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Abstract

In this paper, we study the long-time behavior of a nonautonomous SEIRS epidemic model.
We obtain new sufficient conditions for the permanence (uniform persistence) and extinction
of infectious population of the model. By numerical examples we show that there are cases
such that our results improve the previous results obtained in [T. Zhang and Z. Teng, On a
nonautonomous SEIRS model in epidemiology, Bull. Math. Bio., (2007) 69, 2537-2559]. We
discuss a relation between our results and open questions proposed in the paper.
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with initial value
5(0) >0, E(0)>0, I(0)>0, R(0)=>0. (1.2)

Here S(t), E(t), I(t) and R(t) denote the size of susceptible, exposed (not infectious but
infected), infectious and recovered population at time ¢t > 0, respectively. A(t) denotes the
birth rate, () denotes the disease transmission coefficient, u(t) denotes the mortality,
g(t) denotes the rate of developing infectivity, v(¢) denotes the recovery rate and o(t)
denotes the rate of losing immunity at time .

In the field of mathematical epidemiology, the qualitative analysis of mathematical
epidemic models has been carried out by many authors (see [1-22] and references therein).
One of the main streams of the field is the analysis of autonomous models (see for
instance [8,9,13,14,18,19] and references therein). For instance, in case where system
(1.1) is autonomous (that is, all parameters are given by time-independent functions
A(t) = A, B(t) = B, pu(t) = u, e(t) = ¢, v(t) = v and 6(t) = 6), we obtain the basic
reproduction number (see e.g., [5]) as

el A
(n+e)(p+vy)p
It is well known that the infectious disease dies out if Ry < 1 and the disease persists if
Ry > 1 (see [10,14]).

On the other hand, in the real world, quite a few infectious diseases spread seasonally
(one of the reasons of such a phenomenon is, for instance, the seasonal change of the
number of infectious vectors [3]). Therefore, the study of periodic epidemic models has
recently been carried out enthusiastically (see e.g., [2-4,11,12,15,16,20-23] and references
therein). The definition of the basic reproduction number Ry for periodic epidemic models
was firstly given by Bacaér and Guernaoui [3]. For system (1.1) with periodic parameters,
Nakata and Kuniya [12] proved that Ry plays the role as a threshold parameter for
determining the global dynamics of solutions, that is, the disease-free periodic solution
is globally asymptotically stable if Ry < 1 and the disease persists if Ry > 1.

The nonautonomous case is an extension of the periodic case. The study of the basic
reproduction number Ry for general time-heterogeneous epidemic models has recently
been carried out by Inaba [7] and Thieme [17].

Zhang and Teng [22] analyzed the dynamics of nonautonomous SEIRS epidemic model
(1.1) and obtained some sufficient conditions for the permanence and extinction of the
infectious population. One can notice that results obtained in Theorems 4.1 and 5.1 in
their paper do not determine the disease dynamics completely, since those conditions do
not give a threshold-type condition even in the autonomous case.

In this paper we obtain new sufficient conditions for the permanence and extinction
of system (1.1). We prove that our condtions gives the threshold-type result by the

o= (1.3)
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basic reproduction number given as in (1.3) when every parameter is given as a constant
parameter. Thus our result is an extension result of the threshold-type result in the
autonomous system. Our results may contribute to predict the disease dynamics, such as
permanence and extinction of the infectious population, when the phenomena is modeld
as a nonautonomous system.

This paper is organized as follows. In Section 2 we present preliminary setting and
propositions, which we use to analyze the long-time behavior of system (1.1) in the
following sections. In Sections 3 and 4 we prove our main theorems on the extinction
and permanence of infectious population of system (1.1). In Section 5, we derive explicit
conditions for the existence and permanence of infectious population of system (1.1) for
some special cases. We prove that when every parameter is given as a constant parameter
our conditions for the permanence and extinction becomes the threshold condition by the
basic reproduction number. In Section 6 we provide numerical examples to illustrate the
validity of our results. Moreover, those examples illustrate the cases where our theoretical
result can determine the dynamics even conditions proposed in [22] are not satisfied.

2. Preliminaries

As in [22] we put the following assumptions for system (1.1).

Assumption 2.1 (i) Functions A, 3, p, 6, € and 7y are positive, bounded and continu-
ous on [0,+00) and 5(0) > 0.

(i) There exist constants w; > 0 (i = 1,2,3) such that

t+wi t+ws t+ws
lim inf/ B(s)ds >0, lim inf/ u(s)ds >0, lim inf/ A(s)ds > 0.
¢ ¢ ¢

t——+oo t—-+oo t——+o00
In what follows, we denote by N*(t) the solution of

dAN*(t)
dt
with initial value N*(0) = S(0) + E(0) + I(0) + R(0) > 0. By adding equations of (1.1),
we easily see that N*(t) = S(t) + E(t) + I(t) + R(t) means the size of total population
at time ¢. From Lemma 2.1, Theorem 3.1 and Remark 3.2 in [22], we have the following
results.
Proposition 2.2 (i) There exist positive constants m > 0 and M > 0, which are inde-
pendent from the choice of initial value N*(0) > 0, such that

= A(t) — p(t)N™(t) (2.1)

0 <m <liminf N*(t) <limsup N*(t) < M < +o0. (2.2)
¢

t—400 ——+o00

(ii) The solution (S(t),E(t),I(t), R(t)) of system (1.1) with initial value (1.2) exists,
uniformly bounded and

S()>0, E({)>0, I(t)>0, R(t)>0

for allt > 0.
For p > 0 and ¢t > 0 we define

G (p.1) = BN (t)p + (1) - (1 n p) (1)
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and

W (p,t) = pE(t) — I(2), (2.3)
where E and I are solutions of system (1.1). In Sections 3 and 4 we use the following
lemma in order to investigate the long-time behavior of system (1.1).
Lemma 2.3 If there exist positive constants p > 0 and Ty > 0 such that G (p,t) < 0
for all t > Ty, then there exists To > Ty such that either W(p,t) > 0 for all t > T or
W(p,t) <0 for all t > Ts.

PROOF. Suppose that there does not exist T > Tj such that either W(p,t) > 0 for
all t > Ty or W(p,t) <0 for all t > T hold. Then, there necessarily exists s > T; such
that W(p,s) =0 and dW (p, s)/dt > 0. Hence we have

pE(s) = I(s) (2.4)
and
P {(B)SE)I(s) — (uls) +£(5)) B(5)} — {£(s)E(s) — (u(s) +7() I(s)}
— () {B(5)S(s)p + (u(s) +7(s))} — pE(s) {(u(S) Fe(s) + ;ds)} S0 (25)

Substituting (2.4) into (2.5) we have
0 < pE(s) {H(S)S(S)erv(S)— (1+;) s<s>} < PE()C (p,).

From (ii) of Proposition 2.2, we have G (p, s) > 0, which is a contradiction. O

3. Extinction of infectious population

In this section, we obtain sufficient conditions for the extinction of infectious population
of system (1.1). The definition of the extinction is as follows:
Definition 3.1 We say that the infectious population of system (1.1) is extinct if

til?oo I(t)=0.

We give one of the main results of this paper.
Theorem 3.2 If there exist positive constants A > 0, p > 0 and T1 > 0 such that

t+A

R )= timsup [ (36N (s)p — (uls) + (5D} ds <0 (3.1
t+A

i () = limsup [ {e<s> L)+ 7(8))} ds <0 (3.2)

and G (p,t) <0 for all t > T4, then the infectious population of system (1.1) is extinct.

PROOF. From Lemma 2.3, we only have to consider the following two cases.
(1) pE(t) > I(¢t) for all t > T5.
(ii) pE(t) < I(t) for all t > T».



First we consider the case (i). From the second equation of system (1.1), we have

O o) (v (1)~ B0~ 1)~ ROV — (wle) + (1) B0
< B (N"(8) = B(t) ~ 1(t) ~ RW) pE() - (u(t) + (1)) E()
< B() {BON" (0)p — (u(t) + (1)}

Hence, we obtain

t
E(t) < E(Tz) exp < ; {B(s)N"(s)p = (n(s) + 6(8))}d5> (3.3)
for all ¢ > T». From (3.1) we see that there exist constants d; > 0 and T5 > T» such that
t+A
/ {B(s)N"(s)p — (n(s) +(s))} ds < =0y (3.4)
t

for all ¢ > T5. From (3.3) and (3.4) we have lim; ., F(t) = 0. Then it follows from
pE(t) > I(t) for all ¢t > Ty that lim;—, o I(¢) = 0.

Next we consider the case (ii). Since we have E(t) < I(t)/p for all t > Ty, it follows
from the third equation of system (1.1) that

<10 {e05 - o 20}

Hence we have
10 < 1t e | L2 = o)+ as) (35)

for all ¢ > T,. Now it follows from (3.2) that there exist constants do > 0 and Ty > T5
such that

[ {0k e a0 fas < s 35)
t
for all ¢ > T. From (3.5) and (3.6) we have lim;_,; o I(t)=0. O

4. Permanence of infectious population

In this section, we obtain sufficient conditions for the permanence of infectious popu-
lation of system (1.1). The definition of the permanence is as follows:
Definition 4.1 We say that the infectious population of system (1.1) is permanent if
there exist positive constants I1 > 0 and Is > 0, which are independent from the choice
of initial value satisfying (1.2), such that

0 < <liminfI(¢) <limsupI(t) < Iy < 4oo0.
t—+oo t——+o0

We give one of the main results of this paper.
Theorem 4.2 If there exist positive constants A > 0, p > 0 and Ty > 0 such that

t+A

Ra () = timint [ (BN (5)p = (u(s) + <(s))} ds >0 (4.1)
t+ A

R0 = mint [ o) = )+ () pas >0 (12)
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and G (p,t) < 0 for all t > Ty, then the infectious population of system (1.1) is perma-
nent.

Before we give the proof of Theorem 4.2, we introduce the following lemma.
Lemma 4.3 If there exist positive constants A > 0, p > 0 and Ty > 0 such that ({.1),
(4.2) and G (p,t) < 0 hold for all t > Ty, then W(p,t) <0 for all t > T5 > T, where T
is given as in Lemma 2.3.

PROOF. From Lemma 2.3 we have only two cases, W(p,t) > 0 for all ¢ > T3 or
W(p,t) < 0 for all ¢ > T». Suppose that W(p,t) > 0 for all ¢ > T». Then, we have
E(t) > I(t)/p for all t > T5. It follows from the third equation of system (1.1) that

S > 02 10) = (1) +1(0) 10 = 10 {0 () +2(0) |
for all ¢ > T5. Hence, we obtain
110> e ([ {e6)5 - () + () pas) (43)

for all ¢ > T5. From the inequality (4.2), we see that there exist positive constants 7 > 0
and T > 0 such that

/j“ {6 o)+ pas > (4.4

for all ¢ > T'. Since the inequality (4.3) holds for all ¢ > max (T, T'), it follows from (4.4)
that lim;_, o I(t) = 4+00. This contradicts with the boundedness of I, stated in (ii) of
Proposition 2.2. O

Using Lemma 4.3 we prove Theorem 4.2.

PROOF. (Proof of Theorem 4.2.) For simplicity, let m, := m — € and M, := M + ¢,
where € > 0 is a constant. From the inequality (2.2) of (i) of Proposition 2.2, we see that
for any € > 0, there exists 7' > 0 such that

me < N*(t) < M. (4.5)

for all ¢ > T. The inequality (4.1) implies that for sufficiently small > 0 there exists
Ty > T such that

t+ A
/ {B(s)N*(s)p — (u(s) +(s))}ds >n (4.6)
t
for all ¢ > T;. We define
B i=supB(t), pti=supu(t), e i=supe(t), = supy(t).
>0 >0 >0 t>0

From (4.5) and (4.6) we see that for positive constants 11 < n and Tp > T there exist
small €; > 0, ¢ € {1,2,3} such that

t+A
/t (8(s) (N*(3) — €1 — hea — e3) p — (u(s) + ()} ds > mn, (4.7)
N*(t) — €1 — key — €3 > Mg (48)



hold for all ¢ > T, where k :== 1+ (8T M, + %) wa. From (ii) of Assumption 2.1, €3 can
be chosen sufficiently small so that

t+wso
/t {B(5)Mees — (u(s) + () 1} ds < —ns, (4.9)

t+ws
/t {1()er — (uls) + 8(5)) €3} ds <~ (4.10)

hold for all t > T5.
First we claim that
limsup I(t) > es.

t——+o0

In fact, if it is not true, then there exists T3 > T, such that
I(t) < e (4.11)

for all ¢ > T5. Suppose that E(t) > € for all ¢ > T5. Then, from (4.5) and (4.11), we
have

E(t) = BE(Ts) + . {B(s) (N"(s) = E(s) = I(s) — R(s)) I(s) — (u(s) +(s)) E(s)} ds

< E(T3) + ; {B(s)Meez — (u(s) +e(s)) er} ds

for all ¢ > T3. Thus, from (4.9), we have lim;_, o F(t) = —oo, which contradicts with (ii)
of Proposition 2.2. Therefore, we see that there exists an s; > T3 such that E(s1) < €.
Suppose that there exists an sy > s; such that E(s3) > €1 + 87 M.wses. Then, we see
that there necessarily exists an s3 € (s1, S2) such that E(s3) = ¢; and E(t) > € for all
t € (s3,52]. Let n be an integer such that sy € [s3 + nwa, s3 + (n + 1) wz]. Then, from
(4.9), we have

€1 + BT Mewoes
< E(Sg)

= E(s3) + ) {B(s) (N*(s) — E(s) — I(s) = R(s)) I(s) — (u(s) + (s)) E(s)} ds

53

cat{f R [ b - )+ e a)as

S3 S3+nwsz
S2
<€ —|—/ B(s)Meq ds
s3+nws

< €1+ BT Mawseo,
which is a contradiction. Therefore, we see that
E(t) S €1 + ,8+MEWQ62 (412)

for all t > s1. In a similar way, from (4.10), we can show that there exists §; > T3 such
that

R(t) § €3 + ’)/+QJ2€2 (413)
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for all t > §;. Now, from Lemma 4.3, there exists Ty > max (s1, §1) such that W(p,t) =
pE(t) —I(t) <0 for all t > Ty. Then

%E(t) ={B@t) (N"(t) = E(t) = I(t) = R(t)) I(t) — (u(t) + (1)) E(t)}
B(t) (N*(t) = E(t) = I(t) — R()) p — (u(t) + (1))}
B(t) (N*(t) — €1 — kea —e3)p — (u(t) +e (1)}

since it follows from (4.11)-(4.13) that E(t) + I1(t) + R(t) < €1 + kea + €3 for all t > Ty.
Hence, we have

E(t) > E(Ty) exp ( ; {B(s) (N*(s) —€e1 —kea —e3)p— (u(s)+¢ (s))}ds) )

It follows from (4.7) that lim;_, o, E(t) = 400 and this contradicts with the boundedness
of E, stated in (ii) of Proposition 2.2. Thus, we see that our claim limsup,_, , . I(t) > €2
is true.

Next, we prove
liminf I(t) > I,

t——+o0
where I; > 0 is a constant given in the following lines. From inequalities (4.7)-(4.9) and
(ii) of Assumption 2.1, we see that there exist constants T3 (> T), A2 > 0 and 72 > 0
such that

t+A3
/ {B(s)Mcea — (u(s) +e(s)) e1}ds < —M,, (4.14)
t
t+As3
[ e () + ) ca} ds < -, (4.15)
t
t+As3
/ {B(s) (N"(s) — e1 — ke — e3) p — (u(s) +e(s))} ds > 2, (4.16)
t
t+A3
/ B(s)ds > 2 (4.17)
t
for all A3 > Ay and ¢t > Ty. Let C' > 0 be a constant satisfying
67(M++€+))\2m€1)277260772 > €1 + 8T M.wses, (4.18)
where vy = 626_(7++’L+)2’\2. Since we proved limsup,_,, . I(t) > €2, there are only two

possibilities as follows:

(i) I(t) > e for all t > 3T, > Ts.

(ii) I(t) oscillates about ey for large ¢t > T5.

In case (i), we have liminf; . I(t) > ez =: I). In case (ii), there necessarily exist two
constants t1, to > T3 (t2 > t1) such that

{ I(th) = I(t2) = e,

[(t) < e forallte (tl,tg).
Suppose that to —t;1 < C + 2X2. Then, from (1.1) we have

%(tt) > — (w4t I(t). (4.19)
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Hence, we obtain

t
I(t) > I(t1)exp (/ —(u++7+)ds> > ee” (WTHYOF) (4.20)

t1
for all ¢t € (t1,t2). Suppose that to — t1 > C + 2Ay. Then, from (4.19), we have

I(t) > ege~ W +7(CH222) — 1)

for all ¢ € (t1,t1 + C + 2X2). Now, we are in a position to show that I(t) > I; for all
t € [t1 + C 4 2Xa,t2). Suppose that E(t) > € for all t € [t1,¢1 + A2]. Then, from (4.14),
we have

t1+A2
B+ SE@)+ [ {Bo)Me— (u(5) +=(s)) er}ds

ty

<M.—M,=0,

which is a contradiction. Therefore, there exists an s4 € [t1,t1 + A2] such that E(ss) < €;.
Then, as in the proof of limsup,_,, ., I(t) > €2, we can show that E(t) < e; + 37 Mcwser
for all ¢ > s4. Similarly, from (4.15), we can show that there exists an §4 € [t1,t1 + A2]
such that R(t) < ez + yTwaes for all ¢ > 54. Thus, we have

E(t) <e+ BT Muwses and R(t) < e3+ 7 waen (4.21)
for all t >t + Ao > max (84, 54). From (4.19), we have
I(t) > vy = ege~ (BT HY2A2 (4.22)
for all t € [t1,t1 + 2A2]. Thus, from (4.8), (4.21) and (4.22), we have
dE(t) .
—q = PO (NT(@) - B(t) - I(8) = R()) I(2) — (u(t) + (1)) E(t)

> B(t)mevs — (uF +eb) E(2)
for all ¢t € [t1 + A2, t1 + 2X2]. Hence, from (4.17),

E(t1 + 2/\2)
t1+2X2
> e,(ﬂ++5+)(t1+2/\2) {E(tl +/\2)e(/‘++5+)(t1+)\2) +/ /B(S)mEUQe(H++E+)SdS}
t1+A2
t1+2X2
> e~ )t +220) / B(s)mevae +)5ds
t1+A2
> e*("++5+))‘2772m6112. (4.23)

Now we suppose that there exists a tg > 0 such that tg € (t; + C + 2Xa,t2), I(tg) = I
and I(t) > I for all t € [t1,t0]. Note that from Lemma 4.3, without loss of generality,
we can assume that ¢ is so large that W(p,t) = pE(t) — I(t) < 0 for all t > t1 + 2)s.
Then, from (4.21), we have

%E(t) ={B(t) (N*(t) — E(t) — I(t) = R(#)) I(t) — (u () + (1)) E(t)}
> E(){B(t) (N*(t) = E(t) = I(t) = R(t)) p — (1 (t) + £ (1))}
> Et) {B(t) (N*(t) — €1 — ke —e3) p — (u(t) + € (1))}

9
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for all t € (t; + 2A2,t2). Thus, from (4.16) and (4.23), we have
E(to)

> E(t1 + 2)X2) exp </
t

1+2X2
Cn2 .

to

[8(s) (N*(5) — €1  hea — e5)p — (u(s) + =(5))} ds)

Lyt et
> e (WTte ))‘2772m6v26

Thus, from (4.21), we have
€14 wat Meey > e DN o 4Oz

which contradicts with (4.18). Therefore, I(t) > I; for all ¢ € [t; + C + 2)\3,t2), which
implies liminf; o I(t) > I;.

Since limsup,_, o I(t) < limsup,_ , N*(t) < M < 400, the infectious population
of system (1.1) is permanent. O

5. Applications

In this section, we consider some special cases of system (1.1). Applying Theorems 3.2
and 4.2, we derive explicit conditions for the extinction and permanence of infectious
population of system (1.1).

First, we assume that all coefficients of system (1.1) are given by identically constant
functions. Then, (1.1) becomes an autonomous system. We show that, in this case, our
results obtained in Sections 3 and 4 become a well-known threshold-type result formulated
by the basic reproduction number Ry given as in (1.3).

For p > 0 we define

R(p):zﬁ%p—<u+s>, R*(p):f]%—(/ﬂrv)

and A )
G(p):=pB—p+7— <1+> €.
[ P

Then, one can see that R; (\,p) = R(p), R (A\,p) = R*(p) (i =1,2) and G (p,t) = G(p)

in the autonomous case.

Proposition 5.1 Suppose that functions A, 5, p, €, v and 6 of system (1.1) are iden-

tically positive constant functions. Then we have

(i) There exists p > 0 such that R(p) < 0, R*(p) < 0 and G(p) < 0 if and only if

Ry < 1.

(ii) There exists p > 0 such that R(p) > 0, R*(p) > 0 and G(p) < 0 if and only if
Ry > 1.

Here Ry is defined as in (1.3).

PROOF. We only prove (i) because (ii) is proved in a similar manner. Suppose that
there exists p > 0 such that R(p) < 0, R*(p) < 0 and G(p) < 0 hold. Then, it follows
from R(p) < 0 and R*(p) < 0 that

(nte)p
7<p<7
ety BA

10
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Hence we obtain Ry < 1. Suppose, on the contrary, that Ry < 1. Then, it is obvious that
there exists p > 0 such that (5.1) holds. Since we have

A
G<uiv) - (ugfv)u+7_ <1+ujv>€:(“+€)(R0_1)<o’

there exists p > 0 being close enough to €/ (¢ + ) so that both (5.1) and G(p) < 0 hold.
For such p we have R(p) < 0, R*(p) < 0 and G(p) < 0. O

Proposition 5.1 implies that our conditions for the extinction and permanence for the

nonautonomous system (1.1) cover the threshold-type result in the autonomous case.
Next we focus on the case where only u, € and ~ are constant functions. We have the

following threshold-type results.

Corollary 5.2 Suppose that p, € and 7y of system (1.1) are identically positive constant

functions. Then, we have

(i) The infectious population of system (1.1) is extinct if there exists Ty > 0 such that

BN (1)

forallt > Ti.
(ii) The infectious population of system (1.1) is permanent if there exists Th > 0 such

that
eB)N* ()

ite)(u+r) ! 3

for allt > Ty,

PROOF. We only prove (i) because (ii) is proved in a similar manner. For the proof of
(i), it suffices to show that there exist constants p > 0 and A > 0 such that (3.1) and
(3.2) hold and G (p,t) < 0 for all ¢ > T3. From (5.2), we have

€ n+e

< - t+1 ’
pty limsup, o [, B(s)N*(s)ds

We choose p > 0 such that

Wy lim sup,_, | o j;tH B(s)N*(s)ds

Then one can see that (3.1) and (3.2) with A = 1 hold. Next we show that for such p, we
have G (p,t) < 0 for all ¢t > Ty. In fact, from (5.2), we have

ﬂ(t)N*(t)ﬁ —(n+e)= ﬂ(t)N*(t)ﬁ o~ (1 + “jy) £<0

for all ¢ > T1. Thus, one can find small enough £ > 0 such that G (p,t) < 0 holds for

- € e
pel\—FTo——-t¢)C ) t+1
Bty pty PHY limsup,_ o [, B(s)N*(s)ds

t

and t > 71, due to the continuity of G with respect to p. O
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It is easily seen that the existence of 77 > 0 such that (5.2) or (5.3) hold for all t > T}
is a sufficient condition for

A
lim sup/ {eB(s)N™(s) = (p+e)(p+v)}ds <0 (5.5)
t—+oco Jt
or i
lim inf t {eB(s)N"(s) = (n+e) (n+7)}ds >0 (5.6)

with A = 1, respectively, where (5.5) and (5.6) are conditions proposed in Questions 1
and 2 in [22] for the extinction and permanence of infectious population of system (1.1),
respectively. However, one can see that those conditions do not imply the conditions
given in Corollary 5.2. In fact, conditions (5.5) and (5.6) are not suitable as a threshold
condition for the global dynamics of system (1.1) because they overestimate the value
of the basic reproduction number Ry even in the situation where only function 3(t) is
periodic and other coefficients are constant functions (see Section 5.1.2 of [2]) and it
was shown in [12] that whether the infectious population of system (1.1) is extinct or
permanent is perfectly determined by Ry in the periodic case.

6. Numerical examples

In this section we perform numerical simulations in order to verify the validity of
Theorems 3.2 and 4.2 and to show that in some special cases, our results can improve
the previous results for the permanence and extinction of system (1.1) obtained by Zhang
and Teng [22].

Fix

At)=1, pit)=1, () =0.3(1+0.5cos(2nt)), ~(t)=0.5(14 0.5cos(2nt))

and 6(¢) = 0.1. Then, from (2.1), we have lim;_, oo N*(t) = 1. Here we agsume N*(0) =1
and thus N*(t) = 1.

Let 5(t) = 6.49 (1 + 0.5 cos(27t)). Then, system (1.1) becomes periodic with period 1.
We choose A =1 and p = 0.20011. Then we have

1
Ry (\,p)= / {6.49 (1 + 0.5 cos(27s)) x 0.20011 — (1 + 0.3 (1 4+ 0.5cos(27s)))} ds
0
« —0.0012861 - - - < 0,

1
R} (\,p) :/ {0.3 (14+0.5c08(2ms)) X ———
' 0 0.20011

« —0.000824546 - - - < 0

—(14+05(1+0.5 cos(27rt)))} ds

and
G (p,t) =6.49 (1 4+ 0.5 cos(27t)) x 0.20011 4 0.5 (1 + 0.5 cos(27t))

1
— (1 + 020011> x 0.3 (1 4 0.5 cos(27t))

 —0.000461554 (1 + 0.5 cos(27t)) < 0

12
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Figure 1. The first example of dynamics of I(t) and E(t) of system (1.1) (E(0) = I(0) = 0.0005).
B(t) = 6.49 (1 4+ 0.5 cos(27t)) and p = 0.20011. The infectious population is extinct.

for all ¢ > 0. From (i) of Theorem 3.2, we see that the infectious population of system
(1.1) is extinct, see Figure 1 for a numerical simulation of solution behavior. In this
example we have

IH)\ B(s)N*(s)ds _ fol 6.49 (1 + 0.5(cos(27s))) ds

t
fttJr)\ wu(s)ds 1

=6.49 > 1.

This implies that a sufficient condition proposed in Theorem 5.1 in [22] for the extinc-
tion of infectious population does not hold. Thus their criterion can not determine the
extinction of infectious population in this example.

Next we set 5(t) = 6.51 (1 + 0.5 cos(27t)). We choose A = 1 and p = 0.1997. Then,

1
Ry (\,p)= / {6.51 (1 + 0.5 cos(27s)) x 0.1997 — (1 + 0.3 (1 4+ 0.5cos(27s)))} ds
0
«(0.000047--- > 0,

1
1
R} )\,p):/ {0.3 14 0.5cos(27s)) %
2 ( 0 ( ( 0.1997

«(.00225338--- >0

—(14+05(1+0.5 cos(27rt)))} ds

and

G (p,t) =6.51 (1 + 0.5 cos(2mt)) x 0.1997 + 0.5 (1 + 0.5 cos(2nt))

1
_ (1 + 0.1997) x 0.3 (14 0.5cos(27t))

 —0.00220638 (1 + 0.5 cos(2mt)) < 0

for all t > 0. Thus, from (ii) of Theorem 4.2, we see that the infectious population of
system (1.1) is permanent, see Figure 2 for a numerical simulation of solution behavior.
On the other hand, one can compute
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Figure 2. The second example of dynamics of I(¢t) and E(t) of system (1.1) (E(0) = I(0) = 0.0005).
B(t) = 6.51 (1 + 0.5cos(27t)) and p = 0.1997. The infectious population is permanent.

[7 24/B()e(5)N* (s)du
S (ls) + £(5) + p(s) +(s)) du
_ fol 24/6.51 (1 + 0.5 cos(27s)) x 0.3 (1 + 0.5 cos(27s))ds
B 3 (24 0.8(1 4 0.5 cos(27s))) ds

< 0.99821 < 1.

This implies, similar to the previous example, that a sufficient condition proposed in
Theorem 4.1 in [22] for the permanence of infectious population fails in this example.

7. Discussion

In this paper, we have investigated the global dynamics of a nonautonomous SEIRS
epidemic model (1.1). We obtain new sufficient conditions for the extinction and perma-
nence of infectious population of system (1.1) in Theorems 3.2 and 4.2, respectively. We
analyze the dynamics of system (1.1) via considering the behavior of a function defined
as in (2.3), see Lemmas 2.3 and 4.3.

In Section 5, we prove that when every parameter of system (1.1) is given as a constant
parameter, our conditions in Theorems 3.2 and 4.2 become the threshold condition by
the basic reproduction number Ry, We remark that conditions given in Theorems 4.1
and 5.1 in [22] for the permanence and extinction do not give a threshold-type condition
even in the autonomous case. In the same section we also discuss a relation between
our results and open problems proposed in [22]. For a special case, we show that our
conditions are sufficient, but not necessary for (5.5) and (5.6), which were conjectured
as conditions for the permanence and extinction of infectious population. For the case
in which every parameter is given as a periodic function, in [12] it was proved that
the basic reproduction number Ry works as a threshold parameter to determine the
global stability of the disease-free equilibrium and permanence of infectious population.
An approximation method for the basic reproduction number Ry in [3] shows that the
conjectured condition does not determine the permanence and extinction completely, see
Section 5 in [12] for the detail.

In Section 6 we provide numerical examples to illustrate the validity of our results.
In those examples we show that conditions in Theorems 4.1 and 5.1 in [22] for the
permanence and extinction of infectious population of system (1.1) are not satisfied.

14



One may argue that our conditions for the permanence and extinction may not sharp.
It is still an open problem that if the basic reproduction number Ry for (1.1) works as a
threshold parameter to determine the permanence and extinction of infectious population
like in the autonomous system.
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