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Abstract

This paper is concerned with the asymptotic stability towards a rarefaction
wave of the solution to an outflow problem for the Navier—Stokes equations in a
compressible fluid in the Eulerian coordinate in the half space. This is the second one
of our series of papers on this subject. In this paper, firstly we classify completely the
time-asymptotic states, according to some parameters, that is the spatial-asymptotic
states and boundary conditions, for this initial boundary value problem, and some
pictures for the classification of time-asymptotic states are drawn in the state space.
In order to prove the stability of the rarefaction wave, we use the solution to Burgers’
equation to construct a suitably smooth approximation of the rarefaction wave and
establish some time-decay estimates in L”-norm for the smoothed rarefaction wave.
We then employ the L2-energy method to prove that the rarefaction wave is non-
linearly stable under a small perturbation, as time goes to infinity.

1. Introduction

In this article, we shall investigate the large-time behavior of the solution to an
outflow problem for the one-dimensional isentropic Navier—Stokes equations for a
compressible fluid in the Eulerian coordinate in the half space. It will be proved
that the solution exists uniquely and converges to a rarefaction wave as time goes
to infinity under some suitable assumptions. This is one of the series of papers by
the authors on this topic. For the so-called outflow (inflow) problems, we refer to
the paper by MATSUMURA [21] for more details. We are now going to formulate
our problem. The one-dimensional and isentropic motion of compressible viscous
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gas, which is confined in the half space R* := {x € R | x > 0}, can be described
by the following system:

Pt + (IOM)X = 07 (1.1)
() + (pu? + p(p)) = (uuto).. (1.2)
which must be satisfied in the domain {(z,x) | t > 0, x > 0}. Here p (> 0), u

and p are the mass density, the velocity and the pressure of the gas, respectively.
And p is assumed to be a function of p defined by

p=p(p)=Kp”.

All the above coefficients i (> 0), K (> 0) and y (> 1) are assumed to be con-
stants, and u is the viscosity coefficient. We do not consider here the linear case, that
is y = 1. The gas corresponding to this case is ideal. We study the initial-boundary
value problem to the system (1.1) and (1.2) with the following initial data

(p,u)0, x) = (po, ug)(x), forall x >0, and )icr;%,oo(x) > 0, (1.3)
the boundary condition at the infinity x = 400
i (p, w)(t, %) = (o4, u+), forany r =0, (1.4)
and also the boundary conditions at x = 0
u(t,0) = up, foranyt = 0. (1.5)
Here, py, u4, up are given constants satisfying
o+ >0, up<0

and po(x), ug(x) are given functions.

We are interested in the so-called outflow problem. For this case the boundary
data is taken as u;, < 0. This means physically that the outflow exists constantly
thorough the wall. We note that for the case that u; > 0, the situation is different
and the corresponding problem is called an inflow problem. In that case, for the
well-posedness, one must impose one more boundary condition at x = 0, namely
we must consider a set of boundary conditions of the form

p(t,0) = pp, u(t,0)=up, t=0. (1.6)

with pp > 0 and up > 0. Such an inflow problem is also interesting and has been
studied partly by MATSUMURA AND NISHIHARA [26], and so on.

We consider the asymptotic stability towards non-linear waves of the solution
to the outflow problem under the space-asymptotic condition (1.4). Moreover, we
assume for simplicity that
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p >0 and uy # up, (1.7)

where the first condition in (1.7) means that no vacuum state is allowed, and the
second one is assumed to avoid some technical difficulties. It can be expected that
ast — 0o, the solution (p, u) to the above problem (1.1)—(1.5) is asymptotically
described by one of the following waves, such as a viscous shock wave, a stationary
wave, a rarefaction wave or the superposition of a stationary wave and a rarefac-
tion wave, which can be determined by the space-asymptotic conditions (1.4) and
the boundary data u,. The stability of a stationary wave has been investigated by
KawasHima et al. [10]. The study of the stability of a viscous shock wave or the
superposition of a rarefaction wave and a stationary wave will be carried out in
other papers by the authors. In this paper, we are interested particularly in the case
that the corresponding time-asymptotic state is rarefaction wave, that is sub-case 2
of Case (C) and sub-case 1 of Case (D), see Section 1.1 below.

1.1. Classification of the time-asymptotic states

In this subsection, we shall classify the time-asymptotic states to the initial
boundary value problem (1.1)—(1.5). The system (1.1) and (1.2) with & = 0 has
two distinct characteristic fields, since we assume that p > 0, which correspond
the following two eigenvalues:

Ao, u) =u—C(p), Aa(p,u) =u+ C(p). (1.8)

Here C(p) is the sound speed defined by

C(p) = /yKpr~L.

We introduce a new function M = C‘(L))),

need especially the quantity at infinity

which is called the Mach number. We

_ _lu4l
Clpy)’

+

For our outflow problem, the second characteristic field that corresponds to the
second eigenvalues 1, (p, 1) is important. In fact, it is convenient to classify the
time-asymptotic states, according to the sign of > (p, u) at (p4+, u4). We classify
it into four cases, and each case is classified furthermore into several sub-cases:

(A) uy <—C(py), (thatis Aa(p4,uq) <Oand M4 > 1),

(B) uy =—C(py), (thatis Aa(p4,uy) =0and My =1),

(C) —C(p+) <ug <0, (thatis Ap(p4,u4) >0withuy <Oand M1 < 1),
D) uy >0.
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It is easy to see that the values of u in the first three cases are taken negative;
however u is positive in the fourth case. Clearly, Case A) is the case that (o4, u4)
is in the supersonic region, where the Mach number M > 1, in the state space with
u4+ < 0, while for Cases (B) or (C) the state (o4, uy) is in the transonic (M4 = 1)
or subsonic (M < 1) region, respectively. In what follows we present a complete
classification of the time-asymptotic states of the solution (p, ) by regarding the
boundary data up, u, v4 as parameters. From now on, we define

1 1
—, vy =—,..., andsoon,
P P+

where v is the specific volume. Correspondingly, we introduce a new function

N 1
Clv):=C (—) .
v

We now draw the pictures in the state space which help us to understand this
classification of the non-linear waves.
Case (A): For the supersonic case, u4 < -C (v+), we have that
There are three sub-cases for this case:
Case 1. up < u,: There exists a unique stationary solution (p, ) (x) such that

with 22(0) = uyp and (p, u)(x) — (p4+,u4+) as x — 00. p(0) = 1/vp and vy is
determined by the formula u; = Z—ivb. Moreover, we have either (i) If up < uy,
then i, > 0, that is & is monotonously increasing in x, or (ii) If uy < up < uy,
then i1, < 0, that is & is monotonously decreasing in x.

Case 2. up = uy: There exists a 2-shock profile (o, u)(x) with speed s = 0
which connects the two states (vy, uy) and (v4, uy), and

(5. D) (x) = (o u4), a8 X — 00;

(157 ﬂ)(x) - (p*v M*), as x — —00.

Case 3. uy, < up < 0: We choose (v_, up) € S» (S, is the 2-shock curve,
defined by S : u —up = —/(v — v_)(p(v—) — p(v)) for v_ < v), then there
exists a 2-shock profile (o, u)(x — st) with positive speed s > 0, which connects
(v—, up) and (v4, u4). Hereafter, we denote & := x — st. We find the following
equation:

(las ﬂ)(é) - (p+’ l/l+), as E — OQ;

(151 ﬁ)(é) - (p—’ l/lb), as ;;.‘ — —0Q.
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Fig. A.
Case (B): The transonic case, that is uy = -C (v4). For this case, the values

(vs, Uy), (v, uy), which appeared in Case A), satisfy that they now coincide, that is
vy = V4, Uy = uy. Therefore, for this case, we can divide it into two sub-cases:

Case 1. up < uy: There exists a unique stationary solution (p, it) (x) satisfying

~ uy ~
u=—v, uy>0
U4

with #(0) = up and (p, u)(x) = (o4, u4) asx — 00. p(0) = 1/vp, where vy, is
determined by the relation

Ut
Up = —vp.
Ut

Case 2. uy < up < 0: We choose (v—, up) € S7, then there exists 2-shock
profile (p, i)(¢) with s > 0, which connects (v_, up) and (v4, 14 ), and satisfies

(0, u)(E) = (py uy), as & — oo

(151 ﬁ)(é) - (10—7 Mb), as é — —OQ.
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The picture for this case now becomes

4 S
0
- v
u=—C(v)
(v4, uy)
Ry
u= -ty
v
Fig. B.

Case (C): The subsonic case. There holds —@(v+) <uy <0.
This case can be divided into three sub-cases:
Case 1. uy < up < 0: We choose (v—, up) € Sz, then there exists a 2-shock

profile (o, u)(&) with s > 0, which connects (v_, up) and (v4, uy). Moreover
there holds

(0, w)(E) = (pg,uy), as & — oo;

(153 ﬂ)(f) — (p—7 l/tb), as ";: — —0OQ.

Case 2. uy < up < ug: We choose (v—, up) € Ry (R; is the 2-rarefaction
curve, defined by Ry : u —up = — fvli v —p'(y)dy for v_ > v), then there exists
a 2-rarefaction wave (p®, u®)(x/t) (with A, = 0), which connects (v_, u;) and
(v4, u4), to the corresponding Riemann problem.

Case 3. up < uy: We choose (vp, up) € L, here L is a line defined by £ :=
{(v,u);u = ’f)—:v, v > 0}. Then the time-asymptotic state is the superposition of
the rarefaction wave and the stationary solution:
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(P2 ) ) = (. ) 0) + (0% ) (3) = (o,

where (p, u)(x) is the stationary solution connecting (v—_, up) and (v, u,), while
(pR, uf) () is the 2-rarefaction wave which connects (vy, ux) and (v, u).

l}k SQ
0
~ v
(V4 us) u=—C(v)
G
Ry
u = %9
Vx
Fig. C.

Case (D): For u;+ > 0, we have
This case also can be divided into three sub-cases:

Case 1. uy < up < 0: Taking (v_, up) € R,, we then assert that there exists
2-rarefaction wave to the corresponding Riemann problem. The same as sub-Case 2
of Case (C).

Case 2. up < uy: We choose (vp, up) € L (Here L:={(v, u); u = z—*v, v>0}),
then the time-asymptotic state is

(o2, uh ™) (0 1= (B () + (%, uF) (f) — (Per 102).

The same as sub-Case 3 of Case (C).
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From the above pictures we can easily see various types of time-asymptotic
states corresponding to the different values of parameters. The classification for
the inflow problem we refer to MATSUMURA [21]. We should mention here that
the corresponding classification of time-asymptotic states for the non-isentropic
problem (which is a 3 x 3-system) is much more complicated and remains open up
to now.

We now turn to recall some references related to our paper. In [5] IL’IN and
OLEINIK pioneered the study of stability of non-linear waves to the Cauchy problems
for scalar conservation laws. Since then there have been many mathematicians who
have continued this study, see, for example FREISTUHLER and SERRE [1], GOODMAN
[3], JoNEs et al. [6], MATSUMURA and NISHIHARA [27], MEI [29]. For this kind of
study on Cauchy problems for the p-system and more general systems, we refer
the readers to KawasHIMA and MATSUMURA [7,8], Liu [15], Liu and XiN [20],
MATSUMURA and NISHIHARA [22-24], etc.

As for the initial boundary value problems, we shall mention Liu et al. [17],
Liu and NisHIHARA [18], L1u and Yu [19] for the scalar case. However, the follow-
ing papers are concerned with the study on the system of equations: KaAwAsSHIMA
and NIKKUNI [9], KaAwAsHIMA and TANAKA [12], MATSUMURA and MEI [28],
MaTsuMURA and NISHIHARA [25], etc. Especially, for the isentropic compressible
Navier—Stokes equations, MATSUMURA and NISHIHARA [26] study partly the inflow
problem, while KawasHiMA et al. [10], and KawasHIMA and ZHU [30] investigate
the outflow problem. For the non-isentropic compressible Navier—Stokes system,
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under the supervision of the first author, ZHU [30,31] prove the existence and
stability of stationary solution to the initial boundary value problem to this system,
which has been recently extended to a more general case in a work by KaAwAsHIMA
etal. [14].

Throughout this paper, we use the following:

Notations: Let p be a constant such that 1 < p < oo, and [ be a non-negative
integer. o € (0, 1) is a constant. We denote the norms of the usual Sobolev spaces
LP(R*) (with p # 2 and p > 1) and L>2(R™) by || - I, and || - ||, respectively.
B!+ (R*) denotes the Holder space of continuous functions f (x), defined in R*,
which have the Holder continuous derivatives with exponent o up to /th order, and
| - lli4o is its norm. H!(R¥) is the Sobolev space which is the set of L>(RT)-
functions with the square integrable derivatives up to /th order, and its norm is
denoted by | - || 1. Let Q7 := (0, t) x R*. B°/29(Qr) denotes the Holder space
of continuous functions u (¢, x) which have the Holder exponents o /2 and o with
respect to ¢ and x, respectively. Its norm is | - [|s/2,6 (Q7). B934 (07) =
u e B>7°(Qr) : wux € B27(Q0), || - l140/2,140(Qr) denotes its
norm, and B'*9/220(Qr) = {u € BY/37(Qr) © up, ux, uxx € B7>7(Qr)},
Il 114+0/2,2+0 (Q1) denotes its norm. To simplify the notations, we shall denote the
spaces BO/ZU(QT)» Bl+0/2,1+0(QT) and Bl+a/2,2+o(QT) by A“ B;+0 and
C%J’”, and their norms by |- 5.7, || - l140,7 and ||| - |||2+¢,7, respectively. Let X be
a Banach space and 0 < t] < 1 < oo. We use C([11, 12]; X) to denote the Banach
space of continuous functions u(t) on [#1, ] with values in X, and Lz(tl, t; X) to
denote the Banach space of square summable functions u(¢) on [t1, t>] with values
in X.

C denotes the universal constant which is independent of ¢ and may vary from
line to line. §, ¢ are positive constants which can taken suitably small, we still
denote C4§, Ce by 4, €, respectively. O

Our main results are now stated below:

Theorem 1.1. Assume that uyp, u, and the infinite states satisfy that up < 0, and
that either (i) subsonic case (C), namely, —CA‘(U+) <uy <O0anduy Sup < uy,
or(ii)us > 0anduy < up < 0.

Suppose furthermore that pg € BT R"), ug € B*°[RY) for some
o € (0,1); and (po — py,ug — uy) € H'(@RY) x HY(RY), such that § =
lp+ — p=| + lus — upl, (o — p+,uo — u4)|| g1 are suitably small. And the
compatibility conditions of 0" and 15" order are satisfied.

Then there exists a unique classical global solution (p, u)(t, x) to the problem
(1.1)—(1.5), such that for any fixed T > 0

peBI uelt, p—pf u—uRecC(0,00); L*R));
px» Uy €C([0, 00); LARM)NL*(0, 00; LXRT));  ury € L2(0, 00; LA(R™)).
Moreover, we assert that as t — 00 the solution (p, u)(t, x) converges to a rar-
efaction wave (pR, uR)()l—‘), that is
X

lim sup |(p,u)(t,x) — (,oR, uR) (—)‘ =0.

t—)OOx€R+ t
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Here, the functions ,oée = ,oée (%), u(If = u(lf (x) are defined by

uy, forx > 0;

R
and ug (x) = up, forx <O.

R | pg, forx > 0;
’Oo(x)_[p_, forx <0

In the following context, we shall employ the standard continuation argument
based on a local existence theorem and some a priori estimates (see Proposition 3.2)
to prove this theorem. The main difficulties in our proof of Theorem 1.1 arise from
the presence of the boundary condition and that we formulate the problem in the
Eulerian coordinate. For our initial boundary value problem, the classification of
time-asymptotic states is more complicated than the classification for the problem
in the Lagrangian coordinate. There are non-linear waves which are called the
boundary layer solution or the superposition of a rarefaction wave and a stationary
solution. The latter case is considered in [30]. And there are only a few results
on the stability of superposition waves, see, for example [16, 17]. Since we consider
the problem in the Eulerian coordinate, the system is more complicated than that in
the Lagrangian mass coordinate which usually makes the form of equations simpler
and the treatment of the equations easier. MATSUMURA and NISHIHARA [26], HUANG
et al. [4] transform the inflow problem in the Eulerian coordinate into that in the
Lagrangian coordinate with a prescribed moving boundary, and prove partly the
stability of the boundary layer solution, viscous shock wave, or the superposition of
ararefaction wave and a stationary solution. However, for our outflow problem, such
atransformation results in a free boundary problem which makes the treatment of the
boundary more difficult. To overcome this difficulty, we therefore employ a direct
energy method to the reformulated problem for the Navier—Stokes equations in the
Eulerian coordinate and take into account the dissipative effect of the boundary
terms. Finally, it is more difficult to justify the formal argument on the derivation
of the energy estimates for the higher derivatives of the unknown functions. For the
details of a rigorous argument, we refer to KAwasHIMA et al. [10] and omit them
in this paper.

The remaining part of this article is organized as follows: In Section 2, since rar-
efaction waves are not smooth, we must construct a smooth approximation of those
rarefaction waves by using the Burgers equation, instead of the smooth approxima-
tion of the initial data as usual. Then we derive the time-decay rates for the smooth
rarefaction waves by making use of the results by KawasHima and TaNAkaA [12].
Next we reformulate the problem and restate our main theorem in Section 3. A
proposition on the a priori estimates is formulated. For the reformulated initial
boundary value problem we establish the energy estimates in Sections 4, and 5.
By those estimates we prove that proposition at the end of Section 5. Finally, in
Section 6, we shall prove the asymptotic stability of the solution.

2. Construction and decay estimates of the smoothed rarefaction waves
Since the rarefaction wave (p¥, u® )(f) is not smooth, we intend to construct a

smooth approximation of the rarefaction wave (o, u)(¢, x) in this section. Then we
derive the estimates of decay rates for this smooth wave (o, u)(¢, x). To this end, we
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make use of an approach which has been developed by KAWASHIMA and TANAKA
[12], based on a parabolic approximation instead of the usual method based on the
smooth approximation of initial data. For the sake of simplicity of notations, we
still denote (p, u)(t, x) by (p, u)(t, x) in the remaining part of this section, and
change the notation (p, u)(z, x) back to (p, i)(t, x) in the other Sections 4-6.

Let the function w = w(t, x) be a solution to the problem for the Burgers
equation

W, + WWy = KWyy 2.1)
with initial data
w(x,0) =wx for x 20, (2.2)
where wy are given by w4 1= u4 + C(p+) satisfying
Wi > w_. (2.3)
We then define the functions
p=px), u=ul,x)
by the equations below

Mp,u) :=u+C(p) =w(l +1,x), and d_u = %

24
i . (2.4)

for any ¢, x = 0. Then we can easily see that p, u are not independent functions,
and one of these two functions can be written in terms of another one, that is

p=p), u=u(p).

There holds
Wy = Appr = Aully, (2.5)
Wy = Appx = Ayllx, (2.6)
and
Wyr = ApPrx + App (037 = huthax + hu ()% . 2.7)

Here we have used the notations:

d d
)‘p = ak(p, u(p)) and A, = a)»(p(”)v u).

It then follows from (2.1)—(2.7) that
du C(p)

Uy = a[)x = Tpx-
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Next we are going to find the equations which are satisfied by p, u. There holds

o+ (pu)x = pr +upy + pux = pr + (u+ C(p))px
1 1
= E(wt + wwy) = Ewax
App 2
= Kpxx + k= (px)", (2.8)

Ao

Similarly, one has

p(ur +uuy) + p(p)x = pur + (U + C(p))uy) = Aﬁwax

u

Aun 2
Kkp | Uxx + T ()" ). (2.9

Furthermore, after straightforward calculations, one has

= and =0
Ap 2p Ay

which combined with (2.8) and (2.9) yields p, u satisfies the following equations:

pr+ (puw)x = f, (2.10)
o +uuy) + p(p)y = ¢ (2.11)

where f, g are defined by

(v — 3 (px)?
2 o
g = KPUyy. (2.13)

S = kpxx + (2.12)

In what follows, we intend to derive the decay rates of the smoothed rarefaction
waves p, u in L” (R™) by using the decay rates of w which have been established
by KawasHiMA and TANAKA [12], and are restated in Lemma 2.1 below for the
sake of an easy reference. Let

S =wy —w_.

One can easily show that C's§ < § < C$§ for two positive constants C’, C which
are independent of 8, §'.

Lemma 2.1. For the solution w(t, x) to (2.1) and (2.2), we have the following
conclusions:

(1) w(t, x) is a strictly increasing function of x € R for each fixedt > 0 and

w4 > w(t,x) > w_ forx e Randt > 0.
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(ii) (The LP-estimates) For 1 < p < 0o, there holds
. (=1
Hw(z, 35— wk (;)H <cant03), (2.14)
p

And there holds for any t > 0 and for any 1 < p < oo that

Bw(t, ) —dywk (t) Hpéca o w0 <o (56) @)

(iii) (The derivatives’ estimates) For 1 < p < 0o, we have the following decay
estimates for the derivatives of the solution w(t, x):

1 (11
1Bxw (e, i, < C8' 7t ( P), t>0, (2.16)

1
10k w(, ), < C8't 1(k=3) k=1,2,3,...,1t>0, (2.17)

=

(k_zl?> §C;_%(k+l_117>, k=2,3,...,t>0.
(2.18)

okw(, Y, <CA+n"21"

(v) Let y+ := (x —w+1)/2f, Q= {x = wat), Q_ = {x < wir}. We
have
(1) If(t,x) € Qu, then yy = 0 and

w(t, x) —wi| < C8'(1+ VD) exp(—y3), (2.19)
B w(t, 0 £ €831+ 8V A+ yp)Fexp(—y2), Vi > 0;
(2.20)

(2) If(t,x) € Q_, then there holds y_ < 0 and

w(t, x) —w_| £ C8'(1+ 8V exp(—y?), .21
0% w(t, x)| < C8'1=5 1+ 8 VD11 = y_) exp(—y2), Vi > 0.
(2.22)

(2a) Especially, if w— > 0, then we conclude that the point (t, x) := (t,0) €
Q_; thus

2t
w(t,0) —w_| < C8'(1+ 85! exp(—wT .23
; k
0k w(r, )| < C8't5(1 +8'V/) ! (1 + w\/;)
wlt
exp| ——~ ). vi>o0. (2.24)
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Employing the above decay estimates on the function w, we can easily obtain
the corresponding time decay estimates of the smooth rarefaction waves p and u.
By the definition, we can find that the functions p (¢, x) and u(¢, x) depend only
on the value of w(z, x) with t = 1. So, they have no singularity at 1 = 0 though
w(t, x) has possible singular there.

Lemma 2.2. Assume that w(t, x) is a solution to (2.1) and (2.2), we can obtain by
solving (2.4) the corresponding smooth rarefaction waves p, u, which satisfy the
following estimates

(1) p, u are strictly increasing functions of x € R for each fixed t > 0 and

ox(t,x) >0, uc(t,x) >0,
o+ > p(t,x)>p_, and uy >u(t,x) >u_ for x e R and t > 0.

(i1) (The LP-estimates) For 1 < p < oo, there holds

H(p,u)a,-)—(p’iu’*)(ﬁ) <ca+n 03 o)
p

And for 1 < p < oo, we have

<c(+ t)’("ﬁ). (2.26)
P

3 (0, u)(t, ) — 3 (R, u®) (I_th)

(iii) (The derivatives’ estimates) For 1 < p < 0o, we have the following decay
estimates for the derivatives of the solution (p, u):

(11
10x (o, u) (2, -)Ilp§C3%(1+t) (1 ”), (2.27)
(L
9o, e, oy < o+ ) k=123 @)
_1 _1
195 p. )t ) £ C(1+1) HH=3) s (2.29)
(iv) (The boundary estimate) For the boundary value, we have
Ct
W (t, 0)] £ C8(1+ 8v/D) " exp (—7) : (2.30)
_ Ct
lug (t,0)] < C5(1 +8v/1) " exp -5 ) (2.31)

Here, C is a positive constant and the function ¥ := u — u which will be defined
in Section 3, and u is the solution to the initial boundary value problem, while i is
just u here, the smoothed rarefaction wave.

Proof. By the definition of p, u one can find that the proofs of items (i)—(iii) are
easy. It needs only to prove (iv). First of all, we show that w_ > 0. From both
Figs. C and D in the state space v — u for the rarefaction cases, we can determine
the value of p_ since we choose the point (v_, up) at the curve R and uy is given.
Then by the definition of w one has w— = u_ + C(p—) > 0. Next, applying
conclusion (iv) in Lemma 2.1 and estimate (2.1), we assert that (iv) of this lemma
isvalid. O
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We shall see in the sequel that the boundary values exponentially decay and
these decay estimates are crucial for the proof of our main theorem. And the proof
is based on the L?-energy method, we shall deal with the terms arising from the
boundary.

3. Reformulation of the problem

In this section, we make use of the smoothed approximation rarefaction wave
(p, u) which has been constructed in Section 2, and we denote it hereafter by (o, u)
and (p, u) is left to denote the solution to the problem (1.1)—(1.5). Keeping it in
mind, we proceed to reformulate the problem under consideration. We define

¢(t,x) = pt,x)—p(t,x), ¥, x):=u(,x)—ut,x). 3.1)

Then it is easy to check that (¢, V) satisfies

¢ +upy + py = F, (3.2)
oY +uipy) + P’(P)(bx — ¥y = G, (3.3)
where F, G are defined by
B -3k pE -
Pim (o + CE B b4 v, G34)

p'(p) ) - s 8
G := ((15 5 (p'(p) — p/(p))) px — pYily + (0 — kp)ilyr.  (3.5)
The boundary and initial conditions turn now out to be

W(t,0) = up — ii(t, 0), (3.6)
(0, x) = po(x) — po(x), ¥(0,x)=ug(x)—ito(x). (3.7)

Moreover, for suitably small § and ¢, ¥ (It can be confirmed in the following
context that ¢, ¥ are small), we have

IFI S € (17l + 16:2 + 15c¥| + Il ) (3:8)
and
|G| = C (Ippx| + |Witx| + litxx]) - (3.9
Therefore, we can now restate our main results as follows:

Theorem 3.1. Assume that up, < 0, and that either (i) subsonic case (C), -C (vy) <
uy <0andu, Sup <uy, or(ii)uy > 0and uy, < up < 0.

Suppose further that ¢o € BT (RY), vo € B>T°(RY) and (¢o, Vo) €
H'(RY) x H'Y(R™Y), such that § := |ps — p_| + |us — up| and || (¢o, Vo)l y1 are
suitably small. And the compatibility conditions of Oth and 1st order are satisfied.
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Then there exists a unique global solution (¢, V)(t, x) to the problem (3.2)—
(3.7), such that

¢ eBI, YelCit, ¢,y eC(0,00); H);
¢x € L*(0,00; L?); ¥, € L*(0, 00; H').

Moreover, as time goes to infinity the solution (¢, V) (t, x) converges in L°°-norm
to (0, 0), namely

sup |(¢, ¥)(,x)| — 0, ast — oo.

xeR+

O

In order to prove Theorem 3.1, we make use of the standard method, which
is based on a local existence theorem and a priori estimates. The local existence
theorem is similar to that in the previous paper by the authors [10]. On the other
hand, the a priori estimates are collected in Proposition 3.2.

To simplify the notations we define

t
M(t)* = /0 (||¢x<r)||2+||1/fx(r)||§,l+|¢(r,0)|2+|¢x(r,0>|2)dr, (3.10)
and

N(t):= sup [[(¢, ¥)(Dllp®+) = Eo. (G.1D
05

and E is suitably small sothat p = ¢ +p = p— — C1Eg 2 %p_. Here Cy is a
constant in the inequality [|¢||zc < Cil|@|l g1-
We now state the a priori estimates:

Proposition 3.2. (A priori estimates) Assume that (¢, V) is a solution to (3.2)—(3.9)
satisfying

¢ CU0, T HHYNBI®, ¢ eC(0,T; HHYNCI:  (3.12)
iélf,o(t,x) > 0, (3.13)
T

for any fixed T > 0. Then there exists a constant 6 € (0, %) and a suitably small
constant gy > 0, such that if N(t) + 8 < g, then the following estimates hold

t
[CRIGI +/0 (||¢x(r>||2 + ¢, px*(1.0) + ||wx(r)||§,1) dr
< ¢ (87 + 10 vo)l3 ) (3.14)

forallt = 0. Here ¢, C are independent of t,8. O
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Proof. We divide the proof of this proposition into three steps, each is stated as
a lemma, namely Lemmas 4.1, 4.2 and 4.3. Then combining these three lemmas
we complete the proof of Proposition 3.2. Since we have carried out a rigorous
argument in [10] to derive the norms of the derivatives of the unknown functions
(for example the term ||¢y || in Section 5) for the case of the stationary solution, and
arigorous argument for the present case is similar to that, we omit here the details
of that procedure and state only the following formal argument in this regard. O

Step 1. The first step is the following basic energy estimate stated in Lemma 4.1 in
the next section.

4. The first energy estimates

From now on, to derive the energy estimates, we assume that (¢, 1) is a solution
to (3.2)—(3.9) which satisfies the properties (3.12) and (3.13).

First of all, in this section, we shall establish the first energy estimate. To this
end, as in [10], we define an energy function by

1 1
pE:p[E(u—ﬁ)er‘D(p,ﬁ)] =pl§w2+\ll(p,;5)], 4.1)
where
) o
w5y = [ PPy, @)
P

After a straightforward computation, we find that £ satisfies

(pE) + {(pu&) + (p — DIV}, — {nY ity
= —plyyl* — {m/f2 + p(p) — p(B) — p’(ﬁ)zb] iy + R
R:= —%p’(m (p + VT_‘?’@X)Z/S*) + Yl —kp).  (43)
Here R can be estimated as
IR C (101 (160l + (50%) + Wil (44)
Now we can state the first energy estimate as

Lemma 4.1. Let 0 € (0, %) be the same constant as in Proposition 3.2. Then there
is a positive constant €| such that if N(t) + 8 < ey, then the following estimate
holds for anyt 2 0

t
16,08 + [ {10 + 16 v)z. OF  dr

< € (160, vo) I +8° (N @) + M@)) (45)

Here €1, C are independent of t, 8.
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Proof. Integrating Equation (4.3) with respect to (¢, x) over (0, ¢) x (0, oo) yields
o t o0
/ pEdx + u/ (nwxu2 + C/ (002 +4?) ﬂxdx) dr
0 0 0
t
= [ o+ (0= ¥~ wplcgde
0

o t o
< [ maar+c [T (101 (150 + 50?) + Wi l) axde. 46
0 0 Jo

Here, the fact that iz, > 0 has been used. We now handle the boundary terms and
the right-hand side terms in (4.6) as follows. From the relation

1
—(uE+(p—p)Y) lx=0=—pu {sz + W(p, /5)] —(p = P)V¥lx=0, (4.7)

x=0
recalling u; < 0, we have

t 1 ) B
/—pu[ixb +\If(p,p)]
0

dr > c/ot o (—Mb (¢(z, 0 + ¥ (z, 0)2)) dr

x=0
t
>C’ /O (¢, ¥)(z, 0)|*dz. 4.8)

Using the mean value theorem, the Young inequality and the boundary estimate
in Lemma 2.2, we obtain

t t
/Ol(P—ﬁ)W|x=o|dT=/0 |p' (M (P¥)]x=0|dT

t % t %
gC(/ |¢(r,0>|2dr) (/ |w<r,0>|2dr)
0 0

; 1
< CM (1) (/ aze—chdr)2 < CSM(1). (4.9)
0

As for the term on 1/, making use of the Sobolev embedding theorem, the Holder
inequality and Lemma 2.2, we have

t
= C/O ¥l g1y (z, 0)dT

t
M/O (V) |x=0dT

1 1
t b t >
<c (/ ||1/fx||ipdr)2 (/ e 0>|2dr)2 < COM@).  (4.10)
0 0

For the remaining terms, making use of the Holder inequality, then by combining
(4.6)—(4.10), we arrive at

o0 t
/ pEdx
0 0

t
< C/ (181 (I7exll + 15<13) + Wil ) de + CoM (@)
0

t e e}
+/0 (u||1/fx||2+6/0 (pv?+0?) idx+C' 16, V) (x. 0)|2) dr

t

<C swp (I9@I+IV@N | (16 Dl +15:13) dr+CsM@). @.11)
0<e< 0
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Invoking the decay estimates on the smooth solution (p, &), we have for any
t>0

~ _3 ~ _5
[oxxll S CSA4+1)7%, |paxll = CA+1)7 5.
Therefore, a combination of these two decay rate estimates yields
~ _5-20
Ipexll £ C8P+1)" 73, (4.12)
for any 0 < 6 < 1. Here we have used the basic fact thatif 0 < C < A, C < B,

then C < A’B'~% forany0 <0 < 1.
It then follows from Lemma 2.2, (4.11) and estimate (4.12) that

o0 t o0
/ psdx+/ {u||x/fx||2+C/ ((Plﬂ2+¢2)ﬁxdx+|(¢,1/f)(t,0)|2)]df
0 0 0
4 5-26 1 3
§C||<¢o,1/fo>||2+CN(r>/ (5007 45t 147 02) drrcome)
0

< ¢ (1o, yo)I? + 8" N &) + M (1))
< ¢ (1o, wo) > +8° (N () + M(1))) . “.13)

Here we have chosen § < 1 and 6 € (0, %) so that % > 1.

Remembering the fact that p = C, we can easily obtain

/O pEdx = CllplI* + Iy I1%).

Thus the proof of this Lemma is complete. O

5. The second energy estimates

With the first energy estimate in hand, we now proceed to establish the second
energy estimate. The main results are the following two lemmas, thatis Lemmas 5.1
and 5.2.

Step 2. The second step aims at the proof of the following Lemma.

Lemma 5.1. There exists a positive constant &, < &1 such that if N(t) + 8 < ¢,
then the following estimate holds for any t = 0

t
8.0 + [ (1601 + 6.0, 0F) ar
0
< Cll(@o, ¥0) I3 + € (N0 +HM@? +8° (M) + N@) +3%) . (5.1)

where g3, C are independent of t, 8.
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Proof. The proof of this lemma consists of two steps.
Firstly, we shall show that the function ¢, can estimated in terms of N (¢) and
M (¢). To this end, we differentiate (3.2) formally with respect to x to get

Ort F Uy + pYix = Fy —lixdy — pr¥y — 2¢x 0 =: F. (5.2)
Let us stop here to give a remark

Remark 5.1. The above computation is formal since there is a term ¢, in (5.2).
For the justification of such formal calculation, we refer to [10].

We now turn to the proof of Lemma 5.1. To simply the calculation in the second
step below, we now transform the above equation of ¢, into that in the terms of %.
To this end, we divide (5.2) by p to get

X XX F
Pt Py =L (5.3)
o P

By the similar argument as in [10], we have

(¢—x) +u(‘%") = == T Gt g+ )

o 0?
F
B e g (5.4)
o o
Moreover,
|F2| = C(IF1| + x| (12| + litx])), (5.5

and by the definition of F7, we obtain

|Fil=C (|15xxx| + 15 el + 15x > + pitx| + 1V x| + pix]

+ Yl + Il - (56)

Then multiplying (5.4) by %, integrating it with respect to x and integration

by parts, we obtain
o (0.¢] F
-+ / Vaxfe g — / 2 g
B o o
x=0 9 0

2 /°° (@)2 I (qsx)z
—fu|—) dx—=u | —
p 2 \p
0
(5.7)

Secondly, we try to remove the term of v, in (5.7). To this end, we multiply
(3.3) by %, and integrate the resulting equation with respect to x to get

bx

0

1d
2dt

o X > G X
(wz+uwx,¢x)+/ (P'(P)px — i) ¢—dx =/ i dx. (5.8
0 P 0 P
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Here, we have used the notation ( f, g) to denote the inner product of two functions
f, g. On the other hand, we have

d
V1, dx) = a(llf, ¢x) = (Dxr. V)
d
= a(l/f, ¢x) (W)l =0 + (Vx, ¢1). (5.9)

Then multiplying (5.7) by u, adding it to (5.8) and integrating the resultant with
respect to ¢ yields

2 t poo 2 t 2
E‘¢_x +(1ﬁ,¢x)—,u// ux(q)—x) dxdr—ﬁ/u(qb—x) dr
20p o Jo P 2 Jo r)
1 t 1 oo p/(p) 5
+ [ (oot o) ot [ @ gnars [ [T 719, Parae
0 0 0J0 P
2 t oo
G+ F
_ M| Pox + (Yo, dox) +/ / Gl (5.10)
2 po 0 Jo P
We now estimate (5.10) as follows. Firstly, it is easy to estimate that
W )| S CellyI” + ellgell?. (5.11)

By the decay estimates in Lemma 2.2, we have

t o0 d’ 2
/ / (Yx + iix) (—X) dxdr
0 JO P

t
= C/O (e lloo + llitxlloo) e 1P d

t
< C/o (el g1 + 8) e lIPd
S C(N@) + 8)M(t)2. (5.12)
For the boundary term, we make use of (3.2)

160 (1, )| S CUWel + Il + 1hre| + x> + 1$ite ] + ¥ :]),  (5.13)

then apply the Young inequality, Lemma 4.1, and the estimates (2.31) and (5.13)
with x = 0, to get

t t
‘/0 (V) (z, 0)dr| = C/O ¥ (x, 0)] (I (x, 0)| + [¥2 (7, 0)]) dT + €&

t
+ C/O 1V (T, 0 (¢ (z, 0)] lltxlloo + [V (T, 0)] [l oxlloo) dT

<c /t (7. 0)2 led)z(/t ,ozd)2
< (0(|¢> @O+l ) de) (| 1w 0f

t
+082 4 [ (16 OF + 1y 0)F) dr

< € (o, vo) 12 + 8" (@) + M) +52). (5.14)
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Furthermore, using again the first energy estimate, Lemma 2.2 and estimate
(5.13), we have

t
/ (v, )T
0

2

t t
§C/(||wx||2+s||¢x||2) dr +C /nwxn%ir
0 0

1
2

t
x / (12 4+ 151 + 19120t 26 + 19712116212, ) de
0

1
< [10x1Pdr +C (160 o)l + 6+ MM + 5N + 3)(0) +82)
0

(5.15)

We now estimate the right-hand side of (5.10). From (3.9) and Lemma 2.2 it
follows that
1

t o0
// Gz)xdxdr'
0 0
[ v |
SC(/ ||¢x||2dr) (/ (||¢||2||ﬁx||§o+||1/fx||2||ax||§o+||axx||io)df)
0 0

< cs'M@). (5.16)

Finally, for term of F3, recalling (5.5) and (5.6) and the decay estimates of the
smoothed rarefaction waves p, u as in Lemma 2.2, we then obtain

r oo
F
/ / 20x dxdr
0 JO 1Y

t t %
§C/0 ||¢x||2(||1//x||oo+||ﬁx||oo>dr+6(/0 ||¢x||2dr)

t
x (/ (15 P+ 1512 2+ 15 I+ N 12
0

1

9 e P + Nl Pl 1% + 112115207 de )
<c ((N(t) LHM@)? +8(N@) + 1) M(t))
<c ((N(t) +OMM)? + 5M(z)) . (5.17)

Making use of (5.11)—(5.17) and taking ¢ suitably small, we then arrive at (5.1).
Thus the proof of Lemma 5.1 is complete. O

Step 3. Therefore, we can find from the above that to complete the proof of Propo-
sition 4.1 it needs only to show the following Lemma
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Lemma 5.2. There exists a positive constant €3 < &, such that if N(t) + 8 < &3.
Then the following estimate holds for any t = 0

t
I I + /O [Vxx (OIIPdT < Cll(d0. YO)lI7;1 + C ((N(r) +8)M(1)?
L 8% (M) + N@)) + 52) . (5.18)
Here €3, C are independent of t,8. O

Proof. Multiplying Equation (3.3) by —/,p !

X, t, we have

t t e’} 2
/ W + uhe, —)de + / / PVl de
0 0 Jo o

' oo L/ t o0
_/ / p (p)(pxlpxxdxdf = —/ / %dxdr. (5.19)
oJo P 0Jop

It is easy to check that

and integrating it with respect to

1d
W, =¥xx) = (Wro) lx=0 + (W, Yix) = (@r)lx=0 + EEIII/foIZ. (5.20)

Therefore, (5.19) becomes

1 t t oo xe
SO+ [ tnlamo + e =y de+ [ [T e
0 0 Jo o

‘ 00 ’ 13 o0
A e A M L CETY
o Jo 0 2 0 Jo o

We now handle (5.21) term by term. We first use Lemma 2.2 and Holder’s
inequality to estimate the boundary term as follows:

t % t %
§c(/ |a,(r,0>|2dr) (/ |1//x(r,0)|2dr)
0 0
‘ 3
gca(/o ||wx||zldr)

< CSM(p). (5.22)

t
‘/0 () (T, 0)dr

Moreover we can show that

t 00
/ / uwx(_wxx)dXdr
0 Jo

t 00 2
/ / BVl g ede > g2, (5.24)
0 Jo 1Y

t t
<e /0 [¥ex 12dT + Ce /0 I, l?de,  (5.23)
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t o0 L/ b
/ / PUP) 4 yvdxde| < € / / e | [¥rexldxde
o Jo 0 0 JO

t t
e / ¥xx I?dT + Cs / lpell*dz.  (5.25)
0 0

and

A

Finally we estimate the right-hand side in a similar way as we handle (5.16) to
obtain

1
t e’} G t 7
/ / ﬂdxdr'fc(/ ||wxx||2dr)
0 0 P 0
1

t 2
x ( /0 DI 152112 + N 1 Nl 12 + ||axx||§o>dr)
< Cs?M@). (5.26)

Therefore, combination of Equations (5.21)—(5.26) and taking ¢ suitably small,
we then have

t t
||wx||2+/0 ¥ IPdT < Clivoll,: +C/0 (sl + 12 de
+C (M) + 5" M@)). (5.27)

Thus (5.18) follows from (5.1) and the first energy estimates. And the proof of
this lemma is complete. 0O

Complete of the proof of Proposition 3.2: From the estimates (4.5), (5.1) and (5.18),
it follows that there exists a constant &4 (which satisfies 4 < &3, and we can take
&0 = &4), such that if N(z) + 8 < g4, then the following estimate holds

t
N0 + M) = (14, w)ni,l+/0(||¢x||2+||wx||i,l+|¢>(r, 0)+|x (7, 0 )de
< ¢ (110, vo 31 +3°)
+C1 (N + MO + 8 N @) + M) (5.28)

Therefore, if we take &4 < 1 such that Cyeq < }1, using the Young inequality
one has

1
N2 (0) +M7(0) £ € (160, vo) 3 + 8% ) + 5 (V20 + M)
That is
t
I, v)DII5 + (||¢x<r>||2 + 1 (O30 + 16 (1. 0)* + s (1, 0>|2) dr
0

< ¢ (1o, vl 1 +6%). (5.29)

Which implies the results of Proposition 3.2. Thus the proof is complete. O
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6. The proof of Theorem 1.1

This section is devoted to the proof of our main theorem. In order to prove
Theorem 1.1, we employ the standard continuation argument based on a local exis-
tence theorem and the a priori estimates. Similar to [10], we can prove easily the
local existence theorem. The a priori estimates have been established in Proposi-
tion 3.2. Therefore, we need only to prove the large time behavior of the solution
as t — oo. For a rigorous argument we refer also to [10].

Complete of the proof of Theorem 1.1:
Step 1. We first make use of the energy estimates to prove that

sup [(p — p,u —u)(t, x)| — 0, (6.1)
xeR+
namely
sup |(¢, ¥)(#, x)| > 0 (6.2)
xeR+

as t — oo. To this end, we only need to show that

lox N, Y — 0. (6.3)

If this holds, recalling the estimates ||@|| ;1 and ||/ || ;1 < C, then by interpolation,
we arrive at

16l < Cllp®I2 [l (1)]2

— 0, as t — oo. (6.4)

Similarly, we can infer from ||y, (t)|| — O that ||/ (f)]lcc — 0 as ¢t — o0. So,
it remains to show (6.3). We define

(@:)° 2
P(1) = pe (1, x)dx, U() = [ ()", x)dx.
It is easy to obtain from the energy estimates that
0.¢]
/ P(r)dr < C.
0

Nextto prove fooo | % P(t)|dt < C, weinvoke Equation (5.10), and conclude that the

2
function P(t) := ‘ %X (1) H is differentiable with respect to ¢ for almost everywhere

t € (0, 00). Thus by combining with the estimates (5.7) and (5.29) we can obtain

/°°g¢x
0

dt”;
/00 dPt)
o |a

I’ dr £ C.

That is

dr £ C.
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Recalling the fact fooo P(t)dt < C,onethus has P(¢) — 0; therefore ||, (2)|| — O
ast — o0o.

We can use Equation (5.21) and the energy estimates to show, in a similar way,
that [ (@) ]| — 0.
Step 2. On the other hand, by the construction of a smooth approximation of the
rarefaction waves, from Lemma 2.2 and the results in [12], we infer that

~ ~ X
sup (4, i)(t, x) — (p®, u®) (—)‘ — 0, (6.5)
xeRt t
ast — 0o.
It then follows from (6.1) and (6.5) that
X
sup [(p,w)(t,x) = (p®, ) (2)] > 0 6.6)
xeR+ t

as t — o0. Thus the proof of Theorem 1.1 is complete. O
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