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ABSTRACT. We consider the Laplace operator in a tubular neighbourhood of a conical surface
of revolution, subject to an Aharonov-Bohm magnetic field supported on the axis of symmetry
and Dirichlet boundary conditions on the boundary of the domain. We show that there exists a
critical total magnetic flux depending on the aperture of the conical surface for which the system
undergoes an abrupt spectral transition from infinitely many eigenvalues below the essential
spectrum to an empty discrete spectrum. For the critical flux we establish a Hardy-type inequality.
In the regime with infinite discrete spectrum we obtain sharp spectral asymptotics with refined
estimate of the remainder and investigate the dependence of the eigenvalues on the aperture of
the surface and the flux of the magnetic field.

1. INTRODUCTION

1.1. Motivation and state of the art. Various physical properties of quantum systems can be
explained through a careful spectral analysis of the underlying Hamiltonian. In this paper we
consider the Hamiltonian of a quantum particle constrained to a tubular neighbourhood of a
conical surface by hard-wall boundary conditions and subjected to an external Aharonov-Bohm
magnetic field supported on the axis of symmetry. It turns out that the system exhibits a spectral
transition: depending on the geometric aperture of the conical surface, there exists a critical total
magnetic flux which suddenly switches from infinitely many bound states to an empty discrete
spectrum.

The choice of such a system requires some comments. First, the existence of infinitely many
bound states below the threshold of the essential spectrum is a common property shared by
Laplacians on various conical structures. This was first found in [DEK01, CEK04], revisited
in [ET10], and further analysed in [DOR15] for the Dirichlet Laplacian in the tubular neighbour-
hood of the conical surface. In agreement with these pioneering works, in this paper we use
the term layer to denote the tubular neighbourhood. Later, the same effect was observed for
other realisations of Laplacians on conical structures [BEL14, BDPR15, BR15, BPP16, LO16, P15].
Second, the motivation for combining Dirichlet Laplacians on conical layers with magnetic
fields has a clear physical importance in quantum mechanics [SST69]. Informally speaking,
magnetic fields act as “repulsive” interactions whereas the specific geometry of the layer acts
as an “attractive” interaction. Therefore, one expects that if a magnetic field is not too strong
to change the essential spectrum but strong enough to compensate the binding effect of the
geometry, the number of eigenvalues can become finite or the discrete can even fully disappear.

Our main goal is to demonstrate this effect for an idealised situation of an infinitely thin
and long solenoid put along the axis of symmetry of the conical layer, which is conventionally
realised by a singular Aharonov-Bohm-type magnetic potential. First of all, we prove that
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the essential spectrum is stable under the geometric and magnetic perturbations considered
in this paper. As the main result, we establish the occurrence of an abrupt spectral transition
regarding the existence and number of discrete eigenvalues. In the sub-critical regime, when
the magnetic field is weak, we prove the existence of infinitely many bound states below the
essential spectrum and obtain a precise accumulation rate of the eigenvalues with refined
estimate of the remainder. The method of this proof is inspired by [DOR15], see also [LO16]. In
the case of the critical magnetic flux we obtain a global Hardy inequality which, in particular,
implies that there are no bound states in the sup-critical regime.

A similar phenomenon is observed in [NR16] where it is shown that a sufficiently strong
Aharonov-Bohm point interaction can remove finitely many bound states in the model of
a quantum waveguide laterally coupled through a window [ESTV96, P99]. There are also
many other models where a sort of competition between binding and repulsion caused by
different mechanism occurs. For example, bending of a quantum waveguide acts as an attractive
interaction [DE95, CDFKO05] whereas twisting of it acts as a repulsive interaction [EKKO08, KO8].
Thus, bound states in such a waveguide exist only if the bending is in a certain sense stronger
than twisting. It is also conjectured in [S00, Sec. IX] (but not proven so far) that a similar effect
can arise for atomic many-body Hamiltonians at specific critical values of the nucleus charge.
Here, both binding and repulsive forces are played by Coulombic interactions.

1.2. Aharonov-Bohm magnetic Dirichlet Laplacian on a conical layer. Given an angle 6 <
(0,7/2), our configuration space is a 71/2-tubular neighbourhood of a conical surface of opening
angle 20. Such a domain will be denoted here by Lay(0) and called a conical layer. Because of the
rotational symmetry, it is best described in cylindrical coordinates.

To this purpose, let (x1, X2, x3) be the Cartesian coordinates on the Euclidean space R3 and Ri
be the positive half-plane (0, +00) x R. We consider cylindrical coordinates (v, z, ) € ]Ri x S!
defined via the following standard relations

(1.1) X1 = rcos ¢, Xy = rsind, X3 = Z.
For further use, we also introduce the axis of symmetry I' := {(r,z, $) € ]Ri x ST:r = 0}. We
abbreviate by (e, ey, e;) the moving frame
e, := (cos ¢, sin ¢, 0), ey = (—sind,cos ¢, 0), e, :=(0,0,1),
associated with the cylindrical coordinates (r, z, ¢).
To introduce the conical layer Lay(0) with half-opening angle 6 € (0, 71/2), we first define its
meridian domain Gui(0) C R? (see Figure 1.1) by
o ;. T T
(1.2) Gui(8) = {(r, z) e Ry: Sno <z, max(0,ztanf) <r < ztan® + e }
Then the conical layer Lay(0) associated with Gui(0) is defined in cylindrical coordinates (1.1)
by
(1.3) Lay(6) := Gui(6) x S.
The layer Lay(0) can be seen as a sub-domain of R3 constructed via rotation of the meridian
domain Gui(0) around the axis T".
For later purposes we split the boundary 0Gui(6) of Gui(0) into two parts defined as

00Gui(0) :={(0,z): —m < zsin® < 0}, 01Gui(0) := oGui(0) \ 9oGui(0).

The distance between the two connected components of 9;Gui(0) is said to be the width of the
layer Lay(0). We point out that the meridian domain is normalised so that the width of Lay(0)
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FIGURE 1.1. The meridian domain Gui(0).

equals 7 for any value of 0. This normalization simplifies notations significantly and it also
preserves all possible spectral features without loss of generality, because the problem with an
arbitrary width is related to the present setting by a simple scaling.

In order to define the Aharonov-Bohm magnetic field (AB-field) we are interested in, we introduce
a real-valued function w € L*(S') and the vector potential A,: R2 x S' — R3 by

w(d)

T

(1.4) Ay(ryz, ) =

This vector potential is naturally associated with the singular AB-field

(1.5) By, =V x Ay = 21D, 0re,,

where or is the b-distribution supported on I' and @, is the magnetic flux
1 (¥

3, wl@de.

Note that to check identity (1.5) it suffices to compute V x A, in the distributional sense [M,
Chap. 3].
We introduce the usual cylindrical L?-spaces on R?® and on Lay(0)

e¢.

Dy =

Lgyi(R%) :=L*(R} x Shrdrdzdd), L3, (Lay(8)) := L*(Gui(6) x S';rdrdzdd).
For further use, we also introduce the cylindrical Sobolev space HCyl (Lay(0)) defined as
2
HL, (Lay(0) := {u e 12,(Lay(0)) L . (|aru|2 T opu 4 2o )rdrdzdd> < +oo}
ay

The space H
by

Cyl(Lay(e)) is endowed with the norm || - HH1 (Lay(0 ) defined, forallu € Hcyl(Lay(e)),

el

[dpuf?
2

2 2
ayon = 2 e + Ly(e) (|aru| o+ >rdrdzdc|>.

Now, we define the non-negative symmetric densely defined quadratic form on the Hilbert
space Lcyl(Lay(G)) by

(1.6) Qu,o,0u] :=[[(iV— Ay UHLz (Lay(8))? dom Que,0 := €5°(Lay(6)).

The quadratic form Qg is closable by [K, Thm. VI.1.27], because it can be written via integra-
tion by parts as

Qu,e.0ul = (Huw,e,0t W2 (Lay(e))
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where the operator Hy, g ou := (iV — Ay)?u with dom Huw,0,0 = C3°(Lay(0)) is non-negative,
symmetric, and densely defined in L?(Lay(0)). In the sequel, it is convenient to have a special
notation for the closure of Q6,0

(1.7) Quw,0 = Qu,0,0-
Now we are in a position to introduce the main object of this paper.

Definition 1.1. The self-adjoint operator Hy, ¢ in Lgyl(Lay(e)) associated with the form Qg Vvia the
first representation theorem [K, Thm. V1.2.1] is regarded as the Aharonov-Bohm magnetic Dirichlet
Laplacian on the conical layer Lay(0).

The Hamiltonian H,, g can be seen as an idealization for a more physically realistic self-adjoint
Hamiltonian Hy, ¢, w associated with the closure of the quadratic form

2 ql : 2
ueCP(RL xS") — [|(iV— Aw)uHng(RS) + (W, u)Lgyl(Rs)
where the potential W: R2 x S! — R is a piecewise constant function given by

0, (rz¢) € Lay(),
WO) (T, Z, d)) ¢ LaY(e)

The strong resolvent convergence of Hy, g w to Hy g in the limit Wy — +oo follows from the
monotone convergence for quadratic forms [RS-I, §VIIL7].

W(T, Z, d)) = {

Before going any further, we remark that @, + k € R with k € Z can alternatively be seen as
a constant real-function in L*(S') and that

¢

(1.8) Ap, ik —Aw =VV with V(d) = (D, + k) —J w(&)dE.
0

The gauge transform is defined as

(1.9) Gy: Ly, (Lay(0)) — Lg,(Lay(6)),  Gyu:=e“u.

Clearly, the operator Gy is unitary. By Proposition A.1 proven in Appendix A the oper-
ators Hy, ¢ and Hg, ke are unitarily equivalent via the transform Gy. Therefore, taking
k = —argminyez{k — @[} we can reduce the case of general w € [*(S';R) to constant
w € [-1/2,1/2]. For symmetry reasons Hy, g is unitary equivalent to H_, ¢ for any w € R.
Thus, the case of constant w € [—1/2,1/2] is further reduced to w € [0,1/2].

When w = 0, we remark that the quadratic form Qg coincides with the quadratic form of
a Dirichlet Laplacian in cylindrical coordinates. Moreover, we have

s avran ! Inl, e Ml s
C(Lay(0)) o) = Eo(Lay,(0)) M)

where Lay,(0) = (Gui(G) U aoGui(G)) x S'. Consequently, the case w = 0 reduces to the one
analysed in [DEK01, DOR15, ET10] and we exclude it from our considerations. From now on,
we assume that w € (0, 1/2] is a constant, without loss of generality.

For w € (0, 1/2] the quadratic form Qg associated with H, g simply reads

iopu — wul?

Quelul = J <|aru|2 + [0,ul? + r2>rdrdzdd>.

Lay(6)
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Following the strategy of [K13, §3.4.1], we consider on the Hilbert space L*(S') the ordinary
differential self-adjoint operator hy,

(1.10) hev i=iv — wv, domhy, == {veH (S): v(0) = v(2m)}.
The eigenvalues {m — w}mez of hy, are associated with the orthonormal basis of IRICH) given by

(1.11) vm(d) = 2m) 2™ mezZ.

2
cyl

(112) (n[m]u) (Ta Z) = <LL(T, Zy d))>vm(d))>l_2(§1) :

According to the approach of [RS78, §XIIL.16], see also [DOR15, LO16] for related considerations,
we can decompose H,, g, with respect to this basis, as

(1.13) Hao = @D Firo,

mez

Forany m € Z and u € L;,(Lay(0)), we introduce the projector

where the symbol = stands for the unitary equivalence relation and, for all m € Z, the operators

F[wn?}e acting on L%(Gui(0);rdrdz) are the fibers of Hy,¢. They are associated through the first
representation theorem with the closed, densely defined, symmetric non-negative quadratic
forms

(1.14) o) ::J

m-— w)?
suie (Iarul2 +[0,u? + (m—w) 2 ) |u|2> rdrdz, dom f[wnf]e =™ (dom Quyp)-
ui(e

The domain of the operator FEE% can be deduced from the form f[g% in the standard way via the
first representation theorem.

Finally, we introduce the unitary operator U: L%(Gui(8);rdrdz) — L2(Gui(0)), Uu := /Tu.
This unitary operator allows to transform the quadratic forms f[ﬁ}e into other ones expressed

in a flat metric. Indeed, the quadratic form f[ﬂé is unitarily equivalent via U to the form on the
Hilbert space [2(Gui(0)) defined as

— 2 _
(1.15) qqphul ::J (m ui)z 1/4

(1o +[o.uf+
Gui(0)

uP)drdz,  dom g’y := Uldom [.0%).

In fact, one can prove that C§°(Gui(0)) is a form core for qLT]e and that its form domain satisfies

(1.16) dom gy = H}(Gui(6)).

We refer to Appendix B for a justification of (1.16) and we would like to emphasise that (1.16)
does not hold for w = 0 but we excluded this case from our considerations.

It will be handy in what follows to drop the superscript [0] for m = 0 and to set

0 0 0
(1.17) Fw,e = FEU]’ea fw,o == fEu],G’ duw,0 = un],e-

1.3. Main results. We introduce a few notation before stating the main results of this paper. The
set of positive integers is denoted by N := {1,2, ...} and the set of natural integers is denoted by
Np := NU{0}. Let T be a semi-bounded self-adjoint operator associated with the quadratic form
t. We denote by 0ess(T) and 0g4i5c(T) the essential and the discrete spectrum of T, respectively.
By o(T), we denote the spectrum of T (i.e. 0(T) = Oess(T) U Ogisc(T)).
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Let t; and t; be two quadratic forms of domains dom (t;) and dom (t;), respectively. We say
that we have the form ordering t; < ; if

dom () C dom (t;) and t[u] < t[ul, for all u € dom ().

We set Eess(T) := inf 0ess(T) and, for k € N, Ex(T) denotes the k-th Rayleigh quotient of T,
defined as

thu
Ex(T) = sup inf [—]2
Up,...,ug—1€domt uespan(uy,...,ux—1 )+ HuH
uedom t\{0}

From the min-max principle (see e.g. [RS78, Chap. XIII]), we know that if Ey(T) € (—o0, Eess(T)),
the k-th Rayleigh quotient is a discrete eigenvalue of finite multiplicity. Especially, we have the
following description of the discrete spectrum below Eegs(T)

Odisc(T) N (—00, Eess(T)) = {Ex(T) : k € N, Ex(T) < Eess(T) }.

Consequently, if Ex(T) € ogisc(T), it is the k-th eigenvalue with multiplicity taken into account.
We define the counting function of T as

Ne(T) :=#{k € N: Ex(T) < E}, E < Eess(T).
When working with the quadratic form t, we use the notations Oess(t), Ogisc(t), 0(t), Eess(t), Ex(t)

and Ng(t) instead.
Our first result gives the description of the essential spectrum of Hy, ¢.

Theorem 1.2. Let 6 € (0,7t/2) and w € (0,1/2]. There holds,

O-ess(Hw,B) = [1,+00).

The minimum at 1 of the essential spectrum is a consequence of the normalisation of the
width of Lay(0) to m. The method of the proof of Theorem 1.2 relies on a construction of
singular sequences as well as on form decomposition techniques. A similar approach is used
e.g.in [CEK04, DEKO1, ET10] for Dirichlet conical layers without magnetic fields and in [BEL14]
for Schrodinger operators with é-interactions supported on conical surfaces. In this paper we
simplify the argument by constructing singular sequences in the generalized sense [KL14] on
the level of quadratic forms.

Now we state a proposition that gives a lower bound on the spectra of the fibers F[wn?}e with
m # 0.

Proposition 1.3. Let 6 € (0,7t/2) and w € (0,1/2]. There holds

info(FI%) > 1, ¥m #0.

Relying on this proposition and on Theorem 1.2, we see that the investigation of the discrete
spectrum of Hy, ¢ reduces to the axisymmetric fiber F, ¢ of decomposition (1.13). When there is
no magnetic field (w = 0) this result can be found in [ET10, Prop. 3.1]. An analogous statement
holds also for é-interactions supported on conical surfaces [LO16, Prop. 2.5].

Now, we formulate a result on the ordering between Rayleigh quotients.
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Proposition 1.4. Let 0 < 07 < 0; < 7/2, wy € (0,1/2], and w; € [cos O, (cos 01) 'wr,1/2]. Then
Ek(Fw1,91) S Ek(sz,ez)'
holds for all k € N.

If the Rayleigh quotients in Proposition 1.4 are indeed eigenvalues, we get immediately an
ordering of the eigenvalues for different apertures 6 and values of w. In particular, if w; = w,,
we obtain that the Rayleigh quotients are non-decreasing functions of the aperture 6. The latter
property is reminiscent of analogous results for broken waveguides [DLR12, Prop. 3.1] and for
Dirichlet conical layers without magnetic fields [DOR15, Prop. 1.2]. A similar claim also holds
for &-interactions supported on broken lines [EN03, Prop. 5.12] and on conical surfaces [LO16,
Prop. 1.3]. The new aspect of Proposition 1.4 is that we obtain a monotonicity result with respect
to two parameters. Proposition 1.4 implies that the eigenvalues are non-decreasing if we weaken
the magnetic field and compensate by making the aperture of the conical layer smaller and vice
versa.

The next theorem is the first main result of this paper.

Theorem 1.5. Let 6 € (0,7t/2) and w € (0,1/2]. The following statements hold.

(i) For cos 0 < 2w, #0gisc(Fw.g) = 0.

)

(ii) For cos® > 2w, #0g;5c(Fw.g) = 00 and

Vcos? 0 — 4w?

Ni-e(Fwo) = 47tsin ©

IInE[+0(1), E—0+.

For a fixed 0 € (0,7/2), Theorem 1.5 yields the existence of a critical flux

cos 0
2

at which the number of eigenvalues undergoes an abrupt transition from infinity to zero. This is,
to our knowledge, the first example of a geometrically non-trivial model that exhibits such a
behaviour. In comparison, in the special case w = 0, this phenomenon arises at 6 = 7t/2 which
is geometrically simple because the domain Lay(7t/2) can be seen in the Cartesian coordinates
as the layer between two parallel planes at distance 7.

The spectral asymptotics proven in Theorem 1.5 (ii) is reminiscent of [DOR15, Thm. 1.4].
However, it can be seen that the magnetic field enters the coefficient in front of the main term.
As a slight improvement upon [DOR15, Thm. 1.4], in Theorem 1.5 we explicitly state that the
remainder in this asymptotics is just O(1). The main new feature in Theorem 1.5, compared
to the previous publications on the subject, is the absence of discrete spectrum F, g for strong
magnetic fields stated in Theorem 1.5 (i). This result is achieved by proving a Hardy-type
inequality for the quadratic form qg := g, 6. This inequality is the second main result of this
paper. It is also of independent interest in view of potential applications in the context of the
associated heat semigroup, cf. [K13, CK14].

(1.18) Wer = Wer(0) =

Theorem 1.6 (Hardy-type inequality). Let 0 € (0,7t/2). There exists ¢ > 0 such that

0 —zsin0)3
119 ol — [ulz gy = © reos® = zsin®)" . pgrg,
L2(Gui(0)) ) 1 r2 2 T 2
Gui(0) I + sin? 0 n (cose ‘rcosefzsine)

holds for any u € C5°(Gui(0)).
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Finally, we point out that Theorem 1.6 implies that for any V € C§°(Lay(0))
(120) #GdiSC(chhe - }‘LV) = O

holds for all sufficiently small p > 0. This observation can be extended to some potentials
V € Cg°(Lay(0)), but we can not derive (1.20) for any V € C§°(Lay(0)) from Theorem 1.6,
because the weight on the right-hand side of (1.19) vanishes on the part of 0Gui(0) satisfying
T = ztan 0. It is an open question whether a global Hardy inequality with weight non-vanishing
on the whole 0Gui(0) can be proven.

1.4. Structure of the paper. In Section 2 we prove Theorem 1.2 about the structure of the
essential spectrum. In Section 3 we reduce the analysis of the discrete spectrum of H, g to the
discrete spectrum of its axisymmetric fiber, prove Proposition 1.4 about inequalities between the
Rayleigh quotients, and Theorem 1.5 (ii) on infiniteness of the discrete spectrum and its spectral
asymptotics. Theorem 1.5 (i) on absence of discrete spectrum and Theorem 1.6 on a Hardy-type
inequality are proven in Section 4. Some technical arguments are gathered into Appendices A
and B.

2. ESSENTIAL SPECTRUM

In this section we prove Theorem 1.2 on the structure of the essential spectrum of H, g.

Observe that for any m # 0 the form ordering f,, 9 < fg?]e follows directly from (1.14). Hence,
according to decomposition (1.13), to prove Theorem 1.2 it suffices only to verify oess(fw,0) =
(1, +00) which is equivalent to checking that Oess(qw,0) = [1,+00).

To simplify the argument we reformulate the problem in another set of coordinates perform-
ing the rotation

(2.1) s =2zcos0 + rsin6, t=—zsin0 + rcos 0,

that transforms the meridian domain Gui(0) into the half-strip with corner Qg (see Figure 2.1)
defined by

(2.2) Qo = {(s,t) € R x (0,71): s > —tcotO}.
In the sequel of this subsection, (-, -) and || - || denote the inner product and the norm on L%(Qy),
respectively.

Rotation (2.1) naturally defines a unitary operator

(2.3) Uo: L2(Qg) — L2(Gui(0)), (Ugu)(r,z) :=u(zcosB® + rsin O, —zsin 0 + r cos 0),

(—mcot 9, m)
[ t
| Qg
PR, .
—Tcot© 0 S

FIGURE 2.1. The domain Qg.
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and induces a new quadratic form

. 2 2 Yl —yl
(24&) bw,e [u] -:CIw,G [Ueu] = JQB (|asu‘ + |atu| — m)dsdt, dom hw’e = HO(QG)’
1/4 — w?
(2.4b) where v=vy(w,0):= /72(»
sin” 0

Since the form b, g is unitarily equivalent to ¢, proving Theorem 1.2 is equivalent to showing
that oess(hw,0) = [1,+00). We split this verification into checking the two inclusions.

2.1. The inclusion Oess(hw,0) D [1, +00). We verify this inclusion by constructing singular
sequences for hy ¢ in the generalized sense [KL14, App. A] for every point of the interval
(1, +00). Let us start by fixing a function x € C§°(1,2) such that [[x[|2;,) = 1. Forallp € R4,
we define the functions u,p: Qg — C,n € N, as

(2.5) Unp(s,t) = (\/]ﬁx (%) exp(ips)> <\/zsin(t)> .

According to (1.16) it is not difficult to check that u,, € dombe. It is also convenient to
introduce the associated functions vy p, W p: Qg — C,n € N, as

Vnp(s,t) == (n;/zX/ (%) exp(ips)) (ﬁsin(t)) ,
Wnp(s,t) = (\/]ﬁx (%) exp(ips)) <\/Zcos(t)> .
First, we get

2 ("1 s\ |2 .
(2.6) [unpll? = J J — X(H)‘ sin®(t)dsdt = 1.

TTloJn M

2 ] T 2n1
Q7 lvapl?= J j Ty

NEAYRE 2 _ 1 2
oy m (E)‘ st (t)det_EHX HLZ(LZ)%O» n — oo.

Further, we compute the partial derivatives dsun , and Oiunp

(28) (asun,p)(5>t) = ipun,p(s)t) Jrvn,p(S)t)) (atun‘p)(syt) = Wn,p(s)t))
and we define an auxiliary potential by

v(w,0)

(29) Vw’Q(S,t) = m.

For any ¢ € dom b ¢ we have

Tnp(d) = heweld, unpl — (14 p?) by tnyp)
= <Vd), vun,p) - <Vw,9¢>un,p> —(1 +p2)<¢aun,p>

(78 ()~ rw o)) (70 (75)) ~ et

::In,p((b) ::Kn,p((b)
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Integrating by parts and applying the Cauchy-Schwarz inequality we obtain
T (@) = |~y ipAstinp + dewnp) — (14 P2) (b, n,p)|
= ’(‘b»qun,p + un,p) — (1 +p2)<¢»un‘p> — (b, imep)‘ = [{d, iPVn‘p>| < PHCIDHHVn,pH-
Applying the Cauchy-Schwarz inequality once again and using (2.6) and (2.8) we get

v
Kup@I< B sup  Vaols, )+ [Vl [vagl = 0] + [0 vapl.
(s,t)€(n,2n) x (0,7) n

Let us define the norm || - || as

Hd)H%ﬂ = boeld] + ]2 ¢ € domby .

Clearly, ||¢]/+1 > ||¢| and, moreover, for sufficiently small € > 0, it holds

wle) = \/1/4+ (1 — &) (w? — 1/4) € (0,1/2
and
[0[131 > bopld] = €| Vo[ + (1 — €)by(e)old] > €| VD2,

where we used b(¢) ¢[¢p] > 0 in the last step. Therefore, for any ¢ € dom b, 9, ¢ # 0, we have
by (2.7)

g (@) _ npl@®) K ()
000 = Iola o Tl

Here, the upper bound on ”H“q’;"‘(ﬁ” is given by a vanishing sequence which is independent of ¢.

Y _
(2.10) < pllvnpll + St V2 v pll — 0, n — oo.

Since the supports of uy« ,, and w, , with k # 1 are disjoint, the sequence {u« ,,} converges
weakly to zero. Hence, (2.6) and (2.10) imply that {u,« , } is a singular sequence in the generalized
sense [KL14, App. A] for b, g corresponding to the point 1 + pz. Therefore, by [KL14, Thm. 5],
1+p?e Oess(Dw,e) for all p € R and it follows that [1, +00) C Tess(hew,p0)-

2.2. The inclusion Oess(hw,e) C [1,+00). We check this inclusion using the form decomposi-
tion method. For n € N we define two subsets of Qg

(2.11) Qf ={(s,t) € Qp: s <}, Q :={(s,t) € Qp: s > n},

as shown in Figure 2.2. For the sake of simplicity we do not indicate dependence of Q;f on 6.
We also introduce

An :={(s,t) € Qp: s =n}.

For u € [2(Qg) we set u* := - Further, we introduce the Sobolev-type spaces

2.12) Hin(QF) = {w e H'(Q): ulyge, 0, =0}
and consider the following quadratic forms
(213)  bEg [l = in (Ieu™? + Dt — Vi ohut)dsdt,  domb g = Hix(0F),

where V|, g is as in (2.9). One can verify that the form hi,e,n is closed, densely defined, symmetric
and semibounded from below in L?(Q).
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+
w,0n

Due to the compact embedding of H(')’N(Q:{) into 12(Q;}) the spectrum of b is purely

discrete. The spectrum of b, 4, can be estimated from below as follows
Y

(2.14) info(h,g,) >1— sup Vupels,t)=1— 7

w,0,n
(s,t)eQn

+

The discreteness of the spectrum for b 4,

and the estimate (2.14) imply that

. _ Y
inf O-ess(hzyeyn D hw,e,n) >1- N2

Notice that the ordering bi,e,n ® by en < bwe holds. Hence, by the min-max principle we have
Y

inf Gess(hw,e) > inf O_ess(hjuye’n D b;,eyn) >1-— n2

and passing to the limit n — oo we get inf Oess(hw,o) > 1.

3. DISCRETE SPECTRUM

The aim of this section is to discuss properties of the discrete spectrum of H, g, which has
the physical meaning of quantum bound states. In subsection 3.1 we reduce the study of the
discrete spectrum of Hy, ¢ to its axisymmetric fiber F, g introduced in (1.17). Then, in subsection
3.2, we prove Proposition 1.4 about the ordering of the Rayleigh quotients. Finally, in subsection
3.3, we are interested in the asymptotics of the counting function in the regime w € (0, w¢(0))
and we give a proof of Theorem 1.5 (ii).

3.1. Reduction to the axisymmetric operator. The goal of this subsection is to prove Proposi-
tion 1.3. In the proof we use the strategy developed in [DOR15, ET10] for Dirichlet conical layers
without magnetic fields.

Consider the quadratic forms in the flat metric q[ﬁ}e given in (1.15). For all m # 0 and
w € (0,1/2], we have (m — w)? > 1/4. Consequently, for any u € Hé(Gui(G)), we get
[m]
Any function u € H(l) (Gui(0)) can be extended by zero to the strip

Str(0) := {(r,z) € R?*: ztan 0 <r<ztan9 + é},

defining a function uy € Hé (Str(0)). Hence, inequality (3.1) can be re-written as

[m] 2
qwn?e [u] > HvuOHLZ(Str(e))‘

(—mcot 9, m)
. t
! Qf Q
PO .
—7cot® 0 n s

FIGURE 2.2. The domain Qg and the subdomains Q.
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The right-hand side of the last inequality is the quadratic form of the two-dimensional Dirichlet
Laplacian in a strip of width 7. The spectrum of this operator is only essential and equals
(1, +00). Hence, by the min-max principle we get

[m] 2 2
que[u] 2 ”U‘OHLZ(Str(G)] = HuHLZ(Gui(e))-
Finally, applying the min-max principle to the quadratic form q[f]e we obtain

inf o(q™) > 1.

w,

This achieves the proof of Proposition 1.3.

3.2. Rayleigh quotients inequalities. The aim of this subsection is to prove Proposition 1.4.
This proof follows the same strategy as the proof of a related statement about broken waveguides
developed in [DLR12, §3].

It will be more convenient to work with the quadratic form f, ¢ in the non-flat metric. Let the
domain Qg be defined as in (2.2) through rotation (2.1). This rotation induces a unitary operator
Ro: L2(Gui(0);rdrdz) — L2(Qg; (s sin 0+t cos 8)dsdt). For u € dom fw,0, we setu(s,t) = u(r,z)
and obtain the identity fu, g[u] = ?w,e [u] with the new quadratic form

?@m:J

Qp

w2|ﬁ|2
(ssin® + tcos O

<|asﬁ\z + |04 + )2> (ssin© 4 t cos 0)dsdt,

dOI’IlAwaﬁ = Re(dOl’n fw,G)a

which is unitarily equivalent to f,, 9. Now, in order to get rid of the dependence on 0 of the
integration domain Qg, we perform the change of variables (s,t) — (&, 1) = (stan,t) that
transforms the domain Qg into Q := Q. /4. Setting 1i(5, t) = (s, t) we get for the Rayleigh
quotients
fow,olul o (tan? 0]0¢Ul* + [0¢1f* + w? cos ™2 0(8 + 1) ~2[1if?) (8§ + 1) cos 6 cot 6dSdt
Hu”%z(Gui(e);rdrdz) o (8 + 1) cos 6 cot Bdsdt
Ia (tan2 010:ul? + [9;1f* + w? cos 2 0(8 + /t\)_zlﬁlz) (8 + 1)dsdt
Jo [R(s +t)dsdt

— /f\w,e [ﬁ]
T [, Al (s + D)dsdt

The domain of the quadratic form /f\w’g does not depend on 6. However, we transferred the

dependence on 0 into the expression of f, gtl]. Now, let 0 < 87 < 0, < /2, w; € (0,1/2] and

w, € [cos 0;(cos 071) 'wr,1/2]. Then we get

w7 ) [ul?
(8 +1)2

Since the tangent is an increasing function, the first term on the right hand side is non-negative.

As wj is chosen, the second term is also non-negative. Therefore, for any k € N, the min-max

~ ~

principle and (3.2) yield Ex(fw,,0,) < Ex(fw,,0,) Which is equivalent to
Ek(Fun ,9] ) S Ek(sz,ez)'

This achieves the proof of Proposition 1.4.

2

" ~ ~ ~ w

@DMMW%@MZJ%W%wﬁMmﬁ% :
o]

— $4t)dsdt.
cos?0, cos?0; }(S—i_ Jded
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3.3. Asymptotics of the counting function. This subsection is devoted to the proof of Theo-
rem 1.5 (ii). All along this subsection, 6 € (0,71/2) and w € (0, w¢(0)) with we(0) = (1/2) cos 6
as in (1.18). The proof follows the same steps as in [DOR15, §3]. However, in presence of a
magnetic field the proof simplifies because instead of working with the form f, g introduced
in (1.14) we can work with the unitarily equivalent quadratic form b, g defined in (2.4a). In
particular, we avoid using IMS localization formula.

The main idea is to reduce the problem to the known spectral asymptotics of one-dimensional
operators. To this aim, first, we recall the result of [KS88], later extended in [HMO8]. Further, let
Y > 0 be fixed. We are interested in the spectral properties of the self-adjoint operators acting on
L2(1, +00) associated with the closed, densely defined symmetric and semi-bounded quadratic
form,

o f 2
N [f] = L () — Y g” dx,  domg) :=H'(1,+00),

and with its restriction
aVlf] ==Y [f],  domg) :=H{(1,+00).
It is well known that Gess(qu ) = Oess (c@I ) = [0, +00) and it can be shown by a proper choice of

test functions that #Udisc(qu) = #Gdisc(qIY\T ) =oc forally > 1/4.

Theorem 3.1 ([KS88, Thm. 1], [HMO0S8, Thm. 1]). As E — 0+ the counting functions of qu and q§
withy > 1/4 satisfy

1 1 1 1
N—E(CIE) =5 \VY ZHDE' +0(1), N—E(qy) =5 \Y ™ Z|1T1E| +0(1).

In Proposition 3.2 we establish a lower bound for Nj_g (b4 ) while an upper bound is
obtained in Proposition 3.3. Together with Theorem 3.1 these bounds yield Theorem 1.5 (ii).

Let the sub-domains Q7 := th (for n = 1) of Qg be as in (2.11) and the Sobolev-type spaces
Hé’N(Qi) be as in (2.12). Let also the quadratic forms hi,e = hiw be as in (2.13). Define the
restriction b, o , of b, o by

hc_u,6,D [u] == hc_u,e [ul, dom [](,_U,6,D = H(])(Q_)
To obtain a lower bound, we use a Dirichlet bracketing technique.

Proposition 3.2. Let 0 € (0,7/2), w € (0, we(0)) be fixed and let v = y(w, 0) be as in (2.4b). For
any E > 0set E = (1 + mcot8)*E. Then the bound

N £(02) < Ni_g(bwpe),
holds for all E > 0.

Proof. Any u € Hé(Q_) can be extended by zero in Qg, defining uy € Hé(Qe) such that
w,0.0 W = bweluol. Then, the min-max principle yields

(33) N]—E(h;’e)])) < N]—E(hw,e)-
Now, we bound (s + t cot 0)? from above by (s + mtcot 0)? and for any u € Hé(Q‘), we get

YIul?

(s + mcot e)Zdet‘

(3.4) bwopt] < J dsul + [deuft —
o
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Further, we introduce the quadratic forms for one-dimensional operators

+00 2
~D — 2 Y|f(X)‘ ~D L 1
by [f] := L |f/(X)| - mdxa dom 4y = Ho(] y +00),
TU
q](%m [f] .= L I/ (x)2dx, dom q](%)n) = H}(0, 7).

The right hand side of (3.4) can be represented as ﬁ? Ri+11® q](% ) with respect to the tensor

product decomposition [2(Q7) = L%(1,400) ® L?(0, ) where i;, i, are the quadratic forms of
the identity operators on [%(1,400) and on L%(0, 7), respectively. The eigenvalues of q](%m are

given by {k?}en and hence
(3.5) N—E(ﬁ?) < Ni—e(bypop)-

Finally, we perform the change of variables y = (1 + 7cot®)~'(x 4+ mcot0). For all functions
fe dom/q\YD, we denote g(y) = f(x). We get

gy [f] P lg]
17 I ()P [T laty)Pdy”
Finally, using (3.3), (3.5) and the min-max principle, we get the desired bound on Ni_¢(hy ). O

= (14 mcotd)™?

To obtain an upper bound, we use a Neumann bracketing technique.

Proposition 3.3. Let 0 € (0,71/2) and w € (0, we(0)) be fixed and let vy = y(w, 0) be as in (2.4b).
Then there exists a constant C = C(w, 0) > 0 such that

Ni—e(bwe) < C+N_g(a))
holds for all E > 0.

To prove Proposition 3.3 we will need the following two lemmas whose proofs are postponed
until the end of the subsection.

Lemma3.4. Let 0 € (0,71/2) and w € (0, we(0)) be fixed. Then there exists a constant C = C(w, 0) >
0 such that
Ni—e(bsq) < C

w,0

holds for all E > 0.

Lemma 3.5. Let © € (0,71/2) and w € (0, we(0)) be fixed and let y = y(w, 0) be as in (2.4b). Then
Ni-e(bge) < N_e(a))

holds for all E > 0.

Proof of Proposition 3.3. Note that we have the following form ordering

Do © B =< b

and the min-max principle gives

(3.6) Ni-e(hw,0) < Ni—e(by, o) +Ni—e(h, g)-

The statement follows directly combining (3.6), Lemma 3.4 and Lemma 3.5. O

We conclude this part by the proofs of Lemmas 3.4 and 3.5.
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Proof of Lemma 3.4. Recall that the space HéyN(Q’L) is compactly embedded into L2(Q7). Conse-
quently, O'(bj)’e) is purely discrete and consists of a non-decreasing sequence of eigenvalues of
finite multiplicity that goes to +oco. In particular, there exists a constant C = C(w, 8) > 0 such
that

N17E(hzru,e) < N](bzye) <C 0

Proof of Lemma 3.5. In Q~, we can bound (s + t cot 0)? from below by s2. For any u € dom Dw.or
we get

2
|| 10 e~ Y sl < b gl
The left-hand side can be seen as the tensor product g} @ i, + i1 ® q% ) With respect to the

decomposition L2(Q7) = L2(1,400) @ Lz(O 71) where the form q 1s defined in the proof of
Proposition 3.2. Since the eigenvalues of q2, Ao, are given by {k? }keN, we deduce that

NpE(wa,e) < N_g(ag)). O
Proof of Theorem 1.5 (ii). Combining Proposition 3.2 and Proposition 3.3, for any E > 0 we get
(3.7) N_(11rcot)2e(@y) < Ni_g(buwp) < C+ N_g(ay).

For the lower and upper bounds on Nj_g(he ) given in (3.7), Theorem 3.1 implies that as
E — 0+ holds

1 1
C+Nﬂ$ﬁzf—v—4ma+om,

N_(1reot0)2e () ,/ |ln (1 4+ meot8)%E)| 4+ O(1) ,/ |lnE|+(9

Hence, Theorem 1.5 (ii) follows from the identity

\/ _1_\/c0526—4w2
YT 4T T 2sine

4. A HARDY-TYPE INEQUALITY

The aim of this section is to prove Theorem 1.6. Instead of working with the quadratic form
Jw,e Which is used in the formulation of Theorem 1.6 it is more convenient to work with b, ¢
defined in (2.4a). We go back to the form q ¢ only in the end of this section. Recall that we
denote by (-,-) and || - |, respectively, the inner product and the norm in L?(Qg).

In this section we are only interested in the critical case w = w¢(0) = (1/2) cos 0 for which
Y(wer(0),0) = 1/4 holds where y(w, 0) is defined in (2.4b). To make the notations more handy
we define hg := b, 0. For further use, for any (s,t) € Qp, we introduce

1
p:=p(s,t) =s+tcoth, Po := po(t) = Etcote.
With this notation the domain Qg can be represented as

Qo = {(s,t) e R x (0,7): s > —2po(t) }
and the quadratic form hg can be written as

mmzjmmumw—”dm dom hy = HY(Q).
Qg
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The emptiness of the discrete spectrum stated in Theorem 1.5 (i) is an immediate consequence of
Theorem 1.6 and of the min-max principle because for any w > w, the form ordering hg < by e
holds. Another consequence of Theorem 1.6 is the non-criticality of H, ¢ as stated in (1.20).

To prove Theorem 1.6, we adapt the strategy developed in [CK14, §3]. First, in subsection 4.1
we prove a local Hardy-type inequality for the quadratic form hg taking advantage of the usual
one-dimensional Hardy inequality. Second, in subsection 4.2, we obtain a refined lower bound
that allows us, in subsection 4.3, to prove Theorem 1.6.

4.1. A local Hardy inequality. Let us introduce the triangle Ty (see Figure 4.1), which is a
sub-domain of Qg defined as

To := {(s,t) € 0g:s< —po(t)/Z}
= {(s,t) € R x (0,7): —2po(t) <s < —po(t)/2}.

FIGURE 4.1. The domain Q¢ and the subdomain Ty (in grey).

We also need to define the auxiliary function

2

CEy

(4.1) f(t) ==

Note that f(t) > 0 in Tp.
Proposition 4.1. For any u € C5°(Qg) the inequality

J Iatulzdsdt—]u\ZZJ F(t)[uPdsdt,
Qo To

holds with f(-) as in (4.1).

Before going through the proof of Proposition 4.1, we notice that

T uZ
bl — |2 = J duPdsdt — [[ul? +J J el — ™ gt
Qo t=0 Js>—tcot6 4p

In fact, the last term on the right-hand side is positive. It can be seen by performing, in the
s-integral, the change of variable o = p(s,t) for any fixed t € (0,7) and using the classical
one-dimensional Hardy inequality (see e.g. [K, §V1.4., eq. (4.6)]). Together with Proposition 4.1,
it gives the following corollary.

Corollary 4.2 (Local Hardy inequality). For any u € C3°(Qg) the inequality
bald — ul? > | fe)haPdsat

To

holds with f(-) as in (4.1).
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Proof of Proposition 4.1. Let u € C§°(Qg). For fixed s € (—mcot0,0) the function
(—stanB,7) > t — u(s,t)

satisfies Dirichlet boundary conditions at t = —stan 6 and t = 7. Let

2

Ails) = (7t — |s|tan 0)2

be the first eigenvalue of the Dirichlet Laplacian on the interval (—s tan 8, 7t). Hence, we get
J 0 cuditds — [[uf]? > J (R(s) — 1)iuPdsdt,
Qp Qp
with

] M), s € (—mcot0,0),
h(s) = { 1, s € [0,4+00).

Particularly, we remark that for any s > —mcot® we have h(s) —1 > 0. It yields

J [dquf?dsdt — |jul® > J (h(s) — 1)u*dsdt.
Qo To
Finally, as h(-) is non-increasing we obtain

J Qquffdsdt — [|[ul|* > | (h(s) —1)[uldsdt
Qg JTg

(o —Po/2
= J (h(s) — 1) [u/*dsdt

Jt=0 Js=—2pg
(o (—Po/2
> J (M(— po/2) — 1) luPdsdt
Jt=0 Js=—2pp
= | (M= p0/2) = 1)tuptdsdt = J f(t)[ul2dsdt. 0
J‘J‘e {.Tg

4.2. A refined lower-bound. In this subsection we prove the following statement.

Proposition 4.3. For any e € (0,7t 3)
1 t3 4 1
J 9sul* — — [ul*dsdt > ej . lu*dsdt — EJ t (2 + > ul*dsdt
Qo 4p 16 Jag 1+ p21In"(p/po) To Po 8

holds for all u € C§°(Qyp).

To prove Proposition 4.3 we need the following lemma whose proof follows the same lines
as the one of [CK14, Lem. 3.1]. However, we provide it here for the sake of completeness. In the
proofs of this lemma and of Proposition 4.3, we use that for t € (0,71) and g € Hé(—Zpo(t), +00)

_ [ _ _ 2
| e greds = | Jog 17207 g s
s>—2po Js>—2po
[ 1 1
42 = g'1F — =—(lgl*) + —lgl*ds
( ) Js>—2p¢ J 2p J 4p2 J
[ 1
- g/ — —lglds.
Js>—2po J 4p2 J
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Lemma 4.4. For any fixed t € (0, 7t) the inequality

1 1 lg(s)I?
19/ () — — |g(s)Pds > J LG,
L>Po(t) 4p? s>—po(t) P2In*(p/po)

holds for all g € Hé(—po(t), +00).

N

Proof. Lett € (0,71) and g € €5°(—po(t), +00) be fixed. We notice that for any o« > 0

L>Do

_ 2
—1/2 .y %P '2g

pIn(p/po)

2 ~172 712y
:J |(p—1/29)/|2pds+oczj |2md8—ch Mds.
$>=Po s>—po P2 In"(p/po) s>—po In(p/po)

For the first term on the right hand side in (4.3) we get by (4.2) that

(p

(4.3)

1
(4.4 | wegEeds = | 19— g
$>—po $>—Po
Performing an integration by parts in the last term of the right-hand side in (4.3) we obtain
=1/2 12y 2
(4.5) J ()] oA J [,
s>—po  In(p/po) s>—po P2In"(p/po)
Combining (4.3), (4.4), and (4.5) we get
1 gl
9’1" — —lglPds > (& — o) J —— ———ds.
Lw 40 s>—po 02 In*(p/po)

It remains to set « = 1/2.

The extension of this result to g € Hé(—po(t), +00) relies on the density of C3°(—po(t), +o0)
in Hé(—po(t), +00) with respect to the H'-norm and a standard continuity argument. O

Now we have all the tools to prove Proposition 4.3.

Proof of Proposition 4.3. First, we define the cut-off function &: Qg — R by

0, s € (—=2po(t), —po(t)),
Els,t):=q 2po(t) (s +po(t)), s € (—po(t),—po(t)/2),
1, s € (—po(t)/2,+o0).

The partial derivative of & with respect to the s-variable is given by

200(t)7", s € (—polt), —po(t)/2),
46 3:&) (s, 1) =
o 8y { 0, s € (—2p0(t), —po(t)) U (—po(t)/2, +00),
Further, for any u € C§°(Qp) and fixed t € (0, 71) using (a + b)? < 2a? +2b%, a,b € R, we get
2 2
J e g < 2J L zj (1 — £)ul’ds,
s>—2p0 1+ pz In*(p/po) $>—pg p?In (p/po) s>—2p0

where in both integrals we increased the integrands by making the denominators smaller. Note
that for fixed t € (0,71) we have s — &(s,t)u(s,t) € Hé(—po(t), +00). Applying Lemma 4.4 and
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using (4.2) we get
2 —po/2
————ds < SJ (e — P4 g +2J [ul2ds
>—2p0 1+ pz In“(p/po) $>—po 4p s=—2p
—po/2
= 8J 95 (p~"/2Eu)*pds + zJ [ul*ds
$>—Po s=—200
r —po/2
<16] (Il P+ hdueR)ds 2| fuds
Js>—po s=—2pp
—Po/2 g4 —po/2
<16 95(p~"/*w)[*pds + J — [ul*ds + 2J [ul*ds
Js>—2po s=—po Po s=—2pg
2 —Po/2 /64
<16 (|asu|2 — '“'2> ds + J ( + z) [ul*ds,
Js>—2po 4p s=—2pop p()
which is equivalent to
2 1 2 —po/2 4 1
[ (= Yas= o | s [ (e
$>=2po 16 Js>—20, 1+ p?In"(p/po) s=200 \P§ 8
Finally, we multiply each side by et® and integrate for t € (0,7)
t? 4 1
J et? <|asu|2 ur )d dt > J ; lu[*dsdt — sJ t3(—2 + f)lulzdsdt.
0q 16 Jog 1+ p2In’(p/po) T 8

Since for any ¢ € (0,17%) holds 0 < et® < 1, the inequality in Proposition 4.3 follows.

4.3. Proof of Theorem 1.6. By Propositions 4.1 and 4.3 we have

2
holul — [u? :J [osu |2—u ds dt+J [0quf*dsdt
Qo 4 Qp
“7) t3 4 1
£
> — lul?dsdt —i—J [f t) — et? < + )] lu?dsdt,
16JQG 1+ p2In*(p/po) To v 5 8

for all u € C§°(Qg). For the second term on the right-hand side of (4.7) to be positive it suffices
to verify that for all t € (0, m)

co1tS oot %eé 2 0.

By definition, f in (4.1) is a C*°-smooth bounded function on (0,7) and for any a € (0,7)
and all t € (a,7) we have f(t) > f(a) > 0. Moreover, f(t) = (2n)"'t + O(t?) when t — 0+.
Consequently, we can find ¢y > 0 small enough such that for all € € (0, &¢) inequality (4.8) holds.
Going back to the form g¢ we get that there exists ¢ > 0 such that for any u € €5°(Gui(0)) holds

(4.8) f(t) —

qelu HuHLz Gui(6) — = holUg 'ul — [|Ug 'u|?
2 CJ v |(U71u)(s t)lzdsdt
~ Jag 1402 (p/po) 0
rcosf —zsin0)3
ZCJ _ ( = )Z)Iulzdrdz,
Gui(6) cos 0 rcos0—zsin 6

where we used the unitary transform Ug defined in (2.3). This finishes the proof of Theorem 1.6.
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APPENDIX A. GAUGE INVARIANCE

In this appendix we justify the unitary equivalence between the self-adjoint operators H,
and Hg,, 1 for all real-valued function w € L%(S') and k € Z. The justification relies on the
explicit construction of a unitary transform.

Throughout this appendix, w always denotes a real-valued function. Before formulating the
main result of this appendix we recall that for w € L*(S'), we define the norm induced by the
quadratic form Q¢ defined in (1.7) as

2. 2
[ull?) o = Quyelul + HuHng(Lay(en, u € dom Qg p-

Recall that the flux @, € R, the function V € C([0,27n]) and the unitary gauge transform
Gv: L%, (Lay(8)) — L2, (Lay(0)) are associated with w and k as

cyl cyl
1 27 ) .
Al Dy = sz W(G)dd, V() = (Do + K} —J w(E)ds, Gy = Vi,
0 0

The following proposition is the main result of this appendix.

Proposition A.1. Let w € L2(S") and k € Z. Let @, V and Gy be as in (A.1). Then, the following
hold:

(i) dom Qu,p = Gv(dom Qo +x0);
(11) wae [Gvu] = Qq)w+k>9[u] fOT’ allu € dom QCDw-i-k,G'
In particular, the operators Hy, g and Ho 4« 0 are unitarily equivalent.

Therefore, taking k = —argminyez{lk — w(} in (A.1) we can reduce the case of a general
w € L*(S") via the transform Gy to a constant w € [—1/2,1/2].

Before proving Proposition A.1 we need to state several lemmas whose proofs are postponed
until the end of this appendix.

Lemma A.2. Let w € C°(S!) and k € Z. Let ®,, V and Gy be associated with w and k as in (A.1).
Then, the following statements hold:

(i) € (Lay(0)) = Gv(C5°(Lay(8)));
(i) Quw,0lGvu]l = Qo +kolu] forall u € CF(Lay(0)).

Lemma A.3. Let w € L*(S') and (wn)nen be a sequence of real-valued functions €= (S') such that
[wn — w21y — 0asn — co. Let Dy, V, Gy be associated with w k and @, , Vi, Gy, be associated
with wy, k as in (A.1). Then, as n — oo, the following hold:

(@) [Jon —wllpign —0;
(ii) |(Dwn — Dyl —0;
(iii) Vin(d) — V(&) forany ¢ € S;

(iv) Gv,, — Gy in the strong sense;

(V) Qun0lGv,ul — QuelGv,ul — 0and Qo,,, +kolul = Qo 1xelul for any u € CF(Lay(0)).
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Lemma A.4. Let w € L2(S") and k € Z. Let @y, V, and Gy be associated with w and k as in (A.1).
Then, the following statements hold:

() Gv(€5°(Lay(0))) C dom Que;
(i) QuolGvid = Qo+l for all u € € (Lay(6)).

In the proof of Proposition A.1 we use Lemmas A.2 and A.4. The statement of Lemma A.3 is
only needed later in the proof of Lemma A 4.

Proof of Proposition A.1. Let u € dom Qg +xe and let (u,)nen be a sequence of functions in
C3°(Lay(0)) such that [|[un —u||41,0,4k — 0 asn — oo. The sequence (un)nen exists because
C3°(Lay(0)) is a core for the form Qg 4k 6-

(i) Since the norm || - ||+1,@ .+« is stronger than the norm || - ||L§y|(Lay(e) ) we get
(A.2) lun —ulhz ayey =0 m— oo

Let us consider the sequence (Gyun)nen. Due to (A.2) we have

(A3) ||G\/un — GVuHng(Lay(e]) — O, n — oQ.

By Lemma A 4 (i), we know that Gyu, € dom Qg for alln € N. Now, we prove that (Gyun )nen
is a Cauchy sequence in the norm || - ||41,0. Indeed, by Lemma A 4 (ii) we have

2 2
||Gv(un+p - un)HJH,w = Qw,G[GV(un+p —un)] + HGV(un—&-p - un)”[_z (Lay(0))
cyl
2 2
= Qo +k0 [uner —Unl + ||un+p - u“HLgyl(Lay(e)) = ||un+p - un“-q—],ch+k'
Thus, (Gyun)nen is a Cauchy sequence in the norm || - |41, and therefore it converges to a
function v € dom Q¢ in this norm. Since the norm || - ||41, is stronger than || - |2 (Lay(6)) We
cy
get [|Gyun — v||;2 (Lay(0)) — 0 asn — oo. Taking (A.3) into account we conclude Gyu = v €
cy

dom Q 6, i.e. we have proven that Gy (dom Qq;cﬁk’g) C dom Qg 6. As a by-product we have
strengthened (A.3) up to

(A4) [Gvun —Gvuf 11,0 — 0, M — oo

Because the reverse inclusion Gy (dom Qq)w+k,9) D dom Qg ¢ can be proven in a similar way
we omit this argument here.

(ii) First, observe that
[unlli1,00 4k —2 [ullir001c and IGvunllirw — [[Gyifli1w,
n—oo n—oo

where the second limit is a particular consequence of (A.4) in the proof of (i). Further, in view of
the definition of the norms || - || 1,4, and || - || 41,04k, We obtain

(A.5) Qo +k,0unl - Qooikeoul and  Qu,olGyun] el Quw,o[Gyul.

Note that by Lemma A .4 (ii) we have Qg 6[Gvun] = Qo +x,0[in] for any n € N. Thus, passing
to the limit n — oo and taking into account (A.5) we end up with

Qu,elGvu] = nlgT;o Qu,elGvu,] = n11_r)l<f>10 Qo w+k,0tn] = Qo koMl

Finally, the unitary equivalence of the operators Hy, ¢ and Ho, 1k follows from the first rep-
resentation theorem. The operator Gy plays the role of the corresponding transform which
establishes unitary equivalence. O



22 D. KREJCIRIK, V. LOTOREICHIK, AND T. OURMIERES-BONAFOS

Now, we deal with the proofs of Lemmas A.2, A.3, and A.4.

Proof of Lemma A.2. (i) The identity C3°(Lay(0)) = Gy (€3°(Lay(0))) is a straightforward conse-
quence of eVl) € @(S'). The details are omitted.
(ii) For any u € C§°(Lay(0)) we get by direct computation

Qwe Gvu = H IV A LLH Lay( )

_ HeN(iv — Ay VV UHLZ (Lay(0))

2
12, (Lay(0))

- H (iv - A —1"epV(e) ) u

- H (iV—Aw — 1 ey (@ + k) +Aw) u

12, (Lay(0))

= [l(iV — Ao +x) U||L2 (Lay(8) = Qa+k,0ul. O

Proof of Lemma A.3. The claims of (i) and (ii) are a direct consequence of the inclusion L(S') C
L'(S"). Indeed, thanks to the Cauchy-Schwarz inequality, we have

27
Doy, — Dol < Jewn — @]lirsr) = L wn(£) — W(E)E < V2w — w21 — 0.
The claim of (iii) follows from (i) and (ii) as
¢
Vol )=V(®)] = (@, = Ol + | (i) — ()| < 00, Tkt wn—wlln =2 0.

Using the identity 2isin(x) = e — e~ we obtain for any u € Lcyl(Lay(e))

(A.6) |Gy, u— GVu~||L2 (Lay(® _H eVn —e u”l_gyl

(Lay(0 _2||s1n(V Vi) /Z)UHL2 (Lay(0))*

Elementary properties of the sine function give | sin ((V —Vn)/ Z)u\z < |ul?. Thanks to (iii) we
know that sin ((V — V,)/2) — 0 asn — oo (pointwise). Consequently, passing to the limit
in (A.6), we get the claim of (iv) by the Lebesgue dominated convergence theorem. Finally, for
any u € C3°(Lay(0)) we get

|(Qune)'? = (Quplul) 2] < [|[(Aw, —Aw)uHLgyl(Lay(e)) < Cllwn — w21y — 0,

where the constant C > 0 depends on |[it|{(Lay(e)) and supp u only. Hence, the second limit
in (v) immediately follows. The first limit in (v) is a consequence of the above bound and of the
fact that ||Gv,, u||1(Lay(e)) and supp (Gy, u) are independent of n. O

Proof of Lemma A.4. (i) By definition, dom Q¢ is the closure of C§°(Lay(0)) with respect to the
norm || - ||l+1,0. Letu € CP(Lay(0)) and (wn)nen be a sequence of real-valued functions e>(sh
such that [|w, — w|[{2g1) — 0asn — oo.

First, we prove that Gy, u € C§°(Lay(0)) is a Cauchy sequence in the norm || - ||41,0. Due to
Lemma A.3 (iv) we already know that

(A7) HGVnu GquLz Lay( ) — O, n — oQ.
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Further, Qu 0[(Gv,,,, — Gy, )ul can be bounded from above by
(A8 QuollGy,,, = Gy, Jul = [|(iV — Aw)(e™™ 7 — ™™ ullfz 0y 0)) < 20np + Knp),
where |, , and K;, , are defined by

(A9) Jnp = [|(e" 7 =¥ (iV = Awullfz Knp = [1(V(e™r —eY)ullf,

(0)) 2, (Lay(8)"

Because (iV — Ay)u € C5°(Lay(0)), Lemma A.3 (iv) implies that J,,;, — 0 asn,p — oo. Let us
deal with the term K, ;. Computing the gradient taking into account the expression of V,,, we
get

. . ’ . e ‘ ; e
a0 VT = [ O — Y] R [N (9) - eYran(9)]

= Xnp + Yn,p,
where, forall q € N, @4 := @, Tk and the terms Xy, p, ynp on the right-hand side are defined
by

, , - e
Xn,p ‘= ((elvnﬂj - elvn)q)n+p + elvn((Dner - (Dn)) Td)a

Youp = (€Y7 = €Y p () + €V (Wi () — () 2.

Note that u € C§°(Lay(0)) yields v := rlue C3°(Lay(0)). The norm of x pu can be estimated
as

(A1) ||Xn,puHLgyl(|_ay(e)) < [Dripl - [[(Gvyoeyy — Gvn)VHLgyl(Lay(e)) + [@nyp — Dnl- HVHLgyl(Lay(e))-
Lemma A.3 (iv) implies

(G, = GvaVlliz ayten 55 O

By Lemma A.3 (ii) the sequence |®, | is bounded so that the first term on the right-hand side
of (A.11) tends to 0 as n,p — oo. Again by Lemma A.3 (ii) the sequence @,,, being convergent,
is a Cauchy sequence. Consequently, the second term on the right-hand side of (A.11) also tends
to 0 as n,p — oo. Hence, we have proved that

(A.12) Hxn,puHLgyl“_ay(e)) — 0, n,p — oo.
For the norm of y,, ,u we get
HYn,quLgyl(Lay(e)) < Gvpp — GVn)leJrPVHLgyl(Lay(e)) + [[(Wnip — wn)VHLgyl(Lay(e))
(A.13) < Gy — Gy ) (Wnip — w)VHLgy,(Lay(e))
+ (Gvy, — Gvn)wVHLgyl(Lay(e)) +l{wnip — wn)Vlli2 Lay(e))-

Using that [|Gy,, ,,, — Gy, || is bounded and that v € C§°(Lay(0)) we get that the first term on the
right-hand side of (A.13) satisfies

2
1(Gv,., — Gy (Wnip — w)v||L§y|(Lay(e)) < Cllwnyp — w21y, for some C > 0.

Consequently it goes to 0 as n,p — oco. The second term |[|(Gyv,, ,,, — Gy, JwV||;2 (Lay(0)) O the
cy!

right-hand side of (A.13) tends to 0 by Lemma A.3 (iv). Again employing thatv € C§°(Lay(0))
and that wy, is convergent in the norm |[|-||;2(g1) we get that the last term || (wn 1p —wn V|2 (Lay(0))
cy

on the right-hand side of (A.13) also tends to zero as n,p — oo. Thus, we have shown

(A14) Hyﬂ»PuHng(Lay(e]) — O, n,p — oo.
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Finally, combining (A.9), (A.10), (A.12), and (A.14), we get that K, ;, — 0 as n,p — oo.
Thus, Gy, u is a Cauchy sequence in the norm || - ||;1,0. Hence, it converges to a function
w € dom Q¢ in this norm. In particular, |Gy, u —w||;2 (Lay(o)) — 0asm — oo. In view of (A.7)

cy

we get w = Gyu € dom Q9. Thus, we obtain
Gy, u — Gvul| 41,0 — 0, n — oo.
Finally, applying Lemma A.2 (ii) and Lemma A.3 (v) we end up with

Qu,elGvu] = nh_)ngo Qu,elGv,ul = T}Lr{:o Qu,,0[Gv,u] = nll_{rolo Qo +koul = Qoixeul. O

m]

APPENDIX B. DESCRIPTION OF THE DOMAIN OF qEU 0

The aim of this appendix is to give a simple description of the domain of the quadratic forms
qu]e with w € (0,1/2] defined in (1.15). The main result of this appendix reads as follows.
Proposition B.1. Let w € (0,1/2]. The domain of the form q[ﬂ]e defined in (1.15) is given by

dom gL'y = H}(Gui(0)).

Before proving Proposition B.1 we introduce the norm || - ||41,m associated to the quadratic

form q[g]e as

2 (m] 2 [m]
(B.1) ullfg m = qﬂe [u] + HuHLZ(Gui(e))» u € dom CIJ:e-

The proof of Proposition B.1 goes along the following lines. First, we remark that C§°(Gui(0))

is a form core for qgr:]e and, second, we prove that the norms || - |[j1(guie)) @and | - [|+1,m are
topologically equivalent on C€3°(Gui(0)). These properties are stated in the following two
lemmas whose proofs are postponed to the end of this appendix.

Lemma B.2. Let w € (0,1/2]. € (Gui(0)) is a core for the form q[wn?}e defined in (1.15).

Lemma B.3. Let 0 € (0,71/2), w € (0,1/2], and m € Z. Then there exist C; = Cj(w,0,m) > 0,
j=1,2, such that

Crllwlhr auiey < Itllv1,m < Callullyr cuie))s Vu € €3°(Gui(0)).
We now have all the tools to prove Proposition B.1.
Proof of Proposition B.1. Combining Lemmas B.2, B.3 and [K, Thm. VI 1.21] we obtain
domq™) = CF(Gui(0)) "™ = € (Gui(e)) ' @) — Hi(Gui(e)). O
Finally, we conclude this appendix by the proofs of Lemmas B.2 and B.3.

Proof of Lemma B.2. Let the projection 7™ be defined as in (1.12). Let us introduce the associated
orthogonal projector ™ in Léyl (Lay(0)) by

M = v () (™) (1, 2)
with vy as in (1.11). For any v € dom Q, 9 we have
2 _ [mly, 12 mly,,[12
(B.2a) HVHLgyl(Lay(G)) =TT mV”Lgyl(Lay(e)) + [ (=TT )v”wa(LaY(e))’

(B.2b) Quolvl = QuoM™V] + Qe ol(l — M)y
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Letu € dom q be fixed. Thanks to (1.13) and (1.15), we know that v = (271)~/2r~1/2uem® ¢
dom Q0. Consequently, there exists v, € C3°(Lay(0)) such that

Qw,e Vn — \) + HVTI - v”]_gyl(l_ay(e)) — O, n — oo.
By (B.2b) and using the non—negativity of Qe we obtain

Quo MMM (viy — )] + MM (v, —v HLZ (Laytoy) — O n — oo.

Letting u, (r,2z) = V(™) (1, 2), the last equation rewrites
(m]
[[un _uH%H,m = qwnte[un —ul + [lun _u”%z(eui(e)) — 0, n — oo.
Since v, € C§°(Lay(0)), we get that u,, € €5°(Gui(0)) which concludes the proof. O

Proof of Lemma B.3. Let u € C§°(Gui(0)) be fixed. The claim of the lemma is a consequence of
the non-negativity of qo g[u]

1
(B.3) ol = | R+ R — 1 uPdrdz > 0.
Gui(0) 4r

The inequality (B.3) can be easily derived from Hardy inequality in the form as stated in [K,
§VI1.4, eq. 4.6]. Further, we remark that

(B4) ||u||+1 m = Clw e ul + ||u||%2(GUI ||u||H1 (Gui(e)) T [(m— w)? — 1/4] JG © —-drdz
ui

Now, we distinguish the special case m = 0 from m # 0.
m = 0. In this case, (B.4) simplifies as

®5) ol = el g~ (174 - @ | ez
Gui(0)

Since the second term on the right-hand side of (B.5) is non-positive, we immediately get the
upper bound

luwll10 < [l (Guice))-
To obtain the lower bound, we combine (B.5) with inequality (B.3)

el 0 = Il @uicen — (l B w2> J @d dz
’ 4 Gui(e) r?
2
> HuHHl (Gui(@ — (1 —4w (HaruHLz Gui(0 + |]azu||L2 (Gui(0 ) > 4w HuHHl Guilo))

m = 0. In this case the second term on the rlght-hand side of (B.4) is non-negative and we get
the lower bound

wll1,m > [l cuie))-
To get an upper bound we combine (B.4) with (B.3)
2 2 2 huf?
HuH+l,m = Hu||H1(Gui(e)) + [(m— W) — 1/4] . TdeZ
Gui(e) T
< ||u||1241(eui( o) + [4(m — w)? —1] (HaTuH%Z(Gui(e)) + HaZuH%Z(Gui(e)))

<4(m-—w) HUHH1 (Gui(e))* U



26

D. KREJCIRIK, V. LOTOREICHIK, AND T. OURMIERES-BONAFOS

Acknowledgements. D. K. and V. L. are supported by the project RvO61389005 and by the
Czech Science Foundation (GACR) within the project 14-06818S. T. O.-B. is supported by the
Basque Government through the BERC 2014-2017 program and by Spanish Ministry of Economy
and Competitiveness MINECO: BCAM Severo Ochoa excellence accreditation SEV-2013-0323.
He is grateful for the stimulating research stay and the hospitality of the Nuclear Physics
Institute of Czech Republic in January 2016 where part of this paper was written.

[BEL14]
[BDPR15]
[BR15]
[BM97]
[BPP16]
[BP15]
[CEK04]
[CK14]
[CDFKO05]
[DLR12]
[DOR15]
[DE95]
[DEKO1]
[EKKO8]
[ESTV96]
[EN03]

[ET10]
[HMO8]

(K]
[KS88]

[KO08]

[KL14]

[K13]

REFERENCES

J. Behrndt, P. Exner, and V. Lotoreichik, Schrodinger operators with d-interactions supported on conical
surfaces, |. Phys. A: Math. Theor. 47 (2014), 355202, (16pp).

V. Bonnaillie-Noél, M. Dauge, N. Popoff, and N. Raymond, Magnetic Laplacian in sharp three dimensional
cones, Operator Theory: Advances and Applications 254 (2016), 37-56.

V. Bonnaillie-Noél and N. Raymond, Magnetic Neumann Laplacian on a sharp cone, Calc. Var. Partial
Differ. Equ. 53 (2015), 125-147

H. Brezis and M. Marcus, Hardy’s inequalities revisited, Ann. Sc. Norm. Super. Pisa, Cl. Sci., 25 (1997),
217-237.

V. Bruneau, K. Pankrashkin, and N. Popoff, On the accumulation of Robin eigenvalues in conical domains,
arXiv:1602.07448.

V. Bruneau and N. Popoff, On the negative spectrum of the Robin Laplacian in corner domains, to appear
in Anal. PDE, arXiv:1511.08155.

.....

vvvvv

tubes, Differential Geom. Appl. 23 (2005), 95-105.

M. Dauge, Y. Lafranche, and N. Raymond, Quantum waveguides with corners, ESAIM: Proceedings 35
(2012), 14-45.

M. Dauge, T. Ourmiéres-Bonafos, and N. Raymond, Spectral asymptotics of the Dirichlet Laplacian in a
conical layer, Commun. Pure Appl. Anal. 14 (2015), 1239-1258.

P. Duclos and P. Exner, Curvature-induced bound states in quantum waveguides in two and three
dimensions, Rev. Math. Phys. 7 (1995), 73-102.

.....

Anal. 188 (2008), 245-264.

P. Exner, P. Seba, M. Tater, and D. Vangk, Bound states and scattering in quantum waveguides coupled
laterally through a boundary window, J. Math. Phys. 37 (1996), 4867-4887.

P. Exner and K. Némcov4, Leaky quantum graphs: Approximations by point-interaction Hamiltonians, J.
Phys. A, Math. Gen. 36 (2003), 10173-10193.

P. Exner and M. Tater, Spectrum of Dirichlet Laplacian in a conical layer, J. Phys. A 43 (2010), 474023.

A. Hassell and S. Marshall, Eigenvalues of Schrodinger operators with potential asymptotically homoge-
neous of degree —2, Trans. Amer. Math. Soc. 360 (2008), 4145-4167.

T. Kato, Perturbation theory for linear operators, Springer-Verlag, Berlin, 1995.

W. Kirsch and B. Simon, Corrections to the classical behavior of the number of bound states of Schrodinger
operators, Ann. Physics 183 (1988), 122-130.

Selected papers based on the Isaac Newton Institute for Mathematical Sciences programme, Cambridge,
UK, 2007. Proc. Symp. Pure Math. 77 (2008), 523-564. See arXiv:0712.3371v2 [math-ph] for a corrected
version.

vvvvv

vvvvv

Var. Partial Differ. Equ. 47 (2013), 207-226.



[LO16]
M]
[NR16]
[P15]
[P99]
[RS-T]
[RS78]

[SST69]
[S00]

SPECTRAL TRANSITIONS FOR AHARONOV-BOHM LAPLACIANS ON CONICAL LAYERS 27

V. Lotoreichik and T. Ourmieres-Bonafos, On the bound states of Schrodinger operators with 6-
interactions on conical surfaces, Comm. Partial Differential Equations 41 (2016), 999-1028.

W. McLean, Strongly elliptic systems and boundary integral equations, Cambridge University Press, Cam-
bridge, 2000.

H. Najar and M. Raissi, A quantum waveguide with Aharonov-Bohm magnetic field, Mathematical
Methods in the Applied Sciences 39 (2016), 92-103.

K. Pankrashkin, On the discrete spectrum of Robin Laplacians in conical domains, Math. Model. Nat.
Phenom. 11 (2016), 100-110.

I. Yu. Popov, Asymptotics of bound state for laterally coupled waveguides, Rep. Math. Phys. 43 (1999),
427-437.

M. Reed and B. Simon, Methods of modern mathematical physics. I: Functional analysis, Academic Press, New
York, 1980.

M. Reed and B. Simon, Methods of modern mathematical physics. IV. Analysis of operators, Academic Press,
New York, 1978.

D. Saint-James, G. Sarma, and E. J. Thomas, Type-II Superconductivity, Saclay, France, 1969.

B. Simon, Schrodinger operators in the twentieth century, J. Math. Phys. 41 (2000), 3523-3555.

DEPARTMENT OF THEORETICAL PHYSICS, NUCLEAR PHYSICS INSTITUTE, CZECH ACADEMY OF SCIENCES, 250
68, REZ NEAR PRAGUE, CZECH REPUBLIC

E-mail address: krejcirik@ujf.cas.cz

DEPARTMENT OF THEORETICAL PHYSICS, NUCLEAR PHYSICS INSTITUTE, CZECH ACADEMY OF SCIENCES, 250
68, REZ NEAR PRAGUE, CZECH REPUBLIC

E-mail address: 1otoreichik@uif.cas.cz

BCAM - BASQUE CENTER FOR APPLIED MATHEMATICS, ALAMEDA DE MAZARREDO, 14 E48009 BILBAO,
BASQUE COUNTRY - SPAIN

E-mail address: tourmieres@bcamath.org



	1. Introduction
	1.1. Motivation and state of the art
	1.2. Aharonov-Bohm magnetic Dirichlet Laplacian on a conical layer
	1.3. Main results
	1.4. Structure of the paper

	2. Essential spectrum
	2.1. The inclusion inclusion0
	2.2. The inclusion inclusion

	3. Discrete spectrum
	3.1. Reduction to the axisymmetric operator
	3.2. Rayleigh quotients inequalities
	3.3. Asymptotics of the counting function

	4. A Hardy-type inequality
	4.1. A local Hardy inequality
	4.2. A refined lower-bound
	4.3. Proof of Theorem 1.6

	Appendix A. Gauge invariance
	Appendix B. Description of the domain of Fqf
	Acknowledgements

	References

