miT — 2mip A€ — 2mipnn € =0
MooV 2miT — 2mipg) ATE — 2mip € = 0.

More information on the above measures can be obtained by using relations between components
of vy,. ‘

After applying the Localisation principle to Schwarz relations @vﬁ = Opvp, for 4,k € 1..d, we
get

(9) G = &™) jkel.d, meo0.2d.
Taking m = 7, the summation with respect to j € 1..d gives

(tru) € =pg.

Using (9) and the hermitian property of g one obtains &u™ = &, u/*. Finally, multiplication
by &,, and summation with respect to m € 1..d yields

(10) €Pn = (E®E) tru.

As parabolic H-measures are defined (in variable £€) on hypersurface P¢, measure g is real and
determined by the scalar measure trp everywhere except on the South/North pole of the ellipsoid
P? (where & = 0).

On the other hand, taking m € (d + 1)..2d in (9) and applying a similar procedure as above
we get,

(11) p12€ = (trpgp)€.
Similarly, the relation (of course, [, -] denotes the commutator of two operators)
Bk — 00 = [V 0y, Olun =0,
together with the Localisation principle gives
(12) V2mir ™ = 2mi&, ™, ke l.d, me0.2d.
In particular, by choosing first m = 0 and then m € 1..d, it respectively follows

V2riTpg; = 2mipo

(13)
V2T = 27ip g @ €,



implying that parabolic H-measure g is supported outside of the poles of ellipsoid P? (where, let
it be repeated, p is determined by a real measure trp). As g = ,ugl, the last two expressions
give a relation between po and p:

(14) 27l = Anpg € O €.
On the other hand, after scalar multiplication of (132) by & we get

_ V2miTpg

(15) Hio = 27”|£|2 ) € 7é 0.

In the same way as we have obtained the last relation, by taking m € (d+ 1)..2d in (12) one can
get

_ V2miTpg €

By inserting (10) and (15) in (72), we get

1 ) .
R (7 —2miAEL - &) trp€ = 2mip€, € #0.
Taking the scalar product with &, after comparing to (10), we obtain

(1 — 2mi A€ - &) trp = 2mi| € trpays.
Analogously, by inserting (16) in (73), the scalar multiplication by &, conjugation and relation
(10) give

(7 +2miAE - &) trpyy = —2mip € - €.

By combining the last two expressions we obtain a relation between the unknown measure p
and the parabolic H-measure associated to f,:

_ (2m¢)?
= + (2mAE - S)QMfg &

or, after taking into account (9),

B (27)?
k= 72 + (2TAE - €)?

(1s€-§E®E.

Making use of relation (14) between pg and p, we finally obtain

|27 |

T 72+ (2rA€ - €)

Ho B ll’fﬁ ’ 5
Thus we have explicitly described unknown macroscopic energy terms by using only given data
(the sequence f,,) for (7). In particular, for A =1 it follows

p=02m) (g EERE,
po = [277|(2m)* s - €.

If we consider a sequence (f,) converging strongly (in particular, this is the case when we
consider the homogeneous problem, f, = 0), it follows that both py and p are null measures,
implying that the homogeneous heat equation does not allow a distribution of initial disturbances.
In other words, the sequence (7,) does not affect macroscopic energy terms. Also, it implies the
following result.



Corollary 5 Let (u,) be a sequence of solutions of problems (6), with f, — 0 strongly in
L2 (RT;L2(R% RY)). Then Vu, — 0 strongly in L (R x R%), as well as v8 = v/Oyu,, — 0

in the same topology. .

For the special case of equations with constant coefficients (constant matrix A), the corollary
could have also been proved by using the regularity of homogeneous heat equation. The above
approach generalises this result to the equations with variable coefficients. A similar property
also holds for the advection-diffusion equation [6].

The above calculation also enables us to express the distributional limit of the time derivative
of energy %En(t) associated to (6). More precisely, for ¢ € Co(R%) we consider

PE0) = [ oGt x)ax.

having the time derivative (up to a L? compact term) equal to
d
—FE?(t) = —2</ ©(x)A(t,x)Vu,(t,x) - Vun(t,x)dx+/
R

apm o o(x)Vuy(t, x) - fn(t,x)dx> )

By passing to the limit, for a # € C.(R™) Theorem 3 gives us

ligLn/Q(t) 4 pe = —2(<H,A9¢ K1) + (trpeyy, Op 8 1>),

% n
which, by means of the above calculation for parabolic H-measures, can be expressed as
(2m)? 2mip € - €
o Gace L )
T2+ (27rA£-£)2(“fE OAL-¢ Tt 2miAE €7

5 2miTp € - €

N <7’2 + (2mAE - €)%

as scalar measure v = 7€ - £ is antipodally antisymmetric on P? ie. v(1, &) = —v(—T,—&).
Thus £ E7(t) — 0 in D'(R*) and 4 (u2) — 0 in D'(R*T x RY) .

n

9¢x1>:0,

Application to the Schrodinger equation

Let us examine the applicability of the introduced parabolic H-measures to the situations gov-
erned by the Schrodinger equation, which is of a similar form as it is the heat equation, but which
is not hypoelliptic. We take A € L®°(Rg x R% Myxq(C)) to be a hermitian matrix field such
that Av-v > a|v|? (a.e.) for an @ > 0. Furthermore, we suppose A(-,x) € C([0, T]; Mgx4(C))
for some T' € R™, and consider the initial value problem:
a7 { idpu+ div (AVu) = f

un(0,-) = up .
The existence and the properties of solutions for the above problems are derived from the
theory presented in [14, Ch. XVIII, §7.1] (a similar presentation can also be found in [28]), where
a comparison to the heat (diffusion) equation can be found as well. Note that in physically
relevant situations one has A = I, but our primary goal is to test the new tool, in a more general
situation.

Theorem 7 (existence and regularity) Let ug € H'(R%) and f € W(0,T;L%(R%),H"1(RY)).
Then under above assumptions on A there exists a unique solution u € C([0,T]; H*(RY)) of (17)
such that Opu € C([0, T]; H~Y(RY)). Furthermore, the following bound holds

[l oo (o, 70 (ray) + 198t oo (0 -1 (R2)) < € (HU(O)HLQ(Rd) + Hwa) ,

for some constant C € RT. Also, for the homogeneous equation (f = 0) the conservation law

lu()|l 2 = lw(0)];2 is valid for any t € [0,T]. .



In the sequel we consider a sequence of initial value problems

() un(0,) = .

where ©) — 0 in H'(R?), while f, — 0 in W(0, T;L2(R%), H-}(R%)).

As in the previous subsection we would like to apply the localisation principle in order to
examine parabolic H-measures associated to (derivatives of) solutions of (18). The procedure can
be carried out in a similar way as for the heat equation, but we choose to apply a slightly different
approach here.

By means of Theorem 7 and the results on fractional derivatives (Theorem 6), similarly as
it was done in the previous subsection, it can be shown that the sequence of (localised in time)
functions ¥, = (v2,v,,) " 1= (v/Osun, Vu,) T converges weakly to zero in L2(R!'T4; R*9). Thus a
parabolic H-measure i of the form

~ _ | Mo Moﬁ
,'l' =
[Mm I
can be associated to a chosen subsequence, where pg and p denote measures associated to
(sub)sequences of functions v0 = \/dyu, and v,, = Vu,, respectively.

Theorem 8 The traces of both parabolic H-measures 1 and p satisfy the following relation

Qtrir) = Q(trp) =0,

where Q(t,x;7,€) := 2wT + (2m)2A(t,x)€ - €. Thus both fi and p are supported at points (with
7, & projection lying in the South hemisphere of P1) of the form 2nT = —4n2A(t,x)€ - €.

Dem. First, we shall prove that fi is of the form

PP
p|?

(19) f=

v,

where p = (v/2miT,2mi€) ", while 7 := trju is a scalar measure.
Let P = (1/0;, V)" be the differential operator with symbol p defined above. As Pjup =
P; Pyu,, = ka]”, the localisation principle implies

(20) P = pri™ G k,m€0.d .
Specially, by taking m = j, summation with respect to j gives

Blp=(trit)p.

By using the hermitian character of parabolic H-measures, the multiplication of (20) by p;, after
summation over j gives
IpI* "™ = ([4P),,, Pk = tritPyDi
which proves (19).
On the other hand, the (localised in time) sequence ( f,,) is bounded in L2(R'*%), which implies

1
its strong convergence in H; ?’ 1(RHd). Thus an application of the Localisation principle to the
equation (181) gives
_ | V2miT | v W2miT |\ 0
omiATE | T ]2 \|2miATe| P)P T
As p # 0 on P? we get

([;ﬁ] ‘P) v=—2n7 +47° AL - E)trp = 0.

(2m€])?
— el : . :
implying that their support is contained in the support of their trace completes the proof.

Q.E.D.

Similarly, as v = U, the same holds also for v. The positivity of parabolic H-measures



Corollary 6 In the case A =1, the above description of the support of pu implies the equiparti-
tion of energy

Mo = trp .
Dem. According to (19)
277 . |277] ;
Mo = v= re
Ip? |2m€]?
and the localisation principle implies that the last fraction is equal to 1. Q.E.D.

We conclude this section with additional remark which will be used later when we apply the
Propagation principle to the Schrodinger equation.

Remark. Let us first notice that a relation similar to (19) holds when considering parabolic
H-measure p. Indeed, after taking into account (20), and repeating the proof of (19) with
summations starting from 1, one obtains

H:£®€V
€12

We can also describe the off-diagonal terms of the parabolic H-measure associated to sequence
(Vo fu)
[ n N12]
Moy Hf ]’

where pi¢ is a parabolic H-measure associated to a subsequence of (f).
The identities Pjuy = ka? and an application of the Localisation principle to the above
block matrix measure for m = d + 1 yields

ity = Eipy i,j € 1.d.
Multiplication of the above relation by & and summation give us
‘5’2,“]21 =¢; (o1 - &),

(2RI
1€

implying that o, is of the form & vo1, where 15 is a scalar measure . A similar result holds

for pyy as well:
Hip =E&V12,

where, due to the hermitian property of H-measures, v is a scalar measure equal to 7.

Application to the vibrating plate equation

Our next example, while motivated by real physical problems, is oversimplified. We consider
the equation modelling the vibration of a thin infinite elastic plate (by this we avoid the discussion
of boundary conditions).

As our approach allows it, we consider the density o of the material and the fourth rank
tensor M, describing the elastic properties, to depend both on time ¢ and the space variable x.
Note that M is assumed to have the following symmetries: My;;; = M;ji = Mg = M;j.

Regarding the notation, we mainly follow [3, 2], where the interested reader can also find more
details regarding the physical origin of the problem, as well as some further references. Presently,
our goal is limited to testing the applicability of the new tool, the parabolic H-measures. The
intricacies of realistic physical situations will require a separate study, which we plan to undertake
in the future.



Therefore, we consider the initial value problem

9 (00yu) + divdiv(MVVu) = f
Oun(0) = w1,

where ¢ € C'(R*;L®°(RY)) is a real function, coercive in the sense that ¢ > oo, where gy € R™T
is a given constant. On the other hand, M is a real symmetric tensor field of order four (which
we consider as an operator on symmetric rank-two tensors, i.e. symmetric matrices) such that
(for given o > 0)

M(', X) S Cl(R+; L (MdXd))

M, ;M € Cy(RT x R% £ (Mgyq))

MA-A>2acA-A, AecMyug.

The existence of a solution to (21) is given by the following theorem (derived from the theory
presented in [14, Ch. XVIII, §5]; see also [id., §6, sect. 5.6]).

Theorem 9 Let f € L2(RT x RY),uy € H2(R?) and u; € L*(RY). Then under the above
assumptions on coefficients M there exists a unique solution u € C([0,T]; H2(R%)) of (21) such
that o' € L2([0,T]; H2(R4)) n C([0, T); L2(R%)). Furthermore, the following bound holds (C being
a positive constant)

lwll oo o, rym2(may) + 190l 20 1pmzmay) + 190l Lo (o 1,12 (RY)

< € (ol + s laqgny + 1 ame e ) -

In the sequel we consider a sequence of initial value problems

0 (00yun) + divdiv (MVVu,) = f,
(22) i (0) = 0
8tun(0) = ui},a

where u) — 0 in H?(R%), v} — 0 in L2(R%) and f, — 0 in L2(R* x RY).

By means of the last theorem, a sequence (u,) of solutions to (22) converges weakly to zero
in L>([0,7]; H2(R%)), and dyu,, — 0 in L>([0, T]; L2(R%)). For that reason, the macroscopic
limit of the plate energy [ (g|8tun|2 + MVVu, - VVun) dx can be described by the associated
parabolic H-measure.

The above estimates on the solutions yield that for a test function § € C°(R™) the sequence
of localised (in time) functions (fu,,) satisfies the equation (22), up to a term converging strongly
to 0 in H*L*Q(RHd). Thus, as in preceding applications, multiplication by 6 does not affect the
application of the Localisation principle, and in the sequel we shall not distinguish the sequence
of solutions (uy) from the sequence of localised functions (Quy,).

Prior to the calculation, we have to address the algebraic difficulty of working with rank-four
tensors. We should associate a parabolic H-measure to the sequence (Osun, VVuy,) ', with 14 d?
scalar components (at the moment we shall ignore the fact that, due to the Schwarz symmetry
of second derivatives, there are only 1 + d(d + 1)/2 independent scalar components). Therefore
the corresponding H-measure will be a (1 + d?) x (1 + d?) matrix measure, which we can write as

~ _ | Mo Ho1
H [Mlo H]'

We have a similar result as for the Schrédinger equation.



Theorem 10 The traces of parabolic H-measures 1 and p both satisfy the following relation

Qtrir) = Q(trp) =0,

where Q(t,x;7,&) = —(2r7)%0(t,x) + (27r)4M(t X)(E®E) - (E®E). Thus both 1 and p are
supported at points of R x P4 where (2r7)%0(t,x) = (2m)*M(t,x)(§ ® €) - (€ R £).

Dem. Let P = (0;,VV)' be the differential operator with symbol p = (27it, —(27)2(§ ® £)) .
By means of Schwarz relations, similarly as it was done in the previous section for the Schrodinger
equation, one shows that

)
Ip|?

v,

(23) fi=

where U is a scalar measure. Note that here we have to take the complex conjugate, as the symbol
p is not real, as it was for the heat equation.

Instead of rewriting the symbols and matrices as one-dimensional vectors, we shall keep their
original form, and treat the components of p as if it were a rank-four tensor.

The application of the localisation principle to the equation (22;) gives

- 2miTO —0
—ArM(E@ &) |
which combined with (23) implies

‘ 17|2 ((2m7’g, —AT’M(£ R £)) - 7) p=0.

As p # 0 on P4 we get ((27727@, —4m’M(E® €)) - )1/ =0, i.e. fr is supported at points satisfying

(2r7)%0 = (2m)'M(£® &) - (E®E).

4
Asv = (2&%) U, the same holds also for v = tru, and the positivity of above parabolic H-measures
now implies the result on their support. Q.E.D.

Finally, as in the case of the Schrédinger equation, one can easily prove the following corollary.

Corollary 7 In the case M is an identity, while p = 1, the equipartition of energy pg = trp
holds.



4. Propagation principle

Function spaces and symbols

For the purpose of proving the Second commutation lemma, we need a parabolic version of
Tartar spaces X" [40]. For m € Ng, X is defined as a Banach space containing functions such
that their derivatives up to order m € Ny belong to FL!(R?), i.e. their Fourier transform is an
L! function. The norm on X™(R?) is given by (we have chosen to replace Tartar’s 1+ [27&|™ by
E™(€) := ((1 4 |27€|?)™/?, which is equivalent)

o]l = / K\ Fuol de
Rd

Clearly, FL'(R?) is a Banach algebra for multiplication of functions, as L'(R%) is under convo-
lution, while F (@) = Fop * Fa.

These spaces happen again to be a particular case of Hérmander’s spaces By j (v. [25, 10.1];
in fact, X" = By m). In the same vein as at the beginning of previous section, we shall restate
their main properties in our notation, while referring the reader to Hérmander’s book for the
proofs.

The parabolic variant of Tartar’s spaces X" is defined as (here we again use k,(7,§) :=
YT+ @rr)? + 2alel))

X3 mRIHY) ;= {b €S ke Ll(R”d)} .
X%’m(R”d) is a vector space, and supplied with the norm

10l 2 m = /RHd k" |bl drdg

it becomes a Banach space. Furthermore, & — X%’m(RHd) — &', the inclusions being dense
and continuous.

As the Fourier transform (and its inverse) maps L! into Cg, the spatial derivatives up to order
m of a function from X2 (R!9) | as well as its time derivatives up to order m/2, belong to
Co(R'*9). Furthermore, for s € R, s > m + d/2 + 1, the following embedding holds

H%, S(R1+d) SN X%’m(Rler) )

Indeed, for v € H2 *(R'*%) we have
0]l m = /Rw Ky (0] drd€ < N1k, ™ gy V1], oy

The statement follows as function k, " belongs to L2(R'*9) for r > d/2+1. The above embedding
corresponds to a similar one in the classical case: H*(R?) < X™(RY) for s > m + d/2 (cf. [40,
p. 205]).

In order to relate our results to the classical theory of pseudodifferential operators, we shall
also need some nonstandard symbols [25, 18.1]. Let k(7,€) := /1 + 472(72 + [€]2) (in accordance
with our earlier definition on R?); then for m € R, p € (0,1] and § € [0,1) we define Sy's as the
set:

{a e CORI xR (Va, B € NJT)(ICop > 0) |030%a| < Caﬂkm—p\awm} .

It can easily be checked that S;”(; is a vector space, and its elements are called symbols of order m
and type p,d. The best possible constant Cy g is taken as the value of corresponding seminorm



of ¢ in S Jx and in such a way these seminorms make S 5 into a Fréchet space. While ST is the
space of Classmal symbols (sometimes denoted only by Sm) here we shall have to use STO We
would like to mention that in a related context these symbols have been used in [12]. :

Let us mention in passing that there are also local versions of these symbol classes ([25, 7.9]
or [36, 1.19]), for which the same notation Syrs is used, possibly causing some confusion. We shall
use only the above defined global classes of symbols.

The symbols are used to define corresponding operators on S (and by transposition, also on
S’) by:

a(+; D)y = F(ap) .
This is a generalisation of earlier considered operators My and Py.

For such operators and symbols, some calculus rules are valid; in particular we shall need the
fact [25, Theorem 18.1.8] that if a € S’i 0 and b € ST o’ then the symbol of composition operator
27 27
a(-,D)b(-, D) is in S’f%m, and it is given by asymptotic expansion:

1
(24) Y —(9aa)(DD) .
>0
For the precise meaning of the above asymptotic sum cf. [25, Proposition 18.1.3].

Let us denote by 1P = 4 o p the parabolic extension of function ¢ € C>°(P?) to RL9. This
gives us

) -4
V’fﬁ?/]p('ryé) = P VTjgwp(TO,go),
(€/2)4 + 12 _%s p( |€/2|4—|—7'2I—§®%)
&o
(25) _ 1 [1_ (ar)? —a?r } e
/02 po T0€20 p(I —a? 520 ® 70) ¢(7—07£0)

_ |: p%a%"l/}(TO, 50) :|
IVS(70, &)

where V7 = V —n 0" stands for a tangential gradient, while n = « [T} denotes the outward unit

2
normal on P?¢. Of course, both p and « are functions of 7 and &, but we have suppressed it in

writing.
Furthermore, let us introduce a smooth function

(26) = (1 -0,

where § € C°(R'*9) equals 1 on a neighbourhood of the origin, while it vanishes for points with
the parabolic distance from origin p > 1.

Lemma 9 ¢ belongs to S1 o while p~™ € 5;07 form > 0.
27

Dem. As 4 is of class C*, it is enough to provide estimates outside of a compact set defined by
p(r,€) < 1.

Following the steps in (25), by induction it easily follows that for arbitrary multiindex o =
(g, ) € Né+d there exists a smooth function ¥4 on P? such that

1

W%(To,éo)-

O700g Y (7,€) =



As p behaves as k), for large (7,€), and k‘%(’T, £) < 2ky(7,€), we get the required bound

lo]

020 YP (7,6)| < Cak™ 2 (7,6).

Similarly, one shows that 8‘7"08?’/)_’” behaves as p~™~*~lel which is of order k*mg‘a‘ . Q.E.D.

Second commutation lemma

Lemma 10 Let Py and My be the Fourier and pointwise multiplier operators on LZ(R™?) de-
fined in (2.2) and (2.3) above, with associated symbols v € C*(P9) and ¢ € X%’l(RHd) respec-
tively. Then the following results on the commutator K = [Py, My| = PyMy — MyPy hold.

a) The commutator K is a continuous operator from L2(R'?) to H%’I(R1+d).
b) For the parabolic extension YP = op (as defined in Sect. 2), we have for j € 1..d, up to a
compact operator on L2(R'*?),

(27) 0K = 0 (PyMy — MyPy) = Pegeyr Mv,g -
A similar expression also holds for \/87,5(P¢M¢ — M¢P¢), with &; replaced by \/%

Dem. a) After applying the Fourier transform we have

F(0,(00)) (r.€) = 2it; [ (v(m,80) = blov.m0) (s — o€ ~ m)io. m)dordn,

R1l+d

Denoting by L the Lipschitz constant of function 1 on P?, Lemma 1 gives us the bound

w(m.0) — vomg)| < LT 2SS
Thus
)F(é’j(Ku)) (T,E)\ < 27rCLp(|ff’£) / p(T —0,€ — n)‘é(f —0,& —n)||a(o,n)|dodn.

R1l+d

As % < /2, the Plancherel formula and the Young inequality finally give us

||8j(KU)HL2(R1+d) < \@QWCLH‘p(ﬂ * |fL|’

L2(R1+d)
< \/527TCL”IO¢HL1(R1+UZ)HUHLQ(RHd) < \/527TCLH¢HX%J(R1+¢1)||UHL2(R1+d).

Analogously
VB ) aqgsay < 2RO gy sy

where the bound F\/Fﬁ‘) < 1 has been used. These upper bounds imply that Py,My — MyP, is a

continuous operator from L2(R!*9) into H%’I(RHd), with the norm bounded by é”w”wl,m(Pd)
19131 gy

b) For the second part of the lemma, we prove it first under additional assumptions on ¢, and in
the second step make an approximation argument.

I. Assume additionally that ¢ € S(R'*9) (actually, we shall only use that it is of class C!, not
just in x, but also in ¢), and such that its Fourier transform is compactly supported.



~ Owur goal is to show that (27) holds up to a compact operator. First, let us replace K by
K := [Py, M|, where ¢ is defined by (26). We have

F (05 (1 = Byu)) = 2rig /R (0e)r.6) = ) (0m) ) d(7 — 0.6 — mior, m)dordn

As 2mi&; ((pr)(T, &) — (6YP)(o, ?’]))QE(T —0,€ — 1) is a bounded function with compact support,
it is a kernel of a Hilbert-Schmidt operator, which is compact.

Similarly, we can replace Pg veyr Mv,p by P, e Ve &va(b’ as the very same argument gives
that P, e VE (P — ¢)MVX¢ is a compact operator as well.

Thus it is enough to prove that 9; K and P e,V ¢MVX¢ are equal modulo a compact operator.
To this end, first note that by the Mean value theorem for ¢ one has:

G(1,€) = Plo,n) + "9, ¢)(T = 0) + VE(D,¢) - (€ —m)
where (¢,¢) = (1 —6)(7, &) + 0(o,m), for some 6 € (0,1).

Now we can write

f<<ajR_P v£¢MVx¢> )( 5):/

R

6200~ dtom) bt~ a6 m)

~ V() Vab(r —0.€ ) Jilo: m)dodn
- [ &6((v6i0.0 - v4itr.0)) - Tabtr - o —m)
+ 0,000,037 — a.€ ~ ) ) o m)dodn.

In order to estimate the last integral, for each m € N we introduce a compact set

Sm = {(7‘,6,0‘,?’]) € R2(1+d) . (’7’ —O',S _77) S SUPPQE, p(TaE) < m} ’

and divide the integral into two parts

E= A" (1,€,0,0) - Vixd(r — 0,€ — m)i(o, n)dodn
(28) Rit

+ / B (r,&,0,1m) - Vand(r — 0.& — )i, m)dodn,
R1+d

h
where N 871;(19, <)
A™(1,&,0,m) == Eixsm [Viqf;(ﬂ, ¢) — V&y(, 5)]
07 (9,
B"(7,&,0,m) =& (1 — xsm) [v%(ﬁ, Cq)ﬁ(— Vcé)lﬁ(ﬂﬁ)} '

As A™(T,€,0,m) - m(T —0,€ —n) is a bounded function with compact support, it is a kernel
of a Hilbert-Schmidt operator on L2(R!*%), which is compact.

In order to estimate the second term in (28), we use Lemma 1 and the triangle inequality (for
p). Denoting by T, S and @ the points (7, ), (o,n) and (9, {) respectively, we have

p(Q) = p(T = 8(T = 8)) > p(T) = p(6(T = 8)) = p(T) = p(T - ),

and we can take m large enough such that w can be replaced by ¢ in B™, and that inequality
p(Q) > p(T) is valid on the strip defined by T — S € supp ¢ and p(T) > m.



Using the characterisation (25) for derivatives of ¢ we have

VEW(Q) = VEU(T)| = | V5(@) — V(T
<[00 =5 - = 1)IV%w«xﬁ——V§wabﬁ
~ [Vt S + | V(@0 - V)|

As V%@Z) is uniformly continuous on P?
(Ve>0)30€ (0,e)(VQuTo e PY)  |QuTo| <8 = |VH(Qo)— VE(To)| <=

Restricting our attention only to the points in the strip T'— S € supp (;AS, the last bound
remains valid if we take p(7T) large enough (i.e. p(T) %, where C' = 2(2 + /2v/2) is the

constant from Lemma 1 and Cy = sup{p(T) : T € supp ¢}), as

PL=Q) (T -5

o) S m <0

‘QOTO‘ <

Thus we get the bound

2
&, ,p _ &P < — 1 .
VE(@Q) - Ve ()| < o (CWHW ,w(pwl)
Similarly, we have

€10:0(Q)]| < Il (o0 2155 < g Wlhwn < ey

The Young inequality now furnishes the proof, as (the L? norms are taken of functions in
variables (7, &), which also appear in (¢,{) = (1 — 0)(7,&) + 0(0,n), where 0 is fixed)

& [0 xsmgsom ( (V6000.0) - V4(,0)) - Tutr .6 - m)

O, )T — 0 — n)) (0, m)dodn

L2(R1+d)
<Ol Fordlr— o6~ mllito,
O\ [ Fndte 0.6~ mlatomldodn|,
<<C||Vead| i ,
Ll(RlJFd) LQ(R1+d)

new constant C' depending on (the support of) function ¢, and the Lipschitz constant of .
Therefore 0; K — Py ve My, 1s alimit (in the uniform operator topology of £(L?)) of compact
operators, and thus compact itself.

II. Having an arbitrary function ¢ € X%’l(RHd), we can approximate it in the same space
by a sequence of functions (¢,) from S(R!*?), such that their Fourier transform is compactly
supported. Indeed, we first choose a sequence of functions f, € S(R'*9) such that f, — ¢ in
X2:/(R*4). On the other hand, f, € S(R*4) — L,lgp(RHd) where the latter is the L! space
with the weight k,(7,€) = ¢/1 + (277)2 + (27[€])4. As C(R!*?) is dense in L,ip (R'*%), to each

fn We can associate a sequence of C° functions g¥ — fn in L}CP(RH‘d), implying (¢5)¥ — f, — ¢

in X%’l(RHd). The claim follows by means of a diagonalisation procedure.



The associated sequence of commutators 0;C,, := 0j(Py My, — My, Py) converges in norm to
the operator 0;C = 0;(PyMy — MyPy):

foic.-c

e ‘ 0 (Pw(M¢n = My) — (Mg, — M¢)Pw) H

< C (I lwroelém = Bl g0 ) — 0.

L(L2)

In the same manner, by using that

| Pervess Moo gy = 657607 - T < NGV Vbl el e

L2(Rl+d L2(R1+d)

we show that PEjvﬁprchbn — PijEwPMquﬁ in K(LZ(Rler)).
Therefore for a sequence of functions u,, — 0 weakly in L?(R'*%) we have

< H(?]-Cum — 8anumHL2 + Haanum — ngvg¢vax¢num‘

HaJCUm — Péjvngvad)um)

L2 L2

+ Hngvsprvxqanm - ngvs¢pMVx¢Um‘ L2

where, according to the first part of the proof, the penultimate term converges to 0. Q.E.D.

Remark. The classical symbolic calculus provides a straightforward, but only partial proof of
the second part of the last lemma. .
Indeed, if v is taken from C*°(P?), then the symbol ¢/ belongs to the Hérmander class S 0
2 b

as well as ¢ € S(R'*9). In that case the standard theory of pseudodifferential operators, namely
expression (4.1), gives us that 0; K has asymptotic expansion

(20) mitso(K) + 50 (K) = 3 D b (2rits6 + 0;6)

la>1

where D stands for the operator ﬁ@, while & = (g, @’) as in the proof of Lemma 9.

In the proof of Lemma 9 we found that 8t behaves as p~(@0tle) for large (1,€). On the
other hand, partial derivatives (with respect to ¢t and x) of ¢ remain in Sg o implying that the
3

- _1 -
symbol of commutator K belongs to S, 7, as well as its derivative 90 (K).
2?

- _1
For this reason, the terms in (29) of the form £;0%) belong to S;B for g = 1 or || > 2,
27

and as the principal symbol of ajf( it remains only §jV£1/~1p Vx¢. As this term is parabolicly
homogeneous (at least outside the compact set p < 1), according to Lemma 9 it belongs to S9 0
27
and corresponds to a continuous operator on L2(R!*9).

. _1
The symbol of 9; K — ngvg ;EMVW thus belongs to S, 8, and it corresponds to a continuous
27

operator from L2(R1*4) to Hz (R1*?). In the Second commutation lemma we showed a stronger
result, by proving that it is a compact operator on LZ(R!'*%). Also, our proof of that lemma

requires lower regularity assumptions on symbols. .

Remark. The Propagation principle can be generalised to parabolicly homogeneous symbols
of order m, i.e.

¢m7p(7—7 5) = pm(Tv €)¢(T0’ EO) )
where ¢ € C(P?). In the case m € R* the Fourier multiplier P defined by F(Pj'u) = p™(¢op)i



is a continuous operator from H2*(R!*4) to H 2 ™ (R!*9):

1Pyl s

|(viomen)™
H<41+PT£ 0l
H<4 1+p7’£) )mw <4 1+P(Ta€)4>sﬁ

A generalisation of the second commutation lemma can be stated as follows:
For ¢y € CY(PY) let ¥"™P = p™(¢) o p) be its parabolicly homogeneous extension of order
m €N, and ¢ € X5 “THRY) for s > m — 1. Then K = [P, Mg] = P['My — MyPj is a

s—m-+1
2

Té m

< Nllpoe llall 5.5

continuous operator from Hz*(R'*4) to H somtlL(RIHd),

In particular, for the case s = 0 and m = 1, the commutator K, up to the compact operator,
equals
Pﬁvsqpl,pMquS .
The proof is technical, but follows along the same lines as the proof of the Second commutation

lemma. .

Application to the Schrédinger equation

We reconsider a sequence (3.14) of initial value problems

(30) (0, = 0

n

{ iOpun + div (AVuy,) = fr

where, as before, u) — 0 in HY(R%), f, — 0 in L2([0, T]; L2(R%)), with (0;f,) being bounded
in L2([0, T); H- (R)).

These assumptions assure that (on a subsequence) [Vfun] determines the parabolic H-
n

measure of the block form (cf. the Remark following Corollary 6)

[ n H12]
Moy Hf ]’
where p = %u, while @15 = &r12. The localisation principle also gives that p is supported

within the closed set of R4 x P4 determined by the relation Q(t,x;7, &) = 0, which is disjoint
with the set where & = 0. Recall that Q(t,x;7,&) = 277 + 472 A(t,x)€ - £ is the symbol of the
Schrodinger operator introduced in Section 3.

With the aid of Second commutation lemma we are able to prove the following result.

Theorem 11 Under the above assumptzons and motation, if we additionally assume that A €
X2 YR{ x RYG Mgya) (i-e. that A € ClﬂXz’l) the trace of parabolic H-measure v = trp satisfies
the equation

a? Bfa

(31) WA Q) + (1 ¥ 208 V,Q) = (2Reviz, 4nEW)

where ¥ = ¢ K, ¢ € CLRYT x RY) and ¢ € CH(PD).
In the formula above we have used the Poisson bracket (only in x and &, not in t and 7):
{U,Q} = VAU - V,Q — Vy I - VEQ

while o = 4_“2'2 on P4 (cf. the calculation of mean curvature on P? preceding Lemma 2).




Dem. First we assume that all u, have their supports in a fixed compact set in Rt x R

Let My and Py be scalar pseudodifferential operators, associated to ¢ € CLR™* x Rd) and
Y € CH(P?) respectively. Applying them to equation (30), and then taking a scalar product in
L2(R'*9) with O,,uy, for an m € 1..d we obtain

(32) <z’¢P¢, Byt + P div (AVuy,) ‘ Orm i > = (GPy fu | Ot ).

Let us temporarily assume that Vu, is in H', so that div (AVu,) is in L2. This will, by equation
(301), imply that dyuy, is in L? as well.

Partial integration with respect to time and space variables of the first term in the last
equation gives (as O, 0; and Py mutually commute):

<i¢Pwatun ‘ am“n) = _<Z(am¢)Pz/J Orup, ’ un) - <1¢Pd) 0tOmun | un)
= —(i(Om®) Py Opun | upn ) + (1(0:0) Py Omtin | un ) — (@PyOmun | i0iuy )

Similarly, for the second term in (32) we have

( odiv (PyAY ) | Dt ) = —( PyAVuy - V6 | Ot ) — ( 6P, AV,

OmVuy, > .
The last term we can further rewrite:
—(&(1Ps, Al + AP, ) Vun | 0 Vun) = ((000) [Py, AVt + 6 0[Py, AlVin) | Vi )

+ (On(6A) Py Ty | Vuy ) + (6P VO,

AV, >

where we have used the assumption that A is an hermitian matrix.
We still need to rewrite the last term above, taking into account the equation (301):

<P¢V8mun

OAVUy ) = = Py

AV, -V + bfn — Gidsun > .

By summing up the above expressions (two terms with 0yu,, cancel out), one can rewrite (32)
as:

~((#(0m ) Py Oy

un> — <P¢AVun ‘ V¢ (Omtin) >
Vi > + <qb8m[P¢, AV, | Vi, >

Vi )~ ( (AVG) Pyt ‘ Vi )

fa ).

If we interpret the first term as the duality between L2([0, T]; H~}(R!*9)) and L2([0, 7]; H}(R!*))
(i.e. as —(i(Om®) Py Opun, up)), we can use the density argument to conclude that the above
equality holds without additional assumption of Vu,, being in H! (as all the terms in this equality
indeed make sense under the original assumptions of the theorem).

As u, — 0 in L2 (for this conclusion we have to use the Compactness lemma [43, Lect. 24],
which is often associated with the name of Jean-Pierre Aubin), the second term in the equality
above converges to 0. Similarly, [Py, A] is a compact operator by the First commutation lemma,
so the fourth term tends to 0 as well.

The limits of the remaining terms on the left, except for the first one, can be expressed by
parabolic H-measure p, determined by (a sub)sequence (of) (Vuy,) (cf. (2.4)). For the fifth term
we have to make use of the Second commutation lemma.

un> <z (019) Py Omun,
< O ) [P, AV

+ (Om(0A) PV
= (OPs fu | Omttn ) + ( OPyOmtn




The limit of right hand side, also by (2.4), involves parabolic H-measure g5, determined by
both sequences (Vuy,) and (f,,). Thus we have got (after taking into account the form of these
parabolic H-measures):

(S vAT Vo €) + (35 0V Va(ag- ©)) + (1
(&

£ VAV §> = (&m2Re v1z, $6) + i (i(Dnd) Py Dt ) -

In order to express the last term of the above equation in terms of measure p, we apply once
again the above procedure, but this time applying My, 4 first (instead of My) and taking the
scalar product of (30;) with w,, (instead of Onuy,). After integration by parts with respect to
space variables in the second term, using the same density argument as above, we obtain

7 V0n(GA)E €)
(33)

(i(Omd) PyOstin | 1) — <P¢AVun

Passing to the limit, the second term converges to 0 and one finds that lim,, (i(0;,¢)Py0sun, un) =

(1, (Om@)Y A).
By means of the last result one obtains from (33) the relation satisfied by the parabolic
H-measure v

(S0 (ReA) Vo-€) + (T, 040 - Vx(AE - ©))

+(jgp V9(OnAIE - €) = (En2Reviz, vo)

Using the symbol @ of the Schrodinger operator, the relation can be rewritten in the form

(34) <§|?|;,V§\I/-VXQ—VX\I!-V§Q> + (s

where ¥ = ¢ X ).
Before the next step we have to compute

/1] _mt
V£<§m>: ‘2’ e 22—e a2£m£

P

eV 8mQ> <47r2§m2Re Via, \I/>

[\ .14
where in the second equality we used the fact that on surface P% one has p = 1 and ‘%’ +72=

2
-

a27

-
Wlthn—a|:€/2

Now we can replace 1 by 1) = %"w, where, as before, 1) is an arbitrary symbol from C!(P9).
Thus the relation (34) becomes

} denoting the unit normal on P?.

(47°€2 2Re 12, U) = <§Z’; (qf (em - Ojgmg) + gmvﬁqf) VRQ — En VU - V€Q>

+ <é,§mmaqu>

= (g v e v0)

+<§L VED V@ - Vil VEQ) + (

|£‘27 |235m‘1]6mQ>

€



The summation with respect to m € 1..d gives

E ' va
€I

<y, xp(l Oﬁ)g-vx@ +<y, vém-va—vxq/-vﬁQ>+ <u, v

€7 4 ) = (Revra, an? £ W)

As %2 — ﬁ, we get the relation (31).

If we take an arbitrary solution of (30;) which does not have a compact support, we take a
smooth real function w with compact support and write the Schrodinger equation for wuy,:

i) (i) + div (AV (wuy)) = wf +2 (Re A) V- Vi + (i04(w) + div (AVw) )y

Now we can repeat the preceding analysis with v replaced by w?v and vio replaced by

Wiy Vw21 (ReA) & = w4+ (Vu(w?) - V4Q) gy
obtaining (31) with ¥ replaced by w?V. Q.E.D.

Next, we would like to perform integration by parts in (31) in order to get a transport equation
for v. For that purpose we use Corollary 1, with q taken to be of the form (0,V,Q)T, while p
is replaced by W, a parabolicly homogeneous test function in (7, &) (for the integration by parts
on P?, t and x are only parameters).
In order to simplify the computation, we assume that v is absolutely continuous with respect
to the Lebesgue measure
dv = v(t,x,7,€&)dt dx dr dE.

The calculations could be carried out in the case of a general measure v as well, because all
functions that are applied to v are continuous, and all computations thus could be performed in
a distributional sense.
The equation from Corollary 1 reads now
(35)
2
/ VAT . Vi QdA= | @ <‘Z(a2 b d—1)wVxQ £ — div€(1/VxQ)+% (VT’ﬁ(uva)) n- g) dA
pd pd
o2

:/¢y<0‘2( 2 4 d - 1)VyQ £ — dvEVLQ +
pd 4 4

((v¢ 2 7:00)¢ € as
- /Pd UVxQ - (vﬁu - %(n : VT’ﬁu).S) dA,

where we have used a simple observation that 0,VxQ = 0.
The spatial derivatives of symbol @) are homogeneous of degree 2 with respect to € (as Vx@
is independent of both ¢ and 7, we do not write them as variables), i.e.

VxQ(x; 5€) = " VxQ(x; €).
Taking the derivative of the last expression with respect to parameter s and inserting s = 1 yields
(V22 79)Q) (x. £)¢ = 2VQ(x. €).

Thus we get for (35)

o2

/ VVEU -V QdA = | Dv <4(oz2 +d+1)V,Q - € — div€va> dA
pd pd

_ /Pd v9,Q- (Ve - S VEV)E) dA.



On the other hand

—/ VU - VEQIA = v (VXV - VEQ + vdiv XV£Q> dA,
pd

Pd
and the relation (31) becomes

2

3 — 2
\IJV% <a2+d+1+ @

a2 -1

<2ReV12,4712|£|2\I/>:/ \wxy-vﬁQdAJr/
pd pd

) V- £dA

_ /Pd TV,Q - (ng - %(n . Vﬂgl/)f) dA.

Finally, differentiating the localisation principle for the Schrodinger equation we have v9;Q) =
—(0iv)Q and we get

a?

FRIEA R

As ¥ is an arbitrary compactly supported test function on Rar x R? x P?% we have proved the
following theorem.

(2Re 119, 42| €2 W) = / UVyv - (vEQ — Oj <a2 +d+ 21) Qg) dA
pd -

Theorem 12 For any parabolic H-measure p associated to (a subsequence of) Vu,, where (uy,)
is a sequence of solutions to (30) with A € C*(RJ x R%; ded)ﬁX%’l(Rg x R% Myyq), the trace
v = trp satisfies the transport equation

Vo <V§Q—Of <a2 bdt 1) Q£> —Véy. ({VSQ] - <[VSQ] -n)n) — |2r€[? 2Re v,

Remark. Let us consider the characteristics of the above transport equation, i.e. let us discuss
the system of ordinary differential equations

d[t]| 2 0
£t

A =nen (2]

»

with initial conditions

t(0) =to, x(0)=x0, 7(0) =70, &(0)=4&.

This system has a solution, which might not be unique (if we have additional smoothness of A,
like A € CI(R(T x R% Mgyxq), the solution will be unique).

As we are interested in frequencies (7,€&) belonging to P¢, we should restrict ourselves to
(10,€&,) € P9 In that case, multiplication of the second ordinary differential equation above by
n/a = (1,€/2) leads to

1d

0 n
e ==y [ o]t o,

ViQ |«

as n is a unit vector. Thus, if the initial value (79,€&,) belongs to P?, then (7,€£) remains on P?
over the interval of existence.



Taking into account Theorem 12, we conclude that in the case of a homogeneous equation
(i.e. when 115 = 0), measure v remains constant along the integral curves on R'*? x P9,
Furthermore, if the initial conditions satisfy

Q(t()a X05 70, 60) =0 )
then along any characteristic we have ¢(s) := Q(t(s),x(s); 7(s),&(s)) = 0, for s > 0. Indeed,
dg 0 e 0
a5~ Ve {V’EQ ~ (e +d+ afl)Q&] ~VQ (T-nen) {VXQ}

a2

_ ol 2 :
__4< +d 2+042—1)(VXQ E)Qa

where we have used the identity V7¢Q-n = aQ. This can be considered as an ordinary differential
equation for ¢ with initial condition ¢(0) = 0, which has a unique solution ¢ = 0.
This result generalises the localisation principle Qv = 0, and shows that ) vanishes along

integral curves that pass through the support of v. .

Application to the vibrating plate equation

As a second illustration of the propagation principle, we consider a sequence of initial value
problems (3.18) for the vibrating plate equation.

We follow the steps in the proof of Theorem 11 by applying pseudodifferential operators My
and Py, associated to ¢ € CL(R* x R%) and ¢ € C*(P?) respectively, to (3.181) and after taking
the L? scalar product with 9,,u,,, for an m € 1..d:

(6P 0,(00yun) | Optun ) + < 6Py divdiv (MY V) ] Ot > = (6P, fu | Omittn ).

Similarly to what was done in the previous subsection, partial integration of the first term yields:

<¢Pw (0 0run) | Omun ) = —( (3t¢)Pw(93tun) | Omun ) + <am(¢[P¢ ;0] Opun) | Opun )
=+ < (8m(¢0)) P’IZJ Ogun, ‘ Oun > - < (8t¢)QP1ZJ Omn ‘ Orun, > - <¢Pw Omn ’ 6t(@ atun) > .

Following the analogous procedure, with some additional technical details we suppress here, for
the second term one gets

< dPy divdiv (MVVu,,) ’ Ormin >
- < (VV6) - Po(MVVur) ] Oyt > + 2< P,y (MVVu,)Vé ( O Vit >
~ { (Om(oM) Py, T,

+ < Py(Vomun) @ V&

YV, > - <8m¢>[P¢, M|V Vi,

VvV, >

MYV, > n < (VVG) Py Ot

MVVu, >

n < Vo ® Py NV Omitin

MV Vu, > - < APy Oty ‘ div div M(VVu,) >

After passing to the limit, while using the form (3.19) for the parabolic H-measure associated to
sequence (Oyuy, VVuy,) we get

)40 _
0m(d0) ) + 4<(2|p‘)2, Enth(ME @ E)€ - V)

Ve - (VM)(E@E) - (€ €)) = 0.

< (2m7)*w (277)%0
Ip[?

oSV V)

(2n)4p (2m)7
- (S von M0 €) - €06) - (S

Again we have used the Aubin compactness lemma, which provides the strong convergence of
(un) in L2([0, T]; HY ,(RY)).

loc



In the terms of symbol Q(t,x;7,€) := —(277)%0(t,x) + (2m)*M(t,x) (£ ® &) - (€ ® €) for the
vibrating plate equation this can be rewritten as

v € VO — ¢0.v.8) + (2 _
(o EndVe0 Va@ ~ 6niVEQ - Vb ) + (15 00 (9Q)) =0,
a relation analogous to formula (34).

~ 2
Replacing ¢ by ¢; = 571;351- 1, where, as before, v is an arbitrary symbol from C!(P?), the
summation with respect to ¢ and m yields (recall that « = /2/(72 + 1) denotes the quantity
defined when we computed the curvature of P?, in the calculations immediately preceding Lemma

2)

<|€|4D vﬁxp.va—vxxp-vﬁQ>+<|£|4ﬁ 30 <1—°‘2>5.va>+<€’25 VE-VLQ) =0,

pl? pl*” &7 4 pl*
where ¥ = ¢ X .
4
As v :=tru = (27|rp‘|£2|) U, where p is a parabolic H-measure associated to a subsequence of
(VVuy,), the last relation can be rewritten as
4 3
(36) <y, VET - Vi Q — ViU - VEQ> n <y, v <I£|2 - 4@2) ¢ va> ~0.

Integration by parts (Corollary 1) gives
(37)

£y . — (ot — Y. ot
[ Ve v.Qaa = /P IQ (v =SV u)g) dA
2 2 2
+/qu,y (0;(@2 Fd-1)VxQ &~ dvEV,Q + 50 VQ - £+ ((VE® V,)Q)é 5) dA.

The symbol @, as well as its derivatives 0;Q, is parabolicly homogeneous of degree 4 with respect
to dual variables, i.e.

VxQ(t,x; 8°7, 5€) = s'VxQ(t, %, 7, £).

Differentiating the above expressions with respect to parameter s, after taking s = 1, yields

2(9:VxQ) (6 x:m, )7 + ((Vx ® VE)Q) (t.3: 7. £)€ = 4VxQ(t, ;7. ).

Thus the formula (37) becomes
/ VVED - V,QdA = —/ UV,Q - (vﬁu ~Z¢n- Vﬂgu)) dA,
Pd Pd 2

2
- / Tv <O;(a2 +d+3)VxQ - € — div£VXQ> dA
pd

and, as iy =

e the relation (36) reads

_a?
4(a2-1)"
2

9.2
/ xwxu.vﬁQdAJr/ u <a2+d+3+7 sa
Pd Pd 4

a?—1

) V- £dA

_ /Pd TV,Q - (Vﬁy — %g(n : VT’EI/)) dA = 0.

Finally, as by the localisation principle v9;Q =—(9;v)Q we get

a? 4
/ VAVADS (vﬁQ—<a2+d+ 5 >Q£>dA
pd 4 [0 *1

_/Pd U [VSQ] . (V“Ey —(V™éu. n)n)dA =0.

Thus we have obtained the following theorem.




Theorem 13 For any parabolic H-measure p associated to (a subsequence of) (Vuy,), where (uy,)
is a sequence of solutions to (3.18) with additional assumption that o and M are in C' N X%’l,
the trace v = tru satisfies the transport equation

2
Vil - (vﬁQ—O; (a2+d+a24_1> Qg) — V™. ([Vi@] - ([VSQ} .n>n> =0.

Remark. Similarly as it was done for the Schrodinger equation, we can consider the character-
istics of the above transport equation. If we start from a frequency (19, &) € P? as above, we can
conclude that the characteristics remain in P4 over the interval of their existence, so H-measure
v in Theorem 13 remains constant along such integral curves on R4 x P9,

Similarly we also get that ¢(s) := Q(t(s),x(s);7(s),&(s)) = 0 for s > 0, if we start from
q(0) = 0. Indeed, here we can use the identity V7¢Q - n = 2aQ to obtain

2
dq——a<o¢2—|—d—4+

ds 4 az—1

and then we can conclude as before.

> (VxQ - &),

Concluding remarks

We hope that it has been demonstrated that the introduced choice of surface P4 is appropriate
for expected applications of parabolic H-measures. Also, after the model equations we treated, it
is hoped that other, more realistic applications, are now feasible.

A number of possible generalisations have been mentioned in the paper; a detailed develop-
ment of such tools should not be difficult along the same lines but, in our opinion, should only
be undertaken with a precise application as an ultimate goal.

At a formal level, we can unify the obtained results. In the paper, up to the nonhomogeneous
term, we considered equations of the form

P()onun + P1 . APlun = 0,

where Py and P; stand for (pseudo)differential operators in time and space variables, respectively.
Denoting their (principal) symbols by py and p1, and by @ = gp3 + Ap; - p1 the symbol of the
differential operator defining the left-hand side of the above equation, we can state the results
obtained for the parabolic H-measure fi associated to the sequence (Pyu,,Piuy,), converging
weakly in L2 to 0.

The measure fi is of the form

~ pPRP.
38 n= U,
%) o
where U := trp is a scalar measure, and the localisation principle reads
(39) Qr=20.
Finally, the propagation principle states
Emv 17

Let us note that the above results are also valid for the original H-measures when applied
to the wave equation. Thus (38) and (39) are found in [40, Lemma 3.10], while the propagation
principle given in [40, Theorem 3.12], when reduced to the homogeneous problem becomes a
special case of (40) for m = 0 and time independent coefficients.

This provides additional motivation for further development of the theory of generalised H-
measures, applicable to equations of different types, eventually enabling the unification of results
valid for particular types of problems.
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