Solutions to a model with Neumann boundary conditions
for phase transitions driven by configurational forces

HANS-DIETER ALBER*
Department of Mathematics
Darmstadt University of Technology
Schlossgartenstr. 7, 64289 Darmstadt, Germany
and
PEICHENG ZHub2t
!Basque Center for Applied Mathematics (BCAM)
Building 500, Bizkaia Technology Park

E-48160 Derio, Spain
2 IKERBASQUE, Basque Foundation for Science

E-48011 Bilbao, Spain

Abstract

We study an initial boundary value problem to a model describing the evolu-
tion in time of diffusive phase interfaces in solid materials, in which martensitic
phase transformations driven by configurational forces take place. The model was
proposed earlier by the authors and consists of the partial differential equations of
linear elasticity coupled to a nonlinear, degenerate parabolic equation of second order
for an order parameter. In a previous paper global existence of weak solutions in
one space dimension was proved under Dirichlet boundary conditions for the order
parameter. Here we show that global solutions also exist for Neumann boundary
conditions. Again, the method of proof is only valid in one space dimension.

1 Introduction

In [3] we have investigated a system of partial differential equations modeling the evolu-
tion of a phase interface in solid bodies and proved that in the case of one space dimension
an initial boundary value problem to this system has global solutions.

This system has been derived in [2, 4] from a sharp interface model for martensitic
phase transformations in a solid body. The sharp interface model consists of the equa-
tions of linear elasticity theory coupled with an equation posed on the interface, which
determines the normal speed of the interface. To find the phase field model, the inter-
face condition was transformed in a first step by rigorous mathematical arguments into
a Hamilton-Jacobi transport equation for a smooth order parameter. In a second step
a regularizing term was inserted into the Hamilton-Jacobi equation to avoid that the
order parameter develops singularities after a finite time. This regularizing term, which
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consists of the Laplace operator with a small positive parameter v, was inserted such that
the second law of thermodynamics holds. For details of this procedure, for mathematical
investigations of phase field models and for the background in continuum mechanics we
refer to [1], [2] — [7], [8, 9, 10, 12, 13, 14].

This derivation suggests that solutions of this system of partial differential equations
converge to solutions of the original sharp interface model for v — 0. The usage of
the new system of partial differential equations as phase field model for martensitic
transformations depends on this asymptotic behavior. Yet, it is not obvious whether this
convergence really holds. To verify it, we construct in [7] an asymptotic solution for the
system of partial differential equation, which indeed converges to a solution of the sharp
interface model for v — 0.

The asymptotic behavior of the new phase field model differs in an essential way from
the asymptotic behavior of the standard model, which consists of the equations of linear
elasticity theory coupled with the Allen-Cahn equation. The asymptotic behavior of this
standard model is studied in [11] by formal methods. The result given there shows that
in the limit sharp interface model the driving force of the interface motion contains a
term with the mean curvature of the interface, which cannot be avoided. On the other
hand, the limit model of the new phase field model does not contain such a curvature
term. It is possible to make the constant multiplying the mean curvature term in the
limit model of the Allen-Cahn model small by choosing a parameter in the Allen-Cahn
model appropriately, but in [7] it is shown by analytical considerations and numerical
examples, that in this case the numerical solution of the Allen-Cahn model becomes very
ineffective, and that when the same physical problem is simulated with the new phase
field model the computing time is smaller by a large factor.

This property makes the new phase field model interesting and justifies further inves-
tigation. It would be important to prove rigorously that solutions converge to solutions
of the sharp interface model for v — 0; the result in [7] is formal, since the asymptotic
solutions constructed there satisfy the new phase field model only up to an error term
in the right hand side of the equations. For a rigorous proof it is necessary to show that
the error in the solution caused by this error term in the right hand side tends to zero for
v — 00. Such a proof needs an existence result for the phase field model. In this paper
we do not estimate this error term, but we continue the investigation of the existence
theory, which we started in [3]. There we proved that an initial-boundary value problem
to the new phase field model in one space dimension has solutions, if the displacement
field and the order parameter both satisfy Dirichlet boundary conditions. Here we show
that solutions exist for the one-dimensional problem when the order parameter satisfies
homogeneous Neumann boundary conditions.

We next formulate the initial-boundary value problem in one space dimension and
the main result of the paper. For the original form of the phase field model in three space
dimensions we refer the reader to [3].

Let = (a,d) be a bounded open interval, which represents the material points of
a solid bar. T, is a positive constant, which can be chosen arbitrarily large. We write
Qr. = (0,T,) x © and define

(v, ) = / v(y) ¢(y) dy,

Z
where Z = Q or Z = Qr,. If v is a function defined on Q1,, we denote the mapping



x — v(t,x) by v(t). If no confusion is possible we sometimes drop the argument ¢ and
write v = v(t). The crystallographic structure of the material can vary in space and
time. We assume that two different structures, called phases, are possible. The different
phases are characterized by the order parameter S(t,z) € R. A value of S(¢,x) near to
zero indicates that the material is in the matrix phase at the point = € Q at time ¢, a
value near to one indicates that the material is in the second phase. The other unknowns
are the displacement u(t, z) € R? of the material point x at time ¢ and the Cauchy stress
tensor T'(t,z) € S, where S% denotes the set of symmetric 3 x 3-matrices. If we denote
the first column of the matrix 7'(t,z) by T1(¢,x) and set

() = % ((t42,0,0) + (2,0,0)7) € &%,

then the unknowns must satisfy the quasistatic equations

T, = b7
T = D(e(ug) —&S),
Sy = —c(¥s(e(ug),S) — vSzz) |Sa|

for (t,z) € Qr,. Since the equations (1.1), (1.2) are linear, the inhomogeneous Dirichlet
boundary condition for v can be reduced in the standard way to the homogeneous con-
dition. For simplicity we thus assume that u satisfies homogeneous Dirichlet boundary
conditions. The initial and boundary conditions therefore are

u(t,z) =0,  (t,z) €[0,Te] x 0,
Sy(t,x) =0, (t,z) €0, T] x 99,
S(0,z) = Sp(z), x €.

Here € € S3 is a given matrix, the misfit strain, and D : S? — S? is a linear, symmetric,
positive definite mapping, the elasticity tensor. In the free energy

¥"(e,5, VaS) = (e, 8) + 2| VS, (1.7)

where
1

(e, 8) = (e(Vau), §) = 5 (D(c - £S)) - (¢ — £S) + ¥(S), (1.8)

we choose for ¢ € C2(R, [0,00)) a double well potential with minima at S = 0 and S = 1.
The scalar product of two matrices is A- B =) a;;b;;. Also,

¥s(e,8) = 0s (e, S) = =T - +¢'(S)

is the partial derivative, ¢ > 0 is a constant and v is a small positive constant. Given are
the volume force b : [0,00) x  — R? and the initial data Sp : Q@ — R. This completes
the formulation of the initial-boundary value problem.

To define weak solutions of this initial-boundary value problem we note that because
of 2(lyly)’ = |y| equation (1.3) is equivalent to

st—cu%(\szwx)x—c(T-g—lz'(S)) 1S,] = 0. (1.9)
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Definition 1.1. Let b € L*>(0,T,, L?(Q2)), So € L*(2). A function (u,T,S) with

ue L®(0,Ty; Wy (), (1.10)
T e L*(Qr.), (1.11)
S € L>®(Qr,) N L*0,T., H(Q)), (1.12)

is a weak solution to the problem (1.1) — (1.6), if the equations (1.1), (1.2), (1.4) are
satisfied weakly and if for all ¢ € C§°((—o00,Te) x )

(S.20)ar, ~cv5(1SelSes e2)ar, +e (T8 = F(S))IS:]: 9) | +(So. 90 =0. (113)

Te
The main result of this article is

TheoremA 1.1 Assume that there exists a constant M > 0 such that the double well
potential 1 € C1(R,[0,00)) satisfies

52 < M((S) + 1). (1.14)

Then to all Sy € H* () and b € C(Qr,) with by € C(Qr,) there exists a weak solution
(u, T, S) of the problem (1.1) — (1.6), which, in addition to (1.10) — (1.13), satisfies

S, € L3(Qr,), S. € L3(0,Ty; L)), (1.15)

and
(1S51S2)e € L3(Q1.), S € L3(0,To; W13 (Q)). (1.16)

The remaining sections are devoted to the proof of this theorem. The main difficulty in
the proof stems from the fact that the coefficient v|S;| of the highest order derivative
Sz in the equation (1.3) is not bounded away from zero and that it is not differentiable
with respect to S;. The equation (1.3) is therefore degenerate parabolic. As in [3], to
overcome this difficulty we approximate (1.3) by a uniformly parabolic equation, where
the regularizing term depends on a parameter x > 0. We derive a-priori estimates for
solutions of the regularized initial-boundary value problem and use these estimates to
show that a sequence of solutions (u”,T%,S*) of the regularized problem converges to
a solution of the original problem. The convergence proof is based on the generalized
version of the Aubin-Lions Lemma valid in L'(0,7.; H=2(Q2)). We need this generalized
version since one of the a-priori estimtes is valid only in this space.

In the existence proof for the inital-boundary value problem with Dirichlet boundary
condition given in [3] in use the maximum principle to estimate the L*°-norm of the
functions S*. In the case of the Neumann problem this is not possible. We use instead
an energy estimate, which is essentially the Clausius-Duhem inequality, to estimate these
functions. Also, we use a different regularization of the evolution equation (1.3) and apply
a new method to prove Lemma 2.3. Together both modifications lead to a simplification
of the proof of this lemma and of the subsequent convergence proof given in Section 3.

The method of proof is limited to one space dimension, since for the a-priori estimates
it is crucial that the term |S;| Sy, in (1.3) can be written in the form 3(|S;[S;)z. In higher
space dimensions the evolution equation for S, which is stated in [3], contains the term
|V2S|ALS, which cannot be written in this form.



2 A-priori estimates for approximate solutions

In this section we study a modified problem obtained by regularization of the equation
(1.3), which we use to construct approximation solutions of (1.1) — (1.6) depending on a
small parameter k.

2.1 Existence of solutions to a modified problem

In this subsection we formulate the modified initial-boundary value problem and show
that it has a Holder continuous classical solution. To this end we choose a function
x € C§°(R*, [0,00)), which satisfies [0 x(t)dt = 1. For x > 0, we set

w0 =1 (1),

and for S € L®(Qr,,R) we define

Te
(xx xS)(t,z) = / Xx(t — 8)S(s,x)ds. (2.1)
0
The modified initial-boundary value problem consists of the equations
Ty, = b,
T = D(e(uy) —éxs *S5),
S, = c(usm+T.5—¢’(S)> EAm (2.4)
which must hold in @7, and of the boundary and initial conditions
u(t,z) = 0, (t,x)e€[0,Te] x 0Q, (2.5)
Sy(t,x) = 0, (t,z)e€0,Tc] x 09, (2.6)
S(0,z) = Sp(z), =€ (2.7)

To formulate an existence theorem for this problem we need some function spaces: For
nonnegative integers m,n and a real number « € (0,1) we denote by C™%(Q) the space
of m-times differentiable functions on €, whose m-th derivative is Holder continuous with
exponent a. The space C%*/ 2(Qr,) consists of all functions on Qr,, which are Holder

continuous in the parabolic distance

d((t, ), (5,9)) = VIt — 5| + |z —y[2.

C™"(Qr,) and crmtanta/ 2(@TE), respectively, are the spaces of functions, whose z—
derivatives up to order m and t-derivatives up to order n belong to C(Q7, ) or to
C/2 (@Te ), respectively.

Theorem 2.1 Let v,k > 0, T, > 0. Suppose that the function b € C(@Te) has the
derivative by € C(Qr,), that the initial data So is in C*T*(Q) and that Sy, u(0,-) and
T(0,-) satisfy the compatibility conditions

S()@(l') = 0,
S4(0, ) = cx (uso,m(x) FT(0,2) -5 — z&(so(x») : (2.8)
T(0,2) = De(u(0,x)),




for x € 02, Then there exists a solution
(u,T,8) € C*(Qr,) x CV1(Qr,) x C*H1T/2(Q)

to the modified initial-boundary value problem (2.2) — (2.7). This solution satisfies Sy, €

Remark 1. The unusual compatibility conditions (2.8) hold, for example, if Sy and
u(0, x) satisfy

Soloa = Sozzlon =0,  ux(0,-)]aq = 0.
We refer the reader also to [3].

Sketch of the proof of Theorem 2.1. Note that if S is given then for every ¢ the equations
(2.2), (2.3), (2.5) form a linear elliptic boundary value problem for the unknown function
x +— (u(t,z),T(t,x)). In [4] the authors have shown that the unique solution of this
problem is given by

u(tz) = ( R /ad<xﬁ*s><t,y>dy>+w(t,x>, (29)

* d
T(ha) = DE =200 S)o) ~ T [ (o S)endy+ota),  (210)

where u* € R3,e* € S? are suitable constants only depending on & and D, and where for
every t € [0,T,] the function (w(t),c(t)) : Q@ — R3 x 82 is the solution to the boundary
value problem

—o1(t) = b(1),
o(t) = De(wy(t)),
’LU(t)|3Q = 0.

Insertion of (2.10) into (2.4) yields the parabolic equation

1 d
St = al(Sx)Sm: + ag <t,5L‘, S: Sz:Xn * S: d—a/ (Xn * S)(ta y)dy> ) (2'11)
which contains a non-local term. Here the coefficients are defined by

ar(p) = cv|pls,
ag(t,x,S,p,T,s) = C<§'D(€*_E)T_é:'DE*S—i_é'O—(t?x)_1&/(5)) ’p|l€

The statements of Theorem 2.1 follow if we can show that the inital-boundary value
problem to the equation (2.11) has a solution with appropriate regularity properties. To
verify this we combine an existence theorem for nonlinear parabolic equations given in
[15] with some obvious considerations concerning the non-local term in (2.11). Details of
the proof can be found in [3].



2.2 A-priori estimates which are uniform in

We next construct a family of solutions (u”,T",S") of (2.2) — (2.7) and derive a-priori
estimates for these solutions, which hold uniformly with respect to the positive parameter
k. To define the solution family, let T, be a fixed positive number and choose for every
 a function S§ € C*°(Q) such that

156 — Sollgr ) — 0, w—0, (2.12)

where Sy € H(Q) are the initial data given in Theorem 1.1. We insert for Sy in (2.7)
the function S§ and choose for b in (2.2) the function given in Theorem 1.1. These
functions satisfy the assumptions of Theorem 2.1, hence there is a solution (u”,T",S")
of the modified problem (2.2) — (2.7), which exists in Q7.

In what follows we assume, without loss of generality, that

0<r<1, (2.13)

since we consider the limit x — 0. The L?(2)-norm is denoted by || - ||, and the letter C
stands for universal positive constants independent of k. The first a-priori estimates are

Lemma 2.1 There holds for any t € [0,T,]

IS5+ 1S + lle(us@)I* < C, (2.14)
15"l L (@r,y < G, (2.15)
|77 & =" (S")lpe@r) < C. (2.16)

Proof. 1t is easy to see that (2.15) is a direct consequence of (2.14) by the Sobolev em-
bedding theorem. To prove (2.16) we use (2.14) to conclude that S& € L>(0,T,; L?(f2)).
From this information and from the elliptic regularity theory for the linear elasticity
system (2.2) — (2.3) we obtain that

HUHHLOO(O,TE;HZ(Q)) <G,

which implies u¥ € L>*(Q7,). By (2.3) we then arrive at (2.16).
It remains to prove (2.14). We denote ¢® = e(uf). Let the free energy ¢* and the
flux ¢ be defined by

1
PN, 8%, 55) = y(en S !S“\Q D(e" — &8%) - (" — £8") + {(S") + !S“\Q
q = q(uf, T, SE, Sf):T”ouf+1/SfS';.
If (u",T%, S") satisfies ( — (2.4), then a straightforward computation yields

d/ *( ,S“,S;)dw—/divxq”dw—/b-ufdx
dt Jo Q Q
. 2
_ / v8g, + T &~ 5(S")) " |SEuda
Q
0. (2.17)
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In fact, this inequality means that the Clausius-Duhem inequality holds. From the bound-
ary conditions uf = 0 and SF = 0 we see that ¢ = 0 at the boundary. Thus integrating

(2.17) implies
t t
< / /b ~ufdrdr
0 0 JQ

¢
= /d/b-u”dsz—/ b - u”d(T, x)
0 dt O Q:
t
= /b'u"‘d:r
Q

—/ by - ud(T, x). (2.18)
0 t

/¢ rST SE)dx

Hence,
/d} kSR SE) (L, @ dm—/¢ R 8%, S50, z)dx
< /ﬂ(b-u")(t,x)dx—/Q(b-u")(O,m)da:+/ (be - u)d(r, z). (2.19)

t

Now we deal with (2.19) term by term. From well known a-priori estimates for the linear
elliptic system (2.2) — (2.3) and from the assumptions for Sy we obtain

[ (O)|| 1) < C, (2.20)
and the assumptions for b and Hoélder’s inequality yield

/w 5 S5 S)0,2)de| < O, (2.21)

IN

C. (2.22)

/ b(0, z)u”(0, z)dx
Q

We next use the fact that u”(¢) vanishes at the boundary and that the definition of e(u)
implies [e(u%)|? > L|uf|? to conclude from Poincaré’s inequality and from the regularity

assumptions of b for every p > 0

‘/ bu” dx
Q
‘/ byu"dxdr

Combining (2.19) — (2.24) we arrive at

C? I
< [1bll flu®]] < Clpl] fluzll < ﬁHbH2 + Szl < Cu+ plle?, - (223)

t t t
< /0 1bell Il dr < © /0 (bl + Jlut?) dr < €+ © /0 e,
(2.24)

/w 5 S5, St 2)de < Cy+ plle™(t |y2+c/ % (7) [2dr. (2.25)

In order to absorb the term y|¢|? in the right hand side we use assumption (1.14) to
find

lee)I> < 2||55F”||2+2||€F” £5"|1?
1
< c/ B(5%) +1)+§(D(5“—§S“))-(5“—5‘5“)) do
< C/w K S% S5 d



Thus we can choose p sufficiently small to obtain

t
/1/)*(5",5“,55) dx§0<1+/ /w*(sﬂ,s“,s;)dxm). (2.26)
Q 0 JO

Applying Gronwall’s inequality in the integral form we conclude from this inequality that
there is Cr, such that for every ¢ € [0, T¢]

¢
/ / P (e, 8%, S5 dxdr < Cr, . (2.27)
0 JQ
Since (1.14) and (1.7) imply
|SJ? + !5 ? < (M +1)(¥"(e, 8, 8:) + 1),

(2.26) becomes
ISE@I + 15" + lle"®)]* < €.

The proof of the lemma is complete.

Lemma 2.2 There holds for any t € [0,T,]
155 ()2 +u/ / S8]4]S5,Pdadr < C. (2.28)
Proof. Observe first that Sf. € L?(Q7,), by Theorem 2.1, which yields that for almost

all ¢
/{ 2 K
slSs0 = [ sz

Using this relation, (2.16) and (2.15) we obtain by multiplication of (2.4) by —S%  and
integration by parts with respect to z, where we take the boundary condition (2.6) into
account, that for almost all ¢

K12 K 2 _ WMIQRY _ K = K K
3 IS5 v [ 15185 Pde = [ (/(57) = T -2) 851, 8tuda
<c / 51|, o = C / (5125512 |8

2 2
<3z / 1S5l P+ 27 | (1551) d. (229)
Q

We subtract the term % [, |S%]..|S%,[2dz on both sides of this inequality and use Gron-
wall’s Lemma to derive (2.28) from the resulting estimate, noting also (2.12). This

completes the proof.

From this estimate we obtain more estimates which we collect now.



Corollary 2.1 There holds for any t € [0,T¢]

t
| [assluisi awar < c. (2.80
0 JQ
t
| [usslisshiasar < c. (231)
0 JQ
t 3
lylsdy|| , dr < C, (2.32)
wh3(Q)
ty s 3
/ / |yl sy dr < C, (2.33)
0 0 L(Q)
NSZ1S2 4 0 ize@y = © (2.34)
/0”5§||20<>(Q)d7' < C. (2.35)

Proof. By Hélder’s inequality, we have for some 2 > p > 1,q = % and % + 1 =1 that

q
t
| [ assiisy dods
- / / (1851)% ((1551)% |85%,17) dodr

</° /“(wﬂ”)@dm); </ | [ sz10% |5§qudxd7'>;
UJ/Q(WMQ%MT) </ s 'df““> S (23

Inequality (2.28) implies for 2%}) <2 ie p< %, that the right hand side of (2.36) is
bounded. This yields the estimate (2.30). Writing

St
155155, = ( / ryndy) | (237

and invoking the boundary condition Sf|,cjo7,jxa0 = 0, we show easily that (2.30)
implies (2.32) by the Poincaré inequality, and one has

SN
// y|wdy
0 0

thence we get fOS; ly|dy € L%(O,Te; Wl’%(Q)) Making use of the Sobolev embedding
theorem, we get (2.33).
Sine % (|yly)’ = |y| we know that (2.35) is equivalent to (2.34). To prove (2.35), we

IN

IA

4
3

., =C,
L3(Q)
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rewrite fOS; ly|xdy as

S5
/ ly|wdy
0

Sy Sy
/0 yldy + /0 Iyl — Iy)dy

SE Sk 2
z K
+/ —dy
0 o |yle + [yl

277 Jo yle + 1yl '

= Ly
= 2yy

Thus

1 Sg Sg KQSK
—(|S518%), = d = wd S £ S 2.39
L (1s182) (/0 1] y) </0 » y) e (239

From |y|. + |y| > & it is easy to see that

K2 K2

AT g 2.40
yle + 1yl = & (2.40)

By the Young inequality we obtain from (2.28) and the assumption that £ < 1 that

3
1

||I<,S;mHL%(QT€) < </QT (,.@2 + K|Sg$2|) d(t, x)) <C.

Combination with (2.33), (2.39) and (2.40) yields

S5
108515202l | < € (H ([ whean)

Using the boundary condition S}|,c(0,7,]xa0 = 0, and applying again the Poincaré in-
equality we obtain

Fwstl g ) <c
L3(Qr,) L3(Qt.)

K K <
1121814, , < C:

hence

K K
H ‘Sﬂﬁ |S£E HL%(O,TE,WL%(Q)) S C'
Therefore one concludes by the Sobolev embedding theorem that
K K
ISEISE 4 0.7 pmeccy < C
that is
K
HSIHL%(O,TE;LOO(Q)) <G

This proves the corollary.

Lemma 2.3 The function Sf belongs to L%(QTe) and we have the estimates

||(|S;|Sg)t||L1(07T8;H—2(Q)) <C. (2.42)

151 ars(@ryy < € (2.41)

11



Proof. From the equation (2.4) and the estimates (2.30), and (2.28) we immediately see

that Sf € L%(QTG) and that (2.41) holds. Therefore we only need to prove the second
estimate.

To verify (2.42) we must show that there exists a constant C, which is independent
of k, such that

|(1S5185): @)y, | < Clelliomsm2e) (2.43)

for all functions ¢ € L*>(0,7T.; H3(Q2)). To prove (2.43), we first prove that for any
1> 6 > 0 there holds

((f i), 2),,.

for all functions ¢ € L>(0,T.; H3(2)). Here § is independent of x. Inequality (2.43) is
obtained from this estimate as follows: From S% € L>(0,T.,L?(Q?)) C L*(Qr,), St €
L*(Qr.) and | |yls — |y|| < 6 — 0 as § — 0 we infer that || |S%|s — | S%| lLoc(Qr,) — 0- A
straightforward computation yields that

Sy
( /O |y|5dy> — 15515, (2.45)
t

Therefore, (fosg ]y\gdy) = |S%|sS%, — |S%| S&, strongly in L?(Qr,). Whence, as § — 0,
t

([ ply) ) = 5 (U512,

for all p € L>(0,T.; H3(Q)) C L*(Qr,). This relation together with (2.44) implies
(2.43).
Thus it suffices to prove (2.44). To simply the notations we define

< Cllell Lo o,1.:12(02)) (2.44)

Rei=c (ys;x +TR 5 @2'(5“)) 155, (2.46)

Multiplying equation (2.4) by (|S¥|5¢), , integrating the resulting equation with respect
to (t,x) over Qr., using integration by parts for the term with the time derivative and
noting (2.45), we obtain

0 = (S5~ Re: (1S5160)),,
= (85 15150)gr, — (R (155150)0) g,

Sz
([ wlatn) 0) = (R gy $520) = (R[5l 247
0 t Q. ’

Remembering that S¥, € L?*(Qr,) for any fixed x, we see that the first term in the second
equality of (2.47) is properly defined. To estimate the last two terms on the right hand
side of this inequality we note that there holds

Yy
(lgls)| = H <1 and |yls <yl + 1,

1yls

12



which yields the estimates

(R o)y 8520) o, | < [R50,

< K Kk |2 K~ . K K K
< [OSEISE Pl g |+ (177 e — Dt IstluIse)

< Clelre@rn) < CllellLeomn;m2@) + 1, (2.48)
and

‘(Rm|5§|6%)QTe < C (1521 +1) [S7 |kl Szatpald(T, )
’ Qe
+C 0 (T - & = 1hs(S™)| 1S51x(1S5] + 1) lpe| d(r, )
Te
= L+ D. (2.49)

We estimate I first. Recalling that [T - & — ¢5(S")| < C, one has
11
< oof shisslissielde

Te
< C/ 1512 Izac HIS“\QSMH lellLace)

n L \bem A
c(/o T df) (/0 |w||L4(Q>dT)

< Clelczor;ci@)- (2.50)

IN

Next, we consider I, Is. The term I; can be handled as

t 1 é é
L o< c /0 115512 @ el ( / <1+|s:;|2>da:) ( / |s;nrsgx|2dx) ir

t 1 2
Cllgelo ey [ (1555 +1) ( i |s;rﬁrs;z|2dx) dr

t
Cllelomamoy ([ (1851 e +1) %zr) ( A H\S“Pswdr)

< Cllellze 1029 (2.51)

IA

IN

Here we used the estimates in Lemma 2.2 and Lemma 2.3. The term I is easier to
estimate. Using again the inequallity |77 - & — 1)g(S")| < C, we obtain that

t t
c / / 511+ |S%) [psldadr < / / (1S5 + 1)? || dudr
0 Q 0 Q

t
Cllesllimn | (18217 +1)dr
Cllell Lo (0,112 (92))- (2.52)

I

IN

IN

IN
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Combination of (2.47) — (2.52) yields
Sz
((/ !ylady> ,SD)
0 t Qr.

which implies (2.44) and completes the proof.

< CllellLeom;m20) T llellrzom;r4@))

IN

Cliell oo 0.1 m2(2)) » (2.53)

3 Existence of solutions to the phase field model

In this section we use the a priori estimates established in the previous section to study
the convergence of (u”,T",S") as k — 0. We shall show that there is a subsequence,
which converges to a weak solution of the initial-boundary value problem (1.1) — (1.6),
thereby proving Theorem 1.1.

Note first that the estimates (2.14), (2.35), (2.41), the fact that Q is bounded, and
Poincaré’s inequality imply
”SRHWL4/3(QT8) <C, (3.1)

for a constant C independent of k. Hence, we can select a sequence k, — 0 and a function
S ewhd/ 3(Qr.), such that the sequence S*», which we again denote by S*, satisfies

||‘S”‘i - SHL4/3(QT6) — 0, Sg - Szv Sf - Stv (32)

where the weak convergence is in L*/3(Qr,).

As usual, since equation (2.4) is nonlinear, the weak convergence of S¥ is not enough
to prove that the limit function solves this equation. In the following lemma we therefore
show that SF converges pointwise almost everywhere:

Lemma 3.1 There exists a subsequence of S, we still denote it by S%, such that

Sr— Sy, ae. in Qr,, (3.3)
1Sz le = 1S:z],  ae. in Qr, (3.4)
[S5] = [Sal,  weakly in L3 (Qr,), (3.5)

(3.6)

SK,
; 1
| iy = 38u18.l. strongly in L4, 7. @),
0
Sz 1 4 9
| Wy = 581801, strongty in L2(0,Ts22(@), (3.7)
0

as k — 0.
The proof is based on the following two results:

Theorem 3.1 Let By be a normed linear space imbedded compactly into another normed
linear space B which is continuously imbedded into a Hausdorff locally convex space
B;. Assume that 1 < p < 400, that v,v; € LP(0,T¢; By) for all i € IN, that the se-
quence {v;}iew converges weakly to v in LP(0,T,; By) and that {%}ieﬂ\f is bounded in

LY(0,T; B1). Then v; converges to v strongly in LP(0,T,; B).

14



Lemma 3.2 Let (0,7,) x Q be an open set in RT x R™ and assume that 1 < q < oo.
Suppose that the functions gyn,g € L1((0,T,) x Q) satisfy

gnllLao,r)x0) < O, gn — g almost everywhere in (0,T,) x Q.
Then g, converges to g weakly in LI((0,T,) x Q).

Theorem 3.1 is a general version of Aubin-Lions lemma valid under the weak assumption
Ow; € LY(0,T,; By). This version, which we need here, is proved in [18] and in [17]. A
proof of Lemma 3.2 can be found in [16, p.12].

Proof of Lemma 3.1: We choose p = % and
Bo=W%Yi(Q), B=1L%Q), By =H2%%Q).

These spaces satisfy the assumptions of the theorem. Since the estimates (2.30), (2.32)

and (2.42) imply that the sequence fOS” ly|dy is uniformly bounded in LP(0,T; By) for

k — 0 and (fosIH |y|dy) is uniformly bounded in L'(0,T,; By), it follows from Theo-
t

rem 3.1 that there is a subsequence, still denoted by fOS; ly|dy, which converges strongly
in LP(0,T; B) = L%(O,TE;LQ(Q)) to a limit function G € L%(O,TE;LQ(Q)). Conse-
quently, from this sequence we can select another subsequence, denoted in the same
way, which converges almost everywhere in Q7,. Using that the mapping y — f(y) :=
fé’ |€|dE = %y|y| has a continuous inverse f~! : R — R, we infer that also the sequence
Sk = f1 ( fOS; \y]dy) converges pointwise almost everywhere to f~1(G) in Qr,. From

the uniqueness of the weak limit we conclude that f~'(G) = S, almost everywhere in

Q..
For the proof of (3.7) we write

Sy Sy Sy
/0 yldy = /0 yldy + /0 Iyl — [yDdy = I + L.

It is easy to estimate I5 as [|I2[|p2(q,, ) < (6551 22(Qr,) < CKIISE I Loc(0,12522(0)) < Ck —
0. Therefore, fOS; lyledy — lim,_oI1 = 3|S,|S; strongly in L%(O,TQ;LQ(Q). This is
(3.7).

To prove (3.5) we note that the estimate |SZ|, < |S%| + x and the inequality (3.1)
together imply that the sequence |S%|, is uniformly bounded in L%(QTE). Thus, (3.5) is
a consequence of (3.4) and Lemma 3.2.

Proof of Theorem 1.1: Define the functions u and T by

wt,z) = o (/azS(t,y)dy - Z:Z/@dS(t,y)dy> +w(t, @), (3.9)

1

T(t,x) = D(e—&)$ - D' —

d
- / S(t,y)dy + o(t, ), (3.9)

where for S we insert the limit function of the sequence S* given in (3.2), and where
u* € R3, ¢* € 83 and (w, o) are the same constants and functions as in (2.9) and (2.10).
We prove that (u,T,S) is a weak solution of problem (1.1) — (1.6).

15



Remember first that by Lemma 2.1 we have S € L*(Q7,). From this relation, from
the above definition of u and T and from (w, o) € C*1(Qr,) x CH1(Qr,) we immediately
see that u and T satisfy (1.10) and (1.11). Observe next that ||S’“‘||Loo(07Te;Hé(Q)) < C, by
Lemma 2.1 and Sobolev’s embedding theorem. This implies S € L (0, T,; H:(Q)), since
we can select a subsequence of S* which converges weakly to S in this space. Thus, S
satisfies (1.12).

It is shown in [4] that the functions u and T" defined in this way satisfy the equations
(1.1), (1.2) and (1.5). We remarked this previously. It therefore suffices to show that the
equations (1.3) and (1.6) are fulfilled in the weak sense. By definition, these equations
are satisfied in the weak sense if the relation (1.13) holds. To verify (1.13) we use that
by construction (7%, S") solves (2.4), (2.6) and (2.7). If we multiply equation (2.4) by a
test function ¢ € C§°((—o0,Te) x Q) and integrate the resulting equation over Qr, we
obtain

0 = (St Par, + (~er|Silest, —e (1% &= (5 1S5l 0)

T
Sz
— (S5 e~ (% ar + (@ [ Wy
0 Qe
_ K = __ Y K K
(c (7 e =(5M) Isilere)
Equation (1.13) follows from this relation if we show that
(S5:2(0)a —  (So,¢(0))a, (3.10)
(SH?SOt)QTe - (S7 got)QTe7 (311)
Sy 1
</ |y‘ndy7 90x> - <2|S:c|8x, @x) s (3.12)
0 QTe QTE

((re-e=ds9)Istle), = ((T-2-09)Isde), (313

Te

for kK — 0. Now, the relation (3.10) follows from (2.12), and the relation (3.11) is a
consequence of (3.2). To verify (3.13) we note that (2.10) and (3.9) yield

T%(t,x) — T(t,x)

*

= D" —&)(xx*xS"—9)(t,x) — 1 a

d
/ (xu 8% — S)(t,y)dy.  (3.14)

From (2.1) and (3.2) we conclude that

K __ < k_ -
lxe % S SHL%(QTe) < lxw * (S S)HL%(QT6)+ (S XI{*S)HL%(QTe)
< ||(5_XH*S)||L%(QT)+|\5F~_SIIL%(QT)Ho,

for kK — 0. Since ¢* and € are constants, we infer from this relation and from (3.14) that

_ K
I =T",4,0, , = O

for £ — 0. Thus, after selecting a subsequence we have T — T a.e in Qr,. Together
with (3.3) and (3.4) we see that (7" -&—'(S"%))|S%|. tends to (T-&—1'(5))|Ss|, almost
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everywhere in Qr,. Since (2.28) and (2.16) imply that (7% -& —1'(S"))|S%|,; is uniformly
bounded in L?(Q7,), we deduce from Lemma 3.2 that

(T - & = /(S")|Sk]s — (T - & =4/ (5))|Su,

weakly in L?(Qr,), which implies (3.13). Consequently (1.13) holds.
It remains to prove that the solution has the regularity properties stated in (1.15)

and (1.16). The relation S; € Ls (Qr,) is implied by (3.2). To verify the second assertion
n (1.15), we use estimate (2.35) to get

|18l <

This inequality and S¥ — S, in L%(O,Te; L>(Q)) imply S, € Lg(O,Te; L>(Q)).
To prove (1.16), we recall that fosz ly|xdy converges to |Sy|S, strongly in the space
L%(O,Te;LZ(Q)) C L%(QTE) and that (fos": \ylndy> is uniformly bounded in L%(QTE)
x

for kK — 0, by (2.30). This together implies that (|5;|Sz), € L%(QTE). Finally, to prove
the second assertion of (1.16) we choose a test function ¢ € L*(0, Ty, I/VO1 4(Q)), multiply
equation (2.4) by —¢, and integrate the resulting equation over Qr, to obtain

= (S¢ = Ry, _Sox)QTe = (gt (P)QTe + (Re, SOa:)QTe ) (3.15)

with R, defined in (2.46). Invoking the estimates (2.30), (2.16) and (2.28) we deduce
that

”RHH < 07

13(@r,) ~
hence (3.15) yields

(82 P, < IRell 40, Weellzsiany < Clellaomma-a

and this means that S¥, is uniformly bounded in Ls (0, T¢; WL (©)). From this estimate
and from S;f — S; in L%(QTS) we deduce easily that S,; belongs to the dual space of
L0, T.; W (Q)), which is L3 (0, To; W13 (Q)).
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