NEW BOUNDS FOR BILINEAR CALDERON-ZYGMUND
OPERATORS AND APPLICATIONS

WENDOLIN DAMIAN, MAHDI HORMOZI AND KANGWEI LI

ABSTRACT. In this work we extend Lacey’s domination theorem to
prove the pointwise control of bilinear Calderén—Zygmund operators
with Dini—continuous kernel by sparse operators. The precise bounds
are carefully tracked following the spirit in a recent work of Hytonen,
Roncal and Tapiola. We also derive new mixed weighted estimates for
a general class of bilinear dyadic positive operators using multiple Ao
constants inspired in the Fujii-Wilson and Hruscév classical constants.
These estimates have many new applications including mixed bounds for
multilinear Calderén-Zygmund operators and their commutators with
BMO functions, square functions and multilinear Fourier multipliers.

1. INTRODUCTION

In the last decades, several advances have been carried out in the fruit-
ful area of weighted inequalities concerning the precise determination of the
optimal bounds of the weighted operator norm of Calderén—Zygmund oper-
ators in terms of the A, constant of the weights. It has been a long journey
from the proof of the linear dependence on the Ay constant of w of the L?(w)
norm of the Ahlfors-Beurling transform [28] leading to the full proof of the
Ay theorem due to T. Hytonen [12], plenty of previous partial attempts by
others. We refer the interested reader to [12, 20] and the references therein
for a survey on the advances on the topic.

After Hytonen’s proof, A. Lerner [20] gave an alternative proof of the A
theorem which showed that Calderén—Zygmund operators can be controlled
in norm from above by a very special dyadic type operators defined by means
of the concept of sparseness. More precisely, if S is a collection of dyadic
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cubes within a dyadic grid D (see Sect. 2 for the definition), we say that the
operator Ag is sparse if

(1.1) Aspf(z) =Y (Hole(),

QeS

where 1¢ is the characteristic function of the cube @ and the collection &
satisfies that there exists some «y € (0, 1) such that for each Q € S,

> IS1<qlsl,

S'echs(S)

for every S € S. Here chs(S) denotes the set of the S-children of a dyadic
cube S. Namely, the set of the maximal cubes S € D such that S C S. One
remarkable aspect from Lerner’s proof is its flexibility to be adapted to the
multilinear setting. In fact, in [7] the first author, A. Lerner and C. Pérez
proved that multilinear Calderén—Zygmund operators can be controlled from
above in norm by a supremum of sparse operators. More precisely, if X is
a Banach function space over R" equipped with the Lebesgue measure, it
holds that for any appropriate f?,

(1.2) IT(F)lIx < Crinm Sup I Ap.s(IFD)]]x,

where

(1.3) Aps(f) =" H fi\lo,
QeSi=1

and the supremum is taken over arbitrary dyadic grids D and sparse families
S € D. As an application of this result, it was derived a multilinear analogue
of the As theorem, proving that in this more general scenario, a linear bound
on the corresponding multiple weight constant also holds. Lately, this result
was extended by the third author, K. Moen and W. Sun [24] who proved
the sharp bounds for the class of multilinear sparse operators from which
follows the sharp bounds for Calderén—Zygmund operators. More precisely,

if W= (wi,...,wy) are weights, 1 < p1,...,pm < 00 and p are numbers
verifying that % = p% +...+ zﬁ and we denote P = (p1,...,Dm),
- max(l 7} ‘..,% i
(1.4) 1 As DNl S (@4 H [ fill L7 (ur)
P/Pi

Here vg = [, w;

(1.5) [@)a, = sup<’Q‘/ )ﬁ(@/@wgm)mz@o

However, the problem of finding the sharp bounds in the multilinear setting
for the full range of exponents was still open, since (1.2) does not apply if
1/m < p < 1, in which case LP(v3) is not a Banach function space.

and the multiple A 5 constant is defined as follows,
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Later on, this problem was solved independently by A. Lerner and F.
Nazarov [21] and J.M. Conde-Alonso and G. Rey [6]. The main idea in both
works was a pointwise control of multilinear Calderon—Zygmund operators
by sparse operators avoiding the use of the adjoint operators and duality,
which was the key point in Lerner’s original proof.

Another remarkable improvement in [6, 21] was considering weaker reg-
ularity conditions on the kernels of Calderon—Zygmund operators. In fact,
in both works it was considered the case of log-Dini continuous kernels.
Notwithstanding, this pointwise control also holds in the linear setting un-
der the weaker Dini condition, as recently shown by M. Lacey [19] in a
qualitative way or, shortly after, by T. Hytonen, L. Roncal and O. Tapiola
[16] tracking the precise dependence on the constants.

The aim of this note is two-fold. On one hand, we prove the pointwise
control by sparse operators of bilinear Calderén—Zygmund operators with
Dini-cotinuous kernels taking care of the precise constants.

On the other hand, we prove three different mixed bounds for a general
class of bilinear dyadic positive operators using the parallel stopping cubes
technique. The first bound (see Theorem 4.1) follows the spirit in the work
of the third author and W. Sun [25], combining a product of the A5 and
A linear constants of the weights involved. The other two mixed weighted
bounds combine the multiple A5 constant with natural extensions of the
linear Hrus¢év and Fujii-Wilson A constants (Theorems 4.2 and 4.4).

As a consequence, we are able to extend these weighted bounds to mul-
tilinear Calderéon—Zygmund operators with Dini-continuous kernels and ob-
tain new precise weighted bounds for their commutators with BMO func-
tions, square functions and Fourier multipliers in the multiple scenario.

For the sake of simplicity, throughout this paper we are mainly going to
consider the bilinear case. Notwithstanding, a similar argument can be used
to obtain the general multilinear case. Observe that in the section concerning
commutators we give the general proof since it is more convenient.

The organization of this paper is as follows. In Section 2 we give some
background and definitions which will be useful to prove our main results. In
Section 3 we prove the pointwise control of multilinear Calderén—Zygmund
operators by sparse operators whereas in Section 4 we obtain three quanti-
tative bounds for a general class of positive dyadic operators. In Section 5,
main results in the previous section are applied to derive mixed weighted
bounds for commutators of multilinear Calderén—Zygmund operators as well
as for multilinear square functions and Fourier multipliers. Finally, in Sec-
tion 6 we prove quantitative versions of some classical boundedness results
in the multilinear setting.

Throughout this paper, we will denote the average of a function f over a
cube @ as

(1.6) (g = ]é f= ]é f(@)dz = @ /Q f(@)da,
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where |@Q| denotes the Lebesgue measure of Q. If w is a weight, i.e. a
measurable locally integrable function defined in R™ taking values in (0, co)
for almost every point, we will denote w(Q) := fQ w(x)dzr and wlg(z) =
w(x)1lg(z). We will use the notation A < B to indicate that there is a
constant ¢, independent of the weight constant, such that A < ¢B.

2. PRELIMINARIES

2.1. w-bilinear Calderén—Zygmund operators. We say that T is a w-
bilinear Calderén—Zygmund operator if it is a bilinear operator originally
defined on the product of Schwartz spaces and taking values into the space
of tempered distributions,

(2.1) T:S(R") x S(R™) — S'(R™),

and for some 1 < ¢, g3 < 00 it extends to a bounded bilinear operator from
L% x L% to L9, where 1/q1 + 1/q2 = 1/q, and if there exists a function K,
defined off the diagonal z = y = z in (R")3, satisfying

ey TR = [[ K h e

for all # ¢ supp fi1 Nsupp fa. The kernel K must also satisfy, for some
constants Cx > 0 and 7 € (0, 1), the following size condition

Ck
(lz =yl + |z — 2[)>’

(2.3) K (z,y,2)| <

and, the smoothness estimate

]K(x+h,y,z)—K(x,y,z)|+|K(:r,y+h,z) —K(:J:,y,z)\
—l—\K(w,y,z—i—h)—K(w,y,z)]

< e ()
=~ w s
(lz =yl + ]z —2))* " \|z -y + [z — 2]

whenever |h| < 7max (|z —y|, |z — z]).

If w:[0,00) = [0,00) is a modulus of continuity (i.e. it is increasing,
subadditive (w(t + s) < w(t) + w(s)) and w(0) = 0), the kernel K is said to
be a log-Dini-continuous kernel if w satisfies the following condition

(24) felhugon = [ w0 (1108 (1)) & <o

We are mostly interested in the weaker case when K is a Dini(a)-conti-
nuous kernel. Namely, when w satisfies the following condition:

L dt
(2.5) ||l Dini(a) = ; w (t)T < o0.

In the case a = 1, we will denote ||w||pini(a) Simply as ||w||Dini-
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Given a bilinear Calderén-Zygmund operator 7', the maximal truncation
of T' is defined as the operator T} given by

(2.6) Ty(f1, fo)(z) = sup T (f1, f2)(@)]

where T} is the e-truncation of T’

@1 Tl p)e = [ K (2,9, 2) 1 (9) fo(2)dydz.
lz—y|2+|z—z|2>€2

2.2. Dyadic cubes, adjacent systems and sparse operators. The stan-
dard system of dyadic cubes in R" is the collection D,

(2.8) D:={27%10,1)" +m) : k € Z,m € Z"},

consisting of simple half-open cubes of different length scales with sides
parallel to the coordinate axes. These cubes satisfy the following properties:

(1) for any Q € D, the sidelength £(Q) is of the form 2%, k € Z.
(2) QN R € {Q, R, 0}, for any Q,R € D.
(3) the cubes of fixed sidelength 2* form a partition of R™.

Since given a ball B(z, ), there does not always exist a cube @ € D such
that B(z,r) C Q and ¢(Q) ~ r, a finite number of adjacent dyadic systems
D% can be used to overcome this problem. More precisely, these dyadic
systems are the following

(2.9) D= {277([0, )" +m+(-1)"iu) 1k € Zm € Z"}, we {0,1,2}"
The next two lemmas will be quite useful in the following. The first result

can be found in [13, Lemma 2.5] in an stronger version whereas the second
result is in [16].

Lemma 2.10. For any ball B := B(xz,r) C R", there exists a cube Qp € D"
for some u € {0,1,2}" such that B C Qp and 6r < {(Qp) < 12r.

Observe that, as a consequence of [13, Lemma 2.5], the collection Dy :=
Uuefo,1,2)» D" can be seen as a countable approximation of the collection
of all balls in R™. This family satisfies (1) and (3) listed above, but it
satisfies (2) only in various weaker forms. We slightly abuse of the common
terminology and say that () is a dyadic cube if @ € Dy.

Lemma 2.11. If Qo € Uyeqo,1,2)»D", then for any ball B := B(z,r) C
Qo there exists a cube Qp € Uyeqo1,2y2 D" such that B C Qp C Qo and
E(QB) < 12r.

2.3. Multiple weights. Along this section we recall some basic concepts
related to some constants involved in the multiple theory of weights.

First, let us define the central object in the multiple weight theory in-
troduced in [22]. Given f = (f1, f2), we define the multilinear maximal
operator M by

SupH |Q’/ ‘fz Yi ‘dyza

QB:U
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where the supremum is taken over all cubes containing x.
Next, let us recall some useful definitions of the basic multiple weight
constants that we are using throughout this paper. Consider numbers

1 < pi...,pm < oo and p such that ¥ = p%—k...—l—i and denote

P
P = (p1,...,pm). Now define

m

(2.12) (w, 54, = sgp(w)Q H<O’Z‘> "

Qe

Notice that this definition is more general than that presented in [22], since
when o; = wil*p;, i=1,...,m, and w = vz we recover the Az condition in
(1.5) if [w, G]a, < oo

In [4], Chen and the first author introduced the following multilinear
analogue of the Ay constant, which was defined by Fujii in [9] and later
rediscovered by J.M Wilson [30]. We say that W satisfies the W%O condition
if

1

(2.13) [ﬁ]w%o :Sgp (/QﬁM(wilQ)fidm>(/Qﬁwfida:)_ < 00.
i=1 i=1

We can also define a more natural multilinear A, constant extending the
classical Hruscev A, constant in [11] as follows. We say that w satisfies
the H%O condition if

m P 2
(2.14) [’117]H}°3° = Slclgp H<w1>3 exp <][Q log wi_l) Pi
=1

3. DOMINATION THEOREM FOR BILINEAR CZOs

In this section we will prove an extension of the domination theorem due
to M. Lacey [19] for bilinear Calderén-Zygmund operators following the
scheme of proof in [16] to track the precise constants.

3.1. Some auxiliar operators and a related lemma. Let T be a bilinear
Calderén—Zygmund operator with Dini-continuous kernel. For every cube
P C R", we defined the P-localized maximal truncation of T" as the operator

(3.1) Ty p(f1, fo)(z) := sup Tz 5(f1, f2)(z)[1p(2),
0<e<b< 3 dist(2,0P)

where T 5 is defined as follows

(3.2)  T.5(f1, f2)(z) == //2 FET K(z,y,2)f1(y) f2(z)dzdy.
e2<|z—y|2+|z—2]2<d?
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We also need to define a truncated centered bilinear maximal function
M 5 in the following way,

(3.3) M 5(f1, f2)(x) == sup H fil) B

e<r<o ; i=1

We have the following relationship between the truncations 7. s and M¢

Lemma 3.4. Suppose that |v — 2’| < 1e. Then

(3.5) T 5(f1, f2) () = Te5(f1, f2) (2')] < en(Ck +||wllDini) ME 95(f1, f2) ().
Proof. First observe that

’Ts,é(fl, fz)(a:) — T€’5(f1’ fz)(a:’)\

N ‘// K(z,y,2) f1(y) fa(2)dzdy
e2<|z—y|2+|z—2|2 <82

- // K(2',y,2) fi(y) f2(2)dzdy
e2<|a/—y[2+|2' — 2|2 <52

— ‘// (K (z,y,2) — K(z',y, 2)) f1(y) fo(2)dzdy
e2<|z—y|2+|z—2]2 <62

K(a',y, dzd
’ <//52<$—y|2+|z—z|2<52 (@', y,2) f1(y) f2(2) dzdy

_// K(2',y,2) fiy )fz(z)dzdy>
e2<a/ —y|2+|a’ —2[> <52
= |I+ 1.

For the first term, using the smoothness of the kernel and the properties of
the modulus of continuity w, we get

A
1< / / w( o — | ) AWILEL .
e2<|z—y|2+|z—2]2 <62 ’JZ‘ - y’ + ’.’E - Z‘ (‘x - y‘ + ’.CI? - Z|)
o
s ) (!m 1) o,
(2ke)2<|z—y|24|z—2|2< (28 +1e)2 ke (2 6) n

k:e2<(2ke)2 <62

:o (Ixﬂf’)// ) [f1(y 2le)fz( 2,

] 25 (f1, f2) (@ Z/

N

| N

‘Z‘ x’|/2k 1g dt

/‘/Qk t
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1 d
< dMs(f @) [ w0

For the second term, we make a similar decomposition as in [16], namely

IT =II. — IIs,

where

— ) J dzd
<//x Y2 +|z—z[2>r? //Iac’—y2-&-|:z:/—z|2>r2 (x e )fl( ) 2<Z) ’ y)
// (a: Y, 2) f1(y) f2(2)dzdy
|z—y|2+|z—2]2>1r2> |2 —y|2+]|2 — 2|2

_// K(x',y, 2) f1(y) f2(2)dzdy.
|o/ —y|2+|z! — 2|2 >r2>|z—y| 24|z —2|2

Since |z — 2’| < § < %, for the first integral, [z —y| + |z — 2| < |2’ —y| +
2" — 2| + 2z — /| < V2(j2" —y]?+ 2" — 2[)Y2+ § < V2r+ L < 2r, and
o' =yl 12/ 2] > [p—y|+z—z|-2e—2'| > (le—ylP+lo—22)2—2fo—a'| >
we have

i K&/, 4,2) fu(9) fa()ddy
|z—y|?+|z—z[2>r?>[2’ —y|2+|ﬂf —z[?

: //Iaf y|+|z—z|<2r (7“/2)2n’f1( Yl f2(2)|dydz
< enCr (| f1]) Bleor) (| f2]) Baor) < cnCrxMEo5(f1, f2) ().

For the second integral, we have |2/ —y|+|2'—z| > (\x’—y|2+|x’—z|2)% > 7.
Therefore,

] K&, 5,2) fu(0) o)y
a2l o

<[ | o)1 =)y
lz—y[2+|z—22<r2 T
< CnCK<|f1|> (z,r) (’f2|> (z,r) < CnCKMa 25(f1a f2)( )
Consequently,
IT < 4e, Cx Mg 95(f1, f2) ().
which shows the desired result. O

The following result is an extension of the pointwise domination of the
maximal truncation of T' by a sum of sparse operators in the bilinear setting.

Theorem 3.6. Let T be a bilinear Calderon—Zygmund operator with Dini
continuous kernel. Then for any pair of compactly supported functions
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f1, f2 € LY(R™), there exist sparse collections S* C D%, u = 1,2,...,3",
such that

gn
(3.7) Ty(f1, f2)(x) < en(||T||Lm x 192 0 +Crc+lwlpini) Y Asu(f1, f2) (@),

u=1

for almost every x € R™, where the constant ¢, depends only on the dimen-
sion and ||T||po xpe2—ra denotes the norm of the operator.

The proof of the previous theorem follows exactly the same scheme of
proof of [16, Thm. 2.4] with slight modifications. Notwithstanding, since the
key ingredient for the proof of this theorem is essentially the next lemma, we
are only going to give the details of its proof here for the sake of completeness.

Lemma 3.8. Let f1, fo be integrable functions. Then, for every Qo € Dy,
there ezists a collection D(Qo) of dyadic cubes Q C Qo such that the follow-
ing three conditions hold:

(1) ZQED(Q()) Q| < en|Qol.
(2) if Q' CQ, and Q',Q € D(Qo), then Q' = Q.
(3) we have

2
(3'9) TliQo f1, f2 <C ];[ |f] Q01Q0+Qé%%5 )TﬁQ(flafZ)

where C% := ¢,(||T||pa1xre2—ra + Cx + ||w||pini) and £, N\, 0 as
cn /00,

Proof. We want to prove that for any constant C’% > 0 we can cover the set
EOa

2
Eo:= <z eQo:Th,(f1, f2)(x H [fildao ¢ >

with countably many cubes Q; € Dy that satisfying conditions (2) and (3)
and if the constant C{ is of the form cn(||T||ququ2ﬁLq +Ck + HwHDini),
then the cubes also satisfy condition (1).

Let x € Ey. Since the function (e, ) — T s5(f1, f2)(z) is continuous, we
can choose such radii 0 < o, < 7 < % -dist(x,0Qq) that

2
| Uz,’Tz(flqu H |fj
and
2
T )@ < CLT[0RNGy i 0x <o <7< 3 - dist(e, Qo).
i=1
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For simplicity, we drop the conditions & > 0 and § < 1 -dist(z, Qo) from the
notation. Now the maximality of o, implies the following:

Ty o (f1, f2)(x) = sup T 5(f1, f2) ()|
= sup |T;s(f1, f2)(2)]

e<6<o,

Vosup  (|Tes(f1, f2) ()]

0, <e<d

vV osup |T:s5(f1, f2)(2)]
e<o,<d

= IVvIIVIII,

where

I = sup [Teo,(f1, f2) (@) + To, 5(f1, o) (@) < T+ 11,

e<0,<é

and IT < CY. H 1{|fi]) Qo by definition. So altogether we find that

2
(3.10) Tyqo(f1, fo)(x) < sup [Tes(f1, fo)(a H (fio, Yz € Ey,

e<6<og

which is a preliminary version of the pointwise domination result we are
proving. Now we can use Lemma 2.11 to get from the preliminary version
to the desired estimate. Since B(z,20,) C Qo for every x € Ejy, there exists
a cube @, € Dy such that B(x,20,) C Qr C Qo and ¢(Q,) < 12 - 20, for
every x € Fy. Let (Q;); be the sequence of such cubes @), that are maximal
with respect to inclusion, that is, for each Q); there does not exist R € D
such that Q; € R C Q. Then for every z € Ey we have

(3.10) 2
Ty, (f1, f2)(x) < sup  |Tes5(f1, f2)(z H 1filo
0<e<6<0s =1
2
< sup Tz 5(f1, f2)(x H [fiha
0<s§6§%dmﬂx8Qz) j=1
2
=T}q.(f1, f2)(z H |fila
]:
2
<maXT;¢Q(f1,f2 H [fila

and for every x € Qo \ Ey we have T g, (f1, f2)(z) < C% ]_[J (I fila, by
definition. Thus, the cubes @; satisfy Lacey’s conditions ( ) and (3) and to
complete the proof, we only need to show that with a suitable choice of C’%
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the cubes also satisfy property (1). Let us split the set Ey into two parts:
Ey:={z € Ey: Mg, 2., (f1, f2)(x H (1fiao} Ey := Ep\ En,

where C’T is a constant whose value we will fix in the next step. Then, for
z € By and 2’ € B(z, 10,), we have

INE

| To 7, (f1, f2)(33/) —Topr, (f1, f2)(2)] cn(Ck + HwHDini)Mgz,Qrz (f1, f2) (=)

2
< n(Cx + ||w||pini ) CH H(’ijQo
j=1

2
H |f] Qo>

J=1

L\D\»—t

provided that we choose

Cp
2¢(Ck + [[wl[Dini)”
Then, since = € Fy C Ej, it follows that

T(1Qo f1,1Q0 f2)(2) = | To, 7, (f1, f2)(2)]

2 |Taz,Tz(flaf2 ’ Y H |f]

J=1

Cl =

[\

2
H (fiha

l\DM—l

for all 2’ € B(x, 20,). In particular,
2 2

2
U B 4Ux < {Tﬁ(1Q0f171Q0f2 % H |f] QO

zeF

HTﬁHL1><L1—>L1/2°°
< 111110 fill e
%C% Hj:l(’f] Qo =1

2||Tﬂ||L1 « L1y [1/2,00

_ 2

by the weak inequality of T}.
Let us then show that with this choice of C’} and a suitable choice of C’%

the size of Fs is controlled. Let © € FE». By definition, we can choose some
Pz € [0z, 27;] such that

2
H][ | fi(y;)|dy; > C: H |fila
z,px) 7j=1
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Since 7, < % -dist(x,0Qq), we know that B(x,2p,) C Qp. In particular,

2
M(1gef1,1qe f2)(x H Ifila

for all 2’ € B(x, p;), where M is the noncentered bilinear maximal operator

M(fr. £2)a) = sup H ][ flde.

Thus
2

U B, i%)

zeFo

2
<| U Bapo)| < HiMAqufi10,82) > CF T[S Da

r€FEy j=1

cn(Cr + [|wllpini) | ~ 12
< 1100 fillis = = 1Qol”.
H] 1<|fj onlll o C’%

by the weak inequality of the bilinear maximal operator.

Finally, let us combine all the previous calculations. For every maximal
cube @, let x; € Ey be a point such that Q); = Q,. Then, since ((Q,) <
12 - 20, for each x € Ey, we have |Qu,| < ¢u|B(wi, 304,)| for every i. In
particular, since the cubes in the collection {Q, : Qz, € D"} are pairwise
disjoint for a fixed v € {0,1,2}" and B(z;,20,,) C Qu,, B, 104,) are
pairwise disjoint and therefore,

DQal= > > Qul

u€e{0,1,2}" :Qq, €D

Cn § § xz: 40':1:1)

ue{0,1,2}7 i:Qq, eDu

—c > | U Biion)

ue{0,1,2}"  :Qq, €D

cn‘UB 40’,6 —|—)UB$px

rel z€F2

IN

T ini\ 3
< C;(H ﬁ|!Lq1quz—>Lé(-)i- Ck + ||wllp )2|Q0"
T
Hence, if
C% = cn(Ck + ||w||pini + || T4]| Lo x 192 1.0),
then the cubes @); satisfy property (1).
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4. QUANTITATIVE BOUNDS FOR BILINEAR SPARSE OPERATORS

In this section we establish three different bounds for the family of bi-
sublinear sparse operators Ay, 5. As a consequence of the domination
theorem proved in the previous section, we will obtain the same bounds for
bilinear Calderén-Zygmund operators or any other class of operators which
can be controlled by this class of positive dyadic operators. For v > 0,
po > 1, we define A, , s as follows,

1
9 /v

¥
Apo 1.8 (3( ) = Z [H(fi>Q,po] 1g(z) )

Qes Li=1

where for any cube @,

(Fam = (@ /Q \f(x)\”(’d:c)%-
.

Throughout this section we will use the following notation, .- = (&, £2).
Let us state our main results in this section. Our first bound is a mixed

As-A estimate.

Theorem 4.1. Let v > 0. Suppose that pg < p1,p2 < oo with % = pil p%.

Let w and & be weights satisfying that [w, E]Aﬁ < o0 and w,0; € Ay for

/Po
1=1,2. If v > po, then
||“4po,'y,$('01a 02)| e (o1)x LP2(02)—LP(w)
v (-1t o :
<t (Tledi + P S TTes).
B/pg o X
i=1 J=1i#j

where

If v < po, then the above result still holds for all p > ~.

Our second result is a mixed bound combining the A5 constant and a
generalization of the Fujii-Wilson A, constant to the bilinear setting which
was introduced in [4].

Theorem 4.2. Let v > 0. Suppose that py < p1,p2 < 0o with % = p% + p%

and set ¢ = p/vy. Let w and & be weights satisfying that [w,cﬂAﬁ/p <oo. If
0

Y 2 po, then

[ Apo,,.s(-015-02) | ey (01)x LP2 (o) — LP (w)

4.3 (B
) < ol | ””+Z*Z1”

'L
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where [Ei]wgg =1 if p <~ and otherwise,

3 (pz/'Y) (Pi/’Y),
[El]Wg‘; = sup / M lQ'LU a HM ]—QU) p;/y dm>
J#i
loer) il o //1) -1
X (/ H ! x) )
]
J#i

If v < po, then the above result still holds for all p > 7.

Finally, we give a mixed bound combining the A 5 constant and a gener-
alization of the Hrus¢év A, constant to the bilinear setting.
Theorem 4.4. Let v > 0. Suppose that py < p1,p2 < 00 with 1 = pT + -
and set ¢ = p/7y. Let w and & be weights satisfying that [w,&'}Aﬁ/p < 0. If
0

Y 2 po, then
(4.5)

1
. o il
[Apo 7.5 (015 -02)l| Lot (1) x L2 (02) Lo (w) < [w, 5] | B7mn /p + E &' /pl

where [Ei]H%i =1 if p <~ and otherwise,

. ACT p;(%_%)+
[0 =sup(w)g 7 " exp <][ log w_1>
Q

P;/pj 1 P/
X H<0'1>QZ 7 exp <][ log o, ) :
i Q
If v < po, then the above result still holds for all p > 7.

Before proving Theorems 4.1, 4.2 and 4.4, we need the following two
results. The first proposition can be found in [3, Proposition 2.2].

Proposition 4.7. Let 1 < s < 00, o be a positive Borel measure and
(;5 = Z anQ, qbQ = Z on/lQ/.
QeD Q'cQ
Then
_ g\s—1 1/s
612y = (Y- cal(6a)d)'o(@)

QeD

The following proposition follows the same spirit as that in [14] and it al-
lows us to avoid the “slicing” argument. Namely, the separate consideration
of families of cubes with the A5 characteristic “frozen” to a certain value

(w)q [T (oa)l)"" = 2.

By using Propos1t1on 4.7, it is also possible to give an alternative proof
of our main results by using the outer measure theory studied in [8, 29].
Notice that here the stopping cubes method provides a more direct proof.
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Proposition 4.8. Let S be a sparse family and 0 < v,n < 1 satisfying
v+n<1. Then

(4.9) Y WhGlQl S (Wh{v)EIRI.

Qes
QCR

Proof. Indeed, set 1/r :==~v+mn,1/s:=~v+(1—1/r)/2and 1/s' :=1—1/s.
By sparseness and Kolmogorov’s inequality, we have

D WwH BRI < 2> (u)g (v)| Eql

QeS QeS
QCR QCR

§2/ M(ulg)"M(vlg)"dx

1/s'
<2/MUIRS’Y /M’Ulen

S (IR ()RR = (u)h (o)l RI:
O

Our first observation is that we can reduce the problem to study the case
of pop = 1. Indeed, consider the two weight norm inequality

(4.10) [ Aporrs(f1, f2) o) < NP, w0, 7, w, &) Fill o o) 12l 72 ()

where we use N(ﬁ,po, v, w,d) to denote the best constant such that (4.10)
holds. Rewrite (4.10) as

11 1
A5 L5 2Ny € NP0y 75w, 8V £ ) 1 4 OHLm (w2)

which is equivalent to the following
HAI,%,S(fla f2)HLP/PO(w) < N(Pvp(]a v, W, 5)170 Hfl ||LP1/100(w1) HfQHLPQ/Po(UJQ)-

Therefore, if we denote by N (]3, ~,w, o) the best constant for the case py =
1, then the best constant for general py would be N (P/po,~/po, w, o) /.
Therefore, it suffices to study the case of pg = 1.

Our second observation can be stated as follows, as it was done in [14, 23].

Lemma 4.11. Suppose that p > ~. Let N denote the best constant such
that the following inequality holds

(4.12) [ A1.s(fro1, f200) | Lp(w) < N fillzes o) | F2ll o2 (o) -

Then (4.12) is equivalent to the following inequality with N' ~ N7
(4.13)

H( UG (15 (o0 yeia)

<Nz 22

Lr(w)
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Proof. On one hand, if (4.13) holds, we have

[ A1,s(fro1, f202) || Lo (w)
< || (X g (0 Mg ()G e londie) |

QeS
SNIME ) I oy IV (F2) 0

Lpl/"/ (01) LPQ/“/ (02)

SN fallzes oo 121l 2e2 (00 5

where M7, denotes the dyadic weighted maximal function, namely

LP(w)

(4.14) Mp(f) :SEI%U /\f )odz,

which is bounded from LP(o) into itself for every p > 1. On the other hand,
if (4.12) holds, we have

|(3 5 (25 e0bieita)”

Qes Lr(w)
< | (Mg M (g e egte) ..,
QeS

g 1 {0k 1
< NIMZ o (A Mz o) 122 (o M 2 02
SNUA o ool s N w2 on),

where M;D(f) = (Mg(f“f))l/7 and we have used in the last step that p > ~,
which implies p1,p2 > v and consequently, the boundedness of the maximal
functions. U

Therefore, we further reduce the problem to study (4.13). Finally, we give
the following lemma, which is the key to prove Theorems 4.1, 4.2 and 4.4.

Lemma 4.15. Let v > 0. Suppose that 1 < py1,p2 < 0o with %D = p% + p%.

Let w and & be weights. Then for any sparse collection &,

(4.16)
1
(2 vaenta)’|
and ifp >y, then there holds

H 26<01>g)<02>é (w Q]_QH @,

<fwdlh (S eng ez Q)"

Qe6

LP(w)

)
(4.17)
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and
Hzgl (o2 (w QIQHL<P1>' )
(4.18) . B -
< w1k, (Y lo)g™ wig” Q)
Qe6

Proof. We start proving (4.16). Following the spirit in [14], observe that the
right hand side of (4.16) is independent of . Therefore, it suffices to study
the problem for small v. More precisely, for fixed ]3, we reduce the problem
to study the case v < min{p, 1} with (p/7v)" < max{p1, p2}. Without loss of
generality, we may assume that (p/v)" < p1 = max{p1,p2}. Then it is easy
to check that

/
(4.19) 0<y—2L 1 0<1- Wy,
Ps p
and
/
(4.20) Sy
pg p
By Proposition 4.7, we have
1/
v ol
[OILAFSTY
Qe6

(T relog 2 ol @) )"

Q'cQ

e AR SR SN
Sl (X re(gig X eole g Q1))

Qe6 QcQ
(4.9) w=r 1 VAT s pg 1
Sl (X de(ggirde ™ iwe Tlal))"
QeSS
(r—1)ph y+(1— ﬁ)(p_y) 1— Pl (p—) 1/p
=l (Y lendleng P w7 Q)
QEG
(p— ’Y)P1+ _ (p=p] L P 1/p
< [w.d],)” RO IAPRCSEI)

QEeG
1 P P /
—wdi (D end i)
QEeG

where \g = <01>é<02>22w(62). By symmetry, we only need to prove (4.17).
Let us consider the case (p/v) > max{p1,p2} and (p/v)" < max{pi,p2}
separately. For the case (p/v)" < max{pi, p2}, without loss of generality, we
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may assume that p; > pe. Again, having into account (4.19) and (4.20) and
using Proposition 4.7, we obtain

gl -1
HQZGG<01>Q<@>Q (wiale ey

2)
1 (P2)1_1 ﬁ
= (X 2l 2 ptoau@) )™
Qe6 Q'cQ
/.2 /
_'pl'Y 1 ( p/) 1-2P1 (Q)/_l él
< [w,d7 (X hals @ 2 7o g T Q1))
Qee 2% grcq
(19 1 W10 w2y
1 PP Py p R (=)
~ [’U),O’]Aa (Q; Q(UQ(Q)<U2>Q < >Q |Q’> ) v
/2 ! /
P Y(B2Y = (TR ((B2)=1)  (p2y 21 ((p2y_q) 5
=, @7 (Y edlong T T wg T TR
Qe6
ot 7(72)/ P2/ ol .
- (22)ya-2) 12y
< [U},O’]ﬁﬁ( Z<01>Qpl <'LU>Q’Y P ’Q‘)(’YQ) P
QEG

where A\g = (aﬁ%(aﬁéw(@). It remains to consider when (p/~v)" > max{p1,p2}.
In this case,

P 2

Moreover, since we are considering the case p > -,

SRS APV Ay S YR S
Y41 Py

Applying Proposition 4.7 again, we have

Z<01>Zg<02>2271<w>Q1Q 22y
L (02

Qe6 )
~ (Q%:G/\Q(JQ(lQ) Q;Q<al>g/<02>gg/w(@,)>(’3)/—1> 2y
=t (ﬂi <Q;5 Ao (02(1@ Q;Q@ﬁ:gjﬁl <‘72>sz% ) = ),_1> @y
= 0 (X al(igyteva "oy F1) T
Qe6

——(p2—%) %(1&(177) o
—(w,dZ, (Y tong T ey + w)elQl) F)
Qe6
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~ (5 P2y 2
<luals (Stog™ g 710
Qe6
where again A\ = (01))(02) Hw(Q). O

Now we are ready to prove our main results.

Proof of Theorem 4.1. First we consider the case p > v, and we denote
q = p/~. By Lemma 4.11, we have

v

2=

| (X a3 (g e0bedie)

QeS

L7 (w)
=P, 2 G I ool JRZ2

= swp Y (GG IMEe)H(e25w(Q)

IIhIILq/ (w):1 QES
For each i = 1,2, let F; be the stopping family starting at Qg and defined
by the stopping condition
chr (F;) == {F/ € S: F] C F; maximal such that <f2> > 2(fi) 7 -

Each collection F; is o;-sparse, since

Z oi(F) < 1ZF1'/€ChFi(F1:) fF{de

F!echz, (F;) 2 sz‘ fdo

0i(Fy) < 50i(F3).

I.\D\H

The F;-stopping parent 7, (Q) of a cube @ is defined by 7z, (Q) := {F; €
Fi : F; minimal such that F; O Q} By the stopping condition, for every
cube @ we have ( f1> < 2( fl> . Let H be the analogue stopping family
associated with h and the Welght w, verlfylng the corresponding properties.

By rearranging the summation according to the stopping parents and
removing the supremum, we obtain

Y AMGRIG (MG oo gw(@)

QES
(Z > 2 Z DD
FheF FoeFa HEH FreFy FieFi HEH QES
FCF) HCF2 7(Q)= (Fl,FQ,H) FICFy HCF n(Q)=(Fy,F»,H)
DI DR D DD DI DD 3
FieF), HEH FreFs QeS FoeFo HEH FreF QES

HCF FaCH 71(Q)=(F1, Fp, H) HCF; FiCH n(Q)=(F1,F2,H)
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255 35 D SIS 35 35 S Sl

HeH FieF, FaeFs HeH FheFa FreFy
FiCH FoCF n(Q)= (Fl,Fg,H) FoCH FiCF n(Q)= (F1 Fy,H)

x (f1 (2G5 (M GAg
=1+1I'+I1I+I1I"'+1I1+1IT,
where 7(Q)) means that 7z, (Q) = F;, for all i = 1,2 and 7y (Q) = H and
Mo = (o)l u(Q).

By symmetry, it suffices to give an estimate for I. We have

IESDDED DD DR SRRV X (A (Dot

FheF FoeFa HEH QEeS
F>CFy HCF2 1(Q)=(F1,F2,H)

<S8 (E Y B D WE Y. A

FieF FreFo HeH QES
FCh HCF» ﬂ'(Q)Z(Fl,FQ,H)
S Z (fOF Z <f2)}';22/( ;ugﬂ <h>}‘},1H/>
‘e
neRER iy ()= F
AQ
x> Z 1odw
et w(Q)

HCFs 7(Q)= (Fl,Fz,H)

<D R DY (R

> X 91|

Q
FIEF FyeFs = Qes w(@Q) *lLe(w)
7T_7:1(F2):F1 7"]—‘2( )= FZW(Q) (Fl,Fg,H)
Yol
XH e S P
71—]:2(}1/):}:‘2
1/q
(Z Z )R f2)E) H Z Z w( Q‘L‘Mu))
FieF FeFs HeH QEeS
Try (F2)=F1 T ry (H)=F2 71(Q)=(F1,Fs,H)
w \g , 1/ql
(XX Y () e))
FieF FyeFo H'eH
71']:1 (FQ):FI 71‘]:2 (H/):FZ
SIS IS N DI DS I
~ E F1 F> w(Q) Q Lq(w)
1€F1 FeefFe HeH QesS
nr (F2)=F 7Fy (H)=F2 71(Q)=(F1,F2,H)
By (4.16), we have
/\Q 2 = = v/p
| > vl <o X ong ez
QES QeS

TF, (Q)=F% TF,y (Q)=F>
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Therefore,
x i e 1/q
wadi (Y Y R Y (o0d )gel)
FieF; FoeFo QEeS
) (F2)=F1 T, (Q)=F2

wali (Y R
FieF1  Fer
7F (F2)=F
P P /
(X tonel) (X aalel)®)
QES QEeS
TF, (Q)=F2 TF, (Q)=F2

<l (X wmpm Y Y (eelel)”

FieF, FoeFo QEeS

7T]:1 (F2):F1 7T]:2 (Q):F2
i

< (X WRBr > (oqlel)

FreFs QeS
77_F2 (Q):FQ
x 2 X
< [w, 314 (T Z N1l o oy 12l oo v o)
=1

It remains to consider the case p < . By Lemma 4.11, we have

[(Z g g imaeie) [,
< H( S E Y mE Y tendlente) |
FlEF] FreFo QeS b
T(Q)=(F1,F2)
(D wmEr Y wRpr| Y enlendiel), )
FieF FheF Qes w
m(Q)=(F1,F2)
S(X wmpr gy X ek, )’
FeF FoeFo QeS
F>CFy Tr(Q):(Fl,FQ)
(X W > wmR| > enbled qmy-
e %gﬁé W(Q)z%gh];b)

Then by the previous arguments, the desired estimate follows. This com-
pletes the proof. O

The proof of Theorem 4.2 follows the same idea as the proof of the pre-
vious theorem.
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Proof of Theorem 4.2. We only check the estimate for I, since the other
terms are similar. By (4.16), we have

H 3 engionitall < w.dl, (2 e0F ez1el)”

QEeS
QCFQ QCF2
L2 v/p
17 M (1p,0) P/pzdx
A5, /F%Hl )
X v/p
< [w, 5] v/p ap/p’dx .
514, FH1
Therefore,
2 /P P/ pi
I< [w,a]f‘ﬁ[a]wgo< DI / HU ‘dr )
FeF FoeFo 2Z 1
) (F2)=F1
N ; 1/q
S[wva]zﬁ[a]%& (/ Z(<f1> )q1F1 Z (<f2> q1F2 Ha’p/p dx)
r Fier FreFs =1
mF (F2)=F
b (=7/P o1 q 3 o2 q 2 p/pi /g
< fw, 31, % ([ M3 (R0 (fo) [ 077 )
i=1
J
< [w,a]}3 [0 ]Wp IMB (Ol o1 /7 o0y 1MB (f2) o2/ (o)
o
Y (O 1 POV 1 s

O

Again, the proof of Theorem 4.4 also follows the same idea as the proof
of the previous theorem.

Proof of Theorem 4.4. Likewise, we only study the estimate of I. By (4.16)
again, we have

| > eioad
S

Qe
(Q)=F2
_’1 r P ’*//p
<wali (X (o0d e 10l)
QeS
T(Q)=F;
1 X 2 P v/p
< (0. ke (X e (f 10ze) 1))
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¥ x 2 v/pi
< i TI( Y oo (f ose)ial)

=1 QEeS
m(Q)=F2
2 v/p1 €L
S w05 ke (X ew (f toson)iQl) " (L) I
Pt Qes Q
m(Q)=F2
< w1, iz oaF5 (3 e (f 1ogn)il)™”
I Qes Q
m(Q)=I%
where
(4.21) Mo(f) = supexp <]£2 log|f|>1czv

is the logarithmic maximal function. Here we have used the fact that this
maximal function is bounded from LP into itself for p € (0, 00) with bound
independent of the dimension in the dyadic case as proved in [15, Lemma

2.1]. Hence,
1< lwdls G (3 WRT S ()R (R
FeF FeFs
mF (Fo)=F
p/p1\ 2
ex log o P
><( Q;S P(]é g 1)’Q|) )
T(Q)=F;
< fw, a5 G (X @i X (R o)
FeFr Wff’&?j)iﬂ

(5% ()™

FoeFo QES
T (F2)=F1 n(Q)=F>

~

<A@ (X (X X e (f se)ial)”

FieF FeFs QES
mr (Fo)=F1 ©(Q)=F2

(X T (mrher)”

FieF1  FaeFe
7T]-'1 (F2):F1

FTHE 11l o) | F2ll s

5. APPLICATIONS



24 WENDOLIN DAMIAN, MAHDI HORMOZI AND KANGWEI LI

5.1. Mixed A,-A estimate for commutators of multilinear Calderén—
Zygmund operators. Throughout this section, we will work with commu-
tators of multilinear Calderén— Zygmund operators with symbols in BMO.
Recall that BM O consists of all locally integrable functions b with ||b|| garo <
00, where

1
b = — b — (bYp|d
16l 3az0 sgp|Q|/Qr<y> (B)oldy,

and the supremum in the above definition is taken over all cubes Q € R™
with sides parallel to the axes.

Given a multilinear Calderon—Zygmund operator 7' and b e BM o™, we
consider the following commutators with 5,

m

5.1 = > 6.7

=1
where
b, T0:(f) == bT(F) = T(fr,-- - fict,bifi, fivt, -+ s fm)-

Our aim in this section is to prove the following mixed estimate for com-
mutators of multilinear Calderén-Zygmund operators following the same
spirit as in [5].

Theorem 5.1. Let T' be a multilinear Calderon-Zygmund operator and be
BMO™. If we assume that [w,G]a, < oo, then

1B, T o1 1oy - L (1) L2 a0)

< w. ([l + i > i)
i=1 J=1ij
wa., + Y loila) (Z ||bz'\|BMo> ;
=1 =1

1-p]

where oy =w; ', i=1,...,m.

Before proving our main result in this section we need to recall some basic
properties about BM O functions and A, weights that we are going to use
in the sequel. Recall that a key property of BM O functions is the celebrated
John-Nirenberg inequality [17].

Proposition 5.2. [18, pp. 31-32] There are dimensional constants 0 <
an <1< B, <o such that

) 12101 ([ 0~ W) < o

In fact, we can take o, = 2n+2
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It is well-known that if w € Ay, then logw € BMO. Using the John-
Nirenberg inequality, Chung, Pereyra, and Pérez [5] proved the following
bound.

Proposition 5.4. Let b € BMO and let 0 < a,, < 1 < B, < o0 be the
dimensional constants from (5.3). Then

1
seR, |s| < min{1, ]fl} = e e A, and [eSb]Ap < pgk.

Qn
[0l Baro

In [15], Hytonen and Pérez also showed the following bound for the Fujii-
Wilson Ao, constant of a particular family of weights.

Proposition 5.5. There are dimensional constants €, and ¢, such that

R ul s < ealwla,  if |2 < o

16l Baro[wl

For our purpose, we need to show the following variation of the previous
lemmas.

Lemma 5.6. Suppose that [w,(?]Al3 <00 and w,05 € Ao, 1 =1,2---,m.
Then for any 1 < j < m,
—pl bR
[wePR% oy, e PR oA < e, plw, Fa g,

provided that

ol < anmln{l,p, --,%
z .
~ p(1+ max{[w]a,, [o1]acs 5 [omlac Dbl Bro

To prove the previous lemma, we need to recall this sharp version of the
reverse Holder’s inequality proved in [15].

Proposition 5.7. Let w € As. Then for any 0 <r <1+

1
Tda: <2— [ w(x)dx.
|Q! / Ql Jo
Proof of Lemma 5.6. Set

[w] , we have

1
cnmax{[wla,[ojla}

By definition of the A5 constant, Holder’s inequality and Proposition 5.7,
we have

r=1+
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/ 1 L’ ! Bonl ’I‘IL/ L/
< Asup()o(e ")y (o) (e PR [Tiog
@ i#]
1
- br'Rez 77
< 4[w,a]A}3 [P’ eZ]AH%
Pj
S Cn ﬁ[w) O-]A-‘a
where Proposition 5.4 is used in the last step. ([l

Now we are ready to prove the main result in this section.

Proof of Theorem 5.1. Tt suffices to study the boundedness of [g, T);. With-
out loss of generality, we just consider the case ¢ = 1. Using the same trick
as that in [5, Thm. 3.1], for any complex number z, we define

Tzl(f’) = BZbT(e_bela f27 o 7fm)
Then by using the Cauchy integral theorem, we get for “nice” functions,

—

1
b = S| = ()

= dz, € > 0.
z=0 211 |z|=¢ 22

Next, using Minkowski’s inequality, for p > 1,

= 1 1R
(58) 16, Th Dl < g | I iz
Notice that
(5.9) 1T (Do) = 1T (€ frs far -+ s frn)l| o (uerresy.

Therefore, applying the boundedness properties for Calderén—Zygmund op-
erators in Theorem 4.1 for weights (weP?Re? wiePPRez 4, . w,,) with

po =7 =1, we get

(5.10)
||T(€_zbf1,f2,"' 7fm)||LP(wePbReZ) S [eprezw € pleeszl,Uz,---,Um],lq/lf

m m

% <[e_p1bRezal]xl4/il H[Ui]xlél/ii + [eprez 1/p (H l/pz
=2 1=2

m

1 1/p;
_|_Z[O-1€ Pleez] /p1 H[ ] /P ))Hfle HLpl(ebleezwl)H||fi”Lp,-(wi).
=2 i’ =2

1>1
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Combining (5.8), (5.9) and (5.10) and using Proposition 5.5 and Lemma 5.6,
we arrive at

(5.11)
115,771 ()l £

1 1 T Lp Uy o U | T
< gl 0 ( THoal 2+ wlilZ S Tl d2 ) TL Al
i=1 i1=1 4 i i=1
Now taking

_ Cn, P

([wlaw + 2210l a)brlBro’

where ¢, 5 is sufficiently small such that it satisfies the hypotheses in Propo-
sition 5.5 and Lemma 5.6. Then,we obtain

106, T (N oy S T 315 (T loil i, + ol > TTled5)
=1 J=1 i#j

% ([Wlaw + D loila)billsaro [T I1illor: .
i=1 i=1

The general result follows immediately combining the estimates for all the
commutators in the different variables. ([

5.2. Mixed A,-A estimates for multilinear square functions and
multilinear Fourier multipliers. The results obtained in Section 4 can
be applied to different instances of operators which can be reduced to the
simpler dyadic operators Ay, ~.s-

Firstly, observe that the mixed weighted bounds obtained in the main
theorems in Section 4 can be extended to the case of multilinear square
functions taking into account [2, Prop. 4.2] and choosing pp = 1 and v = 2.

These mixed bounds can also be extended to multilinear Fourier multi-
pliers, which are a particular example of a general class of operators whose
kernels satisfy weaker regularity conditions than the usual Holder continu-
ity. To obtain the corresponding mixed bounds, it is sufficient to consider
the results in [1] together with the main theorems in Section 4 for v = 1. It
is worth mentioning that these mixed bounds for Fourier multipliers seem
to be new in the multilinear scenario.

6. APPENDIX

In this appendix we state and prove some well-known boundedness results
for bilinear Calderéon—Zygmund operators and their maximal truncations,
which also hold in the multilinear setting. It is worth mentioning that the
novelty of these results is not only that they are stated in a quantitative way
that will be useful for our purposes, but also that some of these results are
proved under weaker regularity conditions on the kernels than those results
in the literature.
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Lemma 6.1. Let T be a bilinear Dini-continuous Calderdon-Zygmund oper-
1
ator. Then T is bounded from L' x L' to L>*° and

(6.2) I\ s pr o200 SN T Lo x a2 e + ||w||Dinis

where |T||pa1 x 192 —1a denotes the norm of the operator as in its definition.

This result was proved under the Dini(1) condition in [26]. Observe that
Dini(1/2) condition is an stronger condition than Dini condition, which is
also referred to as Dini(1). In [27], Pérez and Torres studied the problem
under the BGHC condition. Namely, we say that a bilinear operator with
kernel K satisfies the bilinear geometric Hormander condition (BGHC) if
there exists a fixed constant C' such that and for any family of disjoint dyadic

cubes D; and Do,

(6.3) / Sup/ |K(z,y,2) — K(z,y9, 2)|dxdz < C,
nyeQ R\Q*
(6.4) [ s [ Ko - Kaepldedy < €,
R zeP JR\ P
and
(6.5)
> iplel s [ K (2,9,2) — K(@,yp, 20)lda
(P,Q)ED1x Dy (¥,2)€PXQ JR™\(Ure Dy )U(Useny)

< O(|Upep, P|+ | Ugen, Q).

Here Q* is the cube wit the same center as ) and sidelength 10,/nf(Q).This
condition, which is actually stated here in an equivalent way, was shown to
be weaker than the Dini condition in [27, Prop. 2.3]). Thus, Lemma 6.1
follows immediately from the mentioned result. Here we give the proof with
the precise constants.

Proof of Lemma 6.1. Suppose that T is bounded from L% x L% to LY,
where q% + q% = é. We shall dominate the bound |7 171 1/2.00 Dy
|T|| a1 x a2 —ra + ||w||Dini- Indeed, fix A > 0 and consider without loss of
generality functions f; > 0, ¢ = 1,2. Let «; > 0 be numbers to be deter-
mined later. Apply the Calderén-Zygmund decomposition to f; at height
a;A, to obtain its good and bad parts g; and b;, respectively, and families
of cubes {Q}.}, with disjoint interiors such that f; = g; +b; and b; = >, b},
verifying the properties in [10, Thm. 4.3.1].
Next, set ; = Up4n@)},. We have

o £ IT(, 2)(@)] > A < 0]+ [0l
e U Tl g)@)] > 3}

+ ‘{.%' S (Ql U Qg)c : ‘T(gl,bg)(.%')‘ > %}‘
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. A
+[{w € (@00 T 2) (@) > S}

A
+ {z € (U UQ2)° : |T (b1, ba) ()] > Z}y.
It is easy to see that
0]+ 19] < Ca(S 5 1Al + el

For the third term, using Chebychev’s inequality and the boundedness prop-
erties of T' and g;, we have

o € (@ U) : [T(g1,92)(a)| > 2}

44 .
< E”T(QLQQ)HM

44
< E”TH%‘H « L92 s[4 Hngqul HQQH%qz

4:q / ’
< <2 Cnaar 1T o cpan o (@ )79 ()2 || A0 ol 117

For the fourth term, if ¢;; denotes the center of the cube Qi, we have

o € (@ UD): [T(o0, (@) > 3]

<3 JIZ ] [ 2 - K nmbherisin| e
S [ [ [, e~ Kol )] (2

X Z/ Sl e S
a3 [ [ ] S o T b et
SC”O”;/ G 2 viea:

< Cho Z/ / w(ﬁE(Qz)) |b’2‘“(z)| dzdz
= 2 Jz—z|>nl(Q? 2|x—z| |x_z|n
L © Jz—2[>nl(Q7)

< Can||w| pimill f2l 1,

where we have used the cancellation properties of b’;, the regularity condition
on the third variable of K (since |z — ¢;| < Tmax (|z —y|, |z — z|) for = ¢
01 UQy), the fact that w is increasing, the Dini condition, ||g1||z~ < chaiA
and 3, 51112 < call foll .

Since the estimate of the fifth term is symmetric to the previous estimate,
it remains to estimate the last term. If we denote as ¢; and c¢; the center of

| /\
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the cubes Q] and Q%, respectively, proceeding similarly as in the previous
estimate, we obtain

[{z € (2 UQ2)°: |T(by, b2) ()] > %}\

4
=X / | ; / : / (B @,2) - K (., ) bk (1)bh ()dzdy| da
4
=3 ; /(M) / 1 / VK (@,3,2) = Kz, ex) 6} ()08 (=) | dwdydac
4 VRQE) [k 1b5(2)|dwdydz
S)\Z/Z/ /Q1U92 fﬂf—y’+|~’5—z|))(|w—y|+\m—z|)2n

Vl(Q3) b ()[[b5 (=) |dadyd:
2/2/ /Qlqu \w—CzH\w—ck\)>(\fL‘—Cl\Hx—CkDQ”

n 2 ! £
gan@}HQ,ialaQA/ 30( Vn(l(Qp) +4(Q))) >(| d
k,l

(uaa)e \2([7 —c| + [z —cx|)/ |z — | + | — cx)*

, Qk) + E(Ql ) dzrdydz
A
SC“%“” // /M |x—y\+r:c—z|>)<|x—y|+|x—z|>2n

= C a0\ / +/
Z e ( H{QR>(Q}) f(Q%)Zf(Qﬁ))

<I+ II.
By symmetry, it suffices to estimate I. We have
nd( dydxd
ISC;LZaloZQ)\/ \/7Qk> yaraz -
- @ug)e Jre N o=z (Jz —yl+ [z —2])

¢ 1
—c Zalaz)\/ / w(ﬁ (Qk))) _dad>
k i (21UQ2)c |.CU - Z| |x - Z‘

< Cpon||w||pinill f2l -

Combining the arguments above, we have
[{z : IT(f1, f2) ()] > A}
1 1
< _
S Sl + el
1T 0 0 o g (@) () VBN Fo [0 ) fal 47

+ a1l|wl|pmill f2ll L1 + czllwl|Dimill f1l 21
Take

_ 2l 1

1
”f2HL1 (HT”Lq1XLq2—>Lq + HWHDlm)§
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! ||f2HL1 1

)\77 1
||f1|\zl (1T a1 x Loz — e + ||lw]|Dini) 2

)

we get

2
Mo+ |T(fr, £2)(@)] > M < (1T por sczar o + o pind) [fo | ol foll 2o
O

We also need to show that the maximal truncated operator T} is bounded

from L' x L' to L2°. Therefore, we need to check first that Cotlar’s
inequality holds for this class of operators.

Theorem 6.6. Let T' be a bilinear Dini-continuous Calderdon-Zygmund op-
erator with kernel K. Then, for all n € (0, %), there exists a constant C
such that

(6.7) Ty(f) < cpn(Cre + [[wllpini + [|T]| 20 x 325 £a) M(F) + My (IT(F)]).

In this proof we combine the strategies used in [26, Thm 6.4] and [16,
Lemma 5.3] to determine the precise constants involved in the inequality.

Proof of Theorem 6.6. Let us begin defining the following maximal trunca-
tion

Ty(f1, fo)(z) = sup T.(f1, f)(2)|,

where
To(f1, ) () = / o K W
maxiy | y r—=z &

Since
(6.8)

sup /nax{x—y|,|x—z|}<a ([B Y,z )f1< )fQ(Z)dde SCKM(f17f2>(x)a

e>0
o —y|2+|z—2[2>e?

it suffices to show (6.7) with T} replaced by fﬁ Notice that we can write for
x' € B(x,e/2),

(6.9)
To(f1, f2)(z) = / (K (z,y,2) — K(',y,2)) f1(y) fa(2)dyd=

ax{|z—yl,|lz—z|}>e
+ T(fla fQ)(xl) + T(f?7 fg>(x/)7

where f = filp(z). For the first term in (6.9), using the regularity as-
sumptions on the kernel, we get

/ (K(w.9.2) ~ K(&'y. 2) f (4) fo(z)dyz
max{|z—y|,|z—z|}>e
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o
< / w( |z — 2| ) Ifl(y)Hfa(Z)!dydzn
max{|z—yl|,|z—z|}>e ’1’ - y’ + ’x - Z‘ (’1’ - y’ + ’(E - Z‘)

N |z — 2]

2ke<max{|z—y|,|z—2z|} <2k +1e 2%

) (Qki)% |f1(@)l] f2(2)|dyd=z

k=0

S M(f1, f2)(x) iW<|x2_k§/|>

k=0

>/
S M(fr, f2)(@) w(
1,J2 2 Jois

’l’ — .f/‘ )@
et t
|

0o |le—x
2k—1¢ du

— M(flvfz)(m)z:/z_zq w(u) U
k=0 2ke

2|z—a’|

— M(f1, 2)(a) /0 T )™

u
S HwHDiniM(fh fg)((L'),

where the last step holds since |z — 2/| < £/2. Next, taking the L" average
over 2’ € B(z,e/2), we arrive at

IT=(f1, 2) (@) S |wllpmiM(fr, fo) (@) + My(IT(f1, f2)]) ()

1 1/n
T ol 0 0 / /
" (‘B(ﬂcve/?)! /B(x,a/Z) T(f1, f2)(@ )!”cbc) ,

For the last term, using Kolmogorov’s inequality to relate the L and L'/2:%°
norms and the boundedness of T from L' x L! to LY/%°° we obtain for any

ne(0,3),

1 / 0 £0N\/,./ N/
YNl T(fy, ) dx
(B fy T B0

:||J"(J[E?’!}[8)’|[/’fl(B(a:n’%)7 dx

B(z,5)]

< ClIT(f7, fé))|’L1/2,oo(]_f;(g[;,£

< ColIT|| et s pr2ee M1, f2) ().
Combining all the terms, we finally arrive at
IT=(f1, 2)(@)] < enlllwlpini + CollTl| 1 1y 17200 ) M(fi, f2) ()
+ Mn(‘T(fl» fQ)D(x)v
which taking into account (6.8) and (6.2) leads to the desired result. O

As a corollary of the previous result follows the weak boundedness of the
maximal truncation of T'.
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Corollary 6.10. Let T be a bilinear Calderon—Zygmund operator with Dini-
con-tinuous kernel K. Then

(6.11) Tl Lot pireee S (Ck A+ [|wlDini + [[T]| 2o x 292 £a)-

Proof. Fix n € (0,1/2) and use the previous result together with the weak
boundedness of the multilinear maximal function and bilinear Calderén—
Zygmund operators and the fact that M, oT : L' x L' — LY2_ To prove
the latter, notice that for the Hardy-Littlewood maximal function using
Lemma 2.11, we can write

3n
M(f) = Mu(f),
u=1
where
1
M, = — dy.
(= s o [ Wy
QeD™
Therefore,

371
fo: MT(f1, £2))(@)7 > A < 37 [ s Mu(IT(f, fo)l ") ()7 > A/37}].
u=1

Denote
E, :={x e R": M,(|T(f1, f2)|")(z)n > A/3"}.

We can find a collection of maximal dyadic cubes {Q;}; such that E, = U;Q);
and

1
o [T e
’QJ’ Qj
which means that

yEu\g(S”)")\”/ T o), w=1,...3"

u

Now using Kolmogorov’s inequality and the fact that T : L' x L' — L1/2
and assuming that n < 1/2, we get

| 1wy S el

u

|Bul < I AT IA 7 1Bl 2
%’M(Euv‘gzl) “ ! ! “

Combining both estimates, it follows that
By < A7) AT T B 27,

which is exactly,
MEW < engll fillllfallr-
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