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Abstract

In this paper, a lower bound is established for the local energy of partial sum of eigenfunctions
for Laplace-Beltrami operators (in Riemannian manifolds with low regularity data) with general
boundary condition. This result is a consequence of a new pointwise and weighted estimate for
Laplace-Beltrami operators, a construction of some nonnegative function with arbitrary given
critical point location in the manifold, and also two interpolation results for solutions of elliptic
equations with lateral Robin boundary conditions.
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1 Introduction and Main Result

Let M be a d (d € N) dimensional connected compact C'-smooth Riemannian manifold with an C2-
smooth boundary I', and w a nonempty open subset of M. Denote by g the C''-smooth Riemannian
metric tensor on M; by Dy the Levi-Civita connection on M induced by g; by Vs, divayr and Ay
the gradient operator, the divergence operator and the Laplace-Beltrami operator (on M) given by
Dy, respectively; by (-,-)y and | - |4 the inner product and the norm for the tangent vector of M
with respect to g, respectively; by dgya the volume element of M with respect to g; and by d,I' the
volume element of I' induced by g. We refer to [3] for more details on the notation/tool used in this
paper, say Sobolev spaces on Riemannian manifold. Fix any 7" > 0, and put Q = (0,7) x M and
¥ =(0,T) x I'. Throughout this paper, we use C' = C(M,w,d, g,T) to denote a generic positive
constant, which may change from one place to another.
We define an unbounded operator A on L?(M) by

D(A):{UGHZ(M): T%WL+ZU:O on F},
v

Au=—Apu, Yue D(A),

(1.1)
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where v = v(z) is the unit outward normal vector of M at z € I' with respect to the metric
opmu

9 5 ‘F = (Vayu, v)glr, both [ and [ belong to L>°(I") and satisfy | = 1,1 > 0 or | = 0,
v

1> 0. Let {\;}2, be the eigenvalues of A, and {e;};2, the corresponding eigenfunctions satisfying

\ei\p(M) = 1. It is easy to show that 0 < A\; < Ay < ---, and {e;}2, constitutes an orthonormal

basis of L?(M).
One can find the following result from [4, 7, 9].

Theorem 1.1 If both I" and g are C*°, 1=0andl= 1, then it holds that

Z |ai|* < Cec‘/;/ Z a;ei(x)

Ai<r Wl <r

2
dgz, (1.2)

for every r > 0 and every choice of the coefficients {a;}x,<, with a; €C.

This result provides a delicate lower bound estimate for the local energy of partial sum of
eigenfunctions for Laplace-Beltrami operators (in C°°-smooth Riemannian manifolds) with Dirich-
let boundary condition . As remarked in [22], the power % in the above e©V" is sharp. In terms of
the control theory language, inequality (1.2) can be viewed as an observability estimate for partial
sum of eigenfunctions for operator A. Besides its obviously independent interest, this inequality
has many applications in control theory. In [7], by means of a time iteration approach, Lebeau and
Robbiano used (1.2) to obtain null controllability of the heat equation with homogeneous Dirichlet
boundary condition. In [9], inequality (1.2) was addressed by Lebeau and Zuazua, and via which
null controllability of a linear system of thermoelasticity was analyzed. Further applications of this
inequality to controllability problems can be found in [11, 15, 16, 21]. On the other hand, in [19],
Wang used (1.2) to establish an L°°-null controllability for the heat equation, and especially, via
which he solved a long-standing open problem in control theory for infinite dimensional systems,
i.e., the Bang-Bang principle for time optimal control problem for the heat equation with a locally
distributed controller. His results was recently extended to fractional order parabolic equations,
see [12].

We remark that, in Theorem 1.1, both I" and g are assumed to be C*°-smooth. L. Escauriaza
pointed out that the C*°-regularity for I' can be weakened to be C? but his proof was not published
(see Remark 1.1 in [11]). In this paper, we shall address the sharp result in this respect and, in
particularly, consider a similar problem but with more general boundary conditions.

The main result of this paper can be stated as follows:

Theorem 1.2 The conclusion in Theorem 1.1 still holds when the additional assumptions on I',
g, I and | therein are dropped.

Noting that the time iteration method developed in [7] does not depend on the boundary con-
dition. Therefore, using Theorem 1.2 and this method, it is easy to obtain the corresponding
controllability /optimal control results for equations with Robin boundary condition. On the other
hand, Theorem 1.2 can also be employed to prove the null/approximate controllability of forward
stochastic heat equations ([14]), which is, to the best of the author’s knowledge, the first controlla-
bility result for forward stochastic partial differential equations with control acts only on the drift
term.

Theorem 1.2 needs much lower regularities for both I" and g than Theorem 1.1. Furthermore,
Theorem 1.2 is for general Robin type boundary condition while Theorem 1.1 addresses only the
homogeneous Dirichlet boundary condition.



In [4, 7, 9], the authors employed a local Carleman estimate to establish Theorem 1.1. The
homogeneous Dirichlet boundary condition plays an important role in their proof. However, it
seems to be quite difficult to prove Theorem 1.2 by using the same method. Instead, in this paper,
we shall use a global (in space) Carleman estimate to overcome the difficulties introduced by the
general boundary condition. On the other hand, it deserves to point out that, although a related
global Carleman estimate was established in [2] addressing observability estimates for quite general
parabolic equations, the approach therein does not seem to be able to provide the desired sharp
estimate “e“V"™ in Theorem 1.2. Indeed, in order to prove Theorem 1.2, we need to derive first a
new pointwise and weighted estimate for Laplace-Beltrami operators (see Section 2), and then to
prove the existence of a nonnegative function with arbitrary given critical point location in manifold
M (see Section 3), and also to show some interpolation results for solutions of elliptic equations
with lateral Robin boundary conditions in a cylinder (see Sections 4 and 5). B

It is considerably easier to prove Theorem 1.2 with [ = 0 and [ > 0 than the case with [ =1 and
[ > 0. Noting that in both cases we can use the same method to obtain the desired inequalities.
Therefore in the sequel we only prove Theorem 1.2 for the case that [ = 1 and [ > 0. The proof
of this theorem will be given in Section 6. Note also that, even for the case of Dirichlet boundary
condition, our method seems to be more elementary and also self-contained than that in [4, 7, 9].

2 A pointwise and weighted estimate for Laplace-Beltrami oper-
ators

In this section, we establish a pointwise weighted estimate for Laplace-Beltrami operators on a
given Riemannian manifold, which will play a key role in the sequel.

Let N be a n-dimensional (n € N) Riemannian manifold with a Cl-metric tensor b. The
meaning of (-, )p, | - |p, VN, divy, Ax and so on can be understood similarly as mentioned at the
very beginning of Section 1.

Let H, H; and Hy be any given C'-vector fields on N. We recall the following well-known
formulas which will be useful later (e.g. [3, Chapter 1], [5, Chapter 3]).

divy(hH) = (Vnh, H), + hdivyH, VY h e CHN). (2.1)

Vn(Hy, He)y = (VNHy, Ho)y + (Vv Ha, Hy)y + (VD) (Hy, Ha), (2.2)
where (VH;, Hj), stands for the contraction of the tensor b @ VNH; @ H; (1 <i,j <2,i+j =3),
(Vnb)(Hy, Hy) stands for the contraction of the tensor Vyb® Hy ® Ha. Also, for any f € C1(N),
we denote by V(Vyf) the Hessian of f.

In the sequel, for arbitrary real function ¢ € C?(IN) and arbitrary positive real numbers s and
A, we choose functions o and 6 as follows:

NN

a=e, 0= (2.3)

We have the following result:
Theorem 2.1 Assume v € C*(N) and put w = 6v. Then it holds that
2
20%|Axv| + D
> By|Vywl; + Baw? + 4s\? (VN(a|VNg0|§), VNw> Y

+4sXa(Vyw, Ve)i + 4sha (VNw’ ([VN (V]W,O)] ’ va>b>
3
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+4s (VNw, (Vnb)(Vyw, VNgo))b — 23/\a<(VNb)(VNw, Vnw), VN<p>b, (2.4)
where
D = 2s\divy [QAa\VNcp\ngNw + 522203 |V v o[ Fw? Vv g
+2a(V e, VNw)yV yw — a|VNw|gVNg0]
B = 25X°a| Vol — 2sMaAne| Vel — S)\a((VNb)(VNw, Vyw), VN90>b 25)

=25 2|V nopli — saO(N),

2
By = 283X a? Vvl + 283\ divy (| VvpliVive) — 482)\2012)AN§0‘ —45* X Vv ol?

=25\ Vol — s2230(\3) — s2a20(\).

Remark 2.1 There exist several pointwise and weighted estimates for second order partial differ-
ential operators in the literature (e.g., [1, 6, 10, 18, 20]). These estimates are quite useful in control
theory and inverse problems for partial differential equations. In [18, Theorem 2.2/, one can find
an estimate similar to (2.4). The main advantage of our estimate (2.4) consists in that it is more
convenient to deal with the Robin boundary condition, as shown in the proof of Theorem 4.1.

Proof of Theorem 2.1: By the definition of v and w, we have that
Vyv = VnOw) =wVn@) + 07 'Vyw = —sA lawVye + 07 Viyw. (2.6)
Hence, by (2.1), it follows that

—0divy (Vo) = —0divy (—s 0 LawV e + 071V yw)
= —Anw + 25Xa(V iy, Vyw)y + sA2a|V yo|iw

—5°N202 |V v iw + shawAnep. (2.7)
Put
I = —-Ayw — 82)\2a2|VNcp|§w,
I = 2s0a(V e, Vyw)y + 25\ 2a|V v o|fw, (2.8)

Is = —0ANv — shawAnp + S>\2a|VNg0|gw.
By (2.7)—(2.8), we see that I} + I, = Is. Hence

201y < |I3/°. (2.9)
We estimate |I3]? first.
2 2 2 2
|I5]° = ’ — ANV — sSAawANp + SA a|VN<p|bw‘
4
< 20%| Anv)? + 4522320 Ay ) 2w]? + 432)\4a2‘VN90‘b]w|2. (2.10)

Next, let us estimate I11s. By (2.8), it follows that
L = 23)@( — Ayw — 32/\2a2]VN<p]gw> ((VNgO, Vyw)y + )\]VNgolgw>

= 25)\2o<< — Ayw — 52)\2a2|VN<p|§w> IV nopl2w (2.11)

—253 X33V N2 (Vne, Vvw)yw — 25 aAyw(V ye, Vyw)s.
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We need to compute the terms in the right-hand side of (2.11) one by one. By formula (2.1), we
find that

25)\2a< — Ayw — 82)\2062|VN§0|I%1U> |VN<P|I%“’

= 25203 |V ypliw?® — divy (23)\2a|VN30|ZwVNw)

257\ (vN(a\vWF), va) w+25X%| Vol |Vl (2.12)
Further,
—283)\3a3|VN<,0|§(VN<p, V yw)pw
= —divy <s3)\3a3]VN<p\?,w2VN<p> + 35323 |V v w?
+53)\3a3divN(|VN<p|§Vng> w?. (2.13)
Further,

—2s \aAnyw(V e, Vyw)p
= —divy (23/\a(VNcp, VNw)bVNw) + 250 2a(Vne, Vyw):

+2s (VNw, VN (Vyw, Vng)b) R
By formula (2.2),
(Vv O (O o), = (T ([9 (V) | )+ ([9 (Vo) | 9w ),

+(va, (Vb)(Vnw, vw))b.

Noting that
2(va, ([VN(vaﬂ , vw)b)b - (VN‘VN“”Z’ ngo)b . ((va)(va, Vyw), vW)
we arrive at

25\ (VNw, Vi (Vyw, VN@)b) b

b?

= sha (vN‘va(j, V;wo)b - s)\a((VNb)(VNw, Vvw), ngo)b
+25ha (va, ([VN (vwﬂ , va)b )b +25)a (va, (Vb)(V v, VNso))b
= sAdivy (a|va|§ngo> — 52|V N o2V vw]? — shaAnp|V yw|?
—sAa((VNb)(VNw, Vnw), vw)b +2s)a (va, ([VN (VW)} , va)b )b
125 a (va, (Vb)(V yw, VNcp))
Therefore it holds

—2s \aAnyw(Vye, Vyw)p
= —divy <2s/\a(VNcp, VNw)bVNw) + 250%a(Vye, Vyw)? + divy <3Aa|VNw|§VN<p>

.

—5)\a<(VNb)(VNw, Vyw), VNSO)b — 5)\2a|VNg0|§|VNw|§ — s/\aANap\VNw|g
425\ (VNw, ([VN (VNcpﬂ , VNw)b>b + 25\« (VNw, (VD) (VNw, VNcp)) (2.14)

5
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Finally, by (2.9)—(2.14), we obtain (2.4). O

3 A nonnegative function with an arbitrary given critical point
location in the manifold

In this section, we prove the existence of a nonnegative function with an arbitrary given critical
point location in manifold M. This result is a modification of the corresponding result in [2] for
flat spaces. In the sequel, this construction will play a key role in the choice of the weight function
in our global Carleman estimate.

Our result is stated as follows:

Theorem 3.1 There exists a function 1 € C*(M) such that ¢ >0 in M, =0 on T and
Va2 >0, Vae M\ w, (3.1)
where wy is an arbitrary fized nonempty open subset of M such that wy C w.
Proof of Theorem 3.1 : We borrow some idea from [2]. Choose a function p € C?(M) such that
p>0in M, p=0and |Vyplg >0o0nT. (3.2)

By the density of Morse functions in C2(M) (see [17, Chapter 1]), there exists a sequence of Morse
functions {p*(x)}2, such that

p* — pin C}(M), as k — oo. (3.3)

Denote by M; = {x eEM ‘ Vup(z) = 0} the set of critical points of function p. Since |V plg >
0 on OM, there exist a positive number &; > 0 and an open set Ms C M such that

|Vuply > & >0in My, MiNMy =0, T C M. (3.4)

Let f € C>°(M) such that
f=1lonT, f=0in M \ Ms. (3.5)

Put ¢*(z) = p¥(x) + f(z)[p(x) — p*(x)]. By the definition of ¢¥, we know
@ =0o0onT, Vg =Vyp" in M\ M, (3.6)

and
V" (@) = Varp* (@) + f(@)[Vap(a) = Varp® ()] + Varf (@) [p(z) — p*(2)]. (3.7)
By (3.3), we know that there exists a k € N such that for any integer k& > k, we have

F@)Vaple) = Varr (@) + Varf@)lple) — o (@) < & (39)
From (3.4), (3.7) and (3.8), for any integer k; > k, it follows that
\Varg*|, > 0 in My. (3.9)
Letting ¢(x) = ¢*1 (), we know that ¢ is a Morse function satisfying |V rq|, > 0 in Ma.

6



Denote by C'P; the set of critical points of function ¢, i.e., CP; = {x e M ’ Vmg(z) = 0}.

Hence CP; is a finite set. Assume CP; = {xy, x2, -+, ¥, }. Consider a sequence of functions
{p'}m, C C>(]0,1]; M) such that

pit) € M, Yt € [0,1], p'(t1) # p'(ta), Vt1,to € [0,1],t1 #to, i =1,---,m,
pz(l) = Ti, pl<0) € wy, izlu"'vmu (310)
p(t) # P’ (ta), Vi # j, Vi1, ts € [0,1],

where w; is a nonempty open set such that Wy C wg. By (3.10), there exists a sequence of C2-vector
fields {n‘}"™, on M and a sequence of C*°-functions {7*}"™; on M such that

dp'(t)

suppy  C M, i=1,---,m, (3.12)
suppy' Nsuppy’ =0, Vi # j, (3.13)
Y(p'(t) =1, Vte[0,1],i=1,---,m. (3.14)

Let Vi(x) = v'(x)n'(z). Consider the system of the ordinary differential equations on manifold
M as follows:

dz i
ar = V) (3.15)
x(0) = xo.

Denote by Sf : M — M (i = 1,---,m) the operator such that S/(x¢) = z(t), where x(t) is the
solution of equation (3.15). Hence S (i = 1,---,m) are diffeomorphisms on M.
By (3.10), (3.11) and (3.14), we have

SipO0) =z, i=1,---,m. (3.16)

Put S(z) = St oS2o---08™ and ¥(x) = ¢(S(x)). By (3.12), there exists a domain Ms C M such
that I' ¢ M3 and A
Si(x)=x, Vo € M3, i=1,---,m. (3.17)

Therefore ¢(z) = q(z), Vo € Ms. Hence ¢(z) = 0, Vo € OM. Denote by CP, the critical points
of ¢. Since the mapping S is a diffeomorphism, we have

CPy = {veM|S@) e CP}. (3.18)

By (3.13), we have .
S(p'0)=x; i=1,---,m. (3.19)
It follows from (3.18) and (3.19) that C'P, C wg, which completes the proof. O



4 Interpolation inequality I

This section is devoted to showing an interpolation result for solutions to the following elliptic
equation:

ug + Apru =10 in @,

oyu
v +l(zx)u=0 on X.

(4.1)

Our result reads:

T
Theorem 4.1 Let 0 < v < 3 and 2y <T' <T" < T —~. Then there erists a constant p € (0,1)
such that any solution v € H*(Q) of (4.1) satisfies

|U|L2(M>< (T, 1)) < C’|u|’£2(wx(%T_w)) |“|}L]71F(LQ) (4.2)

This sort of interpolation estimate has already appeared in the framework of boundary control
and stabilization for hyperbolic equations (e.g.[8]) and also for inverse problems (e.g.[18]).

Proof of Theorem 4.1: We borrow some ideas from [18]. The key is to use Theorem 2.1. The
proof is divided into five steps.

Step 1. Firstly, we will explain the construction of the weight function 8 appeared in Theorem
2.1. By (3.1), we have

1>

! min |V (z)|g > 0. (4.3)

h - -
9] Loo (M) zeM\wo

Without loss of generality, let us assume that 77 < T — T". Let

T CT-T -2y T

a:§—2'y, a = ———5—— @ =57 (4.4)
It is easy to check that
E <ap<a<a < L
B ag a ail 5 .
We choose () o
x
o(z,t) = (c1 — CQ)L +a? — (t - —) + K (4.5)
%] Lo (1) 2
and T2
o(x,t) = —(c1 — CQ)M +a? — (t - —) + K, (4.6)
9] Loo (a1 2

(
T 2 1,T 2
where ¢; = a® — (5 — T’) ,eo=a’— 3 (5 - T') — a% and k is chosen to be large enough to make
@ > 0. Tt is easy to check that c¢; > co. N N -

These give the functions a(x,t) = M) Gz, t) = M@ g = 5 and 0 = e5*. Tt is obvious
that 0<p<p, l<a<aand1l<6f<0.

By the definition of «, it is easy to check that

Oé(,t) 2 eCl)\-‘r)\KZ’ t _ g S % _ T/,

a(,t) é e(Cl—CQ))v‘r)\K" ‘t_g > a.

8



Noting that equation (4.1) has only partial boundary condition. We need to reduce it into an

T
equation with full boundary condition. For this, let us choose a cut-off function ¢(t) € C§° (5 —

T
a1, 5 + a1> = Cy°(7,T — ) such that

Let u; = ¢u, noticing that ¢ is independent of z, it follows by equation (4.1) that

(u)u + Aprur = ppu + 2¢u;  in Q,
Onrut
ov

u =0 on <M>< {0})U(M>< {T}).

By (4.8), we know that there is a Qo C @ such that

+l(x)uy =0 on X, (4.9)

{ supp (u1) C Qo, (4.10)

8@0 is 02.

Put Xg = 0Qo N X.

Step 2. We now apply Theorem 2.1 to equation (4.9) withn =d+1, N =Qp, b=1®g, v
being replaced by u1, ¢ is as (4.5) and w = u.

Integrating equality (2.4) on Qp, we obtain that

2
/ 20%|(un)ue + Ang| dywdt + | Ddyadt
0 Qo

2/ Bl\VNw|§dgmdt+/ B2w2dga:dt+4s)\2/ (VN(a|VNg0|§),VNw>bwdgxdt
0 Qo

0

+4s)\? / 0 a(Vyw, VNcp)gdgxdt + 4s)\ a<VNw, {VN (VNcp)} VNw) bdg:L"dt

Qo
4sh / a<va, (VNb)(VNw,VN¢)>bdgmdt—28)\ / a((VNb)(VNw,VNw),VNcp>bdga:dt,
0

0
(4.11)
Let us estimate the right-hand side of (4.11). By Cauchy-Schwarz inequality and noting that
© € C?(Qyp), we have the following estimates:

45)\2’ (VN(a|vN<p|§), va)bw’ < 0(32)\404102 + 2|V ]2+ )\2\wt\2>, (4.12)
45)\‘a(VNw, [VN (VNcp)}VNuOb‘ < C's)\oz(|VMw|§ + |wt|2), (4.13)
43)\‘04(va, (VNb)(VNw,VNap))b‘ < Cs)\a(]VMw\Z + ]wt]2>. (4.14)
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sA’a((VNb)(VNw,VNw), VNSO)J < Cs)\a(]VMwlg + ]wt]2>. (4.15)
By the definition of B;, we have that
By |Vywl|? = [25)\2a\VN<p\,2, - saO(A)} (I arw[2 + Jwe]?). (4.16)
By the definition of By, we have that
Bow? = [233/\4043]VN<,0]?; — $3230(\?) — 2?0\ w?. (4.17)
Recalling (4.5) for the definition of ¢ and (4.3) for the positive constant h, we conclude that there

is a constant Ag > 1 such that for any A > Ao, one can find a constant sg > 1 so that for any s > sq,
the following estimates hold uniformly for (x,t) € M x (2 —a,2+a) \ wo X (2 — ap,2 + ap):

{ B |Vywl|} — C(sha + )\QQ)(’VM'LUE] + |we]?) > (1 — 02)2h25)\2a(|VMw|§ + |we]?), (4.18)

Bow? — Cs*Xaw? > (¢; — ) his*Mad|w|?.

From (4.11) and (4.18), we conclude that
s)\2/ a(]VMw\g + ]wtlz) dgxdt + 83)\4/ o3 |w|*d,xdt
Qo Qo

2
gc{ / 92’(u1)tt+AMu1‘ dywdt + | Ddgxdt
o Qo

T T
+8)\2/ / 06<va‘521 + wt‘2> dgxdt + 33)\4/ / a3|w2dg:cdt}. (4.19)
0 wo 0 wo

Step 3. We now get rid of the boundary term / Ddgxdt in (4.19).
Qo

Using the divergence theorem and the boundary condition of equation (4.9), the first term in

Ddgxdt reads
Qo

) )
43)\2/ a|vW|,%dergdt:4sA2/ a(]VMw\g—l—]got|2)<s)\aﬂw2—lw2)dgl“dt. (4.20)
o 8V 8V

3o

The second one is

o)
233)\3/2 P (|Vargl? + \got\Q)awa%grdt. (4.21)
0

The third one is

0 ov

™

4sA / a(Vye, VNw)bMdngt
[

s/\/ a[(Vare, Vyw)g + orwy (3/\0411)8?)4@ + 98]5[1“)%1“&. (4.22)
o

1% v

W

10
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By the boundary condition of uj, we have that

omyp

= —luy. Especially, noting that ¢ L= 0, we

have that Vs o|r = V| Hence from (4.22), we get that

0
4s\ a(VNcp,VNw)wadngt
Yo ov

:/ (4S3A3 Vel S OMP 2 g232g *| V| Jlw? +43Aaag”z? 2)d rdt
Yo

8
+457\? / a2g0twtwal¢dgl“dt — 48\ / aprlwywd,Tdt. (4.23)
Eo v E0
By integration by parts, we get that

—4s)\ / apiwiflurdgldt
o

= —4s\ O (shapiBur + O(ur)e)lurdgI'dt
Yo

— 2\ / {)\atp w? + apylw }dngt. (4.24)
Yo
Therefore, we obtain that

0
4sh | a(Vne, VNw)bMdngt
o v

:/ <4S3A3 Vel S P 2 gg232 *| V| flw? +45Aaag”z2 2)d Tdt
Yo

-1-482)\2/ a2cptwtwag[s0dgfdt + / {232)\2a2goflw2 — 23)\2a<ptlw — 28 apylw }dgfdt.
EO v E0

(4.25)
The fourth one is

2/ s)\oz|VNw]2aMSDd Idt
0 v

_ _2/ sha(|Varw|? + )ag“pd Tdt
o

:_2/ [3/\3 Vgl E M*” w? — 25220202 |V | 2lw? + sAab?|V prua |2 Ms@]d rdt
Yo

) / sAanaM‘pd rdt. (4.26)
So v

Therefore we have

Ddyzdt = / {432/\3042(\VM<P|§ + e H)w? + 45° X0’ [V arpiw? + 25° XPa® gy [*w?
Qo 3o

0
+4shal?w? + 42 2o pww, — 28)\0[(92|VMU1|§ — 25)\alwt2} alwdgfdt
v

—/ [43)\204]VM<,0\31(1 + sa) — 252\ %ad|p|* + 23/\04190,5,5} w?d,Tdt.
3o

(4.27)
11



Since |V ar¢lg|r > 0, we know that there exists an s; > 0 such that for all s > s;, we have that
/ [43)\2a|VM90|§l(1 + sa) — 2s)%ad | |? + 23)\algptt] wd,Tdt > 0. (4.28)
D)

Hence the right-hand side of (4.27) could be divided into two parts. The second integral is negative
and has the property we expect. We need only to deal with the first integral in the right hand side
of (4.27). We now choose another weight function 6. By (4.5), (4.6) and noting that ¢ vanishes on
I", we have the following equalities:

Ivp| _  Omep

(6%
2 Ov Iz ov |y’ ‘z

-7

=

)2 , wt‘ :f[ﬁt’E. (4.29)

Similar to (4.19) and (4.27), we deduce the following inequality:

5A2 / & (|9} + @) dydt + 23 / &\ dywdt
Qo

Qo

Qo

T T
e / / & (|l + ) dgdt + $°3° / / &3|{D|2dgxdt}, (4.30)
0 wo 0 wo

~ 2 ~
< C{ / 62 ‘(ul)tt + AM“l‘ dgxdt + Ddgxdt
Qo

where @ = 6 w1 and
Ddgzdt = —/ [452)\3042(]VM90|3 + e Hw?* + 653>\3o¢3|VMg0\§w2 + 453 \3 03|y |*w?
Qo o

0
+48)\al%w2 + 482)\2a2<,0twwt - 25)\oz92|VMu1|3 - 25>\alwt2} %(’Ddgl“dt
v

—/ [43)\2a|VM<p]§l(1 + sa) — 2s2%ad|pf|? — 25)\alg0tt] w?d,Tdt.
o
(4.31)

From (4.27) and (4.31), we know that for Vs > s;, we have that
/ (D+5) dyrdt = — / [83/\2a|VMg0]§l(1+sa) —4s\2al|py]? —43)\alcptt} w?d,Tdt < 0. (4.32)
0 2o

By (4.19), (4.30) and noting (4.32), we arrive at

s)?/ [a<|VMw\3+|wt|2> +&<|VMw§+|wt|2>]dg:pdt
Qo

INEIY / (P + &) dyrde
Qo

AL
S

2

(u1)p+Aprug +62 (u1) e+ Apruq

2 T
)dga:dt+s3/\4 / / (0% + a5 dya
0 wo

o <|va|§ + |wt|2> + a<|va|§ + th|2>] dgznd,t}. (4.33)
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Step 4. We now return both w and w in (4.33) to u;. Recalling that w = fu; and w = gul,
we obtain that

1
692 <\VMu1|3 + (u1)e)® + 52)\2042|u1\2> < \VMw\f] + Jwe|* + s2X 20 w?

< Ch? <|VMu1|§ + |(u1)t\2 + 32)\2a2|u1|2> (4.34)
and
1~ - ~ ~ g~
592 (]VMul\g + [ (u1)e* + 82)\2a2|u1]2> < |VMw\Z + @ |? + N2 a2 w?
<

Co? QVM’U;”E + [(u1)e* + 32/\2042]1“\2) (4.35)

By the definition of a, &, 6 and 6, we know o > & > 1 and 6 > 6 > 1. Hence, by (4.33)-(4.35), we
end up with the following inequality:

83)\4/ @302 |uy [Pdyxdt
0

gc{/er

T
—i—s/\2/ / aHQ(\VMuﬂg + \(ul)t]2>dgmdt}. (4.36)
0 wo

Recalling that u; is the solution of equation (4.9), we know

2 T
Aprur + (ur)| dgxdt + 83/\4/ / a392\u1]2d9xdt
0 wo

2 2
’AMul n (ul)tt‘ < ’qﬁttu n 2¢tut‘ . (4.37)

Choose a cut-off function g € C§°(w) with g =1 in wp and 0 < g <1 in w. Multiplying equation
(4.9) by gb?au; and integrating it in Qo, using integration by parts, we get

T
/ / af? (vaulyg + y<u1)t\2> dyadt
0 wo

T
< 0[82)\2 / / 02a?|uy [*dgzdt + / 02| psu + 2¢>tut|2dga;dt} (4.38)
0 w Qo
From (4.36)-(4.38), we obtain

33)\4/ 302 |uy [*dgzdt
Qo

T
§0{3A2 / 0% puu + 2¢us|*dgzdt + s2A* / / a302|u1|2d9xdt}. (4.39)
Qo 0 w

Step 5. Finally, we shall drop the weight functions in the integrands of (4.39) to get the desired
result. Noting that « satisfies (4.7) and ¢ satisfies (4.8), we have the following inequalities:

TH
/ SN PO uidjadt > 83)\463(01>‘+>‘“)eQS(eCIMM)/ / [ul*dgadt, (4.40)
Qo T JM

13



/ 02| prru + 2¢us|*dyxdt

Qo

+a;
= /2 / 92\¢ttu+2¢tut]2d xdt (441)

—aq

+a1
C 23@(1’1 o)Ak {/ / |U‘2+ ‘Ut| )d xdt+/2 / (|U’2+ "U,t|2>dg$dt}
T_g Tta M

2
A+
< C 2selc1—c2) r

’U\Hl(Q)

T
/ / s A1 a20% uy |2dywdt
/ / s\ a30?|uy |2 dywdt
o

T—
2, AME2 beq —cotr) v
< NS Fer—eatn) 250X lu|*dgzdt.
Y w

and

(4.42)

From (4.39)-(4.42), we obtain

T//
c1 A+ AR
53)\463(Cl>\+>\f€)628(€ 1 )/ / |U’2dg.'13d7f
T M
(4.43)
)\(T2 +c1—co+k) T—
<83)\4 3)\( +cl cz+n) 2se\ T4 Te1Te2 /

fy Cc1 —C: K
/ |u’2dgxdt + 06236< 1T ‘u’%ll(Q)
1o w

28(651)\+/\K)

Recalling that ¢; > ¢o > 0, hence we know that e 2s(e(1TDNEN) b\ = Ao,

2
23(6(‘31_62»‘0""“)‘0) 6)\0(%+c17c2+/@) . 601)\0+l€)\0

pu— k p—
)\4018363)\0(C1+H)628661/\0+N/\0 ! eClAotRA _ p(er—c2)dotrAo

and
250(6(61*02>A0+M0)

o = .
0 A4 3 3)\0(01+/{) 2503‘31)‘0'4'“)\0

From (4.43), we know that for any ¢ € (0, &), it holds

2 k|2 2
|u’L2(M><(T’,T”)) <e |u!L2(wx(%T_7)) + Cé’U‘H1(Q), (4.44)
which in turn implies that the above inequality holds for any € > 0.
Let = b e = [l @ (2, 7) " by inequality (4.44), we get
1+k’ |u| g1 ’ Y
1—
[ul L2 (v ) < C‘u|g2(wx(7,T—7))’u|H1l(LM><(0,T))' (4.45)
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5 Interpolation inequality II

This section is devoted to showing another interpolation result for solutions to equation (4.1). Our
result is stated as follows:

T
Theorem 5.1 Let 0 < v < 7 Then there exists a constant 6 € (0,1) such that any solution
u € H?(Q) of (4.1) satisfies

Ul 1 @ (7 =) < Cu(0)|£2(0) + |we(0)|p2(w) + \VMU(O)\L2(UJ))5!U|}I_1‘EQ)- (5.1)

Proof of Theorem 5.1 : We divide the proof into three steps.
Step 1. Let wy CC w. Denote by dist ((z,t),ws x {0}) the distance from (z,t) to wy x {0}.

Put N(7) = {(x,t) €qQ ‘ dist ((z,t),w2 x {0}) < T}. Let 0 < 71 < 72 < 73 such that N(m3) C @
and N(13) N (M x {0}) C w x {0}.
Let h be an C2?-function such that

3<h<4 if (z,t) € N(1),
0<h<1l if(x,t)e N(m3)\N(mr),
|Varh| >0 for all(z,t) € N(3).

The construction of h is very easy. For example, we can choose a smooth function h; : R — R

such that
{ R} <0and 3 < hi(s) <4 if0<s<7f,

0<hi(s) <1 if 77 < s < 72

Then h(z,t) = hy(dist 2((z,t),ws x {0})) is the desired function.

In what follows, we shall use Theorem 2.1 (with ¢ replaced by h) to prove Theorem 5.1. For
simplicity of the notations, we still use 6 to denote the weight function if there is no confusion.

Denote by dyON (73) the volume element of N (73) in its Riemannian metric and by v = v(z)
the unit outward normal vector of N(73) at € ON(73) with its Riemannian metric.

For e small enough, define

N:(O(N(13)) \ (w2 x {0})) 2 {z: x € N(m3),dist ((x,t),0(N(73)) \ (w2 x {0})) < e}.
Choose a function x € C*°(N(73)) such that 0 < x <1 and that

_{ 1 if (x,t)EN(TQ),
X 0 if (z,t) € N(13) N No(O(N(13)) \ (w2 x {0})).

Put @ = xu where u is the solution of equation (4.1). Then, u satisfies the following equation:

(5.2)

Uy + Aprt = X + 2xpur + Ay x +2(Vu, Vrx)g  in N(73),
IVmiulg=u=0 on IN(73)\ (w x {0}).

Apply Theorem 2.1 to equation (5.2) with b =1® g, v replaced by @ and w = 64.
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Proceeding as in (4.12)-(4.18), similar to (4.19), and noting that h has no critical point in N(73),

we obtain that
S)\Q/ a<vaw\§+ ]wt]2>dga:dt+s3)\4/ o3 w|?dywdt
N(7s) N(r3)

2
<C / Hzlatt—I—AMﬁ) dywdt + / Dydyadt b, (5.3)
N(3) N(r3)

where
Dy = 2s)\divy [2Aa|th\§vaw + 22203|V v h|2w?V v h

120(Vvh, Vyw)pVyw — a|vay§th]. (5.4)

Dydgxdt is the boundary term.
N(r3)
For the first term therein, we have

By the divergence theorem,

ow

/ 25)\2a|VNh‘gw7_db8N(T3)
AN (73) v

<C {SAa(]VMw@ + w?) + 5)\3aw2}db8]\7(7'3).
ON(73)
Due to the definition of w, we know
{ WlaN )\ @x{0}) = Ulon(m)\@x{op) = 0,
VNw\aN(Tg)\(wx{O}) = VNﬁ\aN(Ts)\(wx{O}) =0.
Hence we know that

/ 25/\2a|VNh|Zwaqujdb3N(T3)
AN (73) o

<C {5)\04(|VMw|§ + w?) + s)\3aw2}dg:v.
wx{0}

By the same argument, we obtain the estimates for the remainder terms. Therefore, it follows

that

[sAa(vaw\g +w?) + 53/\3a3w2}d933. (5.5)

/ Dldgl’dt S C
Q wx{0}

Combining (5.3) and (5.5), we obtain that

8)\2/ oz(VMwE + wtz) dgzdt + 53)\4/ o3 |w|*d,xdt
N(73) N(73)

2
<C / 92’ﬂtt+AMﬁ’ dgxdt+/ {3/\a(|VMw]§+ |wt|2)+33/\3a3’w|2}d9x}.
N(73) wx{0}

Step 2. We now return the w in (5.6) to @. Recalling w = 64, it is clear that

(5.6)

1
502 (VMag + |ay|* + 52)\2a2|ﬂ|2> < Vw4 Jwe? + s*Aa’w?
< 092(vauy§+|ut\2+52A2a21u|2>. (5.7)
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From (5.6)-(5.7), and noting the first equation in (5.2), we obtain that

sv/ a92<]VM1?L!_(2]—|—|ﬂt|2>d9xdt+33)\4/ 302 |a|2dywdt
N(r3) N(

73)
<C / 62
N(73)

—I-/ [s)\a(|VMﬂ|§ + @) + 53)\3043122} dgx}. (5.8)
wx{0}

2

Xett + 2xue + ulAprx + 2(V i, Varx)g| dgxdt

By the definition of 4, we know that @ = u in N(71). By the definition of h, we know that
a>eand 0> e if (x,t) € N(m1),
a<edand 6 < e if (x,t) € N(13) \ N(72).
By the definition of x we know that
xt =0 and Vyx =0 if (z,t) € N(m2).

Therefore we have the following inequalities:

/ s)\QaGQ(IVMﬂlg + \TMQ) dgxdt > sAZeMe2se” / (\VMTL@ + \ﬁt|2>dga:dt, (5.9)
N(73) N(r1)
/ s AP0 udgadt > §3N1e9N 2se™ / lu|*dgzdt, (5.10)
N(T3) N(Tl)

2
/ 92‘Xttu + 2xtus + ulprx + 2(Vu, VMx)g‘ dgxdt
N(r3)

< e /N( )(yu|2+|vMu|§+\ut|2)dga:dt, (5.11)
T3

/ s*Aad0?|uPdyr < 83)\3612)‘62564)\/ u|?d,, (5.12)
wx{0} wx{0}

and

/ shab? (|VME|§ + ﬂ?)dgx < shetrese” / (|VMu|3 + u?)dgx. (5.13)
wx{0} w

From (5.8) to (5.13), we know that

x{0}
sAZeAg2se™ / (]VMQZ]?] + |at\2) dgxdt + 319N 25e™ / s\ u|?d zdt
N(m1) N(m1)

< e / (\u|2 + |VMu|§ + |ut|2) dgxdt + s3\3el12A 2se™ / lu|?dyx
N(Tg) w><{0}

4N
+shetre?se /

(|VMU|§ +u?)dga:}. (5.14)
wx{0}
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Similar to (4.44), by (5.14), we obtain that there exist a # > 0 and an ¢y > 0 such that for any
e € (0, €0], we have

[l vy < €7 (102 + [Taru(0) By + [u(0) 22y ) + Celuld gy, (5.15)

which in turn implies that the above inequality holds for any € > 0.
Noting that 71 > 0, hence there is an open ball B C N(71). Then we know that

|U|12LII(B) < Efﬁ(‘ut(o)ﬁ%w) + |VMU(0)|%2(M) + |U(0)|i2(w)> + Ce‘“ﬁql(@)‘ (5.16)
1 e (0)[72(,) + IVaru(0) 72y + [u(0)[F2()\ &
Put ¢’ = and let € = ( AAYC) LAw) LA )> in (5.16), we get
145 [uli )

5/

ulirics) < C (Ju(0) By + [Varu(O)a) + 102, lullity, -

s ,
< C(Jun(0) g2y + IVaru(0) o) + 1u(0)] 20y el

Step 3. To complete the proof, it suffices to show that the following proposition: For any given
open set L CC @, there exists a constant 0 < §” < 1 such that

Jul () < Clulin gy lulinde): (5.18)

Firstly, we admit this claim and continue our proof. After that, we prove this proposition.
By inequality (5.17) and (5.18), we deduce that for any given subset L CC @, we have

6
[ul iz < € (ut(0) 2y + IVaru(0) |2y + [u(0)] 20y ) lulizitg, (5.19)
where § = §'6”. Now we choose L = w x (v,T — 7) to get Theorem 5.1.

Now we prove the above proposition. Let By, By and Bs be three open balls in @ such that
By CC By CC Bs CcC Q. Choose a cut-off function n € C§°(Q) such that n = 1 in Bz and
0 <n < 1. Let y = nu. Then, y solves

{ Yt + Apry = nuu + 2nup + Ay + 2(Vu, VMn)g in Q, (5.20)

[Vauyl=7=0 on 9Q.
Denote by P the center of B;. Let r(x,t) = dist ?((x,t), P). Replace the above ¢ (in 6) by r. By

the same argument as the proof of Theorem 4.1, we conclude that there exists a constant 0 < § < 1
such that

[ul 1 (By) < Clulfp gyl il (5.21)

For any ball B’ CC @, we can find a finite number m € N and two sequences of balls {BY}m,
and {B"}; such that

B' cc B,

Bicc BNB™ fori=1,---,m—1,
B™ cc B",

B" = B.

(5.22)
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By inequality (5.21), we know that there exists a sequences {6;}/, satisfying 0 < &; < 1 for
i=1,---,m, such that

lul g sy < lulg sy < Clul® [ul gy 3 <0|u|H1 pluli 3

H(B) HYQ)
510 510 510 5m 55'“5m
< Clulyy? o [ul gy <+ < Clulyye 2o ful iy ™ (5.23)
Put 6 = 5152 . -gm, then we know that
ul gy < C‘“’Hl(B |u]H1(Q) (5.24)

For any given L. CC @, we can find finite balls contained in the internal of ) to cover it. Hence
from inequality (5.24), we know that there exist a constant 0 < 6” < 1 such that (5.18) holds.

Jul b () < Cluliy g lulinfe): (5.25)

This completes the proof of Theorem 5.1. O

6 Proof of Theorem 1.2

We are now in a position to prove Theorem 1.2.

Proof of Theorem 1.2: For simplicity, choose T'= 4, T" = 1 and T” = 3 in inequalities (4.2)
and (5.1). From Theorem 4.1, we get

|U‘L2(M><(1,3)) < C’u|z2(wx(%4,7)) |u‘}q_1/(Q) (6.1)

By Theorem 5.1, we obtain

< C(Jur(0)2 Varu(0)[2 02 ) fuflnd 6.2
lulpz(rx(1,3)) < Jue( )|L2(w)+‘ mu( )‘L2(w)+‘u( )‘LQ(w) |u]H1(Q), (6.2)

where u € H%(Q) is any solution of equation (4.1).
For any {a;}x,<, with a; €C, set

| ajej (63)

sh(tb)

=t if b = 0. Then, both the real part and the imaginary part of y are solutions of (4.1)

and Rey = Imy = 0 on M x {0} . Therefore Rey and Imy satisfy inequality (6.2). For the left
term of (6.2), we have

’Rey\Lz(Mx 1,3)) / /

2
h t,/ 3
> Rea]) ej| dxdt = Z |Reaj|2/
1

VUV A
%

Aj<r Aj<r
>3 |Reaj\2/ 2dt = g S [Reay . (6.4)
A <r Aj<r
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For the right term of (6.2), we have 0;Rey(x,0) = Z Reaje; and

A;<r
Reyl3n o) < CeY(147) Y [Rea;* < Ce™™ >~ [Reay*. (6.5)
)\]'ST‘ /\jST
Therefore we get
2 o 1—pd
Z Rea;|* < C(/ ‘ Z Reajej’ dx) (egﬁ Z ]Reaj]2> . (6.6)
)\jST‘ w )\jST )\jS'f’
Hence we have
2
Z Rea,|? < Cec\/;/‘ Z Rea;e;| dx. (6.7)
;i <r “Iai<r
By the same argument, we can get
2
Z [Tm a;|?* < Cecﬁ/‘ Z Ima;e;| dx. (6.8)
)\jST w )\ZS'I‘
From (6.7) and (6.8), we obtain
2
Z la;]? < Cecﬁ/‘ Z a;e;| dw. (6.9)
A;<r “N<r
O
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