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ABSTRACT. We prove a local Lipschitz stability estimate for Gel’fand-Cal-
derén’s inverse problem for the Schrodinger equation. The main novelty is
that only a finite number of boundary input data is available, and those are
independent of the unknown potential, provided it belongs to a known finite-
dimensional subspace of L. A similar result for Calderén’s problem is ob-
tained as a corollary. This improves upon two previous results of the authors
on several aspects, namely the number of measurements and the stability with
respect to mismodeling errors. A new iterative reconstruction scheme based
on the stability result is also presented, for which we prove exponential con-
vergence in the number of iterations and stability with respect to noise in the
data and to mismodeling errors.

1. INTRODUCTION
Consider the Schrédinger equation
(1) (—A+qQu=0 in Q,

where Q C R?, d > 3, is an open bounded domain with Lipschitz boundary and
q € L>*(9Q) is a potential. Assuming that

(2) 0 is not a Dirichlet eigenvalue for — A + ¢ in €,

it is possible to define the Dirichlet-to-Neumann (DN) map

Ngi HV200) = HOV200),  alon > 22
o |ya

i

where v is the unit outward normal to 9€2. Gel’fand-Calderén’s inverse problem
consists of the reconstruction of ¢ from the knowledge of the associated DN map
Ag.

Date: March 9, 2020.

2010 Mathematics Subject Classification. 35R30.

Key words and phrases. Gel’fand-Calderén problem, Calderén problem, inverse conductivity
problem, electrical impedance tomography, local uniqueness, complex geometrical optics solutions,
Lipschitz stability, reconstruction algorithm.

This work has been carried out at the Machine Learning Genoa (MaLGa) center, Universita
di Genova (IT). The authors are members of the “Gruppo Nazionale per 1’Analisi Matematica, la
Probabilita e le loro Applicazioni” (GNAMPA), of the “Istituto Nazionale per I’Alta Matematica”
(INdAM). GSA is supported by a UniGe starting grant “curiosity driven”.

1



2 GIOVANNI S. ALBERTI AND MATTEO SANTACESARIA

Thanks to a change of variables (see, e.g., [34]), this can be seen as a generaliza-
tion of Calder6n’s inverse conductivity problem [I6], where one wants to determine
a conductivity distribution o € L™ (Q) satisfying

(3) A1 <o <\ almost everywhere in Q
for some A > 1, from the DN map
Ag: u|aQ — 0 Buu|aﬂ y

where u solves the conductivity equation —V - (6Vu) = 0 in Q. For further details,
the reader is referred to the review papers [17, [I5, [35] 1, 6] and to the references
therein.

The DN maps represent an infinite number of boundary measurements, a clearly
unrealistic setting. In our previous work [2] we showed uniqueness and Lipschitz sta-

bility for both inverse problems when only a finite number of measurements is avail-
Ao

o

able, under the assumption that ¢ (or ) belongs to a known finite-dimensional

subspace W of L>=(2). Note that Lipschitz stability results were previously known
only with infinitely many measurements [9, 13| 12} 10, 20 A1l [7, [ [8, 14]. In the
case of a finite number of measurements, few Lipschitz stability results have recently
appeared [21, 32], [}, 22].

The main drawback of [2] is that the boundary input data depend on the un-
known to be reconstructed (even though their number is given a priori). This issue
was solved in [21] for electrical impedance tomography (EIT), at the price of a non
constructive choice for the number of measurements. In our recent work [4], we
showed that it is possible to give a priori both the number and the type of mea-
surements for a large class of inverse problems. However, with respect to [2], this
approach yields a higher number of measurements and a worse Lipschitz stability
constant in case of mismodeling errors, namely, when ¢ (or A\/‘?) is not exactly in
W.

In the present work we continue along the approach of [2], based on the nonlinear
method tailored for Calderén’s problem. We consider both Gel’fand-Calderén’s
and Calderdén’s problems, and prove a local Lipschitz stability result and derive a
nonlinear iterative reconstruction algorithm, with few measurements given a priori
and a good stability with respect to mismodeling errors (and so, keeping the best
aspects of the previous results). We also prove that the reconstruction algorithm is
stable with respect to noise in the data, which can be seen as a first step towards
a new regularization strategy for these problems. This is achieved at the expense
of a local argument, namely, it is assumed that the unknown ¢ is sufficiently close
to a known potential qq.

The paper is structured as follows. In Section[2] we state the main results regard-
ing uniqueness and Lipschitz stability. Their proofs are given in Section[3] Section[]
is devoted to a new nonlinear reconstruction algorithm for which we prove expo-
nential convergence and stability with respect to noise and to mismodeling errors.
The main technical lemmata needed to prove the main results are in Section [5| and
concern some properties of generalized single and double layer operators.

2. MAIN RESULTS

It is useful to recall the main result of our previous work [2]. We first focus on
Gel’'fand-Calderén’s problem. Without loss of generality, we assume that Q C T¢,
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d > 3, where T = [0,1]. In the following we will extend any function of L*(2)
to L°°(R?) by zero. We assume the a priori upper estimate [|¢||,, < R for some
R > 0 and that ¢ is well-approximated by W, a fixed finite-dimensional subspace
of L (Q).

The method is based on a particular class of solutions to , called complex
geometrical optics (CGO) solutions [34] (see also [19]).

For k € Z%, choose 1,& € R? such that |¢|=|p| =1and & -n=¢-k=n-k=0.
For t € R define

(4) ¢Ft = —i(mk + t€) + /12 + m2|k|2n.

For every t > ¢y, where ¢; = ¢1(R) is given in Lemma@ below, we can construct a
solution ¢! of in R? (with ¢ extended to R? by zero) of the form

Upt(@) =14t @),  weRY

where the remainder term r’q“’t satisfies suitable decay estimates [2]. We consider
an ordering of the frequencies in Z¢, namely a bijective map p: N — Z%, n — k,,
such that

(5) lkn| < C,n'/4, n €N,

for some C,, > 0. Here and in the following we use the notation N = {1,2,...}. Set
tn = c(lkn|? + 1), where ¢ > ¢; is a sufficiently large positive constant depending
only on R. We use the notation

(6) Go=CFtny g =t f =Y lea.

The main stability result of [2], giving Lipschitz stability (and uniqueness) with a
finite number of measurements, reads as follows. We use the following notation. Let
Py : L?(T%) — L?(T?) be the orthogonal projection onto i(W), where i: L>(£) —
L%(T?) is the extension operator by zero. We also set Py, = I — Pyy.

Theorem 1 ([2| Theorem 2 and Remark 6]). Take d > 3 and let Q@ C T? be
a bounded Lipschitz domain and W C L*°() be a finite-dimensional subspace.
There exists N € N such that the following is true.

For every R,e > 0 and q1,q2 € L™(Q) satisfying and

(7) ||qj||oo <R and HPVquj’HLz(Td) <k, J=12,

we have
N

CN n n
o=l <5 30

for some C' > 0 depending only on  and R.

Remark. Tt is worth observing that the stability constant e“Y may be lowered to

1ia
eCNZT for any fixed parameter o« > 0. However, in this paper we will not track
the dependence of the stability constants on N precisely, and so we opted for this

simplified version.

The main drawback of this result is that, even if only finitely many boundary
measurements are used (and the number of measurements N is given a priori),
these still depend on the unknown potential ¢;. The main result of this work states
that local uniqueness and stability hold with boundary values given a priori.
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Theorem 2. Take d € {3,4}, ¢ > 0 and let Q C T? be a bounded Lipschitz domain
with connected complement, W C L>®(Q) be a finite-dimensional subspace and N
be as in Theorem . Take R > 0 and qo € L>(Q) satisfying ||qo||L~) < R and

2)-

There exist 6,C > 0 and L € N depending only on Q, C,, R, W and ||(—=A +
qo)_1||H_1(Q)_>H5(Q) such that for every q1,q2 € L°°(Q) satisfying (7)., if

(8)

lgo — gl <0 j=1,2,

then q1 and qo satisfy and

where

9)

L L \N
g2 — a1ll2@) < C H(fnJ - ”’2)”:1“H1/2(39)N + 16¢,

L

=S5 (A, — M) (F2), G=1.2,
=1

and ST is the generalized single layer operator corresponding to the Faddeev-Green
Cn g g yer op 14 g
function and to the potential qo (see )

We put together several comments on this result.

If ¢ = 0, namely, if the potentials ¢; belong exactly to W, Theorem
yields uniqueness, since if f,ﬁ 1= frﬁg forn=1,..., N we immediately get
q1 = q2.

The number N of the boundary input voltages { Ta } is the same in both
Theorems [I] and 2] and it behaves polynomially in the dimension of W in
some explicit examples (see [2]). This is a much stronger result than what
we obtained in [4], where the number of measurements needed for Lipschitz
stability in EIT was of the order of exp(dim(W)).

While in Theorem [I| the stability constant depends on N explicitly (and
so on W), the constant C' of Theorem [2| is not explicit. This is due to
the fact that the constants appearing in Lemma [f] and Proposition [I0] were
not made explicit in order to simplify the proofs. It is reasonable to guess,
nonetheless, that the constant depends exponentially on N as in Theorem I}
The functions fL . do not require boundary data depending on the unknown
as in Theorem Starting from fz, which is known by assumption, one
constructs (S (Ag; — Ag)) w: L =1,...,L, in an iterative way. Here
we did not make the dependence of L on N explicit. Nonetheless, if the
Lipschitz constant C' grows exponentially in N, it is easy to prove that L
grows linearly (or at worst polynomially) with N and not exponentially,
making this nonlinear approach stronger than the linearized one of [] for
EIT.

Another strong point of Theorem [2| compared to the stability result of [4]
is the dependence with respect to the mismodeling error €. Here we have a
universal constant multiplying € while it easy to show that the techniques
of [] would require the Lipschitz constant C' to multiply . This means
that with a linearized approach the mismodeling error £ would be greatly
amplified in the reconstruction, while with the present nonlinear method it
is not.
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e As a future research direction, it would be interesting to investigate whether
methods based on compressed sensing, and in particular on the approach for
inverse problems in PDE developed in [3], may be used to reduce the number
of measurements by exploiting the sparsity of the unknown. It would also
be interesting to consider the global problem, namely, whether it is possible
to drop assumption (by possibly taking additional measurements).

Theorem [2| readily yields a similar result for Calderén’s problem.

Corollary 1. Take d € {3,4} and let Q C T? be a bounded Lipschitz domain with
connected complement, W C L (Q) be a finite-dimensional subspace and N be as
in Theorem . Take R,\ > 0 and o9 € W2>(Q) satisfying @), [|oollw2=@) < R
and o9 = 1 in a neighborhood of 0N).

There exist 0,C > 0 and L € N depending only on Q, R, C,, A and W such that
for every o1, 09 € W2°°(Q) satisfying

. 1 ATy .

HO'JHI/Vz,oo(Q) < R and HPW Neai L2(1e) < €, j= 1,27
and 01 = 02 =1 in a neighborhood of 01, if
(10) ||JJ - UO”HQ(Q) < ) fO’f‘j = ]_, 2,
then N

L L

HJQ B UlHLz(Q) = ¢ H( n,1l "’z)nleHlm(aQ)N + C(Q’)\)E’

where

L

H= (e A G =T
=1

For the Gel’fand-Calderén problem, the a priori hypothesis on the potential q is
written directly in terms of the subspace W, namely, ¢ is assumed to be (almost
AVo

in) W. Here, however, we assume e to be well-approximated by W. This is a

shortcoming of the approach, and we do not know whether it is possible to derive
a result involving an assumption on o directly, as in [21] [4]. We leave this issue as
an interesting open problem.

3. LIPSCHITZ STABILITY

This section contains the proof of Theorem [2l The Lipschitz continuity of the
forward map will be a crucial ingredient.

Lemma 3. Let Q C R, d = 3,4, be an open bounded domain and qy,q2 € L (£2)
satisfy and ||q;]| . < R for some R >0 and
max (||(—A + q1)71||H*1(Q)—>H3(Q)7 [(—A+g2)7" HH*l(Q)—>H01(Q)) <U
for some U > 0. Then
[Aqy = Agol« < cllar — @2ll22(0)
where || - [« = || - [| 72 00) > H-1/2(00) and ¢ > 0 depends only on Q, R and U.

Proof. The operator norm is defined as

A — Ag, ||+ = su;l) [{f1,(Ag — Aqg)f2>H%’H7% l.
f1,f2€H2 (09Q),
[[f1ll 1=lf2ll 1=1
H?2 H?2
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From Alessandrini’s identity [5] we have

(1 (B = A fo) g | = / (@1 — g)urtez

< g — q2llz2 @ lluall o luzl 2a @),

by Holder’s inequality and where u; € H'(£2) is the unique solution of (—A+g;)u; =
0in © and u; = f; on 9. In dimension d = 3,4, by Sobolev embedding and the
standard energy estimate for elliptic equations we have

sl < (@)l lrncay < @ ROl
The proof follows. O

The following lemma shows, by proving a quantitative estimate, that hypothesis
is stable under small L? perturbations of q.

Lemma 4. Let Q C R?, d = 3,4, be an open bounded domain and qo € L>(£2)
satisfy (). There exists § > 0 depending only on  and ||(—A+qo) ~* -1 = H1 ()
such that if ¢ € L>°(Q) satisfies

g — CI0||L2(Q) <9
then q satisfies and

1A+ ) M- @)—mi@ < 20(=A+ ) a-1@)—m )
Proof. Take q € L> () satisfying [[¢ — qo||;2(q) < 6 for some 6 > 0 to be deter-
mined later. Let T = —A + qo: H}(Q) - HY(Q) and M,_,,: Hj(Q) - H1(Q)
be the operator of multiplication by ¢ — qo. For F' € H~1(Q) let us consider the
Dirichlet problem
(-A+qu=F
for u € H} (). This may be rewritten as
(Ia) + T~ ' My_g)u=T""F.

In order to conclude, it is enough to show that |71 M,_,, i —my < 1 for § small
enough. Observe that

||T71Mq—qo ||Hé~)Hé < ”Til ||H*1~>Hé ||Mq—q0 HH%%H*l :
It remains to estimate the last factor. For v € H}(Q), by the Sobolev embedding

theorem we have

| My—govll 1) = sup | | (¢ — qo)vwdzx|
w€H017Hw||Hé:1 Q

IN

sup |lg — QO||L2(Q)||UHL4(Q)||wHL4(Q)
lwll g =1

<c(@)llg—aollr2) sup vllm@llwlla @

lwll g =1
< c(Q)|v]| g -
This gives || Mq—gql 21 < c(€2)d, and so

_ _ 1
1T~ Moo gy < e@IT 1m0 < 35
provided that § = (2¢(Q)[| T g-15pm) " O
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We need to introduce the following functions and operators for ¢ € C%:

= () [eerare
Ge(w) = g (),

GE () = Gela=1)+ | Gelo = 2)m(2)GE (2. 9)d

(11) S 1) = /8 GE @) f)do(y).

The function G¢ is the Faddeev-Green function, the function GZO was introduced in
[29] (it is called R® there) and Sg“ is a generalized single layer operator correspond-
ing to the potential gp. In Lemma |§| we prove that S : H~'/2(8Q) — H'/?(99)
is bounded for |¢| > ¢1(R).

We are now ready to prove Theorem

Proof of Theorem[4 With an abuse of notation, several different positive constants
depending only on Q, R, C,, W and ||[(-A + qo) Y g- 1) a1 (o) Will be denoted
by the same letter ¢ (the dependence on N is omitted since, by Theorem l N
depends only on © and W). Take L € N and § > 0 (to be determined later), and
let q1,q2 € L™ (Q) satisfy @ and .

First, note that by Lemma [4] it is possible to choose § small enough (depending
only on Q and [|(—A + qO)_1||H71(Q)_>H01(Q) ) so that ¢; and ¢o satisfy (2) and

(12) (=24 ) Na-r1@-mi@ < 20(=A+90) " g1 (@)—mi@)> J=12.
Forn=1,...,N set

L L
Tn = anl - TL72HH1/2(BQ)'
Observe that, in view of (4)), (5] and (6) we have

for some D > 0 depending only on R and C,,.
We claim that the following inequality holds:

n " L+1
(14) I fos — fo L1200y < CQTH% —qllr2@) +2ry, n=1,...,N.

Take n € {1,..., N}. From [29, Theorem 1] we have that f;’ satisfies the following
boundary integral equation:

(15) fil = f + 8L (Mg, — Ago) £,

n, j=L2

By Lemma E}and we have that the operator S¢°: H=Y2(0Q) — HY?(09) is
bounded wit

(16) ‘ S0

H-1/2_5yHg1/2 —
Further, Lemma and yield

(17) [Ag; = Agolle < e(Q R I(=A + o) -1 11(2) 0
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where || - ||« = || - | gr/2— g e Choose ¢ > 0 small enough (depending only on £,
R, C,, Wand |[(—A +qo) Mg (Q)—H1()) SO that (T2) holds and

1
(18) 158, (Ag; = Ago) 12y i < 5

Thus, equation can be solved with Neumann series converging in H'/ 2(00):

+oo

f = (SE Ay, = Mg ) finy G =1,2.

1=0
Then we obtain:
S = Y (S8 (N = A fa = D (SE(Agy = Ngo)) it + fie — fin
I>L+1 I>L+1
= (SE(Nge = Ao VI fot = (SE (Agy = AV + fiia = i
= ((Sg: (qu - Aqo))L+1 - (SZ:( a1 Aqo))L+1) q2
+(SE (Mg = Mg ) (fa = fa) + fie = [
As a result, by we have
1 = fo e S NOSE (Nge = Ago )P = (SE (Agy = Ao )V o mre | fop s
FI(SE Mgy = Do) o mirell oy = ol + 7
< CH(SZIS (Acp - AqO))LJrl - (532 (Aql - AQU>)L+1HH1/2%H1/2

1
+ W” 0~ fo e +r5,

where we used the fact that

(19) 1 fgellme < ¢

(see and [2, Proof of Theorem 2]). As a consequence, we have

|| ;2 - L;Ll”Hl/z < CH(SgS(qu - Aqo))L+1 - (Sg:(Am - Aqo))L+1”H1/2—>H1/2 + 27“5.

In order to estimate the remaining term we need the following identity for
bounded linear operators A, B on H'/?(9Q):

L
AL+1 _ BL+1 _ ZA}L(A _ B)BL_h.
h=0

Putting A = S (Ag, — Ag,) and B = S (Ay, — Ag,) we find

1(SE (Agy = Agy))™ ™ = (Sq" (Agy = Ao )" larr/e e

(20) < HSqO g2 — Q1 || Z ||S IJ2 - Aqo)Hh”Sg:(Ath - Aqo)HL_h
L+1
< C2T||qu = Agy I

where we used (I6) and . Using Lemma [3| again we have ||[Ag, — Ag, [« <
cllgz — q1l|2(q)- So estimate is proved.
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In order to finish the proof we need to connect (Ay, — Ay, )(fy,) to fi, — f4:- This
is done again via a boundary integral equation from [29, Theorem 1]:

(21) n— =S8 (A — A)fE, n=1,...N.
From Proposition and ([13)), we immediately obtain the following estimate:
(Mg = M) 2 lir-1200) < cllf = Fpllmz@ay,  n=1,...,N.

Therefore, by and Theorem (1| we obtain
_ c(Q,R)N o n\ IV
laz — @1l 20) < e H((Aq2 Ag,) ql)nzl"H_l/Q(aﬂ)N

N
S CH( ;2 - ‘;’i)n:l

L+1
< ¢ (F5e e = ey + Dol ) + 8

HHl/Z(aQ)N

Taking L sufficiently large, so that ¢ L;gl < %, we obtain the Lipschitz stability
estimate of the statement. ([

We conclude this section by showing how Corollary [I] on the Calderén problem
is an immediate consequence of Theorem

Proof of Corollary[] Set q; = Aﬁ for 5 = 0,1,2. Thanks to , by assumption
we have

HQJHOC SC(R7/\)u .720,1,2
Similarly, and yield
qu - Qj”Lz(Q) < C(R, >\)5, j= 1,2.

Thus, it is possible to apply Theorem [2] to go, ¢1 and g2, by using the standard
Liouville transformation. For the details, the reader is referred to [2] Corollaries 1
and 2. O

4. RECONSTRUCTION

We extend the reconstruction scheme of our previous work [2] to the setting of the
present article. We also incorporate noise and mismodeling errors. We consider only
Gel’fand-Calderén’s problem; the reconstruction algorithm for Calderén’s problem
may be obtained by using the usual change of variables ¢ = A‘f, as in Corollary
Here we do not assume to know the boundary traces of the CGO solutions of an
unknown potential g, but only those of an approximation gg.

Consider the setting of Theorem [2 and assume |go — ql[z2(0) < 6. We now
present a reconstruction algorithm able to recover ¢ from ¢¢ and a finite number of
measurements in the same spirit of Theorem [2| The noisy boundary measurements
correspond to finitely many evaluations of the boundary map

where E: Hz (0Q) — H~2(dQ) is a linear operator representing noise (E stands
for error) and satisfies
1. < n,

where 1 > 0 is the noise level.



10 GIOVANNI S. ALBERTI AND MATTEO SANTACESARIA

From go we can stably compute its associated CGO solution fg , forn =1,..., N,

and the quantity
L

=D (SEA] = M) fit
1=0
which can be obtained iteratively by solving Dirichlet problems for the Schrodinger
equation () with boundary values (S (A7 — Ag,)) fot for 1 =0,...,L—1.
Let L¥ () = {q € L=(9) : ||¢lloc < R} be equipped with the distance induced
by the L? norm. We define the nonlinear mapping A: LY (2) — Wg by

(22) Alq) = P, (F~'PT(q) + F~' Py Fi(q) = F~' Py B(q)),
where ¢ is the extension operator already defined and, as in [2]:

Wg =LE(Q)NW;
o F: L%(T?) — 2 is the discrete Fourier transform defined by

(23) (Fq)n = / q($)€727rikn.x dl‘, n e N,
Td

e B: L*(Q) — £ is the perturbation given by
(B(C]))n _ /Qq(x)e—Qﬂikz-rr(l;n,tn (l‘) dr
= (5, (Mg = A2 1 o3 o) — (FD

where, as in (4], Cn = —i(Tkp —t,6) — /12 + 72|k, |27 (note that the second
identity holds only when ¢ satisfies );

o Pyn: {® — [ is the projection onto the first N components, namely
Py(ai,as,...) = (a1,...,an,0,0,...), and Py = I — Py;

e Py, is the projection from L?(T?) onto the closed and convex set i(Wg);

e and

(T(q))n = <65n-w7 (A7 — Ag) (frf (SO (A — Mg ) EH1

The main result of this section reads as follows.

)>H%(6§2)><H’%(8Q).

Theorem 5. Take d € {3,4} and R,e > 0 and let @ C T be a bounded Lipschitz
domain with connected complement, W C L>(Q) be a finite-dimensional subspace
and N and & be as in Theorem[3 Take qo € L () satisfying and § € LE(Q)
satisfying
17 — Pwg (@)l L2(1ey < &, llgo — qllz2(y < 6.

There exist L € N and C,S > 0 depending only on Q, C,, R, W and ||(—A +
qo)71||H71(Q)HHé(Q) such that, if n € [0,S] and ¢* € Wg is any initial guess, then
the sequence

=AY, nze,
converges to g, € Wg and
7 n
(24) gy — q"llz2) <8 (8) la* = a*[l 2, n>1.

Further, we have

(25) 17— g2l 2oy < 14e + Cn.
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Remark. As expected from Theorem [2] in absence of noise (n = 0) and without
modeling errors (g € W), the unknown ¢ may be recovered exactly, as the limit
q = lim,, ¢". Further, it is worth observing that the stability with respect to noise
in the data and with respect to modeling errors given in is consistent with the
estimate of Theorem [2} the factor e is multiplied by an absolute constant, while
the noise level n by a constant that becomes larger as dim VY increases.

Remark. This result may be seen as a first step towards a new regularization strat-
egy for Gel'fand-Calderén’s and Calderén’s problems [30, 24) [31], by considering
an exhaustive sequence of nested subspaces W,,. In this case the method would
fall into the classes of regularization by projection [I8] and regularization by dis-
cretization [23].

Proof. With an abuse of notation, several different positive constants depending
only on Q, R, C,, W and H(_A_qu)_lHH*l(Q)_)Hé(Q) will be denoted by the same
letter ¢. The proof is divided into four steps.

Step 1: A is Lipschitz continuous. In view of [2] Lemma 1] we have that B is a
contraction on LY (), namely

1 o0
(26) 1B(g2) = Blallee < 5 lla2 = arll 2y, a1.92 € LR ().

Further, thanks to Parseval’s identity the map F' is an isometry, and so for ¢i, g2 €
L% () we have

3
27)  [lA2) = Algn)ll 2 ray < IPNT(g2) = PNT(q1)lle2 + S lla2 = aull 2y

where we also used that Py, is Lipschitz continuous with constant 1 by the Hilbert
projection theorem. It remains to estimate the term with PyT.
For n € N we have

(T(a2) = Tlar)hn = (5%, (A = A)(SE (AL = )M = 12))

which gives for n € {1,...,N}

(T(g2) = T(a)al < AT = 8o)(SE (AL = g ) = I 13 o
< elISE (g = Mgy + BIE I = I3 o

< 0(1/2+C77)L+1|| P ;LlllH%(é)Q)’

where we used (/16)), | and Lemma Choose S = +, so that ¢n < % for n < S.
Thus, by , (19), ) and Lemma [3] we have

(T (2) = Tlan))nl < e(3/0)" || Moy = A3 1y
<c(B3/4)" Mg — arll2()-

As a result, we have |[Py(T(g2) — T(q1))llez < ¢(3/4)X g2 — ¢1|12(q2). Choose
L sufficiently large so that ¢ (3/4)“%? < L (the constant § will be handy below).
Then

1
(28) PN (T(q2) — T(q1))llez < ngD —q1llz2(0), q1,q2 € LE(Q).
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(From now on, L is fixed). Thus, by (27) we obtain

13
(29) | A(q2) — Alq1)l L2(rey < §|\Q2 —qillz2),  q1,92 € LE ().

Step 2: Alwy is a contraction and has a fized point. The number of measure-
ments NN, which is given in Theorem [1} is chosen so that HP]#FPWHLZ(W)_MZ < i

[2]. Thus, (22), and yield
7
(30) | A(g2) — A(Q1)||L2(Td) < §||Q2 - (J1HL2(Q), q1,q2 € Wr.

Note that Wg is a complete metric space with the distance given by the L? norm.
As a consequence, the Banach fixed-point theorem yields the existence of a fixed

point ¢y, and holds. It remains to prove .
Step 3: [|A(q) — Pwg (@)l 12(pay < cn. Let us consider the map A: LE(Q) — Wr
corresponding to the noiseless case. Namely, we define

A(q) = Pw,(F~'PyT(q) + F~' Py Fi(q) — F' Py B(q)),
where

(T (@) = (7, (Ag = Ao) (FE+(S2 (A — A7)

and

1 _1 )
H2(0Q)xH™ 2(09Q)

L

=D (S8 (Ag = M) i

1=0
We start by noting that fl(cj) = Pw,q. Indeed, observe that f7' solves the
boundary integral equation

I3 = Fa + (SE(Ag = Ag)) 17,
which follows immediately from (L5). Thus T(q) = Fg+ B(q) and so
A(q) = Pw,(F~'Py(Fq + B(q)) + F~' Py Fq — F~'PyB(q)),
= Py, (F'PyFq+ F ' Py FQ)
= Py, (q).
Since Py, is non-expansive and F' is an isometry, we have
14(2) = Pwr (@)l 2 (pay = I14@) = A@) | p2(r4) < IPNT(@) — PNT()lle2-
Setting
an = fi + (SE(Ag = D )Ty b= i+ (SE(A] = Ag)) 7
by using again that \§n| < c¢ and the triangle inequality, we readily derive
(@) = T(@)al = (5", (Aq = Ao)(an) — (AL = Ao} (b)) 13 s 3]
< cll(Ag = Ao)(an) — (AG = Mo)(bn)l ;-3
< oll(Ag = Ao)(an = bn)ll -1 + cll(Ag — Ag)(bn) |
< cllAg = Dollsllan = ball 1 + cllEll[bnll ;3

.

H 2

< cllan — b”HH% +on,
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where the last inequality follows from (6], and Lemma [3] It remains to
estimate ||a,, — bn|| 1. Using again we obtain

lan = bull ;3 < UIFw = Fll s + I(SE (Mg = Mg )) 5T = (SP (AT — Ag))E ) f71,

H2 —
L+1

< eSS (A — M) — (S (AT~ A )1 e

Arguing as in (20), we can bound the last term with c[|[Az — A7 < cn, so that
llan = bnll 3 < cn. Altogether, we have
(31) 14@) = Pwa (@l r2(ray < IPNT(@) = PNT (@)l ez < en,
as desired.
Step 4: Proof of (25). Since ¢ is a fixed point of A, we have
Hq; - PWR((Y)HLz(Td) < HA(QZ) - A(PWR((Y))HLz(Td)
+ [[A(Pw (7)) — Al p2(pay + 1A(D) = P (DIl p2 ey

Thus, by , and we obtain
7 13
qu] - PWR (q_)HLZ(Td) < é”%ey - PWR (q)H[ﬂ(Td) + §||PWR(Q) - (7||L2(’]I‘d) + cn

7 _ 13
< g”qz - Py, (q)HLZ(Td) + §5 +cn,

so that qu7 — Py () < 13¢ + ¢n. Finally, we have

e
||q'f] - qHLQ(Td) S ||q; - PWR(Q)HLZ(Td) + HPWR(Q) - (jHLQ(’H‘d) S 14e + cn.

This concludes the proof. ([l

5. LAYER POTENTIALS ESTIMATES AND INVERTIBILITY PROPERTIES

This section is devoted to the proof of new properties of the generalized layer
potential.

Throughout this section, we let 2 C Rd, d > 2 be an open bounded domain with
Lipschitz boundary, and ¢ € L>(R?) be a potential satisfying and such that
supp(q) €, |lgll= () < R, for some R > 0.

We recall from the previous section the following functions:

1 d z{r
w0~ (3) fLeerae’s

Ge(w) = e Tgc(a),

3 Gley) = Gelo—y) = [ Gelo— Gtz ayeRLa £y,
(33)  SEf( /quy do(y), = e€RY,

(34)  gl(w,y) = e UG wy), wyeRz Ay

Note that

—AG¢(z —y) = (-A +q(2))Gl(z,y) = d(z — y).
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We also introduce the generalized double layer potential

g oGy y
Dif(x)= [ ——=(@y)f(y)do(y), zeR"\0Q,
o0 al/y
and the generalized boundary, or trace, double layer potential by
q o
Bif(z)=pv. | ——=(z,9)f(y)do(y), z €.
o0 aVy

Since the singularity of Gg(x,y) for z near y is the same as that of G¢(z,y) (see
[26, Theorem 7.1]), it is locally integrable on 92 and the trace single layer potential
is given by . Finally, let us consider the operator Gg defined by

(GLha) = [ G s
We start by showing that Sg is bounded.

Lemma 6. Let D > 0 and Q be a bounded C*' neighborhood of Q. There exists
c1 = c1(R) > 0 such that, for every c1 < |¢| < D, we have

(35) IGLf | g2y < C(D, R, D) fll 205 fe LX),
and
(36) IS¢ fll 2 00) < C(D, R )| fllg-172050) feH?(09).

Remark 1. The constants C' can be estimated using similar ideas as in [24] Lemma 2.2],
and they grow exponentially in D.

Proof. In the proof, with an abuse of notation, several different positive absolute
constants will be denoted by the same letter ¢. We first prove and then .
Proof of . For § = % (the argument below works for any ¢ € (%, 1), but for

our purposes it is enough to let § = %), consider the Hilbert space

1/2
L3(RY) = {f: I flls = (/Rd(1+ |33|2)5|f(a?)|2> < +oo}.

From [27], Proposition 2.1.b)] we have that, for ¢ € C%\ R? with |¢| > 1,

(37) lge * fll-s < = Ilfls,  f € L3(RY),

<

<]

for an absolute constant ¢ > 0. Now, let gg be the operator defined by
@N@ = [ s fe B3R,

We want to extend to gg f. From and the integral equation we have

@) = g @) = [ acle = 2)a(:) 6 )z
= gc+ 1) (g * alglN)),

where q denotes the operator of multiplication by ¢, which maps L? ; to L? with
norm bounded by [lq(z)(1 + [2]?)°|| Lo ey For [¢| > ¢|lq(z)(1 + |2[*)°|| p< ra) the
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operator g¢ *q maps L? 5 into itself and |lg¢ * a2, _,z2 | < 1/2 thanks to (see
[27, Corollary 2.2] for more details). Thus

gif = I +gcxa) " (gc * ),
and we obtain, using ,

&
lg¢fll-s < 1

for || > ¢(R). Consider now HZ(R?) = {f: D*f € L}(R%),0 < |a| < 2}, the
weighted Sobolev space with norm
1/2
26 = | D 1D I3
<2
Using the same ideas as in the proof of [27, Lemma 2.11], based on [25], we obtain
(38) lg¢ fll2.—s < (D, R)lIflls,  f € LF(RY).

Then the main estimate is a direct consequence of , and the bound-
edness of Q) and 2, since

Gif(x) = e /Q gl(z,y)e "V f(y) dy = €T gl(e TV f) ().

Proof of (36). Using similar arguments as in [27, Section 6] we can rewrite
equation as follows:

(39) Gi(r,y) = Ge(r —y) — » Gz, 2)q(2)G¢(z — y)dz,
which yields the identity

(40) StH@) = Se(@) == [ Glwal=)Se ()

where S¢ is the generalized single layer potential for ¢ = 0. We recall [27, Lemma
2.3], which states, for 0 < s <1,

IS¢ fll o1 00) < (D, s, )| fll a2 09

for 9Q € C*1. This can be easily extended to —1 < s < 0 and 9 Lipschitz using
the same arguments as in the proof of [28, Lemma 7.1]. Therefore, by the trace
theorem and , we have

12 s < el D)oo+ | [ G2 a1 (e

<e(D, R, Q) (1 zr-1r200) + IS¢ fllz2 (o))
< (D, R, fll-172(00)-

Here we have used the fact that u := S¢ f solves Au = 0 in € (see [27, Lemma 2.4])
so, by interior regularity one has || S¢ f|l (o) < (IS¢ flla1/2(00) (see [33, Theo-
rem 3]). O

H(Q)

In order to study the invertibility of S?, we need other technical results. We
start with the following solvability result for an exterior Dirichlet problem. Let
po > 0 be such that Q C B,, = {z € R : x| < po}. For p > po let Q, = B, \ Q.



16 GIOVANNI S. ALBERTI AND MATTEO SANTACESARIA

Lemma 7. Suppose that Q' = R?\ Q is connected and let { € C¢ be such that
IC| > ¢1, where ¢; is given by Lemma @ For any f € H'Y?(0Q) there is a unique
solution u to the exterior Dirichlet problem:

e Au=20 in Y,

o ucC HQ(Q;)), for any p > po,

o u satisfies the following generalized Sommerfeld radiation condition:

lim GY(z )@( ) — u( )8—Gg(x )| do(y) =0, ae ze
p—>+oo |y|=p C 7y aVy y y 6l/y ’y y - ) .. I
o ulpa = f

This is a slight generalization of [27], Lemma A.6], and the proof can be obtained
with the same approach.

We also need to establish some jump formulas for the single and the double layer
potentials.

Lemma 8. Let ¢ € C¢ be such that || > c1, where ci is given by Lemma@ fe
H=12(0Q) and u = ng. Then the nontangential limits Ou/Ovy (resp. Ou/ov_)
of Ou/Ov as the boundary 0N is approached from outside (resp. inside) Q0 satisfy:

(41) 5)8% - 83:1 =f, a.e. on Q.

Proof. The proof for ¢ = 0, f € HY?(99) and 9Q € CV! is given in [27, Lemma
2.4]. Based on [37], using the same arguments as in [28, Lemma 7.1], this can be
extended to f € H'/2(99) and dQ Lipschitz. For ¢ # 0, note that if € is a
bounded C*! neighborhood of 2, the right hand side of identity is in H? (Q)
by Lemma [6} Thus

9 q _ 0 q
g (S¢=50) £ = g, (St =) £
and the proof follows from the corresponding result for ¢ = 0. (]

Lemma 9. Let ( € C? be such that |(| > c1, where ¢ is given by Lemma @
f € HY2(09Q) and v = Dgf. Then, the nontangential limits vy (v_) of v as we
approach the boundary from outside (respectively inside) Q2 exist and satisfy:

ve(x) = :I:%f(x) + Bl f(x), for a.e. x €.

Proof. For ¢ = 0 this was proved in [27, Lemma 2.5] for f € H3/2(0Q) and 99 €
C! but using the results of [37] it can be extended to f € H'/?(9) and 9Q
Lipschitz. For ¢ # 0, using identity we have

Dif(w) = Dif(e) — [ Glla2)al)DLf()dz, = R\ o9,
Blf(x) /quz 2)DQf(z)dz, =€ OQ.

The result for ¢ = 0 directly gives

vsla) = 23 1(w) + BU(@) =~ [ Gl 2)a(2) DL ()= = 37 (2) + BLf @),

as desired. O
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‘We now come to the main result of the section.

Proposition 10. Let D > 0 and Q) be a bounded domain with Lipschitz boundary
such that Q' = R\ Q is connected. Let ( € C? be such that |(| > c1, where ¢y is
given by Lemma@ and q € L= (R?) satisfy the assumptions at the beginning of the
section.

Then the operator S{: H=Y2(0Q) — H'/?(09) is invertible with bounded inverse
and

II(SE)‘lll <c¢(Q,R,D,||(-A + Q)_1||H*1(Q)—>H&(Q))~

Proof. The proof is inspired by [27, Lemma A.7].

For the injectivity we follow the argument at the beginning of the proof of [27]
Theorem 1.6, §6]. Assume ng =0 on 0. Then u = ng is a Dirichlet eigenfunc-
tion of —A+4¢q in €2, and so u = 0 in €2 by the assumptions on g. On the other hand,
u solves the exterior Dirichlet problem of Lemma [7] with homogeneous conditions
(the Sommerfeld radiation condition can be checked as in [27, Lemma 2.4]) and so
w =0 in . This means that both du/ov* and du/dv~ vanish on 9. By the
jump formula , f mush vanish as well.

In order to prove surjectivity we construct an inverse explicitly. Thanks to
Lemma we can define the Dirichlet-to-Neumann map A(‘}‘ f= 6871 for f €
H'/2(0Q), where u is the unique solution to the exterior problem given in Lemma
Now applying Green’s formula to Gg(z, y) and u(y) in €2, and letting p — +oo we
obtain, using the generalized radiation condition:

u 0G1
u(z) = _/09 <Gg(x,y)gyy(y) —u(y) 61/; (m,y)) do(y) for ae xe Q.

Taking the trace on the boundary and using Lemma [9] we obtain
1
AA+ _ q
(42) SCAq = —§I+B ,

where I denotes the identity operator on H'/2(99).
Now let v’ be the unique solution of (—A+¢)u’ = 0in Q and v'|sq = f. Applying
again Green’s formula to GZ(CE, y) and ' (y) for z € ) we obtain

, . o’ . 0GY
u'(z) = /m (Gg(w,y)ayy(y) —u'(y) 8u; (x,y)> do(y).

Letting = approach the boundary nontangentially inside 2 we find, using again
Lemma [9

1

Now, identities and give S{(Aq—A7) = I, which show that S is surjective
and that its inverse is A, — A
Finally, the boundedness of (Sg)*1 comes from the estimates
[Agfll-17200) < el fllarr200)
IAG Fller-1r200) < cllf a2 00);

which follow from classical elliptic estimates, where ¢ > 0 depends only on 2, R,
D and [[(=A +q) g @)—mi (o) U
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