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1 Introduction

Infinite dimensional generalizations of the usual Laplacian were introduced by V.
Volterra and studied by P. Lévy [29, 30] who introduced a different type of Laplacian
producing the first example of an essentially infinite dimensional differential operator
(i.e. a differential operator which is identically zero on all functions depending only on a
finite number of variables (cylindrical functions)). Gross [15] initiated a systematic study
of the Volterra Laplacian in the context of abstract Wiener spaces. L. Accardi and O.
Smolyanov [1] introduced a countable hierarchy (A,,), of essentially infinite dimensional,
Laplacians with the property that (A) is the usual Laplacian, (A;) the Lévy and the
domain of A, is contained in the kernel of A, ;.

Quantum extensions of the Lévy Laplacian, acting on generalized operators on ap-
propriate Boson Fock spaces, were introduced by L. Accardi, H. Ouerdiane and O.
Smolyanov [4] extended to the framwork of Hida distributions by U.C. Ji and N. Obata
[23]. A different extension in the same direction is due to W. Arveson [§]

These Laplacians has been studied from various points of view by many authors, see
[14, 35, 36, 37] and references cited therein. Interesting connections with different fields of
mathematics have emerged, for example: infinite dimensional harmonic analysis [18, 33],
transformation groups [10, 17], differential equations in infinite dimensional [10, 28],[26],
stochastic processes [2, 5, 39, 41|, Poisson noise functionals [40], infinite dimensional
rotation group [31], and Cauchy Problem [12]. Applications to physic have emerged in
connections with Yang-Mills and Maxwell equations [3, 27].

The integral representations of the Volterra—Gross and the Lévy Laplacian in terms
of white noise operators were obtained by H.H. Kuo [25] and motivated the conjecture
by Accardi, Lu and Volovich [7] that the Lévy Laplacian should be related to the square
of quantum white noise just as the usual Laplacian is realted to the first order quantum
white noise. This conjecture received recently a strong support by the result of Obata
[34]).

On the other hand the main result of the paper [6] was the identification of the
quantum Brownian motion (QBM) associated to the Lévy Laplacian with the QBM
associated to the usual Volterra—Gross Laplacian whose initial space as well as the mul-
tiplicity space of the associated white noise coincide with the Cesaro Hilbert space. A
consequence of this result is the identification of the Lévy Laplacian with the Gross
Laplacian on an appropriate Fock space.

Our main goal in the present paper is to exploit this identification to find a new
integral representation of the Lévy Laplacian in terms of white noise operators.

This result is new even in the classical case, but we will prove it directly in the
quantum case. Since the above mentioned identification is heavily based on quantum
probabilistic techniques, a pre-requisite for the achievement of this goal is the develop-
ment of the analogue of these techniques in a white noise framework. This was done in
the paper [23] by Ji, Obata and Ouerdiane, however in this paper the authors do not
consider the problem of the integral representation of the Lévy Laplacian. Since our
paper heavily relies on the results of [23], we will briefly recall these results.

This paper is organized as follows: In Section 2 we review the basic construction
of nuclear riggings and characterization theorems in white noise theory following [20,
32, 38]. In Section 3, following [25, 26] we recall the definitions of classical Gross and
Lévy Laplacian. In Section 4, following [21, 22|, we introduce the quantum white noise



derivatives and study their basic properties. In Section 5 we introduce the quantum
Gross and Lévy Laplacians on generalized operators and study their properties. Our
main result, i.e. the integral representations of the quantum Laplacians in terms of
quantum white noise derivatives are obtained in Theorems (?7), (5.10) respectively.
In Section 6 we study correspondences of the classical Laplacians and the quantum
laplacians. In Section 7 we investigate solutions of the Cauchy problems associated
with the quantum Laplacians connecting with a normal-ordered white noise differential
equation.

Acknowledgements The third named author would like to express his gratitude to
Professor L. Accardi for his kind invitation to Volterra Center in February 2005, during
his stay this joint work was started.

2 Preliminaries
2.1 Standard Construction of Gel’fand triple

Let Hr = L*(R,dt) be the real Hilbert space with the norm | - |y generated by the
inner product (-, -) and £ the Schwartz space of rapidly decreasing functions on R. Note
that £ is a standard countable Hilbert (nuclear) space constructed from the Hilbert space
Hg and the harmonic oscillator A = 1+ > — d?/dt?, i.e.,

& = projlim &,

p—00

where &, = Dom (AP) (p > 0) is the Hilbert space corresponding to the domain of AP,
ie, & ={ € Hr; |£|, =[AP{], < oo}. Defining £, to be the completion of Hg with
respect to |-|_ =[A7P[; for p > 0, we obtain a chain of Hilbert spaces {£,; p € R}.
By taking topological isomorphism:

& = indlimé&_,,

p—00
and by identifying Hg with its dual space, we obtain a real Gel'fand triple:
E C Hgr CE&7, (2.1)

where £ and £* are mutually dual spaces. Finally, by taking complexification we have a
complex Gel'fand triple:
SCHCcCS, (2.2)

where §, H and §* are the complexifications of £, Hg and £*, respectively. The canoni-
cal C-bilinear form on &* x S which is compatible with the inner product of H is denoted
by (-, -) again.

2.2 Hida—Kubo—Takenaka Space

For each p € R, let S, be complexification of &£,. The (Boson) Fock space over S, is
defined by
r(s,) = {¢ = (ot fa € ST 012 =S nl] ful? < oo} |
n=0

3



From a chain of Fock spaces {I'(S,) ; p € R}, by setting
(S) =projlimI'(S,) and (S)" =indlimI'(S_,),
p—o0

p—00
we have a complex Gel’fand triple:
(8) c(H) C (8)

which is referred to as the Hida—Kubo—Takenaka space in the white noise theory [16,
25, 33]. It is known that (S) is a countable Hilbert (nuclear) space. By definition the
topology of (S) is defined by the norms

lol2=>"nl|ful2.  é=(fa), PER
n=0

On the other hand, for each ® = (F},) € (S)* there exists p > 0 such that ¢ € I'(S_,)

and
o0

2 2
[, =) nl|F.]*, <o
n=0

The canonical C-bilinear form on (S)* x (S) is denoted by ((-, -)) and we have
«(I)’ ¢>> = Zn' <FTL7 fn>a ¢ = (Fn) € (8)*7 ¢ = (fn) € (8)
n=0

An ezponential vector (or coherent vector) associated with x € S* is defined by

[L’®2 :L.®n
b= (1,0, T ).

21 n!

Obviously, ¢, € (S)* and ¢ € (S) for all £ € S. In particular, ¢y is called the vacuum
vector. The S-transform of an element ® € (S)* is defined by

SPE) = (@, oc), €S

Every element ® € (S)* is uniquely specified by its S-transform S® since {¢¢; £ € S}
spans a dense subspace of (S). A complex-valued function F on S is called a U-functional
if F'is Gateaux-entire and there exist constants C, K > 0 and p > 0 such that

FE) < Coxp (K|EL), €8
Theorem 2.1 ([38]) A C-valued function F' on S is the S-transform of an element in
(S)* if and only if F is a U-functional.
2.3 Characterizations

A continuous linear operator = from (S) into (S)* is called a generalized operator. Let
L((S), (8)*) denote the space of all generalized operators equipped with the topology of
bounded convergence. The Wick symbol of = € L((S), (S)*) is defined by

wE(E,n) = (E¢e, gy e CM,  EneS.

Then we have the following characterization of Wick symbols which is a operator version
of the characterization of S-transform (Theorem 2.1). For the proof, we refer to [32].
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Theorem 2.2 Let © be a C-valued function on S x §. Then © s the Wick symbol of
an operator in L((S), (S)*) if and only if © is Gateaux entire and satisfying that

(O) there exist constant numbers C' >0, a > 0 and p > 0 such that
O, )| < CelElthl) ¢ pes.

Let [,m > 0 and x € (S®*+™)* Then by applying Theorem 2.2, we prove that
there exists a unique = € L((S), (S)*) such that

wE(&,n) = {k, n* @), EneS.

The operator Z is called an integral kernel operator and denoted by Z;,,,(k). In partic-

ular, for each x € §*, the annihilation operator A(x) and the creation operator A*(z)
are defined by
A(x) =Zp1(x) and A"(x) =Z10(x),

respectively. For notational convenience, we write
ay = A((St)v a: = A*(ét)a t € R.

Then we sometimes use a formal integral expression:
— * *
‘:‘l,m(/ﬁj — / H;(S]_, . ,Sl,t]_, P 7tm)a81 e aSlatl e atmdsl e dsldtl .. dtm
Rl+m

Every operator = € L((S), (S)*) admits the following expansion:

== Z St (Bim)y  Kim € (ST m (2.3)
which is called the Fock expansion of = (see [32, 33]). In this case, we have
UJE(&, 77) = Z <"€l,m7 77®l ® €®m> ) ga ne 87 (24)
,m=0

see [19].
Theorem 2.3 ([20]) A Gateauz-entire function F : S* — C is expressed in the form

F(gb §2a 537 54) = <<E(¢fl ® ¢§2)7 ¢§3 ® ¢§4>>7
with Z € L((S)®2,(S)**?) if and only if there exist constant numbers C' > 0 and p > 0

such that A
|F(£1,&,€3,€4)]" < Cexp (Z | & |;,2,> )

=1

forany & e S, i=1,2,3,4.
Theorem 2.4 ([20]) A Gateauz-entire function G : S* — C is expressed in the form

G(gh &2, M1, 772) = <<E(¢§1 ® ¢§2)7 Qbm ® ¢772>>7

with 2 € L((8)®?,(8)®?) if and only if for any p > 0 and € > 0 there exist C > 0 and
q > 0 such that

2 2
|G(€17€277717772)|2 S CeXpE (Z | 52 |123+q + Z | nj |2p> )
i=1 j=1

fOT’ any 6175277717772 S S



3 Laplacians on Fock Space
3.1 Gross Laplacian

Let 7 be the trace on H, i.e., (1, £ @n) = (£, n), §,n € S. Then 7 € (§%%)* and the
integral kernel operator

Ag = Zpa(T) = / 7(s,t)asardsdt
R2

is called the Gross Laplacian, see [15, 24, 25, 33]. It is known that Ag is continuous
linear operator from (S) into itself.

Let {e,}°°, C & be a complete orthonormal basis for Hgr. Then the Gross Laplacian
is represented by

Ag =Y Ale,)Alen), (3.1)

see [25].
Let F € C*(S). Then for each £ € S there exist F'(§) € 8* and F"(§) € (S® S)*
such that

F(€+77)=F(§)+<F’(€),n>+1(F"(€),77®77>+0(|?7|,2,), nesS (3.2

2

for some p > 0. Moreover, the maps S 3 £ — F/({) e S*and S 3 — F(€) € (S®S)*
are continuous. For more study, we refer to [13]. By the kernel theorem we have the
canonical isomorphism

(S®S) = L(S,8) = B(S,S)

from which, for notational convenience, sometimes we write

(F"(&),n@mn) = (F"(&)n,n) = F"(&)(n,n).

Note that for each ¢ € (S), S¢ € C*(S) and

S(Ach)(©) = Aa(SP)(§) =D ((59)"(S), en®@en),  EES (3.3)

and so the Gross Laplacian can be represented by
Ag = S'AgS,

see [25].

3.2 Lévy Laplacian
Let {f;}32, be a fixed infinite sequence in £ and let ® € (S)*. If the limit

Be(59)(6) = Jim + S ((S9)(€), @ a)

(=}



exists for all £ € § and the function KL(SQD) is a U-functional, then the Lévy Laplacian
Ay, is defined by

Ard = S (&L(S@)).

For the given infinite sequence {¢x}7°, we denote L the set of all elements xz € S*
such that the limit

oo an= i (3 6 )
k=1

exists. Then for each x € L we have

AL¢$ = <I ® x)Lsza

i.e., ¢, is an eigenvector of Ap, corresponding to the eigenvalue (r ® x)y..

4 Quantum White Noise Derivatives
4.1 Creation and Annihilation Derivatives

Note that for each ( € S, A({) can be extended to a continuous linear operator
(denoted by the same symbol) from (S)* into itself and A*(¢) is a continuous linear
operator from (§) into itself. Therefore, for any generalized operator = € L((S), (S)*)
and ¢ € S the commutators

[A(C), Bl = A(QE-EA(Q),  [4%(¢), Bl = A*(¢)= — 2A4%((),

DFE=[A(Q),E],  D;E=—[A(().E].

The generalized operators DZFE and D/ = are called the creation derivative and
annihilation derivative of =, respectively, and both together the quantum white noise
derivatives of =, see [21, 22]. Then it is obvious that D becomes a linear map from

L((S),(S)*) into itself. Moreover, the bilinear map ((, E) — Détu is continuous from
S x L((S),(8)*) into L((S), (S)*). In particular, for any ¢ € S,

D¥ € LIL((S),(8)), £((S), (S)")).

For the proof, we refer to [22].
For k € (8%")* and f € S® (0 < k < n), the left and right k—contractions f ** ,
kg, f € (SPR))* are defined by

<f*k/€7g>:<"€7f®g>7 </€*kf7g>:<ﬁag®f>7
where g € S®") (see [33]).

Theorem 4.1 ([22]) For each Z =377 _ Eim(kim) € L((S),(S)") and any ( € S we

have

E Z m—*lm 1 ﬁlm*lg) D 2= Z lul 1,m C* /flm)

I,m=0 I,m=0



4.2 Pointwise Creation and Annihilation Derivatives

We start with the following lemma for which we refer to [23], in which we can find a
special case and a different proof.

Lemma 4.2 Let ( € S, n € N and = € L((S),(S)*). Then we have

n a-
w((DE)"E) (6m) = ——|  wE(En+20), (4.1)
2=0
n dr
2=0

PrROOF. We now prove only (4.1). Suppose that = admits the Fock expansion
E =2 m—oZtm(Kim), see (2.3). Then, by Theorem 4.10 in [22], we have

n L+ o n
p)z= 3 e ot ).

Therefore, by (2.4) we have

o0

n)!
w ()2 En = 3 B (i e 0 )

l!
I,m=0

00 dn
dm

dzm

<’il+n,m: (77 + ZC)®(Z+n) ® €®m>
z=0

w=(§,n + 2(),
2=0

which proves (4.1). |

Theorem 4.3 Let x € §*. Then
(1) Df is continuous operator from L((S),(S)) into itself;

(2) Dy

T

is continuous operator from L((S)*, (S)*) into itself.

Moreover, if x € S, then DE are continuous operators from L((S)*,(8S)) into itself.

PRrROOF. (1) Note that L((S), (S)) = (S) ® (S)* by the kernel theorem, i.e., for any
E € L((5),(5)) and ¢ € (5), ® € (5)"

Therefore, we have

LIL((S),(8)), L((S),(5))) = (S)®(8) @ ((S)
“® (S). (4.3)

oo



On the other hand, by Lemma 4.2 we have

(D (0 ® 0c,), 0, @ Ge.)) e = (DY (be, ® 0,) (), g, )) e~
= ({z, &) — (x, &))e (€2, €a)+ (&1, &3) = (€4, &3)
for any §; € S, 1 =1,2,3,4. Therefore, for any & € S,1=1,2,3,4

(D7 (e @ ¢), b @ b)) = (&) = (w, &)) el EHERE,
Hence by applying Theorem 2.4 with (4.3) we prove that D} € L((S)®(S)*, (S)®(S)*).
(2) Similarly, L((S)*,(S)*) = (S)* ® (S) and
LILU(S)(8)), L(U(S)", (8)) = (S)" @ (5) @ (S) @ (5)".
Also, by Lemma 4.2 we have

Dy (de, ® be,), by @ b)) = ((w, &) — (w, &)) el ETELE),

Hence by applying Theorem 2.4 we prove that D, € L((S)* ® (S), (S)* ® (S)).
Finally, if z € S, then by applying Theorem 2.4 we prove that D are continuous
operators from L((S)*, (S)) into itself. i

From Theorem 4.3, for each ¢t € R the quantum white noise derivatives Dgz and Dy,
are well-defined as continuous linear operators acting on £((S), (S)) and L((S)*, (S)*),
respectively. For simple notation, we write Df = D(:SE for any t € R. Then D; and
D; are called the pointwise creation derivative and pointwise annihilation derivative,
respectively.

5 Quantum Laplacians

For each F' € C*(S x §), there exist Fj(£,&) € S* and Fjj(£1,&) € (S® S)* for
any £1,& € S and 4,7 = 1,2 such that

2

F&+m&+m) = F&,&) + Y (F(&.&), m)

=1
+ Z< (& E)mi my) +ol|m 2+ n2 )
zgl

for some p > 0. For more study, we refer to [13].

5.1 Quantum Gross Laplacian

For each = € L((S), (S)*), w= € C*(S x S). Define

AZ(wE) (&, &) = {(WE)1(1,&), ex @ e) +Z WE)5y(&1,&2), ex @ex)  (5.1)

k=1

if the limits exist. If AQ(wu) is Gateaux entire and satisfies the condition (O) in Theorem
2.2, then there exists a unique operator, denoted by Ag:, in L((S), (S)*) such that

w(ASE) = AS(wZ). (5.2)
Then Ag is called the quantum Gross Laplacian. We denote by Dom (AQ) the set of all
generalized operators = € L((S), (S)*) such that ASZ is well-defined as in (5.2).

9



Theorem 5.1 Let = € L((S),(S)*). If the series

iD%D%E and ZD+D+”

k=1

exist in L((S), (S)*), then we have

Ag:—ZD D: H+ZD+D+”. (5.3)

PROOF. By applying (4.1) and (4.2) we prove that

(WE1(61, &), e ®@er) = w(Dg D E)(&,m),
<<wE>/2,2<§17€2)7 er @ €k> = w(D;D;@EN&? 77)'

Therefore, by definition we have

AQwE(&1,&) = Y w(D, D E)(En) + Y w(DEDSE)E )
k=1 k=1
= w(ZD D: _+ZD+D+ ) n)
which proves (5.3) by assumption. i

Proposition 5.2 Let ==Y Eim(kim) € L((S), (S)) with kim € S® ® 8™ for
any l,m > 0. Then we have

AGE= D" (m+2)(m+D)Zm(kimez = 7) + D (14 2)(1+ D) Zpn(7 * Kryam)- (5.4)
,m=0 I,m=0

Proor. For any [,m > 0, in the sense of Theorem 4.1 we prove that the series

[e.@]
Y DD, Zimia(fimyz) and }jD*D*;HmAmHm@

k=1

exist in L((S), (8)*) and

> DD Ermea(Kima2) = (m+ 2)(m + DEpp (Kimga * 7)
k=1

and

> DI DI Eom(kipam) = L+ 2)(1+ D)Em(T * Kicom).

Therefore, by Theorem 5.1 we prove the assertion. In fact, the convergence of the series
in (5.4) can be proved by similar arguments in [33]. i
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Theorem 5.3 The quantum Gross Laplacian Ag is a continuous linear operator from

L((8),(8)) into L((S), (S5)").

Proor. By applying Lemma 4.2 and the proof of Theorem 4.3, for any n > 1 and
& eSS, 1=1,2,3,4,

(D Df (¢, @ d,), bes @ be,)) = ({€ny &1) — {en, &a))” /2 HELE)
<<D D (¢§1 ® ¢$2) ngd & ¢§4>> = (<6n7 52> - <6n> §3>)2 €<£2’§4>+<§1’€3>.

Therefore, by Theorem 5.1 we prove that for any & € S, i =1,2, 3,4,

4
<<A8 ((bil ® ¢€2)7 (bés ® ¢£4>> (Z &, fz fh §4> -9 <§2, £3>> (€2, €0)+(&1,&5)
=1

Since L£((S)*,(S)) = (8)¥2 and L((S),(S)*) = (8)*®?, by applying Theorem 2.3 we

prove the assertion. |

Now, motivated by (5.3) we define the quantum Gross Laplacian associated with the
annihilation derivative and creation derivative by

AST = ZD+ D+ AL = ZD D, (5.5)

er’?

respectively.

Theorem 5.4 AS™ are continuous operators acting on L((S),(S)) and L((S)*,(S)*),
respectively.

PROOF. The proof is a simple modification of the proof of Theorem 5.3. |

Theorem 5.5 The quantum Gross Laplacian admits the following integral representa-
tion:

AQ = / (Dt+2 + D;Z) dt (5.6)
R

on L((S),(8)) NL((S)",(S)")-

PrROOF. By similar arguments used in the proof of Theorem 5.3 we can easily show
that for any & € S, 1 =1,2,3,4,

<<A8+ (06, ® ¢¢,) s Dy @ ¢§4>> = (€1, &) — 2(&1, &) + (&4, &) el E0F(E18&)

= <</RD:_2dt (¢§1 ® ¢§2)7 ¢§3 ®¢E4>>a

<<A8_ (06 @ ¢e,) » by ® ¢g4>> = <</R D;%dt (¢e, ® be,) s e, ® ¢£4>> ,

similarly, we have

11



Therefore, we have
AT = / Dfdt,  AZ = / Dy dt
R R
on L((S),(S)) and L((S)*, (S)*), respectively, which proves (5.6). i
For any z,y € §*, by applying Theorem 2.2, we prove that

Swy)= Y o Ea® @y € £(S), (5)°) (5.7)

Then we have the following

Theorem 5.6 For any f,g € H, Z(f, g) is an eigenvector of the quantum Gross Lapla-
cian AG corresponding to the eigenvalue (f, f) + (g, g), i.e.,

AZE(f,9) = ({fs f) + {9, 9) E(f 9)- (5.8)
PRrROOF. For any &, 7 € S we have
wE(f, 9)(&m) = exp ({f, m) + (g, §)) -
Therefore, we obtain that
w(A3E(f.9)) (€ = BE(vE(£.9)) (€ m) = (. f) + {9, 9) wE(f,9)(E,)

which proves (5.8). |

5.2 Quantum Lévy Laplacian

Let {£1}32, be a fixed infinite sequence in €. For each = € L((S),(S)*), w= €
C?*(S x 8). Define

N

R w2)(66) = Jim > (wS)(6,&), hok), (5.9)
k=1
N

A us)6,&) = Jim o3 (uDh6.&). hobty), (10
k=1

if the limits exist and then define
AP(wE) (&, &) = AF (wE)(&, &) + AP (wE) (&, &).

If A®(wZ=) is Gateaux entire and satisfies the condition (O) in Theorem 2.2, then there
exists a unique operator, denoted by AR, in £((S), (S)*) such that

w(ARE) = AR (wE). (5.11)

Then AS is called the quantum Lévy Laplacian. We denote by Dom (AS) the set of all
generalized operators Z € £((S), (S)*) such that ARZ is well-defined as in (5.2).

12



For Ky, € (S€H™)* we define the left Lévy-contraction T % Ky, € (SEE2HM)* by

(TL* K, M QM2 ®E @+ @ &)
N

) 1
ZjégnmN;(Rz,m, GiRUMB - @Ma®® - ®&n),

if the limit exists and is a continuous linear form on S®¢=2+™)  Similarly, the right
Lévy-contraction Ky, * 7, € (SEEH™=2)* is defined.

Lemma 5.7 ([23]) Let i, € (S®UH™) for which both 71, * Ky and Ky, * 7 are
defined. Then, =, (kim) € Dom (AR) and
AgEl’m(lﬂ’m) = l(l — 1)El_g7m(TL * Iil’m) + m(m — 1>El,m—2(ﬁl,m * TL>.

Let Lo = {Z(z,y); z,y € L}, where L is defined in Subsection 3.2 and =(z,y) is
given as in (5.7). Then we have the following

Theorem 5.8 For any z,y € L, Z(z,y) is an eigenvector of the quantum Lévy Lapla-
cian A2 corresponding to the eigenvalue (x ® x)y, + (y @ Y)1, i.e.,

APE(z,y) = ((z @ 2)r + (y ® y)1) E(=, ). (5.12)

PROOF. The proof is similar to the proof of Theorem 5.6. |

Theorem 5.9 The quantum Lévy Laplacian admits the following representation:
AR ; 1 - - : L + P+
P=Jlim <> D, Dy + lim > DjDy (5.13)
k k
on Lq.

PRrROOF. Since for any ¢ € S the differential operators Dét are continuous from
L((S),(S)*) into L((S), (S)*), by Theorem 4.1 we prove that for any x,y € L

— l m
Z&EI;O—ZD%D@ o) = Jm 23 i (e )

=1 k=1 l,m=0
= (Y@ yLE(z,y)

and similarly

lim —ZDZCDZc (z,y) = (x @ )L.=(x,y).

N—oo [V

Therefore, by applying Theorem 5.8 we prove (5.13). |

A similar result given as in Theorem 5.9 can be fund in [23].

If the given sequence {(;}2, C & is an orthonormal subset of H, then we denote
Py the orthogonal projection from H onto the subspace of S generated by {/1,--- ,{y},
ie., Py = S0 [0 (0], where |6 (6] © H 3+ (g, 7) {x € S. Asis clearly seen, Py
can be extended to a continuous linear operator from S* into S.
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Theorem 5.10 Let {(,}32, C £ be an orthonormal subset of H. Then the quantum
Lévy Laplacian admits the following integral representation:

Q_ 1 + T _ _
Al = fm | (DQN(&)DQN(M +D N(ét)DQN@)) dt

on Lq, where Qn = \/LNPN for N > 1.

ProoF. By direct computation, for any x,y € L we have

(/RD+N(5t)DZ§N(5t)dt> E(z,y) = (/R(cit, QN(x)>2dt) =(z,y)
= (Qn(), Qn(z)) E(z,y)

N
1 -
= % Z DZCDZC.:(I, Y).
k=1
Similarly, we have
N

_ _ — 1 o
</R DQN(at)DQN(mdt) 2w, y) = 5 D DuDLE(y)-
k=1

Therefore, by applying Theorem 5.9 we prove the assertion. |

6 Quantum—Classical Correspondence

For ® € (8)* we define a multiplication operator Mg € L((S), (S)*) by

(Moo, ) = (P, o), &9 €(S),

where ¢ is the pointwise multiplication, see e.g., Ji-Obata [19]. Moreover, ® — Mgy
yields a continuous injection from (S)* into L£((S),(S)*), and obviously, Mspy = P.
Moreover, if ¢ € (S), then M, belongs to L((S), (S)) and L((S)*, (S)*).
Lemma 6.1 ([23]) [t holds that for any ( € S and ® € (S)*,
[A(Q), Ma] = My(¢)a, (Mg, A(C)"] = Maoys-
Theorem 6.2 Let ¢ € (S). Then M, € Dom (AZ) and
A My =AMy = May (6.1)

In particular,

1

SAGM, = Mags.

PROOF. Since ¢¢o, = ¢§+ne<5”7> for any £,m € S,

wMy(&,m) = (@, pedy) e &M = So(€ +n). (6.2)

14



Therefore, M, € Dom (A2) and by Lemma 6.1 we have

Q- o o
A& My =7 Dy Dy My = lm Mex e aee

On the other hand, Agd = > -, A(ex)A(er)d and the map ¢ — M, is a continuous
injection from (S) into £((S), (S)). Therefore, we have

AG My = lim My 100 = Mace:
Similarly, we prove that
AZ" My = Mags.
The last assertion is obvious from (6.1). |
Theorem 6.3 Let = € Dom (AZY). Then we have
(23'2) 60 = Ac(Z00).
PROOF. Since = € Dom (AZ"),
(s~ (pipiz)a
= Y (Alex)’E — 2A(ex)ZA(er) + EA(ex)?) o
k=1
= Al
-1
which proves the assertion from (3.1). |

Remark 6.4 ([23]) Let ® € Dom (Ap). Then My € Dom (AR2) and
AL My = AR My = Ma, o.
In particular,
%ASMq) = Mp, 0.
Let Dom (A2") be the set of all Z € L((S), (S)*) such that the limit
lim — Z D; D=

N—ooo N

exists in £((S),(S)*). Then, by Theorem 5.9, Lq € Dom (A2") and for each = €
Dom (A2") we have

ASTE = lim —ZD*D*”

N—oo IV

Then by similar argument used in the proof of Theorem 6.3, we prove that

(AR'E) 60 = Av(E00). (63

15



Proposition 6.5 For each ® € (S)* with My € Dom (AX") we have

N
.1 9
ApLd = A}l_rgo N ngl Ale,)*d.

PROOF. By (6.3), we prove that

N—oo
=1 n=1

N
ALd = <A8+M¢)¢O - (J&LI%O%ZDQDQMQD)% — lim %ZA(en)Q(I)

which proves the assertion. |

7 Heat Equations
Now, we consider the following normal-ordered white noise equation:
d= — -
d_tt = (A(xt) + A*(yt)> o 2y, Zo =1, (7.1)

where the maps ¢ — 2, € $* and t — 1y, € S* are continuous. It is known that (7.1)
has a unique solution in L£((S),(S)*). In fact, the solution of (7.1) is given by the

Wick-exponential:
_ o0 1 t . on
“t_nzom{/o (Al + A°(s) s} (7.2)

of which the Wick symbol is given by

usien) = e { [ (e O+ o )dsh. s (7.3)
see [11].

7.1 Heat Equation Associated with the Quantum Gross Laplacian

Let & be the set of all S*-valued continuous maps on [0, 7] such that the series

2

G(z,t) = i (/Ot (s, €n) ds) . tel0,T)

n=1

converges and the map ¢t — G(x,t) is bounded. The map ¢ : [0,7] 2 t — & € S* is
continuous and

G(o,t) =t, te0,T]

which implies that 6 € &. Let f € C([0,7]) and g € H. We consider the H-valued
continuous function z(t) = f(t)g € H, t € [0,T]. Then we can easily show that

Glo,t) = ( / tf(s)ds)Q 9.9), tel0,T]

Therefore, z € & and the algebraic tensor product C([0,7]) ®a H of C([0,7]) and H
belongs to &.
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Theorem 7.1 Let x,y € & and let =, (t € [0,T)) be the solution of (7.1). Then
ASE, = G(x,1)3, ASTE, = G(y,1)E,, t € 10,77 (7.4)
Moreover, for any t € [0,T]
AGE: = (G(a,t) + Gy, 1) E;
PRrROOF. By (4.1) and (7.3), for any ¢ € [0, 7] and &,n € S we have

d2
d=?{,_,

_ (/Ot (Ys, €n) ds)ZeXp {/Ot (@, €) + (ys, 7)) ds} ‘

2

w(Dg D E(E,m) =

w=(&,n + zey)

Similarly, for any £,n € S

¢
w05, D20 = [ o e s)
0
Therefore, by (5.5), for any ¢ € [0, 7]

o { [/ )+ () s}

o0 t 2 00 t 2
ASTE =D (/ (Ys, €n) ds) 5. ATE =) (/ (T, €n) ds) =
n=1 /0 1 \Jo
which proves (7.4). The last assertion is immediate from (7.4). |

The above theorem proves that, for any z,y € &, the solution =; of the normal-
ordered white noise differential equation (7.1) is an eigenvector of the quantum Gross
Laplacian with eigenvalue G(x,t) + G(y,t). The following result is immediate.

Theorem 7.2 Let z,y € & and Z; be the solution of (7.1). Let u be a finite measure
on [0,1] and a € C. Define for anyt € R

1 1
Y= / MCUIE p(ds), Y, = / POEIE, u(ds),
0 0
and .
Y, = / at(G(z,5)+G(y:5)) = 5 pu(ds).
0
Then Y € L((S),(S)*) is a solution to the following Cauchy problem:

oY
at

1
= oAV, Yi=Yp= / Z.u(ds),
0
where € = 4+, —, or empty.
From Theorems 7.2 and 6.3, the following result is immediate.

Corollary 7.3 Let Y," be as in Theorem 7.2 and set ®; = Yi¢y. Then ®; € (S)* is a
solution to the following Cauchy problem:

0o

1
0tt = aAgP, P Z/ Espop(ds) € (S)".
0
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7.2 Heat Equation Associated with the Quantum Lévy Laplacian

Recall that the Lévy Laplacian depends on the choice of an infinite sequence {/;}%2, C
€. Let £ be the set of all S*-valued continuous maps on [0, 7] such that the limit

N 2

L(x,t)ENIEnOO%Z(/Ot@s, £k>ds> . te[0,T]

k=1

exists and the map ¢ — L(z,t) is bounded. For the given infinite sequence {{;}>, C &,
if we assume that the following limit

Out) = Jim < 3" (G~ 6(0)7,  t€[0.T]

k=1

exists and the map ¢t — (£)1,(¢) is bounded, then ¢’ € £. In fact, the map ¢ : [0,7] >
t — 0, € 8* is continuous and for any ¢ € [0, T

Lo 1) = Nlinéo%?:(/ot (5’(3),€k>ds)

= (Ou(?).

Let f € C([0,T]) and z € L C §*. We consider the S*-valued continuous function
2(t) = f(t)r € S*, t € [0,T]. Then we can easily show that

L(z,t) = (/Otf(s)ds)z (r @ z)1, t e [0,T).

Therefore, z € £ and the algebraic tensor product C([0,7]) ®ae L of C([0,7]) and L
belongs to £.

Theorem 7.4 Let x,y € £ and let =; (t € [0,T]) be the solution of (7.1). Then
AL E, = Lz, )5,  AXE, =Ly, )5, tel0,T].
Moreover, for any t € [0,T]
APE: = (L(z,t) + L(y, 1)) =

PROOF. The proof is a simple modification of the proof of Theorem 7.1. |

The above theorem proves that, for any x,y € £, the solution Z; of the normal-
ordered white noise differential equation (7.1) is an eigenvector of the quantum Lévy
Laplacian with eigenvalue L(z,t) + L(y,t). The following result is immediate.
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Theorem 7.5 Let z,y € £ and Z; be the solution of (7.1). Let v be a finite measure
on [0,1] and o € C. Define for anyt € R

1 1
Z:- _ / eatL(y,s)Es I/(dé‘), Zt_ _ / eatL(:c,s)Es I/(ds),
0 0

and .
7, = / (UL LN, y(ds).
0

Then Zg € L((S), (S)*) is a solution to the following Cauchy problem:

07

1
> — oAz Z5=1Zy= / =,v(ds),
0

where € = 4+, —, or empty.
From Theorem 7.5 and (6.3), the following result is immediate.

Corollary 7.6 Let Z," be as in Theorem 7.5 and set W, = Zypy. Then U, € (S)* is a
solution to the following Cauchy problem:

V] 1
% = OZAL\I]t, \II() = / Es(b()V(dS) c (8)*
0

Remark 7.7 A relation between heat equation associated with the quantum Lévy
Laplacian and quadratic quantum white noises {a?,a}?;t € R} has been discussed in
[23]. In fact, a solution to the heat equation associated with the quantum Lévy Lapla-
cian can be obtained from a normal-ordered white noise differential equation involving
the quadratic quantum white noise.
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