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HOMOGENEOUS SINGULARITY AND THE ALEXANDER POLYNOMIAL OF A
PROJECTIVE PLANE CURVE

NGUYEN PHU HOANG LAN, PHO DUC TAI, AND LE QUY THUONG

ABSTRACT. The Alexander polynomial of a plane curve is an important invariant in global theories
on curves. However, it seems that this invariant and even a much stronger one the fundamental
group of the complement of a plane curve may not distinguish non-reduced curves. In this article, we
consider a general problem which concerns a hypersurface of the complex projective space P™ defined
by an arbitrary homogeneous polynomial f. The singularity of f at the origin of C"**! is studied, by
means of the characteristic polynomials A;(¢) of the monodromy, and via the relation between the
monodromy zeta function and the Hodge spectrum. Especially, we go further with A1(¢) in the case
n = 2 and aim to regard it as an alternative object of the Alexander polynomial for f non-reduced.
This work is based on knowledge of multiplier ideals and local systems.

1. INTRODUCTION

Let f be a homogeneous polynomial of degree d in n + 1 variables with coefficients in C, which
defines a holomorphic function germ at the origin O of C**!. In general, according to [22] and [18],
the Milnor fiber of (f,0) is up to diffeomorphism a manifold M = f~(§) N B., for B. c C"*!
a ball of radius € around O and 0 < § < ¢ < 1, which has the homotopy type of a bouquet
of p spheres of dimension n. Since here f is a homogeneous polynomial, however, f~1(d) N B. is
a deformation retract of f~1(§) = f~1(1), thus we may consider M as f~'(1). The monodromy
T:H*(M,C) — H*(M,C) of the singularity may be given explicitly to be the C-linear endomorphism
induced by the map (zo,...,z,) — (e%xo, el x). It becomes classical for f being an isolated
homogeneous singularity at O where many important invariants such as the Milnor number pu, the
characteristic polynomials of 7', the signature and Hodge numbers of M are computed completely in
topological and algebraic methods as well as via mixed Hodge structures (cf. [23], [29]).

In the case where f is a reduced homogeneous polynomial, Esnault [12] introduced a method to
compute the Betti numbers, the rank and the signature of the intersection matrices of the singularity
(f,0), using mixed Hodge structures on cohomology groups of the Milnor fiber M and the existence of
spectral sequences converging to the cohomology groups, together with resolution of singularity. The
work by Esnault definitely inspired the study by Loeser-Vaquié [21] of the Alexander polynomial of a
reduced complex projective plane curve, where they provided a formula for the Alexander polynomial
of such a curve which generalizes the previous one by Libgober [19] 20]. It is likely that the approaches
of Libgober in [20] and Loeser-Vaquié in [21], as well as the work by Nadel in [25], are also starting
points of the studies on multiplier ideals and local systems, which were thereafter studied strongly by
Esnault-Viehweg [13], Ein-Lazarsfeld [I1], Demailly [8], Kollar [I6], Budur [3} 5], Budur-Saito [7].

Due to the development of the theory of multiplier ideals and local systems, Budur [6] gives an
explicit description of the local system of the complement in P™ of the divisor defined by a homogeneous
polynomial f without the condition of reducedness. In the present work, we use Budur’s article [6] to
study the characteristic polynomials, the Hodge spectrum and the monodromy zeta function of an
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arbitrary homogeneous hypersurface singularity. Let us now review in a few words what we shall do
in the rest. We denote by D the closed subscheme of P" defined by the zero locus of a degree d
homogeneous polynomial f and by U the complement of D in P". Then, as shown in [5] [6], there is an
eigensheaf decomposition of the Oy-module sheaf 0.Cy; into the unitary local systems Vy on U given
by the eigensheaf of T with respect to the eigenvalue e’y, 0 <k <d-—1, where o is the canonical
projection M — U. On cohomology level, using the Leray spectral sequence, one gets H'(U, Vi) to be
the eigenspace of the monodromy 7" on H!(M,C) with respect to the eigenvalue e*¥, for any [ in
N (cf. [6]). Assume that D has r distinct irreducible components D; and that m; is the multiplicity
of D; in D. By [6, Lemma 4.2], for each k, modulo the identification RH in [5, Theorem 1.2], the
local system Vj, is nothing but the element (Opn (Z;Zl{%}dj), ({Eme} . {E2=1)) in the group
Pic™ (P, D) of realizations of boundaries of P™ on D (cf. [5], Definition 1.1]).

The problem of computing the complex dimension of H'(U, V) can be solved completely under the
works by Budur [3} 4} [5[6] in terms of resolution of singularity. Let 7 : Y — P™ be a log-resolution of the
family {D1,...,D,}, with exceptional divisor E = 7*(Uj_, D;) = >_;c 4 N;Ej, E; being irreducible.

Denote by £) the invertible sheaf 7*Opn (ZT {k%} dj) ® Oy (— {ET {]”;” }Tf*DjJ) onY.

j=1 j=1

As proved in Lemma 310, we get

dime H'(U, Va_y,) = Y dime H'P(Y, 0% (log B) © £ ),
p=>0

for | > 0 and 1 < k < d, from which the characteristic polynomial A;(t) of T on H'(M,C) follows.
Observe that this description is not really useful in practice since it is too difficult to compute the
number on the right hand side of the previous equality. However, in the special case where n = 2
and [ = 1, we obtain in Theorem (3] an explicit formula for A;(¢) in terms of the multiplier ideal of
Z;Zl{%}OJ—, where we write C; instead of D; when D is a curve C. This is the most important
result of the article.

There is another result in the present article, Theorem [£.4] which discusses the relation between
the Hodge spectrum and the monodromy zeta function of a homogeneous singularity. This can be
realized directly from [6] Proposition 4.3] and Proposition In order to come back to the Alexan-
der polynomial of a complex projective plane curve, we mention in Section [0 the case f reduced,
where Loeser-Vaquié’s formula [21] is recovered and Artal Bartolo’s method to compute the Alexander
polynomial of the curve [2] is recalled with some small remarks.

Acknowledgement. The third author thanks the Basque Center for Applied Mathematics and the
Vietnam Institute for Advanced Study in Mathematics for warm hospitality during his visit.

2. MULTIPLIER IDEALS AND HODGE SPECTRUM

2.1. Multiplier ideals. Let X be a smooth complex algebraic variety and let D = {Dy,...,D,} be
a family of closed subschemes of X. A log-resolution of the family D is a proper birational morphism
m:Y — X, where Y is a smooth complex algebraic variety, such that the exceptional set Ex(7) :=
{y € Y |  is not biregular at y}, the support Supp(det Jac,) of the determinant of the Jacobian of ,
the preimages 7~ 1(D;), 1 < j < r, and the union Ex(r) U Supp(det Jac,) U U;:1 7~ 1(D;) are simple
normal crossing divisors. The existence of such a log-resolution is proved by Hironaka. Let Kx (resp.
Ky) denote the canonical divisor of X (resp. Y). Then Ky,x := Ky — 7" Kx is the divisor defined
by det Jacy, which is known as the canonical divisor of 7. For any a = (a1,..., o) € QL , we set

(2.1) J(X,aD) =710y (Ky/x — |7 (aD)]),

where aD :=>7"_, a;D;, and |7*(aD)] is the round-down of the coefficients of the irreducible com-
ponents of the divisor 7*(aD). It is obvious that J (X, aD) is a sheaf of ideals on X, which is an ideal
of W*Oy(Ky) = Ox.
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Theorem 2.1 (Lazarsfeld [17]). For any o € QL, the sheaf of ideals J(X,aD) is independent of
the choice of m, and R*'J(X,aD) =0 for i > 1. The sheaf of ideals J(X,aD) is called the multiplier
ideal of aD.

For instance, when X = C™ and D is defined by a monomial ideal I, by Howald’s computation [14],
the multiplier ideal 7 (X, aD) is a monomial ideal generated by x]" - - - )~ for all (r1,...,r,) € N such
that (y1 + 1,...,9, + 1) is in the interior Int(aI'(I)) of aI'(I), where I'(I) is the Newton polyhedron
of I.

Now let D be a closed subscheme of X. A jumping number of D in X is a number o € Q~¢ such
that J(X,aD) # J(X,(a —€)D) for all € > 0. The log canonical threshold lct(X, D) of (X, D) is
the smallest jumping number of D in X. In [24], Mustata proves that, with such a log-resolution
7 as above, lct(X, D) = min{(a; + 1)/N;}. To determine how a singular point affects a jumping
number, Budur [3] introduces a notion of inner jumping multiplicity. By definition, the inner jumping
multiplicity mq,p(D) of v at a closed point p € D is the dimension of the complex vector space

Kp(X,aD) :=J(X, (e« —¢)D)/T(X,(a—e)D + é{p}),

for 0 < e < 6§ < 1. If mgp(D) # 0, the number « is called an inner jumping number of (X, D) at
p. It is proved by Budur in [3 Proposition 2.8] that if « is an inner jumping number of (X, D) at p,
for some p € D, then « is a jumping number of (X, D). Furthermore, Budur can provide an explicit
formula computing the number mq (D), which we recall as follows. Let 7 : Y — X be a log-resolution
of the family {D,{p}}, with E = 7*(D) = >_,. 4 N;E;, E; irreducible components, and, for d € Ny,
let Jd,p = {Z S A | Nz }é O, d|]\717 W(EZ) = p} and Ed,p = UiGJd,p Ez

Proposition 2.2 (Budur [3], Proposition 2.7). Assume oo = %, with k and d coprime positive integers.
Then map(D) = x(Y,0p, ,(Ky,x — |(1 —¢)an*D])), where x is the sheaf Euler characteristic and
0<ex 1.

2.2. Hodge spectrum. Let X be a smooth complex variety of pure dimension n, let f be a regular
function on X with zero locus D # (), and let p be a closed point in D,oq. Fixing a smooth metric
on X we may define a closed ball B(p,e) around p in X and a punctured closed disc D} around the
origin of A{. It is well known (cf. [22]) that, for 0 < § < £ < 1, the map

f:B(p.e)n f~H(D5) — Dj

is a smooth locally trivial fibration, called Milnor fibration, whose diffeomorphism type is independent
of such £ and 4. Denote the Milnor fiber B(p,e)N f~1(8) by Mp, the geometric monodromy My, — M,
and its cohomology level H* (M, C) — H*(Mp,C) by the same symbol 7.

Let MHS{F" be the abelian category of complex mixed Hodge structures endowed with an auto-
morphism of finite order. For an object (H,Ty) of MHSF", one defines its Hodge spectrum as a
fractional Laurent polynomial

Hsp(H,Ty) := Z nate,
acQ
where n, := dim¢ GTFJ H,2rio, H,2rio is the eigenspace of Ty with respect to the eigenvalue e,
and F is the Hodge filtration. By [28] and [27], for any [, H!(M,, C) carries a canonical mixed Hodge
structure, which is compatible with the semisimple part Ts of T so that (H!(Mp,C),Ts) is an object
of MHSE". As in [ Section 4.3] and [3 Section 3], we set

Hsp'(f.p) == > _(~1)/Hsp(H" """ (M, C), T,),
JEZ

where we use the reduced cohomology H to present_the vanishing cycle sheaf cohomology, since
HY My, C)poria = H (Mp,C)g2mia if I # 0 or a ¢ Z, H*(M,C); = coker(H°(x,C) — H°(M,,C)1)
(cf. also [7 Section 5.1]). Then the Hodge spectrum of f at p, denoted by Sp(f, p), is the following

Sp(f,p) = t"«(Hsp'(f,p)),
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where ¢ is given by (%) = ¢t~*. Writing Sp(f, P) = >_,cq Ma,p(f)t* one calls the coefficients nq p(f)
the spectrum multiplicities of f at p. By [7, Proposition 5.2, nap(f) = 0 if « is a rational number
with @ < 0 or @ > n. Moreover, it implies from [6, Corollary 2.3] that, for a € (0,n) N Q,

(2.2) Nap(f) =Y (=1) dime Gri' ™ B (M, C) 2010

JEL
Specially, using [9, Corollary 4.3.1] and important computations on multiplier ideals, Budur [3] proved
the following result, which provides an effective way to compute nq p(f), for a € (0,1] N Q.

Theorem 2.3 (Budur [3]). Let X be a smooth quasi-projective complex variety, and D an effective
integral divisor on X . Assume that p is a closed point of Dyeq and f is any local equation of D at p.
Then, for any o € (0,11 NQ, ngp(f) = Ma,p(D).

Remark from Theorem [Z3] that, for a € (0, 1], t* appears in Sp(f,p) if and only if « is an inner
jumping number of (X, D) at p. If p is an isolated singularity of D, Theorem 23 may be even applied
to the previous remark when replacing X by an open neighborhood of X to obtain Varchenko’s result
[30] (see Corollary in [3 Section 1]).

3. LOCAL SYSTEMS AND MILNOR FIBERS OF HOMEGENEOUS SINGULARITIES

3.1. Local systems and normal G-covers. Let us recall some basic notions of local systems and
cyclic covers in [13] and [5]. A complex local system V on a complex manifold is a locally constant sheaf
of finite dimensional complex vector spaces. The rank of a locally constant sheaf is the dimension of a
stalk as a complex vector space. As mentioned in Budur [5], local systems of rank one on a complex
manifold U correspond to morphisms of groups Hy(U) — C*. In this correspondence, a local system
is called unitary if it is sent to a morphism of groups Hy(U) — S' = {n € C* | |n| = 1}. The constant
sheaf Cyy and any local system of rank one of finite order are simple examples of unitary local systems.

Let X be a smooth complex projective variety of dimension n, and f a regular function on X with
zero divisor D := f71(0). Denote U := X \ D and write Dyoq = U;Zl D;, where D; are distinct
irreducible reduced subvarieties of D. We may use D as the family {D,..., D,} by abuse of notation
(and the following definition will be in this sense), we write ¢;(£) for the first Chern class of a line
bundle £ and consider the group

Pic" (X, D) := {(L,a) € Pic(X) x [0,1)" | e1(£L) = o[D] € HQ(X,R)}.
with the following operation

(3.1) (L,0)-(L,a") == (L@ L' ® Ox(=|(a+a)D])),{a+a'}),

T

where a[D] := >’ a;j[D;], an R-linear combination of the cohomology classes [D;] in H 2(X,R), and
as above aD :=>""_, a;D;, |a] := (la1],..., |a,]) and {a} := a — |a].
Theorem 3.1 (Budur [5], Theorem 1.2). There is a canonical isomorphism of groups
RH : Pic™ (X, D) = Hom(H,(U), S'),

By this theorem, one may identify a unitary local system of rank one on U with an element of
Pic" (X, D).

Let m: Y — X be a log resolution of the family {Dy,..., D,}, and E:=Y \7 }(U) = > jea N;Ej,
with F; irreducible. We shall use the following two important results.
Proposition 3.2 (Budur [5], Proposition 3.3). The map w3, : Pic" (X, D) — Pic” (Y, E) which sends

par
(L,a) to (m*L — |BE|,{B}) with B defined by 7*(aD) = BE is an isomorphism of groups.
Theorem 3.3 (Budur [4], Theorem 4.6). Let V be a rank one unitary local system on U which
corresponds to (L, a) € Pic" (X, D). Then, for all p,q € N, we have
Gri, HP (U, V) = H" (Y, (log )Y @ wy @ 7L ®@ Oy (—|7*(aD)|))".

In particular,
GriHIU,VY) = H" (X, wx ® L ® J(X,aD)).
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Let G be a finite group. By [B, Corollary 1.10], the dual group G* = Hom (G, C*) of G gives rise to
a normal G-cover of X unramified above U. Namely, the normal G-cover of X is the morphism

qS:)?zSpecOX @L;l - X
neG*

induced by the Ox-module structural morphisms Ox — £, for all n € G*, where we identify G* with
the subgroup {(Ly, a,) | n € G*} of Pic™ (X, D). The group G acts on £, ! via the character 7, hence
acts on the Ox-module sheaf ¢,.O¢. By [5, Corollary 1.11], ¢.O admits an eigensheaf decomposition

(3.2) $.05 = P £, ",

neG*

where the eigensheaf £, 1 is with respect to the eigenvalue n of the action of G on ¢.O Z-

Now we consider the log-resolution m. By Proposition B2l since {(£,, ) | 7 € G*} is a finite
subgroup of Pic™ (X, D), {(7*L,, — | By E ]|, By) | n € G*}, with §,, defined by 7*(a,, D) = 5, E, is a finite
subgroup of Pic" (Y, E). By the same way as previous we can construct the corresponding normal
G-cover of Y unramified above 7=1(U) = U as follows

p:)N/:SpecOY @W*L;1®OY(LﬂnEJ) -7,
neG*

where the group G of acts on Y and on p«Os. Moreover, similarly as (3.2]), we have

Proposition 3.4 (Budur [5], Corollary 1.12). There is an eigensheaf decomposition
pO0p = @ 7L, @ Oy (|BE])

neG*

the eigensheaf 7T*£:771 ® Oy (|8, E]) is with respect to the eigenvalue 1 of the action of G on p.Oy.

3.2. Milnor fibers of homegeneous singularity. Let f(zo,...,z,) € Clxg,...,z,] be a homoge-
neous polynomial of degree d. We shall take f into two closely interactive entities, a Milnor fiber at
the origin of C"*! and a complex projective hypersurface of P*. By [22, Lemma 9.4], the Minor fiber
M of f at the origin of C"*! is diffeomorphic to {(zo,...,z,) € C*"*! | f(zo,...,2z,) = 1}. The
geometric monodromy M — M is given by multiplication of elements of M by e’d , which induces an
endomorphism 7" of the complex vector space H* (M, C).

Following [6l, Section 4], we consider the smooth complex projective variety X = P™ and the closed
subscheme D of X defined by the zero locus of f. Put U := X \ D. Since the action of Z/dZ on M is
free, we have a natural isomorphism M /(Z/dZ) = U. Denote by o the quotient map M — U, which is
the cyclic cover of degree d of U. Then there is an eigensheaf decomposition of the Oy-module sheaf

0+Cys as follows
d—1
7.Cxr = P Vi
k=0

where Vy, is the unitary local system on U given by the eigensheaf of T" with respect to the eigenvalue
__ 2mik

e~ ~a . This implies that

d—1
H'(U,0.Car) = @ H' (U, V).

k=0

Let us consider the Leray spectral sequence
EY? = HYU,RP0,Cyr) = HPTI(M,Cyy).

Since o is a finite morphism of schemes, RPo,.Cj; = 0 for all p > 1, hence, by this spectral sequence,
we have H'(U,0,.Cp) = HY(M,Cy) = HY(M,C), for I € N. This implies the following important
lemma (cf. [6, Section 4]).
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Lemma 3.5 (Budur [6]). The complex vector space H (U, V) if nontrivial is the eigenspace of the
2nik

monodromy action T on H'(M,C) with respect to the eigenvalue e~ "4, that is,
Hl(Ma C)e,% = Hl(Ua Vk)a
for0<k<d—-1andl>0.

In fact, there are two commuting monodromy actions on H!(M, C), where the endomorphism 7 is
the first one. The second one is, for each k, the monodromy of V}, around a generic point of D;, which,

2mikm

by [6l Lemma 4.1], is given by multiplication by e @ . Together with [5, Proposition 3.3], it proves
the following important lemma.

Lemma 3.6 (Budur [6], Lemma 4.2). Assume D = }._, m;D;, with D; irreducible of degree d;.
Then the element in Pic” (X, D) corresponding via the isomorphism RH in Theorem[31l to the unitary

local system Vy, is (Opn (Z;Zl{%}dj), ({hmey, o {Eze)).

Notice that E;Zl{%}dj is an integer, because, if for every 1 < j < r we write km; = dn; + s;,
with nj,s; € N, 0 < s; < d, we have

r km. T sids " kmad: — dnads r
Z{ ?J}djz SJdJ:Z m; Jd nJJ:k,_andj'
j=1

j=1 j=1 j=1

Fix a log-resolution 7 : Y — P" of the family of closed subschemes {D1,..., D, } of P" and, as
previous, denote E = m*(U;_, D;) = >_,c 4 N;Ej, with E; irreducible components of 7~ Y(D). Let

T k i T k i
(3.3) L) = 7*Opn Z{ ZL]}dj ®0y | — Z{ 767] }W*Dj

Jj=1 Jj=1

Denote by B the set of integers k such that 0 <k < d —1 and d divides km; for all 1 < j <r, and by
B the complement of B in [0,d — 1] N Z.

Remark 3.7. If k is in B, then L) = Oy. Furthermore, if k is in B and k # 0, so is d — k; if k
and k' are in B, so is either k + k" or k + k' — d; hence we can consider B as a subgroup of Z/dZ.
Let m = ged(mq,...,m,), and u; € Ny with m; = mu; for 1 < j <r. Then k € B if and only if
0<k<d-1 and kus is divisible by Z;Zl dju; for any 1 < s < r. Since uq,...,u, are coprime, the
latter means that & is divisible by 37 dju;, hence the cardinal |B| of B equals m.

For simplicity of notation, from now on, if A is a sheaf on P*, and [ € Z, we shall write A(l) in
stead of A @ Opn (1).

Proposition 3.8. With the notation as in Lemma[3.0 we have

(i) dimec Gri. HPT9(U,Vy,) = dimec H1(Y, QY. (log E)), for k € B;

(ii) dime GroHPH (U, Vy_y) = dime HI(Y, Q% (log E) ® £® ), for k € B.
In particular, for k € B,

dime Gri HI(U, Va-i) = dime H*~0 (P, 7 (P, 505, {222} ;) (S5, { &2 b dy = n—1).
Proof. Due to the group law (B1]) of Pic” (X, D) and definition of Vy, it is obvious that Vi, =V =V,
for k € B, and that V;_ =V} for k € B. Then, by Lemma 3.6 and Theorem B3] we have
Gri HPT (U, V) = H* (Y, (log E)Y @ wy)"
for k € B, and
Gr HPY (U, Vy_1) = H" (Y, Q% (log E)" @ wy @ L)V
= H" (Y, (2% (log E) L0 )Y @ wy)Y,

for k € B. Applying the Serre duality we obtain (i) and (ii).
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For the rest statement, we again apply Lemma [3.6] and the particular case in Theorem B.3] together
with the definition of multiplier ideal. O

Denote £*) := 7% Opa (k) @ Oy (= | EE]), for 0 <k < d — 1.
Corollary 3.9. With the notation as in Lemmal[3.0 and D being reduced, for 1 < k <d,

—1
(i) dime G2 HPH(U, Vy_ i) = dime HI(Y, Q2 (log E) © L) );
(ii) dime Gr%HY(U, Vy_y) = dime H"9(P", J(P", ED)(k —n — 1)).

Proof. Applying Proposition to the special case my = -+ = m, = 1 we obtain the statements.
Note that, in this case, B = {0} and B ={1,...,d—1}. O

Lemma 3.10. With the notation as in Lemmal38, and by observation L4 = £ we have
(i) dimc¢ HY(U,Vy) =r—1, ifn=2 and k € B;
(i) dime H (U, Va_y) = 3,0 dime H (Y, Q5 (log E) © L0 1), if j > 0 and 1 < k < d.
Proof. By Proposition B8 (i), if k € B, we have dim¢ Gri, HPT9(U, V) = dime HY(Y, Q. (log E)), thus
dime HY(U, Vo) = dime H(Y, Oy) + dime HY(Y, Q5 (log E)).
Assume that n = 2. It is a fact that dime H'(Y, Oy) = 0, because Y is birationally equivalent to P2,

and that dime H°(Y, Q) (log E)) =7 — 1, due to the proof of Théoréme 6 in [I2]. This proves (i).
The statement (ii) of this lemma is a consequence of Proposition B8 (ii). O

4. CHARACTERISTIC POLYNOMIALS AND ZETA FUNCTIONS OF HOMOGENEOUS SINGULARITIES

As in Section B2 we shall work with a homogeneous polynomial f(xo,...,x,) € Clzg,...,z,] of
degree d. By considering its germ at the origin of C"*! we study some singularity invariants, including
the characteristic polynomials and the zeta function of the monodromy.

4.1. Characteristic polynomials. Recall that the Milnor fiber M of the singularity f(zo,...,z,) at
the origin of C" ! is diffeomorphic to {(xo, . ..,z,) € C**' | f(xo,...,z,) = 1}, and the monodromy T
is induced by €@ - (z0,...,2n) = (€° zq,...,e ¢ x,). By definition, the (monodromy) characteristic
polynomial A(t) of the endomorphism T'| g1 (py,cy of H'(M, C) is the monic polynomial

Al(t) = det(tId - TlHl(M,(C))'

Assume that
f(Io, . ,CCn) = H fj(.’,Eo, . ,In)mj,
j=1

where f;(zo,...,x,) are distinct irreducible homogeneous polynomials of degree d;, 1 < j < r. As
above, we denote by D; the complex projective plane curve {(zq : -+ : x,) € P? | fj(wo,...,2,) = 0},
for 1 <j<r.

Fix a log-resolution 7 : ¥ — P™ of the family D = {Dy,..., D, }, with normal crossing divisor
E =1 (Uj-, Dj). As mentioned in Section B there is an isomorphism M/(Z/dZ) = U = P*\ C
so that the canonical projection o : M — U induces a eigensheaf decomposition ¢,Cy; = Z;(l) Vi,
where V), are the unitary local systems on U given in Lemma By Lemma 3.5 for 1 < k < d and
I € N, the vector space H'(U,V4_) if nontrivial is the eigenspace of T'| i (ar,cy With respect to the

eigenvalue e" . This together with Lemma 310 and Remark 3.7 proves the following lemma.
Lemma 4.1. Let A(t) be the characteristic polynomial of the endomorphism T| i ¢y of H'Y(M,C).
Then, with the previous notation and | € N, one has

d—1

A (t) = H(t - ey)hl@,

k=0
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where,
WP = dime B (U, Vai) = . h9(Q% (log B) ® £8 1),
p+q=l

with h1(Q (log E) ® £ 1) = dime HI(Y, Q% (log E) ® L0 ™), and

L) = 7*Opn Z{kgj}dj ROy | — Z{k?J }W*Dj
j=1 j=1
As above, we denote by B the set of k in Z such that 0 < k < d — 1 and d divides km; for all
1 < j <, by B the complement of B in [0,d — 1]NZ, and m = ged(my, ..., m,). Due to Remark B
B may be considered as a subgroup of Z/dZ. Let G be the quotient group (Z/dZ)/B. For convenience,
we shall identify k € [0,d — 1) N Z with its class in G.

Lemma 4.2. With the notation as in Lemmal[{.1] one has
wikm (k)
A(t) = [ — e )n’
keG
for L € N. In particular, Ag(t) =™ — 1.

Proof. If k and k' belong to the same class in G, we have hl(k) = hl(kl). This together with Lemma 1]
implies the first statement. Since h°(Qy ) = 1, it remains to check that hO(L(’“)il) =0for k € G\ {0}.
By Lemmas and 10, we have
(4.1) dime HO(M,C) = 3" n0(e® )+ 3 n0c® .
keB keB

It is known that dime H(M, C) = m (cf. [10, Proposition 2.3]). Note that |B| = m (cf. Remark [B.7),
and that, for k € B, £L® = Oy and h°(Oy) = 1. Then @] is equivalent to >, 5 hO(L(k)il) =0,
which implies that h°(£® ) = 0 for k € B; in particular, h2(L® 1) = 0 for k € G\ {0}. O

Let us now consider the case where n = 2. In this case, we shall denote C' (resp. C;) instead of D

(resp. Dj). Then the characteristic polynomial A;(¢) is an important invariant of the homogeneous
surface singularity. The following theorem is a main result in the present article.

Theorem 4.3. With the previous notation and n = 2, one has

2kmm b
Ay (t) = (™ —1)"t H (tzm — 2t cos 7 + 1> ,
keG\{0}

where

0 :=dime H' [ P2, 7 P2,Z{k?j}0j Z{k?}dj—3

j=1 j=1
Proof. According to Lemma [£.2] it suffices to prove that
(4.2) Re® ™Y = ¢,
and
(43) R (log B) © L9 ) = £y,

for k € G\ {0}. The equality [@2) is a direct corollary of Proposition B8 and Lemma B0

To prove (@3] we consider a common G-equivariant desingularization of X and Y, say, 0 : Z — X
and v : Z — Y, in the sense of [1], such that mopor = ¢of =: u. Here, we use the notation in Section 31l
and work with the case X = P2. Note that G* = {((9]1»2(2221{%}%—), ({Emay B2 ) bo<k<d—t,
which is by Remark B.7] a subgroup of order % of the group Pic” (P2, ). We may choose Z such that
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A = Z\ w1 (U) is a normal crossing divisor. An analogue of [12] Corollaire 4] shows that, for any

qeN,
(1.4) (pov)Q%(log A) = O (log E) ® (po )0z,
' RP(pov).Q%(logA)=0 ifp>0

(see also [13, Lemma 3.22]). By the Leray spectral sequence
EYY = HUY,RP(pov).Qy(logA)) = HPT(Z, QL (log A))
and by ([@4), we get, in particular,
(4.5) H(Y,0% (log B) ® (pov).0z) = H(Z,QL(log A)).
Since G* is a finite subgroup of Pic” (P2, C), we deduce from Proposition 3.4 that
(po1).0z = p.0y =R LB,
keG
where as mentioned previously we identify k € [0,d— 1]NZ with its class in G. This yields the following
decomposition
(4.6) HO(Y, 2} (log E) ® (pov).07) = @) HO(Y. Q) (log B) @ L)),
keG

Note that, due to the proof of Lemma B0, the direct summand of ([@0]) corresponding to k& = 0 has
complex dimension r — 1.

Now we compute the dimension of complex vector space on the right hand side of (£5]). Similarly
as in the proof of Lemma 7 of [I2], one may point out that

(4.7) dime H(Z,Q% (log A)) = dime H°(Z,Q%) + (r — 1).
On the other hand, by [, Corollary 1.13], we have

(4.8) H(zZ,.Qp) =P H' |P*,.T P{Z{k’;j}cj Z{k?}dj—?)

keG j=1 j=1

In the decomposition (8], look at the direct summand corresponding to k¥ = 0. They are nothing
but H!(P?, Op>(—3)) = H'(P?, wp2). By the Serre duality, dime H!(P?, wp2) = dimc H*(P?, Op2) = 0.
Therefore, from (LA, [@4), (E1) and [3), we get

(4.9) S R ogE)eLt® )= Y g

keG\{0} keG\{0}
Repeating the proof of [21, Proposition 4.6] and using ([£2) we obtain that

hO(QL (log E) © L0 7Y > 044,
for k € G\ {0}. This together with (3) means the equality h°(Q3 (log E) ® L(’“)il) = lq_p, thus

#3) is proved. O
4.2. A formula for the monodromy zeta function. By definition, the monodromy zeta function
the homogeneous singularity f(xo,...,r,) at the origin O of C**! is the function
¢ro(t) = [ det(id — 7| are)) "0
1>0

This function may be expressed via the polynomials A;(t) as (.0(t) = leo(tdimC HL(MVC)AZ(%))(*UHI ;
from which, by Lemma 2]

wikm Zl>0(_1)l+lh§k)
(4.10) Go) =] (1 _ T tm) : .
keG
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As explained in [6], the only numbers o € (0,n 4+ 1) N Q such that n, o(f), the coefficients of t* in
Sp(f, O), can be nonzero are of the form § +p, withk,peZ,1 <k<dand 0 <p<n+1. Then it
implies from (Z2) and Lemma that

(4.11) s, 0(f) =Y (1) dime Griy PH"H (U, V),
JEZL

for integers 1 < k < d and 0 < p < n+ 1, where Vy is the local system corresponding to the element
(Op2 (351 { k’;” Y;), ({Eme), o {52=))) in Pic” (X, D) via the isomorphism RH in Theorem B (cf.
Lemma [B:6). Note that V4 = V. By Proposition B8 and (Z11]), we have

(4.12) nd%f—f-p,o(f) — Z(—l)jhp—’_j(ﬂ?/_p(logE) ® L(k)*l),
JEL

for k € G when p < n, and k € G\ {0} when p = n, where £L*) and h?(Q%. (log F) ® L(k)_l) are as in
Lemma [T] (see also (33).

Theorem 4.4. The monodromy zeta function and the Hodge spectrum of the singularity f are fit into
a relation as follows

oD = (L) e T (1= et ) T e

keG\{0}

Proof. Recall from Lemma [] that hl(k) = g (5 (log E) ® L(k)_l). Since h°(Oy) = 1 and
h1(Oy) =0 for all ¢ > 1, the formula [@I2) gives

n—1
()™ (=)™ Y g 0(f) = Y (=)D
p=0 JEZL

As in the proof of Lemma L2l if k € G\ {0}, then hO(L(k)_l) =0, thus by (II2) we have

n S n+j k
("D s 0(F) = 2 ()",
p=0

JEL
Now applying (£I0) we obtain the statement of the theorem. O

Remark 4.5. The formula ([I2]) has the following interesting consequence. Assume that f(zo,...,2,)
is a homogeneous polynomial and has isolated singularity at the origin O of C**!. Then the non-trivial
characteristic polynomials of the singularity only appear in the degrees 0 and n. This means that

hl(k) =0foralll & {0,n} and 0 < k < d— 1. Using the proof of Theorem 4] we obtain the identities

WO =Y "npo(f) and Al = an%fﬂp(f) for 1 <k<d-1,
p=1 p=0

which prove the below result. By convention, we may consider the zero space {0} as an eigenspace of
the monodromy of the singularity with dimension zero.

Corollary 4.6. Let f(xo,...,2,) € Clzo,...,z,] be a homogeneous polynomial defining an isolated
singularity at the origin O of C"*1. Then the complex dimension of the eigenspace of the monodromy
of the singularity with respect to the eigenvalue 1 (resp. e, for 1 <k < d—1) is 22:1 np.o(f)

(resp. Yoo nary,o(f), for1<k<d—1)
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5. THE ALEXANDER POLYNOMIAL OF A COMPLEX PROJECTIVE PLANE CURVE

5.1. Alexander polynomials. We start this section with the definition of Alexander polynomial of
a projective curve. Let C' be a reduced complex projective plane curve of degree d with r distinct
irreducible components. Let L be a line in P? which is general with respect to C, that is, L intersects
with C at exactly d distinct points. Such a line L exists since C is reduced. Then the manifold
W :=P?\ (C'U L) has a homotopy type of a finite CW-complex. By van Kampen’s theorem [15], the
natural map
7T1(L\ (Lﬂ C)) — 7T1(W)

is an surjective homomorphism and the group 71 (W) is generated by the images of all the d standard
generators of the free group m1 (L \ (LNC)). The generators of 71 (W) are loops in L going once around
a point of L N C, and if two loops respectively go around two points of L N C belonging to the same
irreducible component of C' they give rise to two conjugate elements in 71 (W). This explains that

Hy(W,Z) = m(W)/[m(W), m(W)] = Z7,
and that the Hurewicz morphism
m (W) — Hi (W, Z)
is nothing but the canonical projection
m (W) = m(W)/[m (W), 1 (W)],

with [ (W), 71 (W)] being the commutator subgroup of w1 (W).

We consider the surjective homomorphism ¢ : w1 (W) — Z which is the composition of the Hurewicz
morphism and the sum function. Then there exists an infinity cyclic cover Wg, — W with respect to
¢ such that (W@) = kerp. Let ¢ : W@ — Ww be the canonical generator of the group of cover

transformations Desk(W, /W) = Z. By this, Z acts naturally on H'(W,,C) in the way so that
t-c:=t*(c) for any class ¢ in Hl(wy,, C), from which Hl(Ww, C) has a structure of C[t,¢~]-module.
Since C[t, =] is a principal ideal domain the torsion C|t,¢~]-module H(W,,,C) admits up to order
of summands a unique decomposition via monic polynomials A;(t) € C[t] € C[t,t~] with A;(0) # 0,
1 <1 < m, for some m € Ny, namely,
H (T, ©) = D Clt, 1)/ (A1),
=1

Then the (global) Alezander polynomial Ac(t) of the curve C' is defined to be Ac(t) = [[;%, Au(t).
One can prove that Ax(t) is independent of L general with respect to C' (cf. [26]).

It is known that if C is irreducible and the fundamental group 71 (P? \ C) is either abelian or finite
then the Alexander polynomial is trivial. One may prove easily that the multiplicity of the factor t — 1
in Ac(t) is exactly » — 1 as r is the number of irreducible component of C.

Assume that p is a singular point of C'. We may consider the Milnor fiber My and the monodromy
Ty : H'(My,C) — H'(Mp,C) of (C,p). Denote by Acp(t) the characteristic polynomial of the
endomorphism 7p,. Let Sing(C) be the set of singular points of the curve C. Then, by Libgober
[19], the Alexander polynomial Ac(t) divides the product [ cqingc) Ac.p(t), and it also divides the

Alexander polynomial at infinity (t¢ — 1)4=2(t — 1).
5.2. Loeser-Vaquié’s formula. According to [21I], to compute the Alexander polynomial Ac(t) it
is useful to apply Randell’s result [26]. In fact, viewing the homogeneous polynomial defining C' as a

germ of a singularity at the origin of C* we may consider its Milnor fiber M and the monodromy T
induced by

27 27 27 )

(x,y,2) —~ (e7d x,ed y,ed 2
Randell [26] shows that Ac(t) equals the characteristic polynomial Ay (t) of T|g1(as,c). Applying that
result of Randell and Theorem to the case m; = --- = m, = 1 we recover the following, which
was proved by Loeser-Vaquié in [2I]. For simplicity of notation, we write 7, for J(P%, aC), for any
a e (0,11NQ.
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Theorem 5.1 (Loeser-Vaquié [21]). If C be a reduced complex projective plane curve of degree d with
r arreducible components, then

d—1 dime H' (P?, 7, (k—3))
B 2km c
Aoty =t-1)""]] <t2—2tcos7+1> !

k=1
Remark 5.2. We do not need to compute dimension of all the cohomology groups of the sheaves
Jg(k: — 3). Indeed, by [12] and [21], if the coefficient of t4 appears in the Hodge spectrum Sp(f, p)
is zero, for every singular point p of C, then H'(P?, jg (k —3)) = 0. By Theorem 23] ta appears in
Sp(f,p) if and only if % is an inner jumping number of (P2, C) at p.

5.3. Computation of dim¢ H*(P?, T (k—3)). Let us use this paragraph to review the work by Artal
Bartolo [2] in computing dime H'(P?, J (k — 3)). For 1 <k < d — 1, we denote as usual by J& , the
stalk at p € C of the sheaf Jg. It may be easily checked that, if p is non-singular, J%p = Op2 p.
Consider a map
U HOP, Opa(k = 3)) = €D Op2p/ T
peC

defined as follows. We may identify the vector space H?(P?, Op: (k—3)) with the space of polynomials in
Clxz,y] of degree < k—3, and that using the Taylor expansion at p each element g of H°(P?, Op: (k—3))
induces a holomorphic function germ g, at p € C. Then v, is given by

Vr(9) = (9p + Tk p)pesing(c);
which is a complex linear map.
Lemma 5.3 (Artal Bartolo [2]). dime H!(P?, Ty (k = 3)) = dimc coker(¢y).

We may also obtain a proof of this lemma using [I2] Remarque 11] and Proposition Bg (for n = 2).
By a simple computation, we have dimg H°(P?,Op2(k — 3)) = 4(k — 2)(k — 1). To compute the
dimension of the target space of 1, we follow [12] using a log-resolution of (P2, C). Let 7 : Y — P? be
a log-resolution of C, with numerical data given as follows

=Y NiE;, Ep:= >  NE
i€A i€A,m(E;)=p
for p € C, and Ky /p> = ), 4 a;E;, where E; are irreducible component of 7~ HO).

Proposition 5.4. With m as previous, one has

dime H' (B2, Ty (k=) = 1 3" (25, - (Ky o — 12 5p1) = 506 = 2)(k — 1) + dime Ker(u).
peC

Proof. From Lemma 5.3 we deduce that

dime H' (P2, T (k - 3)) = Y dime Op2 /T o — dime H(P?, Opz (k — 3)) + dimc ker(¢y,).
peC

By [12| Remarque 11], dim¢ Op2ﬁp/‘7§7p = L1|5Ep | (Ky/pe— £ Ey)), and the proposition is proved. [

Due to Proposition 5.4 computing dim H*! (P2 Jg (d — 3 — k)) reduces to computing dim ker(¢y),
the dimension of the vector space of complex projective plane curves of degree k — 3 passing through
all the singular points p of C' with germ contained in j k . Note that, if p is a singular point of C' of
type Aj, the last formula in the proof of Lemma [5.4] shows that J ko = Op2 ,; therefore, like the case
of a non-singular point, an A;-singularity does not contribute to Ac( ).
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Example 5.5. Let us consider an irreducible curve C' of degree d whose singular points are either of
type A; or of type Bgp (i.e., the local equation is x® +y® = 0), where a and b are positive integers such

that ab divides d. The Hodge spectrum of each singularity of C' of type B, equals E;:ll Z?;} tatd,

Therefore, we get that, if p is a singular point of type B, ; of C, Jl+%7p is the maximal ideal of Op2

P

a

and in the case, dime H'(P?, J1 1 (4 4 & — 3)) can be easily computed.

(1]
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