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Abstract

We give a regularity result for the free Schrodinger equations set in a
bounded domain of R which extends the 1-dimensional result proved in [2]
with different arguments. We also give other equivalent results, for example,
for the free Schrodinger equation, if the initial value is in H}(Q) and the right
hand side f can be decomposed in f = g+ h where g € L'(0,T; H}(£2)) and
h € L*(0,T;L*(Q)), Ah = 0 and hyp € L?(0,T;L*(T)), then the solution
is in C([0,T); H}(R)). This obviously contains the case f € L?(0,T; HY(Q)).
This result is essential for controllability purposes in the 1-dimensional case as
shown in [2] and might be interesting for the N-dimensional case where the
controllability problem is open.

1 Introduction

Let us consider the free Schrodinger equation (without potential) with Dirichlet
boundary conditions on a bounded open domain Q of RV with boundary I' and on
a time interval (0,7") with T > 0.

(1.1) i%—l—Ay:fian (0,7),
(1.2) y=0onT x(0,7),
(1.3) y(0) = yo in Q.

It is well known, from the properties of the Schrédinger group (see for example [6] or
[3]), that when yo € L%(Q) and f € L'(0,T; L?(€2)) then this equation has a unique
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solution y € C([0,T7]; L?(2)). Moreover, if we denote by A the Laplace operator
with Dirichlet boundary conditions, when 5y € D(A2) and f € L'(0,T;D(A%))
with s > 0, then y € C([0,T]; D(A2)).

On the other hand it is commonly accepted that the Schrodinger equation does not
have any regularizing property.

Nevertheless, for purposes of exact controllability results, Karine Beauchard and
Camille Laurent proved in [2] a regularity result in the 1-dimensional case © =|0, 1],
at least concerning the boundary conditions. Let us define the space

(1.4) HA(Q) ={z € H}(Q), Az € H}(Q)}.
Of course when (2 is regular enough we have
Ha(Q) C H3(Q).

In [2] it is proved that when yo € HA(0,1) and f € L?(0,T; H3(0,1) N H(0,1)),
then y € C([0,7]; Ha(0,1)). Notice the essential point that f is not supposed to

have values in HA(0,1). In this article the proof makes essential use of explicit
2

values of eigenvalues and eigenfunctions of 872 on (0,1) and of fine harmonic anal-
ysis arguments. The result is essential for the study of controllability problems for
Schrodinger equations. It enables the authors to establish the correct functional
setting (the space Ha(0,1)) when replacing f(t,z) by f(t,z) = u(t)u(z)y(t,z)
with u € L?(0,T) (control) and p € H3(0,1) (potential profile). Using this reg-
ularity property, the authors have been able to simplify considerably and extend
K.Beauchard’s original proof of local exact controllability established in [1].

The goal of the present work is to extend this regularity result to the general case
of a bounded open set Q of RY. Of course in this case we cannot anymore use the
explicit values for the eigenvalues and eigenfunctions of A and the proof will make
use of arguments which, a priori, appear completely different.

Along the lines of the proof, we obtain several equivalent results which are worth
being stated separately. All these results are given precisely in section 2. Section 3
will contain the proof of the main theorem whereas the proofs of other results will
be given in section 4.

2 Results

We start with the result which motivated this work and extends the result in [2].

Theorem 2.1 Let T be positive and 2 be a bounded open subset of RN of class
C? with o > 0. We denote by I' the boundary of Q. For every yo € Ha(Q) and



for every f = g+ h where

(2.5) g € L'(0,T; HA(Q))
and
(2.6) h e L*(0,T; H*(Q) N Hy(Q)), A*h =0, Ahyp € L*(0,T; L*(T)),

the solution y of (1.1), (1.2), (1.3) satisfies
(2.7) y € C([0,T]; Ha(2))

and there exists C > 0 independent of yo, g and h such that
(2-8) Wlleqomra@) < C(H?JOHHA(Q) + gl 21 0,7 mA () + HAh/FHLQ(O,T;L?(F)))-

Remark 2.2 If f € L*(0,T; H3(Q)NH(SY)), let us take g such that for almost every
te(0,7)

A%g(t) = A*f(t) in Q,

g=0onT,

Ag=0onT.
As A?f € L?(0,T; H-1(Q)), this uniquely defines g with g € L*(0,T; HA(R)).
Let us now write h = f—g. Thenh € L*(0,T; H*(Q)NH(Q)), Ah € L2(0,T; H' (1))
and

A%h =0 in Q,

h=0onT,

Ahp € L*(0,T; H2(T)).

Therefore, Theorem 2.1 is indeed an extension of the result in [2].

In fact, Theorem 2.1 will be an immediate consequence of the following result.

Theorem 2.3 Let T and Q be as in the previous theorem. For every yo € HZ(Q)
and for every f = g+ h where

(2.9) g € L'(0,T; Hy(9)),
and
(2.10) h e L*(0,T;L*(R)), Ah=0, hyr € L*(0,T; L*(I")),
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the solution y of (1.1), (1.2), (1.3) satisfies

(2.11) y € C([0,T}; Hy (2))

and there exists C' > 0 independent of yg, g and h such that

(2.12)  [Wlleqomm @) < C(HyOHHé(Q) + gl o, @) + ”h/FHLQ(O,T;LQ(F)))-

Remark 2.4 If f € L?>(0,T; H*(Q)), it can be decomposed as f = g + h with g €
L2(0,T; HY()) and h € L*(0,T; H () with Ah = 0 and so hyp € L*(0,T; H2(T)).

Let us now consider the non homogeneous Schrédinger equation

0z

(2.13) Za +Az=fin Qx(0,T),
(2.14) z=vonl x(0,T),
(2.15) 2(0) = zp in Q.

We will consider weak solutions of this problem in the sense of transposition which
will be made precise in the next section. Theorem 2.3 and Theorem 2.1 will be
consequences of the following result.

Theorem 2.5 Let T and 2 be as in Theorem 2.1. For every zo € H™'(Q), v €
L2(0,T; L3(T)) and f € LY(0,T; H-1(R)), there exists a unique solution z of (2.13),
(2.14) and (2.15), in a sense which will be made precise below in Definition 3.2,
satisfying

(2.16) z € C([0,T]; H1(Q)).

Moreover, there exists C' > 0 independent of zo, v and f such that
(2.17) zlleqoma-—1) < C(HZOHH*(Q) o, m-1(0)) + HUHL2(0,T;L2(F))>-

3 Proof of Theorem 2.5

First of all we have to give a precise definition for solutions of (2.13), (2.14) and
(2.15). These solutions will be defined by transposition, following [4].



3.1 Solutions by transposition

The following results have already been obtained by Elaine Machtyngier in [5]. We
give them again here for sake of completeness and also because we can slightly
improve the required regularity.

In a first step, let us make some formal computations. Let us suppose that z
is a solution of (2.13), (2.14) and (2.15) with enough regularity. For every g €
H}(Q) and ¢ € LY(0,T; HL(2)) we know that there exists a unique solution 1 €
C([0,T); H}(Q)) of the following problem

(3.18) (?;f + Ay =¢in Q x (0,7),
(3.19) % =0onT x(0,T),
(3.20) W(T) = o in Q.

Let us take the scalar product of (2.13) by 1. We obtain formally

/OT /Q fidrdt = i /Q 2(T)fodz — / 20(0 / / 00 it + / / ——

where v is the unit exterior normal vector to the boundary I'.
Therefore, for every ¢ € L1(0,T; H}(S2)), taking 19 = 0 we have formally

(3.21) /0 ' /Q 2@dudt = / / fbdadt + i / 200 (0)dz + / / dfydt

Notice that in the above formula, the integrals have to be understood as dualities
0
and the term 8—1/} has to be defined in a correct way. This is the object of the
v
following lemma which is a slight improvement of the result obtained in [5].
Lemma 3.1 ([5]) Let Q be a bounded open subset of RN of class C*% with o > 0

and let T be positive. For every vy € HE(Q) and ¢ € L*(0,T; HE(Q)) the solution
Y oof (3.18), (3.19), (3.20) satisfies

(3.22) ?;f € L*(0,T; L*(T))
and the mapping
N
<¢07 90) ay

is linear continuous from H} () x L1(0,T; H}(Q)) to L*(0,T; L*(T)).



Proof.
First of all when the datas <¢0, gp) are taken in a dense subset of regular functions,

the solution 1 is regular and —— makes perfect sense. Therefore it suffices to

ov
show that there exists a constant C' > 0 such that for every (w0,4p> e C§°(Q) x

C5((0,T) x Q) we have
(3.23) 128 xo ez < € (IWol gy + el o)

In order to obtain this inequality, we use the multiplier method with a specific
multiplier. Let e; be the positive unitary eigenfunction of —A on € associated with
the first eigenvalue A;. From the regularity of  we know that e; € C'(Q) and from
the strong maximum principle (see [7]) we know that there exists > 0 such that

deq
(3.24) Ve eT, aV()>B>0

We now take the mutiplier
m = —Ve;

and multiply equation (3.18) by m.V1), then take the real part. We compute sepa-
rately the different terms, taking into account that divm = —Ae; = Aey.

i/OT/Q%fm.VJ}dxdt:i/Q <¢0m.V11_10—d)( Ym. V(0 dw—z/ /¢m V—dxdt
=i/9(¢omwo—w< ym. V(0 dx+z/ / (mvw 2 2

z/ /m Vpdzdt

Wbom. Vo — $(0)m. V(0 )d:v+ / /w i) eldxdt

/ /1/1 A — @)erdrdt =

Ym. V(0 )

Yo Vo — z/;(O)m.vq,z?(O))dx n % /0 /Q bm.Vjdzdt
A1
2

div m) dxdt.

Therefore

N | .
(Q\/—\
—~ —~

Yom.Vipg — (0

N | .

N | .
S— S—

T
/ / (V|2 + ¥@p)erdadt.
0 Q



For the second term we have, noticing from (3.19) that on I" we have V¢ = (Vy.v)v

/OT/(2A¢m.V1Zd$dt = /OT/F(vw'V)(m-V&)dvdt

N T o N T 27
_ Z/ /awamkawdmt Z/ /mkaw % it
jk=170 J9Q 8:5]' 835]‘ Oxy, =1/ Je 8:Ej 3xk3x]’

so that
T ~ T
Re(/ /Awm.vwdxdt) :/ /|V¢.y|2(m.u)d7dt
0 Q 0 I
N T - N T
O dmy, D 1 / / 9 )
"R ST T dedt) — = 2 (IVo|¥)dzdt
e(jélA /Qalbj 8.%']' aiL‘k v ) 2; 0 kaaxkﬂ ¢| ) v
1 [T N T 9 Omy 00
_ - Vv (m.v)dvydt — R // — dxdt
s [ [Ivespamna (3 [ 3 o)

)\1 T 2
TR V| 2erdwdt.
2 Jo Ja

% /OT /F Vi |*(m.v)dydt = Re /OT /Q @m,vzﬁdxdt—; /Q (wom.v¢0—¢(o)m,v¢(o)>dx

A /T/ _ N /T/ O dmy, AP
A M.V + vge; drdt + Re Y Ik T8 grdt).
s [ (omevi+ vpen) (j;l N el

From (3.24) and the standard estimates on solutions of (3.18), (3.19), (3.20), we
then obtain with a constant C' independent of ¥ and ¢

T
(3.25) /0 /F \V¢.V|2d’ydt < C(’WOH%&(Q) + |‘80H%1(0,T;H5(Q))>~

This finishes the proof of Lemma 3.1.
We can now give a precise definition of solutions by transposition.

Definition 3.2 A function z € C([0,T); H-1(Q)) is a (weak) solution to problem
(2.13), (2.14), (2.15) if, for every ¢ € L*(0,T; HE(Q)) and vy = 0 we have, if ¢ is
the corresponding solution of (3.18), (3.19), (3.20),

Adding the two terms we obtain

T T
(3.26) /0 < 2,0 >g-1q)mi@) W= /0 < [ >p-10)m1 o) At

. . T r oy
+i < 20,¥(0) >pg-1(0),m1 ) T ; Fvadvdt-



For every ¢ € L1(0,T; H}()) let us define

T _ . N ’ 81;
L(p) = /0 < SV >a-v.my@) A< 20,800) >po @), my@) +/o /rvaydvdt'

From Lemma 3.1 and classical results for Schrédinger equations (see for example
[3]) the mapping
@ — L(p)

is an antilinear continuous form on L(0,T; H}(Q)). Therefore, there exists a unique
element z € L°°(0,T; H~1(£2)) such that

T
ch € L1(07T7 H&(Q))7 /0 < Z?@ >H*1(Q),H01(Q) dt = ‘C(@)
Moreover we have
[[2[| £oe (0,711 (02)) < C(HZOHH*(Q) + Uz rm-10) + H”HL2(0,T;L2(F))>-

When the datas zg, f,v are taken in a dense subset of regular functions (C*° func-
tions with compact support in space and time), it is well known that the solution
z is regular and we have z € C([0,7]; H1(Q2)) with the same estimate. There-
fore, taking a sequence of regular datas (zg, f™,v") converging to (2o, f,v) we have,
denoting by z" the corresponding solution to (2.13), (2.14), (2.15),

2™ = 2Pl|cqo, -1 () < C(H%n — 20l -10) + L™ = Pl oma-1(9)
+[lo™ — UPHLZ(O,T;LQ(F)))-

This shows that 2" is a Cauchy sequence in C([0,T]; H () and of course 2"
converges to z so that z € C([0,7]; H~1(£2)). This finishes the proof of Theorem
2.5.

4 Proofs of Theorem 2.3 and of Theorem 2.1

4.1 Proof of Theorem 2.3

Let us take
yOECSO(Q)a f:g+h7

9 € G520, T C3°(2), h € G520, T; WP (), Ah = 0,hyp € C§°(0,T;C(T)).

This set of datas is dense in the general set of datas for Theorem 2.3.



We then have, setting
z = Ay,

i%—i—Az:Ag in Q x (0,7),
z="h;ronT x(0,7),

2(0) = zp = Ayp in Q.
Now from Theorem 2.5 we have
[2lleqomm-1@) < C(HZOHH—l(Q) + 1Agl L1 0,1 (02)) + Hh/rl!m(o,T;L?(r)))
< C(HyOHHé(Q) + gl L1 0,711 )y + Hh/FHLZ(O,T;LQ(F)))-

This implies

Wylleqo,r:m @) < C(H!/oHHg(Q) + gl L1 o7 m1 )y + ||h/F||L2(O,T;L2(F)))-

As in the previous section we can now use a density argument which shows imme-
diately Theorem 2.3.

4.2 Proof of Theorem 2.1

Let us now take
Yo € HA(Q), f=g+h,

g € L'(0,T; HA(Q)), h € L*(0,T; H*(Q)NH (Q)), A%h =0, Ahp € L*(0,T; L*(T)).
First of all it is clear that
y € C([0,TT; Hy ().

Let z be solution of the following problem

i%—l—Az:Ag—kAh in Q x (0,7),
z=0onT x(0,7),

2(0) = zp = Ayp in .

From Theorem 2.3 we know that z € C([0,T]; H}(2)), with

C([0,T;;HL(Q)) = OllHL(Q) LY(0,T;HL (D)) /TIIL2(0,T;L2(T)) |-
|2l 1@ < Clllzollmy ) + |1Agll O RAIAA



Let us now define § by

Ag:Z, g/f‘ =0,

we have

Tl e o, HA ) < C(HyoH + gl o, ma @) + HAh/FHLZ(O,T;LQ(F)))-

On the other hand it is immediate to see that

y=y

which finishes the proof of Theorem 2.1.

References

1]

2]

K. BEAUCHARD Local controllability of a 1D Schrédinger equation , J. Math.
Pures et Appl., 84:851-956, July 2005.

K. BEAUCHARD, C. LAURENT Local controllability of linear and nonlinear
Schriodinger equations with bilinear control, to appear in J. Math. Pures et

Appl.

T. CAZENAVE, A. HARAUX An Introduction to Semilinear FEvolution Equa-
tions, Oxford University Press, 2006.

J.-L. Lions, E. MAGENES Problemes auzx limites non homogénes et applica-
tions, Vol I, Dunod, Paris, 1968.

E. MACHTYNGIER : Ezact controllability for the Schridinger equation, STAM
J. Control and Optim., 32 (1), 24-34, 1994.

A. Pazy Semigroups of Linear Operators and Applications to Partial Differen-
tial Fquations, Springer, 1983.

M. PROTTER, H. WEINBERGER Mazimum Principles in Differential Equa-
tions, Springer, 1984.

10



