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The moduli space of polynomial maps and their fixed-point multipliers

Toshi Sugiyama

1 Setting of the Problem

Poly, := {f(2) € C[2] | deg f = d}
Fix(f) = {C € C| f({) = ¢} for

Then #Fix(f) = deg f holds counted with multiplicity.
For ¢ € Fix(f), we call f/(¢) the multiplier of f at .

Putting MP, := Poly,/(Affine conj.), one can define the
map

for d>2

MP; — C?/&a by [f] = (f'(O)ceriny) -

where C?/& is the set of unordered collections of d com-
plex numbers.

Proposition (fixed point theorem). Let f € Poly,; and
suppose f'(C) # 1 for every ¢ € Fix(f), then

1
2 T=pg ="

CeFix(f)

Hence putting

i=1 j#i

Ad::{()\l,...,)\d)ecd

zd:Hu_Aj):o},

one can define the map

Oy :MPy — Ay/Gy = /N\d by [f]— (f/(C))geFix(f) :

Our aim is to analyze the map ®4 as precisely as possible.

2 Results

We consider the map &4 : MP; — /~\d on the domain where
[f] € MP, has no multiple fixed point. Put

o Vi:={(A,...,Aq) € Ag | \; #1 for every i}
° ‘7d = Vd/Gd C Kd.

Theorem 1 (S. [1]). d > 4 and A = (A1, ..
A= {/\17~-~7/\d} € Vy. Then

(1) 0 <#®;" (A) < (d—2)!

'aAd) S Vd7

(2) #@Jl (5\) is a function of
£>2, 0#1I, Cc{l,...,d},
LI 11 ={1,....d,

Y ier, /(1 =Xi) =0 for every u

K £0
i,jGK:)\i:AJ‘ .

ZGK,]¢K2>)\Z7£)\J

3()\) = {{Ih. .. ,Ig}
and

K\ = {KC {1,...,d}
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(5) Je1,..oycq EZ with ey @ -+ 2 cqg =
and Y el £2(d - 2) = @51 (;\)

(6) d <7 = converse of (5) holds.

(7) For A\ € Vg, if 3e1, ..., cq € Z such that

. 1 . 1
L Cq = = - 1oy

(] Z'Cil = Q(d— 1)
o |c;| <2 for every i € {1,...,d},
then #®;" (X)) = 1.
Theorem 2 (S. [1], (roughly)). The local fiber structure of
Dy : ;" (Vy) = Vi is also determined by J(\) and K(X).

Moreover

e J(X) stands for the configuration of ‘holes’ of ®q.

® Ci:

o [C(A) stands for the configuration of ‘branches’ of ®g.
Theorem 3 (S. [1]). For A€ Vy, #®;" (N) is calculated
by the following steps:

e we define the non-negative integers
sa(X) for each A € Vg and eg(N) for each T € J(N)
satisfying the equalities

d—2
> s54(A) = (d—2)! - HGJX(:/\) {eﬂ(/\)'Hk_d—#H+1 k}’
> ex(\) = [T#I = 1)-spr (M),

Iel
where A1 := (\i);c; € Vs for I € 1€ I(X).

e Then in most cases (omit precise description),
#0,0 (V) =saN/ [ #EO
KeK(N)

Theorem 4 (S. [2]). sq4(\) defined in Theorem 3 is also
obtained from the equality

sa) = (d=2)1— 30 [{—(d— Dp#-2 T (1 - 1)!] .
I€3(N) Iel
Put MCy := {f(z) =294 ZZ;(Q) akz’“’ ay € (C}.
The natural map p : MCy; — MPy is generically (d — 1)-
to-one. &)d = ®y0p : MCy — /~\d is defined by f —
(SO cerix(r)-

Theorem 5 (S. [2]).
have

Ford > 2 and A € Vg, we always

#1 (0) = L

KeK(N\)
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