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ABSTRACT. In this note we give a detailed construction of a A-adic d-th Shintani lifting. We
derive a A-adic version of Kohnen’s formula relating Fourier coefficients of half-integral weight
modular forms and special values of twisted L-series. As a by-product we obtain a mild gener-
alization of such classical formula.
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1. INTRODUCTION

In his seminal paper [Shi73|, Shimura unrevealed the first instance of what is nowadays called
theta (or Howe) correspondence, which was systematically studied later by Waldspurger [Wal80,
Wal91]. Shimura’s work contained an in-depth study of half-integral weight modular forms, and
provided Hecke-equivariant linear maps

Sk,N,x,D : S}::Ll/Q(Nv X) — SQk(N; X2)

from Kohnen’s plus subspace of the space of half-integral weight modular forms to the space of
classical modular forms of even weight. The construction depends on an auxiliary discriminant 0
and different choices yield different maps.

By means of certain cycle integrals along geodesic paths on the complex upper half plane, one
can define Hecke-equivariant linear maps

Ok, Nx0 = Sar(N,X?) — S5, (N, x)

which are adjoint to Sy n,y,0 With respect to the Petersson product, meaning that
<g5 ek,N,X,D (f)> = <Sk,N,X,B(g)5 f> for all f S SQk(Nv X2)7 g S S]:_+1/2(N7 X)

This construction was first studied by Shintani [Shi75], and subsequently extended by Kohnen and
Zagier [KZ81], Kohnen [Koh85], and Kojima-Tokuno [KT04], among others. The maps 0y v,y are
referred to as 0-th Shintani liftings. We will drop x of the notation when it is the trivial character.

Under certain assumptions, for example when NV is squarefree and y is trivial, a theory of new-
forms of half-integral weight a la Atkin—Li—Miyake is available, and the 9-th Shimura and 9-th Shin-
tani liftings establish a Hecke-equivariant isomorphism! between S (N, x?) and S’;ﬁ‘;gj (N, x):
this is the so-called Shimura—Shintani correspondence. In this direction, one of the main moti-
vations of the work of Kohnen and Zagier was to obtain an explicit Waldspurger-type formula
relating Fourier coefficients of half-integral weight modular forms and twisted L-values of classical
modular forms. For instance, suppose that N is odd and squarefree, and that g € S;ﬁ‘;gj (N) and
f € SEEY(N) are two non-zero new modular forms in Shimura-Shintani correspondence. Then,

Date: December 2019.
We warn the reader that a single choice of ? does not provide the isomorphism on the full spaces. In general
one has to consider a suitable combination of d-th liftings (cf. [Koh82, Theorem 2]).
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Kohnen’s formula [Koh85, Corollary 1] asserts that for any fundamental discriminant D with
(=1)*D > 0 and such that (2) = wy for all primes ¢ | D, where wy is the eigenvalue of the
Atkin—Lehner involution Wy acting on f, one has

|a‘D‘(g)|27 V(N)(kily kfl/QL(vavk)
M) o 2 P

Here, ap|(g) denotes the |D|-th Fourier coefficient of g, and v(N) is the number of prime divisors
of N. We insist that fixed a newform f € SI¢"(IV), this formula is valid for any g € S;ﬁe/;’(N ) in
Shimura—Shintani correspondence with f; any two such forms will be multiple one of each other,
and the formula is clearly invariant under replacing g with a non-zero multiple of it.

One of the key ingredients in the proof of (1) is actually a formula that relates directly the [9]-th
Fourier coefficient of the d-th Shintani lifting of f with the twisted special value L(f,0, k). Indeed,

assuming that (—1)*0 > 0 and that (3) = wy for all primes ¢ | N, it is shown in [Koh85] that

L(f,0,k)

(2mi)*g(xa)’

where g(xo) is the Gauss sum attached to the quadratic character y,. While Kohnen’s formula
in (1) depends notably on having a good theory of newforms as cited above (which in particular
provides ‘multiplicity one’), and therefore it does not extend easily when dropping the assumptions
that N is squarefree and y is trivial, the formula in (2) does generalize quite easily. We refer the
reader to Kojima—Tokuno [KT04] for an extension of Kohnen’s work and ideas, still under some
mild assumptions on the pair (IV, x).

The pioneering work of Shimura and Waldspurger not only motivated the above mentioned
works by Kohnen and Zagier, but it has also inspired many other investigations along several years.
For instance, Gross—Kohnen—Zagier studied in [GKZ87] the relation between Fourier coefficients
of half-integral weight modular forms (and actually, of Jacobi forms) and Heegner divisors. In
turn, several variants of the Gross—Kohnen—Zagier formula have been proved so far. For example,
Darmon—Tornaria [DT08] proved a Gross—Kohnen—Zagier type formula for Stark—Heegner points
attached to real quadratic fields. This variant further allowed them to obtain a similar relationship
as in Kohnen’s formula for central critical derivatives, with the role of the Fourier coefficient a|p(g)
being played by the first derivative of the | D|-th Fourier coefficient of a p-adic family of half-integral
forms. Also in this line, the p-adic variation of the Gross—Kohnen—Zagier theorem, including the
existence of A-adic families of Jacobi forms, is studied in [LN19a, LN19b]. In a different direction
and with a different flavour, there is also the work of Ono—Skinner [0S98], studying the divisibility
of Fourier coefficients of half-integral weight modular forms by looking at the residual Galois
representations of integral weight modular forms in correspondence with them. Their main result
has interesting arithmetic consequences about special L-values of even integral weight eigenforms,
twisted by quadratic characters, and about Tate—Shafarevich groups of elliptic curves.

In this paper we focus on the p-adic interpolation of the above liftings. Our main source of
inspiration is the work [Ste94] of Stevens, who successfully described the p-adic interpolation of
the first Shintani lifting. To achieve this, Stevens combined a cohomological interpretation of
Shintani’s cycle integrals with the theory of A-adic modular symbols developed in [GS93]. This
was yet another arithmetic application of the widely successful theory initiated by Hida in [Hid86].

The first goal of this note is to describe a A-adic 9-th Shintani lifting interpolating p-adically
the classical 9-th Shintani lifting. The main novelty of our approach is that we can derive a A-adic
version of Kohnen’s formula stated in (2). This formula, which will be further described below,
relates the [9]-th Fourier coefficient of the A-adic 9-th Shintani lifting to a suitable p-adic L-function
interpolating twisted central L-values of p-ordinary eigenforms (built from the two-variable p-adic
L-function of Greenberg—Stevens). The reader may intepret this formula as a cuspidal analogue of
the well-known relation between the 0-th Fourier coefficient of a A-adic Eisenstein series and the
relevant Kubota—Leopoldt p-adic L-function.

In more detail, given a Hida family f of ordinary p-stabilized newforms of tame level N and
tame character y2, we construct a p-adic family of half-integral weight modular forms interpolating
the 0-th Shintani liftings of the classical specializations of f. To describe our main results, suppose
that f is given by a power series f € R[[g]], where R is a finite flat integral extension of the Iwasawa
algebra A = Z,[[1 + pZ,]] ~ Z,[[T]]. Let U denote the subset of classical points in the p-adic

(2) ajo| (B0 (f)) = (=122l (g — 1)1
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weight space W = Hom(R, Q,), so that f(x) € Sox(Np,x?) is the g-expansion of an ordinary
p-stabilized newform of level Np and character x? for all £ € U°'. We show in Theorem 5.9 that
the d-th Shintani liftings of the classical specializatons f(k) are p-adically interpolated by a power
series O, (f) € R[[q]], where R is the metaplectic covering of R (cf. Section 5). This induces a

natural map 7 : W — W on p-adic weight spaces that ‘doubles’ the signatures of the arithmetic
points.

Theorem. Let d be a fundamental discriminant with @ =0 (mod p). There exists a power series
Oo(f) = > an(©a(f))g™ € R[q]
m>1
and a subset of classical points U C W above U such that
. 1
0o (£)(R) = Clk, X, 0) ' ==—0k Npx0 (£(%))
f(k)

for all k € U, where 1 = 7(k) € U, Here, C(k,x,0) is a constant defined in (11), and Qg ()
and Q,; are complex and p-adic periods attached to (k) and k, respectively (cf. Section 4.3).

We refer the reader to Section 5 for the details of the construction and precise statements. We
point out that one can construct a priori two different A-adic 0-th Shintani liftings of a given Hida
family f, each of them satisfying an interpolation property on a different dense subset of classical
points.

As a consequence of the existence of a A-adic 0-th Shintani lifting, we prove in Theorem 5.13 a
A-adic version of Kohnen’s formula (2). In the simplified case in which x is the trivial character
Theorem 5.13 reduces to the following identity in R:

a0/ (a(£)) = sgn(d) - 2/ - (£) - £55(£,9).

Here, the p-adic L-function Egs(f, 9) € R interpolates the values L(f(x), 0, k) and it is built from a
suitable restriction of the two-variable p-adic L-function studied by Greenberg—Stevens in [GS93],
and a,(f) is the pull-back of a,(f) along the map 7 : W = W. As a by-product, we obtain a mild
generalization of the classical formula in (2), and we also describe exceptional zero phenomena for
the coefficients ajy (O (f)).

We should mention a few works that are in the orbit of this article. First of all, we must say
that Stevens’ A-adic version of the first Shintani lifting was generalized by Park [Parl0] to the
non-ordinary finite slope case. Secondly, Park’s approach has recently been extended to the case
of the 9-th Shintani lifting by Makiyama [Mak17], where d is chosen such that p { 0. Our approach
is then complementary to Makiyama’s, and it is inspired by the preprint [Kaw] by Kawamura,
who constructs certain p-adic families of Siegel cusp forms of arbitrary genus interpolating Duke—
Imamoglu liftings of level N = 1. Our construction provides a much more general version of the
A-adic 9-th Shintani lifting than the one needed in Kawamura’s discussion.

To close this introduction, let us briefly explain the organization of the article. In section 2
we set the basic definitions for integral binary quadratic forms, we describe Kojima—Tokuno’s
generalization of Kohnen’s 0-th Shintani lifting, and we also explain the exact relation with special
values of L-functions. Section 3 is devoted to a classification result for integral binary quadratic
forms from [GKZ87], which we use to derive the exact relations between the liftings in level N
and Np, leading to a comparison of the Fourier coefficients of the lifting of a modular form with
those of its p-stabilization. In chapter 4 we settle the language of Hida theory, and we describe
classical modular symbols and their A-adic version a la Greenberg—Stevens. Section 5 contains the
main results and applications. In particular, the definition of O, is given in equation (30), the
interpolation property is proved in Theorem 5.9, and the above mentioned A-adic Kohnen formula
is proved in Theorem 5.13.
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1.1. Notation. We shall fix the following general notation throughout the entire paper. As usual
Z, Q, R, and C will denote the ring of integers, the field of rational numbers, the field of real
numbers, and the field of complex numbers, respectively. If z € C* and x € C, we define
2% = e®198% where log z = log | 2| + i arg(z) with —7 < arg(z) < 7. If ¢ is a Dirichlet character of
conductor ¢, we write
W)= Y pla)eiee
a€(Z/cZ)*

for the Gauss sum of ¢». When 1 is primitive, one has |g(¢)|> = ¥(=1)g(¥)g(¢) = c. If ¥, ¢’
are primitive Dirichlet characters of relatively prime conductors ¢, ¢/, respectively, then g(¥y') =
e ()a()a(t).

For any commutative ring R with unit, SLo(R) will denote the special linear group over R. The
group SLy(R) acts as usual on the complex upper half plane $) via linear fractional transformations.
If r,M > 1 are integers, and 1 is a Dirichlet character modulo M, we write S, (M,) for the
(complex) space of cusp forms of weight r, level M and character . We define the Petersson
product of two cusp forms f, g € S,.(M, 1)) by

(f.0) = — 729l 2dady,

M JTo(M)\H
where z = x + iy and iy = [SLa(Z) : To(M)]. With this normalization, the Petersson product of
f and g does not change if we replace M by a multiple of it and see f and g as forms of that level.
If N > 1 is an odd integer, kK > 0 is an integer, and x is a Dirichlet character modulo N,
we write Y for the Dirichlet character modulo 4N given by (%¢)y, where ¢ = x(—1), and write
Skt1/2(4N, x) for the (complex) space of cusp forms of half-integral weight & 4 1/2, level 4N and
character Y, in the sense of Shimura [Shi73]. Observe that X is an even character by construction.

If f,9 € Sk41/2(4N, X), their Petersson product is

1

Gy == [ GG sy
YN JTo(AN)\$

We will denote by S;+1/2(N, X) the subspace of Sy 1/2(4N, X) consisting of those forms f whose

g-expansion has the form
e =Y at
n>1,
e(—1)kn=0,1(4)

This is usually referred to as ‘Kohnen’s plus space’.

For every positive integer m, we denote by @k an m.z € Skt1/2(4N, X) the m-th Poincaré series
characterized by the fact that

4, (k=1/2) m .
(9, PK,aNmz) = 14]\1,Wag(m) for all g(2) = Z ag(m)q™ € Sky1/2(4N, X),

m>1

and we denote by Py n .y the projection of ©j an m,¢ in Kohnen’s plus space S;H/Q(N, X)-
Jr

k+1/2(N, X). For a prime
pfIN,and f=>a(n)" € S,:FH/Q(N, X). the action of the Hecke operator Ty 1/2,n, (p?) is given
by

€l — kn
TG = 5 (P +x) (T50) it xR o) ) o

n>1,
e(—-1)k=0,1(4)

We may recall the definition of Hecke operators acting on the space S

where one reads a(n/p?) = 0 if p? { n. For primes p | N, one also defines operators U (p?) by setting

Upf(z)= Y,  a@n)"

n>1,
e(—1)*=0,1(4)
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2. 0-TH SHINTANI LIFTING

The aim of this section is to review the definition of the so-called 9-th Shintani lifting, where ?
is a fixed fundamental discriminant. This is a Hecke-equivariant linear map from integral weight
modular forms to half-integral weight modular forms, studied in detail by Kohnen in [Koh85],
building on the seminal work of Shintani [Shi75], and later generalized by others. We will briefly
summarize the approach in Kojima—Tokuno [KT04], which essentially adapts Kohnen’s work for
arbitrary odd level and arbitrary nebentype character.

Before entering into the proper construction of the 9-th Shintani lifting, we fix some notations
concerning integral binary quadratic forms that will be of good use.

2.1. Integral binary quadratic forms. We write Q for the set of all integral binary quadratic
forms
[a,b,c](X,Y) =aX? +bXY +cY? a,bccZ,
on which T'g(1) = SL2(Z) acts by the rule
([a,b,c] o) (X,Y) = [a,b, ] ((X,Y)™), v € SL2(Z).

If one identifies the quadratic form @ = [a, b, ¢] with the symmetric matrix

a b/2
Ao = ( b/2 ¢ ) ’

then [a,b,c] oy corresponds to the matrix ‘yAgy. Given Q = [a,b,c] € Q, its discriminant is by
definition b* — dac = det(2A4g). It is immediate that the discriminant is invariant under the above
Iy (1)-action.

If A is a discriminant, we write Q(A) for the subset of quadratic forms in Q having discriminant
A. There is an induced I'g(1)-action on Q(A). If ? is a fundamental discriminant dividing A and
Q = [a,b,c] € Q(A), then we set

Q) 0 if ged(a, b, ¢,0) > 1,
w -
? (%) if ged(a, b, ¢,0) = 1 and @ represents r, ged(r,0) = 1.

One can easily check that this definition does not depend on the choice of the integer r, when
ged(a,b,¢,0) = 1. In addition, the value of wy(Q) depends only on the I'g(1)-equivalence class of
Q. Besides the definition, when A > 0 one can compute w,(Q) by using the following explicit
formula (cf. [Koh85, p.263, Proposition 6])

3) wo(la,b,¢)) = ] (aéq) (acq/*qy).

qlla

Here, ¢ runs over the prime factors of a, ¢”|la means that ¢” | a and ged(q,a/q”) = 1, and

R

We denote by Q°(A) the subset of primitive forms in Q(A), namely those forms for which
ged(a,b,¢) = 1. The induced function wy : Q°(A)/To(1) — {£1} is usually referred to as a genus
character. When endowing Q°(A)/To(1) with its natural group structure, w, becomes a group
homomorphism; and conversely, every group homomorphism Q°(A)/T'o(1) — {&1} is of the form
wyr for some fundamental discriminant 9" dividing A, the only relations being that wy = wy: if
A = 90'm? for some natural number m.

If M > 1 is an integer, we also denote by Qs(A) the subset of forms Q = [a, b, c] € Q(A) such
that a =0 (mod M). One can easily check that the congruence subgroup I'o(M) acts on Qp(A).
If ¢t > 0 is a divisor of M, then the map

t 0 2
(4) Q[a,b,c]»—)Qt:Qo<0 1>[at,bt,c]

yields a bijection Qpz/¢(A) = Qare(At?). If 0 is a fundamental discriminant dividing A as above,
one has

(5) wo(Qr) = xo(t*)wo (Q),
which equals wy(Q) if ged(¢,9) = 1. When we do not want to specify the discriminant, Q; will
denote the union of all the sets Qn(A).
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2.2. The 0-th Shimura and Shintani liftings. Fix through all this paragraph an odd integer
N > 1 and an integer £ > 1, and fix also a Dirichlet character y modulo N. Let Ny > 1 be the
conductor of x, xo be the primitive character modulo Ny associated with y, and put Ny = N/Ny
and ¢ = x(—1). Although it is not always needed, for simplicity we assume through all our
discussion that ged(Np, N1) = 1. Also, for technical reasons that will be apparent below, we make
the following hypothesis.

(%) if k =1, either N is squarefree or  is trivial and N is cubefree.

Fix also a fundamental discriminant 0 satisfying ged(Ng,d) = 1.

If Q =[a,b,c] € Q is an integral binary quadratic form, we set xo(Q) := xo(c). For an integer
u > 1 such that ged(No,u) = 1, and 9’ a discriminant with 99’ > 0, we consider the set of integral
binary quadratic forms

ONou(NZO) = {Q = [a,b,c] € Q : b* — dac = NGov', Nou | a},

as defined in the previous paragraph. Recall that there is a natural action of I'g(Nou) on this set.
We consider now the subset

Lngu(NG0') :={Q = [a,0, c] € Quyu(NG') : ged(No, ¢) = }
which is also invariant under T'g(Nou). For k > 2, define a function f 0 (2,0,0) of z € 9 by
(6) fNgn(z00) = 3 xo(@uwa(@QQ(z 1) 7"

QELNGu(NZ)
These functions converge absolutely uniformly on compact sets, and further enjoy the following
properties:
N - K,
) [l 20,0) = X2(8)(yz + 6)%k N (2;0,07) for all

g= ( 4 ) & T'o(Nou);

i) a0 (—210,0') = faX0(230,0') (the map [a, b, c] — [a, —b, c] gives a bijection of £y, (NF0?')
onto itself);
iii) fNXU (z;0,0) = f}f,’f%(z;b,b’).
The functions fN’X° (2;0,0') yield cusp forms of weight 2k, level Nou, and character 2. For
k =1, the series in (6) is not absolutely convergent. However, one can apply “Hecke’s convergence
trick” to define fr X0(2;0,0') in a similar manner (cf. [Koh85, p. 239]). In this case, hypothesis

(%) ensures that these functions are cusp forms as well. An explicit description of their Fourier
coefficients (for k£ > 2) can be found in [KT04, Proposition 1.2].

Remark 2.1. The functions f X0(250,0") as above coincide with those denoted by frnz (20,9, x0)

n [KTO04]. Indeed, the sum in equatwn (6) could be taken over the sets Qn,u(NGOV') and even
QNSU(N(%DO') remaining unchanged, due to the presence of the term xo(Q).

Next consider the ‘kernel function’ Qy n (2, 7;0) of (2,7) € H x § defined by

QN (2,730) = iNc,;;X Z mh1/2 Z () xoXo(t)tF 1 Z’if’o’f"Nl/t(tz;D,e(—l)km) e2mimT
m>1, t‘Nl
e(=1)Fm=0,1(4)

where
] - 2k — Q(Xa)
iy = To(1) : To(V)], ¢ — (=12 k+1/27r< )2 3k+2 k—1/2 N1k
~n = [To(1) : To(N)] s = (—1)F/ 0] 1 e
For a fixed 7 € §, the function Q. n(-,7;0) on $ is a cusp form of weight 2k, level N and

character X3 (for k = 1, one needs again hypothesis (x)). One has the basic identity (cf. [KT04,
Theorem 2.2])

Qi Ny (2,750) Can ! ZXDX (n/d)* Py, N n2jo)jaz,x (1) | €772,

n>1
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where the Py n n2)0|/42, are the Poincaré series as defined above, and

k/2 k
C=incy e XMJH/QNHM

(k—1)! * alxxo)
With our running assumptions on N, k, x and 0, for each cusp form
g(T) = Z C(n)e%r”“— € S]:r+1/2(Na X)

n>1,
e(=1)k*n=0,1(4)

in Kohnen'’s plus space, one can define a function

SkNxD( Z ZXDX dk 1 2|D|/d2) eQTrinz.

n>1

which satisfies the following property:
SkNx0(9)(2) = (g, Qevx (=7, 59)).

It follows that, for a fixed 7, z +— Qi N, (—Z, 7;0) defines a cusp form of weight 2k, level N, and
character x2. As a consequence, g — Sk N y,0(g) yields a linear map

Sk,N,X,D : S}j+1/2(N7 X) — SQk(Na X2)

with kernel function Qj n (—Z,-;9). In addition, this map commutes with Hecke operators (mean-
ing that Ty 1/, (p?) corresponds to Ty ny2(p) for pt N and U(g*) corresponds to Toy ny2(q)
for ¢ | N). The linear map Sk n,y,o is the so-called d-th Shimura lifting.

We denote by 0y n,y,0 : Sor(N, x?) — S;+1/2(N, X) the adjoint map with respect to the Peters-

son product, meaning that for all g € Sk+1/2( x) and f € Sar (N, x?)

(9, 0k,N.x,0(f)) = (Sk,Nx0(9), [)-
Thus for any f € Sz (N, x*) we have that:

Ok, nxo (f) = (f(2), Qv (=2, 730)) = iﬁl/r s F(2) e Ny (=2, 73 0)y* P dady =
0
_ZNCkDX Z mk 1/2 Z:u XDXO <faf]\[70XON1/t( tZ;O,G(—l)km)> qm
m>1, t‘Nl

e(fl)kmzo,l(él)

In particular, an explicit expression for 0k ny.o(f) can be determined by computing the Petersson
products

<f fN’OX[])Vl/t( tZ;a’G(_l)km»a

for m > 1 with €(—1)*m = 0,1 (mod 4). Using property ii) listed above for the functions f ny.u,
we see that

IS (=20 e(=1)Fm) = FuXs (t2:0,e(—1)Fm).
Secondly, using the bijection in (4) and that wy(Q:) = X0 (t?)wo(Q) by (5), we deduce that

(7) f]]i]gfoNlt(z; 07 6(_1)kmt2) =X (t2)f§]§0}vl/t(—t2, 0, 6(_1)km)

for all divisors ¢ of Ny. Therefore, we may rewrite the above expression for i n y.o(f) as

Ok o) =incpy, Do m Y2 S uOxoxo T S F R (510, (1) mt)) | ¢
m>1, t‘Nl
5(71)km20,1(4)
Finally, proceeding similarly as in [Koh85, p. 265-266], one can check that for ¢ | Ny

2k —2

) (IR0 el i) = i (3 7 )220 ole) 0 2 v (0, (1)),
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where for any discriminant 9’ with 90’ > 0 we set

TNt (f30,0) 1= Z wa (Q)x0(Q)

QELN(NEZo0")/To(Nt)

F(2)Q(2,1)" .

Caq

Here, for each @ = [a, b, ¢], Cg denotes the image in I'o(NV)\$ of a geodesic in the upper half plane

associated with ). Namely, consider the semicircle Sg in the complex upper half plane defined by

the equation a|z|* + bRe(z) + ¢ = 0, and denote by wq, wi, € P'(R) the pair of points
(b—\/disc(Q) b+\/;1;sc(Q)> ifa 40,

2a ’

Iy .
(wo,wg) = (—¢/b, i) ifa=0,b>0,
(ico, —c/b) ifa=0,b<0.
Notice that wg and wb are the endpoints of the semicircle. When disc(Q) is a perfect square, we
let Cq be the image of Sq (oriented from wq to wg) in I'o(NV)\H. If disc(Q) is not a perfect square,

then let T'g(IN)g be the stabilizer of @ in T'o(V), FO(N)ZS be its index two subgroup of positive
trace elements, and

r S

be the unique generator such that » — twg > 1. Then, we let Cg be the image in T'g(N)\$ of the
oriented geodesic path from ~¢(i00) to ico. Note that with this construction, the endpoints of Cg
are always rational cusps. We will write

Lin(f:Q) = x0(Q) | [(2)Q(z, 1) 1dz,

Ce
so that

(9) e Nt (f30,0)) = > wo (Q) I (f, Q)

QELN(N200)/To(Nt)

With this, one eventually concludes that

(10) Oknxo(f) =Clk,x,0) Y D utxoxo )t e (f30,e(—1)Fmt?) | g™,

m>1, t‘Nl
e(=1)Fm=0,1(4)

where
(11) C(k % a) — Cfl 7T<2k - 2>2—2k+2|a|1/2—k _ (71)[k/2]6k+1/22ka71 g(XDXO) )
o ROk~ 1 * aln)

When the character x is trivial, we will denote this constant by C'(k,?) = (—1)k/212k.

Remark 2.2. One can easily check that the quantities ri ne(f;9,0") in (9) are all zero when
e(—1)k0 < 0, so that Ok n .o (f) vanishes identically. Therefore we may assume that d is chosen
such that e(—1)*0 > 0.

Remark 2.3. The explicit expression for O n .o in [KT04, Theorem 3.2] reads slightly different,
with t=F instead of t= %=1, since they use a slight variation of the sum of cycle integrals Tk Nt,x >
considering equivalence by T'o(N) instead of To(Nt). The two sums yield the same result, and the
reason for the extra factor t—' showing up in our expression is due to the fact that iy =t-in. For
trivial character, (10) recovers the expression in [Koh85, Eq. (8)], where the constant C(k,1,0) =
(=1)¥/212F seems to be missing.

When f € Sar(N, x?) is new, the expression in (10) gets simplified. Indeed, the identity in (7)

shows that the forms f]’f,’f"Nlt(z; 0, e(—1)*mt?) are old when t > 1, and hence the left hand side of

(8) vanishes, so that rg n¢ (f;0,e(—1)*mt?) = 0 for t > 1. Therefore, when f € Sor (N, x?) is new
one finds

(12) Ornoa(f) =Clhx,0) Y e (f50. (=1 m)g™

m>1,
e(=1)*m=0,1(4)
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In particular, if m > 1 is such that e(—1)¥m = 0,1 (mod 4), then the m-th coefficient of O n y.o(f)
is just
am Ok, N x0(f) = Clk, X 0k N x (30, €(—1) m).

2.3. Fourier coefficients and L-values. It is well-known that Fourier coefficients of half-integral
weight modular forms encode special values of (twisted) L-series of integral weight modular forms.
We will review this phenomenon in this paragraph, assuming for simplicity of exposition that N
and 0 are relatively prime.

Indeed, suppose first that N is odd and squarefree, and let f € > a,(f)g™ € Sar(N) be a
normalized Hecke eigenform of weight 2k, level T'g(NV), and trivial nebentype character. For each
prime divisor ¢ of N, let W, denote the ¢-th Atkin—Lehner involution, and w, € {#1} be the
Atkin—Lehner eigenvalue of f at ¢, so that f|W, = w,f. Let ? be a fundamental discriminant with
(—=1)*d > 0 and such that gcd(N,d) = 1. Let L(f,Xo,5) be the complex L-series of f twisted
by the quadratic character y,. This L-series has holomorphic continuation to the whole complex
plane, yielding a completed L-series A(f, xo, $) that satisfies the functional equation

A(fa X0 S) = (71>kxﬁ(7N>wNA(fa X0, 2k — S)a

where wy € {£1} is the product of all the w, for ¢ | N prime. In this setting, Kohnen’s formula
asserts that if g = > a,(g9)¢™ € S,:‘+1/2 (4N)[f] is any non-zero half-integral weight modular form
of weight £+ 1/2 and level 4N in Shimura—Shintani correspondence with f, and x5 (¢) = wy for all

prime divisors £ of N, then (see [Koh85, Corollary 1])

lajo (9)1* vvy (B =D 12 LS X0, F)
" I I T

where v(N) is the number of prime divisors of N. A key point in the proof of this formula is the
identity

L(f, x0, k)

(2mi)Fa(xo)’

which the reader can check in p. 243 of op. cit. (note that g(xa) = xo(—1)[0|/g(x0) =
(—=1)*p|/a(xs)). Assuming that f is new, we have a|a\(9k,N,a(f)) = C(k,0)rp,n(f;0,0), and
hence we deduce that

(14) e (£30,0) = 2Rk — 1)1 -

(2mi)*g(xo)

Kohnen’s formula in (13) has been generalized by Kojima—Tokuno to the case where f has non-
squarefree level and non-trivial nebentype character, under a suitable multiplicity one assumption.
We refer the reader to [KT04, Theorems 4.1, 4.2] for the details. We will rather focus on the
identity analogous to (14), which is also a key step in the proof of the generalization of (13) but it
holds unconditionally. In order to describe such identity, we need to introduce some notation.

Let f € S3°¥(N,x?) be a normalized newform of weight 2k, odd level N > 1, and nebentype
character 2. As before, Ny will denote the conductor of x, xo the primitive character associated
with y, and € = x(—1). We continue to assume that ged(Ng, N1) = 1, where N3 = N/Ny, and
hypothesis (x). With this, let 9 be a fundamental discriminant such that e(—1)*d > 0, and assume
further that? gcd(N,0) = 1. We will briefly explain how does one relate ri.N,y(f;0,0), as defined
in (9), to the special value L(f, xoXo, k) of the L-series of f twisted by x»Xo, yielding the analogous
identity to (14) above.

For each positive divisor d of Ny, with ged(d, N1/d) = 1 (we write d||N1), let Wy be the d-th
Atkin-Lehner element in GL3 (R) defined by any matrix

(15) ap|(Or.n0(f))) = Ok, 0)2" Mol (k — 1)1+

- 1 d Qq 2 —
Wy = ﬁ (N de) where ag, 84 € Z are such that 8;d* — agN = d.

Since d divides exactly Ny, observe from the definition that 3; = d~! modulo N/d.
Since we are considering divisors of Nj, the above elements W, act as automorphisms of
Sor (N, x?) via the weight 2k slash operator. Furthermore, since f is a normalized newform,

2Notice that this is stronger than our previous assumption ged(No,0) = 1.



10 DANIELE CASAZZA AND CARLOS DE VERA-PIQUERO

for each d as above there exists a normalized newform f; € Sa(IV, x?) and a non-zero constant
wq(f) such that

FlosWa = wa(f) fa

These constants are multiplicative, meaning that if dd’'||N; with ged(d,d’) = 1, then wqq (f) =
wa(f)wa (f)-

The elements W also act on quadratic forms, by the rule
Q oWy := thQWd, Q < ﬁN(N302>.

It is straightforward to check that @ o Wy belongs again to £y (NZ0?). Since W, normalizes T'o(N),
the map Q — Q o W, establishes a bijection from £y (NZ0?)/To(N) to itself. In addition, one can
take the set

(QuoWa:nezpozx @V div}. Qu= (o0 5 "%,

as a complete set of representatives for £Ln(NZ0?)/To(IN). One can therefore rewrite the sum
defining r v, (f;0,0) as a sum over the above set, and use the explicit representatives to compute
the involved cycle integrals and eventually deduce the following formula (cf. [KT04, (4-21), (4-22)]).
We sketch a proof for completeness.

Proposition 2.4 (Kojima—Tokuno). Let k > 1 be an integer and N > 1 be an odd integer. Let
X be a Dirichlet character modulo N, with conductor Ny and associated primitive character xo,
and let € = x(—1). Assume gcd(No, N1) = 1, where Ny = N/Ny, and let ? be a fundamental
discriminant such that gcd(N,0) = 1 and e(—1)%0 > 0. If f € Sar(N, x?) is a normalized Hecke
eigenform, then

L(fa XOXO) k)

' B B _1\k|nlk ATk _ T e
(16) TN (£32,0) = X (=D B (F)(=D)RIENg (k= 1) oE 2 =

where

1 — xoXo(£)ae(f)¢
V4

—k
Ro(f) = H <1 + XoXo (L) wee (f)l — XoXo(£)a(f) k) .

£¢|| N1

Here, the product is over the prime divisors £ of N1, and for each such prime, with (¢||N1, wee(f)
denotes the constant associated with Wye as above.

Proof. By definition of 74 n(f;9,0), and choosing the above set of representatives, we must
compute

Tk,N,x (f;0,0) Zwa o Wa) XO(Q,LL o Wd)/ f(z)(Q# o Wa)(z, 1)k—1dz.

Cauowy
To do so, first observe that for an arbitrary @

wo(Q 0 Wa) = xo(d)wn(Q) and  x0(Q 0 Wa) = x0(87d)x0(Q) = Xo(d)x0(Q),

where in the last equality we use that 84 = d~' modulo Ny. Also, notice that wy(Q,) = xo(1)
because p is represented by @, and x0(Qu) = xo(p). Finally, for a quadratic form @ and
v € GL3 (R), one has

FEQE M= [ () ()Qem) (e 1)

Cq CQony
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With this, and recalling that f|2x Wy = wq(f)f4, we see that

PNy (F:0,0) = Y xo(d)xo(Bid)wa(f) ZXB(H)XO(H)/C fa(2)Qu(z, 1) 1dz =
d I Qu

100

= Z XoXo(d)wa(f Z XoXo(t / fa(2)(ONoz + p)*dz =

—p/oNg

k-1, [ . H k=17, _
*ZXDXO wa(f ZXDXO )(idNo) /()fd(ltm>t dt =

= (i0Np)* 1 ZXaXO wa(f ZXaXO —sgn(0)u )/ fa (it+ |0|lj\70)tkldt'

0

Now, notice that xp(sgn(?)) = xo(—1), hence Xa(—sgn(a),u) = xo(n). Besides, by our choice of ?
we have sgn(d) = e(—1)%. Therefore, yo(—sgn(d)u) = €*xo(p). Thus,

Te,Ny (f30,0) = ikek(ONo)k_lgXaXO(d)wd(f) /OOO;XDXO(N)fd (it+ Iblljvo) th=lqt =

F(oNo)* ZXaxO wa( )Q(XaXO)/ Fixaxo (it)tF~1dt =
0

= ikaXa(—1)k_1(|°|N0)k_1g(XaX0)% XoXo(d)wa(f)L(fa, XoXo, k),
d

where we have used Birch’s Lemma and the integral representation of L(f4, xoXo,$). Now, using
[Miy06, Theorem 4.6.16], one checks that the sum over d equals

Ro(f) - L(f, xaXo0, k).
In addition, using that i* = (—1)ki=% €& = y,(—=1)*(—~1)*, and that

| No k10| No
g(xoxo) = xo(-le———= = (-1)"——,
Ooxo) =xe 9(xoXo0) 9(x2Xo0)
we can rewrite the above expression as
L(fa XOXO) k)

. — _ ERALIPILAN LTS .
Tk,N,X(faDaD>*XD( 1)R0(f)( 1) |D| NO(k 1)' (27T2)kg(XOXO)

O

Note that the identity in (16) reduces to (14) when one assumes that x is trivial, N is square-
free and xo(¢) = we(f) for all primes ¢ | N. Indeed, when x is trivial we have Ny = 1 and
Xo(—1)(=1)*¥ = 1, and the Fourier coefficients of f are real, thus the assumption that N is square-
free yields Rp(f) = 2¥™). Finally, recalling that when f is new we have ap|(Ornxo(f)) =
C(k,x,0) kN (f;0,0), with C(k,x,?) as in (11), we immediately deduce the following conse-
quence.

Corollary 2.5. With the same assumptions as in the theorem, if f is new then
L(fa XBXOa k)
(2mi)*g(xaXo)

Again, note that (17) reduces to (15) when x is trivial, N is squarefree, and the same assumption
on Atkin—Lehner eigenvalues as above.

(17) ap|(Ok,Nxo(f)) = C(k,x,0)xo (—1)Ro (/)(=1)*p|*N§ (k — 1)! -

3. 0-TH SHINTANI LIFTINGS OF pP-STABILIZED NEWFORMS

We now investigate the relation between the Fourier coefficients of the 9-th Shintani lifting of
a newform f € Sa, (N, x?) and those of its ordinary p-stabilization in Sax(Np,x?). To do so, we
need first to discuss a detailed study of the classification of integral binary quadratic forms up to
equivalence by congruence subgroups.
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3.1. Discussion on integral binary quadratic forms. Let N > 1 be an odd integer, and let
A be a discriminant. Recall that we have introduced the set

On(A) ={[a,b,c] € Q(A): a=0 (mod N)},

on which I'g(N) acts. Our aim is to classify the I'g(N)-orbits in this set, following the discussion
in [GKZ87] and emphasizing some aspects that will be of special interest for us. As a matter
of notation, we will write forms in Qn(A) as [aN,b,c], where a,b, ¢ are integers. Yet another
invariant for the action of I'g(N) on Qn(A) is the residue class of b modulo 2N. Notice that not
every residue class is allowed: one must have b*> = A (mod 4N). Setting

Rn(A) :={0€Z/2NZ: 0* = A (mod 4N)},
and defining
On o(A) ={[a,b,c] € Q(A): a=0 (mod N), b=p (mod 2N)}
for each o € Ry (A), observe that one has a I'g(N)-invariant decomposition
on(A) = || Qw.l(d)
0ERN (D)
The sets Qn,o(A) being I'o(N)-invariant, we are reduced to study their I'g(N)-orbits. We further
define the subset of I'o(N)-primitive forms in Qn ,(A) by
QN o(A) = {[aN,b,c] € Qn,o(A) : ged(a,b,c) =1}

Remark 3.1. Observe that we consider the greatest common divisor of a, b, and ¢, not of alN, b,
and c.

One has a I'y(N)-invariant bijection of sets

OnoA) =] || d XA/,
d?|A¢eRn(A/d?),
dl=p(2N)

where d varies over the positive integers such that d? divides A, and ¢ varies over the elements in
RN (A/d?) such that df = ¢ modulo 2N. Via this last decomposition, it is enough to study the
Lo(N)-orbits in the sets of the form QY ,(A), where N > 1 is an integer, A is a discriminant, and
XS RN(A)

Continue to fix parameters N and A as before. For each ¢ € Ry (A), associated with the set

Q(;)V,Q(A) there is the integer
2—A
m, 1= ged <N,Q,Q ),
4
which is well-defined even if g is only defined modulo 2N. Indeed, replacing o by o + 2N replaces

QL_VA by QL_VA + 0+ N. Thus m, is an invariant of the subset Q% ,(A). One can check that

my = ged(N,byac)  for any Q = [alN,b,c] € Q% ,(A).
In particular, notice that m, | gcd(V, A). Using this, one can further decompose m, as
me =mimg, where my=gcd(N,b,a), mo=gcd(N,b,c).

Notice that ged(my, me) = 1 because ged(a,b,¢) = 1. In view of this, we have a I'o(N)-invariant
decomposition

Q?V,Q(A): |_| Q?V,g,ml,mg(A)’

miy,m2
where mj,mgo run over the pairs of positive divisors of m, which satisfy mims = m, and
ged(my, mg) = 1. There are 2” such pairs, where v denotes the number of prime factors of

my.
The following statement is the Proposition in p. 505 of [GKZ87]:
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Proposition 3.2. Let m, be defined as above and fix any decomposition m, = mimo with
my,ma > 0 integers such that ged(my, mo) = 1. Fiz also any decomposition N = N1No of N
into coprime factors satisfying ged(my, Na) = ged(me, N1) = 1. Then the map @ = [aN,b,c] —
Q = [aN1,b, cNa] yields a one-to-one correspondence

1:1

QN gy ma () /To(N) = Q°(A)/To(1).
In particular, |Q(])V,Q(A)/FO(N)| =2"|Q%(A)/To(1)| where v is the number of prime factors of m,.

Notice that this proposition finishes the precise description of the set of integral binary quadratic
forms QN (A), up to I'p(N)-action. Indeed, as a summary of the above discussion we have a disjoint
union of I'y(N)-invariant sets

(18) v =[] [ LI - QN pomima (B,

d?|A p€RN(A/d?) (m1,m2)

where d varies over the positive integers such that d? | A, and for each o € Ry(A/d?) the pair
(m1, mg) ranges over the pairs of coprime positive integers with mymo = m,. For each tuple
(d, 0,m1,m2), the set of classes Q% , . 1. (A/d?)/To(N) is in bijection with Q°(A/d?)/To(1),
which is a class group a la Gauss.

Let us close this paragraph by pointing out some particular instances of the above proposition
that will be useful for our later discussion. We will look at sets of the form

Ly(NGA)/To(N) and  Lyy(NGA)/To(Np),

where Ny divides exactly N (meaning that ged(No, N/Ng) = 1), p is an odd prime not divid-
ing N, and A is a discriminant. Recall also that the sets ‘L’ consist of forms in the sets ‘Q’
with ged(No,¢) = 1. We will naturally write LY ,(-), LY ,. etc., for the intersection of
QN o)y QN pimymy ()> €te. with Ly (). An important observation for the following statements
is that, via the decomposition as in (18), the subset Ln(NFA) (resp. Lnp(NGA)) of Qn(NEA)

m1,m2( )7

(resp.  Qnp(NGA)), corresponds to the union of those subsets d - Q% , . o, (NGA/d?) (resp.
d- QNp. omyms (NGA/d?)) with ged(No, ma) = 1. We assume for simplicity that
(1) ged(N, NZA) = Ny (equivalently, ged(Ny, A) = 1).

Corollary 3.3. Under the above assumptions,

d2|N2A g€ Ry (N2A/d2)

and moreover the identity map [aN,b,c|] — [aN,b,c| yields a bijection between each of the sets
LY ((N§A/d?)[To(N) and LO(NgA/d?)/To(1).

Proof. For every Q = [aN,b,c| € Ly(NZA) one has ged(No, ) = 1. Since m,, | ged(N, NFA) and
me divides both ¢ and my,, condition (f) implies mo = 1. In particular, we must have m; = my,,
and LY ,(NGA/d?*) = LY ,,n, 1 (NGA/d?) for all o € Ry(NFA/d?), hence we can take Ny = N
and No = 1 in Proposition 3.2. O

Corollary 3.4. Let N, Ny and A be as in the above corollary. If p > 2 is a prime such that
pll A, then

d2|NZA 0€Rip(NGA/d?)

and both maps [aNp, b, c] — [aNp,b,c] and [aNp,b,c| — [aN,b, cp] yield bijections between each of
the sets LY, (NGA/d?) and LO(NZA/d?)/To(1).

Np,o

Proof. This follows similarly as the previous corollary, noticing that the assumption p || A implies
that one still has my = 1 and m; = m,. Therefore, we can use both maps in the statement to
establish the claimed bijections, by virtue of Proposition 3.2. 0

In the above corollaries, the fact that the invariant ms is always 1 when restricted to the
decompositions of the sets Ly (NFA) and Ln,(NZA) simplifies significantly the discussion. The
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situation becomes a bit more involved if p? | A. Indeed, let N and A be as above, and fix a prime
p > 2 with p? | A. Then we can write a I'o(Np)-invariant decomposition

Lup(NZA) = LR (N3A) U LE) (NIA),

where
Ly, (NgA) = || || d-£h, . (NgA/d),
dQ‘é\SA’QERNp(%)
cONga)y = || L] d L%, (N3A/d?).
d2‘;¥§A’@€RNp(%)

Notice that E’])VP(N(?A) =p- Lnp(NZA/p?), and hence one could apply the first of the above two
corollaries to describe the decomposition of this set into primitive subsets. Thus we may focus

our attention on the set E%’;(NOQA). To do so, first notice that if [aNp,b,c] € LY, ,(NgA/d?) for

some d and p arising in the union defining ES\Z;;(NOQA), then either

i) plaand pte, or

ii) ptaandp|ec
Indeed, this follows easily from the fact that p? divides the discriminant of [aNp,b,c| and p ¢
ged(a, b, ¢). We call L5 (NZA/d?), resp. L% (NZA/d?), the subset of forms in LY, o(NgA/d)

Np,e Np,e
falling in case i), resp. ii). In a natural way, we also define ng,’;’a(NgA) and E%L’C(NOQA), so that

L (NGA) = L (NFA) ULG) (NFA).

Corollary 3.5. Let N, A, and p be as above. For x € {a,c}, there is a To(Np)-invariant decom-
position

Lo Ngay = | | L] d-cy ,(VEa/d).
d?|N2A, o€ Rnp(NZA/d?)
ptd

A bijection between each of the sets E?\’,;Q(NOQA/dQ)/FO(Np) and LO(NEA/d?)/To(1) is induced
by the identity map [aNp,b,c| — [aNp,b,c| if x = a, and by the map 7 : [aNp, b, c] — [aN,b,pc| if

* = C.

Proof. In this case, the assumption (}) together with the definition of m, imply that p || m, for
all o € Ryp(NEA/d?), with d? | NZA, p td. In addition, ms can only be either 1 or p because
ged(No,¢) = 1. Thus the only possibilities for the pair (mq,ms2) are (m,,1) and (m,/p,p). By
construction, one easily checks that the set E?\};Q(NOQA/dQ) is exactly LY, , . 1(NgA/d?), while
the set E?\};Q(N(?A/dQ) coincides with E?Vpﬁgﬁmg/pﬁp(NgA/dQ), thus the result follows by applying

Proposition 3.2. 0

3.2. Relating level N and level Np. Continue to assume that ged(Ny, A) = 1 as before (see
(1)), and let p be an odd prime with pt N. After our careful study of the previous paragraph, we
now want to compare the sets

Lnp(NGA)/To(Np) and  Ly(NGA)/To(N).

To begin with, we need to understand how the sets Ry(NZA) and Ry,(NZA) are related.
Observe that Ry (NZA) is the subset of Z/2NZ consisting of the residue classes ¢ € Z/2NZ such
that o? = NgA (mod 4N) (in particular, notice that ¢ must be congruent to 0 modulo Np). And
similarly for Ry, (NZA). Of course, these sets could be empty.

The natural projection morphism

Z/2NpZ = Z)2NZ x Z./pZ — Z/2NZ

induces a surjective map Ry,(N3A) — Ry (NGA), and we have

3 = (14 (282 ) smrevg = (14 (2) ) s,
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Suppose that both Ry (NZA) and Ry,(NGA) are non-empty. Then the above map is a bi-
jection if (%) = 0, and it is a 2-to-1 map if (%) = 1. For a given o € Ry(NZA), observe that
LYy o (NGA) € Ly o(NGA) for all o' € Ry,(NgA) mapping to ¢. However, notice that if o' =
(mod p) (equivalently, if p divides A, so that there is a unique ¢’ mapping to ), it could happen
that a To(Np)-primitive form @ = [aNp, b, ] is not [o(N)-primitive® as a form in Ly ,(NZA). If
p does not divide A and (%) =1, we will certainly have

|| LR (NGA) C LY, (NGA),

Np,o'
Q/ERNP(NgA)7
oo

where on the left hand side there are exactly two ¢’ mapping to .
When p? t A, we have the following:

Proposition 3.6. Suppose that p t N, p?> 1 A, and assume (). If (%) = —1, then the set
Lnp(NEA)/To(Np) is empty. Otherwise, both maps [aNp,b,c| — [(ap)N,b,c| and 7 : [aNp,b, c| —
[aN,b,pc] from Ln,(NEA) to Ln(NEA) yield surjective maps

Lnp(NGA)/To(Np) — Ln(NGA)/To(N).
If (%) =0, these maps are bijections, whereas if (%) =1, these maps are 2-to-1.

Proof. The assertion in the case (%) = —1 is clear from our above discussion, as all of the sets

Rnp(NEA/d?) will be empty. Otherwise, recall that we have natural surjective maps
Rnp(NGA/d?) — Ry(NGA/d?), o' — o,

for each positive d with d? | N¢A. By Corollaries 3.3, 3.4 applied with levels N and Np, for every
o' above o, we have bijections
B id
LYy (NGA/d?*)[To(Np) = LOYNGA/d?)/To(1) «— LYy ,(NGA/d*)/To(N),
where 3 can be induced by either the identity map or by 7. Choosing £ to be induced by the
identity map (resp. by 7) for all choices of d and o', yields the desired result, noticing that the

map Ry,(NGA/d?) — Rn(NEZA/d?) is a bijection when (%) =0 and 2-to-1 when (%) =1 O

When p? | A, we find the following:

Proposition 3.7. Suppose that pt N, p* | A, and assume (1). Then, for each = € {a,c}, we have
a bijection

L) (NS A)/To(Np) — L (NGA)/To(N).
Such a bijection is induced by the identity map if x = a, and by the map 7 if x = c.

Proof. Using Corollaries 3.3 and 3.5 one can deduce that for each positive d such that d? | A and
p1d, and for each pair ¢’ — p, there are bijections

L% (N2A/d?)/To(Np) 25 LONEA/d?)/To(1) % LY (NEA/d®)/To(N),

where [ can be induced by the identity map when x = a and by the map 7 when * = ¢. Since

p | A/d* we also have bijections Ry, (NZA/d*) — Ry (NGA/d?), o' — o, and hence we deduce the
desired result. O

3.3. 0-th Shintani lifting and p-stabilization. Fix an odd integer N > 1, an integer k > 1, and
a Dirichlet character x modulo N. Let f € S5¢“(N, x?) be a newform, and p be an odd prime not
dividing N for which f is p-ordinary. Let o = «,(f) and 5 = 5, (f) be the roots of the p-th Hecke
polynomial of f, labelled so that « is a p-adic unit. The ordinary p-stabilization f, € Saor(Np) of
f is defined by
fo= = BVof = (1— BVp)/,

where the operator V, : Sop(N,x?) — Sop(Np,x?) is given by V,f(z) = f(pz). Notice that
fo € Sar(Np,x?) is an old form by construction (however, it is only old at p, and new at all primes
dividing N).

3The form [aNp,b,c| is seen as [(ap)N, b, c|]. Thus, even if gcd(a, b, c) = 1 it could be that ged(ap, b, c) = p. This
will happen if both b and ¢ are multiple of p and a is not, although this implies that A is divisible by p.
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Continue to use Ny, N1 Xo, € with the same meaning and assumptions as in Section 2, and fix
a fundamental discriminant 0 satisfying the following conditions:
(i) ged(N,0) =1, e(—1)kd > 0;
(i) =0 (mod p);
(ili) Ok, nx0(f) # 0.
Notice that we need to assume ged(Np,?) = 1 for the construction of the d-th Shintani lifting. In
order to apply the result from the previous paragraph, we will also need to assume ged(Ny,0) =1
to fulfill hypothesis (1) when considering discriminants divisible by 0.

Remark 3.8. With our working assumptions, the existence of such a discriminant 0 is guaranteed
by non-vanishing results for special values of twisted L-series (combine, for example, [BFH90] and
[Wal91, Théoreme 4]) together with Corollary 2.5.

Having made the above choice for 9, we want to relate the d-th Shintani lifting

9k,Np,x,D (fOé) = 9k,Np,x,D(f) - ﬁek,Np,X,O(fo)

of the ordinary p-stabilization of f with 0y n yo(f). Notice that the lifting 0 np 0 (fa) occurs at
level Np.

Let n > 1 be an integer such that e¢(—1)*n = 0,1 (mod 4). By definition of the d-th Shintani
lifting, the n-th Fourier coefficient of 0 n y,2(f) is given by the expression

an(9k7N7Xa°(f)) = C(ka X’a) Z M(t)XO)i(O(t)tikilrk,NtX(f? 0, 6(_1)knt2) =
0<t|N

= C(ka X a)rk,N,X(f; Da 6(71>kn)5

where the second equality is due to the fact that f is new (see equation (12)). Similarly, if
[ € Sar(Np, x?), then the n-th Fourier coefficient of 0y np. .o (f) is given by

an Ok npxo (f)) = C(k, X, 0) Z 1) Xo X0 (1)t " Nt (f3 0, €(—1)Fnt?).
0<t|Np

Using that p does not divide N, that u(pt) = —u(t), and that x5 Xo(pt) = xoXo0(P)XoXo(t), we may
rewrite the sum in the previous expression as

Z 1(t)xoXo ()t (Tk,Npt,X(f;aa e(—1)"nt?) — xoXo(P)p " i Np2en (50, 6(*1)k”p2t2)) :
0<t|N

Our choice of d implies that x,(p) = 0, so that we actually have

(21) an Ok Npx0 (f) = C(k, x,9) Z 1) Xo X0 ()t g Nt (F3 0, €(—1)Fnt?).

0<t|N

We are interested in the cases f = f and f = V,f. In the following lemmas, we will see that
since f € Sox(NV, x?) is new, all the terms in (21) corresponding to non-trivial divisors of N vanish,
and the remaining term can be related to the d-th Shintani lifting of f at level N. This will
lead to the precise comparison between the coefficients of Ok np.y.0(fo) and Ok n .y o(f) stated in

Proposition 3.13 below. We start dealing with the case f =f.

Lemma 3.9. With the above notation and assumptions, the d-th Shintani lifting of f at level Np
satisfies

an(ek,Np,x,D(f)) = C(kv X D) ' Tk,NILX(f; 0, 6(71)]6”)
Proof. In view of (21), it suffices to show that 7y npt.y (f;0,e(—1)*nt?) = 0 for all divisors ¢ of N
with ¢ > 1. From (8) (with Nyp in place of Ny) and (7) we have
2k —2

-1
_ _ k,x
1 ) 22k 2(|0|7’Lt2)k 1/2 <f’ V;ffNo)f[I)le/t(_; 0, 6(—1)kn)>,

T, Nptx (f3 0, 6(—1)knt2) = intﬂ'fl (
and we observe that

<fa %f]]:[’f[])vlp/t(f, av 6(71)kn)> = <fa tr%p(‘/tf]]:ff[])\[lp/t(f; Da 6(71)kn))>5
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where tr%p : Sor(Np,x?) — Sar(N,x?) is the usual trace operator. Furthermore, one can check
that
N (Ve N (50, €= 1) ) = Vatry L S (50, (= 1) ),

No,Nip/t N/t J No,Nip/t
and hence the Petersson product on the right hand side of the above identity vanishes. Hence, the
terms i, npt (f5 9, €(—1)#nt?) vanish when ¢ > 1 as we wanted to prove. O

Thanks to the above lemma, it suffices to compute i np +(f;0, €(—=1)*n) in order to determine
an(Ok,Npx,o(f)). Notice that the coefficient ay,(0k,np 0 (f)) is forced to vanish unless n satisfies
e(—1)kn = 0,1 (mod 4), because 0 np.y.0(f) belongs to Kohnen’s plus subspace. Let d’' be a
discriminant with 90’ > 0 (note that this is equivalent to €(—1)¥d’ > 0, and that therefore one has
(=P’ =0).

Lemma 3.10. With the above notation, suppose that gcd(N1,0") = 1. Then we have
apor| Ok, Npx.0 (f)) = appr| (O, N x,0(f))-

Proof. By the previous lemma, we know that ajo/|(0r,np,v0(f)) = C(k, X, 0)7k, Npx (f;0,07), s0 it
suffices to compute

Tr,Npx (f10,0) = Z wo (@) Ik, x (f, Q)
QELNp(N§')/To(Np)

Suppose first that p t ?’, so that p divides exactly NZod'. Notice that our assumptions on d and
0’ imply that (1) is satisfied for A = 90’. By our discussion in the previous paragraph, and more
precisely by Proposition 3.6, we can use the identity map [aNp,b,c] — [(ap)N,b,c] to induce a
bijection from £y, (NZ0d')/To(Np) to Ln(NZod')/To(N). Therefore, we have

g (£:0,0) = 2 @I (£,Q) =i (f2,9),
QELN(NZV')/To(N)

and it follows that ajo/|(Ok,Np,x,0(f)) = ajor|(Ok, N x0(f))-
Suppose now that p | d’, hence p? divides 90’. In this case, we use the decomposition

Lp(N3OV')/To(Np) = LR, (NZDV') /To(Np) LU L) (NZ') /To(Np)

already introduced in the previous paragraph. Since wy(Q) = 0 for all forms @ € Efvp(Ngbb’ ), we
see that the sum over the first set does not contribute to ri np(f;9,9’). Therefore,

TeNp (£50,0) = > wo(Q) Ik (f. Q) + > wo(Q)Irx (£, Q)
QELY) ™ (NZo')/To(Np) QeLE)* (NZ00')/To(Np)
By Proposition 3.7, the second sum equals
> wo (T @) Ikx (£,771(Q) = 0,
QeL®) (N202’)/To(N)

because wy(771(Q)) = Yo (P)wo(Q) = 0 for all Q € L (N20v'). Hence the above expression
simplifies to

(22) Tk, Npx (f30,0) = Z wa (Q)Ikx (f, Q)
QELL) " (N§2d")/To(Np)
Again by Proposition 3.7, we deduce that
Tk,Np,x(f§DaDI) = Z wo (@) x (f, Q)
QELY (NF2?')/To(N)

This sum equals 75,y (f;0,0), since we can replace Eg\?) (NZod') by Ln(NZ0od') using again that
wo(Q) = 0 for all Q € LY, (NZod'), which implies the result. O

We proceed now in a similar fashion with V}, f. First, let n > 1 be an arbitrary positive integer
with €(—=1)*n = 0,1 (mod 4). We have the following observation.

Lemma 3.11. With the above notation, we have that
an (O, Npx0 (Vo f)) = Ck, x,0) - 1 np (Vo £50,€(=1)"n).
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Proof. The argument is similar to the one for the case f = f. We must show now that for
all t > 1 the terms 7y npt.x (Vpf;0,6(—1)knt?) vanish. One checks that these are multiples of

(Vo fs V}f;f,’f‘;vlp/t(—; 0,¢(—1)¥n)), and this Petersson product vanishes if ¢ > 1 because the second

form is old at ¢ while the first one is new at ¢. O

As above, we focus on fundamental discriminants 9" with 90’ > 0, and study the [0’|-th Fourier
coefficient of i, np 0 (Vp f)-

Lemma 3.12. With the above notation, suppose that gcd(N1,0") = 1. Then we have

ajor | (O, Np.x,0 (Vo ) = XorXo (P)P a0 Ok, Np,x0 (f))-
Proof. By the previous lemma, we know that ajo/|(0r,np,x,0(Vof)) = C(k, X, 0)rknp.x (Vo f50,07),
thus we have to compute
e Npx (Vo f30,07) = > wo( Q)i (Vo f, Q).
QELNp(NG')/To(Np)

Suppose first that p { 9. From Proposition 3.6 the set Ln,(NZod')/T'o(Np) is in bijection

with Lx(N§00')/To(N), but in contrast with the case of f = f, we may now use the map
7 : [aNp,b,c] — [aN,b, pc] to induce that bijection. Thus we have

i Npox (Vo f30,0") = Z wo (TN I (Vo f, 77 H(Q)).
QELN(NFov')/To(N)

Now, for Q € Ly (NZ0d'), using (3) one sees that wy(771(Q)) = X0 (p)ws(Q), and one also has

T (Vo f, Q) = XO(P)Pika,x(fa Q).
Indeed, we have xo(771Q) = ¥o(p)x0(Q), and therefore if Q = [aN, b, c] we find

Lix (Vo f, 77H(Q)) = xO(T”(Q))/C f(p2)(paN 2> + bz + c/p)*~dz =
1@

=Xo(p)p* " /710 f(p2)(aN(pz)? + b(pz) + ¢)*Ldz =

= Yo(p)p~* ; (2)(aNz* + bz + )" 'dz = xo(P)p "Ik x (f, Q).

Therefore, we get
Tre,Npox (Vpf30,0) = Xa')_(o(p)pfka,N,x(f; 0,0')
and the claim follows from this.

Suppose now that p | d'. Since xo/(p) = 0, we must prove that 74 np (V5 f30,9") = 0. Notice
that p? divides exactly NZ00’, so we can use again the decomposition

Lp(NGO')/To(Np) = LR, (NG0V')/To(Np) LU LE) (NED') /To(Np).

Observe that the sum over the first subset does not contribute to 7 np.y (V, f59,9’). Using Propo-
sition 3.7 as in Lemma 3.10, we obtain (compare with (22))

e Npo (Vo f30,0) = > wo (AT (Vo f, Q).
QeLY)*(N20v')/To(Np)

We claim that this sum vanishes, and the lemma will follow. Indeed, let Q = [aNp,b,c] €
E%;’Q(NOQDD’ ) be any representative of one of the classes appearing in the sum. By definition
of this set, we know that p | a, hence

o p 0

for Q" =[$N b ] € Ln(NGod' /p?). By equation (5), we deduce that wy(Q) = 0. O

'
Lemmas 3.10 and 3.12 prove the following precise relation between coefficients of 05 np .0 (fa)
and O, vy, (f):
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Proposition 3.13. Let N, k, x, f € Si¢¥(N,x?), and 0 be as above. Let 0’ be a discriminant
such that
i) 00’ >0,
ii) ged(Ny,d') =1.
Then, one has
ajor Ok, Npxo (fa)) = (1= Bxar Xo(P)p ™" )ajor Ok, 0 ())-

Remark 3.14. By Lemma 3.10, we have ajp|(0x,Nx0(f)) = ajo/|(Ok,Np,x,0(f)), hence we can
rewrite the identity in Proposition 3.13 as

a|0’|(9k,Np,X,D (foz)) = (1 - BXa’XO(P)P_k)aW\(ek,Np,X,a(f))-

In this form, this formula holds true also when f € S3¢*(Np,x?) is new of level Np (hence its
ordinary p-stabilization is f itself, and § =0).

Remark 3.15. The above proposition should be read as complementary to [Mak17, Proposition
2.10], as he imposes the condition gcd(Np,d) = 1 whereas we choose  such that gcd(N,d) = 1
and 9 =0 (mod p).

4. HIDA THEORY AND MODULAR SYMBOLS

As a preparation for the next section, we now review some basic material of Hida theory and
modular symbols, and set the conventions that will be used later. In most of the discussion, we
follow closely the approach in [GS93, Ste94].

4.1. Hida theory. Let O be a finite extension of Z, and let I' := 1 4+ pZ,. We write A = Ap =
O[[T]] for the usual Iwasawa algebra and consider the space:

X(A) :=Homo_cont(A, Qp).

Elements a € A can be seen as functions on X'(A) through evaluation at a, i.e. by setting a(x) :=
k(a). The set X'(A) is endowed with the analytic structure induced from the natural identification

(23) X (A) ~ Homeont (T, Q)

between X (A) and the group of continuous characters x : I' — Q; A character £ : I' — Q, is
called arithmetic if there exists an integer > 0 such that x(t) = ¢" for all ¢ sufficiently close to
1in T. A point k € X(A) is said to be arithmetic if the associated character of T' under (23) is
arithmetic. We refer to the integer r as the weight of k.

If R is a finite flat A-algebra then we write

X(R) = Homofcont (Rv Qp)

for the set of continuous homomorphisms from R to Qp, to which we also refer as ‘points of R’.
The restriction to A (via the structure morphism A — R) induces a surjective finite-to-one map

T: X(R) — X(A).

One can define analytic charts around all points x of X(R) which are unramified over A, by building
sections Sy, of the map 7, so that X(R) inherits the structure of rigid analytic cover of X(A). A
function f: U C X(R) — Q, defined on an analytic neighborhood of & is analytic if so is f o S,.
The evaluation at an element a € R yields a function a : X(R) — Q,, a(k) := k(a), which is
analytic at every unramified point of X(R). A point k € X'(R) is said to be arithmetic if the point
7(k) € X(A) is arithmetic. We will write X**"(R) C X(R) for the subset of arithmetic points in
X(R).
If N is a positive integer, with p N, consider the A-algebra

An = O[[Z; 1] = AlAny]

associated with the completed group ring on Z; N = @(Z /Np™Z)*. Under the natural isomor-
phisms

Z)n~Zy x Ay =T x Ayp, where Ay = (Z/MZ)",
we will write ¢, € Z) and ty € Ay for the projections of ¢ € Z;N in Z; and A%, We will
further write (t,) € T for the projection of ¢, in I'. Observe that ¢, = (t,)w(t,), where w denotes
the Teichmuller character. Notice also that the analytic space X (Ay) is naturally isomorphic to a
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product of ¢(Np) copies of X'(A), with the components being in one-to-one correspondence with
the Q,-valued characters of Ap.

If R is a Ay-algebra, r > 0 is an integer, and 1) is a finite order character of Z;yN, we say that
Kk € X (R) has signature (r, 1) if its restriction to Ay is of the form r([t]) = v (¢){t,)" for all
te Z;y ~- Notice that any finite order character 1 as before can be uniquely written as ¢ = yw'e,
where x is a Dirichlet character modulo N, and ¢ is a finite order character of I'. We will refer to
xw® (resp. €) as the tame (resp. wild) part of 1. Using this decomposition and restricting ourselves
to tame characters, an arithmetic point x has signature (r, yw?) if

K([t]) = x(tn)w' (tp) {tp)" = X(tw)w' ™" (tp)15,

forallt € Z . If t € Z \, we will simply write (t),w(t) and x(t) to denote (t,),w(t,) and x(tn)
respectively.

Fix a prime p > 5, and an integer N > 1 such that p{ N. If r > 0 and m > 1 are integers,
recall that an eigenform f € S, 2(I'1(Np™),Q,) is said to be ordinary (at p) if the eigenvalue a,
of T}, acting on f is a p-adic unit. If f is also normalized (a; = 1) and the prime-to-p part of the
conductor is IV, one then says that f is a p-stabilized newform of tame conductor N. One can
check that if f is an ordinary p-stabilized newform of tame conductor N, then either f is already
a newform, or f is related to a newform g of conductor N by the so-called process of ordinary
p-stabilization (and in this case the level of f is Np). In the second case, if @ and 8 denote the
roots of the p-th Hecke polynomial for g, labelled so that « is the unit root and S is the non-unit
root, then one has f(z) = g(z) — Bg(pz). We write 5224 (I'1(Np™),Q,) for the set of ordinary
p-stabilized newforms in S,42(T'1(Np™), Q,).

Consider the abstract Hecke algebra over Ay obtainend by considering all the Hecke operators,
where group-like elements of Ay act as diamond operators. In his work, Hida studied the action
of H on certain spaces of modular forms and defined a Apy-algebra Ry, interpolating all ordinary
p-stabilised newforms of tame level N. This algebra comes equipped with a natural morphism
h:H — Ry. Writing a, := h(T},,) € Ry for the image of the Hecke operators, one defines the
uniwversal ordinary p-stabilized newform of tame level N to be

fy =Y ang" € Rullqll.
n>1
Then we have the following:

Theorem 4.1 (Hida theory). The An-algebra Ry is reduced, finite and flat over A, and it is
unramified at every arithmetic point. The map X (Rn) — Qypllql], k — fn (k) defines a bijection:

K € X (R ) 1:1 ordinary p-stabilized newforms of tame level N,
of signature (r,1)) weight v + 2 and nebentype character pw™".

Assume from now on that O contains the values of the characters of Ap,. The localization at
maximal ideals of R yields natural decompositions

Ry = PRa, | [X¥(Ra) = X(Ry),
m m

where each of the localizations Ry := (Rn)m is a finite flat integral domain extension of A. The
universal family can be seen as a collection fy = (fy,)m, where f, denotes the image of £y under
the natural morphism Ry — Ry induced by the above decomposition. For each maximal ideal
m, we have the following commutative diagram of A y-algebras, where Ay, >~ A is the localization
of Ay at mN Apn:

RN —>Rm

]

AN —>Am

The maximal ideals m are in bijection with the characters of Ay,: if m corresponds to the character
xw?, identifying Am ~ A, the morphism

locwm : AN — Am ~ A
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in the bottom row of the above diagram is determined by the fact that
locw ([t]) = x(H)w' ()[(t)] for all t € Z .

In particular, all the arithmetic points in X(Rw) have the same character in their signature.

Finally, by the Weierstrass preparation theorem, each of the power series fy, is uniquely deter-
mined locally by its values fiy (k) at arithmetic points k£ having trivial wild character. We define
the set of classical points in X(Ry,) as the set

XN Ry) = {k € X™N(R): 3k € Z such that x([t]) = t*,Vt € T'}.

In fact, fy, is also uniquely determined by the values fy,(x) when restricting to classical points
#x whose images in X°!(A) have big enough weights and are contained in a single residue class*
modulo p — 1. This justifies the following definition:

Definition 4.2. A Hida family of tame level N and tame character x modulo N is a quadruple
(Re, Us, U, £) where:
e Re is a finite flat integral domain extension of A;
o U C X(Rs) is an open subset for the rigid analytic topology;
° de C U N XY Rs) is a dense subset of Uy whose weights are contained in a single residue
class modulo p — 1;
o € Rel[q]] is a power series in q with coefficients in R, such that for all k € UF' of weight
r >0,
f(x) € SPS(Np, X)
is the ordinary p-stabilization of a newform f, € Sy412(N,X).

Let (Re,Us, US', f) be a Hida family as in the definition. By the universal property of Ry, there
is a unique A-algebra homomorphism Ry — Rg, which gives R the structure of A y-algebra. This
fits in a commutative diagram

RN —>Rf

loce

AN%A

where the vertical arrows are the structure maps of Ry and R¢ as A - and A-algebras, respectively,
and the morphism locs is determined by the property that

loce ([t]) = x(t)w™ (¢)[{t)] for all t € Z;N,

)

where 79 is an integer (only defined modulo p — 1) determined by the quadruple (Re, Us, U, ). In
particular, every classical point k € Z/lfCI has weight r congruent to rg modulo p — 1.

Remark 4.3. When r = 0, the form (k) can be either old or new at p. Only in the first case,
f(k) would be the p-stabilization of a weight 2 newform of level N.

4.2. Modular symbols. Let M > 1 be an integer and let To(M). Let A° := Div?®(P'(Q))
be the group of degree 0 divisors on the set of rational cusps of Poincaré’s upper half plane $).
The congruence group I'g(M) acts by linear fractional transformations on AY. Let V be a right
Z[1/6][To(M)]-module. There is a natural right action of I'o(M) on the set Hom(A°, V) of additive
homomorphisms from A® to V, defined by the rule

(®[7)(D) :=®(vD)ly,  yeTlo(M), De A’

The group of V-valued modular symbols over I'o(M) is the set of ® : A® — V such that ®|y = &
for all v € Ty(M), i.e.:

SymeO(M) (V) = HomFU(M) (AO’ V) = Hom(AO’ V)FU(]\/I).

4The finite-to-1 map X (Rm) — X(A) is unramified at arithmetic points. In particular, using the analytic sections
S, mentioned above one can identify the weight space, locally analytically around , with X'(A). The coefficients
of fin 0 Sk can then be identified with power series in one variable. By the Weierstrass Preparation theorem, each
of them is uniquely determined by its values at infinitely many points.
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Let now Go(M) denote the semigroup of two-by-two matrices v = (2%) € My(Z) such that
ged(a, M) =1 and ¢ =0 (mod M). If the action of T'o(M) on V extends to an action of Go(M),
then Symbp, ) (V) inherits a natural action of Hecke operators.

The element ¢ = diag(1,—1) € Go(M) induces an involution on Symbr, (V). Notice that
¢ acts by ® — @i, with (P|)(D) = ®(¢D)[e. Under the assumption that V is a Z[1/2]-module,
the action of ¢ decomposes the modular symbol ® as ® = & + &~ where &+ := %(Q) +.9D) €
SymeO(M)(V)i are such that (®* = +£®% ie.

Symbp, () (V) = SymeO(M)(V)Jr @® Symbr () (V)™

Let us now focus our discussion on some special choices of V. Fix an integer r > 0 and a
commutative ring R in which 27! is invertible (e.g. of characteristic zero). Let Sym”(R?) denote
the R-module of homogeneous ‘divided powers polynomials’ of degree r in X, Y over R generated
by the monomials

X’n ern

n! (r—n)!
Similarly, let Sym”(R?)* be the R-module of homogeneous polynomials of degree 7 in X, Y over
R, generated by the monomials X"Y"~" with 0 < n < r. Both Sym"(R?) and Sym" (R?)* are
equipped with a natural action of Ms(R), by the rule

(FIMX,Y) = F((X,Y)"y)

with 0 <n <.

where v+ 'y denotes the usual transpose.
Let us write (-, -), for the unique perfect pairing

(-,) : Sym”(R?) x Sym"(R*)* — R

Xiyrfi o )
- X'y = (=1 ]51..,
<i!(r — )’ >T (=1)70y

where d;; is the usual Kronecker’s delta function. This pairing satisfies in addition the properties

<(aY —bX)"

satisfying

P PIY)) = Pla) Yab € R (Pl Payhy = det(0) (P ).

T

From now on, we will write L,.(R) (resp. L*(R)) for the R[['o(M)]-module Sym"(R?) (resp.
Sym" (R?)*) equipped with the action of I'g(M) induced by the above described action. If in
addition x is an R-valued Dirichlet character modulo M, we denote by L, \(R) (resp. Ly (R)) the
same underlying R['o(M)]-module as L,(R) (resp. L:(R)) but with the action of I'o(M) twisted
by x~! (resp. x). That is, for an element

a b
Y= ( e d ) S Fo(M)

one has

x(a) - F((X,Y)'y) if F € Lyy(R),

(Fy)(X,Y) = . o
x(d) - F((X,Y)y) if F e L7 (R).
If f € Sp42(M, x) is a cusp form of weight r 4 2, level I'o(M ), and Nebentype character x, then

the L, (C)-valued differential form

wy = %f(T)(TY - X)dr

on § satisfies y*ws|y = wy for all v € To(M). The additive map ¢ : A — L, , (C) induced by

fea} — {1} / g

yields an L, ,(C)-valued modular symbol over I'o(M) (where the integral is along the oriented
geodesic in $ from ¢; to ¢3). We then have the following:

Theorem 4.4. For each choice of sign £, the map f — 1y yields a Hecke-equivariant inclusion

(24) Srt2(M, x) < Symbr ) (Lry (C))*
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Proof. This is a combination of the Eichler—Shimura isomorphism, the Manin—Drinfeld principle
and the Ash—Stevens isomorphism (see [AS86, Proposition 4.2]), which composed give us maps

Syt2(M, x) E;S> H, (To(M), LT,X(C))i I?/I Hcl(FO(M)a LT,X(C))i A;S> SymeO(M)(LnX(C))i.

par

We want to stress that the first isomorphism comes from integration and it does not respect alge-
braicity. If f is defined over a subring R of C its image is not necessarily in H_,,(To(M), L,y (R)*.
Also, the inclusion provided by the Manin—Drinfeld principle arises by taking a section of the nat-
ural projection map H. (To(M), Ly (C)) — H},.(To(M), Ly (C)). Such a section is defined over
any characteristic zero field, but it does not need to descend to any subring R of C. 0

A modular symbol ¢ € Symbp (57 (Lrx(C)) is said to be defined over a subring R of C if it

takes values in L, , (R), i.e. if it lies in the image of the natural map

Symbpo (M) (Lrx(R)) = Symbpo (M) (Lrx(C)).

If feSria(M,x)is a Hecke eigenform and Oy denotes the ring of integers of its Hecke field, it
is well-known that there exist two complex numbers Q}E € C* such that the normalized modular
symbols

1
(25) gD;ct = Q_:t . ’lp;‘: S SymeO(M) (LT,X(C))i,
f

one for each choice of sign, are defined over Oy (cf. [ManT73]).

4.3. p-adic interpolation of modular symbols. The modular symbols associated with modular
forms as recalled above can be p-adically interpolated, giving rise to ‘A-adic modular symbols’. We
now recall this construction, mainly due to Greenberg and Stevens [GS93].

Let NV > 1 and p be as before, and let fiy be the universal p-stabilized ordinary newform of tame
conductor N as defined in section 4.1. Recall that we can see fiy via its g-expansion

fv =) auq" € Ru|lall,

where R is the universal ordinary p-adic Hecke algebra of tame conductor N. For each arithmetic
point k € X (R ), we may fix complex periods (953 (w) € C* so that the normalized cohomology

v
classes
1
+ .f
(26) QOfN(,{) = Q;E 7/}fN(n)
N (k)

are defined over the ring of integers Ok, (,) of the Hecke field of fi (k) (cf. (25)). Following [GS93],
we recall how the collection of cohomology classes ¢, as x varies on the arithmetic points of
Ry, can be put together into A-adic cohomology classes (or modular symbols) ®*, recovering the
classes gpf under specialization maps.

Consider the subset (Z2)" of primitive vectors in Z7, meaning the subset of vectors which do not
lie in (pZ,)?, and let D = Meas((Z2)’) denote the group of Z,-valued measures on (Z2)’. Namely,
if Cont((Z)') denotes the space of continuous Z,-valued functions on (Z2)’, then D is the space
of continuous Z,-valued functionals on Cont((Z2)’). One can also see D as a direct summand of
Meas(Z2), via restriction of continuous functions on Z2 to (Z2)". Following standard conventions
of measure theory, if © € D we will write

/ fdu
U

to denote p(f - 1y) for any f € Cont((Z2)") and any compact open subset U C (Z2)'.

There are various natural actions on D. On the one hand, the scalar action of ZX on (Z)'
induces a natural action of Zy[[Z)]] on D. On the other hand, viewing elements of (Z2)" as row
vectors, we let To(N) act on (Z2)" by multiplication on the right. This action induces a natural
(right) action on D, which is characterized by the fact that, for all u € D, v € T'x(V), and
f € Cont((Z2)'), one has

/ £ )l ) = / F((@ )ty V) du(z, ).
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The two actions just described clearly commute one with each other, hence we can view D as a
Z,[[Z;]][T'o(N)]-module.
If R is a An-algebra, we define the R[I'o(N)]-module

Dz =D &gz, z;0 R
where T'o(V) acts through the rule

(L@ Ny = ply @ [a]n A,
for p € D, A € R, and v € T'g(N), where a is the upper-left entry of v and [a|]y € Ax =
(Z/NZ)* C Ay — R is the image in R of the group-like element of ¢ modulo N. To lighten the
notation, we will write Dy = Dy, .

If k € X*h(R ) is an arithmetic point of signature (r,), factor ¢ = 1n1, as a product of
two Dirichlet characters, with ¢y defined modulo N and v, defined modulo a power of p. Then
one has a map

5Py - DRN — Lr,ww*T(Rﬁ)’
where R, = k(Rn), defined by
(27) spulua)i=nte) [ v ) )
pX4p ’

for p € D and @ € Ryy. This is a T'o(Np™)-homomorphism if ¢ is defined modulo Np™, and hence
it yields a map on modular symbols

SPye,« 1 Symbp vy (Dry) —> Symbp (npm) (Ly g (Re))-
In addition, the specialization map sp,, , is Hecke equivariant. If ® € Symbp nv)(Dry) and
K € X (R \), we abbreviate
Q) = spm*((l))
for the weight x specialization of ®.

Theorem 4.5. Fiz an arithmetic point kg € X" (Ry). There is a modular symbol ® €
SymeO(N)(DRN) and a choice of p-adic periods Q. € R, one for each k € X" (Ry), sat-
isfying the following properties:

1) QKU 7é 07'

ii) @, = Q- Px () JOr every arithmetic point k € Xarith (R Y.

Proof. The proof is essentially a consequence of [GS93, Theorem 5.13], as explained in [Ste94,
Theorem 5.5]. We recall it here for convenience of the reader. Let (ro,vp) be the signature of
Ko, and let mg be the smallest positive integer such that vy is defined modulo Np™°. Then the
modular symbol
(pf_N(Ko) € SymeO(Nme)(Lro,wow*TO (Rﬁo))

is a Hecke eigenclass. If R(,) denotes the localization of Ry at ko, and h : H — R, is the
canonical map, then [GS93, Theorem 5.13] tells us that the R,,)-module of h-eigenclasses in the
space Symbr N)(DR(NO))* is free of rank one, and it is generated by an element ¥ whose image
under sp,, . equals g . One can choose an element a € Ry such that a(ko) # 0 and a¥ is
everywhere regular. Then ® = aW is the desired modular symbol. Indeed, by weak multiplicity
one, the weight k specialization ®,; is a multiple of gaf_N(K) for each arithmetic point x, thus one
can choose periods €2, € R,; verifying conditions i) and ii). O

Let now (Rf,uf,l/{fl, f) be a Hida family of tame level N and tame character y modulo N, as
in Definition 4.2. Recall that f is the image of the universal family fy under a unique morphism
RN — Re. We shall consider the Ry [[p]-module D¢ := Dy, together with the natural map

(28) Dry =D @y (7)) Ry — Dr =D &g 7 Re.

If k € U§' has weight r > 0, so that f(x) € S2%(Np, ), then observe that the specialization map
becomes

b1 ) = () | @Y =Y X) ay)

Z,}XZ) r!
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for p € D, @ € Ry (compare with (27)). Also, sp,, factors through factors through (28), and hence
the specialization map on modular symbols

SPr,« © Symbr ) (Dry) — SymeO(Np)(LT,X(Rn))
factors through a map, that we still denote sp,, ,,
SPi,x - Symeo(N) (Df) — SymeO(Np)(LT7X(RH))'
For simplicity, we may write 1/)2[(&) for the +-components of the modular symbol associated with

f(k), in(ﬁ) € C* for the corresponding complex periods, and gofi(ﬁ) = w;t(n)/ﬂf(n) as in (26). Then,
the above theorem yields the following immediate consequence.

Corollary 4.6. Let kg € Z/lfCI C XUNRg) be a classical point. There exists a modular symbol
Py € SymeU(N)(Df), and a choice of p-adic periods Q) € Ry, one for each k € Z/lfd, such that:

i) Q., #0;
ii) @g = Q- @&n) for all k € Us.

5. THE A-ADIC 9-TH SHINTANI LIFTING

This section is devoted to the construction of the so-called ‘A-adic 9-th Shintani lifting’, which
interpolates the 9-th Shintani liftings of modular forms in p-adic families. To provide this con-
struction, first we explain in 5.1 a cohomological interpretation of the classical 9-th Shintani lifting
described in Section 2, which is better suited for the p-adic interpolation and yields also an al-
gebraicity statement. After that, in Section 5.2 we refine Stevens’ approach in [Ste94] to define
the A-adic 9-th Shintani lifting ©4(f) of a Hida family f (cf. Equation (30)). The interpolation
property is precisely stated in Theorem 5.9. The main result of Section 5.3 is the A-adic version
of Kohnen’s formula given in Theorem 5.13. As an application of this, Corollary 5.15 gives a mild
generalization of Kohnen’s classical formula. Finally, in Section 5.4 we study the evaluation of the
A-adic Kohnen formula at classical points outside the interpolation region.

5.1. Cohomological d-th Shintani lifting and integrality. Let M > 1 be an odd integer,
and x be a Dirichlet character modulo M (later we will be interested in M = N or Np). Let
Xo be the primitive character associated with M, My be its conductor, and set My = M /My,
e = x(—1). Let k > 1 be an integer, and fix a fundamental discriminant ? with ged(Mp,0) = 1
and €(—1)kd > 0. We explain the cohomological interpretation of the d-th Shintani lifting from
Sor (M, x?) to S;H/Q(M, X)-

If f € Sor(M, x?), recall that the definition of its 9-th Shintani lifting 0k s o(f) involves certain
integrals Iy, , (f, Q) associated with integral binary quadratic forms @ of discriminant divisible by
[o| (see (10) and (9)). Namely, if m > 1 is an integer such that e(—1)*m = 0,1 (mod 4), then the
m-th Fourier coeflicient of 0y asy,0(f) involves the computation of integrals

Lir(£,Q) = x0(Q) /C F(2)Q( 1) dz

for integral binary quadratic forms @Q in Lz ([o|mt?) (modulo I'o(Mt)-equivalence), where t is a
positive divisor of M. If () is such a quadratic form, we let

DQ = aCQ = {w’Q} — {wQ} S A°
be the degree zero divisor given by the boundary of the geodesic path Cg.

Definition 5.1. Let R be a Z[1/6]-algebra containing the values of x, ¢ € Symbr (pp) (Lag—2,x2(R))
be a modular symbol, andt > 0 be a divisor of M. For each integral binary quadratic form Q € Lyt
with positive discriminant, we put

Jrx (0, Q) == x0(Q)(p(Dq), Q*') € R,

where here () = ()og—2 is the pairing on modular symbols as defined in the previous section. For
each integer m > 1 with ¢(—1)*m = 0,1 (mod 4) we also define

m) = Y @ Tia(e.Q).

QEL([0|m)/To(Mt)

Skt (9,05 €(—1)F
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In the above definition, ¢(Dg) stands for the value at Dg of any cocycle representing ¢. One
can check that Ji (¢, Q) does not depend on the choice of such representative for ¢, and that it
depends on @ € Ly only up to To(Mt)-equivalence. When Y is trivial, we will write Jj. instead of
Jk,x, and similarly si ar instead of si are,, . With the help of the quantities si as¢,y (¢, O; e(—1)*m),
we can now define the cohomological d-th Shintani lifting as follows (compare with the classical
definition in (10)).

Definition 5.2. Let R be a Z[1/6]-algebra containing the values of x. Define an R-linear map
Ok, M x,0 + Symbrp (ar)(Lak—2(R)) — R[[q]]

by setting

Ok, mx0 () = C(k, x,0) Z Z 1(t)xoXo ()t sk are oy (0,05 €(—1) mit?) | ™.
m>1, 0<t|M;
e(—=1)Fm=0,1(4)

Proposition 5.3. Let the notation be as before, and R be a Z[1/6]-algebra.
i) For every ¢ € Symbp, vy (Lag—2,x2(R)), one has O m x,0(¢lt) = —Ok, m1,x,0(#).-
ii) Let f € Sor(M,x?), and let ¢y € Symbr ) (Log—2,2(C)) be its associated modular
symbol as above. Then Ok a1y o(V5) = ®k,M,X,a(7/)f_) = Ok my0(f).
iii) If R = K is a field of characteristic zero, and ¢ € Symbr, (an) (Lok—2,,2(K)) belongs to the

image of the inclusion (24), then O .y o0(p) € S;Zrl/Q(M, x; K).

Proof. First of all, one easily checks from the definitions that :Dg = —Dg,,. This implies that,
for an arbitrary integral binary quadratic form @,

Tex (216, Q) = x0(Q)((tD@) 11, Q") = x0(Q)(¢(tDg), (Ql1)* ") =
—X0(Q © t){¢p(Dgqo.), (Q 0 L)k71> = —Jix(p, Qo)

where in the third equality we use that @ ot = Q¢ and that yo(Q) = x0(Q o ¢). Statement
i) follows from this by the definition of O a0 (noticing that also wy(Q) = wyo(Q o ¢), since Q
and @ o ¢ represent the same integers, and that @ — @ o ¢ gives bijections on each of the sets
Lase([olm)/To(ME)).

Next, we observe that

(7Y = X)*2,QF ) = (2k — 2)1- Q(r, 1)* .
This implies that

(52—0(_@2))‘! /c FENEY = X)?72,Q8 Ndr = xo(Q) (1 (Dq), @) = Jix (5, Q),

Ik,X (fa Q) =
and hence one easily sees that Oy ar,y,0(¥f) = Ok mx.0(f). Furthermore, decomposing vy = 1/1}" +
¥ into its + and — components, part i) tells us that @k,]w,x,a(’l/]}_) = 0, and hence O a0 (V5) =
Ok,M,x,0(1} ), thereby completing the proof of ii). Finally, statement iii) follows already from the
proof of ii). O

A cohomology class (or modular symbol) ® € H(T'o(M), Lak—2(C)) is said to be defined over
a subring R of C if ® lies in the image of the natural map

H}(Do(M), Lok —2(R)) — HX(To(M), Lar—2(C)).

Equivalently, ® is defined over R if the corresponding modular symbol (under Ash—Stevens iso-
morphism) takes values in Log_2(R).

If f € Sor(M,x?), recall from (25) that there exist complex numbers ijf € C* such that the
normalized modular symbols

1
£ +
©F -_@'wfa
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are defined over the ring of integers O of the Hecke field of f. We fix once and for all periods
ijf € C* with this algebraicity property, and then define

1

(29) Okt (f) 1= qr frarall)

Theorem 5.4. Let f € Sox(M, x?) be a Hecke eigenform, and let 1 and pf be as above. Then
1 _
92 %W,X, (f) = @k,Myx,a(saf) € S];:_l/Q(Ma e Of)

Proof. The equality HZI%M 1o(f) = Ok mx0(pf) follows from the previous proposition and the def-
inition of ¢} and ek,M,X,a(f)' Now, since ¢ is defined over Oy, the values xo(Q){¢} (Dg), QF 1)
belong to Oy for all @, hence also the values sk, nre,x (¢}, 0; (—1)kmt?) belong to O for all m, t.
As a consequence, all the coefficients of O, ar,x,0(¢} ) lie in Oy and the theorem is proved. O

As a direct consequence of Proposition 3.13, and of the cohomological d-th Shintani lifting
introduced in this section, we have the following statement.

Corollary 5.5. Let k > 1 be an integer, N > 1 be an odd integer, x be a Dirichlet character modulo
N, and p > 2 be a prime with pt N. Let f € Sop(N,x?) be a normalized newform ordinary at p,
and let fo € Sar.(Np, x?) be its ordinary p-stabilization. Let d be a fundamental discriminant with
e(—1)k0 > 0, ged(d, N) =1 and 0 = 0 (mod p), and let ' be another fundamental discriminant
with 90" > 0 and ged(d’',N) = 1. Then

a\a’|(9k,Np,X,a(¢fa)) = (1 - 5)(3')20(17)]7716)%0'\(Gk,N,X,a(f)),

and hence )
Q— iy |(®k Npxo (Y1) = (1= ﬂXa')_(o(p)pfk)am'\(QZ}%,X,a(f))

Proof. Indeed, we have

a\a/l(@k,prx,D(ﬂ’fa)) = ala'\(ek,Np,xyb(fa)) =(1- ﬂxb/f(o(p)pfk)a‘aq(9k7N7X10(f)),

where the first equality follows from part ii) of Proposition 5.3, and the second one from Proposition
3.13. This proves the first identity. The second one follows immediately from the first by the

definition of 07%, | , O

5.2. The 0-th Shintani lifting of a Hida family. Recall the universal ordinary p-adic Hecke
algebra Ry of tame conductor N, over Ay = O[[Z) y]]. We introduce now the universal ordinary
metaplectic p-adic Hecke algebra of tame conductor N, defined as the Apy-algebra

RN = RN Ory.0 AN,

where the tensor product is taken with respect to the O-algebra homomorphism o : Ay — Ay
associated to the group homomorphism ¢ + t? on Z* » N+ We note that Ry is seen as a Ay- algebra
with the structure morphism A — 1® A, A € An. Also we observe that the ring homomorphism

RN»—>RN, ar— a®l

is mot a homomorphism of Ay-algebras, but only of O-algebras. Indeed, the map induced by
pullback on weight spaces

X(RN) — X(RN)
sends arithmetic points of signature (r, ) to arithmetic points of signature (2r,?). In particular,
for any quadratic character e, the arithmetic points of signature (r, ) are still sent to arithmetic
points of signature (2r,?).

Fix now a Hida family (Re,Us, U, f) of tame level N and tame character y? modulo N. As
usual, we write xo be the primitive character associated with x, Ny for its conductor and Ny =
N/Ny. We assume that gcd(No, N1) = 1 and write € = x(—1). By definition of Hida family, there
exists an integer ko (only determined modulo (p — 1)/2) such that every classical point x € Ug' has
weight 2k — 2 with 2k = 2ky (mod p — 1). We define

Re :=Re Op0 A,
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where o : A — A is the O-algebra isomorphism induced by ¢ — t? on 1+ pZ,,. In particular, notice
that R is isomorphic to R¢ as O-algebras. We equip R¢ with the structure of A-algebra via the
map A — 1 ® A. The natural homomorphism

Re — ﬁf, a+— a®l
is an isomorphism of (-algebras, but it is not even a homomorphism of A-algebras. Indeed,
similarly as above this is reflected in the fact that the induced map

T X(Re) — X(Re)

on weight spaces doubles the weights.

2ko—2

For any choice of square root ¥ of x?w in A ~p We have a Apy-algebra structure for ﬁf.

This also uniquely determines the R n-algebra structure because of the following diagram:
loc
N————=R¢

/0(:)(2w2k0 -2 /

Ay ————A

N

locg

A

Since p 1 N, we have a natural decomposition A Np & A N X ﬁp, hence x is uniquely determined
2ko—=2 i ﬁp. We choose g to be one of the two
solutions of the congruence 2z = 2ky (mod p — 1) and consider the A n-structure of R induced by
the choice y := yw™ 1.

Let Us = 7Y (Us) and Z]fl = w—l(ufd). Notice that not all the weights of classical points
in L~{f01 are contained in a single residue class modulo p — 1. Indeed, a point & € Z]fd has weight
k —1 for some integer k such that 2k = 2ko (mod p — 1). Therefore either k = ro (mod p — 1)

ork=rg+ p—;l (mod p — 1), yielding a partition of U§' as a union of two sets. In the following

by the choice of a square root of x? in Ay and of w

discussion we write L~{fCl (ro) for the subset of classical points in Z]fd whose weights are of the form
k—1 with k=ry (mod p—1).

Lemma 5.6. Let (Re,Us,US', f) be a Hida family and keep the notation as in the above discussion.
For each Q € 55\]72) with positive discriminant divisible by p, there is a unique Rg-homomorphism

ngf : Df — ﬁf
such that for all k € Hfl(ro) of weight k — 1 one has
R(JIGe(1) = Xx0(Q){sPr(ry (), Q") for all p € Dy.

Proof. Fix a quadratic form @ as in the statement. The uniqueness of Jg is clear because Z]fd(ro)

is dense in Us. To prove the existence, we adapt the arguments in the proof of [Ste94, Lemma 6.1].
Recall that there is a canonical isomorphism Z,[[Z,]] ~ Meas(Z,), j + dj. Using this, we first
define a map
jo: D — Zy[[Z)]], v o),
where jo(v) is determined by requiring that

[ tdiow)= [ (@) dvia.y)
7 Zy X7}

for all continuous functions f : Z) — Z,. Observe that since Q € ng;; has discriminant divisible
by p, we have Q(z,y) € Z, for all (z,y) € Z, x Z, so this is well-defined. We notice that jg is a
Z,-linear map, and that jq([tJv) = [t?] - jo(v) for t € Z). We compose the map jq with the map
loc,, :=locy |a,, i-e.

locyy : Ay = A

[z] = W (@) [(2)]  for x € Z.
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In this way we get a map
jor D — A v jor(v) =locy (jo(v)).
which, in terms of measures, is characterized by requiring that

[ odiast) = [ o)

for all continuous functions ¢ : I' = Z,,, where ¢f(z) = w™ ! (z)p((x)) for x € ZX. Observe that
Ja.e([tlv) = locy, ([t]%jq(v)) for all t € ZY, v € D. The map jq ¢ extends by Re-linearity to a
unique Rg-linear map
JQ,f :Deg=D ®ZP[[Z§]] Re — ﬁf =Re QAo A
such that
Josr(v®a) =x0(Q) a®s jor(v) forveD,ac Rs.

Now, let p =v®a € D = D ® R¢, and k € Z]fd(ro) be a classical point of weight k& — 1, and
let k = 7(%) € U§'. Then we have

RJIGE(1) = x0(Q) - Fla @ DE(1 ® jo.r(v)) = xo(Q)r(a) - / Fdjge(v) =

= x0(Q)r(a) / R djg(v) = xo0(Q)r(a) / W Q(z, y)R((Q(z,y)))dv(z,y) =

Z Z, X2}
—x0(@rl0): [ wlQep) Q) dvlay) =

Y — 2k—2

Y — 2%k—2
= XO(Q) <Ii(0&) ' /Z zx %dy(zay%@kl> = XO(Q)<SPH(M)5Qk71>7

as we wanted to prove. ]

Definition 5.7. Let ®¢ € Symbp n)(Dt) be the A-adic modular symbol attached to f as in
Corollary 4.6. For each @ € ng;; with positive discriminant divisible by p, we define

J(£;Q) = I3 (®(Dq)) € Ry.

An easy computation shows that J™(f; Q) depends only on the I'g(Np)-equivalence class of
Q. The notation suggests that J™(f; —) depends only on the Hida family f (and on the choice
of 79), but the definition clearly shows that it depends on the modular symbol ®¢, which is only
determined up to the choice of p-adic periods as explained in Corollary 4.6. Despite of this, we
prefer to write J™ (f; —) instead of J"(Pg; —).

Now let 0 be a fundamental discriminant divisible by p such that ged(Np,?) = 1.

Definition 5.8. If m > 1 is an integer, we define

s (£50, xo (—1)m) = > wo(Q) - J7(F;Q) € Ry.
Qe ([om)/T(Np)

Observe that the function s3¢(f;9, xo(—1)m) is identically zero if xp(—1)m # 0,1 (mod 4),
since in this case [o|m = dxo(—1)m is not a discriminant. And when xp(—1)m = 0,1 (mod 4),
the function s% (f;9, xo(—1)m) on X(Rg) is key to interpolate the m-th Fourier coefficients of the
0-th Shintani liftings of the specializations of f. Indeed, we define the A-adic d-th Shintani lifting
of f as the power series with coeflicients in Re given by

(30) () =D | D m)xaxo(®)t w(®) ()] R (F;0, xo (= 1)mt?) | ¢™ € Re[[q]l,
m>1 \0<t|Ny

where [()] € A is the group-like element associated with (t) € T’ (notice that pf Ni). Observe that
O5°(f) vanishes identically if ¢(—1)™d < 0 because the quantities s\ (f;, xo(—1)mt?) are all zero
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(compare with Remark 2.2). Note also that the definition of ©3°(f) depends on our choice of g,
as indicated by the notation (in fact, note that Lemma 5.6 and Definitions 5.7 and 5.8 do depend
on the choice of ry). Hence, for each solution of the congruence 2z = 2ky (mod p — 1) we have
a A-adic 0-th Shintani lifting of f, and they are different liftings. The interpolation property for
©3°(f) then reads as follows:

Theorem 5.9. Keep the notation notation as above. For every classical point k € L?fl(ro) of
weight k — 1, we have

O (£) (i) = C'(k, X,0) ' O npo (Pr ) = Q- Ok, X, 0) Oy 1 0 (F (1)),
where k = m(k) € U, and C(k,x,0) is the constant defined in (11).

Proof. The proof follows from the above construction of the A-adic 9-th Shintani lifting. First
suppose that €(—1)"0 < 0. In this case, e(—1)*d < 0 as well for all points % as in the statement,
and hence both sides of the stated equality are zero. We assume for the rest of the proof that
€(—1)™d > 0. Then, if & is as in the statement we have xo(—1) = e(—1)*. If m > 1 is an integer
with €(—1)*m # 0,1 (mod 4), then sy (f;0,e(—1)*m) = 0, since [d|m is not a discriminant. For
the remaining positive integers, we can apply Lemma 5.6 to find

R(sy (£,0: x0(=1)m)) = >, wo(Q) - K(J™ (£;Q)) =

QeL¥) (|a|m)/T(Np)

= Y @@ pu(@6(Dg). Q") =

QeL®) (|a|m)/T(Np)

— Z wo(Q) - Ji(Pe e, Q) =

QELNp([0|m)/T(Np)
= Sk, Npx (Pf,k, 0; e(—l)km).

In the last line, the presence of wp makes trivial the contribution of non-p-primitive forms (because
p | 0). It then easily follows by the definition of ©3° that

0y’ (£)(%) = C(k, x, O)_lgk,Np,x,D(q)fw)’
observing that
I%(t_2w(t)m_1[<t>]_1) _ t—2w(t)r0—kt—k+1 _ t—k—l_
The second equality in the statement is now deduced using that ®¢ , = (2 - 90;(%)’ by Theorem

4.5, and that Ok, np,x0(p(,)) = szip,x,b(f("i))’ by Theorem 5.4. O

Remark 5.10. As we have pointed out above, it may happen that ©y°(f) vanishes identically.
However, suppose that there is at least one classical point k € L?fl(ro), say of weight k — 1, such
that the classical d-th Shintani lifting Ok npo(f(K)) is non-zero, where k = w(K). This implies
that €(—1)*0 > 0, and hence also e(—1)"°0 > 0. Then, by virtue of Corollary 4.6 we can choose
the p-adic periods so that Q. # 0, and the interpolation property of the previous theorem ensures
that ©3°(f) does not vanish. Hence, as soon as the classical d-th Shintani lifting is not vanishing

on £(k) for some k € w(UE (ro)), one can construct a non-zero A-adic d-th Shintani lifting of f,
©°(f). When doing this choice, we can say that ©3°(f) is ‘centered at k.

5.3. A A-adic Kohnen formula. We keep the notation and assumptions as in the previous para-
graph. Associated with a Hida family (R, U, Ug!, f) and a fundamental discriminant 9 satisfying
the assumptions of Theorem 5.9, let us rewrite (30) as

0y (f) = Y an(07(£)d™ € Rella])-

According to Theorem 5.9, the elements a,,(07°(f)) € Ry interpolate Fourier coefficients of the
0-th Shintani liftings of the classical forms f(k) on the set of classical points m(U§' (1)) C Ug'. In
particular, we may consider the function

2| (07 (F)) : X(Re) — Cp & — ap|(07(F)(R)
given by the [9|-th Fourier coefficient of ©3°(f).
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Proposition 5.11. With notation and assumptions as above, suppose that ged(N,0) = 1 and
e(—=1)"0 > 0. If & € U\ (ro) has weight k — 1, k = (&), and f(k) # fx, then

ro AR L(meD)ZOak)
1) (OFO)E) = 0 (DR PINS 1) el

where Ry(fx) as defined in Proposition 2.4.

Proof. For any & € L?fl(ro) of weight k — 1, Theorem 5.9 and Proposition 3.13 (see also Remark
3.14) imply that

. N ajo) Ok, npx 0 (F(£))) AN
(82) @ (O (£))(R) = O - 0 mEXE = Qu(l = BraXo(p)p*) -

C(k,x;0) - Q)

. ajo (O, Np.x.0 (fx))
C(k, x,0) - Q) ’

where k = 7(R), and the last equality uses that p divides 0. If f(k) # f,, the result follows by
combining (32) with Lemma 3.10 and Corollary 2.5. O

Ao (O, Np,x,0(fx)) _

C(k,x,0) - Q;(ﬁ)

- K

Remark 5.12. Notice that the condition f(k) = f can only happen when k = 1. See the forth-
coming Corollary 5.14 for the value at those K (in the case that x is trivial).

Note that the values -
(frm XoX0, k)

@r)*a00ox0) Y )

in (31) are algebraic, hence the Fourier coefficient ajy(©3°(f)) interpolates the ‘algebraic parts’

(ff'i) XDXOa k) .

of the special values L(fs, xoXo0, k) at classical points & € Z:if(”’o). A p-adic L-function interpo-
lating such special values was studied in Greenberg—Stevens [GS93], generalizing Mazur—Tate—
Teitelbaum [MTT86]. Associated with f and a Dirichlet character ¢, they define a two-variable
p-adic L-function £35 (£, 1) on some local domain Us x U C X (Rg) x X(A) satisfying the following
interpolation property: for every pair of classical points (k,j) € U§' x U in the cone defined by
0<j<wt(k)+2,

LES(E,9) (K, §) = Qe - Ep(£(K), 0, ) - (G — Dlg(yw! )

n ()
(QWZ)]Q:% )

Here ¢ = cond(yw'™7), m is the exponent of p in ¢, a,(k) is the p-th Fourier coefficient of f(x),
and the Euler-like factor:

L(f(x), v’ ™", j).

1-j j—1
(33) E(E(R), 0,5) = ay(k) ™ (1 _ %) |
When restricted to the line (k, k), where k = (wt(x) 4 2)/2, this identity becomes
LS5 (,0) (5, B) = D E(0(), 0, ) - S IS oy it ),
P ’ ) K P ) ¥ (277@)]99;%:; ) ) 5

This suggests defining a one-variable p-adic L-function as the restriction of L',SS (f, ) to the ‘line’

(k, k). More precisely, this one-variable p-adic L-function is the pullback of Egs(f , 1) along the
map

Us =5 U x U
given by k — (k, wt(x)/2 + 1) on U§'. For our purposes, we will rather consider the pullback of
Kgs(f,z/}) along

L:Z:if s U A) Us X U,
which yields a one-variable p-adic L-function EGS( , 1) on Us. Indeed, by construction we see that
if & € US'(ro) has weight k — 1 and k = (&), then
Ck—l(k ) (,L/le—k)

kOysen(y)
(271) Qi)

LGS (£,9)(R) = Q- Ep(E(K), 0, k) - - L(£(k),pw* 1 k).
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Similarly, by pulling back via the map 7 : Us — Us we can define A-adic functions R, and a, on
L~{f such that
Ro (%) = Ro(fx) and ay(R) = ap(k)
for all & € U of weight k — 1 > 1, with x = 7(7).
The following theorem might be seen as a ‘A-adic Kohnen formula’ in the spirit of the classical
formula stated in Corollary 2.5.

Theorem 5.13. With the above notation, suppose that gcd(N,0) =1 and e(—1)"0 > 0. Then the
equality

app| (03 (F)) = xo(—1) - ap - Ro - L (£, xoxow™* ™)
holds, as an equality of functions on Us.

Proof. Tt suffices to prove the claimed equality at classical points in L?fl(ro) of weight k—1 > 1, since
they are dense in Us. Let & € Z/lel (ro) be a classical point of weight k — 1, with k = r (mod p—1),
and let x = 7(%). We consider ¢ = xoxow™ . Since k = ry (mod p— 1), we have 1w'~* = x4 x0,
which has conductor [0|Ng. Therefore, since xo(p) = 0 the Euler-like factor &,(f(k), v, k) is just 1.
The fact that xo(p) = 0 also implies that L(f(x),vw* =1 k) = L(f(k), XoXo0, k) = L(fx, XoXo0, k).
Besides, note that since w is odd and we are assuming ¢(—1)"00 > 0 we have sgn(xoxow™ 1) = —1.
We thus obtain that

NG (R = Dlg(oxo)

NP
(271) Q)

Ess(fa Xaxowroil)(’%) = Q"éa’p(’i) ' L(flivX?')_(Oa k)

Using that
g(xox0) = xoxo(—1)[0[No/g(xo%0) = (—=1)*[|No/8(xaX0);
we can rewrite the above identity as
L(fx; XoXo, k)
2r) 8 0c0x0) Y )
Since k — 1 > 1, we have f(k) # f,. and we can compare the above with equation (31) to deduce
that

(34) LI (£, xoxow™ 1)(R) = Queap (k) (=1 NF[p|* (k — 1)1 -

app (05 (£))(R) = ap(r) - (~1)"e - Ro(f) - L5 (£, xoxow™ ") (R).
To conclude, we may just use that (—1)*e = x,(—1) to get
app| (03 (F))(R) = xo(—1) - ap(k) - Ro(f) - L3 (F, xoxow™ ) (%).
O

Corollary 5.14. Let N > 1 be a squarefree integer, p be an odd prime with pt N, f € Sa(Np) be a
normalized newform, and d < 0 be a fundamental discriminant divisible by p such that gcd(N,0) =
1. Assume that xo () = we for every prime £ dividing N. Let £ be the Hida family passing through
f, K €UE be such that f(k) = f. = f, and & € Z]fd(l) such that w(k) = k. Then

~ v L(fa X0 1)
a0/ (O3 (F))(R) = Qe -2/ Wfo] - X0
(2mi)g(xo) f
Proof. This is an immedate consequence of the above theorem, taking k& = ro = 1 and noticing
that Ry(f) = 2¢(N) under the hypotheses in the statement. 0

By using the interpolation property of the A-adic 0-th Shintani lifting, the above corollary can
be rewritten in classical terms. This yields a mild generalization of Kohnen’s formula in (15), in
which the level of the newform and the fundamental discriminant are not relatively prime:

Corollary 5.15. Let N > 1 be a squarefree integer, p be an odd prime with pt N, f € Sa(Np) be a
normalized newform, and ® < 0 be a fundamental discriminant divisible by p such that ged(N,0) =
1. Assume that xo(¢) = wy for every prime € dividing N. Then

Proof. Tt follows from Corollary 5.14, equation (32) (where C'(k,d) = 2) and the fact that the
family of p-adic periods can be chosen so that the relevant one is non-zero by Corollary 4.6. 0
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Remark 5.16. This formula could have been obtained by adapting the classical computation of
Proposition 2.4, choosing a suitable set of representatives for Ln,(N30?)/To(Np) for the compu-
tation of Tk, Np (f;0,0) (for this, one needs to use arguments similar to those used in Section 8 to
classify integral binary quadratic forms). Instead, the previous corollary shows that such computa-
tion can be avoided if one disposes of a 0-th Shintani lifting in p-adic families.

5.4. Classical points outside the interpolation region. Continue to assume that (R¢, Us, US', f)
is a Hida family as usual, and let  be a fundamental discriminant as in Theorem 5.13 (depending
on a choice of ry). We have seen in the previous paragraph how the [9|-th Fourier coefficient of
©7°(f) interpolates special values of twisted L-series associated with classical specializations of the
Hida family f on ‘half’ of the classical points. Namely, for classical points & € Z/lel (ro) of weight
k — 1 the specializations aj,(©3° (f)) (%) interpolate the special values L(fr(z), XoXo, k) (see Propo-
sition 5.11). This was just an immediate consequence of the fact that ©3°(f)(%) interpolates the
0-th Shintani liftings of the forms f(7 (%)) when varying & € Z/lel (ro), together with the classical
relation between Fourier coeflicients of Shintani liftings and special L-values.

A natural question is: what about the values of aj;) (03" (f)) at classical points & € Z]fd fljfd(ro)?
At those points, we cannot use Theorem 5.9 to relate ©3°(f)(&) to a classical 9-th Shintani lifting.
However, we can still use Theorem 5.13 to evaluate ajp(03°(f)) by evaluating ESS (f, xoxow™1).

Indeed, first notice that if & € Z]fd does not belong to L?fl(ro), then K has weight k — 1 for some
integer k such that k =79 + (p — 1)/2 modulo p — 1. Then the character

ro—1,,1—k (=1)/2,,

XoXow = Xow 0 = Xo/p* X0

has conductor ¢ = [d|Ny/p, where p* = (—=1)?=1/2p. In particular, m = 0 in the notation of the
previous paragraph. If k = 7(R), then

. Xo/p=Xo(p)p"
f ol =(1- 2
gp( (H)7 XoXow ak) ( ap(n) )

and therefore we find

ap) (O3 (1) (%) = a (1) xo(~ ) Ro(F)2 <1 . M) .

ap(’i)
(k= 1)!g9(xo/p* X0)
CL(E(K), Xa /pe X0, k).
Gy, (£(K), Xo/p* Xo. )

Now, we have
Xo/p Xo(=1D)[P[No  (=1)¥[o| Ny
po(XospX0)  PI(Xo/prX0)
where in the last equality we use that X/« xo(—1) = (=1)®~D/2yy(=1)e = (=1)rotE-D/2 =
(—1)*. Hence we can rewrite the above identity as

a(Xo/p*X0) =

N Xa/p*jog))fﬂk_l) - Ro () - Xo(—1)(—1)F[0|* N§ (k — 1)! x

L(f(’i)v XO/p*;(Ov k)
) 0 0xosp- X0) % )

(35) ap (O3 (F))(k) = 2 (1

p

Remark 5.17. This identity complements the interpolation formula for ©3°(f) in (31) at clas-
sical weights in Zj{fl — ?j{fl(ro). In turn, this identity also suggests that the specializations of
Oy (f) at classical points in L?t?l - L?fl(ro) would be ‘p-adic shadows’ of the d-th Shintani lift-
195 O, Np xww-1/2,5(E(K)). Note that in these d-th Shintani liftings the conductor of the character

xw®=V/2 is not relatively prime with 9, and hence the discussion in Section 2 should be reformu-
lated in order to define such liftings.

The identity in (35) shows also that on the subset of classical points Z]fd — Z]fd(ro) one can
find exceptional zeroes (precisely at those points where ESS (f, xoxow™ 1) has exceptional zeroes).
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Indeed, it is apparent from (35) that for a classical point & € Z]fl — ﬁfl(ro) of weight k — 1,
ajp| (03’ (f) (k) vanishes whenever

Xo/p*X0 (p)pl%l = ap(K).

When this holds, the order of vanishing of the [d]-th Fourier coefficient aj,(©;°(f)) at & is at least
one more than the order of vanishing of the relevant classical special L-value. This extra vanishing
is due to the p-adic interpolation.

To illustrate one of the settings in which exceptional zeroes arise, suppose that E/Q is an elliptic
curve of conductor Np with multiplicative reduction at the prime p (thus a,(E) = £1 according
to whether E has split or non-split multiplicative reduction at p, respectively). Let f € Sa(Np)
be the normalized weight 2 newform (with rational coefficients) associated with E by modularity.
Let also f be the Hida family passing through f at a classical point x € U§! (thus f(k) = f. = f),
and let & € Ug'(1) be such that (i) = k.

Let ro be an integer congruent to 14 (p—1)/2 = (p+1)/2 modulo p—1, and ? be a fundamental
discriminant divisible by p such that (—1)79 > 0. Associated with this choice, consider the A-adic
0-th Shintani lifting ©3°(f). Then, equation (35) reads

(=DP[No  L(fs: Xxo/p> 1)

/(05 ())(7) = xa (1) R ()62 (ap(0r) — oy () P L
o/P* )7 f

- ~ 1 L(vaa/l?*’l)
= (@(E) = Xarp () Ro(R) - (Z0)Nop ™ 0

and we see that aj, (03 (f)) has an exceptional zero at & when x3/,- (p) = a,(E). We notice that
under the assumption that xo(¢) = wqe (f) for all primes ¢ such that ¢° || N, the quantity Rq (&)
equals 2¥V) | where v(N) is the number of primes dividing N.
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