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Abstract

Motivated by scheduling in cellular wireless networks and resource allocation in computer
systems, we study a service facility with two classes of users having heterogeneous service
requirement distributions. The aggregate service capacity is assumed to be largest when
both classes are served in parallel, but giving preferential treatment to one of the classes
may be advantageous when aiming at minimization of the number of users, or when classes
have different economic values, for example.

We set out to determine the allocation policies that minimize the total number of users
in the system. For some particular cases we can determine the optimal policy exactly, but
in general this is not analytically feasible. We then study the optimal policies in the fluid
regime, which prove to be close to optimal in the original stochastic model. These policies can
be characterized by either linear or exponential switching curves. We numerically compare
our results with existing approximations based on optimization in the heavy-traffic regime.
By simulations we show that, in general, our simple computable switching-curve strategies
based on the fluid analysis perform well.

1 Introduction

In many practical applications where resources must be allocated to several contending users or
tasks, the service capacity itself may be affected by the scheduling policy deployed. Our work is
motivated by two specific application areas. In third generation wireless networks, neighboring
base stations may interfere with each other when transmitting simultaneously. When one base
station is not active, other base stations can work at higher rates, see for example [7, 8]. For
data applications, base stations may coordinate transmissions (i.e., transmit simultaneously or
alternatingly) so as to improve the use of the shared spectrum. A second motivating application
is the scheduling of resources in computer systems (or Web servers) where jobs must be routed
to one of several servers, see for example [27, 28]. There, the capacity depends on the allocation
when servers are specialized for certain tasks.

Scheduling of resources with policy-dependent capacities has attracted much attention in recent
years. Most of the results concern stochastic stability properties of such systems. Due to the
dependence of capacity on the service policy, even this most basic performance measure is a
non-trivial task to determine. In [11] bounds for stability in a general class of systems with
policy-dependent capacity have been determined. In the specific context of wireless networking,
stability of utility-based allocation strategies was shown to be intimately related with the shape
of the feasible capacity region [10], i.e., the set of simultaneously achievable transmission rates
for all users. With a convex capacity region, the system is stabilized by any such allocation



strategy, but this is not the case for non-convex capacity regions. These results were later gen-
eralized to non-convex and time-varying capacity regions in [22], showing the precise conditions
for stability of utility-based strategies under quite general assumptions on the time-variations.
Stability conditions for non utility-based strategies, for example threshold-based policies, were
investigated in [28, 34].

As may be expected from the complexity of determining stability, results on the flow level
performance in terms of system delay or system occupancy are scarce. In this paper, we focus
on a particular model with simultaneous resource sharing that turns out to be equivalent to a
parallel-server model where user classes can be served in parallel, all by a dedicated server, or
where several servers can be simultaneously allocated to one class only. This type of models
is known to be notoriously hard to analyze, as is illustrated by special cases (including the
so-called coupled-processors model) requiring the solution of a Riemann-Hilbert boundary value
problem [13, 16].

Most results on flow-level performance in parallel-server models concentrate on a specific class
of scheduling policies. For example, besides determining the stability conditions, the authors
in [28] investigate the performance of threshold-based policies. One main observation there
is that finding reasonable values for the thresholds is not trivial since performance as well as
stability can be quite sensitive to the threshold values. Approximations for mean response times
are given in [27]. A general class of threshold-based priority policies for multi-class parallel-server
networks is also proposed in [33]. For these strategies, the authors derive approximate formulas
for the queue lengths and illustrate how these can be used to obtain reasonable threshold values.
In [7, 8] a parallel two-server model is analyzed under the policy that always serves both classes
in parallel whenever both are present, and a diffusion approximation for the queue lengths is
found for a specific heavy-traffic setting.

Our goals here are to study the structural properties of optimal scheduling policies in a parallel-
server model, and to determine computable approximations that are close to optimality. Our
objective is to minimize (in some appropriate sense) the total number of users. A crucial
observation when addressing optimality is that, in general, users will have class-specific sizes, so
that few users of one class can typically add up to the same amount of work as many of another
class. On one hand, it seems reasonable to maximize the departure rate of users, by serving
the “small” users first. In the short run, this will keep the number of users in the system at a
low level, thus shortening overall delays. On the other hand, it is also desirable to deploy the
highest possible total service capacity. That will minimize the volume of back-logged work and
drain the system at maximum rate, thus ensuring maximum stability. In general, finding the
optimal trade-off between these two intrinsically different objectives is a challenging task.
Determining the exact optimal policy in a parallel-server model has so far proved analytically
infeasible. Most research on this area has focused on heavily-loaded systems under a (complete)
resource pooling condition for which asymptotically optimal policies in heavy traffic are deter-
mined [1, 5, 6, 19, 20, 24, 32]. In [1, 19, 20] several discrete-review policies are proposed (the
system is reviewed at discrete points in time, and decisions are based on the queue lengths at
the revision moment) and are proved to be asymptotically optimal in heavy traffic. In [24, 32]
a generalized cp-rule is proposed (including the Max-Weight policy as a special case) that my-
opically maximizes the rate of decrease of certain instantaneous holding cost. This policy is
robust in the sense that it only depends on the departure rates and the cost function, and it is
proved that this policy minimizes the cumulative cost over any finite interval in a heavily-loaded
system. In [5, 6], the authors prove that threshold-based strategies minimize the scaled total
number of users in a heavy-traffic setting. The order of magnitude of the optimal thresholds
as functions of the traffic load can be determined, but this does not give a recipe to choose
good threshold values in moderately-loaded regimes. In [33], the authors propose values for the
threshold, which can be found by solving a minimization problem.



In this paper, we consider a parallel two-server model with two traffic classes that can be served
either in parallel or alternatingly. The highest service capacity is achieved when serving both
classes in parallel, but with asymmetric service requirements, the user departure rate may be
larger when serving one class only. For some special cases the optimal policy can be determined
exactly, but this is not possible in general. In a similar setting, [4] states that switching-
curve policies are optimal (a proof will be included in a forthcoming paper by the authors
of [4]). Numerical experiments included for illustration in the present paper indeed support
this optimality. In order to find computable approximations for the optimal policies we study
the model in a fluid-limit regime for which we show that the optimal policy is characterized
by a linear switching curve. The optimal switching curves in the fluid regime can be used
to determine asymptotically fluid optimal policies for the stochastic model. These policies are
characterized by either linear or exponential switching curves. Our analysis is inspired by that
in [17, 18] where a multi-class tandem-network is studied. By simulations we compare these
asymptotically fluid optimal switching-curve policies with threshold-based policies [5, 6] and
Max-Weight policies [24, 32] which are optimal in heavy traffic. We show that the fluid-based
and threshold-based policies give good performance in general, while significant improvements
over Max-Weight policies can be achieved.

It is worth noting that the optimal policies studied in this paper rely on centralized control. In
practice, centralized control may require a prohibitive amount of overhead. However, knowledge
of the (centralized) optimum is extremely valuable to (numerically) estimate the scope for im-
provement of decentralized control policies. For example, in the application area of bandwidth-
sharing networks, it was found numerically that certain distributed schemes may actually be
close to the theoretical (centralized) optimum [35, 36].

The paper is organized as follows. In Section 2 we describe the model and state some preliminary
results. Section 3 contains our optimality results for the stochastic model. The fluid analysis and
the asymptotically fluid optimal policies are presented in Section 4. For comparison we briefly
discuss optimal policies in heavy traffic using the results of [5, 6] and [24, 32] in Section 5.
Numerical experiments and concluding remarks can be found in Sections 6 and 7.

2 Model description and preliminaries

We consider the following model. There are two classes of users. Class-i users, ¢ = 1,2, arrive
according to independent Poisson processes with rate A\; and have exponentially distributed
service requirements with mean 1/p;, i = 1,2. Without loss of generality, we assume throughout
the paper that uy > ps, that is the service requirements of class-1 users are relatively small.
Define the traffic load of class i as p; = % At any time, either one class can be served
individually with capacity 1, or both classes 1 and 2 can be served in parallel with capacities
c1 and cg respectively, ¢; < 1, or the system is idling (not serving any class), or any convex
combination of these four.

For a given policy 7, denote by s7(t) the service capacity devoted to class i at time t. We assume
that s7(¢) = 0 when N;(t) = 0. In addition, we assume the process s] (t) to be right continuous
with left limits. The vector s7(t) = (s7(t), s5(t)) lies in the capacity region S, which is defined
as the convex hull of the

set {(0,0), (1,0),(0,1), (c1,c2)} (see Figure 1 in the case ¢;+c2 > 1). Note that the total (service)
capacity s7(t) + s5(t), that is, the speed at which the total amount of backlogged work in the
system decreases, is not constant in time. Depending on the decision taken at time ¢, it may vary
between 0 and max(1,c; + ¢2). The rate at which users leave the system is g7 (t) + pass (t),
which we refer to as the (user) departure rate.

Let ST (t) := g’ sT(u)du denote the cumulative amount of capacity devoted to class i in the time
interval (0,t) under policy 7. Let A;(u,t) be the amount of class-i work that arrived during the
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Figure 1: Capacity region S when ¢; + ¢ > 1.

time interval (u,t]. Then, the workload in class i at time ¢ can be written as
Wi (t) :== Wi(0) + Ay(0,¢) — S7 (). (1)

Denote by N (t) the number of class-i users at time ¢, and let N™(t) = (N7 (¢), N5 (t)). We
further define NJ" and N™ as random variables with the corresponding equilibrium distributions
(when they exist).

Remark 2.1 With resource allocation in computer systems in mind, it is more natural to view
the model as an equivalent parallel-server model with two servers and two classes, as depicted
in Figure 2. Server 1 can either serve class 1 with capacity ci, or class 2 with capacity 1 — ca.
Similarly, server 2 can either serve class 2 with capacity co, or class 1 with capacity 1 — cq.
Hence, when the two servers are dedicated to their own classes, classes 1 and 2 are served in
parallel with capacities c¢; and co, respectively. When instead both servers are allocated to the
same class, this class is served with capacity 1. (In our setting, both servers can work together
on one single user, thus achieving a service capacity of 1 even when there is only one user in the
system.) Note that, although uncommon in this setting, it is no restriction to require that the
service capacity obtained by combining the two servers equals 1 irrespective of the queue being
served. In fact, this can be achieved for any parallel-server model by normalizing the service
requirements.t

For any point in time, one needs to decide how the service capacity should be divided between
the two classes. The objective of the paper is to identify scheduling policies that in some
appropriate sense minimize the total number of users in the system. We focus on policies that
only use knowledge of the past evolution of the number of users. Since the service requirements
and inter-arrival times are exponentially distributed, the Markov property implies that we only
need to consider policies that base decisions on the number of users present in the various classes.
In particular, we exclude anticipating policies, i.e., policies that have knowledge available of the
remaining service requirements. The set of these Markovian non-anticipating policies is denoted
by II. We call a policy 7 € II average optimal when 7 = argmin, oy limsup,, o, ~E( [y" (N7 (t)+
NI (t))dt). A policy 7 € II is stochastically optimal when N (t) + NJ(t) <g NT(t) + NI (t), for

!One may think of p; to be the user departure rate of class i when served exclusively (with normalized service
capacity 1). Then c¢i1 and c2 may be adjusted so that p;c; equals the user departure rate of class ¢ when the
two classes are served simultaneously. To be specific, consider a parallel two-server model where C; is the service
capacity in queue ¢ when allocated both servers, ¢; and ¢z are the service capacities in both queues under parallel
service, and 1/f11 and 1/fi2 are the mean service requirements. The queue length process is then equivalent with
our normalized system when setting p; = ji:C; and ¢; = & / Ci.
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Figure 2: Parallel two-server model.
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all t >0, 7 € II, whenever N7(0) = N™(0). By definition, for two positive random variables X
and Y, we use X <5 Y to denote that P(X > s) < P(Y > s) for all s > 0. A stochastically
optimal policy, if it exists, is automatically average optimal as well.

In the paper we assume c¢; + ¢ > 1. However, before proceeding let us briefly consider the
situation ¢; + co < 1. In the latter case, the policy that gives preemptive priority to class 1
(the class with the highest departure rate) is stochastically optimal. (In fact, this result holds
for any shape of the capacity region where the points (1,0) and (0,1) are not dominated by
any other element in the capacity region.) Intuitively, this can be understood by noting that if
c1 + co < 1, then serving class 1 exclusively will maximize the rate at which the total workload
in the system decreases. At the same time, since p; > c1p1 + coa, serving class 1 myopically
maximizes the departure rate. A formal proof can be obtained along the lines of Proposition 3.3
below using dynamic programming. Average optimality is actually rather easy to deduce and
we give its proof here: Denote by 7)) the policy that gives preemptive priority to class 1. Then
for any policy 7 € 11, if at time ¢ = 0 the workloads satisfy

wi () < Wi, 2)
Wi )+ Wi () < W)+ WE (1), (3)

then the same is true for all ¢ > 0. These inequalities hold sample-path wise (for all ¢), and
they imply stochastic inequalities for the workload processes. Multiplying (2) by p1 — pe > 0
and (3) by po and adding the two inequalities gives that ule(l)(t) + quQW(l)(t) < Wi (t) +
oW (t). Since we have exponentially distributed service requirements and we consider only
non-anticipating policies, we obtain E(W[(t)) = i (NT(t)), so that E(N{r(l) (t))—I—E(Ngr(l) () <
E(NT(t)) +E(NF (t)), for all t > 0 and for all policies 7 € II. In particular, policy (! is average
optimal.

As mentioned before, in the remainder of the paper we will focus on the unsolved case ¢;+c¢o > 1.
In this case, the total service capacity is largest when both classes are served in parallel. For
application in wireless networks, this represents the joint capacity when both base stations
transmit in parallel, and in computer scheduling it corresponds to dedicated specialized servers.

2.1 Stability

For a given policy , the system is called stable when the process N7(t) is positive recurrent.
Since c1 +c2 > 1, the policy that serves classes 1 and 2 in parallel, whenever possible, minimizes
the total workload in the system at every moment in time. Hence, this policy will keep the
system stable whenever possible. Under this policy, the model becomes a coupled-processors



model for which the stability conditions are

P1 P2
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as proved in [13, 16]. Conditions (4) and (5) are therefore necessary conditions for the system
to be stable. However, they do not guarantee stability for an arbitrary policy, and the exact
(sufficient and necessary) stability conditions depend strongly on the scheduling policy used.
Note that the load vectors (p1, p2) that satisfy the necessary stability conditions (4) and (5), are
exactly those vectors that lie in the interior of the capacity region S depicted in Figure 1.

3 Optimality results

For a standard multi-class single-server queue it is well known that if class-i users have expo-
nentially distributed service requirements with mean 1/u;, for all classes ¢, then the policy that
gives preemptive priority to the class with the highest departure rate p; (the so-called p-rule),
is stochastically optimal [30]. The rationale behind this rule is that it maximizes the departure
rate at all times. One might expect that such a rule is optimal in our model as well. The
p-rule would amount to choosing the allocation s(¢) that maximizes the user departure rate,
p181(t) + pasa2(t), at any time ¢. Unfortunately, the total service capacity, si(t) + s2(t), depends
on the chosen allocation as well. For example, serving class ¢ only decreases the total amount
of work at rate 1, while serving both classes in parallel gives a decrease of the workload at rate
c1 + c2 > 1. Therefore, the objective to maximize the user departure rate may be conflicting
with that of maximizing the total service capacity used. The latter will minimize the total time
needed to empty the system, which is advantageous in the long run, while the former is better
in the short run.

Recall that we chose p1 > ps. If, in addition, uy < pic1 + pocs, then there is no trade-off and
it is intuitively clear that the policy that always serves classes 1 and 2 in parallel (whenever
both are backlogged) is optimal, since this maximizes both the workload depletion rate and the
departure rate. In Section 3.1 we show that the above described policy is in fact stochastically
optimal.

When @1 > pic1 4 poco, the highest departure rate is obtained when serving class 1 individually.
It may therefore be better to sometimes serve class 1 individually, even if that does not maximize
the rate at which the total work in the system decreases. Hence as the number of users varies,
the system should dynamically switch between different allocations. This setting is included in
Section 3.2.

3.1 Stochastic optimality when py < pic; + poce

In this section we show that when (uo <) pu1 < pic; + paca, the policy that serves both classes
in parallel (whenever possible) is stochastically optimal. Although it seems natural to prove
this using stochastic coupling techniques, we have not been able to find such a coupling. For
that reason we resort to dynamic programming techniques. We choose a framework which is
somewhat broader than strictly needed to prove the required stochastic optimality of the number
of users (we only need a particular choice of the function C(-) below). Doing so, we emphasize
the essential properties needed to prove stochastic optimality.

We consider the uniformized Markov chain, which is equivalent to the original process, see [29,
Section 11.5]. In the uniformized chain, the transition epochs (including 'dummy’ transitions
that do not alter the system state) are generated by a Poisson process of constant rate v =



A+ Ao+ (1 4+ ¢1) + po(l 4 c2). Since v is finite, we may assume v = 1 without loss of
generality. We then focus on the discrete-time Markov chain embedded at transition epochs and,
for transparency of notation, again denote the number of class-i users after k steps by N;(k), i =
1,2. Let © = (21, 72) € Z%. We define the functions Vi(z), k =0,1,..., as follows:

Vo(x) = C(x)

Vir1(z) = M Vi(z + e1) + AaVi(x + €2)

+ Igg?{ Z L, s0)HisiVi(z —ei) + (1 = A1 — Ag — Z 1(xi>0),ui3i)vk($)}
1=1,2 1=1,2
=MVi(z +e1) + MaVi(z + e2) + (1 (1 + 1) + po(l + ¢2)) Vi(x)

+ min 3 Loy (Vile — ) - Vi) }, (6)
for z1,29 >0, k=0,1,..., with C(+) : Zi — R a terminal cost function, S the capacity region,

and e; the i-th unit vector. The term Vj;(x) represents the minimum achievable expected
terminal cost, when the system starts in state x at k 4+ 1 steps from the horizon. In addition, a
minimizing action in (6) is an optimal action at k + 1 steps from the horizon. Setting the cost
function in this framework equal to C(x) = 1(;, 44,>y), We obtain that Vi (x) represents the
minimum achievable value for

P(Ny(k + 1) + No(k + 1) > y|N(0) = ).

If we then show that for all y > 0 and all & € {0,1,...}, we can choose the same minimizing
action in (6) (the optimal action may depend on the state x), then the corresponding policy is
stochastically optimal at every instant in time. In the next two lemmas we establish convenient
properties of Vj(-), under certain conditions on the function C(-).

Lemma 3.1 If C(x) is non-decreasing in x1 and x2, then Vi(x) is non-decreasing in x1 and x4
for all k.

Proof: The statement follows directly from the definition of V(). g

The set S is convex, hence the minimizing action in (6) will be one of the extreme points
of S. From Lemma 3.1 it can be concluded that the minimizer will not be (0,0) € S, since
>im12 Yasoypisi (Ve(z —e;) — Vi(x)) < 0, for all s € S. Hence, we can rewrite the function
Vier1(+) as follows:

Vir1(x) = MVi(x 4+ e1) + Ao Vi (z + e2)
o+ min (p V(21 = 1)F,2) + (2 + pres + prac) Ve(@),
p2Vi(z, (w2 — 1)) + (p1 4 picr + pace) Vi(z),
perVi((xr — D), 22) + pacaVi (a1, (22 — 1)) + (11 + #2)Vk(9€)>- (7)

In the next lemma we will show that under certain conditions on C(z), the minimizing action
in (7) will be to always serve classes 1 and 2 in parallel, whenever possible. The proof uses
Lemma 3.1 and may be found in Appendix A.

Lemma 3.2 If ¢y +c2 > 1 and Z(x) = C(x) is non-decreasing in x1 and xo and satisfies
(11 + p2)Z(2) + merZ(z — e1) + pacaZ(x — e2)
< min(uiZ(x — e1) + (p2 + pic1 + pec2) Z(x),
peZ(x — e1) + (p1 + pacr + pacz)Z(z)), (8)
for z1,x9 > 0, then Z(x) = Vi (z) satisfies (8) as well, for any k > 0.



We can now find a stochastically optimal policy when (uo <)pu1 < g1 + pacs.

Proposition 3.3 Assume c; +co > 1. If (2 <)u1 < picr + poca, then it is stochastically
optimal to serve both classes in parallel whenever possible.

Proof: If (u2 <)u1 < pycr + pace, then the cost function C(w1,72) = 1(4, 44,y satisfies the
conditions as given in Lemma 3.2, for all ¥ > 0. From Lemma 3.2 we obtain that serving both
classes in parallel (whenever possible) is always the minimizing action in (7) and hence the
corresponding stationary policy is stochastically optimal. O

3.2 General characterization of the average-optimal policy

Section 3.1 treats the case p1 < picy + pocs, for which a stochastically optimal policies exist.
Since this may in general not be the case, we now discuss the general structure of an average-
optimal policy.

When p; > po, maximizing the user departure rate would imply that an optimal policy will
never serve class 2 individually when class 1 is also present. At the same time, serving class 2
individually does not give the highest possible total service capacity either, since c¢; + co > 1.
Therefore, it is natural that an optimal policy should never serve class 2 individually when
there is also work of class 1 present. This fact is proved in Proposition 3.5. First we state a
lemma that in fact holds for generally distributed inter-arrival times and service requirements,
and in particular, holds irrespective of the values for p; and po. The proof may be found in
Appendix B.

Lemma 3.4 (This lemma holds for generally distributed inter-arrival times and service require-
ments.) Assume c1 + cg > 1. Let T be a policy that sometimes does serve class 2 individually
while there are class-1 users present. Define policy 7 to be the policy that uses the same alloca-
tion as T when possible, except when policy ™ serves class 2 individually. In that case policy ™
serves classes 1 and 2 in parallel (if possible).

Consider the same realizations of the arrival processes and service requirements. Then the
following sample-path inequalities hold:

ST(t) > ST(t) (9)
ST(t) + S5(t) > ST(t) + 53 (1) (10)
(1= c2)ST(t) + 1S3 (t) > (1 - c2)ST (1) + 1S3 (b), (11)

for allt > 0.

Proposition 3.5 Assume py > po and c¢1 + co > 1. For any policy 7 that serves class 2
individually when there is work of class 1 present, there exists a modified policy w that never
serves class 2 individually when class 1 is present and that does not do worse than 7, i.e.,

E(NT(t) + N (t)) < E(NT(t) + N5 (t)), for all t>0.

Proof: Let 7 be a policy that sometimes does serve class 2 individually while there are class-1
users present. Define policy 7 as in Lemma 3.4 and hence the sample-path inequalities (9)
and (10) hold. Multiplying (9) by w1 — p2 > 0 and (10) by w2 and adding the two inequalities
gives that py ST(t) + p2ST(t) > u1ST(t) + paS3 (t) and hence by (1) we obtain

(W (t) + W3 (1) < Wi (t) + Wi (t), (12)

for all t > 0. Since we assumed exponentially distributed service requirements and we consider
only non-anticipating policies, we have E(W/(t)) = iIE(NZ7r (t)). By taking expectations on



both sides in (12), we obtain E(NT (t)+ NJ(t)) < E(N{(t)+ NZ (t)). Hence policy 7 is not worse
than 7 and policy m never serves class 2 individually when there is work of class 1 present. [J

In Section 3.1 we explicitly found a stochastically optimal policy when py < p1¢1 + poce. Hence,
the remaining interesting case is when p; > pic; + paca. Then, a stochastically optimal policy
may not exist, due to the fact that there is a tradeoff when users of both classes are present: On
one hand serving class 1 individually maximizes the user departure rate since 1 > pic1 + poca,
which gives stochastic optimality in the short run. On the other hand, serving classes 1 and 2
simultaneously maximizes the speed at which the total workload in the system decreases. The
latter policy would empty the system sooner and, hence, achieve a smaller number of users
at the moment that it empties the system, compared to the policy that myopically maximizes
the departure rate (which needs more time to completely drain the system). A stochastically
optimal policy should achieve the lowest number of users at all times (in the sense of stochastic
ordering), which is obviously not the case for the two described strategies.

When seeking an average-optimal policy, by Proposition 3.5 we only need to consider policies
that never serve class-2 users individually when there are also class-1 users present. The decision
between whether to serve class 1 individually or classes 1 and 2 jointly is determined by the
number of class-1 and class-2 users present in the system. Intuitively, one may expect that
the optimal policy can be characterized by a switching curve, i.e., there exists a non-decreasing
function h such that if Ny > h(Np), then it is optimal to serve classes 1 and 2 in parallel, and
otherwise it is optimal to serve class 1 individually. The authors in [4] state that for a model
with slightly different behavior near the boundaries, the existence of such a switching curve can
be proved using dynamic programming techniques. We expect that for our model, the existence
of a switching curve can be proved using the same technique (see also [35] where this was done
for a different model). However, dynamic programming techniques will not provide us with any
information concerning the shape of the curve. Therefore, in the remainder of the paper we seek
policies that are close to optimal by investigating two limiting regimes. In Section 4 this is done
for a fluid scaled system and asymptotically fluid optimal switching curve policies are derived.
Optimality results for the heavy-traffic regime are reviewed in Section 5.

4 Fluid analysis and asymptotic fluid optimality

In this section we consider the stochastic queue length processes under a fluid scaling and
investigate close to optimal policies for the unsolved case @1 > cipu1 + copo. In order to do so,
it will be convenient to first study the related deterministic fluid control model. This will be
done in Section 4.1. For this relatively simple model we derive an optimal control (which is
characterized by a switching curve) and the corresponding optimal trajectory. In Section 4.2
we show that under certain switching curve policies in the stochastic process, the fluid scaled
stochastic processes converge to the optimal trajectory as found for the deterministic fluid control
model. In addition, we show that these switching curve policies are asymptotically fluid optimal
(see Definition 4.9) in the stochastic model.

4.1 Optimal policies for the fluid control model

In this section we focus on the deterministic fluid control model, which arises from the original
stochastic model by only taking into account the mean drifts. A fluid process is a solution
n(t) = (n1(t),n2(t)) of the following equations:

ni(t) = ni + Xt — Ui(t)pi — Ue(t)pici, = 1,2, (13)
ni(t) >0, i =1,2. (14)



Here n = (n1,n2) € RZ and U;(t) = [ uj(v)dv, j = 1,2, ¢, such that for all v > 0,

up(v) + ug(v) + uc(v) < 1, (15)
uj(v) >0, j=1,2,¢, (16)

and the functions u;(v) are measurable, j = 1,2, c. The subscript c refers to “combined service”,
i.e., serving both classes in parallel. We refer to n;(t) as the amount of class-i fluid in the system
at time ¢. Note that U;(t) is Lipschitz continuous with constant less than or equal to 1, hence
is differentiable almost everywhere. Then, n;(t) is differentiable almost everywhere as well, and

dni (t)
dt

= N — ()i — ue(t)pici, i =1,2, (17)

at regular points (a regular point is a value of ¢ at which n;(¢) is differentiable). Under the
stability conditions, the fluid model can be drained in finite time, as is stated in the following
lemma.

Lemma 4.1 If (4) and (5) are satisfied, then the policy that serves classes 1 and 2 in parallel
whenever possible, drains the fluid model in finite time and keeps the system empty from that
moment on.

Proof: We consider the workload fluid processes w;(t) := m® = 1,2. From (17) we have

i
dwl(t) = pi — u;i(t) —uc(t)c, i = 1,2, at regular points. Focus on the policy that serves classes 1

and 2 in parallel whenever possible. So, when both wy (t) > 0 and w2 (t) > 0, we have u.(t) = 1.
By (4), there is a class ¢ with 28 < 1. Hence, d%lt() = p;i —¢; < 0 and class ¢ will eventu-

ally be drained to zero. When at that time the workload in class j (j # ¢) is strictly positive
(while w;(t) = 0), we have uc(t) = £ and u;(t) = 1 — £-. From (5) this gives dugt(t) = 0 and

d“gt(t) =p;—1+2 —c] =pj + %(1 —c¢j) —1 < 0. Hence, class j must eventually become
empty as well. O

A policy 7 for the fluid control model is described by the control functions ] (t), uj(t) and
ug (t) (we also write UT( fo 7 . A corresponding trajectory is denoted by n”(t). We
are interested in ﬁndlng an optimal ﬂuld control that minimizes

/0 T (Tt 4 nI(0)dt,  with (n7(), u™ (1)) satisfying (13)-(16). (18)

We denote such an optimal control by u; (t),j = 1,2, ¢, and a corresponding optimal trajectory,
by n¥(t), i = 1,2. Note that if (4) and (5) are satisfied, then min, [ (n7(¢) + n3(t))dt is finite
due to Lemma 4.1. Before proceeding to find n*(¢) and u*(¢), we first prove in the next lemma
that an optimal pair (n*(t), u*(t)) exists. In addition, the lemma states that if n*(¢) is an
optimal trajectory for the infinite horizon problem, then it is also optimal for the finite horizon
problem whenever the horizon is large enough. This property will be useful to prove convergence
of the stochastic model in Section 4.2.

Lemma 4.2 If (4) and (5) are satisfied, then there exists a control u*(t) and a corresponding
trajectory n*(t) that solves the minimization problem (18).
In addition, there exists a function H : R — R such that,

D D o
n(t) S.tr.nl(rllS)f(lﬁ) /0 (na(t) + na(t))dt = /0 (ni(t) + na(t))dt = /0 (n1(t) +ns(t))dt,

for all D > H(ny + ng).

10



Proof: By the Filippov-Cesari theorem [31, Chapter 2.8], there exists an optimal control and a
corresponding optimal trajectory n*”(t) for the problem min,, ;) s.t. (13)—(16) fOD (n1(t)+na(t))dt.
For the moment, assume that there exists a function H(-) such that

P (t)+niP(t) =0, for all H(ny+ny) <t, with n = (ny,ns) denoting the initial state. (19)

The proof of (19) will be given later on. From (19) we obtain

o0 D
| B+ na(t))dt > i / t) + na(t))dt
n(t) s.tI.nt?g)(w)/o (m(t) +no(t))dt 2 n(t) s.tI.nt?:'s)*(lﬁ) 0 (ma(£) + na(8))

D o)
= [P+ P = [ @i o+ i)
0 0

= ' £) + na(t))dt, 20
) s.tr.ngg)(lﬁ)/o (n1(t) +n2(t)) (20)

for all D > H(nj +ns). Hence, n*P(t) is an optimal solution of (18). In particular, this implies
the existence result for the minimization problem (18). In addition, from (20) we obtain that
for any optimal trajectory n*(¢) of (20), it holds that

o0 00 D
mm)—(m)/o (n1(t)+n2(t))dt:/0 (”1(t)+n2(t))dt2/0 (n1(t) + na(t))dt

n(t) s.t. (13

D [ee]
= ' t) +na(t))dt = i t) + no(t))dt,
=) s.tr.n??w—(w)/o Fult) +malthde= ) s.tr.ni?g)_(m)/o (n1(t) +n2(?))

for all D > H(nj; + n2). This proves the lemma under the condition that there indeed exists a
function H(-) satisfying (19). The latter will be shown in the remainder of the proof. We use
similar arguments as in [23, Proposition 6.1].

Denote by 7P the policy that always serves classes 1 and 2 in parallel whenever possible. Let
nP(t) be the trajectory that corresponds to policy 7P. Under the stability conditions we know
that nP(t) hits zero after a finite time and then remains empty, see Lemma 4.1. Denote by
TP(n,n') the time it takes for policy 7P to move from 7 to n’. Then, the depletion time,
T?(n,0), can be written as follows

TP(n,0) = T?(n, axes) + )
(1,0) = T8 axes) + B — o) — o) T (= B (1— ) = pa)

where TP (7, axes) = min ( (mqﬁj)q) -, (H202ﬁ3A2)+) is the time until the trajectory hits either one
of the axes, and y(n) represents the point where the trajectory hits the axis when started in
n. Note that y1(n) = ny — TP(n, axes) - p1(cy — p1) and yo(n) = Ny — TP(n, axes) - ua(ca — p2).
Hence, the depletion time scales as follows: T?(a - n,0) = a - TP(n,0), a > 0.

Let 0 < ¢ < 1 be fixed, and £ > 0. We now have the following upper bound for all initial
states n with ny + ngy = x:

b *D *D : b b p D
| i+ dt=  min | o+ naoyar < [ty + ngenar
< sup {nh(0) + nf(0)} - TP, 0) S 2-C- (1= ) Hio). (22)

Here the function H(x) is defined as

B sup {T7(1,0)},

Hz) = — 2 .
@) C-(1=0C) tiy+iz=a

11



with the constant

A1+ A2 — (pier + pace) 14 A+ A2 — (pier + paca)

B = max(1 +
( Hic1 — A1 H2c2 — Ao

1),

so that for all initial states n with n; + ng = 2 it holds that supy<,<p{nf(t) + nh(t)} =
max (z + TP(n,axes) - (A1 + A2 — (pic1 + pac2)), =) < 5 - x.

From (21) it easily follows that 77(l,0) is continuous in /. Hence sup;,, y;,—, T?(1,0) < oo and
in particular H(z) < oo for all z > 0. Assume D > H(zx) (in particular, D > (1 — () - H(x)).
Hence, it follows from (22) that

7(z) = argrgg{nTD(t) +n3P(t) <a - ¢} < (1-¢) - H(x), (23)

for all initial states n with ny 4+ ng = 2. From continuity of n*P(¢) it follows that ni” (7(z)) +
n3P (r(x)) =3 C.

If n*P(0) = (n1,n2), then n*P (300, 7((n1 + n2)¢™ 1)) = (0,0). Note that H(a z) = a-H(z),
a > 0. Together with (23) it follows that Y _°°_ 7((ny +n2)¢™ 1) <322 (™ Y1—-¢) - H(ni +
ng) = H(ny + ng) < oo. Hence, relation (19) holds. O

For the stochastic model we know that it is never optimal to serve class 2 exclusively when also
work of class 1 is present. In the fluid control model this is true as well, as is stated in the
lemma below. The proof may be found in Appendix C.

Lemma 4.3 Assume (4) and (5) are satisfied, 1 > po, and ¢y +co > 1. Then, for any policy &
that allows u3(t) > 0 when n}(t) > 0, there exists a modified policy m, with u3(t) = 0 whenever
nT(t) > 0, that does not worse than 7, i.e., nT(t) + n3(t) < nf(t) +ni(t), for all t > 0.

In case p1 < c1p1 + cope, the control that serves both classes in parallel whenever possible is
optimal, i.e., u’(t) = 1 when ny(t),n2(t) > 0, and u}(t) = min(i—j,l), uf(t) = 1 — wi(t) when
nj(t) = 0 and n;(t) > 0, for i # j, i,j = 1,2. This follows from the fact that the above
described policy minimizes the time to empty the system, while at the same time, it maximizes
the departure rate at any moment in time. We do not include a formal proof of this fact,
since the main objective of this section is to investigate close-to-optimal policies for parameter
choices that did not allow us to exactly determine the optimal policy for the stochastic model.
(Proposition 3.3 discusses an optimal stochastic policy when py < ¢1pu1 + caps.)

In the remainder of this section we concentrate on the case p; > cipu1 + copg, for which the
following lemma enables us to prove that an optimal policy in the fluid control model can be
characterized by a switching curve.

Lemma 4.4 Assume (4) and (5) are satisfied, py > cip1 + copa, and c¢; + co > 1. Consider
a trajectory starting in 0 € {n : ny > 0,n9 > 0} with the following properties: (i) first class 1
is served exclusively during a contiguous period, and then (ii) we switch to serving both classes
stmultaneously during another contiguous period. Let n be the end point of this trajectory.
Then the trajectory described above minimizes ny(t)+na(t) at all times (until reaching i), among
all trajectories that move from n to n without coinciding with the ny = 0 axis.

Proof: Since we consider only trajectories from 7 to 7 that do not coincide with the ny = 0 axis,
by Lemma 4.3 we can focus on paths that do not spend any time serving class 2 individually.
Denote by Uy (U.) the cumulative amount of time spent on serving class 1 individually (classes 1
and 2 in parallel). The net change in the amount of fluid in the two classes can be written as

n—n1 = (M —p)Ur + (M —cp)Ue,
ﬁg — ’flg = )\2U1 + ()\2 - CQ[LQ)UC.

12
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Figure 3: Drift vectors for p; < ¢; and ps > co (left), and p; < ¢1 and ps < ¢o (right),
respectively.

Under the necessary stability conditions (4) and (5) this has a unique solution for Uy and U..
Hence, all trajectories spend the same cumulative amount of time serving both classes in parallel
as well as serving class 1 individually.

The rate at which the total amount of fluid decreases when n(t) > 0 is given by
A1+ A2 —ug (t)p1 — ue(t)(u1c1 + poca). Since py > ey + pocs, first serving only class 1 initially
maximizes the rate at which nj(t) + na(t) decreases. Hence, this minimizes ni(t) 4+ na(t) at all
times (until reaching 7). O

d(n1(®)+n2(t)) _
dt

For the fluid control model we can now determine optimal policies. To do that, we distinguish
between whether p; < ¢; or p; > c¢;. Note that, c¢f. Bellman’s principle of optimality, we only
need to consider policies that base their actions on the current state n(t), because of the infinite
horizon and the fact that the parameters do not depend on the current time ¢.

4.1.1 Case p1 <

When p; < ¢1, a necessary condition for the system to drain in finite time is po < 1 — %(1 —c2)
(see Lemma 4.1). Depending on ps and ¢y, the drifts are as in Figure 3. In Proposition 4.5 we
describe an optimal fluid control, which is characterized by a linear switching curve. In Figure 4
the corresponding trajectory is shown. In order to state the proposition it is convenient to define

2 — 2 a_ L—ps—2(1-c2) XMI_CLUI_CQ,UQ)

c1—p1 c1+e—1 €1 — p1 2

= max (0, (24)

Note that under the conditions of Proposition 4.5, it holds that o > %.

Proposition 4.5 Let 1 > pic1+pace and ci+co > 1. Assume p1 < ¢ and pa < 1—%(1—02).
An optimal control w*(t) in the fluid control model is

o ui(t) =1, ifna(t) < a%nl(t).
o ui(t) =1, if na(t) > a%nl(t) and ni(t) > 0.

Cc

o ui(t) =2 andul(t)=1-—2, if ni(t) = 0.

c1’

Proof: If ni(t) > 0, when searching for an optimal control, by Lemma 4.3 we only need to

consider controls with us(t) = 0 and uq(t) + u.(t) = 1. Hence, from dnét(t) =AM —u(t)pu —
uc(t)pic1, and the fact that p1 < ¢ < 1, class 1 remains empty once it hits zero. So dn&t(t) =0,

or equivalently, p; — u1(t) — uc(t)e; = 0 when ny(t) = 0.
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Figure 4: Optimal trajectory of the fluid control model when p; < ¢;.

We can now determine an optimal allocation for points with ny(¢) = 0. Class 1 is kept empty,
hence an optimal fluid control will maximize the departure rate of class 2. We should therefore
maximize ug(t)p2 + uc(t)pace given that p1 — uy(t) — uc(t)er = 0, ug(t) + ua(t) + ue(t) =1 and
u;j(t) > 0. Solving this we obtain

ui(t) =2 wit) =0 and wi(t) =1- 2

Cc1 C1
So when n1(t) = 0, class 1 is kept empty by serving both classes in parallel a fraction 2t of time.
The remaining capacity is given to class 2, see Figure 4.
Now assume we start at time ¢t = 0 in n(0) = n = (n1,n2) with n; > 0 and ns > 0. At some
point an optimal trajectory will hit the n;=0 axis for the first time. This point will be denoted
by d = (0, ds), see Figure 4. Note that the path from n to d that first serves class 1 individually
and at some point switches to serving both classes in parallel, is always feasible (see the drift
vectors in Figure 3). Hence, by Lemma 4.4 this path is also an optimal path from n to d. The
turning point where the switch occurs is denoted by b = (b1,b2), see again Figure 4. We can
calculate the costs corresponding to a certain turning point b. Let T'(x,y) be the time it takes
to go from point z to y in the plane. We have T'(n,b) = = T(b,d) =

TSR M1C1 Ar?
d d
T(d,0) = 2 2 :
sty + UctiaCs — Ao iz — p22h (1 —c2) = Az
with do = by + T'(b, d)(A2 — pac2) and by = ng +T'(n,b)A2. Let K ( fo n1(t) +na(t))dt be

the cost of the fluid trajectory going from n to the origin when the turmng point is b = (by, b).

Note that by = ng + le f\l A2, hence by is uniquely determined by b; and n. We have

ba + da
2

n1+b1+n2+bg da

2 2

b
<&MQ:TWﬁK )+ﬂb@<1 )+ﬂdm (25)
It can be checked that the function K, (b1) is a quadratic function in b; and when minimizing the
costs in (25), the optimal turning point b lies on the line by = aﬁ—fbl. Hence, if na(t) < al’j—?nl(t),
then uj(t) = 1, and if no(t) > al’j—fnl(t) and ni(t) > 0, then w}(t) = 1. This completes the

characterization of an optimal control. O

4.1.2 Case p;1 > ¢

When p; > ¢1, the necessary stability condition is ps < ¢o and p; < 1 — —(1 —c1) (see (4)
and (5)). Hence % < % and the drifts are as in the left picture in Figure 5. When
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pr>1— —(1 — c1), the system is unstable which corresponds to the picture on the right in
Figure 5. An optimal fluid policy is described in the next proposition, and in Figure 6 the
corresponding trajectory is shown.

i M =M€ Gpable ! A1 —pic1 Unstable
n2 n2
u:1 pr2C2 = A2 up =1
H2C2 — /\2 -1
Ue = )\2
o E\J

M1 A1

niy ni
Figure 5: Vectors for p; > ¢ and pg < co. Left figure: py <1 — —(1 — ¢1) and hence there are

policies that give a stable system. Right figure: p; > 1 — —(1 — cl) and hence unstable.

Proposition 4.6 Let pu1 > pic1 + poce and ¢1 + co > 1. Assume p1 > c1, p2 < c2 and
p<1- —(1 —c1). An optimal policy in the fluid control model is to give priority to class 1,
1.€.,

o uj(t) =1 if ni(t) > 0.

* 1— * .
o ui(t) = =L+ and ui(t) = H=21 if ni(t) = 0.
The proof of Proposition 4.6 below does not give much insight into the result. Therefore, we
first provide some intuition for the fact that the control u* as defined above, is optimal when
p1 > c1: Using Lemma 4.4 it can be argued that as long as ni(t) > 0, an optimal action is
uj(t) = 1. Hence, once ni(t) = 0, this optimal control will keep class 1 empty (p; < 1). An
optimal fluid control will now choose allocations u}(t) such that the departure rate for class 2,
ua(t)pe + uc(t)puace, is maximized subject to ui(t) + uc(t)er = p1, wi(t) + ua(t) + ue(t) = 1
and w;(t) > 0. The unique solution to this is u3(t) = 0, uj(t) = =1 and u(t) = t’c’i when
nl(t) =0.

Proof of Proposition 4.6: Consider the control u*(¢) as defined in Proposition 4.6. The
corresponding trajectory is denoted by n*(t). Its cost-to-go function is defined as K ,) =
[ (5 (s) + n3(s)|n(t) = n)ds = [7°(ni(s) + n3(s)[n(0) = n)ds, for n = (n1,n2) € RE. Hence,
we can drop the dependence on ¢, and write K, for the cost-to-go starting in state n. A sufficient
condition for optimality of u*(¢) is that its cost-to-go function K, satisfies the “Hamilton-Jacobi-
Bellman” partial differential equation

0K, 0K,
0= min <n1 +ng + —— ()\1 ,ul(ul + cluc)) +
(16) 0 0

(Mo — pa(uiz + cwc))) . (26)
u S.b.(14)— ni n2

for all ny,ne > 0, and that u* is a corresponding minimizing action, [12, Section 5.5]. In the
remainder of the proof we show that this is indeed satisfied.
The cost-to-go function is easily derived. Let d = (0,d3) denote the point where the trajectory

n*(t) hits the vertical axis, see Figure 6. Hence, dy = na + ny oA 2 5, and also dy = T'(d,0) -
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Figure 6: Optimal trajectory of the fluid control model when p; > ¢;.

(naca =2 — A9) = T(d, 0) - pra 72 - (1 — p1 — 2(1 — ¢1)), with T(d,0) the time it takes to move

1—c 1—c1

from d to 0. So

d d
K, = T(n,d)(ﬂ ”2—”) +T(d,0)2
2 2 2
o m(m gty ety
p1— A1\ 2 2 22t (1= = B2(1 - 1)

In the Hamilton-Jacobi-Bellman equation we are interested in the function

0K, 0K,
ny +ng + oy (M — (w1 + crue)) + g (A2 — pa(uz + cauc))

=n1 +n2 + (A — p(u1 + crue)) -

A2

ni 1 /\2 1 —A1 )\2 )
+ n + n9) + n +n

(Nl_)\l Ml—/\l( ey ?) 127 '(1—P1—€—§(1—01))( Y= A 2)

1 A
m 2 + n2)>

+ n
pr— A pers - (1—p1— ’2—2(1—01))( Y=

2

+(A2 — p2(ug + cauc)) - (

=n;+no+

1
. <p1(a11n1 + ajang) + p2(agini + agns)
H1 — A1

—ni(uian + uc(cran + cagr) + ugag) — ne(uraiz + uc(crarz + caagn) + U2022)), (27)

where

Ao Bl-a) 2

= M1+1—f)1(1 (1—;12—%(1—01)))_M1+M21 pﬁj(l—cl)’

a2 = M1+ %(1_61) =M 2 )
(1=p1—201-c)) l—p1—2(1-c)

asy = fp2 + 2 %(1_61) = M2 i )
l—p—2(1—-a) l—p—21-a)

az2 = — #1_),\01 = (1_p;31;—201 :

= (1-—p—21-c1)) 1-p—201-c))

Elementary calculation shows that for u; = 1, and us = u. = 0, equation (27) is equal to zero. In
addition, under the conditions as stated in Proposition 4.6, it holds that a1 > c1a11+c2a91 > a9
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and a12 = cjaja+coage > ags. Hence, when ng(t) > 0, the minimizing action is uy (t) = 1, ua(t) =
0, u.(t) = 0, which is indeed prescribed by the control strategy u*.
When n; = 0, equation (27) is equal to

ng +

= (nz(malz + p2ag2) — na(ura12 + uc(crar2 + c2a22) + U2022)>- (28)

Again simple calculations show that this is equal to 0 for all v with u; + u. = 1 and ug = 0.
Besides u; + ug + u. < 1, we have the restriction u; + cju. < p1 (because n; = 0). Since
a12 = €112 + C2a22 > ag9, any control with u; + u., = 1 and uo = 0 such that u; + cyu. < p1,
will minimize (28). The control u*(t) = 2= % (t) = =2 and u}(t) = 0 is therefore indeed a

1—c1 c 1—c
minimizing action. O

4.2 Asymptotic fluid optimality

In this section we discuss the theoretical foundations that justify the use of optimal controls in
the fluid model as proxies for optimal policies in the stochastic model. In particular, we prove
that under a fluid scaling, the stochastic processes of the numbers of users under certain switching
curve policies, converge to the optimal fluid trajectory n*(¢) as determined in Section 4.1. Using
the latter, we then show that these switching curve policies are asymptotically fluid optimal in
the stochastic model. The terminology used in this section is motivated by [2, 17, 23, 25].

On a common probability space we construct different realizations of the processes, depending
on the initial state. To be precise, for a given policy m we let N""(¢) denote the number of
class-i users at time ¢ when the initial state equals N (0) = rn;, ¢ = 1,2, with r € N. All
processes N7 (t) share the same sequences of arrivals and service requirements.

For a given policy m, denote by 7" (¢) the cumulative amount of time during the interval (0, )
that neither class is served, by 7" (¢) the cumulative amount of time that was spent on serving
class i individually, i = 1,2, and by T.""(¢) the cumulative amount of time that was spent on
serving classes 1 and 2 in parallel. Then, 75" (¢t) + 17" (¢) + Ty " (t) + Te " (t) = ¢, and

N () =i+ Ei(t) — B(T]77 (1) — Fea(T7 (1), i=1,2, (29)

with Ej;(t) a Poisson process with rate \;, F;(-) a Poisson process with rate p; and Fi;(-) a
Poisson process with rate ¢;u;, [15].
We will be interested in the processes under the fluid scaling, i.e., both time and space are scaled
linearly with the parameter r:

_— NI (rt) - T (rt)

N; () := ZT and T;-r’r(t) = -2

Limit points for N; ' (t) and T;-T’r(t) are described in the next lemma.

r

Lemma 4.7 For almost all sample paths w and any sequence 1y, there exists a subsequence Ty,
such that

lim N?’rkl (t) =N (t), i=1,2, wo.c,

I—00
lli}rgoT;T’rkl (t) = T;-T(t), j=0,1,2,¢, w.o.c.,
with (N",T") a continuous function. In addition, (N, T") satisfies, for i =1,2, j =0,1,2,¢,
NG (t) = ni + At — T3 () — paci T, (t), (30)

N?(t) >0, T;-F(O) =0, Tg(t) + T;r(t) + T;T(t) + T:(t) =1, and T;-T(t) are non-decreasing and
Lipschitz continuous functions.
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The notation u.o.c. stands for uniform convergence on compact sets. We call the processes
T;-r(t),j = 1,2,¢, and N, (t),i = 1,2, (as obtained in Lemma 4.7) fluid limits for initial fluid
level n and policy .

Proof of Lemma 4.7: Making use of (29) and the fact that T;-r’r(t),j = 1,2, ¢, is Lipschitz
continuous with a constant less than or equal to 1, the proof follows similarly as that of [14,
Theorem 4.1], see also [26, Proposition 10.3.3 and 10.3.4]. Note that the Poisson assumptions
are in fact not needed for the result of this lemma to hold. O

As cost in the stochastic model we take E(fOD(Nf’T(t) + N;r’r(t))dt>. As r — oo, this will tend

to infinity. In order to obtain a non-trivial limit we divide the cost by r? and consider a horizon
that grows linearly in r. So we are interested in

E(/OT.D N (8 + N;T(t)dt) _ E(/OD NTT(rt) + Ngr’r(rt)dt) _ E(/OD(Nf’r(t)Jng’r(t))dt)-

r2 r
(31)
Our goal is to find policies that minimize the cost (31) as r — oo. We have the following lower
bound.

Lemma 4.8 For any policy m we have

D oo
lirgianE(/ (NT"(t) + N;’T(t))dt) > / (ni(t) + n5(t))dt, whenever D > H(ny + no),
r—00 0 0

and where n*(t) represents an optimal solution of (18) for initial state n and H(-) is as defined
i Lemma 4.2.

Proof: By applying Fatou’s lemma, we obtain

lim inf E ( /0 D(N?T(t) + N;”(t))dt) > E (lim inf /0 D(N}”(t) + N;”(t))dt)

7—00 7—00

D
- E(Jm / (NT™ (1) + N3 (1)),
k—oo Jo

with the subsequence 7y, (possibly depending on the sample path w) corresponding to the lim inf-
sequence. Lemma 4.7 states that for almost all sample paths w, there exists a subsequence ry,
of ry, such that lim;_, o NT% (t) —I—N;m‘ (t) = N1 (t)+ Ny(t), wo.c., with N; () a fluid limit for
initial fluid level n and policy 7w. Note that a fluid limit is an admissible trajectory for the fluid
control problem. When we consider a finite horizon D > H(n; + n2), we know from Lemma 4.2
that n* solves the finite-horizon minimization problem, and hence

D D D
i [ (V) + N2 () dt = / lim (N7 (£) + N2 (1) dt = / (N7 (1) + Mo (1))dt
0 0

=00 Jo l—o0

D D oo
> o | @+ maoyar = [ "o+ menar= [ i +nnar

@) s.t. (13

where in the first step we used uniform convergence of the functions N?’% (t),i=1,2,0n [0, D],
in order to interchange the limit and the integral. This proves the lemma. U

We say that a policy is asymptotically fluid optimal when the lower bound is obtained, i.e.,

when the scaled cost converges to the cost of the optimal trajectory in the fluid model. In the
remainder of this section we characterize asymptotically fluid optimal policies.
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Definition 4.9 A policy ©* is called asymptotically fluid optimal if

7—00

D . ety 0o
lim E(/ (N7 " (t)+ N5 (t))dt) :/ (n}(t) +n5(t))dt, with D > H(nj + ny),
0 0
where n*(t) is an optimal solution of (18) for initial state n and H(-) is as defined in Lemma 4.2.

4.2.1 Case p; <

In this section we consider the case p; < ¢;. In Proposition 4.5 we found that an optimal switch-
ing curve for the fluid control problem was given by h(ny) = al’j—fnl. In the following lemma we
show that under this switching curve, the fluid scaled processes of the original stochastic model
have a unique limit, which is described by the optimal trajectory of the fluid control model.
Using this fact, in Proposition 4.11 we show that the policy with switching curve h(n;) = a%nl

is asymptotically fluid optimal.

Lemma 4.10 Assume c1 +co > 1, py < ¢1 and ps < 1 — ’;—1(1 — ¢9). Denote by ©* the policy

with switching curve h(Ny) = aZ—le, with « as defined in (24). The functions T;-T* (t) are
differentiable almost everywhere, and for each reqular point t it holds that

dTﬂ-* t —r* —r*
LG 1y W () < o287 ), (32)
dt H1
aT™ (t - - .
ét( )1 i NT ) > a%Nl (t) and N (t) > 0, (33)
dTr (&) _p AT (&) pr om0
i o and e 1 o if Ny (t)=0 and N4 (t) >0, (34)

a7 (1) | dTZ () |, dT" (1) | dT% (1) _
and ét + ?it +—5—+ ?zht =1.

In particular, N (t) is uniquely determined by

NT (1) = n*(1), (35)
with n*(t) the trajectory corresponding to the control uw*(t) as defined in Proposition 4.5.

Proof: Let N?* (t),1=1,2, T;-r* (t), j =1,2,¢,0, be a fluid limit of policy 7*. So the functions

N?* (t), i = 1,2, satisfy (30), and the functions T;-r* (t), 7 =0,1,2,¢, are absolutely continuous
(follows from Lipschitz continuity), and hence are differentiable almost everywhere. Fix a sample
=TT =T

path w such that there is a subsequence 7 with limg_,oo N; " "(t) = N, *(t), 1=1,2, u.o.c., and

limg 00 " Tk (t) = T (t), j =1,2,¢, w.o.c.. Further, let £ > 0 be a regular point of T;-r* (t) for

j j
all 7 =0,1,2,c.

First assume Ny (t) < a%ﬁ? (t). Then there is an € > 0 such that Ny (s) < a%ﬁf (s) for
s € [t—e,t+€]|. By the uniform convergence of N?*’rk (t) to N?* (t),7=1,2, on [t—e, t+e€], we have
Ny "R (rgs) < a%N{r "k (ry.s) for all 7, large enough and s € [t—¢, t+¢]. Hence, under policy 7*,
in the interval [r(t —€), 7, (t+€)] class 1 is served and we obtain TT*’W (t+e) —TT*’T’“ (t—e) = 2e.
Letting rp, — oo and € | 0 we obtain dTé—t(t) =1

Now assume Nj (t) > Q%NT (t) and N7 (t) > 0. Then there is an € such that N;r*’r’“ (rgs) >

al‘j—fN{r*’T’“ (rrs) and N{r*“ (rgs) > 0 for all ry large enough and s € [t — €,t + €]. Under policy

T _

7*, in this interval both classes are served in parallel, hence ——5;
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Assume Ng* (t) = a%NT* (t) and NT* (t) > 0. Then there is an € such that N{r*’r’“ (rgs) > 0 for
all r;, large enough and s € [t — ¢,t + ¢]. In this interval, class 2 is never served individually, so

dTés(s) + dTés(s) = 1, for any regular point s € [t — ¢,t + €|. Together with (30), we obtain

< -2 T T T )
e
- T (e = ot )

_dTE;S(S) . Cluz_cj)l _ (1 —p1— %(1 - cl))
<0 (36)

whenever s € [t — ¢€,t + €] is a regular point. Here we used that ¢; +c2 > 1, p1 < ¢ < 1,

pr<1-8(1-c) a> 2= and Ty () 4 9T () — 1. Equation (36) implies that if at a
certain time N lies below the switching curve, then it moves towards the switching curve and
if N* lies on or above the switching curve, it will move away from (and above) the switching

curve. Since at time ¢ we are in a state on the switching curve, we have N5 (s) < a%ﬁ? (s) for

s € [t—e,t) and Ng*(s) > a%ﬁf(s) for s € (t,t+¢€]. Note that 77 (2) _ 1 and % =0,

dat
while % =0 and % =1, so that the point ¢ itself is not a regular point.
Finally assume N; (t) = 0 and Ny (t) > 0. Then there is an € > 0 such that N, (s) >

a%ﬁ? (s) for s € [t — €, + €] and hence NJ " (rys) > aﬁ—éN{r*’r’“(rks) for all 7 large enough
and s € [t — €,t + ¢]. Under policy 7*, in this interval class 1 is not served individually, hence

dTgt ) — 0. From (30) we then have
dNT (1) aT™ (1)
—ar M Tt 37
dt ST (37)

Note that if NY* (t+6) >0, forall 0 < < A, then w = 1. Since p; < ¢1, from (37) we
see that class 1 will stay empty, and thus @ = 2. We conclude that (32)—(34) are satisfied
for each fluid limit T (t).

From (30) and (32)—(34) it follows that N, (t) is uniquely determined. Using the correspon-

dence uj(t) = dTét (t), j =1,2,¢, it follows from Proposition 4.5 that N (t) = n*(t), with n*
as defined in Proposition 4.5. g

In the next proposition it is stated that the linear switching curve provides a policy that is
asymptotically fluid optimal for the original stochastic model.

Proposition 4.11 Let up > pycy + pocs and ¢ +co > 1. If p1 < ¢y and py < 1 — %(1 —¢2),

then the policy m* with switching curve h(Ny) = a%Nl s asymptotically fluid optimal, with «
as defined in (24).
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Proof: Let rp be a subsequence such that

b * =T b =T =T
liminf/ (N7 () + N5 "(t))dt = lim (N7 () + Ny "F(¢))de.
0

r—00 k—oo Jo

From Lemma 4.7 it follows that for almost all w there exists a subsequence 7, of r; such that
lim;_ oo N (t) = N (t), w.o.c.. Since every fluid limit N (t) coincides with the optimal
fluid control solution n*(t) (see (35)) we obtain lim;_, N (t) = nj(t), i = 1,2. Since the
functions N:*’rkl (t), 1 = 1,2, converge uniformly on [0, D], we can interchange the limit and the

integral, so that

i

D
_ﬂ-*vrkl _ﬂ*7"ﬂkl

b =, =, b
lim inf / (NI + NT"(@)dt = lim [ (N, "™1(t) + Ny "5 (t))dt = / (0 (£) + 3 (t))dt.
0 0

r—00 =0 Jo

The same holds for the lim sup and we can conclude that

D D

Jon [N+ Ny (1)t = /0 (n}(2) + m3(t))dt. (38)
We also have that fOD(NT’T(t) + Ng*’r(t))dt is uniformly integrable. This follows from the
same argument as in the proof of [14, Lemma 4.5]. Here we state it briefly. Note that
NT'(t) + Ny'(t) < ngtng + El(rt)jfEQ(rt), with E;(-) a Poisson process with rate \;. Since
lim, o w = (A1+)\2)t almost surely (see Lemma 4.7) and E(w) = (AM1+2)t,
we obtain from [9, Theorem 3.6] that w
integrability of fOD(w)dt follows as well. Hence, by definition of uniform integrability
it is immediate that fOD (N7"(t) + N3 (t))dt is uniformly integrable.
We then obtain

is uniformly integrable. Since D < oo, uniform

lim E(/OD(NT*%)+N§*”’(t>)dt) - E(/OD(n;(tHn;(t))dt)

r—00 D
= [ i+ mea, (39)

where in the first step we used uniformly integrability together with equation (38) to interchange
the limit and expectation (see [9, Theorem 3.5]). Hence, policy 7* is asymptotically fluid optimal.
O

4.2.2 Case p;1 > 1

In this section we consider the case p; > ¢;. In Proposition 4.6 we found that for the fluid control
problem it is optimal to give class 1 priority whenever present. A straightforward translation
of this policy to the original stochastic model would be to give preemptive priority to class-1
users. However, the stability conditions under this policy are p; 4+ p2 < 1, which are more
stringent than the necessary stability conditions as given in (4) and (5). Hence, a more precise
interpretation of this fluid control is needed to avoid an unstable system.

Note that in the fluid control model, the policy that gives class 1 priority can keep the system
stable under (4) and (5), since on the vertical axis it partly serves class 1 individually and
partly serves both classes in parallel. This suggests that for the stochastic model we should
serve both classes 1 and 2 in parallel when the process moves close to the vertical axis. So
there is a switching curve in the original model that lies close to the vertical axis such that it is
non-observable in the fluid limit. In the next conjecture we state that a policy with a switching
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curve of the shape h(N;) = eM/7 is an asymptotically fluid optimal policy when v > 0 is large
enough. We make no claim for small ~.

Proving the conjecture requires use of martingale equations similar to the proof of Lemma A.3
in [17], which we were unable to establish here. Following the conjecture, we sketch a proof that
relies on these martingale equations.

Conjecture 4.12 Let py > picp + poce and ¢ + co > 1. Assume p1 > c1, pa < co and
pr<1-— ’C’—;(l —¢1). The policy ™ with switching curve h(Ny) = €™/ is asymptotically fluid
optimal for v > 0 large enough.

The fluid limit of policy 7 is uniquely determined by N (t) = n*(t), with n*(t) the trajectory
corresponding to the control u*(t) as defined in Proposition 4.6.

Sketch of proof: As noted above, the conjecture can be proved using martingale equations
similar to those in the proof of Lemma A.3 in [17]. We believe such equations are valid, but
were unable to formalize this. The following sketch of proof can be turned into a formal proof
if the validity of these equations is proved.

Let Ny (), i = 1,2, T} (), j = 1,2,¢,0, be a fluid limit of policy 7*. The function T (-) is
absolutely continuous. Our conjecture is proved if we can show that for each regular point t,
the derivatives satisfy:

aT" (¢t -
#() —1, if N7 () >0, (40)
T () p—c dTT () 1—p .

dt 1—61 an dt 1—61’ ! 1() ’ ( )

for v large enough. We expect that this result can be obtained by using the same techniques
as in [17, Theorem 7.1] and the following correspondence between the processes &;, x; and
T(t) in [17], and our equivalents: & = N (t), & = NJ (t), a3 = N| (t), =} = N} (t),
Toi(t) = T;r* (t) and Th1(t) = T:* (t), and mapping our parameters ci,ca, i1, fi2, A1 and g,
such that the drifts in the interior of Figure 4 in [17] correspond to the drifts in our Figure 5.
Note that the drifts on the boundaries cannot be matched, but this does not influence the fluid
analysis. Assuming martingale equations similar to those in the proof of [17, Lemma A.3] can
AT W _ g

be verified, we can establish equations similar to (A.12) and (A.13) in [17], i.e., =13
~7 a7 () | AT (¢ e T . dNT (¢ a7 (t a7y (t
N7 (t) >0, and 0 4 L — 13 N (#) = 0. Since L4010 =, — 400 ¢ L)

and p; < 1 = dTé—t(t) when NT* (t) > 0, class 1 remains empty once it hits zero. Hence,
T 4 e el — i, which implies (41).

Note that dei—t(t) = 0, i.e., that the unscaled process does not stay long on the vertical axis.
Hence, any capacity lost when serving class 2 individually, is negligible under fluid scaling.
From (30), (40) and (41) it follows that N, (t) is uniquely determined. Using the correspondence
ui(t) = dTé—t(t), j =1,2,¢, it follows from Proposition 4.6 that N (t) = n*(t), with n*(¢) the
trajectory corresponding to the control u*(t) as defined in Proposition 4.6. The proof of the

conjecture can then be completed similar as in the proof of Proposition 4.11. O

4.3 Exponential switching curves

When p; < ¢1, an asymptotically fluid optimal policy can be characterized by a linear switching
curve and the slope of this curve has been exactly determined. When p; > ¢;, Conjecture 4.12
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states that an exponential switching curve h(N;) = eM/7 is asymptotically fluid optimal for any
~ that is large enough. The purpose of this section is to determine a reasonable rule of thumb
for the choice of . This rule of thumb should avoid possible poor performance that may result
when choosing very small values of v (for which Conjecture 4.12 is inconclusive).

An asymptotically fluid optimal policy n* satisfies

mb * * p T, =T,
E( / (NT7 () + NET())dt) = 2 E( / N7 () + N3 (1))dt)
0 0
_ 2 /0 (W3 () + n3(8)dt + o(r2).

Hence, one way to determine a reasonable value for + is by choosing that value for v that
minimizes the next order term, o(r?). For the discrete-time version of our model, it is possible
to find an estimate of this term under exponential switching curves, using the techniques of [18].
Consider a discrete-time system with Bernoulli arrivals. In an interval of length A, a class-i user
arrives with probability A;A, and it leaves the system with probability u;s;A, s € S (with S the
capacity region as defined in Section 2). We are interested in policies with exponential switching
curves, ie., s = (1,0) if Ny < eN/7, and s = (¢1, ¢2) if Ny > eN/7 and Ny > 0. When A — 0,
this approximates the continuous-time system with Poisson arrivals and exponential distributed
service requirements. (The user departure rate in the discrete model is p;s;, which is equal to
the user departure rate in the stochastic model.) For a given parameter v of the switching curve,
denote the state at time k by N, (k), i = 1,2.

Following the reasoning in [18] we consider different realizations of the queue length process,
indexed by a superscript r € N. We take as initial point n” = (yIn[rnsg], [rn2]) and as time
horizon r - D for some fixed D with ng > D. We then write E( Z:Do N{"(k) + NJ"(k)) =

Zi:1 V,;Y (n") with

r-D
=Y E(N]"(K))
k=0

r-D

1_
V(") =) (nh+ k(X2 — . 2L 1sea)),
k=0
r-D Lisc
Vi) =S —LE2_(nf —E(N)"(k))),
7o) Zm(l_q)< [~ BV (1)
7D
(6] —|- Co — 1 ,
Z ———E(]"),
k=
where v = Zﬁl;lo LNy (m)=0) is the number of times the process serves class 2 individually.
Sincec; < p1 <land py <1-— —(1 —c1), we can use the large-deviation results in [18] to show
that
V(n") = Dryln(r) + O(r),
[ee]
Vo' (n") =7 / (n1(t) +n5(t))dt + O(r),
0
Vi'(n") = O(r)
c1+eco—1 _B(A
VI(n") = po T = p2=A( )‘YJrO(l)7

as r — oo, with B(A) = In(£: 11 “;\ClAA) and n*(t) the optimal fluid trajectory corresponding to
initial state (0,m2). As explained in [18], setting the value of  larger than 1/3(A) gives good
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second-order asymptotics. The condition that + should be large enough is natural: Setting the
value of v near 0 would almost everywhere give priority to class 1, a strategy that we know can
perform poorly. In our numerical experiments in Section 6.2 (for the continuous-time setting),
this is indeed observed for large loads, as the performance severely degrades for small values of
(see Figure 12). For large values of 7, performance is also suboptimal: When v > 1/5(A), the
second-order term is given by D~yrlnr, so that it is not attractive to choose v too large either.
However, performance turns out to be less sensitive to small changes in ~ for large values of ~,
see also our numerical experiments in Section 6.2.

Letting A — 0, we have lima—0 8(A) = In(£+). Choosing as estimate v = 1/In(£}) in the
continuous-time system proves to be a reasonable rule of thumb in all our experiments, see
Section 6.2.

5 Heavy-traffic regime

One of the goals of this paper is to describe policies that approximate optimal policies rather
well (in cases where an optimal policy could not be determined explicitly). In Section 4 we
did so by considering a simpler (fluid) model that only took into account the mean drifts. We
proved that certain policies are asymptotically fluid optimal, and therefore are potentially close
to optimal in the original stochastic model as well. In this section we discuss another approach
to obtain policies that are in some sense approximately optimal: We review optimality results
available in the literature for a heavy-traffic regime (when the system is close to saturation).
These results can be used as approximations for the original system when the load is rather
high, however, there is no guarantee for the performance of these policies in moderately-loaded
systems. Therefore, in Section 6 we numerically compare (under moderate load conditions)
the performance of the policies that are optimal in heavy traffic with our asymptotically fluid
optimal policies. Note that both of these policies are motivated by a certain asymptotic regime,
and beforehand it is unclear how well they perform outside these regimes.

(07M2) /
(M101,M262)

(11,0)

Figure 7: Stability set.

We know the system can be kept stable when (4) and (5) are satisfied. Equivalently, we may say
that the system can be kept stable when the vector (A1, A2) lies in the interior of the stability set
as depicted in Figure 7. The system is said to be in heavy traffic when the vector (A1, A2) lies
on the northeast boundary of the stability set in Figure 7. In addition, the complete resource
pooling condition is satisfied if the outer normal, 7, to the stability set at that A is unique up to
scaling and all its coordinates are strictly positive, i.e., (A1, A2) is such that \; > 0 for i = 1,2
and (A1, \2) # (u1c1, pace). More precisely, the parameters of a heavily-loaded system under the
resource pooling condition correspond to one of the following two regions (see also Figure 7):

e Region A: po =1 — ’;—1(1 — ¢9) and py > c9, ¢1 > p1. The outer normal vector to a point

in this region is n = (u2(1 — ¢2), p1c1).
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e Region B: p1 =1 — —(1 —¢1) and p; > c¢1, ¢a > pa. The outer normal vector to a point
in this region is n = (ILLQCQ,/.Ll(l —c1)).

Recall that our model may be viewed as a parallel two-server model, see Remark 2.1. Policies
that are in some sense asymptotically optimal in a heavy-traffic setting with complete resource
pooling have been investigated in among others [5, 6, 24, 32]. In Section 5.1 we briefly state
the results of Bell and Williams [5, 6]. They prove that threshold-based policies asymptotically
minimize the (scaled) total number of users in heavy traffic. In Section 5.2 we recall the definition
of Max-Weight policies (or Gep-rule) and describe the results concerning their behavior in heavy
traffic as obtained by Mandelbaum and Stolyar [24, 32].

5.1 Threshold policies

Bell and Williams [5, 6] have investigated the parallel-server model (with an arbitrary number
of servers and classes) with i.i.d. interarrival times and service requirements, and with FCFS as
intra-class policy. (In the case of exponential service requirements, the behavior of the system is
independent of the non-anticipating intra-class policy.) In this section we collect results specific
for the parallel two-server model. Their model is in fact a slight variation to the model we
consider in this paper. First, in their model, once a server starts serving a user, this user has
to obtain its full service from this server. Secondly, their model has slightly different behavior
near the boundaries: when N; = 1, their model can have a departure rate of at most u;c; for
class 7, since a single user cannot be served simultaneously by the two servers. In the model we
consider, we can have a departure rate of u;.

Bell and Williams [5, 6] consider a sequence of parameters indexed by 7, u! and A} (p] = %),
with A — X\, i — p; such that A\j, Ao, u1 and po correspond either to Region A or Region B.
An additional condition involves the rate at which the system converges:

lim \/rul(p] —p;) =60;, with 6; €R, i =1,2.
r—00

Let N"(t) be the number of class-i users in the 7-th system under policy 7, and let NJ7"(t) =
N (rt)
NG

7

be the diffusion scaled number of class-i users. It is assumed that the system is initially

empty. Define J(n E(fy~ e SH (N (t) + N3 (t))dt) where € > 0 is a constant. In [5, 6], a
sequence of pohcles 7" is called asymptotzcally optimal in heavy traffic when lim,_, o jr(frr) <
liminf, o0 J "(x") for any sequence of policies 7.

When p1 < cqp1 + copio, the optimal policy is to serve both classes in parallel whenever possible.
This remains valid in heavy traffic. For p1 > c1pu1 + copo the following result holds:

Proposition 5.1 ([6]) Assume py > cip1 + capz, ¢1 + c2 > 1 and consider a heavy-traffic
setting with complete resource pooling.

e If (p1,p2) corresponds to Region A, then the policy that serves classes 1 and 2 in parallel
whenever possible, is an asymptotically optimal policy in heavy traffic.

e If(p1,p2) corresponds to Region B, then the sequence of threshold policies that gives priority
to class 1 when Ny > cln(\/r) (with ¢ large enough), and that otherwise serves classes 1
and 2 in parallel, is asymptotically optimal in heavy traffic.

Denote by Th(r) the minimum value for the threshold Th such that the r-th system is stable
under the threshold policy that serves class 1 individually when Nj(t) > T'h and serves classes 1
and 2 in parallel otherwise. In [34] it is shown that any threshold Th with Th > Th(r), makes
the r-th system stable. In addition, Th(r)/In(y/r) — ¢ for some constant ¢ > 0. This shows
that the threshold ¢ - In(/r) in the above proposition is of a minimum order.
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In Section 6.2 we will evaluate the performance of threshold-based policies in the moderately-
loaded case, and compare it with the optimal policy found numerically, and with the asymptot-
ically fluid optimal policies as we proposed in this paper.

5.2 Max-Weight policies

In this section we summarize results on Max-Weight policies cf. [24, 32]. For a parallel-server
system with K classes and L servers, the Gep-rule (Max-Weight policy is a special case of this)
is defined as follows. When server [ becomes free, it starts serving a user from class k such that
k = arg max; 11, C](N;), and serves this user until it leaves the system. Here y;; is the departure
rate of class-i users when served by server [, and the function C;(N;) can be interpreted as the
cost of having NN; users in class ¢. In order for the heavy-traffic results to hold (which will be
stated later on), the function C;(V;) needs to satisfy certain conditions as specified in [24]. In
particular, the second derivative needs to be strictly positive and continuous in (0,00). This
excludes the function C;(N;) = N;, which would be needed to minimize the total number of
users. We will focus on functions of the type C;(N;) = %NZTBH, with parameters 5,v; > 0,
which do satisfy the conditions. These cost functions correspond to the Max-Weight policies.
An important property of the Max-Weight policies is that they maintain a stable system under
the necessary stability conditions [32].

Mandelbaum and Stolyar [24] consider i.i.d. inter-arrival times and service requirements. They
consider a sequence of systems indexed by r, AI, with A — A;, and keep p;; fixed. The param-
eters \; and pu; are such that the system is in heavy traffic and the complete resource pooling
condition is satisfied. In addition, lim,_,o /r(A]—X;) = 6;, with §; € R, i = 1,..., K. The initial

state converges under the diffusion scaling such that lim,_, N\%O) = m; with (fylmf e ,me%)

proportional to (71,...,nK).

The authors of [24] focus on policies with FCFS as intra-class policy, and once a user is taken
for service by a server, this user cannot be served by any other server. The next proposition
states the results for the Max-Weight policy, which will be denoted by MW . In particular, for
a heavy traffic setting it states that the Max-Weight policy minimizes (under diffusion scaling)
both the cost, >, C;(N;(t)) = >, 7i - (N;(¢))?*!, and the “virtual” workload, Y, 7:N;(t), at all
times. As before, n is the outer normal vector to the stability set.

Proposition 5.2 ([24]) Consider a heavy-traffic setting with complete resource pooling. For
any policy  that is allowed in the framework of [24] (as described above), it holds that

limian% . (N-WT(t Al > lim Z% MWT t))6+1>

¢ r—00

and,

T—00

lim infz N (t) > lim Z N, MW "(
i

for all time t. In addition, the vector

. rMW, r MW,
Tim (71 - (V7 (@), (VR (1)), (42
is proportional to (n1,...,NK).
The result that the vector in (42) is proportional to (n1,...,nk), is referred to as a state space

collapse, since the dimension of the K-dimensional process decreases to one.
Note that the Max-Weight policy does not minimize the total number of users, since 8 must
be strictly positive. However, the Max-Weight policy can be used to come close to this setting,
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for example, by setting 5 > 0 very small and 7, = 1,7 = 1,..., K. An alternative option is by
making use of the fact that the Max-Weight policy does minimize the (diffusion-scaled) virtual
workload ), 1;N;(t). Hence, when trying to minimize the total number of users among the
Max-Weight policies, it is best to set the parameters (v;’s and ) such that NMW (¢) is as large
as possible, where k is such that n > n; for all i # k. For this reason, in [24] it is suggested
that in heavy traffic a good choice for the parameters is 8 = 1, 7, = 1, i # k and vy = e,
with €; > 0 small, since the state space collapse result implies that then N,f,\/[ W (t)
relatively large compared to NMW (t),i # k.

The model that we consider in this paper, is closely matched? by the parallel two-server model
as considered in [24] when taking 11 = pic1, o1 = po(l —c2), w12 = p1(l —¢1) and poy = pocs,
see Remark 2.1. When ¢; + ¢co > 1 and ¢; < 1, the corresponding Max-Weight policy is as
follows:

will become

1
e Serve class 1 when Ny < (%) 7 Ni.

1 1
e Serve classes 1 and 2 in parallel when (%) PNy < Ny < (ﬁ%) “ Ny

1
e Serve class 2 when (%) ’ Ny < Ns.

Hence the Max-Weight policy has two linear switching curves. In Figure 8 these switching

1
( C1p171 )ENI _ N2

(1—c2)p2y2
v
(—cmm | #
—C
N, ~ (SS) M=,
/ combined
class 2
class 1
Ny

Figure 8: The Max-Weight policy.

curves are plotted. Note that in heavy traffic, the state space collapses to the line Ny =

3 1
(7(12};;3;79 ” Ny if we are in Region A and to the line Ny = (%) ? Ny if we are in

Region B.

2Note that the two models are not exactly equivalent since the possible allocations in states with N; = 1, for
an i = 1,2, are not identical.
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Figure 9: Optimal switching curve when a) p; < c1, p2 < ¢, b) p1 < ¢; and py > ¢o and c¢)
p1 > c1 and po < ca.

In Section 6.3 we will investigate the performance of the Max-Weight policies in the moderately-
loaded case, and compare it with the optimal policy found numerically, and with the asymptot-
ically fluid optimal policies as we proposed in this paper.

6 Numerical results

An average-optimal policy for the original stochastic model can be computed numerically by
value iteration using appropriate truncation of the state space. Figure 9 illustrates for various
scenarios that an optimal policy is characterized by a switching curve. We note that finding
these optimal curves numerically was extremely time-consuming. Figures 9 a) and b) consider
the setting p; < ¢;. We see that the switching curve is linear and coincides exactly with the
asymptotically fluid optimal switching curve h(Ny) = aﬁ—le from Proposition 4.11. Figure 9 ¢)
corresponds to a scenario with p; > ¢; and illustrates that then an optimal policy resembles an
exponentially shaped curve, which agrees with Conjecture 4.12. In the remainder of this section
we will assess the gains that can be achieved by choosing the best switching-curve policies.

6.1 Linear switching curve policies for p; < ¢;

In Figure 10 we focus on the case p; < ¢; and plot the mean total number of users under policies
with a linear switching curve h(Nj) = dN; (obtained by simulation). On the horizontal axis we
vary the value of d. Note that d = 0 corresponds to always serving both classes in parallel. When
the slope grows large (d — 00), the policy gives higher priority to serving class 1 exclusively
(whenever present). Note that strict priority for class 1 leads to instability if p; + p2 > 1, which
can be the case even if the stability conditions (4) and (5) are met. The two graphs on the left
in Figure 10 correspond to a moderately-loaded system. There we also plot the optimal policy
found numerically by value iteration. We observe that when the parameter d is chosen well, the
linear switching curve policy coincides with the optimal policy. The two graphs on the right
in Figure 10 represent a heavily-loaded system. We did not determine the optimal policy for
this parameter setting, since this is extremely time-consuming. Choosing d very large implies
that the mean number of users will be large (since p; + p2 > 1). It seems that a good choice
for heavily-loaded systems is d = 0, i.e., always serve both classes in parallel. In a heavy-traffic
setting with p1 < ¢1 (and necessarily ps > co while py + £22(1 — c2) — 1) we see that the policy
that always serves both classes in parallel is also the asymptotically optimal policy as found
by both the fluid analysis (since then « = 0, so the slope is equal to 0) and the heavy-traffic
analysis.

In Figure 11 we repeated the experiment for different parameter choices to illustrate that the
relative differences in performance between the optimal linear policy (obtained numerically by
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Figure 10: Mean total number of users for policies with a linear switching curve. The marker in-
dicates the optimal slope for the fluid approximation. The two graphs on the top row correspond
to cases with p; < ¢; and ps < ca. The lower graphs have p; < ¢; and p2 > co.

value iteration) and the strategy that maximizes the service capacity at all times (slope d = 0)
can be quite significant.

An important observation in Figures 10 and 11 is that the asymptotically fluid optimal policy
as found by the fluid analysis in Section 4 (denoted in the figures by “optimal slope fluid”) is
always close to optimal and performs very well.

In the two graphs on the right in Figure 10, we observe that the total mean number of users
grows linearly in d as d — co. In the following remark we provide intuition for this effect.

Remark 6.1 Consider the policy with a linear switching curve h(N1) = dNy. If d tends to oo,
then the system dynamics tends to a priority queue where class 1 is given preemptive priority.
When p1 + p2 < 1, this policy is stable, and we indeed observe in the two graphs on the left in
Figure 10 and in Figure 11 that the mean number of users will converge to a constant. However,
when p1 + p2 > 1, this policy is not stable, and E(Ny + N) will grow infinitely large as d — oo.
The two graphs on the right in Figure 10 suggest that the mean number of users grows linearly
i d as d — co. This can be intuitively understood as follows.

Conditioned on jd < Ny < (j 4+ 1)d, class 1 has as departure rate picy if Ny < j, and py other-
wise. For a given j, let w(j) denote the equilibrium distribution for the process with departure
rates as described above. Hence, 7;(j) = Wo(j)(%)i if i <j and m(j) = Wo(j)(’z—i)jpzl_J if i > 7.
If d is large, we assume that class 1 reaches equilibrium during the time that jd < Ny < (j+1)d.
Then the mean departure rate for class 2 is pa(j) := pomo(j) + p2ce Y 1y mi(j) (when jd < Ny <
(j+1)d), since both classes are served in parallel whenever No > dNy. It can be checked that this
is increasing in j, hence there exists a j* such that ps(5* — 1) < Ao < uo(j3*) (for convenience
we define pa(—1) = 0). Note that j* > 0, unless p1 + p2 < 1. Hence, if jd < Ny < (j+ 1)d with
j < j*, then the mean drift in class 2 is positive, and the probability that the increase in No is
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Figure 11: Mean total number of users for policies with a linear switching curve. The marker
indicates the optimal slope for the fluid approximation.

O(d) tends to 1 as d — oo. If jd < Ny < (j + 1)d with j > j*, then the mean drift in class 2 is
negative. Hence, the probability that the decrement of Na is of order O(d) tends to 1 as d — oo.
It is therefore plausible that the process No/d will most of the time be around the level j*.

If the region (j* + 1)d < Ny is not reached (which is not a strong assumption, since this region
will be rarely visited as d — o), then the number of class-1 users can be upper bounded by the
number of class-1 users in a system with departure rates picy if N1 < j* and p1 otherwise. Since
7% does not depend on d, the upper bound for the number of class-1 users does not scale with d.
For the parameters used in the graph on the top right in Figure 10, the j* is equal to 2. We
observe in the figure that E(Ny)/d indeed converges to 7* = 2 and that E(Ny) does not scale with
d. For the parameters that belong to the graph on the bottom right in Figure 10, the j* is equal
to 1. In that case too, we observe in the figure that E(N2)/d indeed converges to j* = 1 and that
E(Ny) does not scale with d.

6.2 Exponential switching curves and threshold-based policies for p; > ¢;

In Figure 12 we consider several parameter settings with p; > ¢1, and plot the total mean
number of users under policies with switching curves of the shape h(N;) = eN/7 (obtained by
simulation). On the horizontal axis we vary the value of . Note that when ~ grows large,
this tends to the policy that always serves both classes in parallel. We observed that the best
choice for the parameter ~, delivers virtually the same performance as the optimal policy (found
numerically by value iteration). In Conjecture 4.12 it is stated that exponential switching curves
are asymptotically fluid optimal. The large-deviation analysis further suggests that v = m
is a safe choice, see Section 4.3 (denoted in the figures by “rule of thumb”). In the three graphs
on the top row in Figure 12 this corresponds to v = 8.5. We observe that in fact the better
choices for the parameter v are smaller than 8.5. Still, the large deviations result gives a safe
estimate (the policy is stable) with better performance than the capacity-maximizing strategy
(serving both classes in parallel whenever possible, i.e., ¥ — 00). In the three graphs on the
last row in Figure 12, the rule of thumb is equal to v = 2.5. In this case, the rule of thumb is
very close to the optimal performance. In general, in all our tests we observed that the rule of
thumb for v proves to be a reasonable choice.

Recall that when p; > ¢, a threshold policy is asymptotically optimal in a heavily-loaded
system. That is, both classes should be served in parallel whenever the number of class-1 users
is below or equal to some threshold T'h > 0. When the threshold grows large, this coincides with
the policy that always serves both classes in parallel. In Figure 12 we consider a moderately-
loaded system. We vary the value of the threshold Th, and plot the mean total number of
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Figure 12: Mean total number of users when p; > ¢; and py < c2 for policies with exponential
switching curves (as a function of ), and for threshold policies (as a function of Th).

users (obtained by simulation). For certain small values of the threshold, the threshold policy
performs rather well. However, when the threshold is chosen too small, the performance of the
system can degrade considerably. In fact, for a system with large loads (p1 + p2 > 1), the policy
with Th = 0 is unstable. In the two graphs on the right in Figure 12 (where still p; + p2 < 1)
we already see that the total number of users doubles when the threshold is set equal to 0.
In [33] the authors propose a method to obtain estimates for the value of the threshold. For
transparency of presentation, we do not describe this method here. For the settings in Figure 12
we have calculated the estimates for the threshold using their method (denoted in the figures
by “Approx. for threshold”). We see that in the figures on the top, the approximation for the
threshold matches exactly with the best threshold value. However, in the figures on the bottom,
the approximation of the threshold is too small, which results in severe performance degradation
in case of high loads (p1 = 0.45, po = 0.5).

In general, for the case p; > ¢ our fluid-based method (rule of thumb) proved to be a rather
safe option, while threshold policies (using the approximation in [33]) may sometimes perform
better, but can also be far from optimal. Although this is supported by a rather extensive set
of experiments, it remains as a challenge to provide a theoretical basis for the robustness of
fluid-based policies.

6.3 Comparison with Max-Weight policies for moderate loads

As stated in Section 5.2, Max-Weight policies can be close to optimal in a heavy-traffic setting.
In this section we investigate the performance of the Max-Weight policies in a moderately-loaded
system and compare this to the performance of the asymptotically fluid optimal policies as found
in this paper. We need to distinguish between whether pic1 +paco > 1 or pier +pace < p1. We
will see that in the second case the fluid-based policies can outperform the Max-Weight policies,
and that the parameter choices for the Max-Weight policies as suggested by the heavy-traffic
results are not necessarily a good choice in a moderately-loaded system.
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Case picy + paco > 1

From Section 3.1 we know that when pyc; + poca > p1, the policy which serves classes 1 and 2
in parallel whenever possible, stochastically minimizes the total mean number of users present
in the system. Note that when pic; + pace > pp, the Max-Weight policy with 73 = 79 = 1 and
B close to zero, will almost always serve both classes in parallel. Numerically we observed that
the Max-Weight policy (with 71 = 2 = 1 and S close to zero) turns out to be very effective and
nearly matches the optimal performance. For this reason, we have not included any graphs for
this case.

Case p1c1 + paca < pi

When p1¢1 + poce < p1, the asymptotically fluid optimal policy we proposed is described by a
switching curve h(N7) (either linear or exponential), where class 1 is served in states below the
switching curve, and classes 1 and 2 are served in parallel in states above the switching curve.
We compare these policies with Max-Weight policies. We choose the parameters as described
in Section 5.2. So we take 71 =y =1 and 8 = 10~%. When w1 > po and pic + poce < i,
we have 11 < 12, both in Region A and in Region B of Figure 7. Hence, we will also consider
Max-Weight policies with 1 = 1, 72 = €3,€5 > 0, and 5 = 1.

In Figures 13 and 14, we compare (by simulation) the performance of the Max-Weight policies
with the performance of the best linear or exponential switching curve policies. On the horizontal
axis we vary ez and on the vertical axis we plot the total mean number of users under the
various policies. First of all, we note that in both Figures 13 and 14, the Max-Weight policy
with 8 = 107* and ~; = 1, i = 1,2, performs rather poorly. This is not surprising, since if
pict + paca < i, then the Max-Weight policy (with 8 = 10~ and 7; = 72 = 1) will almost
always serve class 1 individually, which is far from optimal.

p,=0.3,p,=0.3, 11,=10, j1,=1, ¢,=0.6, ,=0.6

p1:0.2, p2:0.6, p1:2, uzzl, c1:O.7, c220.5
T T T T

w
Y

w
=)
T

12r Max Weight: y=(L,), B=1 | |

w
&)

Max Weight: y=(1,1), p=10""| |
= = = optimal linear policy

IR
H
©
T
w
>
T

Max Weight: v:(l,az), B=1

w
w

“““ Max Weight: y=(1,1), B=10""
= = = optimal linear policy

E(N J+E(N,)
w
N

E(N)+E(N,)
-
.
=<

w

-

I
N
3
T
w

N
©
T

R T LR LR L LR L L LR EEEEEEEEEEEEES

g
©

N
Y

Figure 13: Mean total number of users under Max-Weight policies and under the optimal linear
switching curve, with pic; + poce < py and p; < cy.

For the parameters as in Figure 13 a), the fluid approximation suggests that if Ny < 1.8,
then serve class 1, and otherwise serve both classes in parallel. Numerically, we found that this
is also the best linear policy for the stochastic model. The Max-Weight policy (with § =1 and
v = (1,€2)) will serve class 1 most of the time, since that is the prescribed action in states such
that Ny < G%Nl. From the figure, we see that this is only 5% worse than the optimal linear
policy. For the parameters as in Figure 13 b), the fluid approximation serves always classes 1
and 2 in parallel. Numerically, we found that this is also the best linear policy for the stochastic
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Figure 14: Mean total number of users under Max-Weight policies and under exponential switch-
ing curves, with pic; + poce < 1 and p; > c.

model. The Max-Weight policy (with 5 =1 and v = (1, e2)) however, serves class 1 individually
as soon as Ny < %Nl. These states will be visited more often when ey | 0. In the figure,
the performance degrades from 15% worse (e2 = 1), to 30% worse (e2 | 0), compared with the
optimal linear policy.

In Figure 14 the parameters are such that Conjecture 4.12 implies an exponential switching
curve. We plot the performance of both the best exponential switching curve (determined
numerically), and of the exponential switching curve where 7 is set according to the rule of
thumb, ie., v = m = 348. For pu; = 10, the Max-Weight policy (with 8 = 1 and
v = (1,€2)) is about 15% worse compared with the best exponential policy. For p; = 2, it is
close to optimal when ez = 1, but the performance degrades when e | 0. Observe that in both
cases the policy with an exponential switching curve where ~ is chosen according to the rule of
thumb, performs rather well. We have also calculated the performance of the threshold policy
as suggested in [33]. For the setting of Figure 14 a) it suggests a threshold equal to 0, in which
case there are approximately 2.8 users in the system. Hence, the proposed policy does not give
good performance. For the setting of Figure 14 b) it suggests a threshold equal to 1, in which
case there are approximately 2.68 users in the system. This is rather close to optimal.

7 Conclusion and future work

We have studied optimal policies for systems that have capacity gains when serving users in par-
allel. Fluid limit analysis indicates that asymptotically fluid optimal policies can be characterized
by either linear or exponentially shaped switching curves. The results yield directly usable es-
timates for efficient policies in the stochastic setting, comparing favorably with threshold-based
policies and Max-Weight policies for moderately-loaded regimes. A proof of Conjecture 4.12
seems within reach, using similar steps as in Lemma A.3 in [17]. At this stage we did not
succeed to formalize the required martingale inequality used there.

Several extensions to this work are of interest. For example, it is interesting to investigate
how our results change if the capacity is also favorably affected by the numbers of users within
each class. For example, in wireless networks the aggregate transmission rate increases with the
number of users, due to opportunistic scheduling that exploits multiuser diversity [21].

An intermediate step that is of interest on its own would be to consider our current model with
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several possible service capacity vectors when serving classes in parallel. For example, if in
addition to the service capacities ¢; and co we can choose d; and ds that are not in the convex
hull depicted in Figure 1.

A third direction of interest is to study our model with more than two classes. This could also
serve as an intermediate step towards handling multiuser diversity gains as mentioned above,
which is presumably more difficult to handle. These issues will be addressed in on-going and
future research.
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Appendix A: Proof of Lemma 3.2

The proof is by induction on the time index k. For & = 0 the statement holds. In order to apply
induction, assume it holds for Z = V. We show that it holds for Z = Vj, 1 as well.
In the remainder of the appendix we show that

(1 + p2)Vip1 () + pac1 Vi1 (z — e1) + paca Vi1 (o — e2)
< 1 Vig1 (@) + p2Vipr (z — e2) + (pacy + pacz) Vi () (43)

is indeed satisfied. The proof of

(11 + p2)Viep1 () + prer Vi ( — e1) + paca Vi (z — e2)
< Vi1 (z — e1) + p2Vig1 (@) + (paer + paco) Vi (o)

follows exactly the same steps, but with the role of class 1 and class 2 interchanged.
First assume z1 > 0 and o = 1. By definition of the function Vj11(-) (see (7)), we can write

p2Vir (1, 1) + piei Vg (21 — 1,1) 4+ poca Vi1 (21, 0)
< pa[MVi(zr +1,1) + Ao Vi(21,2) + py Vi(z1, 1) + p2Vi(21,0) + (1e1 + pac2) Vi(z1,1)]
+ Hici [/\1V]€(l‘1, 1) + )\QVk(l‘l — 1,2) + ka(azl — 1, 1) + /lzvk(xl — 1,0)

+ (p1cr + poco)Vi(zq — 1,1)]

+ ,UQCQ[)\le(l‘l + 1,0) —+ )\QVk(x‘l, 1) + uﬂ/k(a:l — 1, 0) + ,UQVk(.I‘l,O) + (,ulcl + MQCQ)Vk(.Tl, 0)]

(44)
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Rearranging terms in (44), gives

AfpaVi(zr + 1,1) + e Vig(x1, 1) + paca Vi (1 + 1,0)]

+ AofpoVi(z1,2) + pie1 V(1 — 1,2) + poca Vi (21, 1)]

+ p 2 Vi(x1,1) + pre1 Vi (z1 — 1,1) + pocaVi(x1, 0)]

+ (H1cr + poca)[p2Vi(@1,1) + prerVi(zr — 1,1) + pacaVi(21, 0)]

+ palpe Vi (x1,0) + pocaVi(x1,0))

+ papz((er + e2)Vi(z1 — 1,0) = e2Vi (21, 0)]. (45)

Since Vi (+) is increasing in z; (see Lemma 3.1), ¢; + ¢ > 1, and since (8) holds by induction
for Vi (+), equation (45) is less than or equal to

A[p2Vi(z1 +1,0) + (paer + poc) Vi(z1 + 1,1)]
+ Xo[paVi(z1, 1) + (p1c1 + poca)Vi(x1, 2)]
+ pa[paVi(21,0) + (paer + poco) Vi (21, 1)]
+ (u1c1 + poco)[p2Vi(x1,1) + pre1 Vi (zg — 1,1) 4+ poca Vi (21, 0)]
+ polp2Vi(x1,0) + pacaVi(x1,0)]
+ prpzf(cr — 1)Vi(21,0) + Vi(z1 — 1,0)]
= po[MVi(z1 +1,0) + Ao Vi(z1,1) + p1 V(21 — 1,0) + (p2 + picr + pocs)Vi(x1,0)]
+ (mer + pac2) (M Vi(z1 + 1,1) + Ao Vi(21,2) + (1 + p2) Vie(21, 1)
+ i1 Vi(zr — 1, 1) + poca Vi (21, 0)], (46)

where in the last step we rearranged the terms. Since (8) holds by induction for Vj(-), equa-
tion (46) is equal to puoVii1(z1,0) + (u1c1 + poce)Viri(x1,1). Hence, (43) is proved.
Now assume x; > 0 and z2 > 1. By definition of Vj41(-) we can write

p2 Vi1 (x) + pre1 Vipr (z — e1) + paca Vi (z — e2)
< po[MVi(x 4+ e1) + AaVi(x + e2) + 1 Vi(x) + poVi(z — e2)
+p1e1 Vig(x) 4+ pocaVi(x)]
+prer[MVi(x) + AaVi(x — e1 + e2) + 1 Vi(x — e1) + paVi(z — e1 — e2)
+u1e1Vi(z — e1) + pacaVi(z — e1)]
+uoca2 (M Vi(x + €1 — e2) + A Vi(2) + 11 Vi (z — e2) + poVi(x — 2e2)
+pie1 Vig(x — ea) + pacaVi(z — e2)] (47)

Rearranging terms in (47), gives

At [peVi(x + e1) + prct Vi(x) + pacoVi(x 4 e1 — e2)]

+Xa[p2Vi(x + e2) + prc1 Vi(x — e1 + e2) + paca Vi ()]

+pn[p2Vie(x) + pieiVig(x — e1) + paca Vi (z — e2)]

+h2(p2Vi(z — e2) + pier Vi(x — e1 — €2) + pocaVi(z — 2e2)]

+(p1c1 + paco)[peVi(x) + preiVi(x — er1) + pocaVi(z — ea)]. (48)
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Since (8) holds by induction for Vj(-), equation (48) is less than or equal to

Mp2Vi(x + e1 —ea) + prer Vi(z + e1) + pocaVi(x + 1))
+ o[ Vi (z) + prc1 Vi(z + e2) + pacaVi(z + e2)]
1 [p2Vi(z — e2) + prc1 Vi (z) + paca Vi ()]
+pa[paVi(x — e2) + pici Vi (z — e — e2) + paco Vi (z — 2e)]
+(p1c1 + paco)[peVie(x) + pic V(e — er) + pocaVi(x — e2)]
= o[ M Vi(z + e1 — e2) + MaVi(x) + (1 + p2) Vi (x — e2)
+ure1Vi(z — e1 — e2) + paca Vi (z — 2e2)]
+(pre1 + pac2)[MVi(x + e1) + AaVi(x + e2) + (1 + p2) Vi (2)
+pia Vi(x —e1) + pacaVi(x — ea)], (49)

where in the last step we rearranged the terms. Since (8) holds by induction for Vj(-), equa-
tion (49) is equal to uoVii1(z — e2) + prc1 Va1 (x) + pocoViy1(x). Hence, (43) is proved. O

Appendix B: Proof of Lemma 3.4

We use tT to denote any element in an interval (t, t+4], for a sufficiently small § > 0. Throughout
the proof we use that

Wi(t) > 0 implies W;(t") >0, and that W;(¢) =0 implies W;(t") =0. (50)

This follows since the workload process Wj(t), ¢ = 1,2, is right-continuous and increases only
with an arrival.
Note that S;(t), ¢ = 1,2, is continuous. In order to show relation (9), we therefore consider the
first time instant ¢ such that (9) holds with equality and is violated immediately after time ¢. So
ST(t) = ST(t), and by (1) also W (t) = W (t), while sT(t*) < sT(t1), so that ST(tT) < ST(t1).
Since WY (t) = W{ (t), by (50) and by construction of policy 7 we obtain that s7(t*) > s7(t).
This gives contradiction and hence (9) holds for all ¢ > 0.
Let time t be the first time instant such that either (10) or (11) holds with equality and is
violated immediately after time ¢t. We will show that such a t does not exist. The remainder of
the proof consists of two parts, depending on whether equation (10) or equation (11) is the first
to be violated.
Part I: Assume (10) is the first equation that fails to hold, i.e., ST(t) + S7 (¢
and by (1) also WT () + WI(t) = Wi (t) + Wi (t), while sT(t") + s5(t") < s
that ST(t*) + S7(t+) < ST(t+) + S5 (tT). We will show that

W (t) + W (t) = Wi (t) + Wi(t) implies W[ (t) = W/ (t), i=1,2. (51)

)

By (50) and by construction of policy, W (t) = W[ (t), i = 1,2, implies that s7T(¢*) + s5(t*) >

~ ~ 1
sT(tT) + s3(t1), and hence we reach a contradiction. So let us prove (51).

e We first assume that there is an interval [u,t) in which policy 7 has more work in the
system compared to policy 7, i.e., W (v) + W3 (v) < W (v) + W (v) for all v € [u,t), and
at time ¢, W7 (t) + WI(t) = W (t) + W5 (t). We can choose this interval such that 7 has
made up for the lost capacity in one of the three ways described below. Define M7 (u,t)
as the cumulative amount of time that both classes are served in parallel under policy 7
in the time interval [u,t).

(i) During the interval [u, t) policy 7 has work in the system, while policy 7 has an empty
System.
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(ii) In the interval [u,t) we have M (u,t) > 0, while policy 7 serves class 1 with service
capacity 1. Hence W (v) = 0 and W{ (v) > 0, for all v € [u,t).

(iii) In the interval [u,t) we have M7 (u,t) > 0, while policy 7 serves class 2 with service
capacity 1. Hence W{ (v) = 0 and W (v) > 0, for all v € [u,t).

Note that the three cases are mutually exclusive. We will show that (51) holds for (i),
(ii) and (iii). Although not mentioned explicitly, in all three cases we use that a possible
arrival at time t alters the workload in both systems in the same way. Let ¢~ denote any
element in an interval [t — §,¢) with 6 > 0 sufficiently small.

In case (i) we have W] (t7) = 0 for ¢ = 1,2. Since at time ¢ it holds that W[ (¢) + W3 (t)
W (t)+ W3 (t), we obtain that W7 (¢t~) = 0, i = 1,2. Hence, we have W (t) = W7 (t), i

7

1,2.

In case (ii) we have that W3 (¢”) = 0, hence W (t) < Wer( ). From WT(t) + WQW(IE) =
W (t)+ W3 (t) and W (t) < WT(t) (follows from (1) and (9)), we obtain W (t) > W (t).
Hence, W[ (t) = W[ (t),i=1,2.

7

In case (iii) we have
M7 (u,t)(c1 4+ o — 1) = Wi (u) + W5 (u) — W3 (u), (52)

since the total amount of additional capacity that policy 7 gets compared to policy 7 in
the interval [u,t) (left-hand side in (52)), is equal to the difference in the total workload
at time u (right-hand side in (52)). Since W{ (u) = 0, from (1) and (11) we obtain that
aWi(u) = (1 — co)WT(u) + s Wi (u) < (1 — e2)Wi (u) + ;W5 (u). Rewriting, this gives
Wi (u) < P —L (Wi (u) + Wi (u) — Wi (u)) = ¢t M7 (u,t). Note that ST(¢) — ST (u) >
1M (u,t) and Aj(u,t™) = 0 (since W] (v) = 0 for all v € [u,t)). Together this gives
W) = W (u)+ Ay (u, t7) — (ST(t) — ST (u)) < 0. Since we also know that W (t~) = 0,
it follows that W (t) = W7 (t), and hence W (t) = Wi (t).

e Now consider the case when there is an interval [w, t] such that W (v)+ W3 (v) = Wi (v)+
W3 (v) for all v € [w,t] and W (w™)+ W3 (w™) < Wi (w™)+ W3 (w™). From the previous
case, we obtain that W/ (w) = W7 (w), i = 1,2. Together with the fact that in the interval
[w, t] the total workload is equal under both policies, and by construction of policy m, it
follows that 7 did not serve class 2 individually while 7 serves both classes in parallel.
Hence, W[ (v) = W7 (v) for all v € [w,t], i = 1,2.

7

Part II: Assume (11) is the first equation that fails to hold, i.e., (1 — c2)ST(t) + c155(t) =
(1 — e2)SF () + 1S5 (#), and by (1) also (1 — e)WT (1) + ctWE (1) = (1 — e WE(t) + i Wi (1),
while (1 —c)sT(t1) +c183(tF) < (1 —c2)sT(t1) +e1s5(tF). So that (1 —c2)ST(tH) +¢15F(tF) <
(1—c2)ST(t") +¢155 (tT). With slight abuse of notation, let fi(tT), fa(t"), fo(t7), fo(t™) be the
coefficients that define the capacity vector in the capacity region S under policy 7 at time ¢,
te, (sT(t7),s5(t7)) = ftT) - (L,0) + fo(t) - (0.1) + fe(tT) - (e1, c2) + fo(tT) - (0,0). Note that
1= fi(tT) + foa(th) + fo(tT) + fo(tT). We have the following possibilities:

o If W (t) > 0 and WJ(t) > 0, then by (50) and by definition of policy m we have
(sT(t7),s5(t7)) = f1(t ) (L,0) + (fe(tT) + fo(t7)) - (e, c2) + fo(tT) - (0,0), hence (1 —
e)sT(E) + as3(tF) = (1— ) (A(E) + er(fulth) + folt?) )+ crca(fe(th) + fo(t7)) =
(1 =) (fit") + erfe(t)) + er(fo(tT) + cafe(t?)) = (1 — c2)sT(tF) + 183 ().

o If W[ (t) =0 and WJ(t) > 0, then, by definition, policy 7 serves class 2 individually for a
fraction of time 1— fo(¢*) and otherwise idles. So (1—c2)sT(t7)+c1s5(th) = 1 (1— fo(t)).
Since ¢1 + ¢z > 1, we have that c1(1 — fo(t")) > (1 — e2) fi(t7) + e1(fe(tT) + fo(t7)) =
(1 =) (AlT) + e fet)) + ar(fo(tT) + cafe(tT)) = (1 — c2)sT (1) + crsF (7).

39



o If WI(t) >0 and W (¢) = 0, then we have (1 — co)WT (t) = (1 — co)W{ (t) + ;Wi (t) and
WT(t) < WT(t) (by (9)). Hence WT(t) = Wi (t) and 0 = WJ(t) = W (t). By (50) we
obtain fa(tT) = 0, so by definition of policy m, sT(tT) = sT(t7), i = 1,2.

o If WT(t)+ WJ(t) =0, then 0 = (1 — c2)WT{(t) + et Wi (t). By (50) we have W[ (tT) =
WZ(t*) =0, and hence (1 — c2)sT(tT) + c185(t7) = (1 — ¢2)s5(t7) + 155 (t1) = 0.

For all the four possibilities we reached a contradiction with (1 — ¢2)sT(t1) + e1s5(t1) < (1 —
c2)sT(tT) + c155 (1) and this concludes the proof. O

Appendix C: Proof of Lemma 4.3

We construct policy 7 below. Note that uj () = 0 when n7(t) > 0.
o If nT(¢) > 0 and nj(t) > 0, then uT () = uj(t) + uX(t), uT(t) = uf(t) and uj(t) = 0.

e Ifnf(t) = 0and nj(t) > 0, then u7 (t) = min ( g( )+ ul T (t), %), uT (t) = min (u’f(t),pl — clu’cr(t))
and uj (t) = uf (t) +uf (t) +uj (t) — uf (t) —uf (1)

o If nT(¢t) > 0 and nj(t) = 0, then uT(t) = min (uj (t) + u7(t), %)v uf (t) = ul (t) + uf(t) +
uf (t) — ul(t) and uj(t) = 0.
o If n](t) = 0 and nj(t) = 0, then take u”™(¢) such that p; = ul(t) + c;ul(t), i = 1,2.
Once nJ(t) + nj(t) = 0, policy m will keep the system empty from that moment on (this is
possible since the stability conditions are satisfied). Therefore, we will focus on states with

nf(t) +nj(t) > 0.
For policies m and 7, we will prove the following inequalities:

UT(t) +aUZ(t) > UT(t) + Uz (1) (53)
UT(8) + UF(t) + (er + e2)UI (1) > UT(t) + UZ(8) + (c1 + e2)UZ (2) (54)
(1= Ul (t) + c1(UF () + UZ(t) > (1= e2)UF(t) + ea(UF (t) + UZ (1)) (55)

They are similar to the inequalities of the stochastic model (9)—(11) when setting S;(¢) = U;(t)+
¢;Uc(t). When multiplying (53) by u1 — po > 0 and (54) by pe and adding the two inequalities,
we obtain U (t) + uaUF (£) + (w1 + paca)UZ(6) > mUT () + uaUF (6) + (pner + paca)UZ (1),
By (13) we get nf(t) + nj(t) < nj(t) + n5(¢t) for all £ > 0, which was to be proved. The
remainder of the appendix is devoted to the proof of inequalities (53)—(55). Throughout the
proof, we consider the workload fluid processes w;(-) = n;(t)/u;, i = 1,2.

Note that Uj(t), j = 1,2, ¢, is continuous. In order to show (53), we therefore consider the first
time instant ¢ such that (53) holds with equality and is violated immediately after time t. So
UT(t) + ciUT(t) = UT (t) + c1UZ (), and by (13) also nf(t) = nf(t), while uT (t+) + cpuf (t+) <
uf (t7) + crul (t1), so nf (tF) > nf(tF). Since nf(t+) > 0, by construction of policy 7 we obtain
uf (t) + crul (t) > uf(t) + ciul (t), which gives contradiction. Hence (53) holds for all ¢ > 0.
Let time ¢ be the first time instant that either (54) or (55) holds with equality and is violated
immediately after time ¢t. The remainder of the proof consists of two parts, depending on whether
equation (54) or equation (55) is the first to be violated.

Part I: Assume (54) is the first equation that fails to hold, i.e., UT (t) +UJ (t)+ (c1 +c2)UZ () =
UF(t) + UF (t) + (c1 + c2)UZ (t), and by (13) also w] (¢) + w3} (t) = wf(t) +w} (t), while uT (tT) +
u (7)) + (c1 +ea)ul (t7) < uf(tT)+ul (t7)+ (c1 +c2)uX (t7). In what follows we use the following
implication, which will be proved later on:

wi (t) +wi(t) = wi(t) +wh(t) implies wl(t)=wl(t), i=1,2. (56)
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We now distinguish between three cases: (i) If w](¢7) > 0 and w3 (t*) > 0, then by construction
of policy m, uT(t*) > wZ(t*). (ii) If wl(tT) = 0, then 0 = wT(t)(= w](t)), since wi(-) is
continuous. Policy 7 is able to keep class 1 empty at time ¢+ while # might not, so we have
p1 = uf (tT) +erul(th) > uf(t1) 4+ cru? (7). In particular, u (t+) < p1/c1, and by construction
of policy 7, this implies w7 (¢*) > w7 (¢tT). (iii) If w3 (tT) = 0, then 0 = w} (¢)(= w3 (t)), since
wo(-) is continuous. In a similar fashion as in the previous item, we obtain that u (t*) > w7 (tT).
Hence, in all cases it holds that u7 () > uT (t*). Together with c1+co > 1 and uT(tF)+ud (t7)+
ul (1) = uf (1) + uf (t1) + uX (t1), we can conclude that uf (1) + uf (tT) + (c1 + c2)ul (t+) >
uf (¢7) +u (t7) + (1 + e2)uX (t7), and we reach a contradiction. It now only remains to prove
that the implication in (56) is satisfied. We distinguish between the following two cases:

e Assume there is an interval [u,t) in which policy 7 has more work in the system compared
to policy 7, i.e., wT(v) + wf(v) < wf(v) + wj(v), for all v € [u,t). If the interval is such
that wi(v) > 0 and w3 (v) > 0, for all v € [u,t), then policy 7 can never catch up with 7
(by construction of policy 7). Hence, we can choose the interval [u,t) such that:

(i) For all v € [u,t), wi(v) =0 and w](v) > 0.
(ii) For all v € [u,t), w](v) = 0 and w3 (v) > 0.

Note that the two cases are mutually excluding. We show that (56) holds in both cases.

By continuity of w}(-), in case (i) we have as well w3 (¢) = 0. Hence, w7 (t) = w7 (t)+wj (t).
By (13) and (53) we have w7 (t) < w7 (t). Together this gives w}(t) = 0 (= w}(t)) and
w? (t) = wT(t). Hence, in case (i) relation (56) is proved.

Let M ]” (u,t) = flf u?(s)ds be the cumulative amount of time that activity j occurs under
policy 7 in the time interval [u,t). The total amount of additional capacity that policy 7
gets compared with policy 7 in the interval [u,t) is

(1 + CQ)MZT(U,t) + MT (u,t) + MF (u,t) — (¢ + o) M7 (u,t) — M (u,t) — M3 (u,t)
= (c1 + 2 = 1)(M] (u, t) — M7 (u,1)),

where we used that M7 (u,t) + M7 (u,t) + M3 (u,t) = MT (u,t) + MT (u,t) + MF (u,t).

This is equal to the difference in the total workload at time w, so (¢1 + ca — 1)(M7 (u,t) —
MF(u,t)) = wi(u) + wh(u) — wl(u) — wf(u). In case (ii), w](u) = 0, hence we obtain
from (13) and (55) that cjwj(u) = (1 — c2)wT (u) + cywf(u) < (1 — e2)wf (u) + crw} (u).
Rewriting, this gives

wf (u) < ——(wf (u) + wf (u) — wf(u)) = e (M7 (u,t) — MT(u,1)).  (57)
c1+ ¢ 1
Note that pi(t —u) = g M7 (u,t) + MJ (u,t) (since in case (ii) class 1 is kept empty under
policy 7), and M7 (u,t) > MT(u,t) (by definition of policy 7). Together with (57) this
gives

Wi (8) = wf (u) + pr(t — w) — er M7 (u,£) — MF (u, ) < 0.
(

By continuity of w]
from wT (t) + w3 (t)

(u
), in case (ii) we have as well w] (t) = 0. Hence it follows immediately
= w] (t) + w}(t) that wl(t) = wl(t), i =1,2.

e Now consider the case when there is an interval [v,t] such that w7 (u) + w3 (u) = wf (u) +
wh (u) for all u € [v,t] and wT(v™) + w5 (v™) < wi(v™)+wj(v™). From the previous item,
we obtain that wf(v) = wf(v), i = 1,2. Together with the fact that in the interval [v, ]
the total workload is equal under both policies, and by construction of policy , it follows
that 7 does exactly the same as policy 7. Hence, wT (u) = w (u) for all u € [v,t], i = 1,2.
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Part IT: Assume (55) is the first equation that fails to hold, i.e., (1 — c2)UT(t) + 1
UZ(t)) = (1 — e)UT () + e1(UF(2) + UZ (), and by (13) also (1 — ea)wf(t) + cywf (£) =

62)w1 t) 4+ cywi (t), while (1 — e2)uT (t7) + 1 (uf () +uT (t1)) < (1 — c)uf (t7) + 1 (u

ul (t1)). We have the following possibilities:
f

) =
(
)
I > 0 and w3 (t*) > 0, then by definition of policy m we have (1 — co)uT(t") +
+ug(th)) = (1= cui (1) + er (Wi (£7) + ug (7).

=0 and wi(t*) > 0, then we distinguish between the following three cases:
c1(u

T(t1) +ul(t1)), then uT(t7) = 0,uf (t1) = uf(tT) +uf (¢F) +uf(¢tT) — 2

C1

|E N

. Since ¢; + ¢ > 1, we have

(1= e2)uf (t7) + e (uf (t7) +ul (t7)) = er(uf () + uf () +uZ (7))
> (1= e)uf (tF) + e (uf () + ul (7).

If e (uf (1) + uf(th)) < p1 < uf(th) + Cl(f%( ) + uZ(t")), then uf(th) = p
 (u5 (¢ ) FuE(E), ag () = ul () — pr + e (u () + uZ (£)) and wT () = uf (£
uT (t1). Together with ¢; + ¢ > 1, we obtain

(Lea)uf (t7) + e (uh (£7) +ug (t7))
= (1 —c)(p —er(uz (1) +uZ (t1))) )

+er(uf () +uz (1) +u (t+) — p1+er(uf(th) +ul (t1)))

(1—c1—ca)p1 +erler + o) (us () +ul (1)) + eruf (tF) )

(1 —c1 = ) (uf (t%) + 1 (W (t7) +ul (t))) +cier + e2)(uh (1) + uZ (1)) + eruf (t7)

(1= e2)uf (t) + ea(uj (¢7) + uZ (t1)).

vl

(iii) If u{r(tf) + e (Ul (tT) +uX (t1)) < p1, then T (t7) = u?(t+),u§(t
T) +ug(th). So we have (1 — ea)uf (t7) + er(uf (tF) + uZ (t™))
cr(uf (1) +uZ (t1)).

(1—c2)wT (t) = (1—co)w] (t) +crwh (t). Since also wf () < wi (t), this gives wT (t) = wf (t)
and 0 = wi(t) = wi(t). Note that when wi(t*) = 0, then uj (tT) + coul (t7) = po. If
instead w3 (t7) > 0, then u} (t1) + coul (t7) < uf(tT) + cou¥ (tT) = p2 (the inequality
follows from 0 = w3 (¢) = wj(t), and the fact that policy 7 is able to keep class 2 empty
at time ¢+, while policy 7 is not). Hence, it holds that w3 (t*) + coul (t7) < pa (so also
uf (P +ul (t1) < £2). By construction of policy m, this implies u (t*) = uf () +uf (t1),
uT(t7) = uf(tT) and u(t*) = 0. Hence, (1 — co)uT(t+) + c1(uf(tH) + uF(t1)) = (1 —
ca)uf (t7) + e (uf () + uf (1)),

For all the three possibilities we reach a contradiction with (1—c2)uT (t1)+¢q (uf (¢T)+ul (t1)) <
(1 —c)uf(tY) +cr(ul () + w7 (t1)) and this concludes the proof. O
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