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AFFINE QUANTUM SUPER SCHUR-WEYL DUALITY
YUVAL Z. FLICKER

ABSTRACT. The Schur-Weyl duality, which started as the study of the commuting actions
of the symmetric group Sq and GL(n,C) on V®¢ where V = C", was extended by Drinfeld
and Jimbo to the context of the finite Iwahori-Hecke algebra Hy(¢?) and quantum algebras
Uq(gl(n)), on using universal R-matrices, which solve the Yang-Baxter equation. There
were two extensions of this duality in the Hecke-quantum case: to the affine case, by Chari
and Pressley, and to the super case, by Moon and by Mitsuhashi. We complete this chain
of works by completing the cube, dealing with the general affine super case, relating the
commuting actions of the affine Iwahori-Hecke algebra H¢(¢?) and of the affine quantum Lie
superalgebra U7 ,(sl(m,n)) using the presentation by Yamane in terms of generators and
relations, acting on the dth tensor power of the superspace V = C™*". Thus we construct
a functor and show it is an equivalence of categories of H§(¢®) and U{ ,(sl(m,n))-modules
when d <n’ =m +n.
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1. INTRODUCTION

The finite dimensional irreducible representations of the general linear group GL(n, C), or
equivalently its Lie algebra gl(n,C), where n is a positive integer and C is an algebraically
closed field of characteristic zero, can be classified as highest weight modules, constructed as
quotients of Verma modules. This applies to any semisimple Lie algebra, and was extended
to classical semisimple Lie superalgebras by Kac [K77].

Another approach was introduced by Schur [Sch01], and differently in [Sch27], who con-
sidered the permutation action of the symmetric group S; on d > 1 letters, and the diagonal
action of GL(n,C) ~ GL(V), on V®, Schur proved that these two actions have a double
centralizing property in End(V®¢). Representations of GL(V) are thus determined from
those of Sy.

Denote Schur’s representation by m; : S; — End(V®?). The group algebra CS; de-
composes as ®xcpar(d)/r, Where Iy are simple algebras, and Par(d) is the set of partitions
A= (A, A2, ...), A > Nig1 >0, 0f &t >O N = d. Hence there is a subset I'(n;d) C Par(d)
such that 74(CSy) ~ @aer(n:a)Ia, so that the GL(V')-irreducible representations which appear
in End(V®4) are precisely those associated to I'(n;d). This gives a bijection between the
set of representations of GL(n) which appear in V®? and a subset of the set of irreducible
representations of Sy, known by the work of Frobenius [F00] and Young [Yg]. Schur’s work
was continued by Weyl [W53], who determined the I'(n;d) and proved Weyl’s strip theo-
rem, which asserts that A = (A, Ag,...) € I'(n;d) iff \; = 0 for j > n. In particular, if
n>d=A+X+... then \; = 0 for all j > n, hence I'(n;d) = Par(d), so there is a
canonical bijection between the set of irreducible representations of GL(n,C) in V®¢ and
the set of irreducible representations of 5.

Multiplying 7y : S; — End(V®?) with ¢ ~ sgn(o), Sq — {£1}, one gets the same
results, but with the vertical strips I'(m;d)" (where X' is the transpose of \) replacing the
horizontal strips I'(m; d). Gluing these two permutations actions of Sy on V¢ Berele and
Regev [BR87] studied the permutation action of Sy on V®¢, where V = V5@ V4, dim Vg = m,
dim V5 = n, such that the restricted action on V5 permutes without a sign, and on V; with
sgn(o). Obtained are the Young diagrams not containing the box (m -+ 1,n+ 1). This yields
a representation 7y : Sq — End(V®?), and a subset I'(m,n;d) C Par(d) with 743(CSy) ~
®aer(mmnd)Ir. The Hook theorem [BR87, Theorem 3.20] asserts that A = (A, Ag,...) €
L(m,n;d) iff \; < n for j > m, ie, A\py1 < n+ 1. Note that if d < (m + 1)(n + 1) then
d= A=D1 X =D cicmyr Ai = (M + 1) A1 implies Ay <n+ 1.

Another way to state Schur’s work is as follows. Let (p, V) be the natural n-dimensional
representation of GL(n,C), and p; the diagonal representation on V®¢. This action of
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GL(n,C) commutes with the permutation action w4 of S; on V¥ Thus to any right Sg-
module M there is a GL(n, C)-module F(M) = M ®g, V9. The Schur-Weyl theory asserts
that for d < n, the functor M +— F(M) defines an equivalence from the category of Sy-
modules of finite rank, to the category of finite rank GL(n,C)-modules whose irreducible
constituents all occur in V&,

Drinfeld and Jimbo introduced, independently, in 1985, a family of Hopf algebras U,(g),
depending on a parameter ¢ € C*, associated to any symmetrizable Kac-Moody algebra g.
For ¢ not a root of unity, Jimbo [J86] announced an analogue of the Schur-Weyl duality with
the quantum group U,(gl(n)) replacing gl(n,C), V replaced by the natural n-dimensional
irreducible representation of U,(gl(n)), and S; by its Hecke algebra H;(g?). The latter is
isomorphic to the group algebra C(q)Sq of S; over the field C(q) (see Proposition for
a precise statement). The representation of this Hecke algebra on V®? is defined by the
R-operators, or “universal R-matrix”, which is the solution for the quantum Yang-Baxter
equation, and satisfies the relations of the generators defining the Hecke algebra.

The Hecke algebra, Hy(q?), also called the finite Iwahori-Hecke algebra, is the finite part of
the general affine Iwahori-Hecke algebra, H$(g*), which for prime-power ¢ is the convolution
algebra C.[I\G/I] of the compactly supported C-valued functions on the group G of points
over a local non-Archimedean field ' whose residual cardinality is ¢, of a reductive connected
F-group, which are bi-invariant under the action of an Iwahori subgroup I of G. The finite
Iwahori-Hecke algebra Hy(g?) is just the subalgebra corresponding to C.[I\K/I], where K
is a maximal compact subgroup of GG. The affine algebra is of great importance (when ¢ is
a prime-power) for automorphic forms and neighboring areas. It was given a presentation
in terms of generators and relations by Iwahori and Matsumoto [IM65], and another one —
which reflects better the structure of the double coset space I\G/I, by J. Bernstein [HKP10].
These presentations make sense for all q.

Drinfeld suggested in [D86] that the Schur-Weyl theory should extend to relate the affine
Hecke algebra HY(g?) and the affine quantum algebra Uq(sAl(n)). This was done by Chari-
Pressley [CP96], who constructed a functor from the category of finite-rank H$(g*)-modules
to the category of completely decomposable finite rank Uq(sAl(n))—modules whose irreducible
constituents occur in V¥ when ¢ is not a root of unity, extending Jimbo’s functor [JS6]
relating the non-affine U, (gl(n)) and Hy(g?); see also [G86]. A suitable limit as ¢ — 1 gives
Drinfeld’s [D86] (see also [D88]) Schur-Weyl duality for the Yangian Y (gl(n)), where the role
of Sy is played by a degenerate affine Hecke algebra whose defining relations are obtained
from those of H4(q?) for some ¢ — 1.

A “super” extension of Jimbo’s work [J86] to the context of the quantum superalgebra
U,(gl(m,n)), where the Hecke algebra H,;(q*) remains, but its action is composed with a
sign character, or alternatively a quantum extension of the work of Berele-Regev [BR8T],
thus the action of Sy is replaced by that of the finite Iwahori-Hecke algebra, and that of
GL(n, C) by that of the quantum superalgebra U, (gl(m, n)), was done by Moon [Mo03], and
also by Mitsuhashi [Mi06]. Both use the result of Benkart, Kang, Kashiwara [BKK00] which
shows the complete reducibility of the tensor product V®?¢ of the natural representation V'
of U,(gl(m, n)) using the crystal base theory of U,(gl(m,n)).
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However, it is the action of the affine Hecke algebra which is the most interesting. Our
aim here is to complete this missing general case by extending the Schur-Weyl duality to
relate the action of the affine Iwahori-Hecke algebra H¢(g?) with that of the affine quantum
Lie superalgebra U?,(sl(m, n)), thus extending the functor constructed by Jimbo and Chari-
Pressley to the context of the affine Hecke algebra and the affine quantum Lie superalgebra
U7 ,(sl(m,n)), or alternatively the work of Moon and Mitsuhashi to the affine quantum Lie
superalgebra case. This is the natural, general case.

A necessary ingredient is a definition of the quantum affine Lie superalgebra in terms of
generators and relations. This is provided by the work of Yamane [Y99]. In this affine super
case there are new relations: (QS4)(4) and (QS5)(4), that do not appear in the non-super
case, and we need to verify that they too are satisfied by the operators that we introduce.
This is a novelty of the affine super case.

As in |[CP96l Theorem 4.2], to extend [Mo03] and [Mi06] to the affine case one needs to
verify the relations which are new to the affine case, satisfied by the additional generators,
x5, or Ey and Fyy. Naturally our results can be used to obtain equivalence of categories of
representations of affine Iwahori-Hecke algebras and affine quantum Lie superalgebras, as
done in [CP96] in the non-graded case. We prefer to leave this for a sequel, as well as other
applications we have in mind.

In [K14] (see also [KKK13]) the main philosophy and results of categorification and 2-
representation theory, and the quantum affine Schur-Weyl duality in this language is ex-
plained. The Khovanov-Lauda-Rouquier algebras play a central role. This is an interesting
direction of further work. For recent survey of related work, and directions of current re-
search, from relations to geometry by Maulik-Okounkov, to categorification of cluster alge-
bras using R-matrices by Kang-Kashiwara-Kim-Oh, see [H17]. For representation theory of
U7 .(sl(m,n)) see [Zh17] and references there, as well as [Zr93]. We hope there is still some
interest in our modest but explicit construction.

Perhaps the most interesting fact about the Schur-Weyl duality in this quantun-Hecke
setting is the unexpected connection between the affine Iwahori-Hecke algebra, which comes
from number theory and automorphic forms for prime-power ¢, on one hand, and the quan-
tum theory of Yang-Baxter equations, which affords the action of the Hecke algebra via
the R-operators, for general ¢, originating from physics, on the other hand. The parameter
q is the residual cardinality of the local field from the arithmetic perspective, and can be
interpreted as the temperature from the physical point of view.

My initial motivation to study this area was to understand Drinfeld’s ideas on the Yang-
Baxter equation and on quantum groups. I was fascinated by the words — not knowing
their meaning — since I studied his “elliptic modules”. Clearly there is a strong resemblance
between the Schur-Weyl duality, and the Galois-Automorphic duality that Drinfeld studied
in “elliptic modules”. Another push came from a very brief conversation with Eric Opdam
who mentioned to me his work (JHO97]). This led me to realize that the area concerns Hecke
algebras, with which I am familiar. The final nail came from a brief social conversation with
Mikhail Kapranov that led me later to read his [K18|, and then to Manin [M97] and to
Deligne-Morgan [DM99] notes on Bernstein’s lectures at IAS, which made me realize the
significance of supersymmetry.
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2. SUPERALGEBRAS

Let m, n > 1 be positive integers. Put n’ = m +n, n” = n’ — 1. Let R be a field of
characteristic zero. For a fuller exposition to superalgebras see [DM99].

The general linear (Lie) superalgebra g = gl(m,n) over R is the algebra M(n' x n’, R) of
n’ x n' matrices over R, Z/2-graded as gl(m,n)y & gl(m, n)y, where

gl(m,n)y = {diag(A, D); A€ M(m xm,R), D € M(n xn,R)},
and
glim,n)y={(28); Be M(m xn,R), C € M(nxm,R)},

with the bilinear super bracket [z,y] = zy — (—1)%yz for x € gl(m,n)z, y € gl(m,n);, a,
b€ {0, 1}, on gl(m,n). An element of gl(m,n) is called homogeneous if it lies in gl(m,n)q.

Define a parity function p by p(z) = a if 0 # x € gl(m,n)q, a € {0, 1}.

Define the supertrace str (4 B) =tr A — tr D on gl(m, n), where tr is the usual trace.

Put sl(m,n) = kerstr. Put I = {1,2,... 0/}, I'={1,2,...,n" =n' — 1}.

Let E; ; € gl(m,n) be the matrix whose only nonzero entry is 1 at the (4, j)-position.

The Cartan subalgebra by of gl(m,n) is the R-span Spyp{E;;; i € I}, namely the algebra of
diagonal matrices.

Let h; € h (i € I') be E;; — (=1)*DE;, ;11, where p(m) = 1 and p(i) = 0 for i # m.

Denote by h* = Hom(h, R) the dual space of h. Under the adjoint action (Ad(h)y = [h,y])
of b, gl(m,n) decomposes as a direct sum of root spaces ) & Sqep+ gl(M, n)o, Where

glim,n), = {X; Ad(h)X = a(h)X, Vh € b}.

An a € h* — {0} is called a root if the root space gl(m,n), is not zero.

Let {e;; i € I} denote the standard basis of R* = R™ @ R". In particular {g;; 1 <
i < m} is the standard basis of R™, and {e;; m < i < n’} of R". The simple roots are
a; = ¢g;— g1 € 8%, 1 € I') and the fundamental weights are w; = e1+---+¢; € h*, i € I'.
A root «v is even if gl(m,n), N gl(m,n)g # 0, and odd if gl(m,n), N gl(m,n); # 0. Thus all
simple roots are even, except «,,, which is odd.

The lattice of integral weights P C b* is the Z-span of {e;; i € I}. The dual weight lattice
PY C b is the free Z-module spanned by E;;, i € I. For A € b*, h € b define A(h) = (h, \)
by linearity and ¢;(E; ;) = 0;,; = 0(4,j) (= 1 if i = j; =0 if i # j). We get a natural pairing
(-,) b xb* = R with (h;, ;) = a;j(h;). The Cartan matriv A = (a;; = «;(hi); 1,5 € I')
has nonzero entries: 2 at each diagonal place (i,7) # (m,m); —1 at each underdiagonal
place (i + 1,7) and at each over diagonal place (i,7 + 1), except at (m,m + 1) where the
entry is 1. The entries at (m,m) and at (i,j) with |i — j| > 2 are zero. The Cartan
matrix is symmetrizable in the sense that DA is symmetric, where D = diag(l,,, —I,_1),
and I denotes the identity k& x k£ matrix. Denote the diagonal entries of D by d;, thus
D = diag(dy,...,dpy_1),and d; =1 (1 <i<m), d; = —1 (m < i <n'). Explicitly

The middle rows are the mth and (m + 1)st, DA is symmetric. We also put dy = d,y = —1.
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The above is the example with which we deal. In general g will be the contragredient Lie
superalgebra corresponding as in [K77], [K78] to the following data (I’, P, {«;}, {H;}, A, D,
(x,y), (z,y)). Let I’ be the index set for the simple roots. Assume it is partitioned into two
parts corresponding to the even simple roots and the odd simple roots:

Write p(i) = 0if i € I/, and p(i) = 1 if ¢ € I’ ;. In our example of g = gl(m,n),
Iyg={m} L=1—-{m}, I'={1,....m+n—-1=n"}.

Let P be a free Z-module — its elements are called the integral weights — given with a
Q-valued symmetric bilinear form (.,.). Also given for each i € I’ is the simple root a; € P
and the simple coroot h; € PY. In the natural pairing (.,.) : P¥Y x P — Z they are assumed
to satisfy: (h;,aq;) =2 if i € I 5 (hi,0q) = 0or 2ifi € I 145 (hi,a;) < 0if j # ¢ and

p(i) = p(j). Also given are nonzero integers d; with
dl<h2, )\> = (Oéi, >\) VA S P.
Since d;(h;, aj) = (o, ;) = (o, ;) = d;j(hj, a;), the Cartan matrix
A= (a; = (hi,a;); 1,5 € T')
is symmetrizable: DA is symmetric if D = diag(d;; i € I').
More generally, one may consider a vector space V' of dimension (m, n), and a homogeneous
basis (g;; 1 < i < m + n) with g; of parity p(i). Each such ordered basis gives rise to a

deformation of the enveloping algebra of gl(V') as in the next section. But we consider here
only the case where all even ¢; are placed first, for simplicity.

3. QUANTUM SUPERALGEBRAS

Following [BKKO00] (and its predecessors [KT91], [FLVOI], [St92], [St93], [Y94], [Y99l,
and [Zr14]) we now introduce the g¢-deformation U,(g) of the universal enveloping algebra
of the contragredient Lie superalgebra g corresponding as in [K77], [K78] to the data of last
section. Denote by ¢ an indeterminate, put ¢; = ¢%. Define the bilinear form [z, y], to be
ry — (—1)P@PWyyz on homogeneous x, y; note that [.,.] = [.,.];. The associated quantum
enveloping algebra U, (g) is the associative algebra over Q(q) with 1, generated by e;, f;

(i € I'), and ¢" (h € PV), satisfying
=1 for h=0; @t = ghg" for h, B e PV,

g"e; = ¢ Veq", ¢"fi=q " fig" for hePY i€l
hi _ ,=hi
lei, fi] = eif; — (=1)PPD fre; s 5(¢=J)%
(note that the notation z;” and x; is often used for ¢; and f;);
and the bitransitivity conditions [K77, p. 19] (We first consider the previous relations, and
if in the resulting algebra a satisfies the following property, then we put a = 0):
Ifae) ., Uing)eU (n,) satisfies fia € U/(ny)f; for all i € I’ then a = 0.
Ifae) ., Uin)fiU/(n_) satisfies e;a € U (n_)e; for all i € I then a = 0.
Here U, (ny) is the subalgebra of U, (g) generated by {e;; i € I'}, and U, (n_) by {fi; i € I'}.

for i,5€l’;
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Now U/(g) is a Hopf superalgebra whose comultiplication A, counit ¢, antipode S are

Al =q¢"®¢", Ale)=e2q¢ %" +1®e, Alf)=Ffiol+q" o f;

5(qh) =1, e(e;) = 0=e(f); S(qih) = q¢h> S(e;) = —e, S(fi) = hifz*

Here h € PV, i € I'. It is only the Hopf superalgebra structure which matters to us. It
is not a Hopf algebra. One can introduce a Hopf algebra structure by replacing U (g) by
Uy(g) = U/(g) x (o), where o is the involution on U (g) given by:

) =" ole) = (e, o(f) = (-1,

where again h € PY, i € I'. Then U,(g) is a Hopf algebra with comultiplication A,, counit
€s, antipode S, given by

A(o)=0®0;, A" =¢"®q"
Ay (e) =e; @ g % + 0" @y, A (fi) = fi® 1+ o?Dgtt @ fi;
EU(U) =1= 5U(qh)> 50(62') =0= 50(fz’)§

So(0) = 0 So(q®) = ¢, Sles) = =" Desg™™, S,(f)) = —o" gt £,

In our case of g = gl(m, n), the bitransitivity conditions take the form (see [Y99, §6, Prop.
6.5.1, 6.7.1]:
quadratic relations (missing in [Zh14] bottom of p. 669]):

leie;) =0=1[fi, f;] if dist(i,5) #1, i, j€T’;
here dist(,7) = |i — j|; when ¢ = j = m this is:
e2, =0=f2;
cubic relations:

lei, [ei, e5]g-1]y = €iej — (g + ¢ Deieje;s +eje; s 0 if  dist(4,5) =1 and i # m;

same as last line with e;, e; replaced by f;, f;, or rF, af

quartic relations (use €2, = 0 = f2 for the =), m, n > 1:

i, eI

H[em—la 6m]qa em—i—l]q*la 6m] = €m+1€m€Em—16m + Cm—1€mEm+16m

1 . .
+€mem—16mem+1 + EmClm+1€mEm—1 — (q + q )emem—lem—l-lem 1S O;

same as the last formula with e replaced by f, or a7.
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4. WEIGHT MODULES

A U,(g)-module M is called a weight module if it admits a weight space decomposition
M = ®\epM,, where My = {u € M; ¢"u = ¢"Nu Yh € PV}. A weight module is a
highest weight module with highest weight A € P if there exists a unique (up to a scalar
multiple) superhomogeneous (ocu), = +uy) nonzero vector uy € M, called a highest weight
vector, such that M = U,(g)uy; euy = 0 for all i € I'; ¢"uy = ¢"Nuy, for all b € PV.
Denote the irreducible highest weight module with highest weight A by V(A). In our case of
g = gl(m, n), the set of dominant integral weights is

A= {Az YoM AN EL A Z A2 2 Ay A z---zxm}.
1<i<n/
Let R = Q(q) and V' = V5 & Vf be a Z/2-graded vector space, where Vg = @1<;<p Rv;,
VI = @mei<n Rui, 0’ = m +n. Write p(v;) =p(i) =0if 1 <i<m,and =1if m <i<n'
The fundamental representation (p, V') of U,(gl(m, n)) is irreducible and has highest weight
£1. It is defined by

p(o)v; = (=1)"Dv; (6,5 € I); plg")vi = ¢"*v; (h e PY);
plei)v; = 0(j, i+ Dvj_1; p(fi)v; = 8(4, j)vjra;
where vy = 0 = v,41. In the basis {v;; i € I} of V, p(e;) = Eiiv1, p(fi) = Eiy1i, p(¢") =
diag(q"=?). This representation extends to a representation p, of U, = U,(gl(m, n)) on V&4
via the map

A® = (A, @ IdSF-D)AC-D . 7 e+,
where AWM = A : U, — UZ?. Thus we put
pale) = P40 A (@), 1 € Uy = Uy (gl(m, m).
Explicitly pg : U, — Endgq) (V®?) is given by

pa(o) = p(@)®,  pa(d") = p(¢")** (h € PY),
pa(e) = Y p(a?D)PE D @ ple;) @ p(g~ 4= H (e 1),

1<k<d

pa(fi) = Z p(ap(i)qdihi)c@(k—n ®p(f)) ® [q®@d—F) (i e I’).

1<k<d

Proposition 4.1. ([Zr98, Prop 1], [BKKO00, Prop. 3.1]). pq is a completely reducible repre-
sentation of U,(gl(m,n)) on V&, d > 1.

5. AFFINE LIE SUPERALGEBRAS

We now proceed to describe the quantum affine Lie superalgebra U7 = U7, (sl(m, n)) which
is the main object of study in this work. It will be defined using generators and relations
following [Y99]. To ease the comparison with [Y99], note that our (n’ = m+n,n” =n'—1,m)
are (N,n, N —m) in [Y99]. In this section we describe the non-quantum case.

Let Z/2 = {0,1} be the cyclic group of order 2. Let V = V(0) ® V(1) be a Z/2-
graded vector space. An X € V (i), 1 =0, 1, is called homogeneous of (degree i and) parity
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p(X) =1i. A Lie superalgebra is a Z/2-graded C-space g = g(0) @ g(1) with a bilinear map
[,] g x g — g, called a Lie superbracket, such that for homogeneous elements X, Y, Z we
have

(X, Y] = (PP X] e g(p(X) +p(Y)),
X, [Y, 2] = [[X, Y], Z] + (1P Py, X, Z]).

An invariant form on g is a bilinear form (-|-) : g x g — C satisfying, for homogeneous X,
Y, Z in g, supersymmetry and Lie invariance, namely

(XIY) = (=1)PPI(v]x),  (X,Y]|Z) = (X][Y, Z]).

For X € g, define ad(X) : g — g by (ad(X))(Y) = [X,Y]. Put Lg = g ®c C[t,t7'].
Following [VAL89], inspired by [K90] in the non-super case, define a Lie superalgebra

g =9(0)®a(1) by g(0) = Lg(0) & Ce s Cd, (1) = Lg(1) and

(X @t +aic+bid, Y @t°+agc+bad] = [ X, Y] +76(r, —s)(X[Y)c+b1sY @t° —byr X @t

We are interested only in the nontwisted case, so we do not discuss the twisted case.

To define a symmetrizable affine Lie superalgebra abstractly define a datum to be a triple
(€,11,p), consisting of: (1) A finite dimensional C-vector space £ with a non-degenerate
symmetric bilinear form (-,-) : € x &€ — C. (2) A linearly independent subset II =
{ag, a1, ...,y } of E; the a; are called simple roots; P = Zag @ - - - ® Zav, the root lattice;
Py = Zsoap @ - -+ @ Zsoa the positive root semilattice; put P = —P,. (3) A function
p: Il — Z/2; it extends uniquely to a group homomorphism p : P — Z/2, called a parity
function. Define the Cartan algebra H = £* = Hom(E, C) to be the linear dual of £. Identify
an element v € £ with H, € H by p(H,) = (pu,v) for all pp € &.

For a datum (&,11, p) define a Lie superalgebra G = é(g ,I1, p) by generators

HeM; E, F (0<i<n")
relations:
[H,H'] =0 (H, H € H),
[Ei, Fj] = 0(i, j) Hay;
and parities
p(E;) =p(Fi) =plei),  p(H)=0 (HE€EH).

The superalgebra G has a triangular decomposition G=NtToHoN ~, where N+ is the
free superalgebra with generators E;, and N~ with Fj.

To a given datum N(é' ,I1, p) associate a partially ordered set [ (E,11,p) of admissible Lie

superalgebras G# = G /r#  where r# is an ideal of G which is admissible: r*NH = {0}. The
partial order > is defined by G/r¥ > G/r¥ it r# c +Z. Then G is the unique top element.
Denote by G the unique bottom element of I(E,11,p). It is called a minimal admissible Lie
superalgebra. Note that G¥ > GZ iff there is a surjection W[GT,G¥] : G¥ — GF with
(H,E;, F;) — (H, E;, F;). For any subset B of I(&,11, p) define

VG# = G/ Ngrep ker UG, G#.
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It is > G for all G* € B. For any a € £ and G € I(E,11,p) put G# = {X € G¥; [H, X] =
o(H)X, VH € H} and [G#] = {a € £ — {0}; dim G# # 0}. The subspace G = H, called
the Cartan subalgebra of G# is the same for all G#. Clearly ®[G#] ¢ P, UP_ — {0}, and
G¥ > G¥ implies ®[GT] D ®[GF]. Put ®(&,11, p) = O[G].

In a Dynkin diagram associated with a datum (&,II,p) occur vertices labeled by «;, or
simply i, 0 < i < n”, and marked by

O, called white, if (a;, ;) # 0 and p(«a;) = 0,
®, called gray, if (o, ;) = 0 and p(ay) =1,
@, called black, if (a;, ;) # 0 and p(ay) = 1.

We are interested only in Dynkin diagrams whose vertices are white and gray.
There is no edge between the ith and jth vertices if (a;, ;) = 0. There is an edge

Q—Q if (aivai) = (aj7aj) = _2(ai7aj) % 0,
i J
O ——if (w,a;) #0, and also © = —(ay, ) /2 if (o, ;) # 0.

i J
Here X can be white or gray. The Dynkin diagram of interest to us is of type (AA)W.
Dynkin diagram of type (AA)®:

@Q

aq a2 Am—1 Qm, Am4-1 Qprt

FIGURE 1. Affine sl(m,n)

The superscript (1) mean nontwisted, and we omit it from now on. The Dynkin diagram
of type (AA) is determined by m > 1 and n’ > m, n’ > 3. We put n’/ = n’ — 1, and
n=n"—m (our (' =m+n,n" =n"—1,m) are (N,n, N—n) in [Y99, §1.5]). The vertices
labeled by m and 0 in the diagram are gray.

From now on we consider only those (&,11, p) of type (AA).

Let £ (“E-extended”) be an (n' 4 2)-dimensional C-vector space with a nondegenerate
bilinear symmetric form (-,-) and a basis (g1,...,&y,d,Ag) (whose elements are named the
“fundamental elements of (£,11,p))” satisfying

(gi7§j> - (S(Z,j)dl (EZ - :l:l), (51,5) — (5, (5) - (Ao,Ao) — 0, (5, Ao) - 1
Write (AA)? for (AA) if >, d; # 0, and (AA)® for (AA) if Y i<i<w d; = 0 (g = good,
b =bad). Put 6 =3 ., d;Z;. Define £ to be £ if (AA)®, and {x € £%; (x,0) = 0} if
(AA)Y. Then (-,-) restricts to a nondegenerate symmetric form on €. The vertices in the
Dynkin diagram are labeled by the roots o; =; — ;41 (1 <1i < n'), and a9 = &, — E1.
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The Lie superalgebra G = G(€,11, p) of type (AA) is called of affine type (AA).

The infinite dimensional symmetrizable minimal admissible Lie superalgebras of finite
growth are parametrized in [VdL89]. They are the affine Lie superalgebras listed at [Y99,
§1.5]. We shall be concerned here only with those of type (AA) (= (AA)Y),

The diagram (AA)? corresponds to sl(m,n) = A(m — 1,n— 1), m # n (in fact, decorated
by a superscript (1), to indicate the non-twisted form). The center of sl(m,m) is Cly,,. Put
A(m—1,m—1) =sl(m, m)/Cl,,,. Note that sl(m, m) and A(m —1,m — 1) are not minimal
admissible Lie superalgebras since their simple roots are linearly dependent. The simple roots
of gl(m, m) are linearly independent. Let (sl(m, m)1))* be the subalgebra sl(m, m)M @CE, ,
of gl(m,m)M), where F;; denotes the matrix whose only nonzero entry is 1 at the (1,1)
position. Put (A(m — 1,m — 1)M)* for the quotient (sl(m,m)M)*/(®y.0Clay, @ tF). Tt is
a minimal admissible Lie superalgebra.

For our (&,11, p) of type (AA) we have dim¢ G, = 1 for a € ®[G] — Zo, G = G(E,11, p).

An admissible Lie superalgebra G#* > G is called affine admissible if ®[G#] = ®[G] and
dimc G# =1 for each o € ®[G] — Zd. Write Al = AI(E,T1, p) for the set of affine admissible
Lie superalgebras with datum (£,11,p). Then G, = G/ Ng#car ker U[G, G#] is the unique
maximal affine-admissible Lie superalgebra in Al

Let p € € be a vector satisfying (p, ;) = (i, a;) for all ; € II ([Y99, Proposition
1.2.2)). If (5, p) # 0 then G%, = G. An example where (8, p) = 0 is G, with Dynkin diagram
(AA) and n’ = 4, with parity given by p(ay) = plag) = 0, p(ay) = p(az) = 1. Then
Gi = (AL, 1)) £ GT = (s1(2,2)W), and dim(G1)rs = 2 # 3 = dime(GY )5 for
k # 0. In fact, G%, is G = sl(m, n)® in case (AA)? (thus m # n), and it is (sl(n'/2, n//2)(D)*
in case (AA)® (where n' = 2m, n = m) ([Y99, Theorem 3.5.1]).

Theorem 5.1. ([Y99, Theorem 4.1.1]). The Lie superalgebra G%, of datum (E,11,p) of type
(AA) can also be defined by generators H € ‘H, E;, F; (0 < i < n"), parities p(H) = 0,

p(E;) = p(F;) = play) =0 (i £ 0, m), p(Eo) = p(Fo) =1 =p(E,) =p(Fy), and relations
(S1) [H, H’]—O H, H € H,;
(52)  [H E]=o(H)E;,  [H F]=—oi(H)E;
(S3) [E,,F] 8ijHoy;
(S4)(1) [E;, Fj] =0 if dist(o, ) > 2;
(S4)(2)  [Eo, Fo] =0=[E,, Ey), thus E2 =0=F2%;
(SO(3) B [Brs Boatl] = 0 = (B (B Bial] (047 7 m);
(S4)4)  [[[Em-1, En], Emi1], En] =0, equivalently [[[Emi1, En), Em-1], Em] = 0;
(S4)(4")  [[[Enr, Eol, E1], Eo) = 0, equivalently [[[E1, Eo, Enr], Eo] = 0;
(S5)(1) — (S5)(4') : same as (S4)(1) — (S4)(4") with F; replacing E;.

6. AFFINE QUANTUM LIE SUPERALGEBRAS

Finally we arrive to the description of the objects of interest in this work, the affine
quantum Lie superalgebras and their defining relations, following [Y99, Y01, [Y), §6]. Here
the Quantum-Serre relations (QS) replace the Serre relations (S) of Theorem [5.11

Let C(q) denote the field of rational functions in an indeterminate g. Denote by o the
generator of Z/2. Let V be a Z/2-graded C(q)-algebra. It is a Lie C(q)-superalgebra with
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the superbracket defined by linearity and
(X,Y] = XY — (—1)pXrMy x

on homogeneous elements X, Y of V. Now Z/2 acts on V by o(X) = (=1’ X on
homogeneous elements. Define the C(g)-algebra V7, called the extension of V by o, to
be VxZ/2=V @&V, where Vo = oV and 0 Xo = o(X). For Z/2-graded C(q)-algebras
homomorphisms ¢ : V' — W, define the extension ¢ : V7 — W7 of ¢ by o, by ¢?(X) = pX
(X € V) and ¢?(0) = 0. It is an algebra homomorphism.

Let (€,11,p) be a datum. A quadruple (€,11,p,T") is a lattice datum if (a) I is a lattice in
&, namely I' is a Z-span of a basis of £, (b) I C T, (c) (v,7') € Z for all v, 1" € I

For a lattice datum (&,11 = {ap,...,au},p, '), define an associative Z/2-graded C(q)-

algebra (7,1 = ﬁq(g, I1, p, I") with 1, by generators
K, (yel), E;, F, (0<i<n"’),
parities

and relations
(QS1) Ko =1, KyKy = Ky iy (v, 7 €T);
(QS2) K EK'=q0E, K KT = gm0 By

Ko, —K5!

(QS 3) [EH F’]] = 52] q-—q.fl (O S Za ] S n//)-

Recall from section 2 that d; =1 (1 <i<m)and d; = -1 (m <i <n'), and dy = d,.
Note that the sub-Hopf-algebra of U,(g) of section 3 generated by the e;, f;, ¢", o for

1 <4 < n” embeds naturally in the affine quantum Lie superalgebra U of this section by

e; — EiK;il, fi— K., B, qhi —> Kgi, o 0.

This embedding is a homomorphism of Hopf algebras. Indeed we have q];i__qulhi = qdi::gﬂ

as ¢; = q%. Note that the finite-type Schur-Weyl duality of Proposition I1.1] below is stated
for U7 (sl(m,n)) to simplify the notation, but it applies to UJ.

The extension U7 = U7 (E,11,p,T') of U, by o has a Hopf algebra structure (U, A, S, €).
The comultiplication A, antipode S, counit ¢ are defined by

Ao)=o®0,  AK,) =K, K,
AE)=E®1+ K,o"" @ E;,  A(F)=FK,"'+0"gF,
S(o)=0, S(K,) =K',  S(E)=-K,]'0o""E,  S(F)=-0""EK,,
g(o) =1, e(K,) =1, e(E;) =0, e(F;) =0.

Let ﬁq* be the subalgebra with 1 of ﬁq generated by the Ey, ..., E,». It is in fact freely

generated by these generators. The analogous statement holds for U, generated by the

Fy, ..., F,r. The subalgebra with 1 of ﬁq generated by the K, (y € I') is denoted by T". The
K., (v € I') make a basis of T', and there is a C(g)-linear isomorphism

Uf Qo T° Qo Uy = U2, X@ZeY s XZY, T°=Ta&oT.

—djh;
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Following Drinfeld, [Y99, 6.3] defines subspaces I of (7; and I~ of ﬁq_ , and Hopf ideals
Jt = ]*T”ﬁq_ and J~ = ﬁ;T"]_ of 17;, and the Hopf algebra

Ue = UJ(E,,p,T) = (U, A, S,e) = U /(T + 7).

If m: 17; — U is the quotient map, write o, K., E;, F;, T, T?, ﬁq*, ﬁq_ also for their images

under 7. Note that ker 7|77 = {0}, kerw\ﬁ; = I, ker 7T|(7q_ = I~. There is a C(g)-linear
isomorphism
U @eg T° @e Uy U, X®ZOY > XZY.

Remark 6.1. Specialization at ¢ = 1. Let A = Cl[q, ¢~'] be the C-subalgebra of the field C(q)
generated by ¢ and ¢'. Let U be the A-algebra of U7 = UZ(E,11,p,T') generated by

K, — K
o, K, [K)]= a—q

Let T (vesp. Ux, Uy) be the subalgebra of T (resp. Uf, U;) generated by o, K., [K,]
(resp. E;, F;). Note that if {r(r); 1 <r <dim &} is a Z-basis of I, then
{o"© KA [K]'; a(0) € {0,1}; a(r), b(r) € Zso}

y(r
1<r<dimé&

(vel), E;, F, (0<i<n").

is an A-basis of 7. Also there is an A-module isomorphism
Ui @aTT®@4U; = UY, X®ZRY w— XZY.

Denote by C; the field C regarded as a left A-module in which ¢ acts as 1. Define the
C-algebras UZ = U ®4 Cy, T =TS ®4 Cy, Ul =Uf ®4 Cy, Uz = U, @4 Cy. There is a
C-linear isomorphism

Ul @cT¢ @cUs U2, X®ZQY — XZY.

Define
' =U2)V, V=(K,041-1®41;v€l);

V' is a 2-sided ideal in UZ. Define m : U] — 'UZ by m(X) = X ®4 1+ V. Denote the
images of o, [K,|, E;, F; under m by o, H,, E;, F;. Recall that an element v € £ was
identified with H, € H = &* by u(H,) = (u,v) for all p € €. Then there is a unique Lie
C-superalgebra homomorphism ¥ : é(é’, II,p) = 'UZ with x(H,) = H, (y € I'), X(E;) = E;
X(Fy) = F; (0 < i < n). Define an admissible Lie superalgebra G' = G'(&,11, p) in
I(&E,11,p) by é(é’, I1,p)/ ker X. Denote by x : G*' — 'UZ the Lie superalgebra monomorphism
obtained from y. Let U(G') be the universal enveloping superalgebra of G*. Denote by
Z:U(G") — 'U¢g the surjection with Z|G" = x. Then the extension U(G")? of U(G") by o
has a Hopf C-algebra structure, the extension =7 of = by o is a Hopf C-algebra surjection,
which in fact is an isomorphism ([Y99, Lemma 6.6.1]). In conclusion, the specialization of

US at q=1,'UZ, is U(GF)?, where GT = G(E,11,p)/ ker X € I(£,11,p).
For datum (&, 11, p) of affine (AA) type, fix a lattice datum (&, 11, p,I') by
=78 @ ©Ley O LD LN if (AA)®, namely Y, di = 0;
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['=P®ZAy, P="Z0y® - ® Zay if (AA)Y, namely Y, ..., d; #0,
and say that (&,11,p, ') is of affine (AA)-type. o
For a € P,put (UJ)o ={X € UJ; K, XK' =¢*VX, Vyel}.
For X, € (U;)a, Xﬁ S (U;)B, put

[Xa, X5] = X0 X5 — (—1)p(Xa)p(Xﬁ)q_(°"5)X5Xa.
Recall that [X,Y] = XY — (—1)PX)PM)Y X for homogeneous X, Y.

Proposition 6.1. ([Y99, Theorem 6.8.2]). Let (€,11,p,I") be a lattice datum of affine (AA)-
type. Then the C(q)-algebra Uy(E,11,p,I") can also be defined by generators K., (y € I'), E;,
F; (0 <i<n"), parities p(K,) =0, p(E;) = p(F;) = p(ai) =0 (i # 0, m), p(Ep) = p(Fp) =
1 =p(En) = p(F,), and the quantum Serre relations (QS 1), (QS2), (QS3), (QS4)(a) and
(QS5)(a), 1 <a <4, where (QS5)(a) are obtained from (QS4)(a) on replacing E; by Fj,

(1) [E;, E;] =0 if dist(a, o) > 2 (ice., © # j and (o4, ;) = 0);

(2) [Eo,Eo)=0=|E,, E,], ie. E2=0=E?*;

(3) [[EZ, [[EZ, Ei:l:l]”] = 0, 0 # ) 7A m; i.e. E?Ei:tl — (q + q_l)EiEiilEi + Ei:l:lEiz = 0;
4)  [[[Em-1, En], Emii], Em] =0, equivalently [[[Emi1, Em], Em-1], Em] = 0;
(4,) [[[[[En”a EO]]7 El]]a E(]] = 0, equivalently [[[[[Eh E(]]], En”]]; EO] = O’

QS5)(1) — (QS5)(4) : same as (QS4)(1) — (QS4)(4") with F; replacing E;.

We assume in Proposition 6.1 that m # n. When m = n there are additional relations (see
[Y99, Theorem 8.4.3]). Note that (QS4)(1) asserts EyE,, + E,,,Ey =0, and E,E; — E,;E; =0
in the other cases.

7. HECKE ALGEBRA

Next we proceed to introduce an action of the affine Iwahori-Hecke algebra, denoted
H%(q?), on V¥4 via the theory of R-operators, developed from Drinfeld’s and Jimbo’s solu-
tion of the quantum Yang-Baxter equation.

By the Hecke algebra in the theory of admissible representations one usually means the
convolution algebra H of complex valued compactly supported measures on a local reductive
group. It suffices to consider here G(F'), the group of F-points of a reductive connected group
G over I, G = GL(d) in our case, where F'is a local non-Archimedean field. Fixing a Haar
measure dg, and noting that a measure in H has the form fdg where f : G(F) — C
is compactly supported and smooth (biinvariant under a compact open subgroup K’ of
G(F)), one identifies H with Ug/C.(K'\G(F)/K'). The spherical Hecke algebra Hx =
C.(K\G(F)/K), where K = G(O) is the hyperspecial maximal compact subgroup of our
G(F), O being the ring of integers of F', is commutative, and can be studied by means of the
Satake transform. When K’ is taken to be an Iwahori subgroup I C G(QO), the pullback of
B(F,), the upper triangular Borel subgroup of G(F,), under the reduction G(O) — G(F,),
obtained from the reduction O — F, = O/(7) modulo the maximal ideal (7) in the local ring
O, the convolution algebra H; = C.(I\G(F)/I) is called the affine Iwahori-Hecke algebra.
The structure of this algebra, of great importance in the study of admissible representations
of the group of points over a local non-Archimedean field F' of a reductive connected group
G, was studied by Iwahori and Matsumoto [IM65], who gave a presentation in terms of
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generators and relations. This presentation depends on the (residual) cardinality ¢ of I,
but the isomorphism class of the algebra H; need not be, as specified in Proposition

7.1. Bernstein presentation. A useful presentation, better reflecting the structure of the
group G(F'), was given by J. Bernstein; see [HKP10] for a clear exposition. Bernstein’s
presentation exhibits H; as composed from the finite Iwahori-Hecke algebra C.(I\K/I),
K = G(O), which can be presented as generated by Ti,..., Ty, subject to the relations:
(1) ,T; = T;1; if |i — j| > 1 (commutation relations); (2) 1;7;41T; = T;:1T;Ti4+1 (braid
relations); (3) (T} + 1)(T; — ¢*) = 0 (quadratic relations), and the commutative spherical
algebra R = C.(ANI\ A), where A denotes the diagonal subgroup of G(F'), which is generated
by the commuting elements 6y, A\ € P¥ ~ A/AN 1. This is the same as the lattice P¥ of
section [ in our case of G = GL(d). The T; can be viewed as normalized characteristic
functions of the double cosets Is;I, where s; (1 <14 < d) are transpositions generating the
Weyl group W = I\K/I, which is the symmetric group on d letters: = Sy, in our case
of GL(d), where the s; are the reflections (i,7 + 1). Bernstein observed that to determine
H, the commutation relations between the T; and the 6, need to be specified. Bernstein’s
presentation of H; consists then of generators 7; = T,,,, where «; range over a base of simple
roots, in our case 1 < i < d, satisfying the commutation relations, the braid relations, and
the quadratic relations, and the commuting generators #,, A € P, satisfying the Bernstein
relations
9)\ — Hsi)\

1-— Q_Oéiv '

Here s; are the reflections in the Weyl group associated with the coroots a; € P. Note that

the quadratic relations imply TZ-_1 = q%T; + (¢"% — 1), namely that the T} are invertible.
In our case of GL(d), the lattice P ~ Z% is spanned by &; = (0,...,0,1,0,...,0), 1 in

the ith place, 1 < i < d. The simple coroots are o/ = &; —;11, and the corresponding

reflections s; interchange ¢; and €;11, and fix the other ¢;. Thus the lattice {6); A € P} is

O\T; — Tibs,p = (¢ — 1)

generated by y; = 0_,. To write the Bernstein relation for A = —¢;, note that s;,\ = —¢;,1,
80 ¥i = O\, O5,0) = Yiy1, 00y = yiy;rll. Hence the relation in this case is
Yi — Yi+1
yili — TiYip1 = (q2 - 1)7: = —(q2 - 1)yi+1-
I —yiyis

So

yily = (T; — (q2 — 1))yit1 = Tflqzym, or TyyT; = q2yi+1-
Normalizing T; by putting T; = ¢~ 75, the relation becomes T;y;T; = y;+1. In summary:
Definition 7.1. Fix d > 1 and ¢ € C* which is not a root of 1. The affine Twahori-Hecke
(in short: Hecke) algebra HS(q?) is the associative algebra over C(g) with 1 generated by T;
(1 <i<d)and y;—Ll (1 <j <d), subject to the relations

~ o~

wTi=TlTs  TL =TT (i—j> 1)
g )T —q)=0, o T2—(g—g )T —1=0;

)

T,

(T,

yjyj_l =1= yj_lyj; YiYk = YkYj: yjﬁ' = ﬁyj it j#4, 141,
iyzi = Yi+1-
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The associative subalgebra with 1 over Q(q) generated by the T} (1 < i < d) is called the
finite Hecke algebra Hq(q?). Then we have

Proposition 7.1. Hy(¢?) < H3(¢%), and C(q)[y, ..., v:"] ® Hy(¢®) — H3(¢?) is an iso-
morphism of vector spaces.

By Maschke theorem, the group algebra of a finite group W over a field F' is semisimple
precisely when the characteristic of F' does not divide the order of W. Consider the Hecke
algebra H(q®) defined over the field Q(q) (instead of C(q)), associated with any Coxeter
system (W, S) of any type, not just type A, where the Weyl group W is Sy. By [GUS9], H(¢?)
is semisimple if and only if ¢* is not a root of the Poincaré polynomial P(q) = >, i gt
in particular when ¢? is not a root of 1. Here £ : W — Zs is the length function on (W, S).

Proposition 7.2. The Hecke algebra H(q*) and the group algebra Q(q)W of the Weyl group
W over the field Q(q) are isomorphic whenever H(q*) is semisimple.

Remark 7.1. This is proven in [L81]. If ¢ is indeterminate, the isomorphism H(¢?) ~ Q(q)W
is already in [B68, Ex. 26, 27, p. 56]. See [G93| chapter 13| for an exposition in type A.
Note that the f in the proof of [Mo03, Lemma 2.12] does not preserve the braid relations.

8. PARABOLIC INDUCTION

The natural embedding S; x S, < Sgip, where Sy is the symmetric group on the let-
ters t1,...,tq, and S, on tgiq, ..., e, extends to the functor of (normalized) induction of
admissible representations. Considering only the Iwahori-unramified case, we have:

Proposition 8.1. There exists a umque homomorphzsm ¢(d,b) - H3(¢*) @ H(¢*) — HS (q?)
of Hecke algebras which maps T, @1 — T,, y; @01 —y; (1 <i<d, 1<j<d), 10T; — Tisa,
1@y yjpa (1 <i<b, 1<j<b). The restriction of ¢(d,b) to Hy(q*) @ Hy(q*) defines a
homomorphism into Hd+b(q2).

Let M; be a right Hji(qz)—module (1 =1, 2). Then M; ® My, their outer tensor product,
is an H§ (¢°) ® H (¢*)-module. The induced H§ ., (¢*)-module I*(My, M,), studied by
Bernstein and Zelevinsky [BZ76], [BZ77], [Ze8(], also named the Zelevinsky tensor product
of M and Mo, is defined by

a . Hy (%) a 2
I*(My, Ms) = 1ndH§1J(r;22)®H32(q2)(Ml ® M) = (My ® M) @ng (@)oH4, () Hia,(47)-

Up to a canonical isomorphism this induction is associative, and satisfies the pentagon axion
(for a product of four objects). The same holds with the superscript a removed, for finite
Hecke algebras.

Let M be an H}(q?)-module. By M|Hy(q*) we mean M regarded as an Hz(g*)-module by
restriction.

Proposition 8.2. Let M; be a finite dimensional Hi (q*)-module (i = 1,2). Then there is a
natural isomorphism 1%(My, Mo)|Hy, +q,(q%) ~= I(Mi|Hg, (¢%), Ma|Hy,(¢%)).
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Proof. The natural map I%(My, My)|Hy, 1 q,(q?) — I(My|Hg, (%), M| Hy,(¢%)), (m1 @ my) @
ho= (m1 ®@mg) @ h (mi € My, h € Hyya,(¢%)), is well-defined surjective homomor-
phism of Hy, y4,(¢*)-modules. By Proposition [T} the rank of HS ., (¢*) as an Hg (¢*) ®
H{ (¢*)-module is equal to the rank of Hg 1q,(¢%) as an Hy (¢*) ® Hg,(¢*)-module. Hence
dim(c [a(Ml,MQ) :dlm(c I(Ml,MQ). ]

The theory of unramified representations suggests a family of universal H¢(g?)-modules
M. = H4%(q*)/H,., where c = (ci,...,cq) € C*? and H, is the right ideal in H%(¢?) generated
by y; —¢; (1 <j <d). It is part of the Langlands-Zelevinsky classification [Ze80] that

Proposition 8.3. (a) Every finite dimensional irreducible HS(q*)-module is isomorphic to a
quotient of some M..

(b) For allc € C*¢, M, is isomorphic as an Hq(q*)-module to the right reqular representation.
(¢) M, is reducible as an H$(q*)-module iff ¢; = q*cx for some j, k.

Some representations of H4(¢*) can be lifted from those of Hy(q¢?):

Proposition 8.4. For each z € C* there is a unique homomorphism ev, : H3(¢*) — Ha(q?)
which is the identity on Hy(q*) C H3(q*) (thus ev,(T;) = T; (1 <i < d)) and maps y; to z.
Moreover, ev,(y;) = 2Tj1Tj—o ... LTy ... Tj—1 (1 < j <d).

Let M be any Hy(g?)-module. Pulling back M by ev, gives an H%(¢?)-module M(z) which
is isomorphic to M as an Hy(¢?)-module.

9. YANG-BAXTER EQUATIONS

Quantum algebras were developed by Drinfeld [D85], [D86] and Jimbo [J86]. In particular
[D86] introduced quasi triangular Hopf algebras. This is a Hopf algebra A with an element
R € AR A satisfying (recall that A is the comultiplication, and put A’ = 7A, 7(z®y) = y®2)

A'(x) = RA(x)R™' Vx € A,
(A®id)R = R¥R*®, (id®A)R = R®R",

where R'2, R?*, R'® are explicitly defined in Theorem 0.1 below. The element R satisfies
the Yang-Baxter (YB) equation; it is called the universal R-matriz. Construction of the
quasi triangular Hopf algebra is based in [D86] on the notion of the quantum double: the
quantum double W (A) of a Hopf algebra A is a quasi triangular Hopf algebra isomorphic
to A® A’ as a vector space, with the canonical R-matrix R = ), e; ® e, where {¢;} and
{e'} are dual bases in A and its dual A’. For any quantum algebra U,(g), which is the
Drinfeld-Jimbo deformation of a Kac-Moody algebra g, there is a surjection to U,(g) from
the quantum double of the corresponding Borel subalgebra: W (U, (b)) — U,(g). Thus any
quantum algebra U,(g) is a quasi triangular Hopf algebra. The problem is to give an explicit
expression to the universal R-matrix directly in terms of U,(g). The implicit form of such
an expression was given by [D86].

For quantum superalgebras: ¢-deformations of finite dimensional contragredient Lie su-
peralgebras, such a formula is given in [KT91]. Let us recall the universal R-matrix in our
case of U,(gl(m,n)). This R will be used to construct an action of the Hecke algebra Hy(g?)
on V®4 which commutes with the action pg of U,(gl(m,n)) on V&,
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10. UNIVERSAL R-MATRIX

Let 7 be the (bilinear) involution 7(z ® y) = (—1)?@P®y @ x (for homogeneous elements
x and y) of Uy(gl(m,n)) ® U,(gl(m,n)). Define the opposite comultiplication by A" = 7A.

Theorem 10.1. ([KT91]) There is a unique invertible solution
R= le @y € Uy(gl(m, n))@U,(gl(m,n))

of parity 0 (where ® means the completion) of the equations
A'(z) = RA(x)R™" Va € Uy(gl(m,n)),
(A®id)R = R®R*, (id®A)R= R"R",
where R? =3 2,0 y;®1, RB =" 10%;®y, R® = 2,0 1Qy,.

This R is called the universal R-matrix. The space V is Z/2-graded, = V; & V7, and &,
(1 < i < n'), makes a basis with V5 = ®1<;<mC&;, Vi = @pci<wyCE;. Then p(E;) is 0 if
1<i<m,and lifm <i<n'. Applying R to V ®V relative to the basis {&; ®¢;; i, j € I},
I'={1,...,n}, the matrix R in End(V ® V) is given by

R= > ¢VYE,@E;+ Y Es@B;+ Y (-1)®(-q")E;,;E;
1<i<n’ 1<itj<n’ 1<i<j<n’

Here p(E;;)Er = 6(J, k)g;. The action of End(V ® V) on V ® V is Z/2-graded, namely for
homogeneous elements

X®Y €End(V®V)=End(V)®End(V)
andu®@w €V ®V, we have
(X@Y)(ue@w)=(—1)PYPW Xy ® Yu.
The product of tensors is given as
(X1 ® Xy) (V1 ®Ys) = (—1)PX2Pr0D XY © X,Y,
for homogeneous X; ® X, Y1 ® Y5 € End(V ® V). Define
VRV -sVeV by olu@w)=(—1PWrWy .

Then R = oR is given by

R= Z (_1)p(§i)q(_1)p(gi)Ei,i®Ei,i+ Z (—)PSEj @B+ Z (¢g—a B, ®Ej;.

1<i<n/ 1<i#j<n’ 1<i<j<n’
By direct computation we check that
RP=(q—q¢H R+ I

For each j (1 < j < d) put R; = id?;(j_l) R ® id?ﬁ(d_j_l) € End(V®%), where R operates
on the (j,j + 1) factors. We have (R; + ¢ ')(R; — q) = 0, and one checks (see [Mo03|, Prop.
2.7], [Mi06, Thm 2.1]):
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Proposition 10.2. (1) The R; satisfy the commutation relations RiR; = R;R; if |i — j| > 2;
and the braid relations RiRiHRi = Rz’+1RiRi+l (1 <i<d), so they define an action g4 of
Hy(q?) on V®?. (2) This action w4 commutes with the natural action pg of U,(gl(m,n)) on
Vel namely R; € End,, v, @mmn) (V) for all j (1 <j < d).

For (2) see [Mo03|, Prop. 2.9], [Mi06l, Prop. 4.1, 4.2]. Moreover, [Mo03, Thm 3.13, Cor.
3.14], [Mi06, Thm 4.4] show that 74(Ha(q?)) and pa(U,(gl(m,n))) are the centralizers of each
other in End(V®%), thus

End,,, u, @m.ny) (VE?) = ma(Ha(q%)),
and
Endﬂd(Hd(QQ))(V(gd) = pd(Uq(gl(ma n)))

by the double centralizer theorem of [CR81), Thm 3.54]. Moreover, [Mo03, Thm 5.16], [Mi06,
Thm 5.1] show that as an Hy(¢?) x U,(gl(m, n))-bimodule,

Vel = Drer(mma)Hr @ V(N),

where I'(m,n;d) = {A = (A, Ag,...) € Par(d); \; < nif j > m}, V(A) is an irreducible
representation of U,(gl(m,n)) indexed by A with VI(A) 2 V(u) if A # u, and H), is an
irreducible representation of Hy(q?) indexed by A.

In the ordinary (nonsuper) quantum case, this result is due to Jimbo [J86]. In the super,
yet non quantum, case, this is due to Berele-Regev [BR87, Thm 3.20]. In the non super,
non quantum, case, this is the original result of Schur [Sch27], as refined by Weyl [W53].
Proposition is simply an extension of Jimbo’s result, which is the case n = 0, to the
super (n > 1) case.

11. AFFINE SCHUR-WEYL DUALITY

Let us rephrase the Weyl-Schur duality of [Mo03, Theorem 5.16] (and |[Mi06, Theorem
5.1], [Zy, Theorem 3.16]) in the context of quantum Lie superalgebras in a form useful for
our generalization to the affine quantum super case.

Proposition 11.1. Fiz integers d, m, n > 2. There is a unique left Hq(q?)-module structure
on V& such that T, acts as R; (1 <i < d): the action of Ha(¢?) commutes with the natural
action of UZ (sl(m,n)) on V4. If M is a right Hy(q*)-module, define J(M) = M ®p, g2V,
with the natural (pg = p®*(AUD)) left U7 (sl(m, n))-module structure obtained from that on
Vel Ifd < (n+1)(m-+1) then the functor M s J(M) is an equivalence from the category of
finite dimensional Hy(q*)-modules to the category of finite dimensional UJ (sl(m, n))-modules
whose irreducible constituents all occur as constituents of V7.

Our main result is the next construction of a functor F, an equivalence of categories. The
work is to check that the following extension to the affine context holds. But first we recall
the definition of the fundamental representation (p, V') of U y; = UZ y;(€,11, p). The space
V = V5 & V5 is a superspace, thus Z/2-graded, V5 = @1<i<mC&;, Vi = @nei<wCE;, and
there is a parity function p : V' — Z/2 with p(g;) being 0 on Vi and 1 on V§. The o acts as
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p(0)E = (=1)PCIg; (i € I = {1,....n' = n+m}), thus p(c) = diag(l,,, —1,) in the basis
{g;}. Also p(K,)z; = ¢, (v € F cé),

p(E;)E; = 6(4,0 + 1)%11152‘, p(Fi)E; = 0(i, J)qi1Ei1,
where we put g = 0 = Z,y41. Thus in the basis {g;; i € I} of V,

P(E) = ¢ Biir1,  p(F) = i1 Biv1y,  p(K,) = diag(¢™).

K- K,,

Then p([E,r, Fur]) = p ( e ) confirming (QS 3).

Recall that a; = &; — 8,11 (1 < i <n')and ag = —&; + &, and that (§;,¢;) = 5ij(—1)p(§i).
In particular p(K,,) = diag(I,q,q ", I), I signifies the identity matrix of the suitable size, ¢
at the ith place, 1f 1 <i<m;p(K,) = diag(l,q,q,1), g at the mth and (m + 1)st places;
p(K,,) = diag(I,q ', q, 1), ¢ " at the ith place, if m < i <n'. Put K1 = [[,<;<,» Ka,- Then
p(Kyp) = dia (q,I q). Put By = E\Ey - Ey and Fip = Fr -+ - Fo Y. Then p(Epp) = Ey
and p(FH) Eyi. Put Ky = K,, = Kﬁl. Then Ko Ko, ... K, , — as a central element of
U, — acts as the identity.

For each a € C* extend the representation (p, V') of U ,; to a U“ (7;(8, I, p)-module
(p,V(a)) by Ey = aFy and Fy = a~ ' Ey, thus p(Ep) = ap(FH) and ,o(FO) = a 'p(Eyy). Then
EoFy + FoEy = %ﬁa‘}, which is compatible with (QS3) with the choice ¢y = ¢~!, thus
dy = —

Recall also that 17; has a Hopf algebra structure (A, S,e) with A(o) = o ®@ 0, A(K,) =
K, ® Ky, A(F;) = F;® K;' +07*) @ F;, A(E;) = E; ® 1 + Kqo,07*) @ E; where the parity
p of o is 0 except when i = 0 or i = m when it is 1. We defined A®) : ﬁg — (ﬁg)(@(k“)
to be (A ® 12F-)AE=D " where AL = A. Also we defined pg : (7;’ — End(V®4) by

pa(x) = p® o A1 (z). Explicitly: pg(o) = p(0)®, pa(K,) = p(K,)®?, and

W(E) = 3 oK) 6 () 1964

1<k<d

pa(F}) = Z p(o-p(ai))@)(k—l) ® p(F) ® p(K;i1)®(d_k)>
1<k<d

(recall that p(a;) = 0 if i # 0, m; p(ap) = 1 = p(auy)) since we have, by induction,
AY(E) = Z (P )P0 @ @190 = AU-2(B) @1+ (oP @ K, )2V g B,

1
1<j<d

A(d_l)(ﬂ) — Z (Up(ai)) U-) g F, ® (K, )®(d 7)) — Ald- 2( D@ K +(Up(az)) 1) & .

1<j<d

Theorem 11.2. Fiz integers d, m, n > 2. There is a functor F from the category of fi-
nite dimensional right H$(q*)-modules to the category of finite dimensional semisimple left

UZ A1(E, 11, p)-modules whose irreducible constituents are all submodules of Vel defined as
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follows. Let M be a right Hj(q*)-module. Define F(M) to be J(M) as a UJ(sl(m,n))-
module. Let the remaining generators of U7 z1(E,11,p) act by

(pa(E))m@v) = > my @ p* (Vo Vi = (0K7)*U ™) @ Fy @190,

1<5<d
(pa(Fo))(m@v) = > my; @ p*(YV D)o, YR =000 @ By KH*7,
1<5<d
for allm € M and v € V1, and pa(Koy) (m@v) = mep(Ki' Yo, and pa (| S5 ) (mev)
Ky — K&t .
T ( D, (g) o KH)@(d_])>> .
1<j<d q—4q

If d < n' then the functor M — F(M) is an equivalence from the category of finite dimen-
sional Hj(q*)-modules to the category of finite dimensional UY yy(sl(m,n))-modules whose

irreducible constituents all occur as constituents of V4.

This Theorem holds also for d = 1. Its proof uses implicitly this case. We showed that our
functor is an equivalence only for d < n’. Perhaps this result extends to d < (n+ 1)(m + 1)
instead of d < n’ = m + n. But our method of proof, which follows [CP96], requires d < n'.
Note that m € M is unrelated to the integer m = dim V5.

12. OPERATORS ARE WELL-DEFINED

The first task in order to prove the theorem is to show that the operators p,(Ey) and
pa(Fo) are well defined. Then we need to check they satisfy the relations which define U 5
KO—Kgl}
=gt |°
We leave the verification of (QS2) for Ey, Fy, K,, to the reader. Then we need establish
the equivalence of categories. In this section we check the operators are well defined. Thus
we need to verify that

We need to check only the new relations, those involving the generators Ey, Fp,

(pa(Fo))(mT; @ v) = (pa(Fo))(m @ Tyv)
for all m € M and v € V®? namely as operators on J(M) = M ®p,2) V* we have
> Ty @ (V) = Yy e 0 (VT
1<j<d 1<j<d
Recall that 72— (¢—q NT,—1=0, (f )(f +q ) =0,T—(qg—q ") =T, Ty,
and so Tiyirn = T2y T = (0 — ¢ )T+ DTy = (4 — ¢ yins +u T
If j #4,14 1, then T, commutes with y; and with p®d(Yj(l‘i)). So it remains to show:

=~

= Yi+1,

Ty ® YZ.S;O + Tigip1 ® Yi(ﬂ,F =y ® Yiﬁg)ﬁ +Yin1 ® Y(ﬂFf
Using the relations T, satisfies, we see that the left side equals

Yit1 @ Ti‘lYiﬁf) +(q— ¢ VY1 ® Y+1 rt sz ® }/;S[-il F
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Comparing to the right side we obtain
Yi & [TYZH F— YZ(?T] T Yir1 @ [Z_IYZ(? - Yz(ﬂFTz_l] =0.

Hence it suffices to show: TZYZ(Jri = Yz(?ﬁ Only two factors in the tensor product are
affected, so we need only check that R(p(c) ® p(Ef)) = (p(Ep) ® p(Kp))R. Recall the
explicit expression for R:

R= 3 (1@ VB eB+ Y (C)PPE @B+ Y (1-0 )E®E;
1<i<n/ 1<izj<n’ 1<i<j<n’
and that p(Kpp) = diag(q, 1, q), p(Ef) = Ewy and p(o) = diag(l,, —1,). The left side

becomes

R(diag(In, —I,) ® By ) = qF1y @ By By + Z (-1)PE) By @ Fijy By

i#j=1
and the right
(Eln ® dlag(q7 I Q))R = —q- q Eln’En m & En n + Z EZ)Eln’ n'i & Ezn : (Z 1).
i#j=n'

All terms in the sums are equal to one another, except that indexed by i = n’ in the first
sum and that indexed by ¢ = 1 in the 2nd sum. The remaining two terms are qF; ® Ey, +
(—1)FE1 ® Epp in both cases, proving the required equality.

Similarly, to verify that ps(Ep) is well defined we need to show:

(Pl Eo))(mT; @ v) = (pa(Eo))(m @ Tyw),
i.c., that as operators on J(M) = M ®Qp,42) VE? we have

Z Ty] ®p®d Y(d Z y] ®p®d Y(d))T

1<5<d 1<5<d
If j # i, i+ 1, then 7} commutes with y; and with p®d(Y.(d)). So it remains to show:
_ d d d -
Ty Y + Tych © Vil p = vt @ Y o1 + v Vi T
Using the relations TZ- satisfies, we see this reduced to
_ d, - _ So1v(d _ d) 5, Ay
vt @ WH Tt (=0 ) + T gl ot @ Y0 5T+ TYR) = 0.

Hence it suffices to show: Yz(fﬁ Ei = ﬁYZ(? Only two factors in the tensor product do not

commute, so we are left with the need to show:
(p(oKp') @ p(F)) R = R(p(Fpp) ® 1),
where p(FT7) = E,v1. The right side is

R(En’,l & 1) = _q_lEn’,n’En’,l X En’,n’ + Z (_l)p(gi)Ej,n’En’,l ® En’,j(_l)l_p(gj)a

1<j<n/=i
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while the left side is (diag(l,,, —1I,,) diag(¢~", I,¢™") ® En1)R
=qq 'En @ Ey 1By + Z PEVE; ) @ By By j(—1)PE g0,

i=1<j<n’
All terms in the sums on both sides are equal except that indexed by j = 1 on the right
and j = n' on the left, so the remaining two terms on both sides are equal to Ey; ® E,/; —
¢ 'Ey 1 @ By, proving the required equality.

13. RELATIONS (QS3), (QS4)(2)
Consider the superbracket [E1, Fy] = E1Fy — FoFE;. Then

(pa[BErFy = BB (m@v) = Y my; © p= (X, 5)v

1<j,k<d

where X, ; is Ay B; — B; Ay, we put K; for K,,, and

A= K V@ B @186@-h B = o®0- Vg B @ Kl@l(d—j)'

Recall that p(El) = E12 and p(EH) = El,n’> p(KH) = dlag(Q>IaQ)> p(Kl) = diag(Q>q_1>I)a
p(0) = diag(I,,, —1I,). We apply p®? but delete the p from the notation for simplicity. Then
ApBj — BjA, is 0if j = k as EigF,y = 0 = Ey,yEp. It is easy to check that A and B,
commute when j > k. When k > j, all factors commute, except those at positions k and j.
At these two positions we get

Ki®FE -E@K—En@ K- Ky ®Ey =qby @ FEis— By ®qlp =0.

Consider the superbracket [Ey, Fo| = EoFy + FyEo. Then
(pa([Fo. B (m@v) = 3 my7 g @ o (v ViR + Y0 V@),

1<j,k<d

Note that all factors in the tensor product in Yk(g) Yj;f +v@ iF Yk(g commute except those at
the positions j, k. The terms corresponding to a pair j < k add up to UKH Q- Enp®@ K+
Ern® Krp -aKﬁl ® Fp1. This equals ¢ By qEy 1+ (1) By @qEy . = 0. If k< j we
get at the positions (k,j) the sum F;p®1- 0 ®@ B+ 0@ Epp- Fp® 1 = (Fpp0 + 0 F17) ® B,
and the dirst factor is 0.

When j = k the term is

(KUY @ (B Fyp + Frp B K@,
But
. (K — K
p(EH)ﬂ(FH) + p(Fn)p(EH> = Eln’En’l + En’lEln’ = dlag(lu 07 ) 07 1) = 77

and (QS 3) follows.

To see that the relation [Fy, Fy] = 0, namely F7 = 0, is preserved by pg, we consider

pa(Fo)*(m @ v) = D mywy; © p (Vi - Vi .

gk
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It suffices to look at the factors in the tensor product where Epy occur, as the other factors
commute. Applying p®* to By ® K11 -0 @ Efp + 0 ® Epp - Erp ® K we get
Eln’ dlag(lv _I) ® dlag(Qa ]7 Q)Eln’ + dlag(lv _I>E1n’ ® Eln’ dlag(Q7 ]7 Q)u
which is 0, when j # k. When j = k we have p(Eq)? = E}, = 0.

14. RELATIONS (QS4)(3)

Next we verify that the relation relation (QS4)(3): [E;, [Ei, Eiza]] = 0, 0 # i # m,
is preserved by pg;. This has to be verified only when one of the indices is 0. The two
relations are [Ey, [E4, Eo]] = 0 and [E,, [Enr, Eo]] = 0. By the definition of [.,.], since
—(Oél,Oé()) = —(51 —gg,gn/ —51) = (gl,gl) =1 and

—(a, 01 +ap) = —(E1 — 82,81 —E2 + & —E1) = —(82,82) = —1,
the first relation becomes
0= [Eb [El, EO]q]q*1 = El(ElEo - C_IEoEl) - q_l(ElEO - quEl)El

= E2Ey— (¢ +q HE\E B, + EE?.

Then to show vanishing of

(pa([Er, [Er, Eolglg—1))(m @ v) Zmy] [pa(E1), [Pd(El)m@d(Yj(g))]q]q*lva

it suffices to show the vanishing of p®? of [AU=D(E)), [AU—D(E)), }/j(’cg]q,]qfl. When d = 1
this leads to P([Eb [El, E()]q]qfl) = [Elg, [Elg, En’,l]q]qfla which is 0 since E122 = 0, E12En171 =
0. When d = 2 we are led to

[A(E), [A(EY), Fi1 @ 1+ oK' @ Fplgle

=[Ei@1+K @B, [Ei1©1+ K © E, oKy @ Flge
+E®1+K @ E,[E @1+ K ®E, F1®1],],-
Apply p®2. The [.,.], of the first summand is
En®E,y1—q(q ' @By 1+odiag(l,g ", I[,¢ ) ®@Ey ) = —godiag(l,¢ ", 1, ") ®Ey o,
so the [, .|,~1 is —E12 @ B0+ E12 ® By o = 0. The [, ], of the second summand is
Evi1®@FEn—qEys@1+Ey1QE;) =(1-—¢q )En’,l ® Eip —qEy®1,

SO the [,’ -]q*l is _qEn’,2 ® E12 —q 1((1 —q )En/’g ® E12 —q- q_lEn/72 ® E12> == O
In general, we need to verify that after applying p®?, that we shall omit to simplify the
notation, the sum »,_ ., a(s,t,j) is mapped to zero for each j, where

a(s,t,j) = [K7 V@ B @199 [KP V@ By @190 (oK )P D @ By @199 ] 1.

q
Fix j. The term s =t = j is zero since this case reduces to that of d = 1, as the components
at all other positions commute. So (p®? of) a(3, 7, j) = 0.

Fix 7/ # j. If s, t range over the set {7, j'}, this reduces to the case of d = 2, for the same
reason. In particular, the sum of the terms a(7’, 7, 7), a(y,7',7), a(j’, 5', j) is zero.
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Fix {j"”, j'}, 7 # j # j” # j. It remains to show that a(j’, 7", 7) + a(4”,5',7) = 0 for all
triples {4, j”, 7'}. As the components in the other positions commute, it suffices to consider
the case where d = 3. There are 3 cases: 7 =1, 2, 3. Consider j = 1. We have

[K1®E1®1,[K1®K1®E1,En/71®1®1]q]q71 (822, t:?))

We first compute the inner bracket [.,.], using K1FE,1 — ¢Ey1K; = (1 — ¢*)E,r;. Then
using By Ky = ¢ 'Ey, K1 E; = qF;, this term is seen to be (1 — ¢*)(¢7' — ¢)Ewv1 ® By ® E).
The term corresponding to s =3, t =2 is

K19 K1 ®@FL, [Ki®Ei®1,Ey1 ®1@ 11 =(1-¢*)(¢—q¢ Ev1®FE®E

by similar computations, so the sum of these two terms is zero. When j =2 fors=1,t=3
we have

@101, K@K ® ElaaKl:Il ® Ew,1 ® 1glg—1

= (1 - ) (B KoKy — ¢ ' KioKg' E1) @ By @ By =0,
and for s=3,t =1

(K@ K1 @By [B1@1@1,0Kg @ By @ 1],

is zero since the first component in the inner [., .], is ElaKﬁl —anﬁlEl =FE—qq¢'E =0.
Finally, when j = 3,

[E1@1@ 1 [Ki® B ©1,0Kg @ oK © Ewalgg

is 0 since the 3rd component at the inner [.,.], is ElaKﬁl — anﬁlEl =0, and
Ki@Bi®L[E@101,0Kg @K © Eyilgly1 =0
since the first component in the inner [.,.], is again ElaKﬁl — anﬁlEl =0.

We also need to check that the relation
0= [[En”> [[En”> EO]”] = [En”a [En”> EO]q]qfl

(second equality from — (o, ag) = —(Epr — Epry —E1 + Enr) = 1, —(r, g + apr) = —1) is
preserved by pg, namely that so is [AU=D(E,.), [AYD(E,.), Fl,],~1 = 0. Recall that

A (B = 3 (0" Ky, )P @ By @ 19071,

0<j<d-1

Recall that p(ay,) = p(ay) = 0 if i # 0, m, and p(ap) = p(au,) = 1. The verification of this
case is similar to that of the previous case, and is left to the reader.

This completes the verification that the relations (QS4)(3) are preserved under py.

The relations (QS5)(3), in which the E are replaced by F, are verified by analogous
computations.
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15. RELATIONS (QS4)(4')

Finally we need to theck that the relation (QS4)(4'), which is [[[E., Eo], E1], Eo] = 0,
equivalently [[[E1, Eo], En], Eo] = 0, is preserved under p,. Consider the last relation. Since
—(a1,a0) = —(81 — 82,80 —&1) = (81,81) = 1, [Ey, o] = [Ey, Eo)y = ErEy — qEoE).

Since
—(on + g, ) = =(61 — B2 + Ew — E1, 8 — Ew) = (G, Bwr) = —1,
the [[E1, Eol, En] is [[Er, Eolg, Enrlg-1, and the remaining bracket, [x, Eyl, is xEy + Ep*,
since p(F1EgE,) =1 and p(Ep) = 1. We need to show then
[[[pa(E1), pa(Eo)lg, pa(En)lg-1, pa(Eo)] = 0.

As . .

pa(Er) = pPH(AY(EY) = Y KZ @ p(By) @ 1%¢71)

0<j<d
and
(pd(EO m® U Z my] ® p®d Y(d ) Y;(g — (O.KH )®(j—1) ® FH ® 1®(d—j)7
1<5<d

we need consider the sum of terms of the form (as before, to simplify the notation, by Ej,
Ky = K,,, Fi1, K11, 0, Ev, Ky we mean below their images under p: Eo, diag(q, ¢, 1),
En’,h dlag(q7 ]7 q)7 dlag(Imu _[n)u En”,n’a dlag(lv q_17 q))

a(j1, g2 g3 ga) = [[KTV 7V @ By @ 129790 (o KgH)* ™Y @ Fip @ 18199),
(O-Kn//>®(j3—1) ® ETL” ® 1®(d_j3)]q*17 (O_Kl:ll)®(j4_1) ® FH ® 1®(d—j4)]'

To keep track of the accounting, the procedure will be to fix (jz, j4), and consider the sum
of the terms a for all the possibilities for j;, j3. In all cases the sum is zero. There are too
many cases to record all computations here, but the technique is as in the previous section.
We describe a few cases. If all j; are equal to the same 7, then we may assume d = 1, as
the other components in the tensor product commute. In this case we are reduced to the
computation (recall that we apply p although this is omitted from the notation):

H[El’ FH]W En”]q*U Fl_[]'
The inner bracket is [Eia, By 1], = —qEw 2. The bracket of this with E,» = E, v is Epr g,
and this bracketed with Fyy = E,v 1 is 0 as EpraFEyy = 0= Ey 1By,

Next we consider the case of jo = j; = 7, and ji, j3 in {j, 7'}. We may work with d = 2,
soj=1or 2. When j=1, 51 =1, j3 =2, we get

H[EH ® 1, En/71 ® 1]q, O'Kn// ® En//]q—l, En’,l ® 1] = q(l — q_z)[En/Q ® En//, En/71 ® 1] = 0
When j =1, 51 =2, j3 =1, we get

[K1 @ By Fp @ 1)y, By @ 1)1, Fp @ 1) = —¢7 (1 — ¢*)[Ewra @ By, By @ 1] = 0.
And when j; =2 = j3,
[[[Kl ® El, FH ® 1]q, O'Kn// ® En//]qfl, FH ® 1]

is zero since [.,.], 18 (1 — ¢*)E,v 1 ® Ejo, and the bracket of Eyy with E,» is zero.
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When j =2, 51 =1, j3 =2
[[Er @ 1,0 K © Fylg, 0 K @ Epi]g1, 0 K @ Fq
is zero since [.,.]; is (B —q- ¢ 'E)) ® Ff;=0. When j =2, j; =2, js = 1:
[[Ky ® By, oK' @ Fiylg, Ene © 1)1, 0 K @ F]

vanishes since |[.,.J,-1 is * ® E 9, and E, 5 times Fi1 = E,/; (on the right and on the left)
is 0. The last case, where j; = 1 = js is zero as the [.,.], is the same as in the case j = 2,
=1 J3=2

If jo = j4s = j and ji, j3 # j then we may work with d = 3. Thus if j = 1, (j1, j3) is (2,3)
or (3,2). If j =2, (41,73) is (1,3) or (3,1). If 7 =3, (j1,73) is (1,2) or (2,1).

If j» # js, and ji, js € {2, ja}, then (j2,a) = (1,2) and (j1,/3) = (1,2) and (2,1), or
(J2:J4) = (2,1) and (j1,j3) = (1,2) and (2,1). If ji, js € {J2, 4,5’} but not both in {ja, ja},
then we can work with d = 3. The pair (ji, j3) is (J2,7"), (1, 7'), (4, J2), (7', ja), that is, one
of j1, js is in {ja, js}, the other is not.

When js # j4, and ji1, j3 € {Jjo2, ja}, then we work in d = 3 if j; = j3 and with d = 4 if not.
In particular it suffices to work with d < 4, and in each case the computation is reduced to
a simple matrix multiplication, that can be verified by hand or by machine.

This computation verifies (QS4)(4’). The verification of the cases of (QS5), where the
generators E are replaced by the generators F', is similar.

We conclude that the formulae for py;(Ey) and pg(Fy) then define a representation of
U;AI(€> Hap> F)

If f: M — M’ is a homomorphism of H%(¢?)-modules, define F(f): F(M) — F(M') by
(F(f)m®wv) = f(m) ®v. Then F(f) is a well-defined homomorphism of U¢ (&, 11, p)-
modules, so that F is a functor between the categories of representations as specified in the
theorem.

16. THE FUNCTOR F IS AN EQUIVALENCE

Assume from now on that d < n’. To show that the functor F — which we have seen is a
well-defined functor between the categories specified in the theorem — is an equivalence, one
has to show:

(a) Every finite dimensional U \(€, 11, p,I")-module W which is completely reducible and
each of its irreducible constituents is a constituent of V®? is isomorphic to F(M) = M ®p,,2)
V&4 for some H%(q?)-module M.

(b) F is bijective on sets of morphisms.

To prove (a), by Proposition I1.1] we assume that W = J(M) for some Hy(¢*)-module
M. We shall construct the action of the y;—Ll on M from the given action of pg(Ep), pa(Fop),
pa(H) on W.

Lemma 16.1. (a) Let M be a finite dimensional Hy(q*)-module. Fiz v € V1. Suppose
that the projection of v to each isotypical component of J(M) is nonzero. Then the map
M — J(M), m— m® v, is injective.

(b) Recall that {21,...,Ey} denotes the standard basis of V. Suppose v =%;, @ --- ®E;, €
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Vel where iy, ... iq € {1,...,0'} are distinct. Then V&' = U7 ,(€,11y,p,T) - v, where
Iy ={aq,...,au}. In particular v satisfies the condition stated in (a).

Proof. As in [CP96, Lemma 4.3], (a) follows from Proposition [1.1], and (b) is clear. O
Lemma 16.2. (a) Forj (1 <j<n') puta(j) =2 Q ---®F;, b(j) =€j41 ® - @ E4,

W = a(j) @5y ®0(j),  wY =a(j) @7 @b()).
Then there exists a;jp € Ende M with
(Pa(F0))(m ® vV)) = () @ p™ (V7)o
and ojp € Ende M with
(pal(Eo))(m @ w) = aje(m) @ p*(V,) jw).
We have p®d(Yj(g))v(j) = 4w, and p®d(Y}(g))w(j) = +0\),
Proof. For 7 in the symmetric group S, on d letters, put
wd = (B9 @ ®Fr(y) ®Fr(1) @ Ergny ® ++ @ Bria)-

The set {ng);T € S;} spans the subspace of V®¢ of weight \y = &, + & + --- + &4. In-
deed, (pa(K,))&; = ¢z, so (pd(Kﬁ,))ng) = ¢t Note that pa(K)pa(Fo) =
q_(V’ao)pd(Fo)pd(Ky), hence py(Foy) adds €1 —Z,, to the weight, hence it takes g,/ to ;. Hence
for every m € M we have

(pa(Fo))(m @ vU Zﬂ%@w

TESY

for some m, € M. By the definition of R, wY is a nonzero scalar multiple of h - wY for
some h € Hy(q?), h = h(). Hence (ps(Fp))(m ® v)) equals m’ @ wl) for some m’ € M.
Then there exists a;p € Ende M with m' = a;p(m) for all m € M by Lemma [I6.1l The
existence a5 € Endc M is proven analogously. U

Lemma 16.3. For allm € M and v € V& we have
(pa(Bo))(mev) = > ajp(m)@p (Yo, (pa(Fo)(mav) = Y ajr(m)@p (V).

1<j<d 1<j<d

Proof. Recall that KVFOK,Y_l = ¢y where oy = 5, — &1, and p(K,)E; = g E)E,.
Hence pq(K.,)pa(Fo)(m®v), where v =&;, ® - - - ®F;,, is ¢ "0 eut+8ia) p,(Fy) (m ®@wv), and
this will be 0 if no ¢; is n’, as then —¢,, + &, +&;, + - - - +&;, cannot be a weight of Ved Qo
we may assume some component of v is g,.

Let 7 >0,s>1,r+s<d 1<ji<jp<---<j<d 1<j]<jy<-- <y, <d,
assume {j1,..., 5y N {1, ..., 5 = 0. Write j = (ji,...,5:), ' = (i, ..., 5.). Let V@)
be the subspace of V®¢ spanned by the vectors which have g, in positions ji,. .., j,; & in
positions ji,. .., j.; and vectors from {&s,...,&,/} in the remaining positions. We prove the
lemma when v is in V07" for all §, j/ in two steps.

(7) For s = 1, by induction on r.
(73) For all r, by induction on s.
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By Lemma [I6.1(b), applied to the subalgebra of U generated by the E;, Fj, K;' for i €

{2,...,n" — 1}, to prove our lemma for all v € V3 it suffices to prove it for one 0 # v €
V0U7') whose components have no vector from {&2,...,En} twice. Such vectors exist since
1<d+1—-r—s<d<n”.

Proof of step (i). Here s = 1. The case of r = 0 follows from Lemma [16.2)(a): take

v=a(j) @y ®b(j1),  w=a(j}) @ @D()),
recall: a(j) =5 ®---®8;, b(j) =511 ® - ®E&y). As Y. =0%U "D x ® _',an
(vecall: a(j) OEE ) As Y = 0% @ By K", and

p(Eq1) = E1w, we have p®d(Y}(;%)v = w times (—1)™2x071=m) "and p®d(Y}ECI?)U =0 for all j #
ji, hence (pa(Fo))(m @ v) = Y1, cq050(m) @ pPU(Y}P)v, where ajp(m) = (—1)m2©d=m),
Recall that the integer m = dim V4 in the exponent is not m € M on the left.

Assume Step (i) holds for r—1. Put j = (j, ..., j»). Define v’ € V) to be a pure tensor
with Z5 in the j; position, and distinct vectors from {3, ...,&,/} in the remaining positions.
Then v = pg(Ey)v'. Indeed, recall that py(Ey) = Y, p(Ka)®* Y @ p(Ey) @ 1960 that
p(E1)E; = 0(2,j)21, and that v’ has g, only at position j; (and g, only at positions js, . . ., j,),
so only & = j; survives in the sum over k£ which defines py(E;), and (pg(E1))v" = v as
p(K1) = diag(q, ¢, I) acts nontrivially only on £; and z,.

Define v" by replacing €,/ in position 5/ = 7} in v" by £;, and v"”’ by replacing £, in position
j1 in v"” by 1. Now r(v') =r — 1, so we can apply the induction on 7 (in the 3rd equality
below, and (QS 3) in the second).

(pa(Fo))(m @v) = pa(Fo)pa(Er)(m @ ') = pa(Er)pa(Fo)(m @ v')

= pa(B1) D anp(m) @ p* (Y 0.

1<e<d

Recall again that Yg(j? is ¢®-1) @ Eq® K I@I(d_é)’ and p(Er) = E1,, and &, occurs only at
position ji in v’. Then only ¢ = j] survives in the sum, which becomes a multiple of v", by
a sign ¢, which is —1 if the number of factors of the form g, with @ > m in position less than
J1 is odd. Since &5 occurs in v only in position j;, in the sum defining py(E;) only the sum-

mand indexed by k = j; survives when acting on v”, and it is p(K;)®Ur=Y @ p(E;) @ 1®(d=i),

"

"!. 'We obtain ay; p(m) times 1" = p®d(Y;.(id3F)v. For other j we have

0= p®d(Y}f}?)v. So we end up with ; a; r(m) ® p®d(Y;.ECI?)v, completing step (7).

So pa(E1) maps v” to v

Proof of step (ii). Assume the lemma holds for all v € V) with less than s components
Z,. As in Step (1), it suffices to prove the claim for one element v # 0 in V") which has
distinct entries from {&,...,%,_1} in the remaining positions. Fix such a v. Let v" be the
tensor obtained from v on replacing g,/ in positions j._, and j. by g,,. We claim that
s—1 s
pd(Fn//)zvl = (q + q_l)v.
To see this, recall that p(F,) = En o, p(anr) =0,
k— - d—k - I
palFr) = D2 190V @ p(B) @ p(K;), )%, plih = (T ).

1<k<d
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So in pg(F,)?v" the sum over k in each py(F,») reduces to k = j._,, 7%, and all factors in
positions # j._,, j. in each summand, commute. At these two positions the components of
v are £, ® £ and those of pg(Fyr)? are

(0(Fwr) @ pE) + 16 p(F)) (p(Fur) @ p(K ) + 1 p(Fur)
= p(Fo) @ p(K oyt o) + p(Fr) @ p(Fon K1)
as p(F)? = 0. So pg(F,)*" equals
10 6 () @ (K10 & (K g By + (P ) © pUIS2)° 40
Now p(F e = Enr, p(K 1 F, //)é’:‘n// =q g, ; p(En KN = @B, p(KH)2Ua=177020) acts

trivially, so in conclusion v = - +q,1 pa(F)?v', as claimed.
To continue we use the equality (QS5)(3):
pa(Fo)pa(Fwr)* = (a+q~ ") pa(Frw)palFo) pa( Far) — pa(Furr)? pa(Fo)

in the second equality below:

(pa(Fa))(m © v) = ——pu( Fa)pul Fo}A(m @) = A + B,

q+q

A = pa(Fyr)pa(Fo)pa(Frr)(m@0'),  B=-—
To find B, we write by induction
(pa(Fo))(m@v) = 3 ay p(m) @ p® (Vi VP =00 @ Bpe K,

1<k<s—2

1
q+q

— Pa(For)pa(Fo) (m @ v').

as g, occurs only at the s—2 < s positions ji,...,j._, in v". Recall that p(E) = E1,. Note

that pq(F,+) changes the factors (£, to £,) of v/ only at the positions j._,, j.. Applying

pa(Enr) to (pa(Fp))(m @ v') would send the part €, ® g, at the positions j._; and j. to

En ®qEn (from the summand of py(F,) with (j°_,, j2)-parts p(E.)@p(K, 1)), plus E @F,

(from the summand of py(F, ) with -parts 1 ® p(F,~)). Applying ps(F,) again we obtain
Ew ® G +Ew @ ¢ Ew = (g + ¢ )Ew @

Now p®d(Y;.gli,) acts on the two factors g,y ® g, of v at the positions (j,_, ji) via p(Kyy) =
diag(q, I, q), namely by multiplication by ¢, but not on v'. So in summary,
— d (v (d)
B=—q? Y ay(me oy
1<k<s—2
To compute A, let v (resp. v"’) be obtained from v" on replacing the vector g, at the

Ji_y (resp. jl) position by g,,. Observe that

(pa(Fw))(m @) = gm@v" + m®@wv
(Applying pq(F,) again we recover the result of the start of the proof: (pg(F,)?)(m®v') =
(q+qg H(mev).) As s(v") =s—1=s(1") <s, by induction we get

pd(FO)pd(F ., m®v _qza]k ®p®d U“—i— Z a F ®p®d(y(d ) "
k;és k;és 1

///
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Now we apply pd(F ). As v" has g, only at the j’-position, we get
d) . d
w) Z% r(m ®P®d(y( V=g Z aj r(m ®f0®d(YJi,) Jv.
k#s k<s—1
Denote this by A;. As v"’ has g, only at the j._, position,

w) Z aj p(m) ® P®d(Y(d) W' = Ay +q A,
k#s—1

d d
Ay = g p(m) @ p* (VT )v, Y age(m) ® p* (Y.
k<s—2

No factor ¢~! appears in front of A since p(Kpy) acts at positions > j/, which did not change
from v"”" to v in Ay. Then A = gA; + Ay + ¢ 1 A3 = ¢ 1 A3 + Ay + qA;. So B+ A is

— d — — d
(pa(Fo))(m@v) = =g Y aj,;,F<m>®p®d<sg§;,L>v+q Lgt Y ag p(m) @p® (Y

1<k<s—2 k<s—2
_ d
oy e (m)@p (Vi o+aa Y aypm)@p® (Vv = ay p(m)@p™ (Vi) )e.
1<k<s—1 1<k<s
]

Lemma 16.4. Setting myj_1 = a;p(m), my; = a;r(m) defines a right Hj(q*)-module struc-
ture on M, extending its Hy(q*)-module structure.

Proof. We have to check the following relations:
(1) yyy; ' =1 =y s (60) yyyn = gy (i00) Yy = Tyyi Ty
To prove (i) and (i), we compute both sides of the equality

-1
(alEn ) 0) = (| 2= 52 ] ) (o)

For (i) we take v with &, in the jth position and €,/_(4—1),...,En—1 in the remaining posi-

tions, in any order.

For (ii) take v to be a tensor with #; in the jth place, g, in the kth position, and
distinct vectors from {Z,,...,Z,~} in the other positions. Note that since the central element
c= KaOKa1 ... K, , actsas 1 on every U7 (&, 11, p, I')-module W, we have (p4(Kq,))(m®uv) =
m @ p(Kp Dyedy,

For (iii), take v =&, ® --- ® &, € V® with i; = 2, i;,; = 1, and the remaining i) are
distinct from {3,...,n”}. This is possible since d < n”. So: v has gy at position j, ; at
position j 4 1. The vector v is obtained from v on replacing &; at position j+ 1 by &,,. The
vector v" is obtained from v" on replacing £, at position j by £,, and &,/ at position j+ 1 by
Z,. The vector v"” is obtained from v on replacing g, at position j by €; and Z; at position
j +‘1 by’gg.

Now looking at the indices (i,5) = (2,n') only, we have R(Z, ® &) = & ® &, and
R(2, ® ) = &, ® 5. Then

m- Ty Ty @ v =m-Ty; ©v" = (pu(Fy))(m - T; @ ")
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= (pa(Fo))(m @ Tp'") = (pa(Fo))(m @ ') = my;1 @ v.

Since v has distinct components, Lemma [6.1] implies that m - yj41 = m - ijjfj for all
me M.
This completes the proof that W ~ F(M) as a UJ (€, 11, p, T')-module. O

To show that F is an equivalence we still need to show that it is bijective on sets of
morphisms. Injectivity of F follows from that of J. For surjectivity, let F': F(M) — F(M’)
be a homomorphism of U¢ (€, 1, p,I')-modules. By Lemma 6.1, F = J(f) for some
homomorphism f : M — M " of Hy(g*)-modules. Since F' commutes with the action of Fj
we have (p(Fp)F)(m®v) = (F,o(FO))(m ® v) ie.,

7 Fm) oy @ p® (Y =Y flmyy) @ p2l Y

1<;<d 1<5<d

for all m € M and v € V®?. Choosing v suitably we deduce that f(my;) = f(m)y; for all j
(1 <j <d). This completes the proof of theorem [IT.2 O

17. BASIC PROPERTIES OF F

Our F is a functor of C-linear categories. It commutes with induction. Write U7 (sl(m, n))
for U¢ 1(€, 11, p) for simplicity.

Proposition 17.1. Let M; be a finite dimensional Hi (¢*)-module (i = 1, 2). Then there is a
natural isomorphism F(I1*(My, My)) ~ F (M) @ F(Ma) of U7 ,(sl(m, n))-modules.

Proof. Let ¢ : B — A be a homomorphism of associative algebras with a unit over a field,
M aright B-module, W a left A-module, and W|B is W regarded as a left B-module via ¢.
Then there is a natural isomorphism of vector spaces: ind3(M)®@ W ~ M @ W|B. This
form of Frobenius reciprocity is given by (m® a) @ w — m®@ aw (m € M, a € A, w € W).

Take A = Hy, 1 4,(¢%), B = Hy, (¢*)@Ha,(q%), ¢ = ¢(dy, dy), M = My @My, W = V@(di+d2)
V' = V5@ V7 (of dimension n' = n+m) being the natural representation of U¢ (sl(m, n)). Note
that W ~ (V&) @ (V®%) as an Hy, (¢*) ® Hy,(¢?)-module. We get a natural isomorphism
of vector spaces

FI*(My, My)) — (M & My) ®Hy, (q2)@Hay ( (V®d1 ® VeR),

The right side is isomorphic to F(M;) ® F(M,) as a vector space. It remains to check that
the resulting isomorphism F(I*(My, Ms)) — F(M;) @ F(Ms) of vector spaces commutes
with the action of U7, (sl(m,n)). O

Using the equivalence F one can relate the universal H¢(g?)-modules M, and for ¢ € C*
the U7, (sl(m, n))-modules V(c), where V(c) is V' as a U7 (sl(m,n))-module, and Ky = K,,
acts as Kﬁl and Eq as cp(F[) = cEp 1, Fy as ¢l p(Epp) = ¢ Ey .

Proposition 17.2. Let ¢ = (c1,...,cq) € C*4, d > 1, m, n > 2. Then there exists a natural
isomorphism F(M.) ~V(c;) @ - @ V(cq).
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Proof. As an Hy(q?)-module, M, is the right regular representation. Hence the map V&4 —
J(M.), v+ 1®w, is an isomorphism of U (sl(m, n))-modules.

(pa(Eo))(1@v) = Y 1yl @p®yiDv=1a > ' ep™y 1)

1<5<d 1<j<d
Also pa(Eo) = Y2 <;<g(0Ko)®U™D @ p(Ep) © 1917 acts on V(e) @ -~ ® V(cq) as
5 (oKD eptf 01960 - 3
1<j<d
The map V& — J(M,) commutes with the action of p(Fp), p(Ep). O
Corollary 17.3. Let 1 < d < n'. (a) Every finite dimensional UJ ,(sl(m,n))-module which
appears as a quotient of Ve as a U7 . (sl(m, n))-module is isomorphic to a quotient of V(c1)®

- ® V(eq) for some ¢q,...,cq € C. (b) Let ¢1,...,cq € C. Then V(c1) ® -+ ®@ V(cq) is
reducible as a UJ,(sl(m,n))-module if and only if ¢; = ¢*cy, for some j, k.

=

Proof. This follows from the corresponding result — Proposition B.3] — for the affine Hecke
algebra in section [§] and the fact that F is an equivalence of categorles. O

The Zelevinsky classification parametrizes all irreducible representations of GL(n, F), F'
being a p-adic field, in particular the H$(g*)-modules as the special case of the representations
whose irreducible constituents have each a nonzero Iwahori-fixed vector. The equivalence F
carries this description to the category of U7, (sl(m,n))-modules.
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