A UNIFORM CONTROLLABILITY RESULT FOR THE KELLER-SEGEL
SYSTEM

FELIPE WALLISON CHAVES-SILVA* AND SERGIO GUERRERO

ABSTRACT. In this paper we study the controllability of the Keller-Segel system approximating
its parabolic-elliptic version. We show that this parabolic system is locally uniform controllable
around a constant solution of the parabolic-elliptic system when the control is acting on the
component of the chemical.

RESUME. Dans cet article, nous étudions la controlabilité du systeme de Keller-Segel qui approx-
ime sa version parabolique-elliptique. Nous montrons que ce systéme parabolique est localement
uniformément controlable autour d’une solution constante du systéme parabolique-elliptique
lorsque le controle agit sur la substance chimique.

1. INTRODUCTION

Let © ¢ RY (N = 2, 3) be a bounded connected open set whose boundary 9 is regular
enough. Let 7" > 0 and w’ and w be two (small) nonempty subsets of  with w’ CC w. We will
use the notation @ = Q x (0,7) and ¥ = 9Q x (0,7) and we will denote by v(z) the outward
normal to € at the point z € 0.

We will be concerned with the following controlled Keller-Segel system

ur — Au = —V - (uVv) in @,
evy —Av=au—bv+gx in Q,
% = % =0 on 3,
u(z,0) = up; v(z,0) =vg in €,

(1.1)

where a and b are positive real constants, ug,vg > 0 are the initial data, g is an internal control
and e is a small positive parameter, which is intended to tend to zero. In (1.1), x : RY 5 Ris
a C™ function such that supp x CCw,0<y<land x=1inu'

System (1.1) is a classical equation in Chemotaxis, describing the change of motion when a
population reacts in response to an external chemical stimulus spread in the environment where
they reside. In many applications (see, for instance, [5, 21, 23]), system (1.1) is approximated
by the following parabolic-elliptic system:
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u —Au= -V - (uVv) in Q,
—Av =au — bv + gx in Q,

% = g—z =0 on X, (1.2)
u(x,0) = ug in Q.

In (1.1) and (1.2), u = u(z,t) > 0 and v = v(x,t) > 0 represent, respectively, the concen-
trations of species (i.e, the population density) and that of the chemical (i.e., concentration
of the chemical substance). For more details about the Keller-Segel system see, for instance,
[ ? ? ? ’ ? ? ]

The goal of this paper is to analyze the controllability of (1.1) around a fixed trajectory of
(1.2), uniformly with respect to e. More precisely, we consider a constant solution (M7, Ms) € R?
of (1.2), with ¢ =0, and we seek for a control g = g(€) such that (u(T),v(T)) = (M, Mz) and
g is bounded with respect to e.

Remark 1.1. Each one of the models (1.1) and (1.2) can be viewed as a single nonlinear
parabolic equation for u with a nonlocal (either in x or (x,t)) nonlinearity, since the term Vv
can be expressed as a linear integral operator acting on w. In the first model, the variations of
the concentration v are governed by the linear nonhomogeneous heat equation, and therefore are
slower than in the latter system, where the response of v to the variations of u are instantaneous,
and described by the integral operator (—A)~! whose kernel has a singularity. Thus, one may
expect the evolution described by (1.2) to be faster than in (1.1), especially for large values of €
when the diffusion of v is rather slow compared to that of w. Moreover, the nonlinear effects for
(1.2) should manifest themselves faster than for (1.1) (see [5]).

As usual in control theory, we study the controllability of (1.1) around (Mj, M) by first
analyzing the controllability of its linearization around this trajectory, namely:

u — Au=—MAv+hy in Q,
evy —Av=au—bv+gx in Q,
fu—%0=0 on %
u(z,0) = ug; v(x,0) =vg in €,

(1.3)
ov — ov

where h; is a given exterior force belonging to an appropriate Banach Space X (see (4.2)) and
having exponential decay at ¢ = T'. Our objective then will be to prove that we can find g so
that the solution (u,v) of (1.3) satisfies (u(T),v(T)) = (0,0) and moreover we want that the
quantity V - (uVv) belongs to X. Then, we employ an inverse mapping argument introduced in
[17] in order to obtain the controllability of (1.1) around (M, Ms).

The most important tool to prove the null controllability of the linear system (1.3) is a global
Carleman inequality for the solutions of its adjoint system, that is to say,

—pt —Ap=al+ f1 in @,

—th—Agz —bf—MlA(p—l—fQ in Q,

G =% — ¢ on %, (1.4)
90($7T) = @13 f(ﬂj‘,T) = gT m Qa

fQ prdz =0,

where fi and fy are arbitrary L?(Q) functions.
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Actually, due to the fact that the control is acting on the second equation of (1.3), we need to
bound global integrals of ¢ and £ in terms of a local integral of ¢ and global integrals of f; and
f2. The main difficult when proving a Carleman inequality of this type for the solution (¢, &)
of (1.4) comes from the fact that the coupling in the second equation is in Ay and not in . In
fact, the inequality we prove will contain global terms with the L2-weighted norms of Ay and &
in the left hand side, no global terms in ¢, while a local integral of ¢ and global integrals of f;
and fo will appear in its right-hand side.

With the help of the Carleman inequality and an appropriate inverse function theorem, we
will prove the following result, which is the main results of this paper.

Theorem 1.2. Let0 < e < 1 and (M, M) € Ri be such that aM,—bMs = 0. Then, there exists
§ > 0 such that, for any (ug,vo) € H () x H*(Q) with up,vo > 0, satisfying [quodx = My,
% =0 on 9Q and ||(uo — My, vo — Ma)|| g1 ()yx 20y < 0, we can find g € L*(0,T; H'(Q)), with
191l 20,711 () bounded independently from €, such that the associated solution (u,v) to (1.1)
satisfies:

(u(T),v(T)) = (M, Ms) in Q.

Let us now mention some works that have been devoted to the study of the controllability of
degenerating coupled parabolic systems.

To our knowledge, the first time that the study of the controllability of coupled parabolic sys-
tems degenerating into parabolic-elliptic ones was analyzed was in [2] and [3], where the authors
analyze the local null controllability of a nonlinear coupled parabolic system approximating a
parabolic-elliptic system modeling electrical activities in a cardiac tissue. Combining Carle-
man inequalities and weighted energy estimates, the authors prove the stability of the control
properties with respect to the degenerating parameter.

Another related work is [7], where the authors analyze the null controllability of degenerating
coupled parabolic systems with zero-order couplings. In there, by extending the adjoint system
to a system of four equations, the authors are able show that, in general, the control properties
are preserved in the limit when the degenerating parameter goes to zero.

Concerning the controllabity of the Keller-Segel system, the only result we know is the one
obtained in [14], where the authors analyze the controllability of the Keller system (1.1), with
e = 1, around a fixed trajectory of (1.1) (i.e., a solution of (1.1) with ¢ = 0), when a control
is acting on the first equation, which is not natural from the physical point of view. The
authors are able to show that the Keller-Segel system is controllable around this trajectory if
the trajectory has good regularity properties. However, in their case, since the control is acting
on the first equation, the problem is easier from a mathematical point view because the adjoint
system of the linearization of the Keller-Segel system around the trajectory has a zero-order
coupling (see [13]). Another interesting work in this subject is [12], in which the authors show
that, in dimension 2, any global in time bounded solution of system (1.1) converges to a single
equilibrium (a stationary solution of (1.1)) as the time tends to infinity.

The paper is organized as follows: In section 2, we prove a Carleman inequality for the system
(1.4). In section 3, we deal with the null controllability of the linearized system (1.3). Finally,
in section 4, we prove the local uniform controllability of (1.1) around the constant trajectory
(My, My).
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2. CARLEMAN INEQUALITY

In this section we prove a suitable Carleman inequality for the adjoint system (1.4). This
will provide a null controllability result for the linear system (1.3) with an appropriate h; (see
section 3).

Before stating the desired Carleman inequality, let us introduce several weight functions which
will be useful in the sequel. The basic weight will be a function 79 € C%(Q) verifying

no(x) >0in Q, no=0o0n 9N, |Vno(z)l >0 Ve e Q\wo,

where wy CC ' is a nonempty open set. The existence of such a function 7 is proved in [11].
Then, for some positive real number A, we introduce:

eAo(x) 1% (@) _ 2Mlmolloo
P(x,t) = AT afz,t) = ATt
o(t) = min ¢(z,t), ¢*(t) = max ¢(x,t), o (t) = maxa(z,t), & = mina(z, ). (2.1)
TEQ e WASY) HISY)
Recall that weights like «, ¢, etc. were already used in [17] in order to obtain Carleman

inequalities for the (adjoint) Stokes system (see also [9]).
Let us also introduce the following notation:

Ig(s,05q) = §Pt3 // €252 ¢P 3P dxdt + 1 // 2P Vg2 dadt
Q Q

N
— sa 1 B— s
st [[eeap i@ + Y |50 o, (22)
o) ij=1 Lt

where s, 5 and o are real numbers and ¢ = q(z,t).
The following Carleman inequality holds:

Lemma 2.1. There exist C = C(Q,w') and Ao = Ao(Q,w') such that, for every X > Xo, there
exists so = so(Q,w’, \) such that, for any s > so(T* +T?), any qo € L*(Q) and any f € L*(Q),
the weak solution to

g—g =0 on X, (2.3)
q(z,0) = qo mn €,

satisfies

Is(s,0:q) < C(sﬁ // 625a¢5]f\2da:dt+ §HF3 // 6250‘¢’8+3|ql2da¢dt),
Q w’x(0,T)
forall B €R and any 0 < o < 1.
The proof of Lemma 2.1 can be deduced from the Carleman inequality for the heat equation

with homogeneous Neumann boundary conditions given in [11].
The main result of this section is as follows:
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Theorem 2.2. Given 0 < € < 1, there exist C = C(Q,w’) and N\g = X\o(2,w’) such that, for every
A\ > \g, there exists so = s0(Q,w', \) such that, for any s > so(T* +T?), any (o1, &7) € L?(Q)?
and any f1, f2 € L*(Q), the solution (o, &) of system (1.4) satisfies

// e 93| Ap|Pdadt + I (€, 5;,€) < C< 18 // X2 p18|¢| 2 dxdt (2.4)

w’x(0,T)

510 // 9"\ f1*dzxdt + 5° // e* Q% f !2dwdt>

Proof. For the purpose of the proof, let w; C Q, i = 1,2,3 be such that
wog CCw) CCwy CCwy CCw
and let p; > 0, (1 = 1,2) satisfies
pi € Cg((di+1), pi = 11in w;.

Let us assume for the moment that fi, fo € C§°(Q) and ¢r,&r € C3°(2). From (1.4),, we
have that Ay satisfies

—(Ap)i — A(Ap) =aA{+Afi in Q,
98¢ — on ¥, (2.5)
Agp(:c T)=Apr in Q.

Applying inequality (2.3) to (1.4),, inequality (A.2) (in appendix A) to (2.5) and adding these
two inequalities, we get

s3 // eZ52 3| Ap|?dxdt + I (€, 53 €)
Q

< // e2 23 ApPdadt + s* // eX2 gt ¢ Pdadt

w1 % (0,T7) w’x(0,T)

+ st // 6250‘¢4|f1|2dxdt+s// e2so‘¢|f2|2d:vdt>, (2.6)
Q Q
for s > so(T* + T%).

The rest of the proof is devoted to estimate the local integral in Ay in the right-hand side of
(2.6). First, we observe that

// e2523| Ap|dzdt < s // p1p2e25° 93 | Ap|Pddt (2.7)
UJ1>< 0 T UJ3>< 0 T
Sl / | pstenng(-ct - A¢+ b6 — fo)doi
w3 x(0,T")

and estimate each one of the terms in the right-hand side of (2.7).
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The following estimate is straightforward

3 // p1p2e** $* Ap(b¢ — fo)dadt < Css® // e (€17 + | fo*)dadt

(2.8)

w3 x (0,7 w3 x (0,T)
// eX52 3| Ap|?dxdt,
UJ,3>< 0 T)
for any § > 0.
In order to estimate the other two terms in (2.7), we introduce a function 6 = 6(z,t) given by
H = p183¢368a.

From (2.5) we see that

—(0Ap); — A(0AY) = aAE + 0Af1 — 0, Ap — 2V - V(Ap) — ABAp in Q,
0Ap =0 on X,
0Ap(z,T) =0 in Q.

We write 0Ap = n + 1, where 1 and 1 solve, respectively,
—ny — An =abAE+0Af; in Q,

n=20 on X,
n(x,T)=0 in Q
and
1y — Ay = -0, Ap —2V0O - V(Ap) — ABAp in Q,
P =0 on X,
P(z,T) =0 in Q.
We have

3 // p1p2e® P ANpAtdxdt = // p2e°*(n + ) Aédzdt.

w3 x(0,T) w3 x(0,T")

The first term in the right-hand side of (2.13) can be estimated as follows

/ / poe*nAEdrdt < 6 / / 5| A¢Pdadt 4 Css™® / / e (|¢]2 + | f1*)dxdt.

w3x(0,T) w3 x(0,T") w2 % (0,T")
In fact, to prove (2.14), we use following estimate:

Lemma 2.3. The solution n of (2.11) satisfies

// Pdode < 050 [[ e + 1o,

LUQX(O T)

for a constant C > 0.

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)
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We prove estimate (2.15) at the end of appendix A.
For the second term in the right-hand side of (2.13), we use integration by parts to get

/ / pae* Y AEdzdt = / / ps7/2¢7/2esaV§~V(7/;i7/2)dxdt

w3 X (0,T) w3 x(0,T)
7/247/2 50 (0
ngOT
9,9 2 2 (0 2
< O // 92| vg| dxdt—i—d‘ TR L (21
i L2(0,T;HA(9))
for any d > 0.

For the sequel, we need the following result:

Lemma 2.4. The solution ¢ of (2.12) can be estimated as follows:

2

_Y__
87/2¢7/2

varmgon ™ | (77)
L2(0,T;HY () 57/2(257/2 tiL2(0,T;H-1(2))

< C’<// [n|>dzdt + s* // ¢3e2s°‘Ag0|2dxdt>, (2.17)
Q Q

for a constant C' > 0, independent of s.

In order to prove Lemma 2.4 , we consider the system satisfied by % and we perform stan-

dard energy estimates. This yields the L?(0,T; H(f)) estimate. Then, the L?(0,T; H (1))
estimate is a direct consequence from the fact that

Y
|+ (7e7)

For the sake of simplicity, we omit the complete proof.
From (2.16) and Lemma 2.4, it follows that

/ / pae® i Acdadt < C / / $2¢9e?5|Ve|Pdxdt

w3>< OT w3>< OT

+ 5(// In?dzdt + 53 // ¢3625°‘|Acp|2d:vdt>. (2.18)
Q Q

Y

<C 87/2¢7/2

L2(0,T;H-1(Q))

2(0,T;HE () '
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Hence, from (2.17) and (2.18), the term in (2.13) is estimated as follows:

3 / / plpgezsad)?’AgoAfda:dth( / / s9¢7e?5 | V¢ |2 dadt

w3 % (0,T") w3 x(0,T")
+ 510 / e (|¢|* + |f1|2)d:cdt>
w2>< 0 T
+5< // e*|A¢Pdxdt + s° // P 250‘\Ag0]2dxdt>
w3 x(0,T)
(2.19)
Let us now estimate the first term in the right-hand side of (2.7). We have
’ // pLp2e>** ¢ Apéiddt = € // p2e°* (1 + ¢)&ddt. (2.20)

w3 X (O,T) w3 X (O,T)

It is immediate that

// poe®“népdadt < Cs // [n|2dxdt + 6¢* // 5%\ |2 dadt, (2.21)

w3 x(0,T) w3 x(0,T) w3x(0,T")

for any § > 0.
For the other term in (2.20), we have

(0 ) $7/247/2 >
1e% d dt — SOA
‘ // pac Wb E<(57/2¢7/2 PP L2(0,T;H~1(),L2(0,T;H} (Q))

ng(O,T)
w s J7/2 ,7/2
+ // P g (O 2¢7%) L dwdt

ng(O,T)
4 : 1247/
<4é 2 [ Cs 7/2 17/2 s«
- <S7/2¢7/2> L2(0,T;H-1(Q)) * H ¢ p2 5‘ L2(0,T;HE (Q))
+o 87/21/;)7/2 +C<s / / (55T 267/2), ¢ P dadt. (2.22)

w3>< OT
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Therefore, from Lemma 2.4, we obtain

// p1p2 625a¢3A¢§tdxdt < C< // |77| dl’dt+ H 7/2¢7/268ap é—‘

L2(0,T;HL(R))

de(O T) W5><(0 T)
+ / ’ 6soz87/2¢7/2) |2|§|2dl'dt)+5< // 2sa’€| dxdt
UJ3>< OT UJ3>< DT

+s // e 250‘|Agp2d:vdt> (2.23)

Hence, from (2.8), (2.19) and (2.23), we get

// €25 3| A2 dxdt<C< // e (|E1° + | fof*)dwdt + // s"¢%e>| Ve P dwdt

w1 X OT) w2>< OT w3><(0T
7/2,7/2 so ‘ sa T/2 ,7/2 2
S A I | GO S
UJ3><(0T
+810 // €2so¢¢10(‘§|2+ ’f12)dl‘dt>
ng(OT)
+5< // e | Ag)? dxdt+s/ P2 A dadt
w3>< OT
/ / 25"]5\dmdt> (2.24)
w3 X OT)

for any § > 0.
Combining (2.24) and (2.6), and taking 6 > 0 small enough, we obtain

// €22 93| Ap|2dadt + I (e, 5;€) < C< // 250 A 2t + // 606250 (g2 + |VE ) dandl

w’x(0,T) w3 % (0,T)
+ 510 // 625°‘¢10]f1\2d:1:dt + 53 // 6280¢3f2|2d$dt>.
Q Q

(2.25)

To finish the proof, we estimate the local integrals involving V¢ in (2.25).
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Integration by parts gives

// s9¢9e25% | Ve Pdadt < // ps° eV E P dadt

w3 % (0,T") w'x(0,T)

/ / ps Y e® AL dndt

w'x(0,T)

// V(s9¢%e**%p) - VEEdadt (2.26)
w'x(0,T)
where p € C2(w') is such that
p>0and p=1in ws.
From (2.25) and (2.26), we obtain

// 23| Ap|Pdadt + I (e, 5;€) < c< 18 // 252 p18|¢|2 ddt (2.27)

w'x(0,T)

10// 2sa410| £, 2t + 53 // 25953 fo d:z:dt)

Using the density of C§°(Q) and C§°(2) in Lz(Q) and L?(1), respectlvely, we finish the proof
of Theorem 2.2.
(Il

3. NULL CONTROLLABILITY OF THE LINEAR SYSTEM WITH A RIGHT-HAND SIDE

In this section we want to solve the null controllability problem for the system (1.3) with a
right-hand side which decays exponentially as ¢t — T'~.

This result will be crucial when proving the local controllability of (1.1) in the next section.

Indeed, we would like to find a control g such that the solution to

L(u,v) = (h1,9x) in Q,
o= =0 on 3, (3.1)
u(z,0) = ug; v(z,0) =vy in €,
where
L(u,v) = (us — Au+ M1 Av, evy — Av + bv — au), (3.2)
satisfies
u(z,T) =0; v(z,T) =0 in Q. (3.3)

Furthermore, it will be convenient to prove the existence of a solution of the previous problem
in an appropriate weighted space. Before introducing the spaces where we solve problem (3.1)-
(3.3), we improve the Carleman inequality obtained in the previous section. This Carleman
inequality will contain only weight functions that do not vanish at ¢ = 0. In order to introduce
these new weights, let us consider the function
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[ (T%/4) if0<t<T/2
i) = { HT—1) ifT/2<t<T. (3-4)
and we define our new weight functions to be
A1°(@) _ o2Im0lls e o (@)
t - t =
A(t) = miny(z, 1), 7*(t) = max ¢(x,t), B*(t) = max B(x,t), B = min B(z,1). (3.5)
€S e e e

With these new weights, we can state our refined Carleman estimate as follows:

Lemma 3.1. There exists a positive constant C' depending on T, s and A, such that every
solution of (1.4) verifies:

// 2s8.4€)2 dxdt+// e*P~2 Ve dxdt+// 2565310 — () o dwdt

// 25853\V p[2ddt + ||io(., 0 0)gl[72(qy + € 1€ 01720
<c< // 255" (44)10| £, [2dadt + // 28" (33| o Pt + // 28 () B 2l dwdt) (3.6)
where

1
()l = /Q o, t)d

The proof of this lemma is standard. It combines energy estimates, together with the fact
that 8 < ain Q.

Now, we proceed to the definition of the spaces where (3.1)-(3.3) will be solved. The main
space will be:

ou Ov

E = {(uv g €Ey:e Sﬁ 3/2( (u ,U))1€L2(Q),/Q(L( v)) dx—Oand%—%zoon Z},

where
o= {W 0.9) e () Pu e () 0 xe () 0y < o,
e#/2P B4 1308y ¢ [2(0,T; H2()) N L=(0,T; HY(Q)), e /24753 e 12(0,T; H(Q))

and e~/ 47%/8g ¢ 12(0,T; HI(Q))}
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Observe that E is a Banach space for the norm:

ol = o 2 o2

+ er B (v*) g‘

L2(Q) L2(Q)
—sB2—3/2 s/2B8*—sB+13/8
+ He " (L(u’v))le(Q) *e " u‘ L2(0,T;H2())NL>(0,T;H ()
—5/2B8* 2—25/8 —5/26% 2—25/8
+ He " v‘ L2(0,T:H3()) + He " ‘ L2(0,T;HY(Q)) (3.7)

Remark 3.2. If (u,v,9) € E, thenu(T) = v(T') = 0, so that (u,v, g) solves a null controllability
problem for system (1.3) with an appropriate right-hand side hy.

We have the following result:
Proposition 3.3. Let 0 < ¢ < 1 and (M, Ms) € R? be such that aM; —bMsy = 0. Assume that:

(ug, vo) € H'(Q) x H*(Q), / updz = 0, %? =0 on 09 (3.8)
Q
and
e=3BA=8/2 1 € L2(0,T; L2(Q)). (3.9)

Then, there exists a control g € L*(0,T; H'(2)) such that, if (u,v) is the associated solution to
(3.1), one has (u,v,g) € E. In particular, (3.3) holds.

Proof. In this proof, we follow the ideas of [11].
Let L* be the adjoint operator of L, i.e.,

L*(z,w) = (=2 — Az — aw, —ewy — Aw + bw + M1 Az)
and let us introduce the space

Py = {(z,w) € C*(Q); gj = ?;;) =0 on E,/ﬂz(m,T)da: =0Vte [O,T]},

Then, for ((, p), (z,w) € Py, we define

a((¢, p), // 255" () 10(L*(C. ) - (L* (2, ), duedt
// B (LG 0) g (L7 (2,w)) ydedt

+ / Ix|%€27" (v*) 8 pwddt.

From the Carleman inequality (3.6) applied to functions of Py, it follows that we have a unique
continuation property for the system

(3.10)
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which implies that a(.,.) is a scalar product on Fj.

Therefore, we can consider the space P, the completion of Py with respect to the norm
associated to af(.,.) (which we denote by ||.||p). This is a Hilbert space and a(.,.) is a continuous
and coercive bilinear form on P.

Let us also introduce [, given by

<l (z,w) >= // hlzdxdt—i—/Quo(x)z(m,())dx—i—e/ﬂvg(x)w(x,O)dx, (3.11)
Q

for all (z,w) € P.
After a simple computation, and thanks to (3.6), we see that

| <1, (z,w) > | <C (HQ_SB'AV_?)/%} 12(Q)

n H(uo, el/%o)H> Iz, w)|p  Y(zw) e P (3.12)
In other words, [ is a bounded linear form on P. Consequently, in view of Lax-Milgram’s lemma,
there exists a unique (2, w) € P satisfying:
a((2,0), (z,w)) = (I, (z,w)) V(z,w) € P. (3.13)
We set
(8,0) = (25" (7%)10 (L*(2,10)),, € (%) (L*(5,10)) , and § = —e2F" (") By, (3.14)
We must see that (4, 0) satisfies:

J[rren s [ e ol + // 2 PR <o (315)
Q Q

and that it is a solution of the reaction-diffusion system (3.1).
The first property follows from the fact that (£,w) € P and

[ e oap+ [[ e qne + // 25 () P91 = al(2,0), (2.)).
Q Q

In particular, from this last identity we see that (i, 9) € L*(Q)? and g € L?(Q).
Now we consider (@, ) the weak solution of

—Au=—MAU+h; in Q,
€y — AV +bv=au+ gy in Q,
ot __ 0t _

% =3, =0 on X,
(z,0) = up; v(z,0) =vy in Q.

(3.16)

We have that (@, 0) is also the unique solution of (3.16) defined by transposition. Of course,
this means that (@, ) is the unique function such that

/ / (5, ) - (F1, Fy)dadt — / / hpdadt + / / oxEdudt + /Q o () (z, 0)dz + ¢ /Q vo(2)€ (2, 0)dz,
Q Q Q

(3.17)
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for any (Fy, Fy) € L?(Q)?, where (¢, ) is the solution of

—pr —Ap=al+ [ in Q,
—€§t — Al = —b§ — MiAp + F> in Q,
o0 _ 06 L on %, (3.18)
oz, T)=0; &z, T)=0 in Q.

From (3.13) and (3.14), we see that (@, 0) also satisfies (3.17). Consequently, (a,?) = (a,0)
and (u,0) is the solution of (3.1).
Finally, we must see that (u, 0, §) belongs to E. From (3.15), it only remains to check that

e/28"=sBA13/85 ¢ [2(0,T; HX(Q)) N L(0, T; H(Q))
and
e P45, g) € L2(0,T; H3(Q)) x L0, T; H' ().

To this end, let us introduce the pair (u*,v*) = p(t)(4, ©), which satisfies:

uy — Au* = —MjAv* + phy + pi in Q,
evy — Av* 4+ bv* = au™ + pgx + €piv in Q,
ou _ o _ g - (3.19)
ov — ov ’
u*(x,0) = p(0)up(x); v*(x,0) = p(0)vo(x) in Q.
We will consider then two cases:
Case 1. p= 65/26*_55’?13/8.
In this case, it is not difficult to show that
o] < Ce™*F" (y7) 75/ (3.20)

and then we have that p;@ and p;o belong to L?(Q). Therefore, from well-known regularity
properties of parabolic systems (see, for instance, [20]), we have

es/28"=sB413/8 ¢ [2(0,T; H2(Q)) N L®(0,T; H(2)),
. (3.21)
es/287=sB513/8% € L2(0,T; H*(Q)).
Case 2. p = e %/2P"5725/8,
In this case, a simple calculation gives
|Pt| < 68/26*786’3/13/4. (322)

Using the regularity obtained in case 1, we conclude that p;@ and p; belongs to L2(0,T; H(£2)).
Using the definition of ¢ and (3.6) we can also show that

/ V(e 57539)2 < Cal((2, ), (2,)) (3.23)
Q
and it follows that e=%/28"4=25/835 ¢ [2(0,T; HY(Q)).
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Therefore, from the regularity theory for parabolic systems and Remark 3.4 below, we deduce
that

e/ 475 8y e 122(0,T; H(2)) N L*(0,T; H* (%)), (3.24)
e=s/28"4=5/8h € L2(0,T; H3(Q)). '
This finishes the proof of Proposition 3.3. O

Remark 3.4. There exists C > 0 such that for any e > 0, any f € L?>(0,T; H'(Q)) and any
20 € H?(QY), with %%/0 =0, the solution of

%z =0 on %, (3.25)

satisfies
12l 20, 1;m3(0)) < C Ul 20,01 () + 1200l 20y )-
In fact, multiplying (3.25) by eAz; and integrating over 2, we get

62/ |Vzt|2dmdt+6d/ yAz|2da:§/ IV f|*dz.
Q 2dt Q Q

This last inequality gives ez € L*(0,T; H' (). Using elliptic regularity for (3.25), the result
follows.

4. UNIFORM EXACT CONTROLLABILITY TO THE TRAJECTORY

In this section we give the proof of Theorem 1.2 using similar arguments to those employed,
for instance, in [17]. We will see that the results obtained in the previous section allow us to
locally invert the nonlinear system (1.1). In fact, the regularity deduced for the solution of
the linearized system (3.1) will be sufficient to apply a suitable inverse function theorem (see
Theorem 4.1 below).

Thus, let us set w = M; + z and v = My + w and let us use these equalities in (1.1). We find:

L(Zaw) = (_v ’ (va)agX) in @,
g2 _Gu—g on X, (4.1)

z2(x,0) = up — My; w(z,0) =vg — My in Q.

where L was introduced in (3.2).
This way, we have reduced our problem to a local null controllability result for the solution
(z,w) to the nonlinear problem (4.1). We will use the following inverse mapping theorem (see

[1]):

Theorem 4.1. Let E and G be two Banach spaces and let A : E — G satisfy A € CY(E;G).
Assume that ey € E, A(eg) = ho and A'(eg) : E — G is surjective. Then, there exists 6 > 0
such that, for every h € G satisfying ||h — hol|g < 8, there exists a solution of the equation:

A(e)=h, ec E.
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In our setting, we use this Theorem with the space E and
G =X x {0} x L3(Q) x L*(Q),

where

X = {34732, € L2(Q), / hi(z,t)dr =0a. e. t € (0,T)} (4.2)
Q

and the operator
A(z,w,g) = (L(u,v) + ((V - (2Vw), —gx)), 2(.,0),w(.,0)) V(z,w,g) € E.

We have
A’(0,0,0) = (L(u,v) + (0,—gx)), 2(0), w(0)) V(z,w,g) € E.

In order to apply Theorem (4.1) to our problem, we must check that the previous framework
fits the regularity required. This is done using the following proposition.

Proposition 4.2. Assume that (M, M) € R% satisfies aMy — bMy = 0. Then, A € C*(E;G).

Proof. Since all terms appearing in A are linear (and consequently C1), except for the term
V - (2Vw). However, the operator

((z1, w1, 91), (22, w2, 92)) = V - (21 Vws)

is bilinear, so it suffices to prove its continuity from F x F to X.
In fact, we have

|V - (z1Vuw)||x < C “6_53'?_3/2z1Vw2’

L2(0,T;H' ()

| He—s/m*,&—%/gw)

<]

63/2,3*_58;)/13/821 H

Loo(0,T;H(Q) L2(0,T;H3())

As a conclusion, an application of Theorem 4.1 gives the existence of § > 0 such that if
11(2(0), €'/2w(0))|| < 4, then we can find a control g such that the associated solution to (4.1)
verifies z(T") = w(T') = 0.

This concludes the proof of Theorem 1.2.

O
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APPENDIX A. SOME TECHNICAL RESULTS

In this appendix we prove some technical results used in the proof of Theorem 2.2
Lemma A.1. There exist C = C(Q,w) and N\g = A\o(2,w) such that, for every X > Ao, there
exists so = so(%,w, ) such that, for any s > so(T* + T%), g € C§°(Q) and o1 € C§°(R), the

solution ¢ of
—pr—Ap=A7Ag in Q,
g—f = on X, (A1)
o(z,T) = pr in Q,
satisfies
s // e?2 P3| p|?dadt < C // e?52¢3 || ?dxdt + s // e ¢t g|? dadt (A.2)
Q wx(0,T)

Proof. The proof is inspired by the arguments in [3] (see also [10, 18]).
We view ¢ as a solution by transposition of (A.1). This means that ¢ is the unique function

in L?(Q) satisfying

// phdxdt = // gAzdxdt —I—/ or(2)2(x, T)dx Vh € L*(Q),
Q

Q Q

where we have denoted by z the solution of the following problem

—Az=h inQ,
0z on X,

(A.3)

z(x,0) =0  in Q.

Let us introduce the space

on{ZECQ(Q):gZ:OonE},

the operators L = 0; — A, £L* = —0; — A and the norm |-|| x, with
ol = / [eieyPasdrs st [ elyPasar
wx(0,T)

for all y € Xg.
Due to lemma 2.1, ||| x is indeed a norm in Xy. Let X be the completion of X for the norm
- ) x, with

|| - ||x. Then X is a Hilbert space for the scalar product (-,

(w,y)x = // Zsor( )(L*y)dzdt 4 s // eZ 2 p3wyddt.

wx(0,T)
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Let us also consider

w) = s° // e**pPowdrdt Yw € X.
Q

By virtue of lemma 2.1, we have that [ € X’. Consequently, from the Lax-Milgram’s lemma,
there exists a unique y € X such that

(y,w)x = l(w), Yw € X.
Now, let us set
_53625a¢3

b= yl, and 2 = e*¥L*y, (A.4)

It is not difficult to see that Z is, together with 0, a solution to the null controllability problem

2 — A2 =s3e*p3p + 01, in Q,

2 =0 on X, (A.5)
5(0) = 5(T) = 0 in Q.
We have
|y||X—// 25 3 2qlt + 5= // 250035 2t < O's // 25943 o 2dwdt, (A.6)
wx(0,T)

for A > Ao and s > so(T* + T®), since

i, < €52 ( [ [ oz
Q

for this choice of the parameters s and .
From (A.3) and (A.5), it follows that

/ / €259 43| | 2ddt = / / gAZdzdt — / / pudadt. (A7)

wx(0,T)

From (A.7), we see that the proof of (A.2) is completed if we bound AZ in @ in terms of the
left-hand side of (A.7). In order to do that, we need the following estimate.
CLAIM 1. For A > Ao and s > so(T* + T®), the following estimate holds

// e 22|V 2)? d:vdt+// e 2522 dadt + 573 // p 32| 2 dadt

wx(0,T)

<Cs? // e252 33| |2 dadt. (A.8)
Q
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Proof of Claim 1. In order to get an estimate of |VZ]?, we multiply (A.5) by s~ 2e~25%¢~2 2.
Integration by parts with respect to x gives

572 / / e %222 dudt + 572 / / e” 2%~ 2| V22 dadt

s7IA / / e 2521w’ . VZ22dadt — 2572\ / / e 2529720 . VZ2dedt

=35 Pz + s~ ey 02ddt. (A.9)
// f

wx(0,T)

Now we integrate by parts with respect to the time variable in the first term. We obtain the
following:

1
572 // e 2222 dudt = —55_2 //(e_Qsaqﬁ_Q)t\/z\Fdxdt < C// e Y22 dxdt,  (A.10)
Q Q Q

since
(725 72),| < Cs¢™3/4e™25 for A > 1.

Finally, using Young’s inequality for the other terms of (A.9), we obtain

—2s571\ / / e~ 2091w’ . V2Zdadt — 2572\ / / e~ 2529720 . VZ22dzdt

< c// —2sa)2 dxdt+ // e %2V dxdt, (A.11)
s// ppzdrdt < C // e 2522 dzdt + 3 // 252 3| |2 dadt (A.12)
Q Q Q

and

sT2A2 // e 2 5zdadt < C // e~ 222 dadt + s 3N // e 0P dadt |

wx(0,7) wx(0,T)
(A.13)

since s lp7! < C.
From (A.9), (A.10)-(A.13) and (A.6), Claim 1 is proved.
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CrLAIM 2. For A > )\g and s > so(T* + T®), the following estimate holds

4// e 2 (|5 + |AZP)dadt + s~ // e~ 222\ V2 2 dxdt
// ~29 22 dxdt + 573 // e 27302 dadt < Os® // 2593 || *dadt. (A.14)

wx(0,T)

Proof of Claim 2. We multiply (A.5) by the function —s~%e~2%¢~4AZ and integrate over Q.
We obtain the following:

s / / “2sap~ AZPdadt = s / / e 2512, AZdxdt
st //gb "AZpdzdt — s~ // e~ 25y AZ0dadt.

wx(0,T)

(A.15)

The last two terms in the right hand side can be estimated as follows:

1
st // ¢ AZpdzdt < 15_4 // e 29 AZ)?dxdt + C's? // 252 ¢% || dxdt (A.16)
Q Q Q

and

—4 // —2$a¢ 4szd$dt < 5—4// —2$a¢ 4|A2| dacdt+05 // —2501¢ 4‘@\| dxdt.

wx(0,T) wx(0,T)
(A17)

The last integrals in the inequalities (A.16)—(A.17) can be easily bounded using (A.8), pro-
vided we take s > CT®. Hence

s~ / / e~ 2%~ 2 dedt 4+ s / / e~ 2%~ Az dxdt
// ~252\52dxdt + s° // e** 3| p|*dxdt)

wx(0,T)

+s74 / / e 242, AZdxdt. (A.18)
Q
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Let us now deal with the last term in the right hand side of (A.18). We integrate by parts
with respect to z and we get

1
s // e 25 AZdrdt = —5874 // e2sa¢4;§|vg\2dxdt
Q Q

— st / / V(e 2% ™) . V2Zdadt. (A.19)
Q

We integrate by parts with respect to ¢ in the first term of the right hand side of (A.19). This
yields:

—75—4 / / o250 |v2| dodt = L5 / / (e=20 54), |V 2 PdudL.
Therefore,

1
- 53—4 / / 6_25"¢_4%|V§]2dxdt < Os72 / / e %G|V dxdt, (A.20)
Q Q

since

’(672sa¢74)t| < CS5/4672301¢715/4 if s > CTS
In order to estimate the second term in (A.19), we take into account that
|V(€_2sa¢_4)| < 036_28a¢_3

and use Young’s inequality to obtain

1
5—4 //(V(6_25a¢_4) . V/Z\)/Z\tdl‘dt < 18_4 // e—2sa¢—4|2t|2dxdt
Q Q
Cs? / / ¢~ 25 52| V22 . (A.21)
Q

From (A.18)—(A.21), Claim 2 is proved.
Let us now finish the proof of Lemma A.1. From identity (A.7), we have

ax [ 628a¢3\¢!2dxdt§(3’< [ e odlopdodt + s // gl dmdt) (.22)
Q

wx(0,T)

( / / e 24 AZPdadt + 573 / / e 25273 dedt)

wx(0,T)

for any § > 0.
Finally, from Claim 2, the proof of Lemma A.1 is finished.

Now we prove lemma 2.3, used in the proof of Theorem 2.2.
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Proof of Lemma 2.5. Given h € L?(Q), let z be the unique solution of

z—Az=h in Q,
z=0 on X, (A.23)
z(xz,0) =0, in Q.

By standard energy estimates, we have

||Zt”%2(Q) + HAZH%Q(Q) + HVZH%OO(O,T;LQ(Q)) <C HhH%Q(Q) :

The duality between (2.11) and (A.23) gives

/ / nhdzdt = / / (aOAE + OAf)) zdzdt. (A.24)
q q

Integrating by parts, we have

and

/ / OAEzdadt = é / AOE zdadt + 2 é / V0 - Vzédudt + é / ¢ Azdadt (A.25)

Q
// OA fizdxdt = // A0 f1zdxdt + 2// VO - Vzfidzdt + // 0 f1 Azdxdt. (A.26)
Q Q Q Q
The result follows from (A.24) with A = n and the fact that
|AG| < Cs®¢°e*™ and Vo] < Cstpte®® in Q. (A.27)
|
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