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Abstract

In this work, we focus on the ergodic sum rate in the downlink of a single-cell large-scale multiuser
MIMO system in which the base station employs N antennas to communicate with K single-antenna
user equipments. A regularized zero-forcing (RZF) scheme is used for precoding under the assumption
that each link forms a spatially correlated MIMO Rician fading channel. The analysis is conducted
assuming that N and K grow large with a non trivial ratio and perfect channel state information is
available at the base station. New results from random matrix theory and large system analysis are used
to compute an asymptotic expression of the signal-to-interference-plus-noise ratio as a function of the
system parameters, the spatial correlation matrix and the Rician factor. Numerical results are used to
validate the accuracy of the asymptotic approximations in the finite system regime and to evaluate the
performance under different operating conditions. It turns out that the provided asymptotic expressions

provide accurate approximations even for relatively small values of N and K.

I. INTRODUCTION

Large-scale multiple-input multiple-output (MIMO) systems are considered as one of the most
promising technology for next generation wireless communication systems [1]-[4] because of
their considerable spatial multiplexing gains. The use of large-scale MIMO systems is beneficial

not only in terms of coverage and spectral efficiency but also in terms of energy-saving [5]-[7].
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In this complex system model, a number of practical factors such as correlation effects and line-
of-sight (LOS) components need to be included, which occur due to the space limitation of user
equipments (UEs) and the densification of the antenna arrays resulting in a visible propagation
path from the UEs, respectively. For typical systems of hundreds of antennas and tens of UEs,
Monte Carlo simulations become challenging, thereby making performance analysis of large-

scale MIMO systems an important subject of research.

A. Major contributions

In this work, we consider the downlink of a single-cell large-scale MIMO system in which
the base station (BS), equipped with /N antennas, makes use of regularized zero-forcing (RZF)
precoding to communicate with K single-antenna UEs. In particular, we are interested in eval-
uating the ergodic sum rate of the system when a power constraint is imposed at the BS.
The analysis is conducted assuming that N and K grow large with a non trivial ratio under
the assumption that perfect channel state information is available at the BS. Differently from
most of the existing literature [8]-[12], we consider a spatially correlated MIMO Rician fading
model, which is more general and accurate to capture the fading variations when there is a LOS
component. Compared to the Rayleigh fading channel, a Rician model makes the asymptotic
analysis of large-scale MIMO systems much more involved. To overcome this issue, recent
results from random matrix theory and large system analysis [12]-[14] are used to compute an
asymptotic expression of the signal-to-interference-plus-noise ratio (SINR), which is eventually
used to approximate the ergodic sum rate of the system. As shall be seen, the results are found
to depend only on the system parameters, the spatial correlation matrix and the Rician factor. As
a notable outcome of this work, the above analysis provides an analytical framework that can
be used to evaluate the performance of the network under different settings without resorting to
heavy Monte Carlo simulations and to eventually get insights on how the different parameters
affect the performance. Further insights on the impact of the LOS components are obtained for

simpler case studies.

B. State-of-the-art

The main literature related to this work is represented by [8], [11], [15]-[17]. Tools from
random matrix theory are used in [8] to compute the ergodic sum rate in a single-cell setting

with Rayleigh fading and different precoding schemes while the multicell case is analyzed in



[11]. In [15], the authors investigate a LOS-based conjugate beamforming transmission scheme
and derive some expressions of the statistical SINR under the assumption that N grows large
and K maintain fixed. In [16], the authors study the fluctuations of the mutual information of a
cooperative small cell network operating over a Rician fading channel under the form of a central
limit theorem and provide explicit expression of the asymptotic variance. In [17], a deterministic
equivalent of the ergodic sum rate and an algorithm for evaluating the capacity achieving input
covariance matrices for the uplink of a large-scale MIMO are proposed for spatially correlated
MIMO channel with LOS components. The analysis of the uplink rate with both zero-forcing
and maximum ratio combining receivers is performed in [18]. In [19], the authors derive tractable
expressions for the achievable UL rate for ZF and MRC in the large-antenna limit, along with
approximating results that hold for any finite number of antennas (/V grows large and K is fixed).
Based on these analytical results, the transmit power scaling law to meet a desirable quality of
service is computed. A numerical analysis is used in [20] to show how LOS components may
potentially improve the system performance and mitigate the pilot contamination problem. In
[21], a full-duplex multicell Massive MIMO systems is analyzed. A deterministic approximation
of the UL achievable rate with MRC is derived based on random matrix theory. In [22], a detailed
achievable rate analysis of regular and large-scale single-user MIMO systems is presented under

transceiver hardware impairments and Rician fading conditions.

C. Outline and notation

The remainder of this work is organized as follows. Next section introduces the system and
channel models. The main results are provided in Section III, where the random matrix theory
tools used in [13] are first extended and then use to compute deterministic approximations of
the SINR under RZF precoding. A few case studies are also considered to get further insights
into the effect of system parameters. Numerical results are used in Section IV to validate the
theoretical analysis for systems of finite size and to investigate the performance of the network
under different operating conditions. Finally, the major conclusions are drawn in Section V. All
the technical proofs are presented in the Appendices.

The following notation is used throughout this work. The superscript 7 stands for the conjugate
transpose operation. The operator TrX denotes trace of matrix X whereas Xy indicates that
the kth column is removed from matrix X. The Frobenius and spectral norms of a matrix X

are denoted by ||X||r and ||X]|s, respectively. The N x N identity matrix is denoted by Iy



whereas X = diag{z1,...,xy} is used to denote a N x N diagonal matrix of entries {x,}. A
random variable x is a standard complex Gaussian variable if ~ CN (0,1). We use a,, —b,, — 0

to denote a,, — b, =, 0 (almost surely (a.s.)) for two (random) sequences a,,, b,,.

II. SYSTEM AND CHANNEL MODELS

We consider the DL of a network in which K UEs are served by a single BS equipped with
N antennas. Denoting by g; € C" the precoding vector associated to UE i, the received signal

Y at a generic UE £ takes the form [8]

K
ye = V! gici+ g (1)
i=1

where ¢; ~ CN(0, p;) is the data symbol intended to UE i with variance p; > 0, hy € CV is
the random channel vector from the BS to UE k, and n; ~ CN(0,0?) accounts for thermal
noise. As shown next, the parameter ¢ normalizes the average transmit power. For analytic
tractability, we assume that the BS has perfect channel state information. The precoding matrix

G = [g;...gx] € CN*K is designed according to the RZF scheme as follows [8]
G = (HH" + ANIy) 'H )

where H = [hy,... hg] € CV*E is the aggregate channel matrix, A > 0 is the so-called

regularization parameter and ¢ is chosen to satisfy the following power constraint

%TrPGHG = Pr 3)

where P = diag{pi,...,px} and Pr > 0 denotes the total available transmit power. Plugging
(2) into (3) yields
P
§= Ty - )
+ TrPHY (HH” + ANIy) "H

Under the assumption of Gaussian signaling, i.e., ¢, ~ CN(0, px) and single-user detection with

perfect channel state information at the receiver, the SINR ~, of UE k takes the form

hH 2
S L4 5)

X H 2 o2
> pilhygl|" + =
i=1,ik

The rate 7, of UE £ is given by r;, = log, (1 + ’Yk:) whereas the ergodic sum rate is defined as

K
rp =Y E[log, (1+ )] (6)

k=1



where the expectation is taken over the random channel vectors {h; : &k = 1,..., K}. We
assume that h, = /frw, where [, accounts for the large-scale channel fading gain of UE £

and w;, € CV is the small-scale fading channel component. The latter is modelled as

1 P .
Wp =4/ ——0Y%z, + Z 7
k ”1—1—,0 k 1+pk (7)

where z;, € CV is assumed to be Gaussian with zero mean and unit covariance, i.e., z; ~

CN (On,Iy), and z;, € CV is a deterministic vector. The scalar p > 0 is the Rician factor
whereas the matrix ®'/? is obtained from the Cholesky decomposition of @ € CV*N which
accounts for the channel correlation matrix at the BS antennas. To make the problem analytically
more tractable, we consider a system with a common UE channel correlation matrix [8], [23],
[24]. Despite possible in principle, the extension to the case in which UEs have different channel
correlation matrices is mathematically much more involved and it is left for future work. In
practice, the considered scenario may arise in networks wherein the UEs are clustered on the
basis of their covariance matrices such that UEs with different covariance matrices are put in

different clusters [23], [25].

III. MAIN RESULTS

We aim to exploit the statistical distribution of the channel matrix H = [h; ... hg] € CV*K
and the large dimensions of N and K to compute a deterministic approximation of 7, which
will be eventually used to find an approximation of the ergodic sum rate. In doing so, we assume

the following grow rate of system dimensions:

Assumption 1. The dimensions N and K grow to infinity at the same pace, that is:

1 <liminf N/K <limsup N/K < oc. )
A. Preliminaries
To begin with, we call
D = diag b LS )
1+p L+p

and compute the eigendecomposition of ®/2 to obtain ®/? = UPDY2U with U € CV*V

being unitary. Then, we rewrite H as follows H = v NU”X where X is defined as

1 -
Y= ﬁDl/QXDl/Q + A (10)



with X = UZ, A = UZ and

- 1 5 B
Z:,/Nﬁ [\/Ezl,...,\/ﬁ_KzK] (11)

Plugging H = v/ NUX into (2) and (4) yields

1 -1
G=—U" (2 + ) by 12
~U" v) (12)

and

£ = s (13)
CLlnPEf (38 4 ALy) S
K N

To derive a deterministic equivalent of the SINR under RZF precoding, we require the following
assumptions on the correlation matrix and the LOS component of the channel [8], [13], [14].
They are a common way to model that the array gathers more energy as N increases and also

that this energy originates from many spatial dimensions.
Assumption 2. As N, K — oo, limsupy ||©|]s < 0o and infy+Tr® > 0.
Assumption 3. As N, K — oo, limsupy [|Al|z < oo and infy+TrA > 0.

Let us now introduce the fundamental equations that are needed to express a deterministic

equivalent of ~y,. We start with the following set of equations:

5:%EDT (14)
6= %Trf)'i‘ (15)
with
T — ()\ (IN + SD) TA (I n 513)_1 AH> B (16)
T — ()\ (IK+ 5]?)) AR (IN n SD)_1 A)_l (17)

which admits a unique positive solution in the class of Stieltjes transforms of non-negative
measures with support R, [13], [14]. The matrices T and T are approximations of the resolvent

Q = (Z2 — 2Iy)~" and the co-resolvent Q = (X% — 2I)~" such that

1 1
S TBQ — - TBT — 0 (18)
1 =~ 1 ~=



for any sequence of matrices B € CV*V and B € CK*X and
E|u”Qu—u”Tul" = O(N7/?) (20)

= O(N7) 1)

~ ~ p
E ‘uHQu — uHTu‘

for any integer p and any sequence of vectors u € C with uniformly bounded norm. For later
convenience, observe that
TA(Ix +6D)"! = (Iy + 6D)*AT. (22)

Then, we proceed defining the following deterministic quantities (that will be extensively used

in the remainder of this work):

1
¥ = TDTDT (23)
9 = %Trf)’ff)'i‘ (24)
F— LT DTA(1y +3D) D (1x + D) AT 25
=y IDTA"(Ly +D) D (Iy +4D) 25)
A=(1—-F)=X\00 (26)
a= %TrDTQ 27)
V= L TyDTAM (I + SD) AT (28)

= N T N

1 N1~ !

T(P) = L TiD <IN + 5D) ATPTAY (IN + 5D) . (29)

Also, denote by a;, the kth column of matrix A and call %y, d;, and Jk the kth diagonal element

of ’i‘, D and f), respectively.

B. A useful and new result

The following theorem represents a major contribution of this work as it extends the results in
[13]. This theorem is required to cope with the channel model in (7) and forms the mathematical
basis of the subsequent large system analysis of RZF precoding. It provides deterministic equiva-
lents of quadratic forms and normalized traces involving two occurrences of the resolvent matrix
Q. This problem was addressed in [8], [26] for various random matrix models associated with
centered random matrices associated, and recently with non-centered random matrices [13]. This
latter scenario is much more complicated and was only handled in [13] for specific functionals,

as shown below.



Theorem 1. Let C € CN*Y be a sequence of deterministic matrices whose spectral norms are
uniformly bounded in N. Let v € CV be a sequence of deterministic vectors whose euclidean

norms are uniformly bounded in N. Assume that (v, C) and x(C) are defined as follows:

6(v,C) =E [v'QCQv] (30)
and
X(C)=E |:%TI"DQCQ:| . (31

Then, we have that:

~ ~\ —2
f(v,C) = vITCTv + v TAD (IK + 6D) AATY <

. F(C)(1—F) A2(C)J 1
+v TDTV( X + % )+O(N ) 32)

9(C)(1 - F) + ﬁF(C))

and

(L-F)9(C) , VF(C)

A A O 33)

x(C) =
with F(C) and 9(C) given by
1 - N\ 2
F(C) = +TiD (IK + 5D> AHTCTA (34)
1
¥(C) = NTrDTCT. (35)
Proof. The proof is given in Appendix A and unfolds using the same approach in [13], which
basically consists in replacing (by using the resolvent identity) one occurrence of the random
matrix Q in (30) and (31) with T. A sum of different random quantities is thus obtained. Each
quantity is handled separately using random matrix theory tools. In doing so, however, we end

up with expressions that are much more involved of those in [13] and obtained for the special

case of C =D and v = a;. Such specific issues are addressed in the proof. 0

Setting C = D and v = ay leads to the results in [13] as shown in the following corollary.

Corollary 1. If C = D and v = a, for some { € {1,..., K}, then we have that (32) and (33)
simplify to:

(1-F) u U n ~ 5\ A H -1
b(a;, D) = ~——a/ TDTa, + a/ TAD (IK+5D) AfTa, + O(N73)  (36)



and

0, 1
X(D) = 5+ O(N7H), (37)

Proof. The proof follows by observing that if C = D and v = a, then ¢¥(C) = ¢ and F(C) =
F. ]

C. Asymptotic Analysis

Theorem 1 plays a key role in proving the following theorem, which summarizes one of the

major results of this work.

Theorem 2. Let Assumptions 1 — 3 hold true. Then, we have that maxy, |y, — 7| — 0 with

— _ Dr (1- )\gkk)2

— (38)
Sk + U Rp;
where s is given by s = d~k§k,1 + Si2 with 5i,1 and Sy 2 being defined as
- _(1_F)>‘2t~ik T A H N -1 2 s ﬁA“fik =2
Sii = L TIPTA (IN + 6D> D (IN + 5D> AT + L TPDT?  (39)
and
- N 2
«  ||TAH <1N 44D ak]
Sgo = Z H = ) - (pz+@(w+ﬁ§z2))
e (1 + dy0)? A Ak
~ <\l <N~ XYP)Y) 1-F
H ~0
+ {TA (IN + 6D> D (IN + 5D> AT} . ( A+ — s,w) (40)
with
St :AQ%TrPf)TQ. (41)

Also, we have that

/1 F 9 NN a1 N2
¢_< ~ a+KV) ZhPDT? + —TrPTA <1N+5D) AT

1-F) Ma\ 1, _~ . A

(V=) A L pgan (v+dD) D(1y+iD) AT. @“2)
A A K

Proof: The proof is very much involved and is given in Appendix B. It basically relies on

results in random matrix theory [13], [14] as well as on those provided in Theorem 1. |

We are ultimately interested in the individual rates {r;} and the ergodic sum rate rg. Since

the logarithm is a continuous function, by applying the continuous mapping theorem and the



dominated convergence theorem, from the almost sure convergence results of Theorem 2 it

follows that r, — 7, — 0 almost surely with [8]

T = log, (1 + 7). (43)

An approximation of rp is obtained as follows [8]
K
T =Y log, (1+7%) (44)
k=1
such that %(T’E — 7g) — 0 holds true almost surely.

The asymptotic expression provided in Theorem 2 will be shown to be very tight by means of
numerical results in Section IV, even for systems with finite dimensions. This means that can be
used for evaluating the performance of practical systems without the need for time-consuming
Monte Carlo simulations. Despite being useful for this purpose, the expressions are quite involved
and do not lend themselves to an easy interpretation of the interplay between different system
parameters. Simplifications can be obtained under different operating conditions. We start looking

into the limiting case in which N — oo with K/N — 0.

Corollary 2. If N — oo with K/N — 0 and there exists i,k such that i # k and alla; / 0,
then, under Assumptions 2 and 3, we have that maxy, |y — 7| — 0 with:

=~ _ pk’(l - /\fkk)Q

=" = (45)
5k + U NEy
where
[TAHakakHA’ﬂ D
Si= ) - L (46)
I=1,l£k (1 + T’“%TrD)
and
)= L D L PDT2 4 L TiPTATAT (47)
TN RS K
with T now given by
- 1 . -1
T= (/\IK + (NTrD) D + AHA> : (48)
Proof: The proof follows from the results of Theorem 2 by noticing that if K/N — 0,
—5TD -0, Y(P) 50, F -0,V —0,9 — 0 and a — 5;TrD — 0. m

The above corollary shows that when N grows at a faster rate than /K the asymptotic

interference towards UE k does not necessarily vanish as it depends on the LOS components



{a;;i =1,..., K}. In particular, it depends on the inner products between the vector a; and all
other vectors a; with i # k. Consider then a system in which al’a; — 0 Vi # k. This means
that UEs are selected such that they satisfy asymptotically favorable propagation conditions [27].

Then, we have that:

Corollary 3. If N — oo with K/N — 0 and alla; — 0 Vi # k, then we have that

K

S pi|pfel’

i=1,i#k

— 0. (49)

max
k

Proof: The proof easily follows from noticing that under favorable propagation conditions,

ie., alla; — 0 Vi # k, the matrix T becomes asymptotically diagonal and the quantities
[TAHakakH Aﬂ 50 (50)
l

vanish asymptotically as N — oo with K/N — 0. [ |

In agreement with [19], [27], the above corollary shows that if the MIMO Rician fading
channel results in favorable propagations, then the interference vanishes as N grows unbounded,
and consequently the ergodic sum rate grows unbounded. In practice, these asymptotic results

can only be achieved if some UEs are dropped from service [28].

D. Case Studies

A few illustrative case studies are considered next to get further insights into the effect of
system parameters. To begin with, we assume that the BS antennas are uncorrelated. This is

equivalent to assuming that ® = Iy. Then, we have that:

Corollary 4. Let Assumptions 1 and 3 hold true. If ® = Iy, then maxy |y, — 7| — 0 with:

1 — Mg )?
7, = L) (51
Sk + Ve

where
22 1

_ 9 - —F 1 ~ ~
= —__TPDT?>+ ——  —TrPTAYAT 52
v AK A(l+0)2 K 62



and s, = dkgk,l + Sk.2 with

(1- F)N8, 1 9 N2

Spa= L TPTAYAT + L2 ey p 53
A1+ N AN 69
TAH P)A-F) | 9 zo
o [ i (e 45
01,04k (14 dd)2(1 +0)?
T i
[TA AT] k.k )\QT(P)ﬂ + - FSO (54)
(1+0)2 A N
and
~0 A2 T2
Spo = NTrPDT . (55)
If furthermore alla; = 0 for k # i, then 3,5 simplifies to
o TATAT] () R 56)
k2 — (1 + 5,)2 A A k2 |-

Proof: The proof follows by noting that when D = Iy, « = ¢ and V' = F'. Replacing these
quantities into the expressions of Theorem 2 yields (52), (53) and (54). [ |
Consider now the case for which only the channel of the UE of interest, i.e, UE k, is
characterized by a Rician fading channel, whereas a Rayleigh fading channel model is valid
for all other UEs with indexes i # k. Assume also that |la;||? = Br1l- Then, we have that
D]y = %’“p and [D];; = f3 for i # k, which is slightly different from the original setting
described by (9). Under the above circumstances, the following result is found:

Corollary 5. Let Assumptions I and 3 hold true. If © = Iy, ||la;||? = B ’“p and no LOS component

is present for all other UEs with indexes i # k, then maxy, |y, — ’yk] — 0 with:

2 K 52
1-—1 -2y —Aa
Vi = a ( HA(fiS)) ( N Z 1 (A+0)+6)" )
A2

R (ra +5k) +P 2 (148) 2

Z piby
v g

where § is the unique solution of the following equation:

Z (58)

1+5 —f—ﬁk

(57)




Proof: By substituting the expressions of A and D into (16) and (17), from (14) and (15)
(using the fact that A has rank 1) we get (58) and

1
0= ———. (59)
A1 +0)
Also, it is found that t5; = /\(1+M)+1 B = 157& and t; = )\;'37’9_ for i # k. Since A has
40/ (14p)(1+93) 145 146

finite rank, Y(P) — 0, F — 0 and thus A =1 — \294). Moreover, it follows that D = Iy and

¥ = 6%. Using all the above results, we can simplify 5k,1 and 559 in (53) and (54) as:

A2f2 1 &
e = B __ b (60)
(1 - A?W) (1 + 5) = ()\ n 1%)
A2f2 1 &
Bp = 1ﬁj_p . kk Eeh Z 218 ;. 61)
p (1 - )\21919> (1 v 5) = ()\ + %)
Hence, s, = %glﬁ,l + 5.2 reduces to:
2 1 &
5 = Pl ~ —p’il . (62)
(1 - )\21919) (1 v 5) = (1 + A@))
By using the results above, we can also prove that
_ \2 N1g 3
v = ’ = %_ (63)
)2 —
(1= 2200) (1+9) = (14 5 2)
By substituting (62) and (63) into (51) yields (57), after some standard calculus. |

The results of Corollary 5 coincide with those obtained for the case in which all UEs experience
Rayleigh fading propagations. This means that the asymptotic expression of the SINR for a given
UE £ is independent from its own channel model if all the other UEs are affected by Rayleigh
fading propagations.

To gain further insights into the impact of the Rician factor p, assume that the channel can

be simply modelled as © = Iy, D = %IK and ATA = %IK. In this case, the following

result holds true:

Corollary 6. Let Assumption 1 holds true. Assume furthermore that D= %I o ATA = f—fpl K

and © = 1y. Let x be the unique positive solution of the following third order equation:

BN - K)

—pBa® + B2*(p— 1)+ ( N

—)\(1+p)> +A1+4+p)=0. (64)



Define ¥ as:

ﬁ:$(1+p+wx> (1—%(1—@2) —%m(l—i—p)

2
A= (1 _Nog x)2> g (1 - 1)2. (65)

Then, maxy, |y, — V| — 0 with:

and

Ve = 0 (66)
Sk + Y Np;
where
A2 1+p\*(N\’/1 2 1
Sk=—TP(— ) | = ——1)-1+—
=y (5 (&) ) (0 s) ©
and
— (1= — )2 1+pN 1
= K —1| ———==TrP. 68
(G ( A 7 KK (68)
Proof: The proof relies on working with the variable x = ﬁ and proving that it satisfies

the third order equation given in (64). Towards this aim, we first note that in this specific case,
6 simplifies to
§=—" T ()\(1 O + LIQ B (69)
L+p (1+p)(149)
B
1+p

- B o8
A MLE T T

(70)

The right-hand-side of (69) can be rewritten as:

-1 -1
o= (1 + ﬂ) (1+ S)i T <)\(1 +0)Iy + A—AH> _NZR (71)

1+p 1+p|N 1+ 22 NA(1 + )

(1+0)p { N-K ]
— - 72
L+p+08 | NA1+0) (72)
from which we obtain
B ~ ON-K

By plugging (73) into (70) and replacing 6 4+ 1 with %, we obtain (64) after some standard
calculus. Once the equation involving x is established, the expressions of the interference and

the power terms 5, and 1) follow after tedious but straightforward calculations. To this end, we



need to compute the asymptotic expressions of A and ¢ as a function [, % and p. Let us start

with simplifying F. Since T is proportional to identity, and using the fact that o= %Tr]j’i‘ =

%%Tr'i‘, all elements of T are equal to £y, = %%5. Therefore, F' simplifies to
Np
F=—(1-2)>2 74
L) (74)
Following the same arguments, J can be rewritten as:
- 1 _ .-~ N/1 2
Y=—=—TrDTDT=—(—-—-1]| . 75
N K (x ) (73)
We are now left with the asymptotic expression of ). To begin with, we start from the following
relation
A N1
T (—IN rA <1K + 5D) AH) ~T (76)
x
Multiplying the left and right hand sides of the above relation with T, we obtain:
A N\ -1
A2 4 TA <IK + (5D> AT =T 77)
x
N\ -1 I
Using the relation TA (IK + 5D> = <IN + 5D) AT, we obtain:
1A Bp op 1. .= 1
—TrT? 2 1 —TrT? = —TrT. 78
N:z:r jLggl—l—p(—i_l—i—p Nt Nt (78)
Hence,
1

- L [sa- o0 -2 - s+ R -]

_ ;_B ((i (14 )+ N];AKB) (1 - %(1 —x)Q) _ —f—p)%(l _ @2]

= % :{(1 —z)(1+p)+w4 {1 - %(1 —x)Q} —a;p(1+p)%(1 —x)ﬂ
—%:[1+p+w4 {1—%(1—3:)2]—3:(1—1—@}. (79)

Plugging (74), (75) and (79) into (26) yields (65). With these expressions at hand, we are ready

to simplify ¢ and 5. Since ® = I, 1) writes as:

9N 1-F 1 . ~

= - —_TrPDT? + ——— —TrPTA?AT

VEAR A1+ K
OXN_ N [(1+p\ 1 co-y (=—F)F1+pN 1

= _TrP— ( —L | = TrD?T? —_—TrP
AKrK(B)Nr YA 5 KK
1 N1l+p 1-F

S Lo (_1+—A > (80)



Plugging (74) into the above equation yields (68). We are now left with simplifing the expression
of the interference term S;. From Corollary 4, 5, = cikgk,l + Si2 where 551 and ;o are given

by (53) and (56). Notice that

1 N1+p
TP)=-=TtPF—=—+- 81
and
. 1 14+pN -
Spo = /\2NTrPT? : (82)
Hence, we have that
XYP)Y) 1-F A2 1+pN -
Spo = —TrP——— 83
A A RRTNATY T F R (83)
from which it follows that:
N\* [1+4p\> M2 1 2
Spo= | = —2) TP (~-—-1) (1-2)~ 84
w= (&) o (57) wame () 0o o
Using similar arguments as above, we can prove that:
_ F(1—F) 1 Nl+p 9 1 _1+p
Sk1 = TVE,%WTI:P?T + KX*E,%WTrPT (85)
1 N1l+p 1-F
=N —TP——" 14+ —— ). 86

Since 5j, = di5,1 + Sk2, We obtain:

1 . N 1—-F N\* [14p\> N\ N 1-F
5=\, —TiP— [ -1+ —— i ) 2P (14 ——
wmtyeg (o) (1) o(5) sy (s

(N 1\ (1 —a)? 1 1
=\ (E) ( 5 ) P (_HZ)' (87)

This completes the proof. [ ]

From Corollary 6, it follows that the asymptotic sum rate for RZF takes the form:

K
Te =Y log (1+ pyp) (88)
k=1
where
2
1 N 1+
5 (G0 R()
p=Jk - e (89)
Pk Sk + ¢N_PT

does not depend on k. Hence, the power allocation policy that maximize the sum rate in (88)
subject to %TrP = P with p;, > 0 is the uniform power allocation p; = %TrP for all £ €
{1,...,K}.



IV. NUMERICAL RESULTS

MC simulations are now used to validate the above asymptotic analysis for a network with
finite dimensions.! We consider a cell of radius R = 250 m. We use the standard correlation

model (O] i = n'i_j | and assume that the large scale coefficients (3 are obtained as [23], [29]

o\ —1
By = 2Lz <1 + f—ﬁ) . (90)

x
The parameter x > 2 stands for the pathloss exponent, z; denotes the distance of UE £ from
the BS, © > 0 is a cut-off parameter where Lz is a constant that regulates the attenuation at
distance 7. We assume x = 3.5, Lz = —86.5 dB and ¥ = 25 m. The results are obtained for
5000 channel realizations assuming that the UEs are randomly distributed in the circular region

between * m and R = 250 m. We assume that the BS is outfitted with a uniform linear array,

such that the nth entry of z; is given by
2], = exp(—1(n — 1) sin 6y) 1)

where 6y, is the angle of arrival associated with UE k and chosen such that sin 6, is uniformly
distributed between [—o 4, 0 4] with o4 being a constant controlling the angular spread of the LOS
components at the BS. The transmit power Py is fixed to 10 Watt and the regularization parameter
A is computed as A = o’E [5,; 1} / Pr, where the expectation is taken over the distribution of
the UEs’ positions.

Fig. 1 illustrates the average rate per UE when N grows large and K is kept fixed to 20. The
correlation factor is set to n = 0.5 and 04 takes the following values {0.4,0.1,0.05} while the
Rician factor is p = 1. The red curves are obtained using MC simulations whereas the black ones
are obtained using the closed-form approximation of Theorem 2. As seen, the approximation
matches perfectly with the MC simulations for any N. Therefore, we may conclude that the large
system analysis is accurate even for networks of finite size. As seen, the average rate per UE
improves as the angular spread increases (e.g., large values of 0 4). This is because the spatial
separation or diversity of the LOS components of the different UEs increases as o4 grows. A
relatively good performance is achieved even for quite small values of o 4. This means that a tiny
spatial separation of the LOS vectors is not substantially detrimental for interference mitigation
when p = 1 (which corresponds to the case in which the non-LOS and LOS components have

the same strength).

'The code is available online at https://github.com/lucasanguinetti/ for testing different network configurations.
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Fig. 1. Average rate per UE versur the number of antennas N when K = 20 and the Rician factor p = 1.

The impact of the Rician coefficient p is investigated in Figs. 2 and 3 for N = 250 and
K = 50 with different values of 04. As before, the approximation matches perfectly with the
MC simulations for any p. Fig. 2 shows that, if 0, is relatively small, the average rate reduces
with p since the LOS vectors tend to be closely aligned in space, the average rate decreases as p
grows. This is a consequence of the high inter-user interference. However, as 04 increases, Fig.
3 shows that an increase in the Rician coefficient has a positive effect on the rate performance.
These results are in line with those reported in [28], wherein it is shown that large-scale MIMO

systems benefit from LOS contributions when these are relatively different among the UEs.

V. CONCLUSIONS

This work analyzed the ergodic sum rate in the downlink of a single-cell large scale multi-
user MIMO system operating over correllated Rician fading channels. A regularized zero-forcing
precoding is employed under the assumption of perfect channel state information. Stating and
proving new results from large-scale random matrix theory allowed us to provide accurate
approximations of the SINRs of different UEs, from which the average rate expressions were

obtained. Such approximations were shown to depend only on the system parameters (number of
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antennas and UE) as well as on the long-term channel statistics; that is, the Rician factor and the
spatial correlation matrix of UEs. Interesting insights were obtained and analytically characterized
through a few illustrative examples. A set of Monte Carlo simulations were presented in order
to illustrate the accuracy of the provided approximations and to show how they can lead to
important insights into how the different parameters affect the network performance. To allow

further investigation, the code used for Monte Carlo simulations was provided.

APPENDIX A

PRELIMINARIES AND USEFUL RESULTS

We start defining Q = (7% +)\IN)_1 and Q = (=x¥ +)\IN)_1. Matrix T and T are

approximations of the resolvent matrices Q and Q in that:

1 1 a.s.

and
1TBQ L BT 22 (93)
Nt N

for any sequence of matrices B and B of bounded spectral norm. Moreover, we also have
E|u”Qu— u”Tul" = O(N/?) (94)

E ‘uHQu —u'Tu| = O(N?/?) (95)

’p
for any integer p and any sequence of vectors u € CV with uniformly bounded norm.

Q. = (E[k}E[IZ] + )\IN)_l where X is obtained after removing column £ from 3. Denote

by Gir the k-th diagonal element of Q. Then, the following relations hold true:

1
Qo = (96)
AL+ n'Qny)
Q = Qi — AGQimyny Qi 7
Qi
QM = 7o (98)
L Qe
Let 6, and &), be the solutions to the following set of equations:
1
O = NTrDTk 99)

. 1 .
0 = NTIDT;€ (100)
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with
. NN T
T, = ()\ (Tv+ 8D) + Ay (Tie1+ 6Dy ) A{;{]) (101)

. N . -1 \7!
T, = ()\ (Tc1+ D)+ Aff (Tv+ 5Dy ) A[k]) . (102)

where A, is obtained by removing the k-th column of matrix A. The matrices Ty and T}, are

respectively approximations of the resolvent matrices Qj and Qk = (E%E[k] —zI K_l)_l such

that
1 1
NTrBQk — NTrBTk — 0 (103)
1~ =~ 1~
NTrBQk — NTrBTk — 0 (104)

for any sequence of matrices B € CV*N and B € CK-1xK-1 apd
E|u”Quu — u?Tyul” = O(N7/?) (105)
E (uHQku - uH’i‘ku‘p — O(N?/?) (106)
for any integer p and any sequence of vectors u € CV with uniformly bounded norm.
Let us also introduce the following results and technical identities that will be extensively

used in the remainder. Let g € CX~! be the vector of diaognal element of Q. and gy € CE*!

be ¢ where 0 is added at the kth position. Denote by g% the ith diagonal element of o and call

Qi = (S =y — Ay) (107)
Then, for ¢ # k we have that:
1

~k

Qi — (108)
A (1 + anan"?z)

Qi = Qi — AEQrimini Qi (109)
Qim; = Qumti AGEQrim;.- (110)

1+ 0/ Qum,
Moreover, let u € CV be a sequence of deterministic vectors with bounded Euclidean norm.

Then, for any integer p and 7 # k, we have:
E|u” (Qu — Tw)u|” = O(N?) (111)
with 7T ; being given by:

T i = (A (IN + SkD> + A <IK,2 + 5kf)k>_1 A{,fi]) B .
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where Ay is matrix A with the k-th and i-th columns removed. Define similarly 7, as:
- N -1
Ti= (/\ (T + D) + Agy (Tic + 6Dy ) A{,g])

Denote by t* € CX~! the vector of diagonal elements of T}, and call t, € CK the vectors
obtained from t;, after adding a 0 to its kth position. Denote by ¢ the ith element of t,. Then,
for i # k:

th = ! . (112)
A (1 + af{Tkiai + dlék)

whereas ¥ = 0 if i = k. Also, we have that

H
- il
AEall Tu = k2 (113)
1+ d;0;
with u € C¥ being a deterministic vector. The identities in (112) and (113) are needed to retrieve
T, from expressions involving 7 ;. In a similar way to (112) for £k = 1,..., K, we have that
- 1 1 -1
lek = = +O(N7). (114)

A1+ aTiac+dio) A (1+alTha + dio)

1

Notice that £, denotes the diagonal elements of matrix T. They are exactly equal to - —.
The replacement of T by T}, is at the cost of an error of order O(N~!). Finally, the following

result will be frequently used in the appendices:

E|g — 5" = O(N 7). (115)

APPENDIX B
DETERMINISTIC EQUIVALENT FOR 6(v, C) AND x(C)
A. Deterministic equivalent for (v, C)
We begin by observing that

(a)

Q-T=T(T'-QHQ (116)

~ N\ —1
® <)\6D TA (IK + 6D> A 22H> Q (117)
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where (a) follows from applying the resolvent identity? and (b) is obtained by using (16) and
Q! = X —\I. Plugging the above expression into (30) leads to (v, C) = Z,+Zy+Zs— 7,
with

Zy =E [v'TCQv] (118)

= ME [vTDQCQV] (119)
7, =E {VHTA (IK + 513) - AHQCQv} (120)
Zy =E [vITEE"QCQv]. (121)

Notice that Z, will be compensated by some terms in Z,. This can be taken as a rule of
thumb whenever the resolvent identity is used for computing deterministic equivalents (see [13]).
Therefore, we restrict ourselves to the development of 7, Z3 and Z,.

Let’s start with Z;. From (94), it follows that:
Z; = v TCTv + O(N"2). (122)

By using (97), we may write Z3 = Z3 1 + Z3 2 with

K [vATa,al
Zsn=) E WQ cQv (123)
=1 ¢

(124)

Zog = — i v Ta Meay Qimeny’ QiCQV]
" 1+ dd,

where {qy} are the diagonal elements of Q. We can prove that at the cost of an error O(N *%),

we can replace in Z3, §u by ty and al’Q,m, by al’Ta,. Since the treatment of these terms

is alike, we provide only the details concerning the replacement of gy, by . Let € be given by:

_ Z vATa/E [MGe — te)af Qummi Q:CQV]
1+ 6d,

Using Cauchy-Schwartz inequality:

K
S VHTa2E |G — 21+ 0 Qemy)* (af Qem,)2Elnf QCQu 2

=1

1

el < =
1+ dd,

A-B=B(B'-A"")A [30]
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1

From (95), E|Gee — t0e2(1 + nQem,)*(aQum,)2 = O(N "2 and hence, ¢ = O(N~2). Hence,
we obtain that Z3 5 = Uy + Uy + O(N _%) with

K ~ aHTgag

— > Xgpv"Ta,~t—E [a/'Q,CQv] (125)
=1 1 ¢
Z)\tavHTag A Ty [yQ.CQv]. (126)
= 1+ dd,

By using (97) and replacing Gee With £, Uy can be further developed as:

Tee
g )\215 VTa A
M €1+5d

=1 ¢

E [y7Q:CQmmi Qiv] + O(N2). (127)

By writing n,nl = aall + ajy? + yiy? + y,all, it turns out that only asy” produces non-
vanishing terms. Therefore, computing the expectation over y, and using rank-one perturbation
arguments [26, Lemma 7] we have:

AT 8,
U, = Ejvt )* v Ta, 2 dE[
2 — Pt o €1+5d ?

1 (DQCQ) a; ng} + O(N~Y?), (128)

By using Lemma 5.2 in [13], we finally get:

1
Z )\tggV a ae Teaﬁ d E |:—

H —1/2
EWEAT NTrDQCQ] allTv + O(N~1/?). (129)

l—)\fuangag

By collecting the above results and using the relation My = as o e obtain:
K
Z3 =Y Myv"TaE [a]'Q.CQv]

=1
ap TZ Ay g _1

+E NTrDQCQ Zm&mv Tagﬁag Tv + O(N"2). (130)
+ 0dy

=1

The first term in the above expression will be compensated by some terms in Z, and as such will
not be worked out further. The second term contains x(C) given by (31) unveiling the interplay
between (v, C) and x(C). Let’s now move to the computation of Z,. By using Qn, = A\ Q/m,,
we obtain:

K
= 3" VATE [Ajum,m Q.0Qv] (131)

~
—_

vITE [Munmi Q.CQv] + O(N~2) (132)

[
]~

~
I

1

=Zn +Z42+Z43+Z44+0(N_%) (133)
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with

K

Zy =) Muv"TE [aja)Q,CQV] (134)
(=1
K

Zip =Y  Muv"TE [yy;' QCQv] (135)
(=1
K

Ziz =Y Myuv"TE [y QCQv] (136)
/=1
K

s = Z Mv? TE [ay{Q/CQV] . (137)
/=1

Since Z4; will be compensated by the first term in Z3, only the other terms will be considered.
Let’s start with Z,5. Using as usual the key decomposition in (97) along with the same techniques

allowing the replacement of g, by te, we obtain :

K
Zp = MR [v'Tyy; Q.CQ,v]
(=1,

K
- Z 22 ()" E [V Ty iy QuCQmmi Qev] + O(N %) (138)

Mw

K
= NZ MydiE [V TDQ,CQuv] — 2 (fu)” E VP Ty QiCQuymi Quv]
=1

=1

2 (fu)* E [V Ty,y ' QiCQami Q] + O(N~2) (139)

Mx

/=1
The third term in the above right-hand side is of order O(N _%). For the same reasons, we can
substitute in the second term y’ Q,CQ,y, by czg%Tr]EDQCQ. Moreover, in the first term Q,
can be replaced by Q, which is in passing can be proven by decomposing Q, as Q; = Q,—Q+Q

and using (97) along with the arguments developed so far. We thus obtain:

K
Zp =) MuE [vTDQ,CQ,v]
/=1

K
- ~ 1 L
- % g A2 (ty)” &2E [vITDQuv] ~TEDQCQ] + O(N™2) (140)
= ME [vTDQCQV]

K
1 1 ~ N2 ¥ 1
_ vATDTVE {NTrDQCQ] = ;:1: N2 (f)* @2 + O(N™3) (141)
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We look now to Z,3 and Z,4. Using the same technicalities, we can prove that:

K
1 9~ )
Ty = —VHTDTVN § 22 (tgg)2ngE [af Q/CQay] + O(N™2) (142)
and
HTaga Tv 1
Zu = —E | —TrDQC §jAt —€+ON‘5. 143
44 [ I Q Q} o0 dg(S ( ) ( )

Gathering all these results together, we end up with the following expression for Z,:

K
Zy =Y Myv"Ta/R [a]'Q,CQv] + ME [v/TDQCQV]
=1

1 1<, -
—vETDTVE [NTIDQCQ] i ;_1 A2 (tze) d2
1 -
—vHTDTvN §_ A (ter)” deE [a)' Q/CQuay]

K
1 . vHTasal’Tv 1
—E |—=TrDQC My—————L =" L O(N2 144
{N Q Q]; 17 L+ do ( ) (144)

The first two terms in Z, will be cancelled with Z5 and some terms in Z3. We finally obtain:

HTa,all T
Z KW HTDTV—ZA2 f)? &2

9(v,C :vHTCTv+E[ TrDQC ]
(v,C) QCQ 2 )y

+ VHTDTV% Z N (f)® diE [ QiCQua,] + O(N732). (145)
=1

Equation (145) establishes a relation between (v, C) and the unknown quantities E [%TrDQCQ]
and E [aff Q,CQa,|. Quantity E [a//Q,CQa,] can be related to §(a, C) as:

E [anCQag} =\ (Ea) (1 + d@ ) [ QgCQéag] (146)
- (allTa, 1 1
d, (1 - dga) E [NTrDQCQ] +O(N3). (147)

This can be proven by substituting in E [af QCQad , matrix Q by Q, — A\ Q/mn’Q, as per
(97), and controlling the vanishing terms. To determine 6(v, C), it is easy to see that we need
a second equation between E [aff QCQa,] and E [ TrDQCQ)]. This is the objective of the

subsequent section.
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B. Deterministic equivalent for x ¢

By using the resolvent identity and then handling each term separately (derivations are similar

to before, and hence details are omitted), after some calculations we obtain

1 1
E [NTrDQCQ} = TIDTCT (148)
dgag TCTag 1 K 27 /7 \2 1
TrDQD —L === =N N (i) - T'DTCT
{ “ Q} [N; ragp NNy
1 1 SN2 5 1
+ 4 IDTCT Z A2 (t)” diE [af' QDQear] + O(N72) (149)

Now let m € {1, K'}. Then, from (145),

E [a/QDQa,,| = a]/TCTa,, + E [%TrDQCQ}

K - K
deall Tasal! Ta,, 1 I
Y T T A A TDTa, - Y A(F)d?
=1 (14 ded)? N

/=1
1 & .
+ a,HnTDTamN > N(in)*diE [af'Q/CQuar] + O(N2)
/=1

Multiplying both sides by and summing over m, we obtain:

(1t dmé)

1 Z E[afQDQa,] 1 XK: dnallTCTa,,
(1+ dp0)? N

=1

j

K K

K K =
ddma Ta,al’Ta,, 1 ~ 9w 1 a%TDTamdm
>3y il = NP S (77 R ey Nt
£1m11+d€ 1+d 5) Nz N (

1
+E [NTrDQCQ}

—
+

QL

3
Nis!

[}
I |

=1 m=1
~maHTDTam
(1+ d, 9)?

N Z A2 (Lg0)2dg [anéCQeae] + O(N_%)
=1

m=1

from which, we obtain using (147)

-
d,,a’TCTa 1
— dy)\ t = — m—m E|—=T1rD 1
z_j N (fn) E [af Q:CQua(] NZ TR [N r QCQ] (150)
K K K K 3 K
1 a’Tasala,, 1 - (afTa,)? 1 dn,alTDTa,, 1 L2
¥ 2 3 At Ly plarTe)t L sn dion TDTan L gn o )2 2
= 1+dg )2 (1+dm5) = (1+d) = (1+dnd) =
(151)
~ - alTDTa,, 1 2 (
dpm Z A ngg d@E [ag QgCang] + O( ) (152)

(1+dn 5)2N
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By defining the following quantities

1SN,
QO(C) = N ng)\2 (ngg)Q]E [angCang} (153)
=1
1 & d,allTCTa
F(C)=— m—~m 154
(C) NmZ:l a7 (154)
1 &K alTasalla K~aTag
G- dod,, ¢ Am 2 {4 155
Nﬂ;; (14 ded)2(1 + d,,0)? Z 1+ dyd) (153)
1 & 2
=—» XN (lw) i (156)
N ‘
we can write (152) as:
(1—F)p(C) = F(C) + x(C) (G + MF) + O(N"z) (157)
Let J(C) = ~ TrDTCT. We also write (149) as:
X(C) = ¥(C) + x(D) (F(C) + M(C)) + #(C)p(D) + O(N2) (158)

Let A = (1— F)?— M9 — 9G. From Lemma 5.3 in [13], A satisfies also A = (1 — F)? — X200
which merely results from the fact that G + M = 229, Setting C to D in (157) and (158) we

thus obtain: y(D) = £ + O(N~z) and p(D) = —1 + 5F — M2 4 O(N~z) We thus get:
HC)(1-F) JF(C 1
v(c) = AQ=1) | vF >+@(N—§), (159)
A A
Plugging the above expression into (157), we thus obtain after some calculations:
B M(F—-1) X 1—F MY 1
¢(C) =9(C) ( A + A ) + F(C) (T - T) +O(N2) (160)
and
K

0(v,C) =vITCTv + > d,

vATaall Tv (ﬁ(C)(l - F) 19F(C)>
= (1+ dg(s)z A

A +

F(C)(1-F 299 ;
+vITDTv (C) ) + A99(C) + O(N2) (161)
A A
In particular if C = D, we obtain:
K
—F 4 19 - vilTasal’ Tv
0(v.D) = ——Vv"TDTv + ZZd —t (162)

P (1 + dgé)
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APPENDIX C

PROOF OF THEOREM 2

Let n;, denote the kth column of 3. Then, the SINR at UE k can be rewritten as:

(163)

2
e = Pk ’nkHQ"?k’
k — K 5 .
Y Pi QN + 5+ TIPEIQ2E

from which it follows that v, can be expressed as functionals of the resolvent matrix Q. By

applying (97), we obtain
_ Qrny
1+ ni/ Qe

where Q;, = (E[k}EfZ] + AIN)fl. Plugging (164) into (163) yields:
= Pr(1 = AGi)?

Qn, = Ak Qrmy, (164)

= (165)
Sk + NPy
where we have defined
sk = N @i QeEm P S Qi (166)
1
Y= ETrPEHQQE. (167)

Therefore, computing an asymptotic approximation for 7, requires to determine asymptotic
approximations for ¢gr, sp and . From (106), it easily follows that ggr — te ~25 0. The
computation of the asymptotic approximations for s; and v is more involved and is addressed

in the following.

A.1) Deterministic equivalent for sy,

The computation of a deterministic equivalent for the interference term s, is much more
involved. In short, the approach taken in the remainder basically relies on showing that the
interference term s; is asymptotically given by the weighted sum of two terms, whose approxi-
mations depend on quantities in the same form of those of Theorem 1.

A

As done for uy, we begin by applying Lemma 1 in Appendix C to 5, = nkHQkE[k}P[k] EfZ]ank

and then use Lemma 2 to obtain maxy | — Jkém — Sk2| 2% 0 with

N 1

Sp1=FE NTrDka[k]P[k]E{,g]Qk (168)
and

Sk2 = E [a) QP Qray] - (169)
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From the convergence result of gy established above, we have:

m]?X Sp — Czk)\Qthkng — )\2t~]2gk§k,2 — 0. (170)

The above result states that a deterministic equivalent for 55 can be computed by looking for
approximations of 5, ; and S;o in which the expectation largely simplifies the derivations as it
allows to discard terms with zero mean (though they do not converge to zero in the almost sure

sense).

A.2.1) Deterministic equivalent for 55 ;: To begin with, observe that:

91l _
5a + >0 nE N (@) 0 QuDQun] a7

i=1,i#k

() N’ S 7%\ 2 H 1/2

N Z pi (t5)"E [0 QuDQuin;| + O(N~ /2) (172)
i=1,i#k

A& 2\ 2

=5 20 (i) E [0 QuDQuin] + O(N 1) (173)

i=1

where (a) and (b) follows from (110) and (115), respectively. As seen, the replacement of G
with ¥ allows to express % as a classical quadratic form - up to a vanishing term O(N~1/2).

By taking the expectation with respect to 7,, we obtain:

1
E [nzHkaDkaJ =K |:NT1"DQMDQM:| +E [aZHQkiDQkiai} . (174)
To proceed further, we rewrite the two terms above as a function of Qj (rather than of Q).

By applying twice Lemma 3.1 in [13], the first term is such that:
‘ 1 _2|D|P?

1

The second term in (174) is a quadratic form (not a normalized trace) and thus it cannot be

(175)

treated in the same way. We need to develop E [afl QkDQkai]. By using (109) we obtain:
E [a]'Q:DQya;] = E [a;]' QDQpa;] + N°E [(?752)2 anmDQmmlanQmaﬂ
— AE [¢ia/' Qunini' QuDQua] — AE [¢ha QuDQunm! Quai]  (176)
By using (115) and taking the expectation with respect to 77;, we obtain:
E [a]'Q:DQua;| = E [a]' QDQuia;] — 2MLE [a] Quasa)’ QD Quria]
+ A2 (ffi)z E [(af[Qkiai)z aiHQkiDQIm’ai]

+ A2 ()R {(af Qria;)’ d%TrDQkiDQM} +O(N~12) (177)
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from which, by using (111), we have
E [aﬁQkDQkai} =E [afIQkiDQkiai} (1 - AfZakaiai)Q
- ~ 1
+ A2 (tﬁ')z (akaiaz‘)z d;E {NTTDQkiDQki] +O(NT?). (178)

From the results in (112) and (113), the above expression can be equivalently rewritten as a

function of T, as follows:

E [a/QiDQa] = E [ QuDQua] A (7)” (1 + czi(5k>2

aflTia;\’ 1
i ki 7 -1/2
+ = 4E | =TrDQDQ| + O(N 179
(1 + di(;k:) [N @ Q] ( ) {17
By plugging the above results into (174) yields
1 & Di
Sk1 =5 )L 3B [a QiDQual]
i=1 (1 + di5k>
1 1 & pidi(al Ty, )
LE|Lnpq,pq,| (LS p () - Ly pdilar Tha +0(NF)  aso
{N Qy Qk,} (Nizlp ( 121 1+d5k ) (180)

which turns out to be only a function of E [+ TrDQDQ)] and E [a Q,DQya;]. Theorem 1 is

now used to get deterministic equivalents for both terms. Setting C = D yields:

1 9 1
E|—TiDQDQ| = — + O(N~* 181
| TDADQ| = § - O ) (18
and
K
E [af Q:DQ,a;] ZTakHTkDTkak—k% Yo g T (19

Py (14 dydg)?
where F' and ¢ are expressed in terms of T instead of T thanks to one-rank perturbation

arguments. Plugging the above results into (180) yields

v ~ {19 ~ a.s.
mkax Sk,1 — Sk,11 — Z8k712 —0 (183)
with
K
- 1-F Di H
= = AT, DT.a; 184
Sk,11 AN ZZI (1 n d¢5k)2al k Ea ( )
and
K K
~ 1 Di - al’Tra,al’ Tra; 1 o [\ 2
Sk12 = — _— dp— = + — PN (t5) - (185)
N ; (1 + dide)? (z:%xm (1 + dedy)? N ; ( )
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Using the same steps as those employed in the proof of Lemma 5.3 in [13], we can prove that
Sk12 = %QTrPkﬁk’i‘%. By using rank-one perturbation arguments, we may replace in 5;;; and
5k12, T with T, ’i‘k with T and Sk with ¢ to obtain:

0 N <ol as

m]ﬁlX §k’1_§11_ZNTrPDT2 —0 (186)
with
1-F & P
Sp11 = —— t —a’TDTa; + O 187
Sk ANZ(1+d5)w a; + O(N™). (187)

By using the identity (188) resulting from the well known matrix identity (I + UV)™'U =
U(I + VU)~! [13],

TA(Ix +0D)™' = (Iy + D) 'AT (188)
we ultimately get max;, ‘Ek,l — Ek,l/()\zf,%kﬂ 2% 0 with 5, given by (39).

A.1.2) Deterministic equivalent for 5 »: We start observing that E[k}P[k}Eﬁ] => 2k pmmf{
from which using (110) yields:
Sn2 = E [af QeI Pu S Qrar] = Y piE [M(3) ! Quaraf/Qumn,] . (189)
itk
Due to the absence of the normalization factor 1/N, we cannot directly replace g~ by t~.

Therefore, we proceed as follows. Rewrite S5 in (189) as:

Sve =Y piX (1) E [0/ Quaraf Qun,] + (190)
i#k
where:
=Y pNE (@)~ (7)) laf Quni ] (a91)
i#k

Since max(¢, %) < A~!, we have:

A -
le] < #Zk p2 E|[ q - ’ NP Quiazal’ Qiim;] = ler| + lea| - (192)
with
o= 30 PRk [|gh - 7] v Quaval Q) (193)
o 2 [ 7 k 1
[
=Y p2 E[|¢ - | a Quaral Qum,] - (194)

itk
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, we make use of the Jensen and Cauchy-Schwartz inequalities such that:

p2)\2 2 _1/2
el < | YBR[y Quanl @ — B[] DB [laffQunl] = o). 199)
i#£k 1#£k

One can easily convince himself that the same arguments used for £; allow to replace aff Qriay
by alH T riax in ey with an inducing error of order O(N *%). This is because the difference

al’Qy,a;, — all Ty,;a;, would behave like y7Qy;ay. We thus obtain the following inequality

A
lea] = Zp2 E[|g8 — ] a*Taral Qe (1+ 17 Qumy) ] + O(N~72) (196)
ik
)\ q'L'L 1 —
ZEE kakdlag{‘—dé( +n; Qkﬂ?z)} AflTyay| + O(N'?) (197)
i k ik
< 51[4: > — k|7 laHT HQum, )2 | + O(N~Y/? 198
< SE | lawlll Qi S \ak - ] [l Traw (1 + nf Quim,)? | + O( ). (198)

1<k

Noting that ||Q; ;|| is bounded yields ¢, = O(N~1/2). All this proves that:

=> N ()" pE [laf Qun,|*] + O(N'2). (199)
£k

Taking the expectation with respect to 7, produces o = $x21 + Sk22 + O(N -1/ %) with

Sk?l__ Z 22 () pzdz'E la;’ Q1D Qysay] (200)
i=1,i#k
K 2
Sro2= Y A(5) piE [[af Quail?] . 201)
i—1ith

Similarly to $; 1, we rewrite 559 as function of Qj, rather than of Q,. To this end, let

y 1 & ; .
Sk21 = N ‘_12# N (tZ)QPidiE [ay Q:DQiay] (202)

and observe that (details are omitted for space limitations)

8ro1 = Spa1 + O(N7Y). (203)

As for 529, we proceed studying sj 2o defined as:

Z A2 () i [Jaf Quayl?] (204)

i=1,i#k

Cn((
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where {sz‘}i[; is some deterministic bounded sequence. Using (109), we may write:

Skoo = Z Na ( tk piE [|ay Qriail?]

i#£k
- Z)\z széz [ (jﬁ‘angininf{Qkiaia@HQkiak]
£k
37N () piiE MEal Quaial! Qunim!! Quia]
i#£k
+ DN () pieiE | (@) |l Qua P! Quiail?] (205)
itk

As before, the quantities a Qxm,n Qriai, and a Qiam? Qpiay. ensure the boundedness of
the sum, while the terms ¢~ and 12 Qy,a; can be replaced by their deterministic equivalents
with an error of order O(N~'/2). Therefore, we obtain:
Y N 2
Sk,22 = Z A (15)" pioE [a) Qriasa)’ Qriay]
i#k
- Z A? (Eﬁ)gpﬂiE [akHQkimakaiaiankiak]
itk
- Z A? (gfi)gpiaiE [akHQkiaiakaiainiHQkiak]
i#k
+ Z A (55)4 pic; R [[akH Qumnil® (a) Tkiaiﬂ + O(N~?) (206)
itk
from which, taking the expectation with respect 77,, we finally obtain:

y . N
Sko2 = sz‘oéle (tfi)4 E [a; Qriaia) Qriay] (1 + di5k>

iyﬁkz
aHTka-)2
+ = i di\? (I5) (—E al Q. DQyay| + O(N~Y2). (207)
Zp L+ a2 QD Quias] + O
Taking o; = — L leads to
A2 (25" (14d;0,)>
o Di H H
S = ————FE |a a;a; Qra
k,2,2 ; 1+ dio)? [ r Qi Qr k}

1 K ~ (af{Tkaz')2 H —1/2
i=1 1%
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As done before, the factor 1/N allows to replace Q; by Qi — up to an error of O(N1).
Plugging (208) and (203) into (201), we ultimately obtain

o\ -2
Sk =E [akHQkAkPk (IK—I + 5ka> AkHQkak]

_ i i piCZZ‘ (af{Tkai)Q )2 (f’f)QJ-p‘ E [aHQ DQ,a } + O(N_1/2) (209)
Nizl,iyékz (1 +J15k>4 i i v Qk LAk ‘

By applying Theorem 1 with

Lo\ -2
C = AP, (IK_1 n 5ka) Al (210)
we obtain
dy [al'Tya|” (9(C)1—F) 9
max |52 — ar Ty CTray — e ( +—§°>
o R ; (14 dpy)? A AR
AW(C))  1-F as
—aj T, DT}ay ( (A ) +— s“) 2%0. (211)
with
K 5 K
1 pidi(a’ Tya;)?
50 =FC)— — —_— - iDi- 212
k,2 ( ) N — (1+d15k 4 N; u p ( )
Similar to Sy ,, it can be proved that $; , = =X TerDT2 +O(N~1). For the same arguments used
in (113), we have:
H
T:
allTpa, — — k=2 L o(N7Y). (213)

Using the above result along with the identity (188), we obtain maxy, |52 — 5k 2] 2% 0 with

Sk2 given by (40). This completes the proof for sy.

A.2) Deterministic equivalent for 1)

To begin with, we apply Lemma 2 in Appendix C to ¢ = %TrPEH Q%X. In doing so, we

obtain:

RS as.
Vg 2 mE Q] =50 (214)
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Then, observe that (using the same calculus for si):

K
1
= ZpkE (04 Q*ny ) (215)
1 K 2 ~ 2 H 2 _l
K Zp A (toe)” 1y Qemy + O(N72) (216)
/=1
1 & -1
= ; P15, {deNTrEDQQ + Eaj’ ane] + O(N~2) (217)
K H 2
1 - - T 1
=% PeN*ty,dy —pedeLwag)zl E {NTTDQﬂ
= (1 n dga)
1 & )
Y P _E[al'Q%a] + O(N2). (218)

+ J—
K = (14 dyd)?
Using similar arguments as those adopted above for s; (omitted due to space limitations), we

get:
K —F  9F\ A2
— (v + f) ZTPDT? 4+ =Y ———allT?a
kz: ank (I A NN Z 1+d45) ¢
Fi(1—F) N 2200,
A A

NG

+O(N~

Prea TDTag
KZ L ). (219)

— 1+dg5

By using (188), the expression in (42) is obtained.

APPENDIX C

SOME ADDITIONAL USEFUL RESULTS

Lemma 1 (Trace Lemma). Let z € CV be a complex Gaussian vector with mean /N p and
covariance matrix L. Let M be a complex matrix independent of z. Then, there exists a constant

K, such that:
p

E,

LN — %TrM —ufMp| < % ((TrMMH) + NS ]uHMzuﬁ) L (20)

Lemma 2. If B € CV*V is a sequence of deterministic matrices with uniformly bounded spectral

norm, then
4

E ‘%TrBkaszZ Qi — E[%TrBkakzﬁ Q| =O0W™). (221)
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If u is a sequence of deterministic vectors with bounded norm, then:

E|u’ QS Qpu — EuQ S, = Quul|* = O(N3). (222)

Proof. The proof follows from the Nash-Poincaré inequality. Calculations are similar to the ones

performed to prove Lemma 5 in [31]. Details are thus omitted. [l
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