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AN ISOPERIMETRIC-TYPE INEQUALITY FOR ELECTROSTATIC
SHELL INTERACTIONS FOR DIRAC OPERATORS

NAJTARA ARRIZABALAGA, ALBERT MAS, LUIS VEGA

ABSTRACT. In this article we investigate spectral properties of the coupling H + V), where
H = —ia -V +mf is the free Dirac operator in R, m > 0 and V, is an electrostatic shell
potential (which depends on a parameter A € R) located on the boundary of a smooth
domain in R3. Our main result is an isoperimetric-type inequality for the admissible range
of X’s for which the coupling H + V) generates pure point spectrum in (—m,m). That the
ball is the unique optimizer of this inequality is also shown. Regarding some ingredients of
the proof, we make use of the Birman-Schwinger principle adapted to our setting in order
to prove some monotonicity property of the admissible \’s, and we use this to relate the
endpoints of the admissible range of \’s to the sharp constant of a quadratic form inequality,
from which the isoperimetric-type inequality is derived.

1. INTRODUCTION

We investigate spectral properties of operators that are obtained as the coupling of the
free Dirac operator in R3 with singular measure-valued potentials. Given m > 0, the free
Dirac operator in R? is defined by H = —ia - V + mf3, where a = (a1, as, as),

(0 o - (L 0 (10
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compose the family of Pauli matrices. Although one can take m = 0 in the definition of H,
throughout this article we always assume m > 0 to allow the existence of a nontrivial pure
point spectrum in the interval (—m,m) for the corresponding couplings.

Following [I], 2], we consider Hamiltonians of the form H + V', being V a singular potential
located at the boundary of a bounded smooth domain. These type of couplings are usually
referred as shell interactions for H. The particular case of the sphere was studied in [3],
while in [Il 2] we considered boundaries of general bounded smooth domains. Due to the
singularity of the potentials under study, a first issue to be treated is the self-adjoint character
of the operator, something that we dealt with in [I]. Our approach fits within the abstract
one developed in [9] 10], although we were interested in some concrete potentials that allowed
us to obtain more specific results.

This article is addressed to the particular case of electrostatic shell potentials. Let Q C R3
be a bounded smooth domain, let ¢ and N be the surface measure and outward unit normal
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vector field on 09, respectively. For convenience, we also set QO = Q and Q_ = R3\ Q, so
00 = 004. Given A € R and ¢ : R? — C4, the electrostatic shell potential V3 applied to ¢
is formally defined as

Va(p) = %(w +¢-)o,

where ¢4 denote the boundary values of ¢ (whenever they exist in a reasonable sense)
when one approaches to 9§ from Q.. Therefore, V) maps functions defined in R? to vector
measures of the form fo with f : 9Q — C*. In particular, one can interpret V3 as the
distribution Adgq when acting on functions which have a well-defined trace on OS2, where
0pq denotes the Dirac-delta distribution on 0f).

Our interest is focused on the study of the existence of stable energy states in (—m,m) for
H + V), where m > 0 is interpreted as the mass of the particle whose evolution is modeled
by the coupling 9y + i(H + V3). More precisely, we look for a description of the set of A’s in
R for which there exist a € (—m,m) and a nontrivial spinor ¢ in L?(R3)* (actually, in the
domain of definition of H + V)) such that

(2) (H +W)(p) = ap.
In [2] we found that this is not possible if || is either too big or too small. More precisely,
we showed that there exist upper and lower thresholds A, (9€2) and X\ (02), respectively,
with 0 < A (09Q) < 2 < A\, (09) and such that if |A| € [A\(02), A, (02)] then there exists no
nontrivial ¢ verifying ([2)) for any a € (—m,m).

The main purpose of this paper is to determine how small can [A;(0€2), A, (9€2)] be under
some constraint on the size of Q2 and/or Q. In Section we show that a natural condition
is to consider

Area(092)
Cap(Q2)
where Cap(2) stands for the Newtonian capacity of 2 (see Section for the details). In
particular, our main result in this direction is the following theorem (see also Remark [5.5]).
The symbol “kr” in the statement of the theorem denotes the kernel, referring to (2)).

= constant,

Theorem 1.1. Let Q C R3 be a bounded domain with smooth boundary and assume that
Area(09) 1

3 m > .

) G ~ 12

Then

sup{|A| : kr(H + V) —a) # 0 for some a € (—m,m)}

Area(092) Area(0Q)\? 1
24<m Cap(€) +\/m< o) +1>’

inf{|A| : kr(H + V) —a) # 0 for some a € (—m,m)}

Area(09) Area(0Q)\? 1
“(‘mm*\/mQ(m) )

In both cases, the equality holds if and only if Q) is a ball.

The first step to prove this result is to use the connection made in [2] between (2) and
the existence of a nontrivial eigenvalue c(a) of C¢, a Cauchy type operator defined on 02
in the principal value sense, and whose precise definition we postpone to Section 21l This
connection corresponds to the so-called Birman-Schwinger principle (see [13]) adapted to our
setting (see Proposition B.1]).
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The second step is to show that ¢(a) is a monotone function of a € (—m,m). This has
important consequences because it reduces the problem to the study of the limiting cases
a = +m. Using the well-known properties of the Cauchy operator stated in Lemma
below, it is sufficient to consider just the case a = m. This latter problem is equivalent to
find A € R and u, h € L?(0)? with u,v # 0 such that

{ 2mK (u) + W(h) = —u/X,
W () = —h/A,

where K is an operator on 052 defined by the convolution with the Newtonian kernel k(z) =
(47|z|)~! (a positive and compact operator), and W is a “Clifford algebra” version of the
2-dimensional Riesz transform on 92 whose precise definition we postpone to Section [l

At this point two results become crucial. On one hand, we use that 2 is an isometry
when 0f is a sphere. This is indeed something specific of the sphere, in [6] the authors prove
that the spheres are the only boundaries of bounded domains for which 2W is an isometry
(under some extra assumptions). On the other hand, to deal with K, we use the fact proved
in [11} 12] which says that if the Newtonian capacity Cap(f2) is attained on the normalized
surface measure of 92 and €Q is regular enough, then 92 is a sphere. By a simple argument,
we relate K and Cap(Q2). In order to use these two ingredients, we first prove that to solve
our optimization problem is equivalent to minimize, in terms of €2, the infimum over all A > 0
such that

2
) (3) [ wwra 5 [ k) Far< [ iitas
a0 a0 a0

for all f € L%(0)?. It is to this infimum ) to which we prove an isoperimetric-type inequality
like the first one in Theorem [Tl (see Lemma[5.3]). The constraint (B]) appears as a technical
obstruction on the arguments that we use to connect the infimum A of the quadratic form
inequality to the admissible \’s that generate eigenvalues as in (2)) (see Theorem [A3|(iv) and
Corollary 6] see also Remark for a related result). We should mention that the free
Dirac operator H is not bounded neither above nor below, so that characterizing eigenvalues
by minimizing some appropriately chosen quadratic form is not straightforward as can be
seen in [4]. Since W is self-adjoint, () can be read as

/agz ((%)Z%)U) fdo < /m!f]Qda.

The paper is organized as follows. In Section [2] we state the preliminaries, where we
introduce some notation and recall some properties of the resolvent of H, as well as the
construction of H + V). Section Bl is devoted to the Birman-Schwinger principle and the
above-mentioned monotone character of the eigenvalues of C'¢. The relation with the limiting
case a = m for the optimization problem and the optimal constant of the quadratic form
inequality (@) is explored in Section dl Finally, Section [l is about the isoperimetric-type
result and contains the proof of Theorem [I.1]in Section Previously, some other natural
constraint conditions not including Newtonian capacity are discarded.

We want to thank P. Exner for enlightening conversations.

2. PRELIMINARIES

This article continues the study developed in [I}, 2], so we assume that the reader is familiar
with the notation, methods and results in there. However, in this section we recall some basic
rudiments for the sake of completeness.
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Given a positive Borel measure v in R3, set
L*(v)* = {f : R® — C* v-measurable : /]f]2d1/ < oo} ,

and denote by (-,-), and ||-||, the standard scalar product and norm in L?(v)4, i.e., (f,g), =
[f-gdvand || f||2 = [|f?dv for f,g € L?(v)*. We write I, or 1 interchangeably to denote
the identity operator on L2(v)*. We say that v is d-dimensional if there exists C' > 0 such
that v(B(z,r)) < Cr? for all x € R3, r > 0.

We denote by p the Lebesgue measure in R3. Concerning 02, note that ¢ is 2-dimensional.
Since we are not interested in optimal regularity assumptions, for the sequel we assume that
09} is of class C*°. Finally, we introduce the auxiliary space of locally finite measures

X ={Gu+go: GeL*n? ge L*(0)*}.

2.1. A fundamental solution of H —a. Observe that H, which is symmetric and initially
defined in C2°(R3)* (C*-valued functions in R? which are C*° and with compact support), can
be extended by duality to the space of distributions with respect to the test space C3°(R3)*
and, in particular, it can be defined on X. The following lemma (see [2, Lemma 2.1]) is
concerned with the resolvent of H, which will be very useful for the results below.

Lemma 2.1. Given a € R, a fundamental solution of H — a is given by

—vm2—a?|z|
o) = i (aema s (14 VP @) i 5) Jora € BN (0),

i.e., (H — a)¢p® = dply in the sense of distributions, where §y denotes the Dirac measure
centered at the origin. Furthermore, if a € (—m,m) then ¢* satisfies

(i) @5 € COR*\{0}) for all 1 < j,k <4,

(ii) ¢%(x —y) = (¢*)t(y — x) for all z,y € R3 such that x # v,
(13i) there exist v, > 0 such that
(a) supi<; k<4 ‘(b?k(x)‘ < Clz|2 for all x| <6,
(b) sup; ;s |69, (@)] < Ce for all |2 > 1/,
(¢) supj<j <y SUPgegs(l + 1€12)1/2| 7 ( 41)(&)] < oo, where F denotes the Fourier
transform in R3.

In the lemma above we denoted the complex conjugate of the transpose of ¢% by (¢?)t,
that is,

((6M)) jk = df; and  (¢%);p = @ forall 1 < j k<4

Note that the assumption a € (—m,m) in Lemma 2] is only relevant for the validity of
properties (i), (i73)(b) and (7ii)(c).
Given a positive Borel measure v in R3, f € L?(v)*, and = € R3, we set

(6% * f)(z) = / 6 — ) () dv(y),

whenever the integral makes sense. By Lemma 2.1] and [I, Lemma 2.1], if a € (—m,m) and
v is a d-dimensional measure in R? with 1 < d < 3, then there exists C' > 0 such that
() lg® * gvlle < Cligll,  for all g € L*(v)*.

The next lemma (see [2, Lemma 2.2]), will be used in the sequel.
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Lemma 2.2. Given g € L*(0)* and x € 99, set

Cy(9)(x) = lim ¢Y(r = 2)9(2)do(z) and CL(g)(z) = lim (4% go)(y),

NO S|z —z|>e Qu3y"Ha

where Q4 >y 2 = means that y € Q4 tends to x € 0N non-tangentially. Then C¢ and C4
are bounded linear operators in L?(a)*. Moreover, the following holds:

(i) CL = F3% (a- N)+ C2& (Plemelj-Sokhotski jump formulae),

(ii) for any a € [-m,m], C% is self-adjoint and —4(C%(a - N))? = 1.

2.2. On the divergence theorem for H — a. A simple computation involving the diver-
gence theorem shows that

/Qi <(0<-V)<p@+<ﬁ-m>du:i/m(a-N)w-Eda

for all ¢, € Wl2(xq.pu)?*, where WhH2(yq, u)* denotes the Sobolev space of Ci-valued
functions defined on 4 such that all its components have all their derivatives up to first
order in L?(xq L 1t). As a consequence, we easily deduce that

(6) /ﬂ <(H—a)<pﬂ—<ﬁ-(H—a)w>du:¢i/ (- N)g - do.

o0
2.3. The construction of H +V and its domain of definition. In what follows we
use a nonstandard notation, ®%, to define the convolution of measures in X with the fun-
damental solution of H — a, ¢®. Capital letters, as I’ or GG, in the argument of ¢ denote
elements of L?(y)*, and the lowercase letters, as f or g, denote elements in L?(c)*. Despite
that this notation is nonstandard, it is very convenient in order to shorten the forthcoming
computations.
Given Gu + go € X, we define

UG +g) = ¢ x Gu + ¢" x go.
Then (@) shows that ||[®*(G + g)|, < C(|G||x + |lglls) for some constant C' > 0 and all

Gu+go € X, so ®*(G + g) € L*(u)*. Moreover, following [I, Section 2.3] one can show
that (H — a)(®*(G + g)) = Gu + go in the sense of distributions. This allows us to define a
“generic” potential V' acting on functions ¢ = ®%(G + g) by

V(SO) = —g0,

so that (H —a+ V)(¢) = Gu in the sense of distributions. For simplicity of notation, we
write (H —a+ V)(¢) = G € L?(u)*.

In order to construct a domain of definition where H + V is self-adjoint, in [I] we used
the trace operator on 9. For G € CX°(R®)*, one defines the trace operator on 9 by
ton(G) = Gxaq. Then, tgn extends to a bounded linear operator

to s WH2(u)* = L*(0)*
(see [I, Proposition 2.6], for example). From Lemma [2.1)7i7)(c), we have
[24(G) w12 < CllG|
for some C > 0 and all G € L?(u)?* (see [1, Lemma 2.8]), thus we can define
05 (G) = t,(4(G)) = to (9" x Gp)
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and it satisfies ||®2(G)|l, < C||G|, for all G € L*(u)*. In accordance with the notation
introduced in [I], for the case a = 0, we write ®, ®,, C1 and C, instead of ®°, @2, C?E and
CY, respectively.

Finally, we recall our main tool to construct domains where H + V is self-adjoint, namely
[1 Theorem 2.11]. Actually, the following theorem, which corresponds to [2, Theorem 2.3],
is a direct application of [I, Theorem 2.11] to H + V', and we state it here in order to make
the exposition more self-contained. Given an operator between vector spaces S : X — Y,
denote

kr(S)={r € X: S(z) =0} and rm(S)={S()eY :xe X}
Theorem 2.3. Let A : L?(0)* — L?(0)* be a bounded operator. Set
D(T) ={®(G +g):Gu+go € X, ®,(G) = A(g)} € L*(u)* and T = H +V on D(T),
where V(o) = —go and (H + V)(p) = G for all p = ®(G + g) € D(T). If A is self-adjoint

and tn(A) is closed, then T : D(T) — L?(u)* is an essentially self-adjoint operator. In that
case, if {®(h) : h € kr(A)} is closed in L*(n)*, then T is self-adjoint.

In particular, if A is self-adjoint and Fredholm, then the operator T given by Theorem 2.3
is self-adjoint.

2.4. Electrostatic shell potentials. In [I, Theorem 3.8] we proved that, if A € R\ {0, £2}
and T is the operator defined by

D(T)={®(G+yg):Gu+go e X, ®,(G) =A(g)}
and T'=H+V,on D(T),

where

@ A=—(/A+Co) VA(@) = S(ps 900

and o+ = ®,(G)+Cx(g) for p = ®(G+g) € D(T), then T : D(T) C L*(u)* — L*(pn)* is self-
adjoint. Moreover, we also showed that V), =V on D(T') for all XA # 0, so the self-adjointness
was a consequence of Theorem [Z3l Let us mention that if one replaces ®,(G) = A(g) by
AP, (G) = AA(g) in the definition of D(T) above, one recovers the well-known fact that
D(H + V) = D(H) = WH2(u)* when A = 0.

3. BIRMAN-SCHWINGER PRINCIPLE AND MONOTONICITY

We will make use of the following proposition, which corresponds to [2, Proposition 3.1]
and can be understood as the classical Birman-Schwinger principle adapted to our setting.

Proposition 3.1. Let T be as in Theorem 23 Given a € (—m,m), there exists ¢ =
O(G + g) € D(T) such that T(p) = ay if and only if A(g) = (C? —Cy)(g) and G = a®?(g).
Therefore, kr(T' — a) # 0 if and only if kr(A 4+ C, — C2) # 0.

The following lemma contains the monotonicity property mentioned in the introduction.

Lemma 3.2. Given a € [-m,m], the eigenvalues of C% form a finite or countable sequence
0 # {cj(a)}; C R, being 1/4 the only possible accumulation point of {cj(a)?};. Moreover,
L ci(a) >0 for all a € (—m,m) and all j.

As a consequence, given a € (—m,m), the set of real X’s such that ke(H+V\—a) # 0 form a
finite or countable sequence O # {\;(a)}; C R, being 4 the only possible accumulation point of
{\;j(a)?};. Furthermore, \;j(a) is a strictly monotonous increasing function of a € (—m,m)
for all j.
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Proof. For any a € [—m,m], the existence of the sequence ) # {c¢j(a)}; C R stated in the
lemma and its possible accumulation point are guaranteed by [2, Remark 3.5] (which also
holds for a = £m) and the self-adjointness of C2.
Given a € [—-m,m] and c;j(a), let g;j(a) € L?(c)* be such that [gj(a)||, = 1 and
(8) Co(gj(a)) = ¢j(a)g;(a).
To differentiate c;j(a) with respect of a, we take the scalar product of (§) with g;(a), so
¢j(a) = (¢j(a)gj(a), gj(a))o = (C5(g;(a)), gj(a))o-

We abreviate 0, = %. Then, at a formal level,

Oacj(a) = (0a(C5(g;(a))), 9j(a))o + (C5(g;(a)), Bagj(a))s
(9) = ((0aC3)(95(a)), gj(a))o + (C5(dagj(a)), gj(a))o + (C(gj(a)), Bagj(a))o
= ((0.C3)(95(a)), gj(a))o + 2Re(0ag;(a), C5(g(a)))s,

where we used in the last equality above that C§ is self-adjoint. Recall that ||gj(a)|ls = 1
for all a € (—m,m), thus (8) gives

0 =¢;(a)0a(gj(a),gj(a))o = (Oagj(a),cj(a)g;(a))s + (cj(a)g;(a), Dagj(a))s
= 2Re<aagj (a)’ Cg (gj (a))>0a
which plugged into (@) yields
(10) Buc3 (@) = ((8aC2)(0;(@)), g5(a))o-

To justify the above computations, in particular in what respects to the issue of the
principal value in the definition of C'?, one can decompose the kernel

—vVm2—a?|z| —vm2—a’lz| _ q
¢a(x):67 a—i—mﬂ—i—z’\/mQ—(1204-i + £ ila-
4 |x| |z A7 ||

47
and note that the principal value only concerns ws, since the kernels w; and w9 are absolutely
integrable on 9f) and actually define compact operators, but w3 does not depend on a. At
this point, standard arguments in perturbation theory (by compact operators which depend
continuously on the perturbation parameter) allow us to justify the formal computations
carried out above concerning d,.

Our aim now is to understand the operator 9,C%. One may guess that, since C'¢ is defined
as the convolution operator on 0f) with the fundamental solution of H — a, and formally
0u((H —a)™') = (H —a)~2, then 9,C¢ should be defined as the convolution operator on 952
with the fundamental solution of (H — a)?. This is indeed the case. In the following lines,
we are going to prove the details of this argument. We can easily compute

+ i (a.%> = wi(z) + wa(x) + ws(x)

—Vm2—a?|z| —Vm2—a?|z|
11 a2 N — a8
(11) 0 (0% () I <a +mB+ivm2 —ala m) + pras

Note that

_Za . V(ei v m27a2|m|) — Z\/mQ — a]ze*\/m2702|{£| o - i

x|’

so () gives

—vVm2—aZ|z| —vm2—aZ|z|
(12) Ba(6%(x)) = a (H + a) c

—a? * 47r|x|

4/ m?
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A simple calculation shows that

(13) (casmt -y e
—A+m" —a =
8rvm? — a? 47| z|

which, combined with (I2) and using that —A +m? — a? = (H — a)(H + a), yields

aa((lsa(x)) _ <CL(H—|—CL) + l(—A%—m? _a2)> e_VmQ_aﬂﬂC‘

(14) 2 4mv/m? — a?
1 o—Vm?—a?|z| ) e—Vm?—a?|z|
= (o3 -0)) -+ 0) oo = 4o

Recall that (47r\x])*le*‘/m‘x‘ is a fundamental solution of —A +m? — a2, that is
(—A4+m? — QQ)@ = 0o
4r|x|

in the sense of distributions. In particular, from (I3]) we get that

N i

grvm?—a®

Since —A +m? — a? commutes with H + a, we easily see that
(H —a)*(H +a)” = (=A+m® —a*)?,

and then, from (I4) and (I5]), we finally deduce that

(16) (H — a)? 0a(¢"(x)) = do,

which means that 9,(¢%(z)) is a fundamental solution of (H — a)?, and 9,C¢ corresponds
to the operator of convolution on 992 with this kernel, as suggested before (IIl). Note that
04(¢%(z)) = O(1/]x|) for |z| — 0, so in particular 9,C2 is compact in L?(o)*.

Given g € L%(0)*, set

(15) (—=A +m? —d?)

u(z) = / Bu(¢*(@ - )g(y) doly)  for z € RS,

so u = (9,C%)(g) on 0. Using ([4)), that —A + m? — a? and H + a commute and (I3)), we
see that for any z € R3\ 9,

(H — a)u(z) = / (H, — a)0u(6"(z — ))g(y) do(y)

s 9 e~ Vm?—aZ|z—y|
(17) = /(—A:v +m* —a”)(Hy + a) T 9(y) do(y)

P P
= [ (H - d = o
[+ o) e sl dr(y) = 87,
because ¢%(z) = (H + a)(4n|z|)~te~V™ =@*lel by construction. Concernig the notation
employed, we mention that A, and H, denote the Laplace and Dirac operators acting as
a derivative on the z variable. Since ¢% is a fundamental solution of H — a, we see from
(I7) that (H — a)?u = 0 outside 0%, a fact that we already knew in view of (I6]) and the
definition of w.
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From Lemma 227), we have g = i(a - N)(C{(g9) — C%(g)). Therefore, using (@), that
(H —a)®%(g) = 0 outside 02 and (I7), we finally get

(0C2)(9):9)0 = =i [ (o Nu - TCT(g) — CE (g do

(18) = /RC*\BQ ((H —a)u-®(g) —u- (H — a)(IDG(g)) du

[, e o)Pd
R3\9Q

Thanks to the Plemelj-Sokhotski jump formulae from Lemmal2.2)(i), we see that if g € L?(o)*
is such that ®%(g) = 0 in R3\ 9Q then C%(g) = 0, and thus g = 0. Therefore, applying (I8)
to gj(a) and plugging it into (I0Q) yields

dacj(a) = ((0.C5)(gj(a)), gj(a))o = /R o |8%(g;(a)))? du > 0,

because g;j(a) is not identically zero (since ||g;(a)|ls = 1 by assumption).
To finish the proof of the lemma, it only remains to be shown the stated conclusions about
{Aj(a)};. By Proposition B] and the definition of A in (@), if a € (—m, m) then

kr(H+Vy,—a) #0 if and only if kr(1/X+ C%) # 0,

thus the existence of a sequence ) # {\;(a)}; C R such that kr(H + V) @) — a) # 0 and
the fact stated in the lemma concerning its unique possible accumulation point follow from
the first part of the lemma. Moreover, by setting c¢j(a) = —1/);j(a) we see that \;(a) is a
strictly monotonous increasing function of a € (—m, m) for all j. O

Corollary 3.3. Given a € (—m,m), we have
(19) sup{\ < 0: kr(H + V) —a) #0} = —4/sup{\ > 0: kr(H + V) —a) # 0},
and the same holds replacing sup by inf on both sides of (I9]). Set
S =supfA € R: kr(1/X+CE™) #0}, N, =inf{\ € R: kr(1/\ + CE™) £ 0}.

Then X%,, >0 > Ay, and the following hold:
(i) sup{A € R: kr(H + V) —a) # 0 for some a € (—m,m)} = X3,
(77) inf{\ e R: kr(H + V) —a) # 0 for some a € (—m,m)} = \",
(iii) sup{|\| : kr(H + V) —a) # 0 for some a € (—m,m)} = max{\5,, —\", },
(iv) inf{|\| : ke(H + V) —a) # 0 for some a € (—m,m)} = 4/ max{\3, —\" }.
Proof. Given a € (—m,m), by [2, Remark 3.5] we see that {\ € R\{0} : kr(H+V\—a) # 0}

is a non empty set. Furthermore, in [2, Theorem 3.3] we also proved that
(20) kr(H +V\ —a) #0 if and only if kr(H + V_4/\ —a) # 0.

In particular, we see that {A\ < 0: kr(H + V) —a) # 0} and {\ > 0: kr(H + V) —a) # 0}
are non empty sets. Then, a simple argument using (20) proves (I9)).

Note that [2, Remark 3.5] still aplies to the case a = £m, so {\ € R : kr(1/\+CE™) # 0}
is a non empty set, and thus \%,, and A%, are well defined. An inspection of the proof of
[2, Theorem 3.3] shows that, for any a € [—m,m],

(21) kr(1/X+C¢) #0 if and only if kr(—A/4+ C2) #0,
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which in fact is a consequence of Lemma [2.2(i7) (note that (20]) follows by (2I]) and Propo-
sition B.1). A straightforward application of (ZI)) proves that \%,, > 0 > \y,,. Further-
more, (i) and (i7) are a direct consequence of the monotonicity property proved in Lemma
B2 and (iii) follows from (i), (ii) and the fact that A3, > 0 > A . Regarding (iv),
note that inf{|\| : kr(H + V) — a) # 0 for some a € (—m,m)} is the minimum between
—sup{\ < 0: kr(H 4+ V) —a) # 0 for some a € (—m,m)} and inf{\ > 0: kr(H +V) —a) #
0 for some a € (—m,m)}, which by (I9) and Lemma [3:2] correspond to 4/A3 and —4/\*
respectively. This yields (iv). O

4. QUADRATIC FORMS

For a € R and o = (01,02,03), where the o;’s compose the family of Pauli matrices
introduced in (), define the kernels

Y e V=]
- I d w%x) =
Tl 9 and w(x) I |3

for x € R?\ {0}. Given f € L?(0)? and x € 09, set

k(z) =

<1+\/ —a|x|>zo‘ x

Kf)(x) = /k:“(x —2)f(z)do(z) and W9(f)(x) = lim w(z — 2)f(z)do(z).

N |x—z|>€

That K% and W are bounded operators in L?(c)? can be verified similarly to the case of
C% in L?(0)*, we omit the details. Moreover, note that

o [ (@a+m)K* we
(22) Ca - < Wa (a _ m)Ka .
The results in the following lemma are contained in [2, Section 4].
Lemma 4.1. For any a € [—m,m], K% is positive and self-adjoint, W is also self-adjoint
and the following hold:
(1) the anticommutator {(o - N)K®, (o - N)W*} vanishes identically,
(i1) (o NYW)? + (? — m?)((0 - N)K®)? = —1/4.

For simplicity of notation, we write k, w, K and W instead of £, w™, K™ and W™,
respectively. Observe that k(x) = 1/(4n|x|) and w(x) = io - z/(4x|z|?). If T denotes a
bounded operator in L?(c)?, we write ||T||, instead of 17N £2(0)2— L2 (o2

The following lemma is essentially contained in [6], but we give a simple proof for the sake
of completeness.

Lemma 4.2. |[W|, > 1/2. Moreover, ||W|, = 1/2 if and only if {o- N,W} =0, and in
this case 2W is an isometry in L?(0)>.

Proof. From Lemma [£.1(7i) we have

@) 15 [IPde= [l 0w PRl < [WIE [ W Pdo < (WIS [ 15Pdo

for all f € L%(c)?. From this we see that ||W|, > 1/2.
On one hand, if [|W||, = 1/2, then (23]) yields

(24) i/\f\zda:/]W(f)\zda for all f € L?(0)?,
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which shows that 2 is an isometry in L?(0)?. By Lemma T and (24) we conclude that

/|{0‘-N, W )? do = /((G-N)W+ W(o-N)(f)- ((0- N)W +W(a- N))(f)do

= [ (WP + W NP - 1P = 1o NS ) do =0

for all f € L%(c)?, which implies that {o- N, W} = 0.
On the other hand, if {o- N, W} = 0 then, once again by Lemma [.T],

[IWnPio = [Wie-N)o Mw(s)-Tao

— [Wio Mo N W) Fdo+ § [ 1fPdr = [17Pdo
for all f € L?(0)?. In particular, ||W|, = 1/2. O

(25)

We must mention that in [6] the authors show that {o - N,W} = 0 (or, equivalently,
|W|ls = 1/2) if and only if O is a plane or a sphere, as commented in the introduction in
reference to the isometric character of 2W.

The following theorem explores the connection between the quadratic form inequality
@) and the eigenvalues of CX™, and it is a key ingredient to derive the isoperimetric-type
inequalities contained in Theorem [T11

Theorem 4.3. Let Aq be the infimum over all A > 0 such that

2
(26) (3) [ winpa 5 [k Far< [1rP s
for all f € L?(0)?. Then, \q is also the infimum over all X > 0 such that
(27) /]f]2d0+2m)\/K(f) fdo < )\2/]W(f)\2da

for all f € L?(0)?, and the following hold:

(i) 2 <4(m|Kllo + m?[|K[2 +1/4) < Ao < 4(m||K]lo + /m?[| K2 + [W]3Z),
(#3) if X > 0 is such that kr(1/X+ C") # 0 then A < Aq,
(791) if A < 0 is such that kr(1/X + C™) # 0 then A > —)q,

(iv) @B) holds for all X\ > A\q and it is sharp for X = Aq. If X = Aq > 2v/2 then the
equality in (26]) is attained. In this case, the minimizers of 28) (that is, functions
that attain the equality) give rise to functions in kr(1/Aq + C') and vice versa; the
same holds replacing kr(1/Aq + CJ*) by kr(—1/Aq + C;™),

(v) (iv) also holds replacing (26]) by 27)).

Proof. Given A > 0 and f € L?(0)?, set

n=(3) [wwra 3 [k Fir

Let us prove (i). Note that

(28) A()\,f) < ((4’“1/”0) + 8mHKHU> HfHZ

Hence, if A > 4(m|| K ||, + /m?[|K[|2 + [|W]|2) then @8] easily yields A(X, f) < || f]|2 for all
f € L*(0)?, which in turn implies that Ao < 4(m|K|ls + /m?[|K|2 + [W]2).
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The inequality from below is a bit more involved. Let A > 0 be such that
(29) AN ) <|IfIZ forall f e LP(0)%.
If we set h = %(o‘ -NYW(f) € L?*(0)?, then f = —\(0 - N)W(h) by Lemma [TI|(ii) taking

a = m. Furthermore,

(30) Jwza=(3) / (o N)P? dor = (2)/ WP do

and

(31) /|f|2da—)\2/| |2da—)\2/|W )|? do.

Moreover, using Lemma [1.T],

/K fda—)\Q/K W(h) - (o - N)W(h) do

= —AQ/K o-N)YW(h)-hdo = )\;/K(h) hdo

Gathering (29) with (30), BI) and ([B2) yields
(33) /|h|2 do + 2m>\/K(h) “hdo < N2 / W (h)|?do  for all h € L?(0)?.
Note that this argument is reversible, thus in particular we have proven that
Ao = inf{A >0: /|f|2da+2m)\/K(f) < fdo < )\2/|W(f)|2da Vfe LQ(O')Q},
which yields @27). If we multiply B3] by 16/\* we get
£/|f|2d +—/K - fdo < S/|W(f)|2da for all f € L*(0)?,

which added to ([29) gives

2m/K(f) fdo < (2 — %) /|f|2da for all f € L*(o).

Since K is bounded, positive and self-adjoint, we see from the above inequality that

1
2m||K||, =2m sup /Kf fd<7<———7
1flo=1 A

which in turn is equivalent to
A —8m||K||gA—4 >0,

since A > 0 by assumption. Therefore, we must have A > 4(m||K||s + /m?[|K||2 4 1/4) for
all A > 0 satisfying (29). This gives the desired inequality from below for \q, and finishes
the proof of (7). Observe that this lower bound for \q is strictly greater than 2 because
1Kl > 0.

We now prove (i1). Assume that A\ > 0 is such that kr(1/A+C7) # 0. Let 0 # g € L%(o0)*
be such that CI"(g) = —g/\. In view of ([22)),

O e
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From Lemma [Tl(i7) and the last equality in ([84]) we deduce that
(35) w=—A((c - NYW)*(u) = (o NYW (o N)(h),
which plugged in the other equation in (34]) yields

(36) <8TmK(O"N)W(O‘-N)+W+%(O‘-N)W(O‘-N)> (h) = 0.

Using Lemma [£1] we may write

877”1((0 N)W (o N)+ W + %(a . N)W (- N)
B) = -SW(o N)K(o- N)+W(e-N)(o-N) ~ 15(W(0- N)P (o N)W(o- N)
=W(o-N) <—8TmK +1-— £W2> (o-N).
Since W (o - N) is invertible by Lemma [.](é¢), from (B6]) and (B7) we get that
(38) <—8TmK +1- £W2> (f) =0,

where we have set f = (0 - N)h. Note that u is given in terms of h by (B5) and g # 0
by assumption, thus we can also assume that f # 0. In conclusion, we have seen that if
kr(1/X + C™) # 0 then there exists 0 # f € L?(c)? such that (38) holds. Actually, since all

the involved arguments are reversible, we see that
(39) kr(1/A+C™) #£0 if and only if kr(—(8m/A\)K 41— (16/X%)W?) #£ 0.

Moreover, if we multiply (B8) by f and we integrate with respect to o, using the self-
adjointness of W we get

(40) AN f) =|IfII2  forall f€kr(—(8m/NK + 1 — (16/A*)W?).

Using that W is invertible and that K is positive, it is easy to show that A(A—e, f) > A(\, f)
for all f # 0 and all 0 < € < A. In particular, A(XA — ¢, f) > ||f]|2 for all 0 # f €
kr(—(8m/A)K + 1 — (16/A2)W?2), which easily implies that A — ¢ < Aq for all 0 < € < A
whenever kr(—(8m/A\)K + 1 — (16/)\2)W?2) # 0. Finally, applying (39) and taking ¢ — 0 we
conclude that if kr(1/X + CZ") # 0 then A < A, and the proof of (i) is complete.

Concerning (iii), if one repeats the arguments used to prove (iz) but on the assumtion
that kr(1/\ + C;™) # 0, one can show that there exists some f € L?(c)? such that

8m 16 8m 16
0= <TK+ 1- FVVQ) (f) = <_WK+1 - WW2> (7).

since we are assuming A < 0. Hence, we are reduced to the case treated in (38)) but with the
parameter |\|. The rest of the proof follows the same lines, getting that —\ = |A| < Aq. In
particular, we also obtain that

(41) kr(1/A+C;™) #0 if and only if kr((8m/N)K + 1 — (16/A*)W?) #£ 0.

Let us prove (iv). Since K is positive, A(A, f) is a non-increasing function of A > 0 for
all f € L?(0)?. By the definiton of A\q, this monotony implies that (28] holds for all A > \q
and it is sharp for A = Ag. It remains to be shown that if A\g > 2v/2 then the equality is
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attained and that the minimizers give rise to functions in kr(1/Aq + CJ") and vice versa. As

we did in (25)),
[IWwnPio = [Wio o N.wys)-Fdo+ ;[ 117do

for all f € L%(0)?. Set
1
T=W(o-N){o-N,W}=W?— T
From Lemma [Tl we see that T is self-adjoint and, since 92 is C°, it is also compact by the

same arguments that prove [I, Lemma 3.5]. Now, we can write

@ ann - = [ (T )0 Fao (55 -1) [IrPas

Let A > 2. Then, ([42) shows that

(13) AND < IS itandonty it [ 13(1) - Fao < [ 7P do
where we have set
4
Ty = —=— 4T +2mAK
A=y (4T 4 2mAK) ,
and the same holds replacing “<” by “=" or “>” on both sides of ({@3]). Observe that

T) is also self-adjoint and compact (for all real A # +2), since T and K also are. In
particular, by [5, Lemma (0.43)], there exists 0 # fy € L%(0)? such that Tx(fx) = [|Tlofx
or Tx(fa) = =[x [0 fx-

We are going to show that if Ag > 2v/2 then we must have Th,(fr,) = [|Tagllofrg With
|Taglle = 1. Using ([@2]) we see that, if A > 2,

22
Since A(\, f) > 0 for all A > 0 because K is positive, from ([44]) we get that

(44) A(X, f) >0 if and only if /T)\(f)-fdaz — 4_4/\]”\2610.

(45) /T,\(f) fdo > —/]f]Qda for all 0 # f € L?(0)? and all A > 2/2.

Combining (@3] and (@5]), and using that T} is self-adjoint, we deduce that

(46) IT\||s = sup <1 for all A > A if Mg > 2V/2.

[ fllo=1

Furthermore, the definition of Aq and (@3)) imply that ||75||, > 1 for all A < Aq. From this
and (@6) we get that if A\q > 2v/2 then ||T), |, = 1, since |T)||» depends continuously on
A for all A > 2. In particular, we have seen that there exists 0 # f\, € L?*()? such that
Trg(Fra) = Frg oF Thg(fag) = —Frg- However, if A\g > 2v/2 then (@) shows that the case
Tag (fag) = —/fag 1s not possible, thus Ty, (fr,) = fag as claimed. From (43)), we finally get
A, frg) = Ifroll%, which proves that the equality in (Z8]) is attained for A = Ag on fy,.
Concerning the minimizers of (26]), assume that A(Aq, f) = ||f||> for some f # 0. Then

[H3) gives
(47) [Tl Tdo = [ 11P do.

/ T(f)- Tdo
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Since T),, is a compact self-ajoint operator (so it diagonalizes in an orthonormal basis of

eigenvectors) and ||Th,|le = 1 if Ao > 2v/2, by (@) we must have Th,(f) = f. From the
definitions of T, and T', we get

(16W? + 8mAoK — Ao?) (f) =0,

which implies that kr(1/Aq + CJ") # 0 by [B9) and that kr(—1/Aq 4+ C;™) # 0 by (@I]). On
the contrary, if kr(1/Ag + C*) # 0 then ([B9) and (@0) show that there exists f # 0 such
that A(\q, f) = ||f]|2, and similarly for kr(—1/Aq + C;™) # 0 using (@I) and (@0).
Regarding (v), one can check that the conclusions in (iv) also hold when one works with
[27) instead of (26)) since these quadratic form inequalities are equivalent (recall the compu-
tations carried out between (29) and (33))), we leave the details for the reader. The theorem
is finally proved. g

Remark 4.4. Gathering (89)) and (41l), we get that
(48) kr(1/A+C") #0 if and only if kr(—1/A+C;™) #0.

This corresponds to the endpoint case @ = m in [2, Theorem 3.6], thanks to Proposition
Bl The relevant fact here is that, despite that in [2, Theorem 3.6] we were assuming some
invariance of o with respect to reflections in order to obtain the antisymmetry property of
the eigenvalues with respect to the potential, ([A8]) holds without this assumption on o.

Remark 4.5. The assumption Ag > 24/2 in Theorem E3)(iv) can be weakened using essentially
the same arguments as before. Roughly speaking, from (23] one sees that 16|/ W |[2W?2 > 1,
considering this as an inequality between operators in the sense of quadratic forms. Then

4 (4T + 2mAK) 16T  16W2%—4 1 1
> = > —4
A\ —4 TA2—4 N —4 T AZ—4 \ W2

The right hand side of (@4 formally corresponds to the limiting case ||[W||, = oo in (49).
Since the arguments in the proof of Theorem E.3|(iv) require that T), > —1 in order to get
|Taglle =1 and find the minimizers, in view of (49) one sees that a possible assumption is

1
(50) Mo >2 2 ——
4wz

which is weaker than Aq > 2v/2. Following the arguments in the forthcoming pages of this
article until the proof of Theorem [T but using (50) instead of Ag > 2v/2, one can see that
@) can be weakened to

Area(0f2) - 1= m

Cap(Q2 / 1
ap() 4 Q—W

However, in what respects to the potential applications of Theorem [[L1] as an isoperimetric-
type inequality, one may find bounded domains Q with constant mArea(92)/Cap(£2) but
with ||W||, arbitrarily large, since this last quantity strongly depends on the abruptness of
0. As a consequence, in general one has to assume (B]) (or equivalently the limiting case

Aq > 2\/5) to make use of Theorem [ 1]

m
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Corollary 4.6. Let X3, and X', be as in Corollary B3l If Aq > 2v/2, then
A=A =\

=sup{\ € R: kr(H + V) —a) # 0 for some a € (—m,m)}

= —inf{A e R: kr(H + V) —a) # 0 for some a € (—m,m)}

= sup{|\| : ke(H + V), — a) # 0 for some a € (—m, m)}
and 4/ q = inf{|\| : ke(H + V) —a) # 0 for some a € (—m,m)}.
Proof. From Corollary 3.3l we already know that A3, > 0 > A’ . Combining Theorem [Z3](i7)
and (iv), we easily see that

Ay =sup{\ € R: kr(1/A + C') # 0} = A,
and similarly, using Theorem E3|(i74) and (iv), we get that A’ = —\q. Hence, the corollary
follows directly from Corollary B3l Observe that the supremum and the infimum in the
definitions of A* and A’ are a maximum and a minimum, respectively, if A\g > 2v/2. [
Remark 4.7. Combining the methods used above one can also show that, if A\g > 2v/2,
4/ g =inf{\ > 0: kr(H + V) —a) # 0 for some a € (—m,m)}
= —sup{A < 0: kr(H + V) —a) # 0 for some a € (—m,m)}.

5. AN ISOPERIMETRIC-TYPE INEQUALITY

For the sake of clarity, given a bounded open set  C R? with smooth boundary, we set
Vol(©2) = u(2) and Area(09) = o(99).

Furthermore, to stress the dependence of K and W on o (that is, on 9Q), we write Kq and
Waq respectively.

5.1. A test to exclude constraints on (). In the setting of bounded domains with smooth
boundary, due to Theorem [4.3)(i) we have

4(m[|Kallo + vm2[ Kol +1/4) < Aa < 4(m|Kalls + vVm?[KaolZ + [Wall2).

Since ||[Wql|2 = 1/4 if and only if 9 is a sphere (recall [6]), one may be tempted to look
for an isoperimetric-type inequality for |[Kqll; so that the ball is a minimizer, and thus
obtaining an inequality for Aq. In order to do so, one may impose some constraint on the
admissible domains because of the rescaling properties of || Kql|, under dilations; if

Y={te:2e€Q} fort>0

and oy is the surface measure on 9, then ||Kq,||,, = O(t) but |[Wa,lls, = [Walle = O(1).
We are going to present a simple and classical method to test possible constraints that do
not permit the existence of domains that minimize ||Kql|,. Roughly speaking, the method
is based on the splitting of a domain into two suitable copies of itself. In particular, it allows
us to prove that “there is no bounded domain with smooth boundary that attains the infimum
of | Kalls over all bounded domains Q with smooth boundary and constant volume”. The
same holds replacing “volume” by “area of the boundary”.

For t > 0 and z € R?, we set Q. = QU (Q + z) and we denote by o, the surface
measure on 9€ ;. We assume that |z| is big enough, so Q; N (2 + z) = 0.

Lemma 5.1. Given Q C R? and t > 0, if || is big enough then

O'(aQtZ)
K o, — t||Kalls| < - : .
150Nl = tFalle| < 3550, 0, +2)
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Proof. Since Kq, is positive and self-adjoint, a change of variables easily yields

”Kﬂt”at Sllp HfH /Kﬂt(f) : de't = ?};fé ”f” // 47'("-%' — y’ (1’) dat(y)

f(tx
T T ) i // 4w\x—yr Aoy doty) = tiRale.

Given f € L*(0y)?, set

Since 08, = 08 U (09 + z), using Fubini’s theorem we can decompose

<//8§2t><89t //6Qt+z 8Qt+z+2Re //89t><(89t+z > %f(—?ﬂ) dotx(x) o (y)

Ii(f) + I(f) + I3(f).
Note that [|Ko, tzllo,+2 = 1Ko, llo, and |12, + (|12, = [If]1Z, ., thus using (BI) we get

e 2l I>(f)
(53) Il(f) + I2(f) - ||f||at ”f”2 ||f||ot+z

<NAIZ N EKeello, + 1F17, 421Kz lonrz = FIIZ, .t Ko
Moreover, by Holder’s inequality,
fagt |f] dot, . fthLZ |f] do . < (aQt Z)Hf”zft 2
2rdist (O, 0 + 2)  — 2mwdist(9Qy, O + 2)
Dividing by ||f||ot . and taking the supremum over all f # 0 in (52)), and using (53)) and (54)),

we finally obtain

(51)

+IFI17, 42

(54) 1I3(f)] <

1) BB BU)
K, Otz = < s
) Mol = R A, <78 B, T R TTR,
< Koo + 5ot

QWdiSt(aQt, 8Qt + Z) '

Given f € L*(0y)* and g € L*(0¢+2)%, set h = fxo0,/| fllo.+9X000+2/|9lloi+= € L2(01,2)?
(we extended f to be identically zero in 9 + 2 and analogously for g). Then |||, =2

and, using (52) and (54]) on h, we get

Li(f) L(g)
1B, Tl — i+ ) <

o 1(h)
Tl

+ [I3(h)]

Ot,z
(0 )
Wdist(BQt, 8Qt + Z) '

Taking the supremum over all f # 0 and g # 0 in (B8], and since Kq, and Kgq, . are positive
and self-adjoint, using (5I]) we see that

(56)

S 2||Kﬂt,z ||0't,z +

O'(@Qt,z)
WdiSt(@Qt, aQt + Z) '

The lemma follows from (55]) and (B7)). O

67 2tKalle = [Kallo, + [Katzllor+2 < 2 Ka, .o . +
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With Lemma [BEJ] at our disposal, we can easily prove that “there is no bounded open
set with smooth boundary that attains the infimum of |Kqll, over all bounded open sets
with smooth boundary and constant volume”, and that the same holds replacing “volume”
by “area of the boundary”. Let 2 be a bounded open set with smooth boundary. If |z| is
big enough, Vol(Qy-1/s ) = 2Vol(Qy-1/5) = Vol(£2), and Lemma 5.l shows that

0‘(89271/3)
mdist(0Qy-1/3,0Q5-1/3 + 2)

thus given (2 we have constructed another bounded domain €2y_1/5 , with smooth boundary,
with the same volume as €2, but with a strictly smaller norm of the associated operator K.
Hence, there can not exists a minimizer. In case that the constraint concerns “constant area
of the boundary”, one only needs to argue with €25-1/2 , instead of 2y_1/s ,.

Finally, under the assumption of connectedness, the statement “there is no bounded do-
main with smooth boundary that attains the infimum of || Kql|ls over all bounded domains
Q with smooth boundary and constant volume” can be proven with the same arguments as
before but connecting, in a smooth way, the two connected components of €, . (once ¢ and
z are properly chosen) by a thin tube and showing that the contribution of the tube in
|Kq,.llo,. is as small as we want by taking the tube thin enough, essentially because the
kernel k is locally integrable with respect to surface measure. We leave the details for the
reader.

1Ko <279 Kqll, +

< [[Kallo,

2*1/3,2H02*1/3,z

5.2. The relation with the Newtonian capacity. Given a compact set £ C R3, the
Newtonian capacity of E (sometimes referred in the literature as electrostatic or harmonic

capacity) is defined by
~1
C = [ inf
)= ([ 5

where the infimum is taken over all probability Borel measures v supported in E. Sometimes
in the literature, the 47 appearing in the definition of Cap(FE) is changed by another precise
constant. For the case of open sets U C R3, one defines

Cap(U) = sup{Cap(E) : E C U, E compact}.
The Newtonian capacity has a number of distinguished properties which we state as a lemma
for future applications (see [7, Chapters 9 and 11] or [§], for example).
Lemma 5.2. Let Q2 be a bounded open set with smooth boundary. Then,

(i) Cap(Q2) = Cap(2) = Cap(99),

(1i) Pdlya-Szego inequality: let Q* be the closed ball centered at the origin such that
Vol(©2*) = Vol(Q2). Then Cap(2) > Cap(2*). Moreover, the equality holds if and
only if Q) is a ball.

(#ii) Cap(Q) = 2(672)3Vol(Q)'/3 if Q is a ball.

Regarding the uniqueness of the minimizer in Lemma [5.2(i7), it is important to impose
some restriction on 92 (such as regularity) in order to avoid sets of Newtonian capacity zero.

Lemma 5.3. Let Q C R? be a bounded domain with smooth boundary. Then

Area(00) Area(0Q)\? 1
o M4(WW*\/””(W) +Z>’

and the equality holds if and only if Q is a ball.
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Proof. Since Kq is a positive self-adjoint operator, we have

— 1 1 1
. > .
ufu2/K 0-Tae > oz (0 ) (o )
da( ) do(y) _ Area(09)
— o(69) / / > :
drlz —y| 0(99) 0(092) — Cap(Q?)
where we also used Lemma [5.2)(7) in the last inequality above. Gathering (59]) and Theorem

13(7), we get (BI).

Assume that  is a ball of radius r > 0 centered at the origin. Then, for any z,y € 0L,

(0 N(@))(o - (~9)) = (0 2)(0 - (r —y)) = +(* ~ (6-2)(0"y))

= (P + (0 2)(0y) = (0 (2~ y))(o 1)

=—(0-(x—y))(o-N(y)).

This identity easily yields {o - N,Wq} = 0 and, by Lemma [£.2, ||Wql|, = 1/2. Therefore,
from Theorem A.3)(7) we get that

(60) Ao = 4(m||Kal|, + vm2|Koll2 + 1/4)

[Kalls = sup
(59)

if  is a ball. Let e3 = (0,0,1) € R3, and we identify the matrix k with its scalar version.
Following [5, Generalized Young’s Inequality (0.10)] and since OS2 is invariant under rotations,
it is easy to see that

< - — = —
Kol < 1~ renll = 5o [ e = s [ edetd,

In particular, this shows that the first inequality in (59]) is an equality if € is a ball. It is well-
known that the infimum in the definition of Cap(f2) is attained on the normalized surface
measure /o (9€2) when  is a ball (the Newtonian potential of o/ (9Q2) corresponds to the
harmonic function that takes the constant value 1 on 92, zero at infinity and minimizes the
exterior Dirichlet energy), thus the second inequality in (B9) is also an equality in this case.
Therefore, ||[Kq|ls = Area(02)/Cap(f2) if 2 is a ball, which combined with (60) proves that
([B8) is an equality in this case.

On the contrary, assume that (58)) is an equality. From (59) and Theorem A.3[(7) we see
that the second inequality in (B9) must be an equality, which means that the infimum in the
definition of Cap(f) is attained on o/c(9€2). In the literature, the probability measure that
gives the minimum in Cap(2) is referred as equilibrium distribution. Let us recall Gruber’s
conjecture (see [6, Section 4.1]): “the equilibrium distribution of 2 is co for some ¢ > 0 if
and only if Q is a ball”. In [II] and [I2], the author shows that Gruber’s conjecture holds
in the case of C*¢-domains. Putting all together, we see that if € is a bounded and smooth
domain such that the equality in (B8] holds, the equilibrium distribution of Q is o/c(92),
which implies that € is a ball by Gruber’s conjecture. The lemma is finally proved. O

Despite (B8] is sharp, it may not be a completely satisfactory inequality in the sense
that the right hand side involves some “obscure” term, namely Cap(2), from a measure
theoretic point of view. It would be interesting to derive some related inequality such that
the right hand side only involves Area(df2) and/or Vol(€2). This is precisely the purpose of
the following corollary, where and isoperimetric-type inequality for the product AqCap(Q)
is derived.
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Corollary 5.4. Let Q C R3 be a bounded open set with smooth boundary. Then

AaCap(2) > 4 <mArea(8Q) + \/7712Area((99)2 + 62/3774/3V01(Q)2/3) ,

and the equality holds if and only if Q) is a ball.
Proof. From Lemma [5.2(i7) and (iii), we get
2(672) /3Vol(Q)/3 = 2(672)/3Vol(2*)/3 = Cap(Q*) < Cap(Q),
and the equality holds if and only if  is a ball. The corollary follows from this and (58)). O

Proof of Theorem [Tl This is a straightforward application of Corollary [Z.6l and Lemma[5.3]
just observe that if 4v/2mArea(9Q)/Cap(Q) > 1 then A > 2v/2. O

Remark 5.5. Combining Remark .7l with Corollary E.6land Lemma[5.3] we see that Theorem
[LT also holds replacing

sup{|A| : ...} by sup{A > 0:...} or —inf{|]A < 0| :...}, and
inf{|A|:...} by inf{fA >0:...} or —sup{A < 0:...}.
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