Constructive universal central limit
theorems based on interacting Fock
spaces

Abstract

Cabanal-Duvillard and Ionescu [11] have proved that any symmet-

ric probability measure with moments of any order can be obtained
as central limit theorem of self-adjoint, weakly independent and sym-
metrically distributed (in a quantum sense) random variables. Results
of this type will be called ”universal central limit theorem”.
Using Interacting Fock Space (IFS) techniques we extend this result in
two directions: (i) we prove that the random variables can be taken to
be generalized Gaussian in the sense of Accardi and Bozejko [3] and we
give a realization of such random variables as sums of creation, anni-
hilation and preservation operators acting on an appropriate IFS; (ii)
we extend the above mentioned result to the non symmetric case. The
non trivial difference between the symmetric and the non symmetric
case is explained at the end of the introduction below.
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Introduction

The main technical tool, used in the present paper, is the Interacting Fock
Space (IFS). This notion emerged from the stochastic limit of quantum elec-
trodynamics (QED) without dipole approximation [I].

The functoriality of the construction of the IFS suggested, since the be-
ginning of the theory, that it might be a natural tool to construct examples
of inequivalent notions of stochastic independence.

On the other hand, the proliferation of notions of stochastic independence
has motivated the development of different points of view concerning these
notions. In particular we mention:

(1)

(iv)

the axiomatic point of view, based on various notions of coproduct and
developed by Schiirmann [23], Speicher [26], Ben Ghorbal [6], Muraki
2],

the reductionistic point of view, developed by Lenczewski, which re-
duces all notions of independence to tensor independence [17], see also
3],

the individualistic point of view, which concentrates on a specific notion
of independence and extensively develops the corresponding probabil-
ity theory in analogy with the classical one. This has been followed
by Voiculescu [27], Bozejko and Speicher [10], Speicher [24], Bercovici
[8], for free probability; by Lu [I8 [19] and especially Muraki [21], for
monotone probability; by Speicher and Woroudi [25], Ben Ghorbal and
Schiirmann [7] for boolean probability;

the constructive approach, which emphasizes concrete and explicit rep-
resentations of the random variables involved. Examples of this ap-
proach can be found in the paper [9] by Bozejko, Kiimmerer, Speicher
on g—Gaussian processes and in several other papers of the Polish QP—
school; in the papers by Accardi, Hashimoto, Obata [4], Hashimoto
[15], Hashimoto, Hora and Obata [16], Lu [19], which use the IFS as a
basic tool.

From the Lenczewski approach [I7] it begun to emerge the idea that the
various notions of quantum independence are in fact masked forms of classi-
cal dependencies. This point of view received two independent confirmations:



one in the result, proved by Cabanal Duvillard and Ionescu [I1], that any
symmetric probability measure on R, with moments of any order can be
obtained as the central limit distribution, in the sense of convergence in mo-
ments of a sequence of symmetrically distributed algebraic random variables
satisfying a notion of stochastic independence. Another one was obtained by
Accardi and Bozejko [3] who introduced a universal convolution and proved
that every symmetric probability law on R with moments of any order is
infinitely divisible with respect to this convolution.

The result of [3] was based on interacting Fock space techniques while the
result of Cabanal-Duvillard and Tonescu exploited the combinatorial tech-
niques of [12] combined with an extension of the notion of (¢, ¥)-independence,
due to Bozejko and Speicher [10]. This construction was generalized by
Mlotkowski [20]. Between the results obtained in [3], 11, 20] and the central
limit theorem proved in the present paper, there are three main differences:

1. we prove that any mean—zero distribution with moments of all orders,
not only the symmetric ones, can be obtained as central limits, in the
sense of convergence of moments, of self-adjoint random variables;

2. we explicitly realize both the approximating random variables and their
limits as sums of creation, annihilation and number operators in suit-

able IF'S;

3. with respect to the reference state, the random variables considered
here do not satisfy the weak independence condition, used in [11] nei-
ther, in the case of non symmetric distribution, the symmetrically dis-
tributed condition, used in the same paper.

The present paper also suggests a general notion of independence, natu-
rally abstracting the properties of the special class of interacting Fock spaces
which is used here (cf. section 4), and different from the notion of weak inde-
pendence in the sense of Cabanal-Duvillard and Ionescu. This development
will be discussed in [5].

It was known from the Accardi-Bozejko paper [3] that the mixed moments
of any probability measure with moments of any order can be expressed in
terms of singletons and (non crossing) pair partitions (Gaussianization) and
that the symmetric case is characterized by the absence of singletons. The
functoriality of the IFS construction provides a natural and easy way to
extend this construction from single random variables to processes.



A nontrivial difference between the symmetric and the non symmetric
central limit theorem is that we are unable to prove the latter with identically
distributed random variables. We were able to reduce this dishomogeneity
to a simple multiplication by a constant (cf. section formula (5.2)), but
not to eliminate it completely. It is not known whether this is a limitation of
our method or the manifestation of an intrinsic difference between the two
cases. The analogy with the classical case suggests the conjecture that the
latter hypothesis is true.

This paper is organized as follows in section [§2| we recall the definition
of IFS and of the basic operators acting on a such spaces, i.e. creation,
annihilation and preservation operators. In section one give a formula
for the moments of a quantum stochastic process of the form of A(f) +
AT(f) + Ay In section , we introduce the notion of “l-mode-type IFS”
(I-MT-IFS) and show that on any 1-MT-IFS, the vacuum distribution of
A(f)+A*(f)+ A, depends only on the module of f but not on f itself. This
is the main difference between IFS and 1-MT-IFS, for more details see [19].
Section [§9]is devoted to the proof of our main result i.e. Theorem First,
we prove an estimate on the mixed moments (Lemma 5.2) which allows to
apply Lemma 2.4 of [4]. This, combined with a quantum extension of the
moment formula proved in Theorem of [3], allows to conclude the proof
of our Theorem in the symmetric case. Up to this point we work with
identically distributed random variables. Then we extend the proof to the
non symmetric case trying to emphasize the steps of the proof that prevent us
from using only identically distributed random variables (cf. formula (5.12])).
Corollary (5.1) specializes the above result to the associated classical process
and corresponds to the nonsymmetric extension of the Cabanal-Duvillard
and Tonescu result.

§2 Standard IFS

In this and following sections we recall from [2] the definition and some
properties of the standard IFS. Then, using these notions, we formulate the
main results of this paper.

Definition 2.1 Let (X, X, i) be a measure space and let {\,} >, be a family
of functions with the following properties:

(i) for any n € N, A, : (X", X") — R, is bounded, positive, measurable;
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(ii) for any measurable function F,, : (X", X") — C if

/|Fn (T ) An Ty 21) o (dy) - - - o (dey) = 0

then for any measurable function f: (X, X) — C,
/ ’f (x)|2 ’Fn (xna s 7'7;1)’2 >\n+1 <x7$n7 < 7:[;1) H (d33) H (dxn) g o (d'xl) =0

We define, for each n € N, the (not necessarily finite) measure p, on X"
by
o (E) = / A (@) p(day) - p(dey),  for E€ X",
E
and the associated L?-space:

H, :=L*(R", u,), ¥n>2

with pre-scalar product such that for any F,,G, € H,

(Fo,G) = /)\n (T 21) (FaGo) (s s 1) 1 () -~ po (dr)

By taking the quotient and completing H,, becomes an Hilbert space and with

the convention that
HO = (C, H = H1

The space
D(H{\},) =P H, C=18000a--- (2.1)
n=0

is called the (standard) interacting Fock space with weight functions
{A\}o2 . In particular if the {\,},—, are constant, then the corresponding
space I' (H,{\,},) is called a 1-mode type free interacting Fock space (1-
MT-IFS in short).

Definition 2.2 On the standard interacting Fock space I (H,{\,},,), for any
f € H, for any n € N and for any F,, € H, the creation operator A* (f) is
defined by:

<A+ (f) Fn) (Tna1s Ty - o5 1) = [ (Tpy1) - Fn (Tpy .o, 1)
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It can be proved that A" (f) is well defined as a linear operator A}“ cH, —
H,1 and that it has an adjoint A(f) : H, — H,_1 (on an appropriate
domain, cf. [2]) called the annihilation operator

A(f) = (A7)

If we assume that for any natural integer n and k = 1,2,...,n+ 1, there
is a O, such that

Ant1 ($n+1, eny L2, xl) < Cn,k)\l (Mz) “An (xn—i-la vy Lot 1y Thee1s -+ o) 171)

then, for each n € N, A* (f) : H, — H,1 is a linear bounded operator (see
[2] for more details).

Definition 2.3 Forany X € B(H), for any o = {a, }—, C R with o := 0,
for any n € N and for any f1,..., f, € H, one defines
Aa(X><f1®f2®®fn> :an(Xf1>®f2®®fn

the number operator with intensity ({ou,},—q, X).

For simplicity we shall adopt throughout this paper the following conven-
tions:

o if X is the identity operator, A, (X)will be denoted simply
Aa = Aa (]-) (22)

o for any f € H we write
Aa(f) = Aa (M)) (2.3
where My is the multiplication by f, i.e. Msg := fg, for any g € H.
For any ¢ € {—1,0,1}, f € H, a € £ (RY) we will denote

A (f) L ife=1
A (f)=A5 =4 Aa(f) ,ife=0 (2.4)
A(f),ife=-1

The properties of standard IFS imply that, for any n € N, e(1),...,e(n) €
{-1,1}, f1,...,fn € H, for any sequence («,) with oy = 0, and for any
X € B(H), the following identity holds (in the sense that both sides are well
defined and the identity holds):

Ao (X) A (f) -+ AW (1) @ = 0 AT (g) - - A (gr) @ (2.5)

where



e among the vectors ¢i, ..., g,, there is exactly one index 7 such that
9i=Xfi, gi=1; Vi#i
e also the index m is uniquely determined by the family {e (1),...,e(n)}.

As a consequence any product of creation, annihilation and number oper-
ators applied to the vacuum can be always reduced to a multiple of a product
of only creation and annihilation operators applied to the vacuum.

The ®-statistics of the operator stochastic process {A (f), A" (g), Ay (X) :
f,g€ H X € B(H)} is coded into its mixed moments

(A (f1) - A (f)) i= (@, ATV (fr) - A (F) @) (2.6)
through the algebraic rules and:

Ao =0, (A(f)A"(9)=(f9)

The extension of the Cabanal-Duvillard-Ionescu theorem, mentioned in
the introduction, can be formulated as follows (cf. Corollary (5.1)): for any
mean-zero probability measure g on R with moments of any order, there
exists an IFST' (H, {\,},) and a family of operator random variables {Q } -,
such that, for any m € N

(g}

Moreover, both the family {\,}, and the construction of {Q;},-, are de-
termined by the Jacobi parameters of the measure p. This result will be
obtained as a corollary of a more general quantum central limit theorem (cf.

Theorem ([5.1)).

§3 Moments of creators, annihilators and num-
ber operators in IFS

Lemma 3.1 For any n € N and € belonging to the set

{-1,0,1}":={e=(e(n),---,e(1) :e(t) € {-1,0,1}, Vi=1,...,n }



i) if among { A" (f,), -+, A"V (f1)} there are same number of annihi-
lators and creators, then there exists a constant c¢ such that

A () AV (f) D = D (3.1)

it) if among {A*™ (f,),--- , A*D(f1)} there are more annihilators than
creators, then
AT (fa) - AD (fi) @ =0

iii) if the cardinality of the set {i : € (i) = £1} is odd , then
A (f) A (foy) - A ()@ =0
i) if either e (1) € {0,—1} ore(n) € {1,0}, the scalar product
(A (f) AV (fun) - ATV (1))
s equal to zero.

Proof. It clearly follows from the definitions.

O

Definition 3.1 Forn € Nande = (¢(n),---,e(1)) € {—1,0,1}" we define
the depth function (of the string €) d. : {1,....,n} — {0, £1,...,£n} by

d. (j) = > e (k) (3.2)

=He(k):e(k) =1 k <} —[{e(k):e(k) = =1; k <J}

Thus d.(j) gives the relative number of creators (annihilators, if negative)
in the product A5 ... A*() which are at the right of A or, equivalently,
the number of pairs which contain j in their “interior”.

Definition 3.2 {—1,0,1}} is defined as the totality of all {—1,0,1}" satis-
fying the following conditions:

1) o1 € (k) = de (n) =0;



ii) e(1) =1 and e (n) = —1;
iii) for alli=1,...,n,d. (i) > 0.

Lemma 3.2 For anyn € N, {fy};_, C H and ¢ € {—1,0,1}", the scalar
product
(A () A5 (fa) - A% (1)) (3.3)

can be nonzero only if e € {—1,0, 1}7}r

Remark 3.1 If we restrict our consideration only to creation and annihila-
tion operators, the analogue of the set {—1,0,1}} , is denoted by {—1,1}".

Condition i), which can be realized only if n is even, means that within
the set

{AS) (f), 450D (foa) o A0 ()

the number of creators is equal to the number of annihilators. Condition
iti) means that for any i, in the set { A%V (f;), A<D (fi_y), -+, AW (f1)}
there are more creators than annihilators. As a consequence, € (1) must be
equal to 1. Moreover, since one must verify contemporarily both

{h:h<n—1,e(h) =1} >|{h:h<n—1e(h) =—1}|

and

e (n) has to be equal to —1.

When one considers not only creation and annihilation, but also number
operators, the cardinality of number operators is arbitrary, so that n is not
necessarily even.

Proof of Lemma [3.2] Condition ii) is clear. iii) follows from the iden-
tity:

ni 1€{2,...,n}

A (f) . AV (D e Hz;'-:le(

with the convention that



If i) does not holds, then either the number of creators from the left is less
than that of the annihilators or the converse is true.In the former case ([3.3)
is zero because of iii). In the latter the adjoint of (3.3) is

(ATO (). AT ()

where
1N 1- ()7 if ():il
E(”‘{ O
A_{fj, i e(j) = %1

7]’ ) if 5(]) =0
and this is zero because of iii).
O

Definition 3.3 For any pair partition {(ip, j,)},_, of the set {1,2,---,2n},
{(aip,ajp)};;l will be called a pair partition of the set {ai,as, - ,aon}.

{(ai,, ajp)}zzl is called non-crossing if {(ip, jp)},_, is non-crossing.

We shall adopt the convention that, for any pair partition (non-crossing
or crossing) {(aip,ajp)}zzl, we have 4,, < --- <4y and i, > j, for all p =
1,2, ,n.

We have shown that for any ¢ € {—1,0,1}" , the cardinality of the set
{i: e (i) = £1} must be even and we shall denote this set by {iy, i, ,ion}
with the order i5y < --- < ;. Define

e (h) :=¢c(ip), Yh=1,2,---,2N

then ¢’ € {—1, l}iN and, as proved in [1], ¢’ determines a unique non-crossing
pair partition of the set {1,2,---,2N}, hence a non-crossing pair partition
of {i1,19,- -+ ,ian}. In the following this pair partition will be called the non-
crossing pair partition determined by . It is clear that any e € {—1,0,1}7
determines exactly one & and therefore exactly one pair partition.

Lemma 3.3 In the notation , one has:

(@, (A(/) + AT(f)+Aa)" @)= > (2,4 AD)

ee{-1,0,1}7
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-y ¥ ¥ n< I As<h><f>q>>

ec{— 101}

1<h<mhg{is}_,
e(is)=0 Vs= 12 ..... j ’

m— ]EZN i< <11

where, for any j € {h:h=0,1,--- ,m — 2} such that m — j is even anglgfiz"
any s =1,...,7, we define
{(-1,0,1}77 == {e € {~1,0,1}7; #{h:h=1,2,--- ;m,e (h) = 0} = j}
Proof. Expanding the power (A(f) + AT(f) + An)™, we find that
(@, (A(/) + AT+ M) " @)= > (2,4 ... 4<W)

ee{-1,0,1}™
By Lemma , for any ¢ € {—1,0,1}"\ {-1,0,1}"", the scalar product
<<D,A€(m) . --Ag(l)CI)> is equal to zero and so one gets the first identity in

(34).

For any € € {—1,0,1}", denoting
={h:h=1,2,--- ,m,e(h) =0}

we see that j can take values in the set {0,1,2,--- ,m}, that is,
Z (®, A=) ... A=) = Z Z (®, A% ... A=)
ee{-1,0,1}™ 7=0 ee{-1,01}77

If j =m,ieif e(i) =0 for any ¢« = 1,2,--- ,m, by the definition ¢ ¢
{~1,0,1}7" . If j = m — 1, then among all operators { A<(™ ... A*M1 there
is exactly one creator or annihilator and all others are number operator, so
> wei€ (k) = £1 and by the definition ¢ ¢ {—1,0,1}". In conclusion, as ¢
runs over {—1,0,1}"", the index j should run over the set {0,1,2,--- ,m — 2}.
Moreover, since in the set {Ae(l), e ,Aa(m)}, the number of creation and
annihilation operators is m — j , the scalar product <(I>, Astm) .. A5(1)®> is
equal to zero if m — j is odd. In other words,

Z <<I>, As(m) | As(l)q)> — Z Z <<I>, As(m) .. As(l)q)>

e€{-1,0,1}" 0<jsm—2 1,0,1
m—3€2N eel- }

(3.5)
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For any j = 0,1,---,m — 2 such that m — j is even and for any ¢ €
{-1,0,1}""7 | we denote {iy,---,i;} = {h:e(h) =0} with the order i; <
-+ < iy. By the definition of {—1,0,1}"" , 1 ¢ {iy,--- ,i;} andm ¢ {i1,--- ,4;},
i.e. 2§2J<<11§m—1 So

Z Z <q>7 Asm) .. AE(l)q)>

0§j§m—2 —1.0.1 m,j
mojeon SSTLOI

> > > (@, A% ... 45D )

O%J}g;\]? i <o < E{ 2, m =1} {1,011 T (i) =0 Vs=1,2,+-
J

For any j =0,1,--- ,m—2 such that m—j is even, for any 2 <i; <--- <
iy <m—1and for any ¢ € {—1,0,1}""” such that ¢ (i;) = 0Vs =1,2,--- , 7,
by definition, the scalar product <<I>, Astm) .. A5(1)<I>> must have the form
(@, A5 (f) - AZHD (f) Mg AZD () - (3.6)
o Aslitl) (f) A, A (f)--- A () q>>

By definition, the vector A, A=Y (f)--- AW (f)® is a certain a,, multi-
plied by AsG1=D (f)... A1) (f) ®, where the number n must be equal to the
difference between the number of creators among

{Aa(il—l) (f),--- A (f)}
and that of annihilators, i.e. d. (1). So we have that
N AT () A ()@ = g, A7 () A0 (1)
By induction we prove, that the scalar product is equal to

[T vt (@, A () - A<D () 460 () .

o ATOED () 45D () oo 45D () ¢,>
and this proves the second identity in (3.4)).
OJ

Remark 3.2 In the notations of Lemmal3.3, if instead of the operator A, =
A, (I) one considers A, (x), where x is the indicator of any measurable set
including the support of f , the identity remains true.

Remark 3.3 A similar version of the above result is given in [3] Theorem
where a different notation is used.
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84 1-mode type IFS

The simplest class of standard IFS is that for which the functions (), in
Definition are constants. The sequence {a,} -, C R is arbitrary while
condition (ii) of Definition becomes in this case: {\,}—;, C R; and
A =0 = A1 = 0 Vn. Any pair of sequences satisfying these conditions
will be called a pair of Jacobi sequences.

In the notation ([2.4)) this class is characterized by the following relations:

AjAT =waia ([, g) forany fg € H (4.1)
A;® =0 forany fe H (4.2)
wn =D wnlu (4.3)
n=0
P, denotes the projection on the n—particle space in the decomposition ([2.1))
and \
= T 4.4
Wno= N (4.4)

This means that all the mixed moments of A3 (¢ € {—1,0,1}) are uniquely
determined by f and by the basic relation

an AT (f) - ATV (i) @ = ag AT (f) - AV (f) @ (45)
where d. is the depth function defined in (3.2)).

Lemma 4.1 If the functions {\,} -, are constants then for any m € N and
for any e € {—1,1}", the scalar product

<@7Ae(m) (f)- oo A5 (f) q)>

has the form
AT - C e {An}nts)

where || - || is the norm in L*(X, ), C(g;{ \n}or,) is a constant uniquely
determined by € and {\,}"_,. Moreover it is equal to zero if either m is odd
orm is even and € € {—1,1}"\ {-1,1}"".
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Proof. If m is odd, the conclusion is trivial and so we consider only the
case m = 2N for some N € N. As proved in Lemma |3.2] one knows that
(@, A5CN) (f) - AW (£ @) =0if e € {~1,1}*V\ {~1,1}?" . In the case of
N=1landee {-1,1}}

(@, A (f) AW (f) D) = (D, A(f) AT () ®) = M || £]I?

We suppose the statement is true for any £ < N and prove it for K = N + 1.
For any ¢ € {—1, 1}1(N+1) , by denoting
h:=min{k € {1,....,2N + 2}, (k) = -1}

we know that, just by definition, h # 1 and e(h—1) = --- = (1) = L.
Moreover since

AN AT (fo) AT (1) @ = wo (f, fu) AT (fumr) - AT (f1) @ (4.6)

we have that
<q>’ AE@(N+1)) (f)-- . A5 (f) (p>

= (f, [) Wa.(ny (@, ATCEFD (f) . A2 () A5 BHD (f) . A5 (f) D)

The proof follows now by induction .

O

Corollary 4.1 For any f,g € H the moments of A(f) + AT(f) and of
A(g) + AT (g) are the same if and only if ||f|| = ||g||-

Proof. Our conclusion is easy to see as follows

(@, (AN + AT @)= > (B, A (f)... AN (f) @)

m
ee{-1,1}7

=" Y. Cle{mbiy

ee{-1,1}7

=lgl™ DY Cls{by) = (., (Alg) + At (9))" @) O

EE{_LI}T
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Corollary 4.2 For any f,g € H and xy,x, two indicators such that Xy
(resp. Xxg4) is the indicator of a measurable set including the support of f
(resp. g), the moments of A(f)+A*(f)+Aa (xs) and A(g)+AT(g)+Aa (Xg)
are the same if and only if || f|| = |lgll -

Proof. For any m € N
(@, (A(f) + AT (f) + Ao (xp)" @)

Z nZ >, Oéde<s><‘1’v 1T As(h)(f)q’>

ce{- 101}+ 1<h<m

m— ]€2N << .
L e(is)=0 Vs=1,2,....5 hg{is}_,

and

(. (Alg) + A" (9) + Aa (x,)" @)

Z Z > E@de<s><¢7 11 As(h)(g)¢>

_ ee{-1,0,1}7 1<h<m
AN e(ig)=0 Vs= 12 o ’L¢{is}g:1

For any 0 < 7 < m—2such that m—j € 2N, forany 2 <i; < ... <43 <m—1
and for any € € {—1,0, 1}”” such that ¢ (i5) = 0Vs =1,2,--- 7, it follows
from Lemma [4.1] that

<<1>, 1T A€<h>(f)q>>=<q>, 11 A5<h>(g)<1>>

he{is}_y he{is})_q
if and only if || f|| = ||g||. Hence
(@, (A() + AT(F) +Ma ()" @) = (2, (Alg) + AT(9) + Ao (xy)) " @)
if and only if || ]| = [g].

O

Remark 4.1 Both Corollaries and [{.9 strongly depend on the fact that
the (\,) are constant. There are many standard IFS in which the distri-
bution of A(f) + AT(f) + Aa(xy) (even A(f) + AT(f) ) depends not only
on || f]| but also on f itself. For example, if we take H := L*([0,1]) and
An (@1, ) 1= 2ozl - -2t for any n, then the distribution of A(x(o,)) +
At (X[o,1)) is the arcsine law but A(\/§X[0,1/2]) +A+(\/§X[071/2]) has a different
distribution. For more example see [2, 18, [19] and references therein.
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Corollary 4.3 Let ||f|| = 1. Then the polynomial distribution of A;{ +Ar+
ay is the (polynomially unique) probability measure with Jacobi parameters

(Wn), (am).

Proof. Let {a*, H1,®,} denote the 1-mode interacting Fock space with
Jacobi parameters (wy,), (a,). The identity (4.6) and (4.4)) imply that
AN

AAT =
/ AN-_1

=WN (47)

Since A;® = 0, it follows that the map
a+”<I>1 — A}l—nq)

extends to a unitary isomorphism U, from H; to the closed subspace gener-
ated by the vectors {A7"® : n € N}. By construction U satisfies

Uat = A}FU

U@lzq)

and this implies the statement.

Lemma 4.2 If the {\,},, are constant, then for any N € N, for any

ee{-1, 1}Jr and for any {f1,--- , fan} C H, with the convention X\ := 1,
one has:

N
<<I>,A5(2N) (fan) - -+ A2 1) (f1) @ H (firs fr) w () (4.8)

where {lk,rk},]::l 18 the unique non—crossing pair partition determined by
2N
ee{-1,1}".

Proof. If N =1, (4.8) is clear. Suppose that it holds for N = n. Then,
for N = n + 1 one has:

<q>, As(2n+2) (fonga) - - As) (f1) q)>

= <CI)’ A€(2n+2) (f2n+2) T Aa(lnﬂ) (fln+1) AE(%H) (an+1) T Aa(l) <f1> CI)> :
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By the non-crossing principle 7,11 = l,41 — 1 and e (h) = 1 for any h < 7,41.
So the quantity above is equal to

<AE(2"+2> (fansa)* " As(tna) (fzn+1+1) A (fzn+1+1) AT (frn+1> AT (an-H*l) AT <f1)>
- <fln+17 f?"nJrl > wds(ln+l) X
X (A (Fopya) - AXOHD (fy ) AT (friaoa) - AT (F)

= <fzn+17 frnﬂ > W (tyq1) X
x <AE(2H+2) <f2n+2) T AE(Z”HH) (fln+1+1) AE(THHA) (frn+1*1) - AT <f1>>

(4.8) now follows from the induction assumption.

§5 Central limit theorem

The main goal in this section is to show our central limit theorem. For
any pair of Jacobi sequences {a,} -, C R, {\,},—;, C R4, in the no-
tations (2.2, (2.3) we consider the following operators on the 1-MT-IFS
I'(L2 (Ry) {Aadoy):

Ay = A(X[k,k+1)) ; A; = A+(X[k,k+1))v A=Ay, k=0,1,... (5.1)
and for any bounded sequence {cy},-, C R we consider
Qr=Ar+ Al + e, k£=0,1,2,... (5.2)
and ¢ := 1.

Lemma 5.1 The family {Ak,A;}Zil satisfies the singleton condition with
respect to the state (P, -D).

Proof. Clear from (4.8).
O

Lemma 5.2 (Uniform boundedness of the mized moments). For any N € N,
for any {k1, ..., kn} C N and for any e € {—1, 1}iN
‘<A5(2N) . A;§1>>‘ <) (5.3)

kan —

17



with the conventions: \g := 1 and, for any m € N:

A2 A3 Am
A = LA, = A, = A3,y —— A
(m) maX{ y N )\17 25 )\27 3 ’)\m_1, }
Proof. If N =1, <AZ§2)AZ§1)> is different from zero only if € (2) = —1

and € (1) = 1. Moreover

)<AZ(22)AZ(11)>‘ = ‘<Ak2AZ1>| =\ <X[k2,k2+1]aX[k1,k1+1]> <A <A(1)

2(N+1)
Jr
{ln, rh}hN:Jrll the non—crossing pair partition determined by . We know, by

the non-crossing principle, that ry,; = Iy — 1, e (h) = 1 for any h < ry,q,
and

Suppose that the result is true for N. For any ¢ € {—1,1} , we denote

‘<A2(j\’]\‘[:2) o 'A2§1)>‘ - ’<AZ(§V]\'[;2) o A;Ef:rv:ll+—tl)AklNHA:TNMAz_mwrr1 a 'AZ1>)
- wdf(lNJrl) <X[klN+1’klN+1+l} ’ X[kTN+1’kTN+1+1]> X
x <A;(jﬁj2> A A;>‘
<0 (AT AT DALY )

and by the induction assumption one has that

‘<Ae(2N+2) gttt gelrva=l) Ai(ll)>‘ <[A (N)FN

kony2 TRy g4 TRy -1

Therefore
(480 A < Py -

kan+2 de(IN41)

Moreover d. (l,+1) + 1 = d. (rn,41) and, since € (h) = 1 for any h < ry,; and
since [{h : e (h) = 1}| = N+1, one gets that d. (I,,41)+1 =d: (ryi1) < N+1
. Consequently

) <A (N+1)

de(In 41

By definition the sequence {A (NV)}y_, is increasing, hence

‘<A5(2N+2) ' "Ai(ll)>‘ < (N)]zzv " AN+ 1)2(N+1)

kan+2 de(In41)
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Theorem 5.1 Let p be a mean—zero probability measure on (R, B) with mo-
ments of any order and with Jacobi coefficients given by {wy}, ,{on}, . De-

note I' (L? (Ry),{\.},) the 1-mode type free IFS with w, = /\;\’_11 for any

n and consider the operators {Ak,Az,Ak}Zo:O defined by , on
(L% (Ry),{A\u},), where {ck}re, C R is a bounded sequence which satisfies

the condition

\/LN ;ck —1 (5.4)

(e.g. cx = Vk —VE—1 for any k) if the sequence (o) does not vanish
wdentically.

Then

i) for any k =0,1,2--- | the distribution of Ay + Al + Ay with respect to
the state (®,-®) is exactly the measure yu;

ii) the operator quantum stochastic process

1 - 1 & 1 -
converges in the sense of the mized moments for N — oo, to
{ Ao, A, Ao}

Proof. i) follows from Corollary Corollary and [3]. To prove ii)
we first deal with the symmetric case i.e. when the sequence («,), hence
(Ag), identically vanishes and the quantum operator process is reduced to

{(1/\/N) SV Aki} Our goal consists in showing that for any m > 1 and
for any e = ((1),--- ,e(m)) € {—1,+1}"
]' m 3 e(m 3
lim — Y <A;<m >...AB<11>> _ <AO( >...AO<1>> (5.5)

N—oo 2
N 1<B1,--,Bm <N

o0

k=1

The operator process {Ak, A:};O:O satisfies the singleton condition and the
boundedness of the mixed moments as shown in Lemma [5.1] and Lemma [5.2]
respectively. Hence from [4], Lemma 2.4 it follows that the limit is
nonzero only if m = 2p and, in this case, the left hand side of is equal

to:
1
ml Y () e
B:{1,..., 2p}t—{1,..., N}

|Range(8)|=p
[B=1(BG))|=2 Vi=1,...,2p
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where |-| denotes cardinality. FEach map (5 in the above summation induces
a pair partition of the set {1,2,...,2p}. We denote by P.P.(2p) the set of
all these partitions and use the notations

B_l(ﬁ(])) = {lj’rj}> lj>rj> jZl,...,p

Moreover we know from Lemma that a term in the sum (5.6) can be
nonzero only ife € {—1, +1}ip . In particular only non crossing pair partitions
may give nonzero contributions. Hence the quantity (5.6) can be rewritten
as

lim — 3 <Aﬁ2p AT A A;1> .5

o

J J
{z ~,'r]~}p €N.C.P.P.(2p)
=1

where N.C.P.P.(2p) denotes the set of all non crossing pair partitions of
{1,2,...,2p} and the first operator on the left is an annihilator (and cor-
responds to an /j-index) while the first operator on the right is a creator (
and corresponds to an r;-index). Let f;, be the index of the first annihilator
from the right in (5.7). Hence the operator with index 5, — 1 is a creator.
If 8, — 1 # B,,, then one has

Ag A% =0

because we are dealing with disjoint intervals. Therefore the nonzero contri-
butions can come only from those pairs satisfying 5, — 1 = §,,. Using (4.7)

and the depth function (3.2)), (5.7)) becomes

_ 2@ 4200 At
Wae (11) J&l_{noo ﬁ Z <Af62(p1) Y Aﬁll Aﬂrl o .Aﬂl
{lj,rj}?zleN.C.P.P,(Zp)
Iterating the same procedure for any [; (j = 1,...,p) (5.7)) takes the form
P 1
[Twwo Jim 55 32 (58)
Jj=1 {lj,rj}?zleN.C.P.P,(Qp)
Now we observe that, as a set:

{1,,22?}: {llyrla"wlP?/rp}

20



so any map of the sum in (5.8)) can be written in the following way:
B:Al,r, .y = {L,..., N}, |Range 5| =p

5_1 (B (])) = {ljvrj}’ J=1L1...,p
Moreover, since any ¢ € {—1, +1}ip determines exactly one non-crossing pair
partition of {1,...,2p} and I, < --- <[y, then, for any j = 1,...,p, 3, is
uniquely determined once one knows f3;;. So to assign 3 is equivalent to assign
an injective map

B:A{ly,.... L,y —{1,...,N}
Therefore (5.8]) is equal to

p
des(l hm —|{6 {li,..., L} —={1,...,N}: [ injective}| (5.9)
j=1

where | - | denotes cardinality. Since

{8+ {ty- by = {10 N} 2 B injective}| =

in the limit (5.9) we have

) 1 p p
lim —N(N—-1)---(N—(p+1)) deg(lj) = des(zj)

N—oco NP
j=1
On the other hand, in the above notations,
<Ag(2p) .. 'A8(1)> _ <A0 L Ag(ll)Ag(ﬁ) .. AE]|-> (5.10)

= W, (1) <AO Ag(ll)Ag(TI) .. A(J)r>

and iterating for any j, one obtains

<A0(2P. €(1> des (5.11)

Now let us prove (5.5)) in the non-symmetric case.
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In this case e = (¢ (1),--- ,e(m)) € {-1,0,+1}" and A;g_j) = cg,A. The
proof is by induction on m > 1. If m = 1, then ([5.5) is verified because each
side is identically equal to zero. Now we suppose that is verified for any
h < m — 1 and prove it for h = m. We denote by J; the set of indices in ¢
corresponding to number operators, i.e.

Jz:={je{l,.m}:e(y) =0}

Denote s = |Jz| the number of singletons, then 0 < s < m — 2, because
1,m ¢ Jz and m — s = 2p, because of iii) of Lemma[3.1] If 3, = (), then the
thesis follows because we find the symmetric case. If J7 # ), then there exist
k =1,..m such that € (k) = 0. Denoting z; = min{k € {1,....m}: k€ Iz},
the right hand side of can be written as

(A5 A A = g <A8“’” A -AS(”>

The left hand side of ((5.5)) can be written as

. 1 e(m) e(z1) e(1)
dm s (AR A5
1<B1,..,Bm<N

: 1 1 m) e 4e(D)
— ]\llj)noo ads(Zl) N Z 6621 N% Z <A/Bm T Aﬁzl T Aﬂl

(5.12)
where Fy ., is the subset of {1,..., N} in which f,, can be chosen. Fy ., =
{1,...,N}\{Bm, B} (because 1,m ¢ T, ). Hence |Fy.| =N —2. As a

N
consequence \/Lﬁ >_ cp., has the same asymptotic of \/LN > e for N = 00

21€EFN 2, k=1

because {c;} is a bounded sequence in R. Moreover we notice that

cm)  pe(er) (1)
S {agealn )

22



in (5.12)) can be written as

e'(m=1)  4&'(1)
> A A
1<B!,...B8 <N

m—1—

—

where ¢’ = (5(1),...,5(21),...,5(m)) and f':{1,...,m—1} — {1,..., N}
such that g, =6, ifk=1,...,21—1land B, = fBrp1 if k=21,...,m — 1.
By hypothesis of induction we know that

e'(m=1)  4&'(1) _ e'(m=1)  4&'(1)
dm 2 (A = (A )

lim

and the right hand side above is
< PROIEE Ag<1>>
As a consequence ([5.12)) is equal to

(1) <A8(m) e A 'A8(1)>

O

Corollary 5.1 In the same notations of Theorem we have that for any

m >0 .
. 1 & .
o {(fege) )

where, for any k € N, the operator classical stochastic process Qy is defined
by:
Qr = Ap + Al + g

Proof. For any m > 1

<( N?‘:Qk>m>21vl 2. > <A2$;“)...AZ(11)>

e€{—1,0,1}7 1<k1 .. km <N

vl3

-
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/xmdu ={((A+ AT +00)"y = > <Ag<m> . .Ag(l>>
ec{-1,0,1}7"
Since the sum > involves only a finite number of terms the thesis
56{—170,1}T
follows by applying Theorem [5.1] to each element of the sum.

O
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