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Abstract

This thesis concerns the maximum coding rate at which data can be transmitted
over a noncoherent, single-antenna, Rayleigh block-fading channel using an error-
correcting code of a given blocklength with a block-error probability not exceeding
a given value. This is an emerging problem originated by the next generation of
wireless communications, where the understanding of the fundamental limits in the
transmission of short packets is crucial. For this setting, traditional information-
theoretical metrics of performance that rely on the transmission of long packets, such
as capacity or outage capacity, are not good benchmarks anymore, and the study
of the maximum coding rate as a function of the blocklength is needed. For the
noncoherent Rayleigh block-fading channel model, to study the maximum coding
rate as a function of the blocklength, only nonasymptotic bounds that must be
evaluated numerically were available in the literature. The principal drawback of the
nonasymptotic bounds is their high computational cost, which increases linearly with
the number of blocks (also called throughout this thesis coherence intervals) needed
to transmit a given codeword. By means of different asymptotic expansions in the
number of blocks, this thesis provides an alternative way of studying the maximum
coding rate as a function of the blocklength for the noncoherent, single-antenna,

Rayleigh block-fading channel.

The first approximation on the maximum coding rate derived in this thesis is a
high-SNR. normal approximation. This central-limit-theorem-based approximation
becomes accurate as the signal-to-noise ratio (SNR) and the number of coherence
intervals L of size T tend to infinity. We show that the high-SNR normal approxi-
mation is roughly equal to the normal approximation one obtains by transmitting
one pilot symbol per coherence block to estimate the fading coefficient, and by then
transmitting T — 1 symbols per coherence block over a coherent fading channel. This
suggests that, at high SNR, one pilot symbol per coherence block suffices to achieve
both the capacity and the channel dispersion. While the approximation was derived
under the assumption that the number of coherence intervals and the SNR tend to
infinity, numerical analyses suggest that it becomes accurate already at SNR values of

15 dB, for 10 coherence intervals or more, and probabilities of error of 10~3 or more.
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The derived normal approximation is not only useful because it complements
the nonasymptotic bounds available in the literature, but also because it lays the
foundation for analytical studies that analyze the behavior of the maximum coding
rate as a function of system parameters such as SNR, number of coherence intervals,
or blocklength. An example of such a study concerns the optimal design of a simple
slotted-ALOHA protocol, which is also given in this thesis.

Since a big amount of services and applications in the next generation of wireless
communication systems will require to operate at low SNRs and small probabilities
of error (for instance, SNR values of 0 dB and probabilities of error of 107%), the
second half of this thesis presents saddlepoint approrimations of upper and lower
nonasymptotic bounds on the maximum coding rate that are accurate in that regime.
Similar to the normal approximation, these approximations become accurate as the
number of coherence intervals L increases, and they can be calculated efficiently.
Indeed, compared to the nonasymptotic bounds, which require the evaluation of
L-dimensional integrals, the saddlepoint approximations only require the evaluation
of four one-dimensional integrals. Although developed under the assumption of
large L, the saddlepoint approximations are shown to be accurate even for L = 1 and
SNR values of 0 dB or more. The small computational cost of these approximations
can be further avoided by performing high-SNR saddlepoint approximations that
can be evaluated in closed form. These approximations can be applied when some
conditions of convergence are satisfied and are shown to be accurate for 10 dB or
more.

In our analysis, the saddlepoint method is applied to the tail probabilities ap-
pearing in the nonasymptotic bounds. These probabilities often depend on a set
of parameters, such as the SNR. Existing saddlepoint expansions do not consider
such dependencies. Hence, they can only characterize the behavior of the expansion
error in function of the number of coherence intervals L, but not in terms of the
remaining parameters. In contrast, we derive a saddlepoint expansion for random
variables whose distribution depends on an extra parameter, carefully analyze the
error terms, and demonstrate that they are uniform in such an extra parameter. We
then apply the expansion to the Rayleigh block-fading channel and obtain approxi-
mations in which the error terms depend only on the blocklength and are uniform in
the remaining parameters.

Furthermore, the proposed approximations are shown to recover the normal
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approximation and the reliability function of the channel, thus providing a unifying
tool for the two regimes, which are usually considered separately in the literature.
Specifically, we show that the high-SNR normal approximation can be recovered from
the normal approximation derived from the saddlepoint approximations. By means
of the error exponent analysis that recovers the reliability function of the channel,
we also obtain easier-to-evaluate approximations of the saddlepoint approximations
consisting of the error exponent of the channel multiplied by a subexponential
factor. Numerical evidence suggests that these approximations are as accurate as
the saddlepoint approximations.

Finally, this thesis includes a practical case study where we analyze the benefit of
cooperation in optical wireless communications, a promising technology that can play
an important role in the next generation of wireless communications due to the high
data rates it can achieve. Specifically, a cooperative multipoint transmission and
reception scheme is evaluated for visible light communication (VLC) in an indoor
scenario. The proposed scheme is shown to provide SNR improvements of 3 dB or
more compared to a noncooperative scheme, especially when there is non-line-of-sight

(NLOS) between the access point and the receiver.

Keywords: Channel dispersion, fifth generation, finite blocklength, high SNR,
information theory, machine-type communications, noncoherent setting, normal
approximation, Rayleigh block-fading channel, saddlepoint approximation, ultra-

reliable low-latency communications, wireless communications.
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Introduction

1.1 Motivation

Under the paradigm of the Internet of Things (IoT), next generation wireless com-
munication systems are expected to interconnect a great variety of devices, ranging
from vehicles or drones, which will operate in high-mobility scenarios, to autonomous
machines or static sensors, operating in low-mobility scenarios [3, 4]. Traditional
wireless communication technologies, such as the fourth generation (4G) Long-Term
Evolution (LTE) or WiFi, focus on increasing the transmission data rates with no
stringent latency constraints. Thus, a long-packet assumption is deemed feasible and,
hence, capacity and outage capacity provide accurate benchmarks for the throughput
achievable in such systems. Furthermore, when transmitting long packets, the length
of metadata—extra information included in packets for the correct operation of
the communication protocols—is negligible compared to the length of information
payload contained in each packet. Thus, suboptimal encoding of metadata does not

11



CHAPTER 1. INTRODUCTION

imply an impact in terms of efficiency. However, motivated by emerging services
and applications that require low latency and high reliability, the fifth generation
(5G) of wireless communication systems targets not only increased data rates, but
also transmission of short-packets, where metadata can play an important role since
its size may be comparable to the size of the information payload [3]. Specifically,
5G systems will support three main services, namely, enhanced mobile broadband
(eMBB), massive machine-type communications (mMTC), and ultra-reliable low-
latency communications (URLLC) [4].

In eMBB, very high data rates as well as moderate rates for cell-edge users are
to be supported maintaining a moderate reliability, i.e., probabilities of error of
around 1073 [4]. This service can be seen as a natural extension of 4G, where the
devices are expected to be activated during long periods of time. As aforementioned,
under these requirements, capacity and outage capacity provide good benchmarks.
The easiest way to increase the data rates is to enlarge the transmission bandwidth.
However, since the radio-frequency spectrum is crowded, other alternatives have been
explored. Examples are massive multiple-input multiple-output (MIMO) and the use
of more sophisticated coding schemes and modulations. Nevertheless, there exists
also the alternative of using the optical spectrum for communication purposes [5].
This technology known as optical wireless communication (OWC) does not interfere
with radio-frequency technologies and larger bandwidths can be used (hundreds of
megahertz).

In mMTC, a massive number of devices operating at low rates will be activated
intermittently during very short periods of time with probabilities of error of around
10~ [4]. Hence, this service will require the transmission of very short-packets.

In URLLC, the devices will transmit short-packets at low rates aiming for proba-
bilities of error smaller than or equal to 107> [4]. In URLLC, the devices could also
transmit intermittently with periodic control messages, but the main difference with
respect to mMTC resides in the smaller number of devices that will be connected to
the network.

For mMTC and URLLC, which require the transmission of short-packets, tra-
ditional asymptotic information theoretical analyses, based on capacity and outage
capacity, do not provide good benchmarks. Thus, for low-latency wireless commu-
nications, a more refined analysis of the maximum coding rate as a function of the

blocklength, commonly named finite-blocklength analysis, is needed. Such an analysis

12



CHAPTER 1. INTRODUCTION

is provided in this thesis.

1.2 State of the Art

Several techniques can be used to characterize the finite-blocklength performance.
One possibility is to fix a reliability constraint and study the maximum coding rate as
a function of the blocklength in the limit as the blocklength tends to infinity. Under
this category falls the work on normal approximations for various communication
channels. Specifically, among other people, Polyanskiy et al. [1] showed that, for
various channels with positive capacity C, the maximum coding rate R*(n,e¢) at
which data can be transmitted using an error-correcting code of fixed length n with

a block-error probability not larger than e can be tightly approximated by

R*(n,e) =C — \/gQ_l(e) + O (logn/n) (1.1)

where V' denotes the channel dispersion, a quantity that measures the stochastic
variability of the channel compared to a deterministic channel with identical capacity;
Q~1() denotes the inverse Gaussian Q-function; and O (n’l log n) comprises terms
that decay no slower than n~!logn. The approximation that follows from (1.1) by
ignoring the O(n~!logn) terms is commonly referred to as normal approzimation.
The work by Polyanskiy et al. [1] has been generalized to some wireless channels.
For instance, the channel dispersion of coherent fading channels—where the receiver
has perfect knowledge of the realizations of the fading coefficients—was studied by
Polyanskiy and Verdu for the single-antenna case [6], and by Collins and Polyanskiy
for the multiple-input single-output (MISO) Rayleigh block-fading [7] and the MIMO
Rayleigh block-fading case [8, 9]. The channel dispersion of single-antenna quasistatic
fading channels when both transmitter and receiver have perfect knowledge of the
realization of the fading coefficients and the transmitter satisfies a long-term power
constraint was obtained by Yang et al. [10]. In the noncoherent setting—where
neither the transmitter nor the receiver have a priori knowledge of the realizations of
the fading coefficients—the channel dispersion is only known in the quasistatic case,
where it is zero [11, 12]. Upper and lower bounds on the second-order coding rate of
quasistatic MIMO Rayleigh-fading channels have further been reported in [13] for the
asymptotically-ergodic setup where the number of antennas grows linearly with the
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CHAPTER 1. INTRODUCTION

blocklength. For noncoherent Rayleigh block-fading channels, nonasymptotic bounds
on the maximum coding rate were presented by Yang et al. for the single-antenna
case [14] and by Ostman et al. for the MIMO case [15, 16]. For further references
see [3].

In a nutshell, in the noncoherent setting the channel dispersion is only known
in the quasistatic case. For general block-fading channels, the maximum coding
rate needs to be assessed by means of nonasymptotic bounds, whose evaluation is
often computationally demanding. Obtaining the channel dispersion of noncoherent
block-fading channels is difficult because the capacity-achieving input distribution
is in general unknown. Thus, the standard approach to obtain expressions of the
form (1.1), which entails an analysis of nonasymptotic upper and lower bounds on
R*(n, €) based on the capacity-achieving input and output distributions in the limit as
n — oo, cannot be followed. However, the behavior of capacity at high signal-to-noise
ratio (SNR) is well understood for such channels. Indeed, it was demonstrated that
an input distribution referred to as unitary space-time modulation (USTM) yields
a lower bound on the capacity that is asymptotically tight [17, 18, 19]. Thus, a
characterization of the channel dispersion at high SNR is feasible.

An alternative analysis of the finite-blocklength performance follows from fixing
the coding rate and studying the exponential decay of the error probability as the
blocklength grows large. The resulting error exponent is usually referred to as the
reliability function [20, Ch. 5]. Error exponent results for the fading channel can be
found in [21] and [22], where a lower bound on the reliability function is derived for
multiple-antenna fading channels and for single-antenna Rician block-fading channels,
respectively.

Both the exponential and sub-exponential behavior of the error probability can
be characterized via the saddlepoint method [23, Ch. XVI]. This method has been
applied in [24, 25, 26] to obtain approximations of the random coding union (RCU)
bound [1, Th. 16], the RCU bound with parameter s (RCUs) [2, Th. 1], and the

meta converse (MC) bound [1, Th. 31] for some memoryless channels.

1.3 Outline and Contributions

This thesis is organized as follows. Chapter 2 presents the system model used through-
out Chapters 3-6. Chapter 3 presents a review of the nonasymptotic bounds on the

14



CHAPTER 1. INTRODUCTION

maximum coding rate (or minimum probability of error) used in Chapters 5 and 6.
Chapter 4 introduces the Rayleigh block-fading channel model and the preliminary
definitions and results that will be useful throughout Chapters 5—6. Chapter 5 derives
a high-SNR normal approximation for noncoherent Rayleigh block-fading channels.
Chapter 6 presents saddlepoint approximations for noncoherent Rayleigh block-fading
channels. This chapter further demonstrates that the derived approximations recover
both the normal approximation and the reliability function of the channel. Chapter 7
presents a practical case study where a cooperative transmission and reception scheme
is evaluated for visible light communication (VLC). Chapter 8 concludes the thesis

with a summary and discussion of the results.

Chapter 5: A high-SNR Normal Approximation

In this chapter, we present an expression similar to (1.1) for the maximum coding rate
R*(L, ¢, p) achievable over noncoherent, single-antenna, Rayleigh block-fading chan-
nels using error-correcting codes that span L coherence intervals, have a block-error
probability no larger than e, and satisfy the per-coherence-interval maximum power
constraint p. By replacing the capacity and channel dispersion by asymptotically
tight approximations, we obtain a high-SNR normal approximation of R*(L,¢, p).
The obtained normal approximation is useful in two ways: On the one hand, it
complements the nonasymptotic bounds provided in [14, 15, 16]. On the other hand,

it allows for a mathematical analysis of R*(L, €, p).

Chapter 6: Saddlepoint Approximations

In this chapter, we apply the saddlepoint method to derive approximations of the
MC upper bound and the RCUy lower bound on the maximum coding rate R*(L, ¢, p)
(or wice-versa on the minimum probability of error €*(L, R, p)) for noncoherent,
single-antenna, Rayleigh block-fading channels using error-correcting codes that span
L coherence intervals, have a block-error probability no larger than €, and satisfy the
per-coherence-interval equal power constraint p. While these approximations must be
evaluated numerically, the computational complexity is independent of the number
of diversity branches L. This is in stark contrast to the nonasymptotic MC and
RCUg bounds, whose evaluation has a computational complexity that grows linearly

in L. Numerical evidence suggests that the saddlepoint approximations, although
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developed under the assumption of large L, are accurate even for L = 1 if the SNR is
greater than or equal to 0 dB. Furthermore, the proposed approximations are shown
to recover the normal approximation and the reliability function of the channel, thus
providing a unifying tool for the two regimes, which are usually considered separately

in the literature.

Chapter 7: Cooperative OWC: A Case Study

In this chapter, we present a practical case study where a cooperative multipoint
transmission and reception scheme is evaluated for VLC in an indoor scenario. The
proposed scheme is shown to provide SNR improvements of 3 dB or more compared to
a noncooperative scheme, especially when there is non-line-of-sight (NLOS) between

the access point and the receiver.

1.4 Notation

We denote scalar random variables by upper case letters such as X, and their
realizations by lower case letters such as x. Likewise, we use boldface upper case
letters to denote random vectors, i.e., X, and we use boldface lower case letters
such as x to denote their realizations. We use upper case letters with the standard
font to denote distributions, and lower case letters with the standard font to denote
probability density functions (pdfs). We denote by E[-] the expectation operator, and
we use P[] for probabilities.

We use the letter i to denote the imaginary unit, i.e., s = v/—1. The superscripts
()T, ()* and (-)" denote transposition, complex conjugation and Hermitian transpo-
sition, respectively. The complement of a set < is denoted as 2/°. We use «Zr to
denote equality in distribution.

We further use R to denote the set of real numbers, C to denote the set of complex
numbers, Z to denote the set of integers, Z™ for the set of positive integers, and ZJ
for the set of nonnegative integers.

We denote by log(-) the natural logarithm, by cos(-) the cosine function, by sin(-)
the sine function, by I{-} the indicator function, by Q(-) the Gaussian Q-function, by
I'(:) the Gamma function [27, Sec. 6.1.1], by F(, -) the regularized lower incomplete
gamma function [27, Sec. 6.5], by ¥(-) the digamma function [27, Sec. 6.3.2], by
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CHAPTER 1. INTRODUCTION

2F1(+, ;- +) the Gauss hypergeometric function [28, Sec. 9.1], by E;(-) the exponential
integral function [27, Sec. 5.1.1] and by ((z, ¢) Riemann’s zeta function [28, Sec. 9.511].
The gamma distribution with parameters z and ¢ is denoted by Gamma(z,q). We
use (z)* to denote max{0,z}, and [-] to denote the ceiling function. We denote by ~y
Euler’s constant.

We use the notation o¢(1) to describe terms that vanish as & — oo and are
uniform in the rest of parameters involved. For example, we say that a function
f(L, p) is 0,(1) if it satisfies

lim sup | (L, p)| =0 (1.2)
p—r00 L>Lg

for some Lo > 0 independent of p. Similarly, we use the notation O¢(f(§)) to describe

terms that are of order f(£) and are uniform in the rest of parameters. For example,

we say that a function g(L, p) is Of, (IO%L) if it satisfies

log L
sup |g(L,p)| < K=2=, L> Lo (1.3)

P=po

for some K, Ly, and pg independent of L and p.
Double limits such as
lim f(L,p) =K (1.4)

L— o0,
pP—00

indicate that for every e > 0 there exists a pair (Lo, pg) independent of (L, p) such
that for every L > Lo and p > pg we have |f(L, p) — K| < e. We denote by lim the
limit inferior and by lim the limit superior. Double limit inferiors and double limit

superiors are defined accordingly using the above definition of a double limit. For

example,
lim f(L,p)= lim inf inf f(L,p). 1.5
Hooyf( p)=lim ~nf inf f(L,p) (1.5)
p—>00 Po—00
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System Model

Consider the communication system depicted in Fig. 2.1, where a transmitter wishes
to send a message A to a receiver by encoding it in a length-n sequence X" =
[X1,...,Xn], where n is called the blocklength. This sequence is sent through
a channel, which can be viewed as a mathematical representation of the noisy
communication medium over which the message is transmitted. For the sake of
simplicity, we shall assume that the channel is memoryless in the sense that the
channel output at a given time instant only depends on the channel input at that

given time instant, i.e.,

n

Py ixn (y"[x™) = [ [ W(wlax) (2.1)
k=1

for some conditional distribution W independent of k. The channel outputs the
sequence Y™ = [Y7,...,Y,], based on which the receiver produces an estimate of A,

denoted as A. A successful communication occurs when A = A, and an error occurs
when A # A.
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CHAPTER 2. SYSTEM MODEL

A Xy, X, Vi,V A
Source Encoder Decoder —

Figure 2.1: Schema of a communication system.

We next introduce the notion of a channel code. An (M, n, €)-code consist of:

1. An encoder f: {1,...,M} — X™ where X denotes the set of possible channel
inputs. Hence, the encoder maps the message A, which is uniformly distributed
on {1,..., M}, to a codeword X" = [X1,...,X,].

2. A decoder g: Y™ — {1,..., M} that maps the received channel output Y” =
[Y1,...,Y,] to the estimated message ¢g(Y™) = A € {1,...,M}. Here, Y
denotes the set of possible channel outputs. The decoder must satisfy one of

the following error probability constraints:

(a) The maximum error probability constraint

ma)ng[/l # A|A =a] <e (2.2a)

1<a<

(b) The average error probability constraint

P [A + A] <e (2.2b)

The maximum coding rate and minimum error probability are respectively defined as
R*(n,e) 2 sup{k)g(njw) : EI(M,n,e)—code} (2.3a)

€*(n,R) £ inf{e: 3(2"%, n,e)-code} . (2.3b)

In words, R*(n, €) describes the largest data rate at which a message can be transmit-
ted over a channel with a channel code of blocklength n achieving an error probability
not larger than e. Likewise, ¢*(n, R) describes the smallest probability of error
with which a message can be transmitted over a channel with a channel code of
blocklength n achieving a rate not smaller than R.

It is common to impose a power constraint on the channel inputs. When X and )
are the set of real or complex numbers, perhaps the most common power constraints
are:
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1. The average-power constraint:
E[IX"|?] < np. (2.4a)
2. The peak-power constraint:

X2 <p, k=1,...,n. (2.4b)

The peak-power constraint can be incorporated in the set of possible channel inputs
by defining
X={zxeC:|z|<p}. (2.5)

On the contrary, the average-power constraint limits the entire codeword X™ and
cannot be described by a Cartesian product X™.

In this thesis, we consider a single-antenna Rayleigh block-fading channel with
coherence interval T (see Chapter 4). In a fading channel, there is both additive
and multiplicative noise. In a block-fading channel, the multiplicative noise remains
constant during the coherence interval T and then changes independently to a new
value. Such a channel can be modelled as a block-memoryless channel. More precisely,
we can set X =) = CT and treat the codeword of length n as a length-L codeword
of T-dimensional symbols, i.e., X" = X = [X;,...,X]. For simplicity, we shall
restrict ourselves to codes whose blocklength n satisfies n = LT, where L denotes the
number of coherence intervals of length T needed to transmit the entire codeword.
We shall consider the following power constraints:

1. The per-coherence-interval maximum power constraint:

IXel? <Tp, £=1,...,L (2.6a)

2. The per-coherence-interval equal power constraint:

IXel?=Tp, £=1,...,L. (2.6b)

As already mentioned above, the power constraint can be incorporated in the set of
possible channel inputs. For the power constraint (2.6a), this gives

X={xecCT: ||x|? <Tp}. (2.7a)
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For the power constraint (2.6b), this gives
X ={xeC”: ||x|>=Tp}. (2.7b)

We shall denote by (M, L, €, p) an (M, L, €)-code that satisfies one of the power
constraints (2.6a) or (2.6b). The mazimum coding rate and minimum error probability
for the Rayleigh block-fading channel are respectively defined as

log(M
R*(L,e,p) & sup{ogL(T) : (M, L,e, p)—code} (2.8a)
e (L, R, p) = inf{e: 3(2"T% L, ¢, p)-code} . (2.8b)

Note that, upper (lower) bounds on €*(L, R, p) can be translated into lower (upper)
bounds on R*(L, ¢, p) and vice versa. Thus, throughout this thesis we shall present
our results in the form that is more convenient for the application at hand.
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Nonasymptotic Bounds

This chapter presents nonasymptotic bounds on the maximum coding rate as a
function of the blocklength and probability of error. These bounds will be the
starting point to derive asymptotic approximations of the maximum coding rate
(or minimum probability of error) presented in Chapters 5 and 6. As mentioned
in Chapter 1.1, traditional asymptotic information theoretical analyses, based on
capacity or outage capacity, only capture the behaviour of the maximum coding
rate in the limit as the blocklength tends to infinity. The nonasymptotic bounds
presented in this chapter allow for more refined asymptotic approximations (see, for
example, (1.1)). To facilitate their use in Chapters 5 and 6, we shall particularize the
nonasymptotic bounds to the block-fading channel to be introduced in Chapter 4.
Throughout this chapter, we assume that X* € X'*, where X is given by (2.7a) or
(2.7b) depending on the imposed power constraint. We further assume that Py xz
is absolutely continuous with respect to the Lebesgue measure, so the pdf pyr|xz
exists. This also implies that the output pdf pyr induced by pyzxr and Px: exists.
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CHAPTER 3. NONASYMPTOTIC BOUNDS

3.1 Achievability Bounds

This section reviews the achievability bounds that will be used in Chapters 5 and 6.
Note that an achievability bound for average probability of error provides automati-
cally a bound for maximum probability of error. Indeed, for maximum probability of
error, every codeword in the codebook must satisfy the error constraint, while for
average probability of error, the error constraint must be satisfied only in average
over all codewords in the codebook. Nonetheless, we introduce specific bounds for
maximum probability of error for those cases where tighter bounds can be obtained

when the maximum probability of error is considered.

3.1.1 RCU Bound [1, Th. 16]
3.1.1.1 Average Probability of Error

Fix an input distribution Pxz. Assume that the transmitted codeword X% is
distributed according to Pxz, and let X” be independent of X but also distributed
according to Pxz. Then, there exists a code with M codewords, blocklength LT,

and average probability of error € not exceeding
e < E[min{1, (M — DP[{(X"; YF) > i(X5; Y9 [XE, Y]} (3.1)

where i(X%; Y1) is defined as

YL | XL
i(XEYE) 2 log Py ( L‘ ) (3.2)
py: (YF)
and
PXL,YL,XL (XLvyL,iL) = Pxr (XL)PYL\XL (.YL|XL)PXL (XL) (3.3)

The bound given in (3.1) is in general hard to evaluate analytically. In the following
sections, we provide two alternative achievability bounds. While these bounds are
weaker than the RCU bound, they are in general analytically more tractable. For
this reason, these are the bounds we shall use in Chapters 5 and 6.
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3.1.2 RCU; Bound [2, Th. 1]
3.1.2.1 Average Probability of Error

Fix an input distribution Pxr. For any s > 0, there exists a code with M codewords,

blocklength LT, and average probability of error € not exceeding
e < E[min{1,log M — i (X*; Y")}] (3.4)
where i, (XL; YT) is defined as
Pyrxr (YL|XL)S
E Dy e (YD) Y L]

is(XE; Y ) £ log (3.5)

Using that for any random variable A, E[min{1, A}] = P[A > U], where U is uniformly
distributed on the interval [0,1], (3.4) can be alternatively written as

e < Pis(XH;YE) <log M —log(U)] (3.6)
which is a more tractable form to obtain closed form solutions or asymptotic approx-
imations.
3.1.3 DT Bound
3.1.3.1 Average Probability of Error [1, Th. 17]

Fix an input distribution Pxz. Then, there exists a code with M codewords,
blocklength LT, and average probability of error € not exceeding

e<E [exp{— [i(XL;YL) —log MQ_ 1} +H (3.7)

where i(X%; YT) is given in (3.2) particularized for s = 1. After a standard change

of measure, (3.7) can be written as

M—1
e <Pli(XEYL) <log 5 ]

L. M—-1
+ (M —1)E [e“XL«YL)I{i(XL;YL) > log = H (3.8)
which is more tractable analytically.
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3.1.3.2 Maximum Probability of Error [1, Th. 22]

Fix an input distribution Pxz. Assume that the cumulative distribution func-
tion (CDF) P[i(x; YZ) <] does not depend on x”. (Here, Y’ is distributed
according to the output pdf pyr induced by the input distribution Pxz and the
channel pyr|xr.) Then, there exists a code with M codewords, blocklength LT, and

maximum probability of error € not exceeding
€< E[exp{— [i(XL;YL) — log(M — 1)]+H (3.9

where i(X%;Y%) is given in (3.2) particularized for s = 1. Again, after a standard

change of measure, (3.9) can be written as
e <P[i(XE;YE) <log(M —1)]
+(M—1)E [e*ﬂXL;YL)I{z'(xL; YL > log(M — 1)} (3.10)

which again is a more tractable form to obtain closed form solutions or asymptotic

approximations.

3.2 Converse Bounds

This section reviews the converse bounds that are used later in Chapters 5 and 6. As
in Section 3.1, we distinguish the cases of average probability of error and maximum

probability of error.

3.2.1 MC Bound
3.2.1.1 Average Probability of Error [1, Th. 27|

Let Px: be some input distribution. Further let Qv be any output distribution
(not necessarily the one induced by the input distribution and the channel). Then,
every code with M codewords, average probability of error €, and blocklength LT,

satisfies

M < sup inf log<ﬂ( ! ) (3.11)

Py s QvL Pxr yr,PxtQyr)
where S(Pxr yr,PxrQy:) denotes the minimum probability of error under hypothe-
sis Pxr Qv if the probability of error under hypothesis Pxr yr does not exceed € [1,

26



CHAPTER 3. NONASYMPTOTIC BOUNDS

Eq. (100)]. The expression (3.11) may be intractable, since it requires the evaluation
of the 3(-,-) function. To sidestep this problem, we can use [1, Eq. (106)] to relax
(3.11) as follows:

M < sup inf sup{log¢ —log(P[(X"; Y") <log&] —€)} (3.12)

Pyr Ay L ¢£>0
where j(X%;Y?) is defined as
Pvyrxr (YL|XL)
Ay (Y*)

This relaxation of the MC bound coincides with the Verdd-Han bound [31, Th. 4]
with the only difference that the true output pdf py- is replaced by an arbitrary

F(X*Y") £ log (3.13)

output pdf qy-. This bound (3.12) for an arbitrary output pdf gy coincides also with
the Hayashi-Nagaoka lemma for classical quantum channels [32, Lemma 4]. Even
though (3.12) is a relaxation of (3.11), throughout this thesis we shall refer to (3.12)
simply as the MC bound.

Note that the bound (3.12) still requires the maximization over Pxr, which makes
its evaluation difficult. However, there are special cases, including the Rayleigh block-
fading channel to be introduced in Chapter 4 (see also Chapter 6.2.2) with USTM
channel inputs, where 3(Pxr yr,PxzQyr) does not depend on Pxz. In those cases,
we have that

B(Pxr yr, PxrQyr) = B(Pyrixr—xt, Qyr) (3.14)

where the right-hand side (RHS) is independent of the choice of x* € XL. Thus, by
fixing an auxiliary output distribution Qvy-z, we obtain [1, Th. 28]

1
M <1 .
: °g<5(PYLXL_xL,QYL)> (319

as well as the relaxed version

M < sup{logf - log(P[j(xL;YL) < logﬂ — e)} (3.16)
£>0

where j(x%;YL) is given in (3.13). This is the form of the bound that will be used
later in Chapter 6.
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3.2.1.2 Maximum Probability of Error [1, Th. 31]

Choose an auxiliary output distribution Qv and assume that the transmitted
codeword x” belongs to the set X*. Then, every code with M codewords, maximum

probability of error €, and blocklength LT, satisfies

1

M= s, loe <ﬁ(xL, QYL)> (317
where 3(x”, Qy 1) denotes the minimum probability of error under hypothesis Q- if
the probability of error under hypothesis Px: does not exceed € [1, Eq. (100)]. Note
that the maximization in (3.17) is over all possible transmitted codewords x* € X1,
rather than over all possible input distributions Pxr. Hence, the main difficulty in
evaluating (3.17) lies in the evaluation of the (-, -) function. As in the previous
section, we can use [1, Eq. (106)] to obtain the following relaxation of (3.11), which

avoids the evaluation of the 3(,-) function:

M < sup sup{log§ — log(P[j(xL;YL) < 1og§] — e)} (3.18)
xLexL £>0

where j(x%; Y1) is given in (3.13). This bound will be used in Chapter 5.
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The Rayleigh Block-Fading Channel

In this thesis, we consider a single-antenna Rayleigh block-fading channel with
coherence interval T. For this channel model, the input-output relation within the

{-th coherence interval is given by
Y,=H/X;,+ W, (41)

where X, and Y, are T-dimensional, complex-valued, random vectors containing the
input and output signals, respectively; Wy is the additive noise with independent
and identically distributed (i.i.d.), zero-mean, unit-variance, circularly-symmetric,
complex Gaussian entries; and Hy is a zero-mean, unit-variance, circularly-symmetric,
complex Gaussian random variable. We assume that H, and W, are mutually
independent and take on independent realizations over successive coherence intervals.
Moreover, the joint law of (Hy, W) does not depend on the channel inputs. We
consider a noncoherent setting where the transmitter and the receiver are aware of
the distribution of H, but not of its realization. As aforementioned in Chapter 2, we
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CHAPTER 4. THE RAYLEIGH BLOCK-FADING CHANNEL

denote the input codeword as XL = [X;,...,X ] and the channel output induced
by the transmitted codeword as Y* = [Y,...,Yy].

According to (4.1), conditioned on X% = x| the output vector Y’ is blockwise
i.i.d. Gaussian. Thus, the conditional pdf of Y, given X, = x is independent of ¢
and satisfies
ly"x[?

- T 4.2
CpEp veCh 6o

1 2
Py|x (¥[x) = Wexp —llyll* +

Here and throughout the thesis, we omit the subscript ¢ when immaterial. We
shall refer to the distribution PQL), according to which X% = /TpUZL, where
Ul =[Uy,...,Ur] and Uy,..., Uy are i.i.d. and uniformly distributed on the unit
sphere in CT, as USTM [17]. Note that, since the variance of H, and of the entries of
W, are normalized to one, p can be interpreted as the average SNR at the receiver.
The USTM distribution is relevant because it gives rise to a lower bound on capacity
that is asymptotically tight at high SNR [18, 19]. In fact, it can be shown that this
lower bound accurately approximates capacity already for intermediate SNR values.
For example, [14, Fig. 1] illustrates that the lower bound is indistinguishable from
the upper bound on capacity given in [14, Eq. (17)] for p > 10dB.
The outputs Y* induced by the USTM input distribution have the pdf

L
ay (") = [TV (30) (4.3)
=1
where [14, Eq. (18)]
—ly1? _ T
)y 7 IyIPETOTM) () TellylP) (14T _—

Note that (4.4) contains the regularized lower incomplete gamma function which is
difficult to analyze. The following lemma presents bounds on the logarithm of this

function, which we shall use throughout this thesis.

Lemma 4.1 The logarithm of the regularized lower incomplete gamma function can

be bounded as

0 <log -
¥

(_I__llx)g(T—l)log<1—|—F(-2T1>, x> 0. (4.5)
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Proof: See Appendix A.1. [ |
In the remainder of this thesis, we shall denote by Y a blockwise i.i.d. Gaus-

L

sian random vector whose conditional pdf, conditioned on X* = x%, is given by

HzL:1 Py x (Ye|xe) with pyx (y[x) as in (4.2). We shall denote by Y” a blockwise
i.i.d. Gaussian random vector that is independent of X and has pdf qg(j L)
Conditioned on || X¢||? = Tay, ay € [0, p], the distributions of [Y}X,|? and ||Y||?

are as follows:

Z * *
[YHX|? = |H Tag + Wi (1)v/Taul?

L Tay(1+ Taw) 21 (4.6)
1Y) Z | HovTae: + W2
L1+ Ta)Zis+ Zoy (4.7)

where W, (1) denotes the first componet of W, and e; is the unitary vector
[1,0,...,0]T of dimension T x 1. Furthermore, {Z; ,¢ € Z} is a sequence of i.i.d.
Gamma(1, 1)-distributed random variables, and {Zs ¢, ¢ € Z} is a sequence of i.i.d.
Gamma(T — 1, 1)-distributed random variables.

Conditioned on || Xy||? = Tay, the distributions of [Y}X|? and ||Y||? can be

written as
N/ <z * *
YU = |(Hy /TpUe(1) + Wi (1) v/ Tawf? (4.8)
2L
Yol = 1 He/TpUr + Wil |,
In (4.6)—(4.9), the parameter a, can be thought of as the power allocated over the
coherence interval £.

In the following sections we introduce some quantities that we shall need in the

remainder of the thesis.

4.1 Information Densities

The generalized information density random variable for X* and Y’ is defined for

any s > 0 as
Pyr|xc (YL|XL)S
Elpyrxc (YE[XE)s YL

is(XYE) 2 1og (4.10)
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When the input distribution is USTM, the generalized information density i,(X%; Y*)

can be expressed as

i (XE YL = Zzgs (4.11)
where
. & TpZay
+(0) Z (T = 1)log(sTp) — log I(T) — s-L22¢
i) Z (T = 1) log(sTp) ~ log I(T) — 57272
(14+Tp)Z1e + Zay
-1 ; )
+(T )log( i1,
- To((1+Tp)Z1e+ Z2)
logv(T 1,s T+ 7, . (4.12)
For s = 1, i,(X%; YY) can be written as
Y& | XE
i (XEYE) = (X5 YE) = log Py ( L| ) (4.13)
py:(Y")

where pyL (YL) is the output pdf induced by the input distribution.! When the
input distribution is USTM, i(X%;YT) can be expressed as

L

i(XEYE) = ig(p) (4.14)

=1
where i7(p) = i¢,1(p). Using the left-most inequality in Lemma 4.1, we can lower-
bound i,(p) by
TpZay
14+Tp

(1 + Tp)Zl,g + Zgyg)

+(T1)log< T171p

ig(p) 2 (T —1)log(Tp) — log I'(T) —
(4.15)

4.2 Mismatched Information Densities

Next, we consider the mismatched information density,?> which is defined as
Pyrxe (YH[XF)
ayr (YF)

1The existence of the conditional pdf PyL|xL implies that the output pdf py,r exists for every

J(XEYl) 2 log (4.16)

input distribution.
2We use the word “mismatched” to indicate that the output pdf dy L (YL) in the denominator

is not the one induced by the input distribution and the channel.
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where gy is an arbitrary auxiliary output pdf. When g+ is the pdf induced by

USTM channel inputs, i.e., qg}JL) given in (4.3), j(X*;YL) can be expressed as
L
JXE YR =) (X Yo) (4.17)
=1
where
; L+Tp Y/'Xo? TollYe? (TP||Ye||2>
X Ye) = lo - +(T—-1)lo
.7( £ K) g( F(T) ) 1+||X@H2 1+TP ( ) g 1+Tp
. Tpl[Y|?
J— 2 — — [ —
{1+ %)~ 1og:3 (7 - 1, T, (@19

By (4.6) and (4.7), j(X¢;Ys) depends on X, only via ||X¢[|? = Tay. We can thus
express j(Xy;Yy) conditioned on || Xy[|? = Tay as

Tp—Tay)Z TpZ 1+T
(Tp ay) Le 02,z+lo< + P)

Je(ewe) & (T —1)log(Tp) —log T'(T) —

1+Tp 1+Tp 14+ Tay
1+ To)Z1e+ Zay
T—-1)I : :
+ )og< 1+Tp
- Tp((14+ Tag)Z1o+ Zae)
—1 T-1 : ’ . 4.19
Ogv( , T, (4.19)

Define B(p) £ I(T) ™1 112, and let

= Tp—Tap)Zie TpZay 1+Tp
£ (T —=1)log(Tp) —logI(T —( — — ’ 1
I+Tag)Zie+ Zaye
1+Tp

B(p)
+(T—-1)log (1 + (A5 TanZie+ ZM) (4.20)

(7= Do

By Lemma 4.1, we have that, with probability one,

Jelew) < Jeaw), ag €0, p]. (4.21)

We next consider an auxiliary output pdf that will be useful for the derivation of

the saddlepoint approximations in Chapter 6. Specifically, let
L
ayr s (ye) 2 [ av,..(y0) (4.22)
=1
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where

1 s 1/s
Oy, (3e) = 25 Elpv, (YelX0)" | Yo = v / (4.23)

and p(s) is a normalizing factor. Based on (4.22) and (4.23), we define the generalized

mismatched information density j,(X%; Y1) as

Pyr|xr (YL|XL)

. L L\ A
Js(X7; YY) = log
(X5Y5) ave (%)

(4.24)

Using this definition together with (4.2) and (4.22), the mismatched information
density j,(X%;YT) can be written as

L

G (X YE) =7 (Xes Y. (4.25)
(=1
It holds that 1
Js(Xe; Yo) = log pu(s) + ;is(Xf;Ye)' (4.26)

Note that for USTM inputs, we have jo(p) = i¢(p).

4.3 Information Rates and Dispersions

We define the expectation and variance of i, 5(p) by

Vi(p) £ Var[ies(p)]- (4.28)

Note that I;(p) evaluated at s = 1 corresponds to the mutual information between

X, and Y. We further define the expectation of jg s(p) and je(oy) as

1>

Elje.s(p)] (4.29)
Elje(ar)], 0 <ap <p. (4.30)

Js(p)
J(Ozg)

(1>

Note that J1(p) = I1(p), in which case we omit the subscript and simply write I(p).
We next compute the expected value of (4.15), denoted by I(p) £ E[i,(p)], as

(T-DTp

I(p) = (T —1)log(Tp) — log I'(T) — = T

34



CHAPTER 4. THE RAYLEIGH BLOCK-FADING CHANNEL

— (T = 1) log(1+ Tp) + (T — DE[log((1 + Tp)Z1 + Z5)] (4.31a)
= (T~ 1)log(Tp) ~10g(T) = (T = 1) flog(1 4 Tp) 4 150 = (T~ 1)
+oFy (1,T ~LTig Ipr) (4.31b)

where the expected value has been solved using [28, Sec. 4.337-1] to integrate with
respect to Z; and [28, Sec. 4.352-1], [28, Sec. 3.381-4], and [28, Sec. 6.228-2] to
integrate with respect to Z5. Clearly,

I(p) = L(p). (4.32)

4

The conditional expected value of (4.20) given ||X,||?> = Tay, denoted by J(ay)

E[je(ce)], can be evaluated as

T(g) = (T — 1) log(Tp) — log I(T) — 2= T _ (T=1Tp

1+Tp 1+Tp
n 1og(11jTTOZ> (T 1)log(1+Tp)
+ (T - 1)E[log((1 +Tap)Z1 + Zo+ B(p))] (4.33)

It can be shown that J(-) and I(-) bound the capacity [29]
E[i(Xe; Yo)]

C(p) = sup —_ (4.34)
ParsXel2<tpy T
Indeed, on the one hand we have
J J
C(p) < sup J(e) < sup J(e) (4.35)
0<a<p 0<a<p T

where the first inequality follows from [30, Th. 5.1], and the second inequality follows
from (4.21). On the other hand,

iy 1) 5 10) (1.36)

where the first inequality follows because USTM is a valid input distribution, and
the second inequality follows by (4.32). It can be further shown that

lim { sup J(a) — I(p)} — 0. (4.37)

P00 L 0<a<p
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Thus, USTM yields an asymptotically tight lower bound on capacity, as already
mentioned before.
Let

V(o) £ E|(in(p) ~ 1(6))’] (1.382)
Vy(a) £ E [(Ee(a) — j(a))2] (4.38b)

where the subscript p in V,(«) is introduced to highlight that V,(«) depends both
on « and p, but it is omitted when o = p. In Lemma A.2 (Appendix A.9) and
Lemma A.3 (Appendix A.10), we show that I(p), V(p), J(p), and V,(p) can be

approximated as

I(p) = L(p) +0,p(1) (4.39)
Vip) =V +0,(1) (4.39D)
J(p) = L(p) +0,(1) (4.39¢)
V(p) =V +o0,(1). (4.39d)

A closed form expression for I(p) is given in (4.31b). Moreover, V in (4.39b) and

(4.39d) is defined as
2

VAT- 1)2% +(T=1). (4.40)

4.4 The Moment Generating Function
The moment generating function (MGF) of I,(p) — iss(p) is given by
mys(T) = E{GT(Is(p)—ie,s(p))} (4.41)
and its cumulant generating function (CGF) is given by
Vp,s(1) = logmy, 5(7). (4.42)
The region of convergence (RoC) of m, s(7) is defined as
Sm(p,s) £{r € R: m, 4(7) < o0}. (4.43)
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Similarly, we shall say that a set S is in the RoC of the family of MGFs m,, (1)
(parametrized by (p, s)) if
sup mF)(r) <o, keZi. (4.44)

p,S
(1,0,8)€Sm

The following lemma presents two sets that are in the RoC of the family of MGFs
m,,s(T) (parametrized by (p, s)).

Lemma 4.2 (Region of Convergence)
Part 1): For every pg > 0, so > 0, and 0 < a < 1/(T — 1) independent of (L, p,s,T),
we have that

sup mf)kz (1) < oo, keZf. (4.45)
—a(T—-1)<7<a, ’
s€[s0,1],
PZpPo

Part 2): For every 0 < sg < Smax < 00, 0 < po < Pmax < 00, 0 < a < 1, and

0<b< min{%7 Tlpﬂ%} independent of (L, p,s,T), we have that

sup mg,kg (1) < oo, keZi. (4.46)
—a<t<b,
$€[50,8max],
Po<P< Pmax
Proof: See Appendix B.5. [ |
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A high-SNR Normal Approximation

In this chapter, we present an expression similar to (1.1) for the maximum coding
rate R*(L, ¢, p) achievable over the noncoherent, single-antenna, Rayleigh block-
fading channel introduced in (4.1) using error-correcting codes that span L coherence
intervals, have a block-error probability no larger than ¢, and satisfy the per-coherence-
interval maximum power constraint (2.6a). By replacing the capacity and channel
dispersion by asymptotically tight approximations, we obtain a high-SNR normal
approximation of R*(L, ¢, p). The obtained normal approximation is useful in two
ways: On the one hand, it complements the nonasymptotic bounds provided in
(14, 15, 16]. On the other hand, it allows for a mathematical analysis of R*(L, €, p).

5.1 Main Results

The main result of this chapter is a high-SNR normal approximation on R*(L, ¢, p)
presented in Section 5.1.1. In Section 5.1.2, we assess the accuracy of this approx-
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imation by means of numerical examples. Possible applications are discussed in
Section 5.1.3.

5.1.1 A High-SNR Normal Approximation

Theorem 5.1 Assume that T > 2 and that 0 < € < % Then, in the limit as L — oo

and p — 00, the mazimum coding rate R*(L, €, p) can be approzimated as

R (L) =" o0 - [P e @ v ou ((BE) 6

where I(p) and V are defined in (4.31b) and (4.40), respectively.

Proof: See Section 5.2. [ |

Remark 5.1 A common approach to deal with limits in two parameters is to couple
them so as to reduce the double limit to a single limit. For example, one could set
p = g(L) for some increasing function g(-) and then study the mazimum coding rate
R*(L,¢e,g(L)) in the limit as L — co. While this approach sidesteps the difficulties in
dealing with double limits, it gives rise to results that are hard to interpret, especially
if the asymptotic behavior of R*(L,e,g(L)) depends critically on g(-). Indeed, L
describes the blocklength of the error-correcting code, and p specifies the SNR at
which messages are sent over the channel. There is no physical reason why these two
parameters should be coupled, hence it is unclear which coupling g(-) describes the
communication system best. In contrast, the approximation presented in Theorem 5.1
is interpretable and more robust, since it holds for any sufficiently large L and p
(irrespective of their relation). In fact, since the 0,(1) terms are uniform in L, and
the O(log L/L) term is uniform in p, the approximation (5.1) applies also for any

(strictly increasing) coupling between L and p.

Remark 5.2 The assumption that 0 < € < 1/2 is required to ensure that Q1 (e) is
nonnegative, which simplifies the manipulations of the channel dispersion. Treating
the case 1/2 < e < 1 would require a separate analysis. For the sake of compactness,
we decided to omit such an analysis, since we believe that 0 < € < 1/2 covers all

cases of practical interest.
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Ignoring the Op (log L/L) and the 0,(1) terms in (5.1), we obtain the following
high-SNR normal approximation:

R*(L,e,p) =~ @ — 4/ %Qil(e). (5.2)

The closed form expression for I(p) in (4.31b) contains a hypergeometric function,
which is difficult to analyze mathematically. We therefore present also a simplified
expression that is less accurate than (4.31b) but easier to analyze. Specifically, it
follows from Lemma A.2 (Appendix A.9) that

L(p) = (T = 1)log(Tp) —log I'(T) — (T = 1)(1 + ) + 0,(1). (5.3)

The quantity I(p)/T is a high-SNR approximation of the information rate achievable
with i.i.d. USTM inputs; cf. [33, Eq. (12)] (see also [14, Eq. (5)]). It is shown in [17,
Th. 4] that I(p)/T is an asymptotically-tight lower bound on the capacity C(p) in

the sense that )
. I(p
1 — =25 =0. 4
I s S L G

For comparison, the capacity of the additive white Gaussian noise (AWGN)
channel is given by [3, Eq. (7)]

Cawan(p) = log(1 + p) =logp + 0,(1). (5.5)

The capacity of the coherent Rayleigh block-fading channel (when the channel state

information is available at the receiver) is given by [34]

Celp) £ E[log(1 + pZ1)] =logp — 7+ 0,(1) (5.6)
and in the noncoherent case (cf. (5.3))

I(p) _T-1

=P = = [1og(p) — 1] + 0,(1). (5.7)

It can be shown that the o,(1) and O,(1) terms in (5.6) and (5.7) are uniform in T
The channel dispersion of the AWGN channel is given by [3, Eq. (8)]

2+p
(1+p)?

Vawen(p) = p =1+0,(1). (5.8)
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For the coherent Rayleigh block-fading channel, the channel dispersion V.(p) is given
by [6, Th. 2]
w2 1

— 4 = +o,(1). (5.9)

S 1 I=B7 1=
Ve(p) & TVar[log(1 + pZ1)] + E[lepZJ 6 T

According to Theorem 5.1, the ratio V /T2 can be viewed as a high-SNR approximation
of the channel dispersion.

By comparing (5.7) and (5.6), we see that I(p)/T is, up to a O,(1) term, equal
to (1 — 1/T)C.(p). Further observe that V/T? corresponds to the dispersion one
obtains by transmitting one pilot symbol per coherence block to estimate the fading
coefficient, and by then transmitting T — 1 symbols per coherence block over a
coherent fading channel. This suggests the heuristic that, at high SNR, one pilot
symbol per coherence block suffices to achieve both capacity and channel dispersion.
However, this heuristic may be misleading since it is prima facie unclear whether one
pilot symbol per coherence block suffices to obtain a fading estimate that is (almost)
perfect. A more refined analysis of the maximum coding rate achievable with pilot
assisted transmission has been recently performed by Ostman et al. [22].

Further observe that, as T tends to infinity, I(p)/T converges to Ce(p) and V/T?
converges to V.(p). Thus, as the coherence interval grows to infinity, both capacity
and channel dispersion of the noncoherent block-fading channel converge to the
corresponding quantities for the coherent channel. This agrees with the intuition
that the cost of estimating the channel vanishes as the coherence interval tends to
infinity.

Finally, observe that Cawan(p) is larger than I(p)/T and C.(p), and Vawen(p)
is smaller than V' /T2 and V,(p) (except for T = 3, where V/T? < Vawan(p)). Thus,
the presence of fading results in a less favorable channel.

5.1.2 Numerical Examples

We illustrate the accuracy of the high-SNR normal approximation (5.2) by means
of numerical examples. In Figs. 5.1 and 5.2 we show the approximation (5.2) as a
function of L = n/T for a fixed coherence interval T and for different SNR values. In
the normal approximation, we evaluate I(p) using both the exact expression (4.31b)

as well as the approximation (5.3). For comparison, we also plot the coherent normal
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Figure 5.1: Bounds on R*(L,¢, p) for p = 15dB, T = 20, ¢ = 1073, The shaded area
indicates the area in which R*(L, €, p) lies.

R*(L,e,p) \/ Q (5.10)

where C.(p) was defined in (5.6) and V.(p) was defined in (5.9). We further plot
a nonasymptotic (in p and L) lower bound on R*(L,¢,p) that is based on the
dependence testing (DT) lower bound (3.10) with USTM channel inputs (see (5.21)
below) and computed by Monte Carlo simulations. We further plot a nonasymptotic
(in p and L) upper bound on R*(L, ¢, p) that is based on the MC upper bound (3.17)
with auxiliary output pdf (4.3) (see (5.35) below). Specifically, we plot the weakened

approximation

version

L .
oge . log(1- e~ P[XL, jilo) > logg])
R*(L,e,p) < mf{ I elﬁ)fp]L T (5.11)

which is obtained using (3.18) and was evaluated by Monte Carlo simulations. In
(5.11), a = (a1,...,ar) denotes the vector of power allocations. We finally plot
I(p)/T as given by (4.31b). Observe that the high-SNR normal approximation of
R*(L, ¢, p) is fairly accurate already for p = 15dB and L > 10 when we use the exact
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I(p)/T (4.31b) -7

bits/channel use
'y
\
\

(5 MChbound (5.11)
o DT bound (5.21)

Number L of coherence intervals (log scale)

Figure 5.2: Bounds on R*(L,¢, p) for p = 25dB, T = 20, ¢ = 1072, The shaded area

indicates the area in which R*(L, €, p) lies.

expression (4.31b) for I(p). For p = 25dB and L > 10, the normal approximation
is accurate even when we approximate I(p) using the simplified expression (5.3).
Further observe that the normal approximation is pessimistic for p = 15dB and
optimistic for p = 25dB. As expected, the coherent normal approximation is strictly
larger than the noncoherent high-SNR normal approximation. The gap between the
two normal approximations appears to be independent of L. This agrees with the
intuition that the cost for estimating the channel mostly depends on the coherence
interval T. Finally observe that the DT lower bound on R*(L,¢, p), computed for
USTM channel inputs, is fairly close to the MC upper bound, which holds for any
input distribution satisfying the power constraint (2.6a), for L > 5 and p = 15dB or
L > 2 and p = 25dB. Thus, while it was shown that USTM channel inputs achieve
the capacity asymptotically as the SNR tends to infinity, they also give rise to lower
bounds on R*(L, ¢, p) that are impressively tight for moderate SNR values and short
blocklengths. A similar observation was also made in [14].

In Figs. 5.3 and 5.4, we show the high-SNR normal approximation (5.2) (with
I(p)/T evaluated using the approximation (5.3)) as a function of the coherence
interval T for a fixed blocklength n (hence L is inversely proportional to T). We
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Figure 5.3: Bounds on R*(L, €, p) for LT = 500, ¢ = 1073, p = 15dB. The MC bound and
the DT-USTM bound are almost indistinguishable. The shaded area indicates the area in
which R*(L, ¢, p) lies.
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Figure 5.4: Bounds on R*(L, ¢, p) for LT = 500, ¢ = 1073, p = 25dB. The MC bound and
the DT-USTM bound are almost indistinguishable. The shaded area indicates the area in

which R*(L, ¢, p) lies.
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further plot the coherent normal approximation (5.10). For comparison, we also show
the DT bound (see (5.21) below), evaluated for an USTM input distribution, and
the weakened version of the MC bound (5.11) evaluated by Monte Carlo simulations.
Finally, we present the normal approximation that was proposed in [11] for quasistatic
MIMO block-fading channels. To adapt the quasistatic MIMO block-fading channel
to our system model, we replace H in [11] by an L x L diagonal matrix with diagonal
entries Hy, ..., Hy. Thus, specializing [11, Eq. (95)] to our case, we obtain

N C(H) — LR*(L,¢,p)
~efo( L) -
where
L
C(H) & Zlog(l + plH;?) (5.13a)
Jj=1 B 1
V(H)2 L - Z Toa(1 5 TR (5.13b)

As already observed in Figs. 5.1 and 5.2, the high-SNR normal approximation is
fairly accurate for p = 15 dB and L > 10, and it is indistinguishable from the DT and
MC bounds for p = 25 dB and L > 10. The high-SNR normal approximation becomes
less accurate as L decreases. Observe that the coherent normal approximation (5.10)
provides a good approximation when T is large but becomes inaccurate when T < 100.
Further observe that the normal approximation for the quasistatic case (5.12), which
is tailored towards the case where L is small, becomes accurate only for L < 3 in
both figures. The figures show that there is an optimal tradeoff between L and T for
a fixed blocklength n. This is, for example, of relevance for the design of orthogonal
frequency-division multiplexing (OFDM) systems, where the duration of a codeword
is smaller than the coherence time, hence only frequency diversity is available. The
system designer can then determine the number of diversity branches L available
to each user by assigning OFDM symbols from different time and frequency slots.
Figs. 5.1 and 5.2 indicate the optimal value of L for ¢ = 1072 and p = {15,25} dB.
We refer to [35] for a more detailed discussion.

In Fig. 5.5, we plot the high-SNR normal approximation (5.2), evaluating I(p)
using both (4.31b) and (5.3), as a function of the SNR p for fixed T and L. Again,
we also plot the coherent normal approximation (5.10). For comparison, we further
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Figure 5.5: Bounds on R*(L,e¢,p) for T = 20, L = 25 and ¢ = 1073, The shaded area

indicates the area in which R*(L, €, p) lies.

plot the DT bound (see (5.21) below) evaluated for an USTM input distribution,
the weakened version of the MC bound (5.11), and I(p)/T using (4.31b). Observe
that the normal approximation that uses (4.31b) becomes accurate already at SNR
values of 15 dB, while the normal approximation that uses I(p) in (5.3) is accurate
from SNR values of 20 dB. Further observe that the normal approximation is
pessimistic for p < 20 dB and optimistic for p > 20 dB. As expected, the coherent
normal approximation is strictly larger than the noncoherent high-SNR normal
approximation. Observe that the gap between the coherent normal approximation
and the nonasymptotic bounds stays constant for p > 15 dB but decreases as p
becomes small. This is because, for small values of p, knowledge of the fading
coefficients is less essential. Finally, we again observe that USTM channel input,
which achieve the capacity asymptotically as the SNR tends to infinity, also give
rise to lower bounds on R*(L, ¢, p) that are impressively tight for all SNR values
considered in the plot.

In Fig. 5.6, we plot the probability of error as a function of the SNR p for R = 4,
T = 20, and L = 25. Specifically, we show the high-SNR normal approximation
(5.2), with I(p) evaluated using (4.31b), the coherent normal approximation (5.10),
the DT bound (see (5.21) below) evaluated for an USTM input distribution, and
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Figure 5.6: Bounds on the probability of error € for R =4, T = 20 and L = 25. The shaded

area indicates the area in which the true probability of error e lies.

the weakened version of the MC bound (5.11). For comparison, we further show
the performance of an accumulate-repeat-jagged-accumulate (ARJA) low-density
parity-check (LDPC) (3000,2000)-code combined with a 64-amplitude phase-shift
keying (APSK) modulation, pilot-assisted transmission (2 pilot symbols per coherence
block), and maximum likelihood channel estimation followed by mismatched nearest-
neighbor decoding at the receiver [36, Figure 3(b)] (see [37]). Observe that the
high-SNR normal approximation is accurate for the whole range of SNRs evaluated.
Further observe that the gap between the presented real code and the rest of curves is
substantial. This suggests that more sophisticated joint channel-estimation decoding
procedures together with shaping techniques need to be adopted to close the gap
(see e.g., [37]).

5.1.3 Engineering Wisdom

As argued, e.g., in [3], the normal approximation can be used to analyze the perfor-
mance of communication protocols. For example, let us consider the uplink scenario
in [3, Sec. IV-C], where d devices intend to send k information bits to a base station
within the time corresponding to n channel uses. The n channel uses are divided

into s equally-sized slots of ng = n/s channels uses. The devices apply a simple
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slotted-ALOHA protocol: each device picks randomly one of the s slots in the frame
and sends its packet. If two or more devices pick the same slot, then a collision
occurs and none of their packets is received correctly. If only one device picks a
particular slot (singleton slot), then the error probability is calculated using the
normal approximation. Specifically, in [3, Sec. IV-C] the normal approximation for
the AWGN channel was considered, i.e.,!

VALN(/’)QA(G) + 1logn

R (n, 6) ~ CAWGN(p) — n 2 n (514)
where
Cawan(p) =log(1 + p) (5.15a)
Vawen(p) = p chal (5.15b)
(14 p)?

By solving (5.14) for €, we obtain an approximation for the packet error probability
as a function of the packet length n, the number of information bits k = nR to be
conveyed in a packet, and the SNR p, i.e.,

(5.16)

(k. p) ~ Q(nCAWGN(p) —klog2 + (logn)/2>.

nVawan(p)

By replacing (5.14) by our high-SNR normal approximation (5.2), we obtain the
following approximation for the packet error probability when packets are transmitted
over a noncoherent single-antenna Rayleigh block-fading channel of coherence interval
T:

(5.17)

e (k,n, p) ~ Q(nI(p)—leog2>.

VTV

Likewise, replacing (5.14) by the normal approximation for the coherent Rayleigh
block-fading channel [6, Eq. (34)], we obtain

(5.18)

w2

nTVe(p)

1For the AWGN channel, the O(logn/n) in (1.1) can be replaced by (logn)/(2n) + O(1/n)
[1, 38].
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Table 5.1: Optimal slot size for different channel models and n = LT = 480, k = 256,
d=12.

optimal number of slots s
SNR coherence interval T || noncoherent coherent classic
Rayleigh Rayleigh AWGN
. . slotted-ALOHA
block-fading | block-fading

p— 15 dB T=5 s=4 s=26 s=28 s=12
T=20 s=6 s=06 s=38 s=12

=925 dB T= s=38 s=12 s=12 s=12
T=20 s=38 s=38 s=12 s=12

where
N
Ce(p) £ E[log(1 + pZ1)] (5.19a)

Ve(p) & TVar[log(1+ pZ1)| +1 - E{ } . (5.19b)

1+pZy

The probability of successful transmission is given by [3, Eq. (24)], namely,

d 1 d—1
Pouccess = g <1 - ) (]- - 6*(k7n57p)) (520)

s

where (d/s)(1 — 1/s)47! is the probability that only one device transmits in a given
slot [39, Sec. 5.3.2]. Our goal is to choose s such that the probability of successful
transmission is maximized given d, k, n and p. This problem entails a tradeoff
between the probability of collision and the number of channel uses available for each
packet, which affects the achievable error probability in a singleton slot.

As a concrete example, we consider the case when n = 480, d = 12, and k = 256.2
In Table 5.1, we show the optimal number of slots s for the noncoherent Rayleigh
block-fading channel (with €*(k, ns, p) approximated by (5.17)), the coherent Rayleigh
block-fading channel (with €*(k, ns, p) approximated by (5.18)), the AWGN channel
(with €*(k,ns, p) approximated by (5.16)), and the classic slotted-ALOHA protocol
(e*(k, ns, p) = 0) for the SNR values p = 15 dB and p = 25 dB and coherence intervals
T =5 and T = 20. To be consistent with our system model, for the Rayleigh

2The fact that n is fixed implies that the number of coherence intervals L changes inversely
proportional to T for the block-fading cases.
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block-fading channel (both coherent and noncoherent) we only consider slot sizes ns
that are integer multiples of T. Observe that the optimal number of slots s depends
critically on the SNR, the coherence interval, and the considered channel model.
For example, for the classic slotted-ALOHA protocol, the optimal number of slots
is s = 12, which coincides with the total number of devices d = 12. In contrast,
for the AWGN channel, the optimal number of slots is s = 8 for p = 15 dB and
coincides with the one of the classic slotted-ALOHA for p = 25 dB. In most cases, the
optimal number of slots s for the Rayleigh block-fading channel (both coherent and
noncoherent) is yet again smaller and depends both on the SNR and the coherence
interval T. When T = 20, the optimal number of slots s for the noncoherent Rayleigh
block-fading channel coincides with that for the coherent channel. This agrees with
the intuition that, when T is sufficiently large, the fading coefficients can be learned
with little training overhead. In general, the optimal number of slots s decreases as
the channel becomes less favorable. Intuitively, larger codes are required to combat
the impairments due to AWGN and fading. Hence, the packet length ns must be

increased or, equivalently, the number of slots s = n/ns must be reduced.

5.2 Proof of Theorem 5.1

The proof of Theorem 5.1 is based on a lower bound on R*(L, ¢, p), given in Sec-
tion 5.2.1, and on an upper bound on R*(L, ¢, p), given in Section 5.2.2. Since these
bounds coincide up to terms of order O (log L/L) and 0,(1) (compare (5.22) with
(5.53) below, using (4.39a) and (4.39b)) they prove (5.1).

5.2.1 DT Lower Bound

To obtain a lower bound on R*(L,p,¢€), we evaluate the DT bound defined in
Chapter 3.1.3.2 for the USTM input distribution defined in Chapter 4. Thus, assume
that X ~ ngL), which implies Y ~ qgjL) One can show (see [16, App. A]) that
the CDF P[i(x%; Y1) < a] does not depend on x”. Furthermore, the USTM input
distribution satisfies the power constraint (2.6a) with probability one. A lower bound
on R*(L,e, p) follows therefore from the DT bound (maximum probability of error)
(see Chapter 3.1.3.2), which, after a standard change of measure, can be stated

as follows: there exists a code with M codewords, blocklength LT, and maximum
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probability of error € not exceeding
e< P[i(XL;YL) <log(M — 1)}
+ (M - 1)E [e*i(xL?YL)I{i(XL;YL) > log(M — 1)}] (5.21)

To show that (5.21) yields the lower bound

R*(L,e,p) > @ — %Q*l(e) + 0y, G) (5.22)

we follow almost verbatim the steps in [1, Egs. (258)—(267)] (with + in [1] replaced

by M —1). The main difference is that, in our case, V(p) defined in (4.38a) and B(p)
(cf. [1, Eq. (254)]) defined as

, 6E[ie(o) — 1(p)"]

B(r) & — e (5.23)
depend on p. To ensure that the term Op(1/L) in (5.22) is uniform in p, we will
show that both V(p) and B(p) are bounded in p. We then apply the Berry-Esseen
theorem [23, Ch. XVL5] to obtain [1, Eq. (259)] with B(p) replaced by an upper
bound B(pg) that holds for all p > py and a sufficiently large po, followed by [1, Egs.

(261)—(265)], which gives

I(p) V(p)

* > _ -1 .
R R (524
where o log 2 )
0g
T=€— + 5B —. 5.25
A Taylor-series expansion of Q~!(7) around e yields then
1
n=Q (9+0 () 5.26
Q (=0 ()+0L i (5.26)

which in turn gives (5.22).
To show that V(p) and B(p) are bounded in p, we resort to the following lemmas:

Lemma 5.2 Let V,(a) be defined as in (4.38b) and let 0 < § < 1/2. For every
p(1—0) < a<p, we have

1+Tp

where = is a positive constant that only depends on T.

2
V() > ( Tp ) (T—1) =25+ 0,(1) (5.27)
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Proof: See Appendix A.2. [ |

Lemma 5.3 For every po > 0, we have

sup V,(a) < oo (5.28a)
a>0,
PZpPo
sup V(p) < 0. (5.28b)
PZpo
Proof: See Appendix A.3. [ |
Lemma 5.4 For every po > 0, we have
= = 3
sup E[’jg(a) — J(a)| } < 0o (5.29a)
a>0,
PZPo
. 3
sup E[’Zg(p) —I(p)| } < 0. (5.29b)
PZPo
Proof: See Appendix A.4. [ |
For § = 0, Lemma 5.2 yields
2
V(o) > (1) (T=1) 40,1 (530
Pr=1\1 +Tp PR '
Together with (4.39b) and (4.39d), this implies that
Tpo \’T-1
> _— > 31
vz () S5 ez (5.31)

for a sufficiently large pg. Furthermore, Lemma 5.3 implies that, for every pg > 0,
there exists an Vyp(po) that is independent of p and that satisfies

V(p) < Vus(po), p = po- (5.32)

Finally, Lemma 5.4 implies that for every pg > 0 there exists an S(pg) that is

independent of p and satisfies

E[W(P) - I(P)ﬂ < S(po), P = po. (5.33)

Combining (5.31) and (5.33), it follows that for a sufficiently large pg > 0 there exists
a B(po) that is independent of p and that satisfies

B(p) < 65(po) £ B(po), P> po- (5.34)

3 _1\3/2
() (54

This concludes the proof of the lower bound (5.22).
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5.2.2 MC Upper Bound

An upper bound on R*(L, €, p) follows from the MC bound defined in Chapter 3.2.1.2
computed for the auxiliary pdf qgjL) defined in (4.3), i.e.,

1 1
R*(L,e,p) < — sup log| ———|. (5.35)
LT acopr  \ Ble,all)
Here, a = (aq,...,ar) denotes the vector of power allocations, and 5(a,q$2)

denotes the minimum probability of error under hypothesis q%? L) if the probability of
error under hypothesis pyrxz_,z does not exceed € [1, Eq. (100)]. Note that, by
(4.6)—(4.9), B(a,qg}?) depends on x¥ only via a (recall that | X,||* = Tay).

For 0 < 6 < 1, let Ls(ex) denote the number of ay’s in e that satisfy p(1 — ) <
ay < p. The following lemma demonstrates that we can assume without loss of
optimality that Ls(a) > L/2, i.e., in at least half of the coherence intervals «y is
larger than p(1 — 9).

Lemma 5.5 For every 0 < 6 < 1, T > 2, and 0 < € < 1/2, there exists a pair
(Lo, po) such that, for L > Lo and p > po, the supremum in (5.35) can be replaced
without loss of optimality by a supremum over o« € A, s, where

A, s 2 {a€0,p]": Ls(a) > L/2}. (5.36)

Proof: See Appendix A.5. [ |

In the following, we implicitly assume that L > Ly and p > pg for some sufficiently

large Lo and pg so that Lemma 5.5 holds. Applying Lemma 5.5 to (5.35), and upper-
bounding the RHS of (5.35) using (3.18) and (4.21), we obtain

logg(a) B lOg(P[Zle 3@(0[@) < logg(a)] _ 6)

R*(L,e,p) < N 7T (5.37)
for every &: [0, p]X — (0, 00).
Let
63 E[lian) - T[]
() & =2 5 e (5.38)
(£ ¥tan)
(=1
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By Lemma 5.4, the expectation E[[j¢(a) — J(a)|*] can be upper-bounded by a
constant S(po) that is independent of a and p. Furthermore, by the nonnegativity of
Vp(af)a

S Vila) = Y Vi) (5.39)
1 ZEfg(a)

where Zs(a) = {¢{=1,...,L: ay > p(1 —6)}. Lemma 5.2 demonstrates that, for
a>p(l—9),

L
=

- Tp -
> —-1)—-—= . .
Vo(a) > (1 " Tp) (T-1) 0+ 0,(1) (5.40)
Thus, for
Tpo \?T-1
= .41
(1 + Tpo) 3= (5 )
and pg sufficiently large, we have
L 2
= Tpo ) T-1
1% > . p> po. 5.42
S hen 2 L) (3 ) T oz (5.42)
Hence, for every o € A, 5 and ¢ as chosen in (5.41),
_ 6LS B
((Tfl)L) ( Tpo ) VL
4 14+Tpo
Let B( )
_ 2B(po
A=Q7! <e + ) 5.44
Q N (5.44)
and
L L
logé(a Z Z Vo (o). (5.45)
‘= =1
With this choice, the Berry-Esseen theorem and (5.43) imply that, for every e € A, 5,
3 500 < Bloo)
P> Je(ar) <logé(a)| - Q)| < Ble) < —==. (5.46)
= VL
Thus, for such «,
- B(po)
PIS i) <o > e 20 5.47
l; Je(cw) gé(a)| > NG ( )




CHAPTER 5. HIGH-SNR NORMAL APPROXIMATION

Substituting (5.47) into the upper bound (5.37), we obtain

(oo 2)

logB(po)  llogL
LT 2 LT

(5.48)

By the assumption 0 < € < %, the inverse @-function on the RHS of (5.48) is positive
for sufficiently large L. It follows by the concavity of x +— /2 and Jensen’s inequality
that (5.48) can be further upper-bounded as

\ 1 & J(w) V() (| 2B(po)
Ren s an {700 e (- )]

log B(po)  1logL

LT 2 LT
J() Vo(@) 1 ( 23([)0)) }
= sup { —= —\/ =~ e+ ——=
ogazp{ T AER VL
log B(py) 1logL
LT 2 LT (549)

where the second step follows because the channel is blockwise i.i.d., so the terms
inside the curly brackets do not depend on /.
Applying a Taylor-series expansion of Q! (e + 2B(py)/v/L) around e, we obtain

Q! (e + 21?/(?)) =Q '(e) + 0Oy (&) (5.50)

Further using that, by Lemma 5.3, V,(«) is bounded in p and «, and collecting terms

of order log L/L, we can rewrite (5.49) as

R*(L,e,p) < O;g};p{j(f) - ‘%(:Q)Q‘l(e)} + 01 (k)iL)- (5.51)

‘We next show that

sup {ng_a) — ‘%_(I_O;) Q_l(e)} = @ — ‘22@)@_1(6) + 0y (i) (5.52)
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We then obtain the desired upper bound

from (4.39¢) and (4.39d).
To prove (5.52), we first present the following auxiliary results.

Lemma 5.6 1. Assume that T > 2. For sufficiently large p, we have

sup J(a) = J(p). (5.54)
0<a<p
2. Assume that T > 2 and 0 < e < % Consider the supremum on the left-hand
side (LHS) of (5.52). For sufficiently large L and p, we can assume without
loss of optimality that o € [p(1 — %), p] for some nonnegative constant K that
is independent of (L, p, ).

Proof: See Appendix A.6. [ |
We next set out to prove (5.52). By Part 2) of Lemma 5.6, we can assume without

loss of optimality that

K
> - = . .
a > p(l L) (5.55)
Furthermore, we show in Appendix A.8 that
V,(a)> V(o) =15, pl—8)<a<p (5.56)

where Y is a positive constant that only depends on T. Particularizing this bound
for § = K/L, we obtain

Vyle) > V(o) - TS POE)SQSQ (5.57)

Combining (5.57) with Part 1) of Lemma 5.6, and using that by the assumption
0 < e< 1 wehave Q7 '(e) > 0, we obtain

J) V() ., I(p) [Vip)— |
R e UG s el e G

This proves (5.52) and concludes the proof of the upper bound.
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5.3 Conclusion

We presented a high-SNR normal approximation for the maximum coding rate
R*(L, ¢, p) achievable over noncoherent, single-antenna, Rayleigh block-fading chan-
nels using an error-correcting code that spans L coherence intervals, has a block-error
probability no larger than e, and satisfies the power constraint p. The high-SNR
normal approximation is roughly equal to the normal approximation one obtains by
transmitting one pilot symbol per coherence block to estimate the fading coefficient,
and by then transmitting T — 1 symbols per coherence block over a coherent fading
channel. This suggests that, at high SNR, one pilot symbol per coherence block
suffices to achieve both the capacity and the channel dispersion. While the approxi-
mation was derived under the assumption that the number of coherence intervals L
and the SNR p tend to infinity, numerical analyses suggest that it becomes accurate
already at SNR values of 15 dB and for 10 coherence intervals or more.

The obtained normal approximation is useful in two ways. First, it complements
the nonasymptotic bounds provided in Chapter 3 ( see also [14, 15, 16]), whose
evaluation is computationally demanding. Second, it lays the foundation for analytical
studies that analyze the behavior of the maximum coding rates as a function of system
parameters such as SNR, number of coherence intervals, or blocklength. An example
of such a study was illustrated in Section 5.1.3 concerning the optimal design of a
simple slotted-ALOHA protocol. Needless to say, the obtained normal approximation

can also be used to study more sophisticated communication protocols.
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Saddlepoint Approximations

In this chapter, we apply the saddlepoint method to derive approximations of the MC
upper bound and the RCUy lower bound introduced in Chapter 3 on the maximum
coding rate R*(L, €, p) (or vice-versa on the minimum probability of error €*(L, R, p))
for the noncoherent, single-antenna, Rayleigh block-fading channel introduced in
(4.1) using error-correcting codes that span L coherence intervals, have a block-error
probability no larger than e, and satisfy the per-coherence-interval equal power
constraint (2.6b). While these approximations must be evaluated numerically, the
computational complexity is independent of the number of diversity branches L. This
is in stark contrast to the nonasymptotic MC and RCUg bounds, whose evaluation has
a computational complexity that grows linearly in L. Numerical evidence suggests that
the saddlepoint approximations, although developed under the assumption of large L,
are accurate even for L = 1 if the SNR is greater than or equal to 0 dB. Furthermore,
the proposed approximations are shown to recover the normal approximation and
the reliability function of the channel, thus providing a unifying tool for the two

59



CHAPTER 6. SADDLEPOINT APPROXIMATIONS

regimes, which are usually considered separately in the literature.

In our analysis, the saddlepoint method is applied to the tail probabilities ap-
pearing in the nonasymptotic bounds. These probabilities often depend on a set
of parameters, such as the SNR. Existing saddlepoint expansions do not consider
such dependencies. Hence, they can only characterize the behavior of the expansion
error in function of the number of coherence intervals L, but not in terms of the
remaining parameters. In contrast, we derive a saddlepoint expansion for random
variables whose distribution depends on an extra parameter, carefully analyze the
error terms, and demonstrate that they are uniform in such an extra parameter. We
then apply the expansion to the Rayleigh block-fading channel and obtain approxi-
mations in which the error terms depend only on the blocklength and are uniform in

the remaining parameters.

6.1 Saddlepoint Expansion

Let {Xx},_; be a sequence of i.i.d., real-valued, zero-mean, random variables, whose
distribution depends on 6 € ©, where © denotes the set of possible values of 6.
The MGF of X}, is defined as

ma(¢) 2 E[eX] (6.1)
the CGF is defined as

Yo(¢) £ logmy(Q) (6.2)
and the characteristic function is defined as

©p(¢) & E[e"¥+] . (6.3)

We denote by m(gk)(g) and wék) (¢) the k-th derivative of ¢ — mg(¢) and ¢ — (),
respectively. For the first, second, and third derivatives we sometimes use the notation

my(Q), my(C), my(C), wh(Q). v (C), and ().

A random variable X}, is said to be lattice if it is supported on the points b,
b+ h, b+ 2h...for some b and h. A random variable that is not lattice is said to be
nonlattice. It can be shown that a random variable is nonlattice if, and only if, there
exists a 6 > 0 such that [23]

la ()] <1, [¢[ >4 (6.4)
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We shall say that a family of random variables X}, (parametrized by 6) is nonlattice
if there exists a § > 0 such that

suplee(Q)| <1, [¢| > 4. (6.5)
ece

Similarly, we shall say that a family of distributions (parametrized by 6) is nonlattice

if the corresponding family of random variables is nonlattice.

Proposition 6.1 Let the family of i.i.d. random variables {Xy},_, (parametrized
by 6) be nonlattice. Suppose that there exists a (o > 0 such that

sup ‘mék)(g)‘ <oo, k=0,1,2,3,4 (6.6)
0co,
[¢I<Co
and
inf |y} . .
nf |45 (¢)] >0 (6.7)
[¢1<Co

Then, we have the following results:
Part 1): If for the nonnegative vy there exists a T € [0,(o) such that ny)(t) =1,
then

P LG::l Xi > 71 = elo(M) =75 (r)] |:f9<7', ™) + Kef}n”) + o(\}ﬁ)] (6.8)

where o(1/y/n) comprises terms that vanish faster than 1/\/n and are uniform in T
and 0. Here,

folu,7) 2 e”“fwé’(ﬂcg(u. /m/;g(T)) (6.9a)

R ///(7_) 1 7_21/}//(7_)” 9
Ky(r,n) = 67//9?(7)3/2 <_ Vor + \;ﬂ - 731/}9 (7)3/2n3/2f0(77 7')) (6.9b)

Part 2): Let U be uniformly distributed on [0,1]. If for the nonnegative v there exists
a1 €[0,Co) such that niy(r) =y, then

PlZXk >~ +logU
k=1

_ enlvar) =) [fm, 7+ fol1—rr) + 2T (Vlﬁ)] (6.10)
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where Kg(7,n) is defined as

(1+2(r* = 7)) vy (r)n
Vor

— W) (T folrm) = (1= 1) fol1 = 7, 7))] (6.11)

K& (T7 n) £ Gwé/e(f_;—gﬂ

and o(1/y/n) is uniform in T and 0.

Corollary 6.2 Assume that there exists a (o > 0 satisfying (6.6) and (6.7). If for
the nonnegative v there exists a 7 € [0,min{(p, 1 — §}) (for some arbitrary 6 > 0
independent of n and ) such that nyy(T) =+, then the saddlepoint expansion (6.10)
can be upper-bounded as

P[X:X;C >~y +logU
k=1

< en[¢9(7’)-7’¢é(7’)] [fﬂn 7_) + f9<1 —r7)+ 9(7') + 0(\/171>‘| (6.12)

where KQ(T) is independent of n, and is defined as

R N 1 1/}///(7_)
Kp(1) = EW (6.13)

and o(1/y/n) is uniform in 7 and 6.

Remark 6.1 Since X}, is zero-mean by assumption, we have that me(¢) > 1 by
Jensen’s inequality. Together with (6.6), this implies that
sup [0 (¢)| < 00, k=0,1,2,3,4. (6.14)
0€O,
I¢1<Co

Remark 6.2 When the nonnegative v grows sublinearly in n, for sufficiently large n,
one can always find a T € (—Co, o) such that niy(r) = ~. Indeed, it follows by (6.6)
and Remark 6.1 that T — g(T) is an analytic function on (—(o, (o) with power series

Yo(r) = SUH O + U O + .. (6.15)
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Here, we have used that 1g(0) = 0 by definition and ¢y(0) = 0 because X, is zero-
mean. By assumption (6.7), the function T+ 1g(7) is strictly convex. Together with
1y (0) = 0, this implies that p(7) strictly increases for T > 0. Hence, the choice

vp(r) =1 (6.16)

establishes a one-to-one mapping between T and vy, and v/n — 0 implies that 7 — 0.

Thus, for sufficiently large n, T is inside the region of convergence (—(o, (o).

Proof of Proposition 6.1, Part 1): The proof follows closely the steps by
Feller [23, Ch. XVI]. Since we consider a slightly more involved setting, where the
distribution of X depends on a parameter 6, we reproduce all the steps here. Let Fy
denote the distribution of Y3 2 X}, — 7, where ¥ £ v/n. The CGF of Y}, is given by

Po(C) 2 ¥e(C) — ¢A. (6.17)

We consider a tilted random variable V;, with distribution

o) =5 [

—00

x x
eTtdFy(t) = e Vo(M+7y / et dFy(t) (6.18)

— o0

where the parameter 7 lies in (—(p, (o). Note that the exponential term e~ ¥o(T)+77 on
the RHS of (6.18) is a normalizing factor that guarantees that 9y , is a distribution.

Let vg,-(¢) denote the MGF of the tilted random variable V4, which is given by

'00,7'(() = /OO ecwdﬂé‘,r(x)

— 00

= / egxe_we(THT'_Ve”ng(x)

= o~ Yo()+77 /OO ety (2)
— e—Ye(H+TAE {e(cw)(xk—fy)}
— 6—7//9(7')E|:6(C+7')in| o—CF

me(C+7) o3
Rl (6.19)
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Together with E[Vy] = vy (0), this yields

8'09,7' (C) ’
9 e

= e Vo T)( [Xke ) X’“} Y - ’NYefﬁE[e(“T)XkD ‘

— o—Ve(D) (E [Xpe 4] — we(ﬂ)
= e Ve T)E[X e — 5
=p(7) —

Note that, by (6.6), derivative and expected value can be swapped as long as
|¢ + 7| < (o. This condition is, in turn, satisfied for sufficiently small ¢ as long as

E[Vi] =

¢=0

(6.20)

|7| < . Following along similar lines, one can show that

Var[V;,] = E[VZ] — E[Vi]®

= UIQI,T(O) - U/Q,T (0)2

= 1y () (6.21)

E[(v, — E[Vk])f”} = E[V{] + 2E[W]® — 3E[V2] E[Vi)
= ,Ug,/T(O) + QUé,T(O)B - 31}/9/77'(0)Ué,7'(0)
=1y’ (7) (6.22)

and
E[(v, — E[Vk])ﬂ = E[V{] — 3E[Vi]* — 4E[V{¥] E[Vi] + 6E[V2] E[Vi)?
= 50 (r) + 39y (7). (6.23)

Let now F;" denote the distribution of Y77, (X} — ) and 957 denote the distribu-

tion of >;'_; Vi. By (6.18) and (6.19), the distributions F;™ and 93" again stand in
the relationship (6.18) except that the term e~ ¥(7) is replaced by e~ "¥*(") and 7 is
replaced by n¥. Since ny = v, by inverting (6.18) we can establish the relationship

P lz X > 7] = gnve(T) =T / e VAT (y). (6.24)
0

k=1
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Furthermore, by choosing 7 such that niyy(7) = 7, it follows from (6.20) that the
distribution J3" has zero mean. We next substitute in (6.24) the distribution 3"
by the zero-mean normal distribution with variance nyy (1), denoted by Ny (7)5

and analyze the error incurred by this substitution. To this end, we define
A nye(T)—T > —T1
A =€ o 7A e ”d‘ﬁnw(ﬂ (y) (625)

By fixing 7 according to (6.16), (6.25) becomes
en[we(r)—w;(r)] o0 v

A = e~ Ve IO dy
//
2mnaby

n[yo (1) =T} (r
_et ’ / Tt/ () o2 gt
o [we(ﬂ—wmwng’(T)] /
V21 0
o (= () g (7)) /oo
vl T/ (7)

_ n[pem -+ v ()] Q(T m) (6.26)

where the second equality follows by the change of variable y = t\/n1y/(7), and the
fourth equality follows by the change of variable @ =t + 7/nyy (7).
We next show that the error incurred by substituting 9,y (- for 19;7’; in (6.24)

e—%(t—'rT nw’e’(*r))zdt

2
—_z_
e zdx

is small. To do so, we write

P [Z X > npy(T)

A :en[wg(r)—w;(r)]/ e~ TY (dﬁ*"( ) — d‘ﬂnwg(r)(y)>
0

_ enlo(r)—r ()] {( 57(0) = Moy (1 (0))

+7 /O OO( o (Y) = Mgy (r) (y)) 6”’dy] (6.27)

where the last equality follows by integration by parts [23, Ch. V.6, Eq. (6.1)].
We next use [23, Sec. XVI.4, Th. 1] (stated as Lemma 6.3 below) to assess the
error commited by replacing 93", by M,y (7). To state Lemma 6.3, we first introduce

the following additional notation. Let {Xk}k:1 be a sequence of i.i.d., real-valued,
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zero-mean, random variables with one-dimensional probability distribution Fj that
depends on an extra parameter § € ©. We denote the k-th moment for any possible
value of 6 € © by
o0
ko = / :L‘deg(x) (6.28)

—00

and we denote the second moment as ps g = 0.
For the distribution of the normalized n-fold convolution of a sequence of i.i.d.,

zero-mean, unit-variance random variables, we write
Fpo(z) = " (zogy/n). (6.29)

Note that F), 9 has zero-mean and unit-variance. As above, we denote by 91 the
zero-mean, unit-variance, normal distribution, and we denote by n the zero-mean,

unit-variance, normal pdf.

Lemma 6.3 Assume that the family of distributions l*:’mg (parametrized by 0) is

nonlattice. Further assume that, for any 0 € ©,

sup fta,g < 00 (6.30)
0co
and
inf . 31
jnf o9 > 0 (6.31)
Then, for any 6 € O,
Fro(x) —N(zx) = Ha,0 (1—2*)n(z) +o = (6.32)
’ 603v/n Vvn

where the o(1/+/n) term is uniform in x and 6.

Proof: See Appendix B.1. [ |
We next use (6.32) from Lemma 6.3 to expand (6.27). To this end, we first note that,
as shown in Appendix B.2, if a family of distributions is nonlattice, then so is the
corresponding family of tilted distributions. Consequently, the family of distributions
U7 (parametrized by ) is nonlattice since the family Fy™ (parametrized by 0) is
nonlattice by assumption. We next note that the variable y in (6.27) corresponds
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to xag\/ﬁ in (6.29). Hence, y = x+/1 ( )n SO applying (6 32) to (6.27) with

U (y) = Fno(y// o (T)n) and M,y () (y) = N(y/\/Pg (T)n), we obtain
n
P [Z Xy > napy(T)

k=1

= o ()=TvH(M] | _ = ¢ () (1)
Ve e\ T

°° §'(7) y? L)) -
= ((wg(w%(l ) (/7> (7 )) ydy]
_ nltbo(r)— ()] [O(\/lﬁ)

1 /// o0 //Tnz**
e )

, 1
_ nle(r)—rep(l | (L
‘ [O(\/ﬁ>

é’/(r) ( \lﬁ n Tzlf/ﬁ') 731/)/9/(7_)3/2”3/2]09(7, 7_)>1

T

SN
— oo ()7} (7)] {Kﬁ\(}n’@ N 0(\}5)] (6.33)

with fp(7,7) defined in (6.9a), and Ky(7,n) defined in (6.9b). Here we used that
g (1) and vy’ (7) coincide with the second and third moments of the tilted random
variable V, respectively; see (6.21) and (6.22). The second equality follows by the
change of variable y = z/niy (7).
Finally, substituting A, in (6.26) into (6.33), and recalling that nyy(7) = v, we
obtain Part 1) of Proposition 6.1, namely

- ) =Ty (T K9 (T7 n) 1
P[;Xk > mbé(f)] — e =TUs(| £y (7 7) + i +0(\/ﬁ>] . (6.34)
|

Proof of Proposition 6.1, Part 2): The proof of Part 2) follows along similar

lines as the proof of Part 1). Hence, we will focus on describing what is different.
Specifically, the LHS of (6.10) differs from the LHS of (6.8) by the additional term

67



CHAPTER 6. SADDLEPOINT APPROXIMATIONS

logU. To account for this difference, we can follow the same steps as Scarlett et
al. [24, Appendix E]. Since in our setting the distribution of X depends on the
parameter 6, we repeat the main steps in the following:

1 o]
= e"we(ﬂ_”/ / e~ TYdIy" (y)du
0 logu ’

0o min{1,e¥}
— eMo(T)—Ty / / e Vdudiy (y)
—o0 J0

[e%s) 0
_ pnvo(r) = ( / e~ TVdY" (y) + / 6“‘7)%95’?@))
0 ’ —00 ’
(6.35)

P[X:X;C >v+logU
k=1

where the second equality follows from Fubini’s theorem [40, Ch. 2, Sec. 9.2]. We
next proceed as in the proof of the previous part. The first term in (6.35) coincides
with (6.24). We next focus on the second term, namely,

0
enve(m)—my / eIV (y). (6.36)

—0o0
We substitute in (6.36) the distribution 93" by the zero-mean normal distribution

with variance niyy (1), denoted by My (), which yields

A, éenwg(‘l')—‘f"}//o e(l_T)ydmn%'(T)(y)- (6.37)

By fixing 7 according to (6.16), (6.37) can be computed as

n|ye(T) =Ty (7) 0 2
A = e [ 0 2 ] e(l_T)ye_#Wdy

T V2m(n) )
nle () —ry()] 0
= 46 [ ’ 5 ’ ] e(l—T)t\/WS*%dt
V 2T —o0
n[weﬁ%w;wH%wg’(r)}

(& 0 1 77 2
_ / o (= (- /mBT ) g
V2T oo

, (1-72
en[wamfwmw%ws O .
= e 2 dx
V2T /,oo

e [“’e (r)—rop () + 4522 w’e’“)}

[e%e} 22
= e 2dx
v2m /<1r>\/nwg<r>
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n [ o ()= (r)+ E5222 <r>}

Q- (6.39)
where the second equality follows by the change of variable y = t\/n1y/ (1), and the
fourth equality follows by the change of variable x =t — (1 — 7)\/ny (7).

As we did in (6.27), we next evaluate the error incurred by substituting ﬁgf; by
‘Jtm%/(f) in (6.36). Indeed,

0
e"we(T)fm/ 6(1—7’)yd19*é77}r(y) — A,
oo | i
_ ol (1) =T ()] / =7y (dﬂé,”f (y) — ANy () (y))
= M= (G5 (0) — Ry ) (0))

-(1-7) i 7)) = Mg (y) ) ey
/

o[ (1 1 ()
— enlve(m—ruh(l | o ) 4 0
L \Vn/) V2 6yg(7)%/2/n

x <1—/0 1-1) m(l—z2) e(l_T)\/Wz_z;dz)]

Gla(r) =7 (7) [ ( ) AG
B
X(V; LoD U (1 g™ - 7))
(6.39)

where the second step follows by integration by parts [23, Ch. V.6, Eq. (6.1)], and
the second-to-last step by Lemma 6.3.

Combining (6.35) with (6.24), (6.34), (6.38), and (6.39), we obtain the desired
result, namely,

P [Z X > ny (1) + log U
k=1

= o (=45 ()] [fe(T, )+ fo(l—7,7)+ Kg\(%n) + 0<\}ﬁ)] (6.40)

where 7 is chosen according to (6.16) and Ky(7,n) is defined in (6.11). ]
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Proof of Corollary 6.2: Using (6.35) with (6.25) and (6.37), and fixing 7
according to (6.16), we can write

P[ZXk27+10gU 7A7'7AT

k=1

_ enltbe(r)—rvh(r)] [_ (Qggj; (0) = Mgy () (o)) + ( 5 (0) — mn%,(f)(o))
1 [T (050 = Ty ) ey
0
0
=) [ (900 - Ry ) ). ()

Using integration by parts as we did in (6.27) and (6.39), together with the change
of variable y = 2/} (), the RHS of (6.41) can be written as

’ 1 /// //
enPo (1) =7 (7)] { .- 6¢ 3/2 (/ i /0/ 1 2 NCAGD nz——dz

0 7 . 1
- [ a=nfemm - et Wﬂnwdz)m(ﬁ)]
—e”[weﬁ)—ws(ﬂ][ 21 61/ s ( / e (n(1 - 22) e VIO g
V 2T

+/OOO(1—T) V(2 —1)e @ T)\/Wz_2dz>+o<\}ﬁ>}
(6.42)

where we replaced z by —z in the second integral. Keeping the positive part of each
integral on the RHS of (6.42), it follows that

! [ 1 /// //
e (r)—Tp()] 2 GO 3/2 </ T/ Uy (T 1 — 22 Vi (Dnz—2 dz
o0 1" 1
+ / (1—7)/vd(r)n(2* — 1) NI R +o|l —
0 Vn

, r 1 /I/ //
< Mo (n) =T () = wjﬁ N ( / \/T 1.2 N TR

+/1°O(1_T) rn (=~ 1) _(1_T)mz_2dz> +0(\}ﬁ>}

(6.43)
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We next bound each integral separately. The first integral on the RHS of (6.43) can
be upper-bounded as

1
/ Ty Uy (T 1 — 22 wg(T)"Z*sz </ T,/w(’,’(r)nefTV%/(T)mdz
0
-1 e*‘f‘\/’l[)g(T)n
<1 (6.44)

where the first inequality follows by disregarding the quadratic exponent. The second

integral on the RHS of (6.43) can be upper-bounded as

0

< [ a=n\fuponse VT,
1

_ [0 ) TN~ 7) R + 2] 4 2] VT
(=77 vg(rm)

/ (1 =) g (2 = 1) e VAT T g
1

. (6.45)

If 7 € [0,min{¢p, 1 — ¢}) for some arbitrary § independent of n and 6, then the RHS
of (6.45) vanishes faster than 1/4/n uniformly in n and 6. Substituting (6.44) and
(6.45) into (6.43), we thus obtain the upper bound

— A, — A,

P lz X > napy(1) +logU
k=1
n

nlgpo ()= ()] | _L o (1) 1)]
= e to()] 6o

Consequently,

PlZXk >y +logU
k=1

< enlwe (1) =T (7)] |‘fo(7-7 T+ fo(l—7,7) + Ko() + 0(\/177)] (6.47)

where Ky(7) was defined in (6.13). ]
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6.2 Saddlepoint Expansions for RCUg and MC

6.2.1 RCU; Bound

As upper bound on €*(L, R, p), we use the RCUg bound (3.6) which states that, for
any s > 0,
L

€ (L, R.p) < P| S (L(p) — ins(p) > LL(p) + log(U) — LTR (6.48)
=1

where U is uniformly distributed on the interval [0, 1].
Theorem 6.4 (Saddlepoint Expansion RCUy) Suppose that S is characterized
either by (4.45) or by (4.46). Then, the coding rate R and minimum error probability

€* can be parametrized by (,p,s) € S as

R(r,5) = 2(1(p) — ¥}(7)) (6.492)

(1, 8) < elles(M=T¥5,(7) T, T -7, T L’)’S(T) ) L

(r.s) < el ety + ot =y + B2l +(ﬂ)]
(6.49b)

where f(-,-) is defined in (6.9), K, () is defined in (6.13), and o(1/v/L) is uniform

T, s and p.

Proof: The desired result follows by applying Proposition 6.1 and Corollary 6.2
to (6.48). Indeed, by Lemma B.2 (Appendix B.3), the family of random variables
Is(p) —is,e(p) (parametrized by (p, s)) is nonlattice. The first condition (6.6) required
for Proposition 6.1 and Corollary 6.2 is satisfied by Lemma 4.2. It can be further
observed that V;(p) is strictly increasing in p (for a fixed s) and strictly increasing
in s (for a fixed p). Consequently, it is bounded away from zero for every p > pg
and s > sq (for arbitrary pp > 0 and so > 0). Since ¢ (0) = Vi(p), it follows
from Lemma B.3 that the second condition (6.7) required for Proposition 6.1 and
Corollary 6.2 is satisfied, too. [ |

Remark 6.3 The set S characterized by (4.46) with Spmax = 1 includes 0 < 7 < 1.
In this case, the identity (6.49a) with s € (0,1] and 7 € [0,1) characterizes all rates

R between the critical rate

RE(p) 2 (1) — ),,(1) (6:50)
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and Is(p). Solving (6.49a) for 7, we obtain from Theorem 6.4 an upper bound on the
minimum error probability *(L, R, p) as a function of the rate R € (RS (p) , Is(p)],
s € (0,1].

6.2.2 MC Bound

A lower bound on €*(L, R, p) follows by evaluating the MC bound (3.15) for the
auxiliary distribution qy, ,(y¢) given in (4.23) and using (3.16). This yields, for
every £ > 0 and s > 0,

L

€(L,R,p) > P [Z(Is(p) —ie,s(p)) = sLJs(p) — slog&] — (o8& LTR)  (6.51)
=1

where we have used (4.26) to express jg s(p) in terms of i, 4(p).

Theorem 6.5 (Saddlepoint Expansion MC) Suppose that S is characterized
either by (4.45) or by (4.46). Then, for every rate R and (7,p,s) € S

(L, Ry p) > Lo =00 | (7 ) 4 K& L, (;zﬂ

J, T
L [Js(p)fd’”fw—TR]

(6.52)

where f(-,) is defined in (6.9a), K, s(-,-) is defined in (6.11), and the o(1/v/'L) term

is uniform in T, s and p.

Proof: The inequality (6.52) follows by applying Proposition 6.1, Part 1) to

(6.51) with § = LJs(p) — Ly, ((7)/s. Indeed, by Lemma B.2 (Appendix B.3), the
family of random variables I5(p) — is¢(p) (parametrized by (p, s)) is nonlattice. The
first condition (6.6) required for Proposition 6.1 is satisfied by Lemma 4.2. It can
be further observed that V;(p) is strictly increasing in p (for a fixed s) and strictly
increasing in s (for a fixed p). Consequently, it is bounded away from zero for every
p > po and s > s (for arbitrary po > 0 and so > 0). Since ¢} (0) = Vi(p), it
follows from Lemma B.3 that the second condition (6.7) required for Proposition 6.1
is satisfied, too. [ ]
The expansions (6.49b) and (6.52) can be evaluated more efficiently than the
nonasymptotic bounds (6.48) and (6.51). Indeed, (6.48) and (6.51) require the
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evaluation of the L-dimensional distribution of ZeL:1 ir,s(p), whereas (6.49b) and
(6.52) depend only on the CGFs 9, s(7), ¥, .(7), ¥}, o(7) and ¥’ (7), which can be

s Fp,s ]
obtained by solving one-dimensional integrals.

6.3 Normal Approximation

The maximum coding rate can be expanded as

R (L,e.p)= 1) JV0) s +o<1°gL) (6.53)

T LT? L

where I(p) = I (p) is defined in (4.27), and V(p) = Vi(p) is defined in (4.28). This
is usually referred to as normal approzimation. As we shall show next, (6.53) can

also be recovered from the expansions (6.49b) and (6.52).

6.3.1 Achievability Part

Let p > po for some arbitrary po > 0. To prove that the RHS of (6.53) is achievable,
we consider (6.49a) and (6.49b) evaluated for s = 1, namely,

1 /

R(r,1) = 2(1(p) ~ ¥)1(7) (6.540)
Y K,1(7) 1
6* L, R7 < eL[wp,l(T) Twp,l(T)] 7_7 T + 1 _ 7_7 r + L + 0()
( p) — fp71( ) fP71( ) \/Z \/E
(6.54b)
and evaluate (6.54) for a sequence of 7’s (as a function of L) defined as
Q*l € — ki,
TL é M (655)

Ly 1(0)

Here, k1, is a positive constant independent of L and uniform in p, which will
be specified later. Note that, since 77, decays to zero as L. — oo, we have that
(tz,p,1) € S (with S characterized by (4.45)) for sufficiently large L. Consequently,
Theorem 6.4 applies and the o(1/v/L) term in (6.54b) is uniform in p > pg for some
arbitrary po > 0.
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We next show that, for the choice of 77, in (6.55), the RHS of (6.54a) equals the
RHS of (6.53) and that the RHS of (6.54b) is less than €, which demonstrates that
the rate R(7,1) is indeed a lower bound on R*(L, ¢, p).

To evaluate (6.49a), we first expand ¢/, ,(7) as the Taylor series

2
U a(7) = T3 (0) 4+ S (7) (6.56)

for some 7 € (0,7). Applying then (6.55) and (6.56) to (6.54a), we obtain

" —1(¢ _ k1o 2 " (F
R(rp,1) = o) p’l(O)Q_1<e - ]f}fp) - ¢ ( 5T @1)(0) ol ). (6.57)

T LT?
Using that ¢/, (0) = V(p), and expanding Q™" (e — k1,,/V'L) around €, we can write
(6.57) as

R(ri,1) = @ _ Z(T@)Q*I(e) + o<i> . (6.58)
where the O(1/L) term is uniform in p by Part 1) of Lemma 4.2, the assumption
that k; , is uniform in p, and the observation that V;(p) is bounded away from zero
for every p > po and s > sq (for arbitrary py > 0 and s¢ > 0).

We next prove that, for the choice of 77, in (6.55), and for L sufficiently large, the
RHS of (6.54b) is less than e. Consequently, R(7z,1) is a lower bound on R*(L, €, p).

To this end, we first show that

€*(L,R,p) < Lo (To) =Ty 1 (1)

X fp71(TL,TL) + fp’l(l - TL,TL) + Ijj% + 0(\%>:| (6.59)

where k2 , > 0 is independent of L and uniform in p. To obtain (6.59), we show that

K, 1(11) on the RHS of (6.54b) can be written as

. 1 ///1 (TL)
K — P
Pvl(TL) /*271_ 6"1};’71(711)3/2

_ L wh(0) ( B )
~ Vamsup,07 TO\VI

— o+ 0(\%) (6.60)
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where the (’)(%) term is uniform in p. Indeed, by using Taylor series expansions,
it follows that

W1 (mn) = ¥ 1(0) + T4y, (0) + w®<> (6.61a)
Wt (1) = i (0) + 74y (73) (6.61b)

for some 79, 73 € (0,71). Using (6.61a) and (6.61Db), it then follows that

) 100+ i)
Vo (g )+ a0+ Foldr)
_ 140)
(420 + 7 200+ o S)i

TL1/),,71(7'3)

+ - 5 (6.62)
(4112 0) + 720, (0) + B m))

The second term on the RHS of (6.62) is O(1/+/L) uniformly in p by Part 1) of
Lemma 4.2 and because V;(p) is bounded away from zero for every p > pg and s > sg

(for arbitrary py > 0 and sg > 0). A Taylor series expansion over the first term on
the RHS of (6.62) yields

p1(0)
3/2
(6272 0) + m200(0) + Bl (7))
s 3 w0 (rph(0) + Fuli(m)

_ YB3 (6.63)
" 3/2 . 5/2
O 2 (g 0) + 70,0 + Z00(m))

Pl

for some 7 € (0,77). The second term on the RHS of (6.63) is O(1/v/L) uniformly
in p, again by Part 1) of Lemma 4.2 and because V;(p) is bounded away from zero for
every p > pg and s > sg (for arbitrary pg > 0 and sp > 0). By the same arguments,
the first term on the RHS of (6.63) is uniform in p. Combining (6.62) and (6.63), we
thus obtain (6.60), from which (6.59) follows.

By using the definition of fo(u,7) in (6.9a), we next show that (6.59) can be
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written as

(L, R,p) < Lo () =7, 1 (71)]

y {GL@%MQ(TL N R TR T <\1r)} (6.64)

where k3, > 0 is independent of L and uniform in p. To show this, we consider the
upper bound

i ]- ,@1&” (T )
Q((1 =) /Ll () < e ET L0 (6.65)
\/271‘(1 —TL) Llﬁg,l(TL)
from which we obtain that, for sufficiently large L,
(=) 1 ks
0< e Q1 =) /Lyl () < < B
p,1 = >~
Vor(l— 1) JLvl ()~ VE
(6.66)
where the right-most inequality follows because
1 1 1
T ] (o e g I Wy (6.67)
1- VRO 71(0)

and because V;(p) is bounded away from zero for every p > py and s > sq (for
arbitrary pp > 0 and sg > 0), which together with (6.61a) implies that also 1, ;(7z)
is bounded away from zero for sufficiently large L. Hence, we can find a positive
constant ks , that is independent of L and uniform in p and that satisfies (6.66) for
sufficiently large L. It then follows that we can upper-bound f,1(1 — 77,77) by

k3.,/VL.

We finally show that we can write (6.64) as

ky k1 ks 1
LR 1+ —2+0 —’”—’”+O<>}
cwrp < i+ ro(g)] - Y- G ro(z

s o] B+ S el

kl p k5 p €k4_p _ 1( )2 |:k2 0 kg p:| < 1 )
—e— 2 D TR L, +o (6.68)
VL VL VL

where k4, > 0 and k5 , > 0 are specified below and are independent of L and uniform

in p. Thus, if we choose k; , larger than

71( )2

kl?f) > 6/4147‘, +e [kg ot k‘37p] /4}5”0 (669)

7



CHAPTER 6. SADDLEPOINT APPROXIMATIONS

then, for sufficiently large L, the RHS of (6.68) is upper-bounded by € uniformly
in p.

To show (6.68), we first consider the Taylor series expansions

7—12, " 7_2 " Tf (4)
Ypa(TL) = 5%,1(0) + F%J(O) + ﬂ%J(TO) (6.70a)
/ " Tg m Tg (4)
Vo1 (mL) = 19, 1(0) + 7%,1(0) + F%J(ﬁ) (6.70D)

for 79,7 € (0,71). By using (6.70) together with (6.61), and by following similar
steps as above, it can be shown that

Lip (L) =709, 1 ()] _ ,— ;_12(6)2 (1 (1>) 7
e P =e +0 6.71a

2
Ly (ro)—oapl,  (to)+2E 0 (t)] 1 @ O l 6.71b
e P P + N7 + 7 (6.71b)

Q(TL\/m) =€e— ]j}% - ]j;% + O(i) (6.71c)

where k4, > 0 and k5, > 0 are independent of L and uniform in p, and both
O(1/VL) and O(1/L) are uniform in p. Substituting (6.71) into (6.64), the upper
bound in (6.68) follows.

6.3.2 Converse Part

To show that the RHS of (6.53) is also a converse bound, we evaluate (6.52) for

s = 1, namely,

6*(L,R, p) > 6L[¢p,1(7)77¢;)1(7)} pr(T, 7_) + Kp,l('r, L) +0<\/1Z):|

VL
B L[I(P)—M—TR} (6.72)
and evaluate (6.72) for a sequence of 7’s defined as
2 Q7'(ér) ;’,’1(0)(1 + Q7 '(er)?)
e " B 3Ly (0)2 (6.73)
L p71(0) p,1
where .
L fet £ 6.74
VI (6.74)

78



CHAPTER 6. SADDLEPOINT APPROXIMATIONS

and k, is a constant independent of L and uniform in p, which will be specified later.
Again, since 77, vanish as L — 0o, we have that (7, p,1) € S (with S characterized by
(4.45)) for sufficiently large L. Consequently, Theorem 6.5 applies and the o(1/v/L)
term in (6.72) is uniform in p for any p > py with pg > 0. We next show that (6.72)
can be written as

@b (T
A ]

(L, R, p) > — + eL[wmm)—w;,l(m]
[ty + (T e e ZROE
1
+O<\E> : (6.75)

Indeed, K, 1(7r, L) is given by

1 L —1
Kp,1<TL7L) 2 61/}// 1((TL)3))/2 (TL ps 1\(/7;73 _ TL’(/// ( )3/2L3/2f (TL,TL)>~

(6.76)

Using (6.62) and (6.63), and performing a Taylor series expansion of the terms inside

the square brackets around zero, for our choice of 77, in (6.73), it follows that

G A o1y, "
Kpa(re, L) = (W - €LQ_1(€L)362()> 6¢/lp’1((()2/2 + O(\/lz>

(6.77)
where it can be shown that the O(1/y/L) term is uniform in p by following similar
steps as the ones used to analyze the error term in (6.60). Hence, substituting (6.77)
into (6.72), we obtain the lower bound in (6.75).

We next show that

(L, R,p) > |1+ Qe v (0) + O(i)]

60y, (0)3/2V/L

1 (2-Q ') g,’l(O)e,Q”;éLﬁ 1
Var  6U (00 +o )]

L
)
>< KV%@I“L)Q “1) - Qe ) w,,’”(()i
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1
()
EQ @ Y (0) | 1 (2-Q7 @) ¥ph(0) et

67, (0)3/2V/L +\/ﬂ 677 1(0)3/2V/L

et 1 Q')
te T {(Q—l(é‘m? —1) - eLQ—l('éL)%zL]

_ GL(I(p) =) 1 (r1)~TR)

:eL

VIr 60, (0L

V2T
"

o Vo1 v rn)-TR) 0<1)

61%’)1(0)3/2\/5 VL

- LS o1(0) (I(p)—), 1 (1)~ TR) !
:gL+ £, _eLIp_’([)p’lTL —TR +0<
VL

(6.78)

where the first equality follows by keeping the terms up to order 1/ V'L and collecting
the terms that vanish faster than 1/v/L in the o(1/v/L) term, and the second equality
follows by simple algebra. To prove the inequality in (6.78), we use that, analogously

to (6.71), for our choice of 77, in (6.73) we have

opatrn) gy (1
‘ ¢ L+o( 7% (6.79a)
@L["bp,l(TL)_TL"/J;,I(TL)""éw;”l(TL)] =1+ M + (9(1) (6.79D)
6477, (0)3/2V/L L
1 (2 — Q*l(gL)2) " (0) @-lg?
" - " Colep?
Qv i) ot G G ¢
1

+ O(L> (6.79¢)

where it can be shown that the O(1/v/L) and O(1/L) terms are uniform in p by

following similar steps as the ones used to analyze the error term in (6.60). Thus,

substituting the identities in (6.79) into (6.75), we obtain the inequality in (6.78).
We next show that

_el©? 0,1

kp ] 1 " (0) . i
_L'I'log<\/f+6 @61&?11(0)3/2\@4_ (\/E>> (6.80)
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Indeed, a Taylor series expansion of Q~!(€1) around e yields
k kov2m alo? 1
-1 e+ﬂ>= e+ e +O() 6.81
@ e+ 22) = o+ 222 . (6.81)

where the O(1/L) term is uniform in p because k, is uniform in p. Using (6.81), we
Q7'Ep)?
2

can expand e~ as

e tEp)?
2

€

_97l? 1, \kpV2m (1)
=e 2 —2 € + 0| — 6.82
where the O(1/L) term is uniform in p again because k, is uniform in p. Hence,
using (6.81) and (6.82) in (6.78), collecting the terms that vanish faster than 1/v/L
in the o(1/v/L) term, and solving (6.78) for R, we obtain (6.80).

We finally show that

. I(p) 1/1”71(0) 1 1 logL
RiLep)s ==\~ @ @+ 77
2 /p/,l(o) Q™ 1(e)? (1*Q71(6)2) o1 (0)
e - 6%’71(0)”;» +0(L3/2). (6.83)

Since 1, 1(0) = V(p), and since Vi(p) is bounded away from zero for every p > po
and s > sg (for arbitrary py > 0 and sp > 0), it can then be shown that (6.83)
coincides with (6.53) upon collecting terms of order log L/L.

To show (6.83), we expand the last term in (6.80) as

_ "
k _e e 1 "1(0) 1
log| % +e = £ +o| —
VL V2T 61/);;’1(0)3/2@ VL

k e le? 1 »1(0) 1
=log| & +e = 2 & +0<>. 6.84
8 (ﬁ V2 6y, (0)3/2V/L VL (6.84)
(This expansion holds because the first two terms inside the logarithm on the LHS
are positive.) We then choose
olw? 1 1(0)
V27 61y 1 (0)3/2

which is independent of L and uniform in p because V;(p) is bounded away from zero

ky=1—e" (6.85)

for every p > po and s > sq (for arbitrary pg > 0 and so > 0) and ¢;;(0) is bounded
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in p by Part 1) of Lemma 4.2 and because m, (1) > 1 (see also Remark 6.1). It
follows that (6.80) can be written as

. I(p) 1/1;1(71) 1 logL 1
< - : — . .
R*(L,p,e) < T T + T L +0 1372 (6.86)

By using (6.70b) with 77, defined in (6.73), it follows that

o) e (0) o (T Q7N(EL)?) 9y (0)
o il A C e 3 ;)’71(0)LTP
Q' (&)1 (0) 1
_ qug’l(O)ZT +O<L3/2> (6.87)

where it can be shown that the @(1/L3/?) term is uniform in p by following similar
steps as the ones used to analyze the error term in (6.60). Using (6.81) and (6.85),

we can write (6.87) as

palre) _ [45.(0) \/ 27”%/1 al@?

T LT?

(2f@ (e>2) ) (1
o +O(Lm)

w// (0) 3 27T /p/71(0) Q_1(€)2
g L0

_ Ph(0) (2—=Q7(e)?) ¢, (0) < 1 )
GLTy7 (0) | 607, (0)LT +0

\ 2wy 1(0) o102
Y e P

o1 (0) 1
6%1(0)];; + O(L3/2) ) (6.88)

Using (6.88) in (6.86), the upper bound (6.83) follows.

6.3.3 High-SNR Normal Approximation

Since the O(log L/L) term in (6.53) is uniform in p, it is also possible to recover from
(6.53) the high-SNR normal approximation presented in Theorem 5.1 (Chapter 5).
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To do so, we use (4.39a) and (4.39b) to write

I(p) = (T —1)log(Tp) —log I'(T)

- )[bgu-+Tp>+ 0T 1)
+ 2 (1 T-1LT 1+T ) (6.89)
V(p) = (T =17 + (T = 1) +0,(1) (6.90)

where 0,(1) comprises terms that are uniform in L and vanish as p — co. The desired
result follows directly by substituting (6.89) and (6.90) into (6.53).

6.4 Error Exponent Analysis

The expansions (6.49b) and (6.52) can be written as an exponential term times a
subexponential factor. As we show next, the exponential terms of both expansions
coincide for rates R’i’;Q(p) < R < I(p), so they characterize the reliability function

1

Theorem 6.6 Let pg < p < ppax and 7 < 7 < T for some arbitrary 0 < py <
Pmax <00 and 0 <7 <7 < 1. Set s, 21/(1+ 7). Then, the coding rate R and the
minimum error probability €* can be parametrized by T € (1,7) as

R(r) = 2 (. () ~ . (7)) (6.922)
AP(T) < (LR, ple” L[p,sr (1) =78, . (T)] < KP(T) (6.92b)
where
K (1) A 1 K, (T I 1 1
A,(T) = ol — )(6.93a
7 om L2, (7) VL \/27TL T2 (1) " (\E)( )
A(r) = ! ; +0<L21;). (6.93b)

7(1+ 7)1+7) (27TL1/)/p/7sT (7')) 2s7
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The little-o term in (6.93a) is uniform in p and 7. The little-o term in (6.93b) is

uniform in p (for every given 7).}

Proof: The proof is divided into direct and converse parts. The direct part is

given in Section 6.4.1, the converse part in Section 6.4.2. [ |

Remark 6.4 For s, =1/(1+4 1) with T € (0,1), the identity (6.92a) characterizes

all rates R between the critical rate given in (6.50) particularized for s = 1/2, namely,

{7200) = = (1 2(0) — 1/200)) (6.94)

and I(p). Solving (6.92a) for T, we obtain approzimations of upper and lower

bounds on the minimum probability of error €*(L, R, p) as a function of the rate

R e (B{),(p), 1(p))-

The first three terms of A,(7) are positive and dominate the o(1/v/L) term.
Similarly, the first term of A (7) is positive and of order L= Tt thus follows from
Theorem 6.6 that the reliability function E, (R, p) can be parametrized by 7 € (0, 1)
as

Er(Rp) =7, 1 (7) =4, 1 (7) (6.95a)
1
R== (IT () =4, 2 (T)) . (6.95b)

6.4.1 Direct Part

We first note that (7, p, s;), as specified in Theorem 6.6, are in the set S characterized
by (4.46). It thus follows from Theorem 6.4 that

1
R(Tv S-,—) = T(IST (P) - ¢;757 (T)) (6968.)
(L, R, p) < eFltoor (=705, (7)]

VL
Recall that f, s(u,7) can be upper-bounded as (cf. (6.65) and (6.66))
1

27U 4 /Lz/)’p”s(T) .

ISince 7 may depend on p, the little-o term in (6.93b) may depend on p via 7.

X | o (T,7) + fps. (1 —7,7) + M + 0(\/})1 . (6.96b)

fp,S(u)T) < (697)
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Hence, using (6.97), and upper-bounding IA(MST (7)/V/L by its absolute value, we can
upper-bound the RHS of (6.96b) as

(LR, p) < eMliner O ()] [ ! ., |

\/QWTQIAM,”ST (1) \/QW(l —7)2Lyy  (T)

: + 0(\%)] (6.98)

Kps. (1)
We thus obtain the right-most inequality in (6.92b) upon choosing 7 to satisfy (6.92a).

VL

6.4.2 Converse Part

Again, (7, p, ) as specified in Theorem 6.6 are in the set S characterized by (4.46).
It thus follows from Theorem 6.5 that

e (L,R,p) > eL[lﬁp,sT(T)*Tw;,sT(T)] |:fp’sr (1,7) + M + 0<1)]

/ T
L[, (o)=L —7R]

(6.99)

In Appendix B.7, we show that the constant K, ;(7, L) defined in (6.52) is of order
O(1/L) uniformly in (7, s, p). Consequently, (6.99) can be written as

€ (L, R, p) > e"l¥rer =700 ()] |:fp,sT (1,7) + 0(\%)} —eElTer ()=, (N-TR]
(6.100)

In principle, we would like to choose 7 such that the two exponents in (6.100)
are equal. This can be achieved by the 7 satisfying (6.92a). Indeed, recall that, by
(4.26),

Js. (p) = log u(s-) + (1 +7) 15, (p). (6.101)

It follows that

L
ST

log(s.) = 1o | E[py,x, (Yel X0 | " dy

= Ypar (1) — 71, (0) (6.102)
which together with (6.92a) yields that
Js, (p) = (L4 1)y, o (1) = TR =ty (1) = 79y, (7). (6.103)
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While this choice of 7 yields the correct exponent, alas, it yields a negative subex-
ponential factor. Indeed, it can be checked that, for such 7, f, s (7,7) — 1 becomes
negative for sufficiently large L. Fortunately, we can sidestep this problem by choosing
7 as a function of L.

Before we describe our choice of 7, we first need to introduce some notation. The
Gallager Fy-function [20, Eq. (5.6.14)] is defined as

Eop(7,5) £ —logE {e‘”“(p)} : (6.104)

Some simple algebra shows that
Up,s(T) = 7L5(p) — Eo,p(T, ) (6.105a)
V.s(7) = Is(p) — Eq (T, 5) (6.105b)

where Ej ,(7,s) denotes the first derivative of Ep ,(7,s) with respect to 7. We next
define
U, (1) £ 720 (7). (6.106)
Note that, by Part 2) of Lemma 4.2, we have for every 0 < py < pmax, 0 < b < 1,
and 0 < 8¢ < Smax
sup sup ‘\IJE)’“S) (1)] < o0, keZg. (6.107)

Po<p<pmax |T|<D,
5€(50,5max])

We further have
piggo 1292’ |W,s(7)] > 0. (6.108)
$€(50,5max]
Indeed, using Lemma B.3 together with the observation that ¢ ((0) = Vi(p) is
bounded away from zero for every p > pp and s > s (for arbitrary py > 0 and
so > 0), it follows that
pglffo z<i£1£?, |vy ()] > 0. (6.109)
5€(50,5max]
Furthermore, for 7 > 7 > 0, (6.108) and (6.109) are equivalent, so the claim follows.
To shorten notation, in the following we shall write U ,(7) for ¥, ;_(7) and Ey ,(7)
for Ey (T, s-). We denote the first, second and third derivatives of 7 +— Ey ,(7) with

respect to 7 by Ep (1), Eg ,(7), Ey',(T), respectively. In general, we denote

N akEO,p(Ta H%)

o= . k=1,2,... (6.110)
-
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While for k& = 1 it can be shown that £y (1) = Ej (7, 5) L:ﬁ (where 7 +— Eg (T, s)
denotes the derivative of 7 — Ejy ,(, s) with respect to 7 when s is held fixed), for

higher-order derivatives this is no longer true, i.e.,

8’“E0,p(7', s)

By (r) # =55

. k=2,3,... (6.111)

Let the sequence {71} be given by

log(A\/m)

—LEg ,(7)

TL=T+ (6.112)
where A > 0 is a free parameter that will be optimized later and 7 satisfies (6.92a).
Observe that 7, — 7 as L — oo.

Setting s;, = 1/(1 + 71) in (6.100), and analyzing the resulting expression as
L — oo, we will obtain not only the correct exponential behavior, but we will also
obtain a positive subexponential term. To this end, we first evaluate (6.100) with 7
replaced by 71, to obtain

1
[ e=o

e (L,R,p) > e_L[EO’p(TL)_TLEf/)»p(TL)] |:f (t0,71) + 0<1> — e_L[TR_E(M(TL)}

VL
(6.113)

where we have used (6.101), (6.102), and (6.105b) together with the observation that
Eg (1) = Eg ,(7,5) |s— 1. We next show that

|5:1+7—
1 1 —L[TR=E] ,(71)]
———+o| —= ] —e 0P TR
2n LW, (1) (\/E)

(6.114)
Indeed, by using the bound Q(x) > (v27z)~1(1 — 272), > 0, we obtain that

(L, R, p) > e L1Eop(re) =B, (r2)]

2wL;p(TL> <1 B mpl(m>>

1 1
2R L(T () + (- W) VER(L((T) + (= )W)
_ 1 1 (o — 1)V, (7o)

V2L ,(7) 2V2rL (T,(7) + (F — T)‘I/;(fo>)3/2
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- ! (6.115)

V2R (LW, (7) + (71, — 7) W (7)) )"/

where the second step follows by performing a Taylor series expansion of 77, — ¥, (7,)
around 7, and the third step follows by performing a Taylor series expansion over
the first term. We next show that

(6.116)

1 log L
Fop(T0,71) 2 NG + O<L3/2)
for some 7y € (7,71), where the O(log L/L%/?) term is uniform in p. Indeed, by
(6.107) and Lemma B.4 (Appendix B.8), the difference 77, — 7 is of order log L/L
(uniformly in p). Furthermore, by (6.107) and (6.108), we have that 7 — ¥ ,(7) is
bounded away from zero and bounded (in p), and 7 — W/(7) is bounded in p. Tt
follows that the second term on the RHS of (6.115) is of order log L/L3/?, and the
third term is of order 1/L3/2. We thus obtain (6.114) by using (6.116) in (6.113) and
combining the O(log L/L3/?) term with the o(1/v/L) term.
We finally show that (6.114) can be written as

¢ (L, R, p)

> e—L[EQYP(T)—TEC/)’p(T)}

1 N ( log® L )
AT(27 LW ,(7))"/? LO+7/2)
1 1 N ( 1 )
_ of —
2rL¥, (1) A\/27LY¥,(T) VL
1 (1 1 ) < 1 )]
(2L, (r)) & \AT A L

where A was introduced in (6.112). By following along similar lines as the ones

—L[E’pr(‘r)—TEé‘p(T)]

=€

used to show (6.116), it can be shown that the big-O term and the small-o terms
are uniform in p. The value of A that yields the tightest lower bound on ¢*(L, R, p)

corresponds to the maximizing argument of the function

R
T AT Al
which is given by A, = (14 7)/7. Using this value in (6.117), and applying (6.105),
we obtain the left-most inequality in (6.92b).

£-(A) (6.118)
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To show (6.117), we start by performing a Taylor series expansion of 77, — Ey ,(71,)

and 77, +— Fy ,(72) around T to obtain

7L — T)2
Eo,p(71) = Eo,p(7) + (10 — 7)Ep ,(1) + %E&p(ﬁ) (6.119a)
Ey ,(1n) = Ep (1) + (1 — 7) By ,(7) + @E@’jp(@) (6.119b)

for some 71,79 € (7,7L).
By (6.92a) and (6.105b), we have that TR = E; (7). Consequently,

2
L _E" (rp,—7) B :|
e_L[TR_E(’),p("'L)] —e [(TL B, (M) 0.0 (1)

I A\/27L T op L)2
[1og( 27 LV, (7)) E(']',p( ) O((l gzL) >}
= e

L8],
(log 1.)?
= 71 eo( L >
A/27LV,(7)
1 log? L)
_ L ofen 6.120
A\/2r LV ,(T) ( L3/2 ( )

where the first step follows by (6.119b); the second step follows by (6.112), (6.107),
and by Lemma B.4 (Appendix B.8); and the fourth step follows by using that

log2 L 2
o ):1+O(IO’5LL>. (6.121)

By following along similar lines as the ones used to show (6.116), it can be shown
that the O(+) terms in (6.120) are uniform in p.
We next use (6.119) to write

Eop(11) — TLEg (1) = Eo,,(1) — TEp (1) — 7o.(71, — T)Eq ,(7)

(L —7)° A A
s =P g ) - mug a)
= Eo,p(7) = 7B (1) = 7(7L — T) Eg,(7)
+(TL_T)2(E// (7o) — TLEY (71) — 2E! ( ))
72 0,p T0 TL 0,p T1 0,p T .

(6.122)

By substituting (6.112) in (6.122), we obtain

T log2 L
Eo p(11) = T Ey ,(11) = Eo (1) — TEp (1) + I log (A\/Qﬂ'L\I/p(T)) + (’)( i )
(6.123)
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where the O(log2 L/L?) term is uniform in p by (6.107) and Lemma B.4 (Ap-
pendix B.8).
Using (6.121) and (6.123), we conclude that

2
o~ LLBo.o(rL)~r B ,(r1)] _ o= L[Bo,o(r)~7Ej ,(7)] 1 +(’)< log” L )
AT (27 LW (1)) LO+T/2)
(6.124)

where the big-O term is uniform in p. Finally, substituting (6.120) and (6.124) into
(6.114), we obtain (6.117), which was the last step required to prove the left-most
inequality in (6.92b).

6.5 High-SNR Approximations

The approximations presented in Theorems 6.4 and 6.5 are functions of the CGF
Y,.s(T) and its derivatives, which typically need to be evaluated numerically. However,
if (7, p, s;) are in the set S characterized by (4.45) (Lemma 4.2) then, at high SNR,

these functions can be approximated accurately. Let

ooty 27~ T2 ez + 1 s+ 2]

son(lonl o (e )

:T<_(T—1)[log(1+Tp)+ all —w(T—l)}

14+Tp
Tp
Fil1, T—-1,T;
+2 1<a 3 71+Tp>>

v(7)
+1og<r(”p P(T 1+ v(7)) 2F1<17T_1+V(T);T. A (7) ))

T)(n, + /\p(T))TfHV(T) 7 Mo+ Ao(T)
(6.125)

where 7, = ﬁ, v(r) = —7(T —1)+1, and \,(7) = J#p(l —78). The second

expected value has been solved using [28, Sec. 4.337-1] to integrate with respect to
Zy, and [28, Sec. 4.352-1], [28, Sec. 3.381-4], and [28, Sec. 6.228-2] to integrate with
respect to Zo. The third expected value has been solved using [28, Sec. 3.381-3.%] to
integrate with respect to Z7, and [28, Sec. 6.455-1] to integrate with respect to Z.
Note that the third term on the RHS of (6.125) is unbounded in p if 7 > 1/(T — 1).
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Lemma 6.7 Assume that (7,p,s) are in the set S characterized by (4.45)
(Lemma 4.2), i.e., =1 < 7 < a, p > po, and so < s < 1, for some arbitrary
po >0, s0>0, and 0 < a < 1/(T — 1) independent of (L, p,s, 7). Then, the CGF
y,s(T) given in (4.42), and its respective first, second and third derivatives, can be

approrimated as

Up,s(T) = Pp,s (1) + 0p(1) (6.126a)
Vs () = ¥7,5(7) + 0p(1) (6.126b)
Uys(7) = Uy (1) + 0p(1) (6.126¢)
Vpis (T) = 0y, (7) + 0,(1) (6.126)

where 1/3;75, 7;)/,5 and 7%/,/5 denote the first, second and third derivatives of T+ 1, (),
respectively, and o0,(1) collects terms that vanish as p — oo and are uniform in L, T

and s.

Proof: See Appendix B.6. [ |
By inserting 1, s(7) and its corresponding derivatives into (6.49b) and (6.52), we
obtain high-SNR saddlepoint approximations that can be evaluated in closed form.

6.6 Numerical Results and Discussion

In Fig. 6.1, we study R*(L,¢,p) as a function of L for n = LT = 168 (hence T
is inversely proportional to L), ¢ = 107°, and the SNR values 0 dB and 10 dB.
We plot approximations of the RCUg bound in red and approximations of the MC
bound in blue by disregarding the o(1/v/L) terms. Straight lines (“saddlepoint”)
depict the saddlepoint approximations (6.49b) and (6.52), dashed lines (“pref+EE”)
depict (6.92b). We further plot the nonasymptotic bounds (6.48) and (6.51) with
dots. For 10 dB we also plot with circles the high-SNR versions of (6.49b) and
(6.52) that are obtained by replacing v, s(-) and its derivatives by their high-SNR
approximations presented in Section 6.5. Note that these approximations require
that 0 <7 < 1/(T —1), cf. Lemma 6.7. It turns out that, for such 7 values, accurate
high-SNR saddlepoint approximations can only be computed up to T = 8, since
for larger values of T the range of 7 becomes too restricted. Finally, we plot the

normal approximation (6.53) (“NA”), the high-SNR normal approximation given
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Figure 6.1: Bounds on R*(L,e,p) for n = 168, € = 107%, and SNR values p=04dB and
g =10 dE.

in Theorem 5.1.1 (*high-SNR-NA"), as well as the error exponent approxdimation
that follows by solving e*(L, K, p) = exp{—LE (R, p)} for B (“EEA™). Observe that
the approcimations (6.49b), (6.52), and (6.92b) are almost indistinguishable from
the nonasymptotic bounds. Further observe that the normal approximation “NA" is
accurate for 10 dB and L > 10, but is loose for 0 dB. In contrast, the error exponent
approximation “EEA" iz loose for 10 dB, but is accurate for 0 dB. The high-SNR
saddlepoint approximations are pessimistic, but are remarkably accurate for an SNR
value as small as 10 dB.

In Fig. 6.2, we study RB*(L, ¢, p) as a function of € for n = 168, T =12, and the
SNR values 6 dB and 0 dB. We plot approximations of the RCU; bound in red and
approximations of the MC bound in green (for s = 1) or in blue (when s is numerically
optimized). Straight lines ("saddlepoint™) depict the saddlepoint approximations
(6.49b) and (6.52), dashed lines (“pref+EE") show the approximations (6.92h). We
further plot the nonasymptotic bounds (6.48) and (6.51) with dots. For p =0 dB, we
also show the critical rate R{),(0)). We finally plot the normal approximation (6.53)
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Figure 6.2: Bounds on R*(L,e,p) for n = 168, T = 12, and SNR values p = 0 dB and
p=16dBE.

(*INA") and the error exponent approximation that follows by solving €*(L, R, p) ==
exp{—LE.(R, p)} for B (*“EEA"). Observe that the approxdmations (6.49b), (6.52),
and (6.92b) are almost indistinguishable from the nonasymptotic bounds. Further
observe how the normal approximation “NA" becomes accurate for large error
probabilities, whereas the error exponent approximation “EEA” becomes accurate
for small error probabilities. Finally note that the saddlepoint approximations can
be evaluated for error probabilities less than 10™%, where the nonasymptotic bounds
cannot be evaluated due to their computational complexity.

In Fig. 6.3, we study R*(L, e, p) as a function of the SNR p for n = 168 (T =12,
and L = 14) and ¢ = 107°. We plot approximations of the RCU; bound in
red and approximations of the MC bound in blue (with s numerically optimized).
Straight lines (“saddlepoint™) depict the saddlepoint approximations (6.49b) and
(6.52), dashed lines (“pref+EE") show the approximations (6.92b). We further
plot the nonasymptotic bounds (6.48) and (6.51) with dots. We finally plot the
normal approximation (6.53) (“NA") and the error exponent approximation that
follows by solving e*(L, R, p) == exp{—LE.( R, p)} for R (*EEA"™). Ohserve that the
approxdmations (6.49b), (6.52), and (6.92b) are almost indistinguishable from the
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Figure 6.3: Bounds on R*(L.¢, p) for n = 168, T = 12, L = 14 and a probability of error of
108,

nonasymptotic bounds. Observe also how the normal approximation *NA" becomes
accurate as we increase the SNR. Note that the error exponent approximation “EEA”
1s accurate only for small SNR values.

In Figs. 6.4 and 6.5, we study *(L, R, p) as a function of the SNR p. Specifically,
in Fig. 6.4 we show e*(L R, p) for n = 168 (T = 24, and L = 7) and R = 0.48
and in Fig. 6.5 we show *(L, R, p) for n = 500 (T = 20, and L = 25) and R = 4.
We plot approximations of the RCU; bound in red and approximations of the
MC bound in blue (with s numerically optimized). Straight lines (“saddlepoint™)
depict the saddlepoint approximations (6.49b) and (6.52), dashed lines (“pref+EE™)
show the approximations (6.92b). We further plot the nonasymptotic bounds (6.48)
and (6.51) with dots. We plot the normal approximation (6.53) (“NA") and the
error exponent approximation that follows by solving * (L, R, p) == exp{—LE( R, p)}
for B (*EEA"). In Fig. 6.5, we further plot with circles the high-SNR versions
of (6.49h) and (6.52) that are obtained by replacing +, s(-) and its derivatives by
their high-SNR approximations presented in Section 6.5. In addition, we show the
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performance of an accumulate-repeat-jagged-accumulate (ARJA) low density parity
check (LDPC) (3000,2000)-code combined with 64-APSK modulation, pilot-assisted
transmission (2 pilot symbols per coherence block), and maximum likelihood channel
estimation followed by mismatched nearest-neighbor decoding at the receiver (“ARJA
LDPC code 64-APSK”) [36, Figure 3(b)] (see [37]). Observe that the approximations
(6.49b), (6.52), (6.92b), and the high-SNR approximations of (6.49b) and (6.52) are
almost indistinguishable from the nonasymptotic bounds. Observe also how, for
this setting, the normal approximation “NA” is much more accurate as the error
exponent approximation “EEA”. Finally, the gap between the presented real code
and the rest of the curves is substantial. This suggests that more sophisticated joint
channel-estimation decoding procedures together with shaping techniques need to be

adopted to close the gap; see e.g., [37].

96



Cooperative OWC: A Case Study

OWC has gained great attention during the last years due to its capability to support
high data rates in indoor environments, where it can reach several hundreds of
megahertz [5]. By its nature, this technology presents advantages in terms of security
and cost savings [41, 42, 43]. VLC is a type of OWC that uses the visible light
spectrum. VLC can provide illumination and data transmission at the same time, so it
is interesting for indoor environments [5]. Furthermore, it cannot propagate through
opaque objects, so it avoids common radio-frequency interference impairments. Last
but not least, since the components in VLC are low-cost and off-the-shelf, from a
consumer point of view, this technology is cheap and hence appealing.

Current research targets a model composed of optical atto-cells where each user is
always served by the best access point and a seamless communication is guaranteed.
However, if the same frequency resources are used in neighboring cells, co-channel
interference appears, leading to a decrease of the signal-to-interference-plus-noise

ratio (SINR). There is a great variety of alternatives in the literature to overcome this
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Figure 7.1: View of the VLC indoor scenario with 5 access points.

problem, such as static resource partitioning [44], the employment of soft frequency
reuse [45], or the adaptation of radio-frequency techniques as joint transmission
in optical atto-cell networks [46]. Some of them use direct-current-biased optical
orthogonal frequency-division multiplexing (DCO-OFDM) [47], which is a promising
technique to achieve high speed transmissions in VLC. Other challenges for VL.C
include interference between lighting sources, flickering, and shadowing. Among the
aforementioned aspects, the most relevant is shadowing. There exist few though
complex solutions to deal with this effect in the literature, such as adaptive link
scheduling [48], and position diversity obtained by the independent transmission
from different access points of I and Q signals [49]. To overcome the problem
of shadowing, we propose and evaluate a cooperative multipoint transmission and
reception scheme where different VLC access points cooperate between them providing
spatial diversity to the receivers, which in turn implies gains of more than 3 dB
compared to noncooperative schemes.

7.1 Scenario and Model

We consider the scenario depicted in Fig. 7.1, which is a common indoor scenario

where users have access to the network by means of several optical overlapped access
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points. The scheme can be straightforwardly adapted to other environments. Our
specific scenario consists of five cells. As it can be seen, each user can receive data
from at most three neighboring access points. We denote the cell with minimum
distance between access point and user as the main serving cell for that specific user.
The neighboring cells are defined as the closest cells surrounding the main serving
cell.

Throughout this chapter, we use the following optical channel model [50]:

H= { (i cos™(9)G pg(w) cos(), 0 < v < W,

7.
0, P> U (7.1)

where Dy denotes the distance between transmitter and receiver, A denotes the area
of the photodetector, G denotes the spectral filter gain, ¢ denotes the angle of
irradiance, ¢ denotes the angle of incidence, and g(¢)) denotes the optical concentrator,

which is defined as
n2

g() £ < sin? W,
0, P>,

Here, n denotes the refrective index of the lens. Furthermore, m stands for the

, 0=y (7.2)

Lambertian emission, which can be computed as

log 2
m=—-————— 7.3
log(cos ¢1/2) (7.3)

where ¢/, denotes the semi-angle at half irradiance of the light-emitting diode
(LED). The received optical power P, is given by

P.=H: P (7.4)
where P; denotes the transmitted optical power. Finally, we use the following
approximation for the received SNR:

"V P?

SNR ~
1+ V2P

(7.5)

2
Oshot + Otherma

where v denotes detector’s responsivity, 02 . denotes the shot noise variance, 02 ...,
denotes the thermal noise variance, and P,ig; denotes the received intersymbol

interference power. These quantities are given by
02t = 207(Py + Puas))Ry + 2qlog 2Ry (7.6)

99



CHAPTER 7. COOPERATIVE OWC: A CASE STUDY

Table 7.1: System parameters of the VLC indoor case study.

Parameter Variable | Value Unit
Transmit Power P, 72 Watt
Number of LEDs - 3600 -
Data Rate Ry 100 Mbps
ISI received Power (R, = 100 Mbps) Prist 10-8 A?
Background current Ipg 5100 HA
Absolute temperature Ty 298 K
Open-loop voltage gain G 10 -
FET transconductance Im 30 mS
FET channel noise factor T 1.5 -
Fixed capacitance n 112 pF/em?
Semi-angle at half illuminance of the LED /0 70 deg.
Field of View (FOV) at a receiver . 60 deg.
Detector physical area of the Photodiode (PD) A 1.0 cm?
Optical filter gain Gy 1.0 -
Refractive index of the lens at PD n 1.5 -
Detector’s responsivity ¥ 0.54 A/W
Probability of obstruction Py 0-1
Percentage of light when obstruction 0 30 %
Main lobe amplitude level P 0.56 -
2
Froma = AL RE 4+ T 2 g2 g (77)

m

where ¢ denotes the electronic charge, k denotes Boltzmann’s constant, and I =
0.562 and I3 = 0.0868 denote the noise bandwidth factors. The values of the
parameters involved in the system model are summarized in Table 7.1. Note that,

in this practical case study, we treat the dispersion as inter-symbol interference
(IST) [51].

7.2 Cooperative VLC Scheme

There are two main challenges in VLC: the obstacles, and the limited transmit
power due to safety reasons. In order to deal with both, we propose a cooperative

transmission scheme. This scheme is valid for indoor scenarios, although it can
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be easily extended to outdoor deployments [52]. The use of on-off keying (OOK)
modulation in VLC access points is a simple way to transmit data to receivers. In
scenarios where users receive data from several transmitters, generally, each atto-
cell operates at different wavelengths to avoid inter-cell interference [5]. However,
this kind of schemes increase complexity at the receiver, which needs to be able
to detect different wavelengths by using an array of photodetectors with several
wavelength sensitivities and filters. Besides, the signal processing in the handover

process becomes harder.

In contrast,we propose a single-wavelength scheme that can be optimized for
the specific environmental light conditions. In order to avoid inter-cell interference,
pulse-position division multiplexing (PPDM) is used at the access points, i.e., each
neighboring cell transmits its pulses in a different position within a period T (see
Fig. 7.2 and Fig. 7.3, where T = 10 ns). This has several advantages. Firstly,
the receivers are simple since only one wavelength has to be detected. Secondly,
since the receivers are tuned to the wavelength, they can detect signals from the
other neighboring cells, allowing for cooperative transmission and reception schemes.
Specifically, by using the backhaul feedback link at each cell, each access point is aware
of the data to be transmitted by itself and also by the other neighboring cells. Hence,
the cooperating access points will use different time intervals in each period T" and
will help the others by transmitting data to users in neighboring cells (see Fig. 7.3).
Thus, the receiver is served by the main serving access point plus the cooperating
neighboring cells. Note that cooperating pulses have less amplitude to make a fair
comparison and reduce interference. Since the light arrives at the receiver through
different paths, this scheme achieves spatial diversity, thereby reducing the probability
of obstruction. In addition, spatial diversity yields further performance improvements,
which would allow us to decrease the transmit power while maintaining a target
bit error rate (BER). For the sake of clarity, an example of the above-described
transmission scheme is shown in Fig. 7.3 where the main serving cell is the access
point in cell 3 (using position P3 within the frame). This implies that the neighboring
access points 2 and 4 (using positions P2 and P1, respectively) are the cooperating
cells. In this example, cell 3 transmits {0, 1,1} and the neighboring cells 2 and 4
transmit {1,1,1} and {1,1,0}, respectively. In Fig. 7.2 we show the noncooperative

scheme where each cell transmits its data in different time intervals.

The optical power received by user 1, located in cell 3 (see Fig. 7.1), in the
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Figure 7.3: OOK PPDM with cooperation.

102



CHAPTER 7. COOPERATIVE OWC: A CASE STUDY

cooperative scheme is given by

1—p

P, H, (7.8)

Tuserl

1—
= TthzHQ + thBH?) +

where P;, and H; denote the transmit power and channel corresponding to the cell i,
respectively, and p denotes the main lobe amplitude level (see Table 7.1). Note that
even if a user experiences obstruction with respect to its main serving cell, which
implies that its channel H; approaches 0, the receiver may decode the data by using

the information received from its cooperating neighboring cells.

7.3 Results and Discussion

In this section we compare the cooperative and noncooperative schemes by means
of numerical examples. In order to compute the SNR given in (7.5), we used the
parameter values indicated in Table 7.1. The access points are placed at the ceiling
(3.5 m high) and we assume that all the receivers are at a height of 1 m. For a fair
comparison, the transmitted energy from the two schemes is such that the overall
transmitted power is the same in both cooperative and noncoopertive cases.

In this numerical example, we fix the main lobe amplitude p = 0.56, and the
percentage of light arrived from the main cell in case of obstruction to § = 30%.
Clearly, the smaller 6, the larger the gain of the cooperative scheme compared to the
noncooperative scheme.

In Fig. 7.4 we plot the cooperative scheme considering that all users are obstructed.
In Fig. 7.5 we plot the noncooperative scheme considering again that all users are
obstructed. We observe a clear improvement in SNR for the cooperative case. We
further observe that the area of strong signal reception (high SNRs) in the cooperative
case corresponds to the cell edges, where the cooperation between cells becomes more
relevant. A maximum gain of 3.32 dB (around 3 dB in the highlighted point) and
a minimum gain of 0.41 dB are obtained for the simulation parameters specified in
Table 7.1.

7.4 Conclusions

In this chapter, we proposed and evaluated a cooperative yet simple scheme for VLC
in large indoor scenarios. Gains larger than 3 dB in SNR are easily obtained for
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Figure 7.5: Received SNR for the noncooperative scheme when all users are obstructed.

104



CHAPTER 7. COOPERATIVE OWC: A CASE STUDY

crowded scenarios, i.e, when users are obstructed. Furthermore, since our proposed
scheme uses only a single wavelength, hence it can be implemented with cheap and
already developed receivers.

Since this work presents a single wavelength solution by using OOK and PPDM,
and most of the literature is based on multicarrier solutions applied to atto-cells, a
limited comparison was presented. In any case, this is a closer-to-reality proposal

and sets foundations for future more advanced cooperative schemes in VLC.
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Summary and Conclusion

In this thesis, we studied the maximum coding rate at which data can be transmit-
ted over noncoherent, single-antenna, Rayleigh block-fading channels using error-
correcting codes that span L coherence intervals and have a block-error probability
no larger than e. For this specific channel model, only nonasymptotic bounds were
available in the literature. We presented different asymptotic expansions of the
nonasymptotic bounds leading to expressions that are analytically tractable, and
whose computational cost is considerably reduced with respect to the nonasymptotic
bounds. Finally, in Chapter 7, we presented a practical case study where a coopera-
tive multipoint transmission and reception scheme is evaluated for VLC in an indoor
scenario.

Specifically, in Chapter 5, we presented a high-SNR, normal approximation
of the maximum coding rate R*(L,¢, p) which can be evaluated in closed form.
While we demonstrated that the approximation error vanishes as the number of

coherence intervals and the SNR tend to infinity, by means of numerical examples we
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showed that it is accurate already at SNR values of 15 dB, for 10 coherence intervals
or more, and probabilities of error no smaller than 10~3. The obtained normal
approximation complements the nonasymptotic bounds provided in Chapter 3, and
it allows for a mathematical analysis of R*(L, ¢, p). For example, we showed that
the high-SNR normal approximation is roughly equal to the normal approximation
one obtains by transmitting one pilot symbol per coherence block to estimate the
fading coefficient, and by then transmitting T — 1 symbols per coherence block over
a coherent fading channel. This suggests that, at high SNR, one pilot symbol per
coherence block suffices to achieve both the capacity and the channel dispersion. We
finally showed an example where the normal approximation can be used to analyze a
simple slotted-ALOHA protocol.

In Chapter 6, we applied the saddlepoint method to derive approximations of the
nonasymptotic MC and the RCUg bounds on the maximum coding rate R*(L, ¢, p) (or
minimum probability of error €*(L, R, p)) provided in Chapter 3. While these approx-
imations must be evaluated numerically, the computational complexity is independent
of the number of diversity branches L. This is in contrast to the nonasymptotic MC
and RCUg bounds, whose evaluation has a computational complexity that grows
linearly in L. Numerical evidence suggests that the saddlepoint approximations are
accurate for probabilities of error as small as 107'°, and although developed under
the assumption of large L, are accurate even for L = 1 if the SNR is greater than or
equal to 0 dB. Furthermore, we showed that the proposed approximations recover the
normal approximation and the reliability function of the channel, thus providing a
unifying tool for the two regimes, which traditionally have been considered separately
in the literature.

Observe that the range of the parameters (L, ¢, p) for which the saddlepoint ap-
proximations derived in Chapter 6 are accurate is bigger than the range of parameters
for which the high-SNR normal approximation derived in Chapter 5 is accurate.
Specifically, while the high-SNR normal approximation is accurate for SNR, values
larger than or equal to 15 dB, 10 coherence intervals or more, and probabilities of
error larger than or equal to 1072, the saddlepoint approximations are accurate for
probabilities of error as small as 1071% and for L > 1 if the SNR is larger than or
equal to 0 dB. However, the high-SNR normal approximation was derived under the
assumption of a more general power contraint than the saddlepoint approximations
(compare (2.6a) and 2.6b). Furthermore, the high-SNR normal approximation can

108



CHAPTER 8. SUMMARY AND CONCLUSION

be evaluated in closed form and does not require any numerical evaluation.

In Chapter 7, we presented and evaluated a single-wavelength cooperative
multipoint transmission and reception scheme for VLC. The cooperation between the
VLC access points provides spatial diversity to the receivers, which in turn implies
gains of more than 3 dB compared to noncooperative schemes. The cooperative
scheme was shown to provide larger gains when there is NLOS between the main
serving cell and the users, and when the users are located near the cell edges. Since
most of the literature is based on multicarrier solutions applied to atto-cells, this
work is a much simpler and closer-to-reality proposal that sets foundations for future

more advanced cooperative schemes in VLC.
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Appendix to Chapter 5

A.1 Proof of Lemma 4.1

The left-most inequality in (4.5) follows because the regularized lower incomplete
gamma function is no larger than 1. For the right-most inequality in (4.5), consider
the following bound by Alzer [53, Th. 1] (see also [54, Eq. (5.4)])

Ala,z) > (1 —e )" (2>0,a>0,a#]1) (A1)

where
1, f0<ax<1

S = { Tla+1)%, ifa>1.
In order to obtain the right-most inequality in (4.5), we first lower-bound (-, -)
using (A.1)

(A.2)

1 1
log——— < (T-1log| ——————+
ET s U g<1_6_wrm#1>
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=(T-1) 10g<1 + 1) (A.3)

e:}cl—‘(T)_ﬁ -1

where the second step follows by simple algebraic manipulations. Since e¢* > 1 + z,
this can be further upper-bounded as

<(T-1)log <1 + F(T;Tll ) (A.4)

1 -
BIT-12)

This proves Lemma 4.1.

A.2 Proof of Lemma 5.2
For every p(1 —¢) < a < p,

Tp—Ta T
-z -y -4
1+Tp 14+Tp

+ (T = Dlog((1 4+ Ta)Zy + Zo + B(p))

Vo(a) =E (Zy = (T—1))

—(T—1)E[log((1 + Ta)Z1 + Z3 + 5(0))}) ]

Tp 2
(B- 1+ (- (T-1) |

Tp—Ta
14+Tp

- 2EKT{’+TT;‘<21 (% (T 1)))

x ((T —1)log((1 +Ta)Zi + Z»)
— (T = DE[log((1+ Ta)Zy + Z5)]

B(p)
+(T1)log(1+ 0+ Ta) 2 —|—Z2>

(T- 1)E[1og<1 T JrTi()pz)l - ZQ):|)]
()« () e
—2(T - 1)T1'0+_TTPO‘E[(21 - 1)10g<21 - 1+22Taﬂ
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- 2T -1); Ipr{E{(% - (T- 1))1°g<zl "1 fQTp)]

_ E{(z2 —(T-1)) 1og(8 113?1 1?2)] } (A.5)

where the second inequality follows because Z; has mean and variance 1, Z5 has

mean and variance T — 1, and

E {(Zl - 1)10g<1 + i+ Ti()pZ)l T Z2>} <0 (A.6a)
S AP 7 PP
The inequalities (A.6a) and (A.6b) follow because
(22 = (T-1) 1Og(1 + (1+ Tﬁ()pz)l + Zg>
<(Zs—(T-1)) 1og<1 e Ta)ﬁz(lpl = 1)) (A.7h)
and
B(p)
iR e )
—E [(ZQ —(T—1))log (1 + it Ta)ﬁZ(lpz— = 1)>] =0. (A.7c)

The first term on the RHS of (A.5) is nonnegative, so discarding it yields a
lower bound. Furthermore, the third term in (A.5) can be lower-bounded by upper-
bounding for p(1 —0) <a<p

27— -2+ )

1+Tp 1+ Ta
<m0 e - wiele (20 )
<2T- 1)5\/(7;2 +72 +9%(T) + C(ZT))- (A-8)
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Here, the first inequality follows from the Cauchy-Schwarz inequality, and the last
inequality follows because E[(Z; —1)?] =1 and

VA
E[log2 (21 + 5 jmﬂ < E[log*(Z1 + Z5) +log*(Z1)]

= TR T+ UA(T) (A.9)

where we have evaluated the expected values using [28, Sec. 4.335-1] and [28,
Sec. 4.358-2], respectively. The first inequality in (A.9) follows by treating the
cases Z1 + Zo/(1 + Tp) < 1 and Z; + Z3/(1 + Tp) > 1 separately, and by lower-
bounding in the former case Z; + Z3/(1 + Tp) by Z; and upper-bounding in the
latter case Z1 + Z2 /(1 + Tp) by Z1 + Z5. Hence

Zo
log? ( Z <log?(Z
o8t (214 o )< ()

Z
<log?(Z1) +log®(Z1 + Z), if Zy + - +2Tp <1 (A.10a)

Zy 2
log? ( Z <log®(Z, + Z
Og(1+1—|—Tp> 0g™(Z1 + Z2)
Zy

<log?(Zy) + log?(Zy + Z if Z
<log™(Zy) +log™(Z1 + Z3), i 1+1+Tp

>1 (A.10b)

which yields the desired bound.
Finally, the fifth term on the RHS (A.5) can be lower-bounded by upper-bounding
for p(1—-9)<a<p

H(22 (T- 1))log<(1+Tp)Zl +ZQ>”

(1 —|— Ta)Z1 —|— Z2
(1+Tp)Zy + Zo
= EDZQ -(T-1) 1Og<(1 Y Ta) 20 + Zs

< E[|Z2 — (T - 1)[] log(2)

<E[|Z — (T -1)] log<1i5>. (A.11)

Combining (A.8)—(A.11) with (A.5), we obtain the lower bound

ez (re) (-1 -2 - 1)6\/ (% +o2 402+ )
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ol )]

E[1Z:— (T—1)]] 1og(1i5>}. (A.12)

Only the second and fourth term on the RHS of (A.12) depend on 6. The former
term is linear in J, the latter term can be upper-bounded by a linear term by using
that, for 0 <6 < 1/2,

ST S
Hence, there exists a positive constant = that only depends on T such that

ADE (II”TP)2<T— 1)-=s

1 5
< .
log<1 — 5) 20. (A.13)

~2(T—1); IprE[(ZQ —(T-1)) 10g(Z1 + f?p)] (A.14)

We conclude the proof of Lemma 5.2 by demonstrating that

E [(z2 —(T—1))log <21 + ﬂ = 0,(1). (A.15)

This is a direct consequence of the dominated convergence theorem [55, Section 1.26],

1+T

which can be applied because

(Zy — (T — 1))10g<z1 + 1 fQTp) ‘

<|Zy = (T=1)]

Zs
log( Z
Og( 1+1+Tp)’

< [(Zs— (T = D)) log?(Z1) +10g%(Z1 + Z)  (A.16)

where the second inequality follows from the same steps as the first inequality in
(A.9). Using the Cauchy-Schwarz inequality, the expected value of the RHS of (A.16)

can be upper-bounded as

E[|(2: — (T = )| log2(2)) + 108 (21 + 25)]

< \/E [(Z2 (T- 1))2} E[logQ(Zl) +log?(Zy + Zo)| (A1)
which is finite by (A.11).

115



APPENDIX A. APPENDIX TO CHAPTER 5

A.3 Proof of Lemma 5.3

We shall first prove (5.28a). Using the definitions of j,(a) and J(«) in (4.20) and
(4.33), respectively, we upper-bound V() £ E[(j,(c) — j(a))2] as

V(a) = E (M(l—ZlH Y (To1-2)

1+Tp 1+Tp

Z2 ZQ
+(T- 1)1og(21 + 1—|—Ta> —(T- 1)E{log(Z1 + 1+Ta)]

B(p)
(1= Dlog(“ (1 +Ta)21 n ZQ>

—(T- 1)E[log<1+

(1—|—Ta Z1+Z2 )

§c472<<m>2E[(Z11)] ( +pT > E[(Z — T +1)%]
+2AT-1) E{logQ <Z1+ 1521'04”

+2(T—1)2E{1og2<1+ (1+Ti§’21+22>]>

where we have used that

lar + -+ ay|” < cpullar|” +- - +layl”), nve z* (A.18)

for some positive constant c,, that only depends on n and v, and that E[(X -
E[X])?] < E[X?] for every real-valued random variable X.

We next show that each term on the RHS of (A.18) is bounded in (p, ). Indeed,
we have E[(Z; — 1)?] = 1 and E[(Z; — (T — 1))?] = (T — 1). Furthermore, since
0<(Tp—Ta)/(14+Tp) <land 0 <Tp/(l + Tp) <1, the first two terms on the
RHS of (A.18) are bounded in p and «. The third term on the RHS of (A.18) can
be upper-bounded by (see (A.9))

(T - 1)2E[log2 (21 + 1 sza)}
< (T —1)%E[log*(Z1 + Z2)] + (T —1)?E[log®(Z1)] < co. (A.19)
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Finally, for every pp > 0 and p > pg, the fourth term on the RHS of (A.18) can be
upper-bounded by

E[(T—1)2log2<l+ (1+T§()pz)1+22>} < (T—1)2E[1og2(1+ Zlﬂf)@ﬂ

<(T-1)% {10%2 (1 * Z?(f);zﬂ

< 00 (A.20)

where the last step follows because p — B(p) is monotonically decreasing in p. This
proves (5.28a).

The proof of (5.28b) follows along similar lines. Indeed, using the definitions
of i¢(p) and I(p) for s =1 in (4.12) and (4.27), respectively, we can upper-bound
. 2
V(p) = E[(ie(p) — I(p))] as

V(p)=E

Tp Z2
T-1-2Z2 T-1)1 Z
<1+Tp< )+ (7= 1log(21+ 12

14+Tp
Zy
—(T- 1)E[log(Zl + 1 —l—Tpﬂ

. Tp((L+Tp)Z1 + Z>)
— 1 T-1
og'y( ’ 1+Tp

e [bg&(T T4 ToZ+ ZQ)>D2]

14+Tp

o (T o et (e )

+2E[1og2a(T1,T”((1+11p)Ti1+ZQ))D. (A.21)

We next show that each summand is bounded in p. Indeed, as shown before, the
first and the second term on the RHS of (A.21) are bounded in p. To bound the
third term on the RHS of (A.21), we use Lemma 4.1 and obtain

: [logg ﬁ(T L T4 T 7 + zz))]

14+Tp

<(T-1)%E [1og2 (1 + mfpg%)]. (A.22)
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By the monotonicity of p — S(p), it follows that for every pg > 0 and p > po, the
third term on the RHS of (A.21) is upper-bounded by

E{logz'}(T—l,Tp((lt:p_)ril +ZQ))} <(T- 1)2E{log2(1+ Z[f(f);zﬂ < 0.
(A.23)

Combining the above steps with (A.21) we establish (5.28b).

A.4 Proof of Lemma 5.4

We shall first prove (5.29a). Using the definitions of jz(a) and J(a) in (4.20) and

] s

(T—-1-25)

(4.33), respectively, we can upper-bound E U]@

Tp
14+Tp

E|[je(a) = J(a)["] = (1-2) +

Tp—Ta
14+Tp

T-1)1 A4
+( )Og(1+1+Ta)

—(T- 1)E[log(21 + 1 szaﬂ

B 10g<1 Tas Ti()pz)l + Z2>

+ E{log(l T +Tfy()pZ>1 + Z2>}

T

3

Tp—Ta 3 ] Tp .
+2(T - 1)3E[ log <Z1 +
Ta
+2(T-1)°E 10g<1+ b) ) 3 (A.24)
(1+Ta)Zy + Z5

where we have used (A.18) and that E[|X|?] > |[E[X]|? for every random variable X.

We next show that each term on the RHS of (A.24) is bounded in p and a.
Indeed, the first two terms on the RHS of (A.24) are bounded because the third
central moments of the Gamma-distributed random variables Z; and Z, are bounded,
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and because 0 < (Tp— Ta)/(1+ Tp) <1and 0 < Tp/(1 + Tp) < 1. The third term
on the RHS of (A.24) can be upper-bounded by using that

log (21 + ) ’ <|log Z1| + |log(Z1 + Zs)| (A.25)

2
1+Ta

which follows from similar steps as the first inequality in (A.9). Hence,

i

where the first inequality follows by (A.18). Finally, the fourth term on the RHS of
(A.24) can be upper-bounded as

B(p) )
(]. —+ TO[)Zl —+ ZQ

log (Zl +

3
1+ Ta) ] < co3(E[[log Z1[°] + E[|log(Z1 + Zo)[’]) < o0 (A.26)

3 3

(T—1PE[

log<1 +

g(T—lPE[

l%(L+ Bp) )

Z1+ Zo

(A27)
By the monotonicity of p — S(p), we thus have that for every pg > 0 and p > py,

Blp) ) < (r—1)3E[bog<14—ﬁKp°)>

3 3

< o0

T—1)3E||log| 1
( ) l Og( +(1+Ta)Zl+Z2 21+ Zy

(A.28)

Combining the above steps with (A.24) we prove (5.29a).
We establish (5.29b) along similar lines. Using the definitions of i,(p) and I(p)
for s =1 in (4.12) and (4.27), respectively, we can upper-bound E[|i¢(p) — I(p)|®] as

E|[ie(p) = 1()|']
s
14+Tp

2
(T1Z2)+(T1)log(Z1+1+Tp)

)} - loga(T o, AT Zz>)

E[|1Z: — T+ 1] +2(T - 1)°E
3
D (420

Z2
—(T- 1)E{log(Z1 + T,

Tp((1 Jrl-ip_)rzpl + Z3) ﬂ

+ E{log’y<T— 1,

Tp
<¢53 1+ Tp

+2(T-1)%E

log <Z1 +

+
Tp((1+Tp)Z1 + Zs)
14+Tp

log’y(T -1,
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where the inequality follows by (A.18) and because E[|X|?] > |E[X]|® for every
random variable X.

As shown before, the first two terms on the RHS of (A.29) are bounded in p.
With respect to the third term, we first use Lemma 4.1 to obtain

3

< (T —1)°E |log® 1+5(p)>} A.30

<o (14 gz )| (490

By the monotonicity of p — S(p), it follows that for every pg > 0 and p > po, the
third term on the RHS of (A.29) is upper-bounded by

3

<(T-1)3E [1og3 <1 +
Combining the above steps with (A.29) we establish (5.29b).

i To((1+ Tp)Z1 + Z)
1 T-1
ngy( ’ 1+Tp

g &(T L T4 T2+ zg>>

1+Tp

B(po)

(1+WZl+Zz>} <oo. (A.31)

A.5 Proof of Lemma 5.5

Consider the upper bound (5.35), namely,

1
R*(L,e,p) < sup log<(U)>. (A.32)
ael0,p)" Bla,ayr)
In the following, we show that, for sufficiently large L and p, we can assume without
loss of optimality that o € A, 5. To this end, we demonstrate that for all o ¢ A, 5
and sufficiently large L and p, we can find a lower bound on R*(L, €, p) that exceeds
an upper bound on (A.32). Hence, such a cannot be optimal.
A lower bound on R*(L, ¢, p) follows from (5.22), and by bounding I(p) > I(p)
and V(p) < Vus(po), p > po, using (4.32) and (5.32), i.e.,
I(p) Vus(po) Rig(p)

* > - “1(r) & 2\ > )
R (L’ G,p) =7 LT2 Q (T) T s, P = Po (A 33)

120



APPENDIX A. APPENDIX TO CHAPTER 5

with 7 defined in (5.25). Recall that, by the assumption 0 < ¢ < %, we have

29
Q1(7) > 0 for L sufficiently large.

It follows from (3.18) and (4.21) that the RHS of (A.32) can be upper-bounded
as

1
sup log| ————
ag(0,p]* (ﬁ(a q$2)>
_ log () 1og<1—e—P[ELljg(ag) zlogg(a)])
< sup _
ael0,p]L LT T

(A.34)

for every £: [0, p]© — (0,00). By Lemma 5.3, for every pog > 0 there exists a Vg (po)

that is independent of o and p and that satisfies

Vp<a) < VUB(p0>7 a > 07 P > P0- (A35>
Let
L —
- L
logé(a) =Y J(ar) 4 [ LYe) (A.36)
=1 (1 — E) — ﬁ

By Chebyshev’s inequality [23, Ch. V.7] and (A.35), we obtain

L _
ZIV p(a) ) )
>1 :_71——— <l-e—— > po. (A.
l;]é Oé[ ng( ) LV ( ) < € \/z) = € \/Z’ P = Po ( 37)
Combining (A.37) with (A.34), we obtain
Zfﬂ J () Vus(po) logL
R* L, < su = +
bens ab. = om LT2(1—e) - T2VL | 2LT
L
1 Rup(a
2 sup L2 y P> po. (A.38)
ac(0,p]” 1

The a’s for which + Zngl Rup(aw)/T is smaller than (A.33) can be discarded without
loss of optimality, since the upper bound can never be smaller than the lower bound.
We next use this argument to show that the fraction of ay’s in a that satisfy

ap > p(1 —0) tends to 1 as L and p tend to infinity. Specifically, we consider the
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difference

Tp—Tay o 1+Tay
1+Tp S 11Ty
(1+TP)Z15+ZM+5(P)}
+ (T —=1)E]|lo
( ) { g(1+Ta2)Zlé+Z2e+ﬁ(P
— — 1E|log( 1+
( ) [ g( (1 +szlé+Z2€>:|

_ \/mQ—1(7) _ Vus(po)  logL
L L(l—¢)—VL 2L

where we have evaluated Rpp(p) and Rup(oy) using (4.31a) and (4.33). We next
fix a sufficiently large pg and assume p > po. Since p — B(p) is decreasing in p, we
can lower-bound the third-term on the RHS of (A.39) by replacing 5(p) by 8(po).
We can further lower-bound (A.39) by omitting the first term on the RHS of (A.39),

which is nonnegative since ay < p. This yields

T

(A.39)

1< 1<
I [Rug(p) — Rus(a)] >
—1 =1

+ (T - 1)E{log (
Bp)
- (T N 1)E |:10g (1 " (1 + TP)Zl,e + Z27():|
_ \/MQ—l(T) _ Vug(po)  logL
L L(1—e¢—vVL 2L

L
1
= T > Ap,(e0), p>po
=1

1 +Tozg
&1 +Tp
(1+Tp)Z1e+T—1+B(po) }
14+ Ta)Z1e+T—1+ B(po)

In the following, we analyze the behaviour of the function ay — A ,(oy). Let

(1+Tp)Z1e+T—14B(po)
(1 =+ Taz)Zl,g +T-1+ B(,OQ)

1+TOég
14+Tp

gp(eu) £ Jog +(T-1)E {log ] (A.40)

and
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ory® (T >E[log( mi(’%)m)]

/VUB Po Vug(p logL (A1)
L(1—¢)

Thus, Ayr ,(a¢) = gp(a¢) — wr,,. Note that @%(046) = EAL’P(CW)’ since wr
does not depend on «y. Further note that

lim wr,= lim (T—l)E[log<1+(ﬁ(p))]

L—oo, p—00 1+ Tp Z1+ 2y
p—00
W 1 L
+ lim ( UB us Og =0 (A42)
L—oo L 1 — e L

where the first term in (A.42) vanishes by the dominated convergence theorem. The

following lemma discusses the behavior of the function ay — g, ().
Lemma A.1 The function o — g,(a) has the following properties:

1. The derivative of a — g,(a) is either strictly positive, strictly negative, or
changes its sign once from positive to negative. This implies that g,(c), 0 <

a < p is minimized at the boundary of [0, p], and it has a unique mazximizer.
2. The deriative of a — g,(a) does not depend on p.
3. We have g,(p) = 0. Furthermore, lim, o g,(0) = oo for T > 2.

4. Let o denote the unique mazimizer of a — g,(a). For T > 2 and every

o > a*, we have
sup sup pg,(a) <0. (A.43)

p>a’ o' <alp

Proof: See Appendix A.7. [ |
We next study those a’s for which Zngl Ay, ,(ag) > 0, since they can be discarded
without loss of optimality. Let

L) 2{l=1,...,L: ap>p(1-19)} (A.44)

and let Ls(a) denote the number of ay’s in a that satisfy p(1 —§) < ay < p, i.e.,
Ls(av) is the cardinality of .Z5(a). Further let

* Ay .
A7 ,(0) = ogaé%_(s) Ap (). (A.45)
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We can express (A.40) as

L
S Applar) = > Apglan)+ > Ap (). (A.46)
=1 Zs(a) Z5 ()

By Parts 1) and 3) of Lemma A.1,
Applag) > —wr,, 0<ar<p (A.47)

for p sufficiently large. Thus, we can lower-bound the first sum on the RHS of (A.46)
by —Ls(a)wr,, and the second sum on the RHS of (A.46) by (L — Ls(a))A7 ,(0),
which yields

L
> App(ae) > (L= Ls(@)A7 ,(6) — Ls(a)wr, . (A.48)
=1
This implies that we can discard without loss of optimality every a for which
LAY ,(6) = Ls(a)(wL,p + AL ,(6)) (A.49)

since for such a’s we also have that the RHS of (A.48) is nonnegative. Hence, an o
maximizing (A.32) must satisfy
L(;(a) vap

>1—- —— 0. A.50
L WL.p —&-Az’p(é) ( )

As we shall show below, for every 0 < § < 1 we have

wr,p + AL ,(0) > —d sup  sup  pg, () (A.51)
pza’ o’ <a<p
for some 0 < ' < p(1 — ) that is independent of p. We further show that the RHS
of (A.51) is independent of L and p and strictly positive. It follows that
L5(a) WL, p

1-— A.52
L —0SUP ;> o SUPyr < <p PIH () ( )

which, by (A.42), tends to one as p and L tend to infinity. Thus, for every 0 < ¢ < 1,
there exist sufficiently large Ly and pg such that

Ls(c) > L/2, L > Lo, p> po. (A.53)
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This proves Lemma 5.5.

It remains to show (A.51). Let amin = p(1 —d). By Part 1) of Lemma A.1,
a — g,() has exactly one maximizer, which we shall denote by a*. Since wy, , does
not depend on «, it follows that a* also maximizes o — Ap ,(«). Furthermore, the
infimum of Ay, ,(a) over 0 < o < iy is either achieved at a = 0 or at aumin.

By Part 3) of Lemma A.1 and by (A.42), we have

lim Ay, (0) = co. (A.54)
L—oo0,
p—00
We next show that
AL p(Qmin) + W, > =0 sup  sup  pg, (). (A.55)

pza’ o’ <a<lp

If aumin < o, then this is clearly satisfied, since in this case Ar ,(@min) > Ay ,(0)
and Az, ,(0) tends to infinity as L — oo and p — co. However, in general this case
does not occur for large p and L, since ap, tends to infinity as p — oo and, by
Part 2) of Lemma A.1, o* is not a function of p, which implies that ami, > o™ for p
sufficiently large. We thus focus on the case where o, > a*. Note that

Arp(p) = Arp(amin) = —wr,p — Ar p(0min) (A.56)

since g,(p) = 0. Thus, by the mean value theorem [56, Th. 5.10], there exists an
2o € [@min, p] such that

p
—wr,p — AL p(Qmin) = A% (@)da = pdAl (xo) (A.57)

Qmin

where A} (-) denotes the derivative of o — Ap ,(ar). We can therefore lower-bound

AL,p(ozmin) + WL,p 2 —0 sup pAlL,p(a)
amin<a<p

> —dsup sup pg,(a) (A.58)
pza’ o’ <a<lp

for every o € (a*,amin), where the second inequality follows by noting that
A} ,(x) = g,(z) and by further optimizing over p.1 Tt remains to show that the RHS

ISince a* is independent of p and amin — oo as p — oo, it follows that we can find an
o’ € (a*, amin) that is independent of p and that satisfies (A.58).
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of (A.58) is independent of L and p and strictly positive. To this end, we first note
that a — g,(a) is independent of L. Furthermore, by optimizing over p > o/, the
RHS of (A.58) becomes also independent of p and, by Part 4) of Lemma A.1,

sup sup pg,(a) <0, T>2,p>d (A.59)
p>a’ o' <alp

for every o € (a*, amin). Thus, the claim (A.51) follows, which concludes the proof

of Lemma 5.5.

A.6 Proof of Lemma 5.6

A.6.0.1 Part1l)

The difference between J(a) and J(p) can be lower-bounded by

J(p) = J(a) > gy(e). (A.60)

where the function « — g, (o) was defined in (A.40). By Parts 1) and 3) of Lemma A.1
(Appendix A.5), g,(-) is nonnegative for sufficiently large p. It follows that, for such

P,
sup J(a) = J(p). (A.61)
0<a<p

This proves Part 1) of Lemma 5.6.

A.6.0.2 Part 2)

To study

sup {J(TO‘)— L) - <)} (A62)

0<a<p

we consider the difference

o0 s Ww
RN LTS .
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Clearly, every « for which the RHS of (A.63) is nonnegative is suboptimal and can
be discarded without loss of optimality. We continue by lower-bounding V,(a) > 0
and by using that V(p) < Vus(po), p > po for sufficiently large po and for some
constant Vg (po) that is independent of p (Lemma 5.3, Appendix A.3). Since by the
assumption 0 < € < % we have Q~1(e) > 0, this yields

p(0) [ Q1 (0) 4/ T2 g1 g

> gp(a) — Q7' (e)

Vus(po)
L
é fL,p(a)' (A64)

Again, the values of a for which fr ,(a) > 0 are suboptimal and can be discarded
without loss of optimality.

Let us write f1,(a) as f1 ,(a) £ g,(a) — wr, where

wy 2 MQ“(G). (A.65)

Note that A ,(c) defined in (A.40) and fr ,(a) only differ in terms that do not
depend on « (namely, wy, , and wy,), so they have the same behavior with respect
to a as summarized in Lemma A.1. Let 67 £ 1 — ag/p, where ag is the unique real
root of a — fr, ,(a). Indeed, we know that o — fr, ,(a) has only one root because
wr, >0 and wy, = 0as L — 00, so fr,(p) = —wr, <0 and fr,(0) >0 for L and p
sufficiently large. Furthermore, we have f7 (a) = g,(a) and g, () is either strictly
positive, strictly negative, or changes its sign once from positive to negative (Part
1) of Lemma A.1). Consequently, fr ,(), 0 < a < p is minimized at an endpoint
of [0, p] and it has a unique maximizer, so the claim follows. By the same line of
arguments, we also conclude that all ’s between 0 and p(1 — 1) can be discarded
without loss of optimality, since for such «’s the function fr, ,(c) is nonnegative.

To study the behavior of dr,, we next note that wy, = —(f1,,(p) — fr.p()). It
follows then by similar steps as in (A.57)—(A.58) that

wr > =0 sup  pfr (). (A.66)
ag<a<p

Let o denote the unique maximizer of o — fr, (). Recall that o* does not depend
on p, since by Part 2) of Lemma A.1, the derivative of a — g,(«) does not depend on
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p- We next show that we can find an & independent of L and p such that o* < & < «y.
Indeed, by Lemma A.1, we have that g,(a*) > 0 for sufficiently large p. This in turn
implies that

lim fr,(a*)>0 (A.67)

L—oo,
p—r00

since limy,_, o wy, = 0. We next note that

lim fL,p(d) > lim fL,p(a*) - ‘fL,p(d) - fL,p(a*) (AGS)
L—oo0, L—o0,
p—00 p—00

where the difference

fr.p(@) = frp(a”) = g,(a) — gp(a®)

1+ Ta
—log — % 4 (T~ 1)E log

o (1+Ta") 2 +T =1+ B(po)
51 + Ta*

(14+Ta)Z, +T =1+ B(po)
(A.69)

is independent of L and p. By the continuity of a + g,(«), it follows from (A.67)-
(A.69) that there exists an & € (a*, p] that is independent of L and p such that

lim £, ,(a) > 0. (A.70)
L—oo,
p—r00

In other words, if L and p are sufficiently large, then we can find an & € (a*, ap)
that is independent of L and p. Thus, in this case the RHS of (A.66) can be further
lower-bounded by

wr, > =0, sup pfr (@)
a<a<p
> —dpsup sup pfr (). (A.71)
p=aa<a<p
We next argue that the constant
F2 —sup sup pf (@) (A.72)

p>& &<a<p

is independent of L and p and strictly positive. Indeed, we have that f; ,(x) = g,(z),
which is independent of L. Furthermore, by optimizing over p > &, the RHS of (A.72)
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becomes independent of p. Finally, setting o/ = & in (A.43) (Part 4) of Lemma A.1)
yields

sup sup pg,(a) <0, p>a. (A.73)
p>aala<lp

Hence, the claim follows. Consequently, we obtain from (A.71) and the definition of

wy, and F that, for sufficiently large Ly and po,

Vup(po)Q'(e) 1
F iR

We next tighten this bound on 7. Indeed, using that without loss of optimality

or, < p = po, L > Lo. (A.74)

we can assume p(1 —dr) < a < p, we can derive a tighter lower bound on (A.63)
by lower-bounding V,(«) using the lower bound given in Appendix A.8 instead of
lower-bounding it by zero. Specifically, by (A.90) in Appendix A.8,

\/Vpéa) \/ S \/ \/T(SL p(1=dr)<a<p  (AT5)
We can thus lower-bound (A.63)
F Q1 e) — T(a) + 1/ 2% g1
e

_gp(a)_ )
5 F ), pll-d)<a<p (A7)

Again, the values of a for which f1, () > 0 are suboptimal and can be discarded
without loss of optimality.

Let us write f1 ,(a) = g,(a) — &L, where

Q& \/%Q_l(e). (A.77)

Further let 0, 21— @/ p, where &g is the unique real root of a — fL’p(a). As above,
it can be shown that all a’s between 0 and p(1 — B 1) can be discarded without loss
of optimality, since for such a’s the function fL7p(a) is nonnegative. By repeating
the steps (A.66)—(A.74) with wy, replaced by &y, we obtain for sufficiently large Lg
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and pg

~ 1 /Yor 4
< — -~
op < F\ T Q™ ()

. (Q‘;(E))3/2 T\/m# (A.78)

where the last inequality follows by upper-bounding d;, using (A.74).

If we perform the above steps IV times, then we obtain that, without loss of

optimality,
a > p(l - 52N)) (A.79)
where 6(LN) satisfies
227 N+l -N
—1 07 2
) _ [ QN VT Vs (o) 1
0<s6™M < (F T = (A.80)

Thus, by letting N tend to infinity, we conclude that we can assume without loss of
optimality that

a> p(l - 6(L°°)) (A.81)
where §(°°) satisfies
Q (VT ) 2

F

0<6 < ( (A.82)

This concludes the proof of Part 2) of Lemma 5.6.

A.7 Proof of Lemma A.1

The derivative of o +— g, () can be expressed as

g(a) = T TZ, ]

—(T-=1)E

1+ Ta ( ) (1+Ta)Zy + (T —1)+ B(po)
1 T-1
1+Ta 1+ Ta

T—1T-1+p(po) T=14800) . (T —1+B(po)
e e B ——mM————=
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T
- (T—2
1+ Ta ( )

+(T-1)

T—1+MWQTHQW&<T_LHMW).(A%)

1+ Ta 1+ Ta

The first equality follows because, by [57, App. A.9], we can swap derivative and
expected value; the second equality follows by solving the expected value using [28,
Sec. 3.353-5.7]. Note that the RHS of (A.83) does not depend on p. Hence Part 2)
of Lemma A.1 follows immediately.

We next prove Part 1) of Lemma A.1. Because T/(1+Ta) in (A.83) is nonnegative,
the sign of a — g;,(a) is determined by the terms inside the square brackets. Let

9 & %. Note that ¥ — %exp(%)El (%) is strictly decreasing since, by [28,

Sec. 3.353-3],
1
le%El 1 :1—/ ¢TIt (A.84)
Y Y 0

and ¥ — e 07 is strictly positive and strictly increasing in ). Hence, the function
inside the squared brackets, defined as

(1]

@@é_q_gﬂﬂT_DT—1+mwkTﬁ%m&(T—LHWW

A.
1+ Ta 1+Ta ) (4.85)

is strictly decreasing. This implies that o +— g;(a) is either strictly positive, strictly
negative, or changes its sign once from positive to negative.

We next prove Part 3) of Lemma A.1 by showing that lim,_, ¢,(0) = oo for
T > 2. To this end, we express g,(0) as

90(0) = (T —2)E [log<1 YT (TT—pf)lJr 5(00)”

T—1+B(po)
1+Tp

+Ehg@ﬁ+ >}—ﬁbg&+T—1+mmm.(A%)

The first expected value on the RHS of (A.86) tends to infinity as p — oo, whereas
the other expected values are bounded in p. For T > 2, it follows that the RHS of
(A.86) tends to infinity as p — oo. Hence the claim follows.

We finally prove Part 4) of Lemma A.1 by analyzing pg, (). It follows from
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(A.83) that

pg,(a) = Tp {2—T—|— (T—-1)

14 Ta 1+Ta 1+Ta

T-1+ 5(P0)67T*}15§(00>E1 (T -1+ ﬁ(ﬂo)) }
(A.87)
As argued above, the function o — Z(«) inside the curly brackets (cf. (A.85)) is
independent of L and p and is strictly decreasing in «. Hence, its supremum over
o/ < a < pis achieved for a = . Further note that Z(a’) is strictly negative for
T > 2 and o > a*. As for the term outside the curly brackets, we have for every

o > af

T To/
inf inf P @

p>a a'<a<p 1 + T - 14+ To! > 0. (A88)

Combining these two results, we conclude that

sup sup pg,(a) <0, T>2,a >a" (A.89)
pza’ o/ <a<p

This proves Part 4) of Lemma A.1 and concludes the proof of Lemma A.1.

A.8 Lower Bound on V,(a)

We show that for all p(1—90) <a<p, 0<3§<1/2,and p > py, we have

where Y is a positive constant that only depends on T. Let Q(a) £ j,(a) — J(a), i.e.,

Tp—Ta Tp
Sy 7 A | Zo — (T =1
l—l—Tp( 1= 1-|—Tp( 2~ ( )

+(T=1)log((1 4+ Ta)Z1 + Zs + B(p))
— (T = DE[log((1 + Ta)Z1 + Z» + B(p))]. (A.91)

Qla) =

It follows that V,(a) = E[Q%(a)]. We next analyze the difference

V(p) = V,(e)

E[((p) — () (2p) + ()]
\/E[(Q(P) — Q(a))?]E[(Q(p) + Q(a))?] (A.92)

IN

132



APPENDIX A. APPENDIX TO CHAPTER 5

where the inequality follows from the Cauchy-Schwarz inequality. On the one hand,
using (A.18), we have for every py > 0,

sup E[(Q(p) + Q(a))g} < 9,5 sup E[Q%*(p)] + c2,2 sup E[Q?(a)]

a>0, PZpo a>0,
p>po pP=po
= cg2 sup V(p) + ca2 sup Vj(a) (A.93)
P=po a>0,
pP=po

which, by Lemma 5.3, is bounded. On the other hand, using (A.18) and that
E[X?] > E[X]? for every random variable X, we obtain

e[(200) - )] =€ | (Y@ - 1)
(14+Tp)Z1 + Za + B(p)
(1= 1)1°g<<1+m>zl 7T Bl )

(T2 )

(1+Ta)Z1 + 25+ B(p
Top—Ta\?

2 (1+Tp)Z1 + Z2 + B(p)
+2¢05(T —1)%E [log2<(1 Tz, ZZ " 6(/}))} (A.94)

When p(1 — §) < a < p, this can be further upper-bounded as

1-6
< (32 + 83 2(T — 1)%)67 (A.95)

E{(Q(p) - Q(a))z] < €3.20% + 2¢3,5(T — 1)% log? (1 n 5)

where the last inequality follows because, by assumption, § < 1/2, hence % < 462,
Combining (A.93) and (A.95) with (A.92) we establish (A.90).

A.9 High-SNR Approximations of Information
Rates

Lemma A.2 The quantities J(p), I(p) and L(p) can be approzimated as
J(p) = (T —1)1log(Tp) —log'(T) — (T — 1)(1 + ) + 0,(1) (A.96a)
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I(p) = (T — 1) log(Tp) —log '(T) — (T = 1)(1 +7) + 0,(1)  (A.96b)
I(p) = (T —1)log(Tp) —logI'(T) = (T = 1)(1 +7) + 0,(1).  (A.96c)
Proof: We can express .J(p), I(p) and I(p) as (see (4.33), (4.12) and (4.31a))

Tp
1+Tp

(7= e flog 2+ 22 )]

J(p) = (T —1)log(Tp) —logI'(T) — (T — 1)

(1+Tp)
I Bp)
I(p) = (T = 1) log(Ty) ~ log I(T) = (T = 1) ;1 2
- Z
- Tp((L+Tp)Z1 + Z)
—E {log'y(T -1, T, )} (A.97b)
1p) = (T = 1)log(Tp) ~ log I(T) = (T = 1) ;2
Zy
+(T-1)E [log <Z1 + (1+TP)>} . (A.97¢)
Note that these expressions differ only in terms that vanish as p — co. Indeed, we
have
Zs 1
B(p) 1_
E{log@<T—1,Tp((1+1:p)Ti1+ZQ)) —0,(1). (A.100)

Here, (A.98) follows because, by the dominated convergence theorem,

. Zs . o
lim E|log| Z1 + ——=—— )| = E| lim log( 21 + ———— A.101
i (4 )| = e o (24 7 )| a0
and because E[log Z;] = —vy. The dominated convergence theorem can be applied
since (see (A.25))

log (Z1 + )’ < |log(Z1 + Z3)| + |log(Z1)] (A.102)

Z3
14+Tp
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and E[|log(Z1 + Z2)| + |log(Z1)|] < oo.

Similarly, (A.99) and (A.100) follow by the dominated convergence theorem and
by noting that the terms inside the expected values on the LHS of (A.99) and (A.100)
vanish as p — co. The dominated convergence theorem can be applied because for
every po > 0 and p > pg

log’y(T— y Tp((ltip)TZpl +Z2))‘ <(T- 1)log(1+ (1+Ti§pZ)1 +Z2>

§(T1)log(1+ Bleo) ) (A.103)

Z1+ 23

and because the expected value of the RHS of (A.103) is finite. Here, the first step
follows from Lemma 4.1, and the last follows because p — B(p) is monotonically
decreasing in p.

Finally, (T — 1) 11—%} in (A.97a)—(A.97c) can be expressed as

(T - 1)11”TP = (T=1)+o0,(1). (A.104)

This establishes (A.96a)—(A.96¢). ]

A.10 High-SNR Approximations of Dispersions

Lemma A.3 The quantities V(p) and V(p) defined in (4.39d) and (4.39b), respec-
tively, can be approximated as

2

Vip) = (T— 1)2% +(T=1)+0,(1) (A.105a)
Vip)= (T - 1)2%2+(T— 1) +o0,(1). (A.105b)

Proof: We prove (A.105a) by analyzing V (p) 2 E {(jg(p) — j(p))Q] in the limit
as p — oo. To this end, we first note that

Tolp) — J(p) = —2 <T—1—zg>+<T—1>1og(zl+ Z )

1 +Tp 1+Tp

—(T- 1)E{log(Zl + 1 f?p)}
+(T - 1)log<1 + 6(p)>

(1 +Tp)Z1 + Zs
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—(T- 1)E[10g<1 + (1+Tﬁp§pz)1+22)]

tends to
T—-1-2Zy+ (T —1)log(Z1) — (T — 1)E[log Z1] (A.106)

as p — oco. (To obtain E[log Z1], we interchange limit and expectation, which can be
justified by the dominated convergence theorem.) Since Z; and Z, are independent,
we have that

E[(T —1— Zy + (T —1)log(Z1) — (T — 1)E[log Zl])2]

—E[(T =1 22)%] + (T~ 1)*(E[log?(21)] — E[log Z1]”)
ZF.

It remains to show that we can swap limit (as p — oo) and expectation. To this end,

=(T-1)+(T-1) (A.107)

we next argue that the dominated convergence theorem applies. Indeed, proceeding
similarly as in Appendix A.3, we conclude that for every pg > 0 and p > pg

2
Gam—fwn2g%g<(1]%) (2~ T+17

Z3
T-1)%10g?( 2
L

[ Zs 2
_ 2
+(T-1) E_log(Zl-i- 1+Tp)]

2 B(p)
+(T—1)210g (1+ 05702 —|—Z2>

+(T-1)%E :log(l + (1+Ti§pz)1+22ﬂ 2)

< sz <(Z2 —T+1)% + (T —1)*(log*(Z1 + Z2) + log*(Z1))
+ (T — 1)’E[|log(Z1 + Z5)| + ‘10g(Z1)H2

+(T—1)2log2(1+ Zﬁ(ﬁg )
1 2

+(T—1)%E [k’g (1 " Z?(f%z” 2>'
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To obtain the second inequality, we upper-bound the second term using that

(see (A.9))

Z3
14+Tp

log? (Z1 + ) <log*(Z, + Z») +1og*(Z1), (A.108)

the third term using that (see (A.25))

Za
log <Z1 A Tp)‘ < [log(Z1 + Zs)| + log(Z1)|, (A.109)

the fourth term using that, for every pg > 0 and p > po

B(p) B(p)
log” <1 AT Py Z2> = 1°g2<1 Y7 Zg>

< log2<1 + m> (A.110)

and the fifth term using that, for every py > 0 and p > po,

B(p) B(po)

Since the expected value of the RHS of (A.108) is finite, the dominated convergence
theorem applies and (A.105a) follows.

To prove (A.105b) we proceed similarly. Indeed, by Lemma 4.1,

__Tr
14+ Tp

—(T—1)E {log(Zl + 1 fQTpﬂ

ir(p) — 1(p) (rlza+ﬁnm4a+ Z: )

14+Tp

< Tp((L+Tp)Z1 + Z)
—1 T-1
og7< ’ 1+Tp
i Tol(1+ T2 + 2)
E|l T-1
+ [og’y( ’ 1+Tp

tends to (A.106) as p tends to infinity. It remains to show that limit (as p — o0)
and expectation can be swapped. We next argue that this follows from dominated

convergence theorem. Indeed, using (A.18), we obtain for every pp > 0 and p > po

137



APPENDIX A. APPENDIX TO CHAPTER 5

that

(u<p>—1<p>)kc5,2<(l IPTP) <z2—T+1>2+<T—1>2log2(zl+ Zs )

1+ Tp
A7)

4 log? ( (1+Tp)Zy +Zz))
14+Tp
N To((1+Tp)Zi + Z2)\]°
+E{log’y(T 1, T,

< s <(Z2 —T+1)* + (T - 1)*(log®(Z1 + Z2) + log*(Z1))
+ (T — 1)%E[|log(Z: + Zo)| + |log(21)]]”

+(T- 1)210g2<1+ Z’B(fr’og >
1 2

+(T-1)%E [log (1 + Z/f(f%ﬂ 2). (A.112)

Here, we upper-bound the first three terms as in (A.108), and the fourth term using

Lemma 4.1 and the monotonicity of p — B(p) which yield

1og21(T _g Teld Jrlip)TZpl ha Zz)) < (T -1)%log? <1 + Zf(f)%) (A.113)

for every py > 0 and p > pg. Furthermore, the last term is upper-bounded using
Lemma 4.1 and the monotonicity of p — 8(p):

To((1+Tp)Zy + Zs) B(po)
T, )‘S(T_l)IOg(l+Zl+Z2

log’y(T— 1, ) (A.114)

Since the expected value of the RHS of (A.112) is finite, the dominated convergence
theorem applies and (A.105b) follows. ]
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B.1 Proof of Lemma 6.3

The proof follows along similar lines as the proof of [23, Ch. XVI.4, Theorem 1]. The
main particularity of our result is that it holds uniformly in the parameter 6 of the
distribution Fp, which makes the conditions of our lemma slightly more restrictive
in the sense that we require the first four moments of Fy to exist, whereas in the
original theorem this is required only up to the third moment. In any case, the steps
are almost analogous, and we will focus on explaining in detail those steps which
require special treatment.

Let us denote the characteristic function of the distribution Fj by

Po(C) ZE[N], (e (B.1)
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where X, ~ Fg, and define

Go(z) 2 N(z) — 6:5%(952 ~1n(z), z€R. (B.2)

Note that (6.30) implies that
sup|us,g| < 0o (B.3)
)

since if the fourth moment is finite, then the absolute value of the third moment
is finite, too. Using (B.3) and (6.31), one can show that the derivative of Gy(z) is
bounded in # € ©, namely,

sup |Gy(z)| = sup [n(z) — Ka,0 (2zn(z) — (2% — D)n'(z))

9eo, 0eo, 6o3v/n
TR z€eR
Sug|l~bs,0|
< supn(z) + ———— sup|2zn(z) — (22 — Dn'(2)| < . B4
sapnle) g plene) - - Do) <o (B

The characteristic function of Gy is given by

20() = e3¢ [1 n 655%(2’03} . (B.5)

From (B.4) and (B.5), it follows that Gy satisfies the conditions of [23, Ch. XVL.3,
Lemma 2], namely, that for some positive constant m,

sup |Gp(z)] < m < oo (B.6)
0co,
z€R

and that Gy has a continuously-differentiable characteristic function ~y(¢) satisfying
79(0) = 1 and 7;(0) = 0. Then, the inequality [23, Ch. XVL.3, Eq. (3.13)]

%l(ﬁ) —7(C)
¢

24m
d¢ + T (B.7)

T
\Fo(a) — G(z)| < /

™ J-T

and holds for all z and T" > 0.
Using (B.7) with T' = a/n, where the constant a is chosen sufficiently large such

that 2477" < ea for some € independent of x and 6, we can write

avi [on (=) —
|Fo(z) — G(z)| < i/a‘; il (U@\/HC) 70(¢)

A+ .

(B.8)
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Choose some § > 0 independent of x and 6. By assumption, the family of distribu-
tions Fy (parametrized by 6) is nonlattice, so suppeg |o(¢)| is strictly smaller than
1 for every |(| > 0. Furthermore, (6.30) implies that the function ¢ — supgeg ¢o(¢)
is continuous. Consequently, there exists a number g5 s < 1 (independent of 6) such
that

sup |pg(Q)] < g5 0 < ¢ < ¢ (B.9)
6cO

for some arbitrary ¢ > asupyeg 0o-
To prove that ¢ — supgeg o(¢) is continuous, note that, by [23, Ch. XV 4,

Lemma 2], i
sup | ()] < swpE[IXy]], CeR (B.10)
0€O [d<SC]

which by (6.30) is finite. Moreover, for every (1, (s € R,

sup g(C1) — sup ©o(C2)
6cO

< sup [pp(C1) — wo(C2)
fco

< supE[| %] 1 - ¢l (B.11)
0O

where the second step follows by expanding ¢ — ¢o((1) as

0o(C1) = wo(C2) + ¢ () (¢ — G2) (B.12)

for some ¢ € ((1,¢2) and by (B.10). Since supyeq E{\Xk@ is finite by (B.10), it
follows that for every € > 0 there exists a d > 0 such that

G —G[<d = <e. (B.13)

sup g (C1) — sup wg(C2)
€6 [I=C)]

Thus, ¢ — supgee wo(¢) is continuous.
Using (B.9), the contribution of the intervals |¢| > dog+/n to the integral in (B.8)

can be bounded as

2 0y B0+ (0

¢

S i«
dogv/n<¢|<av/n
Y6(¢) dc

< 2av/ngj; +/ .

[¢|>d09v/n

1

e[y, e
e L+ 6 1nf a3f<

¢ (B.14)
[(|>dv/ninfoee oo ¢
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where the last step follows from the definition of v, in (B.5) and by lower-bounding
o9 by infgcg 0g. The RHS of (B.14) tends to zero faster than any power of 1/n
uniformly in 6.

We next define

5o(C) £ Tog po(C) + 3o3C% (B.15)

Using (B.14) and (B.15), we can write the RHS of (B.8) as

l/ e exp(nﬁ:e(gef/a)) —1 - e (G:\C/E)S s O<1) . (B.16)
[QALAVD ¢ !

™

To estimate the integral in (B.16), we will use that
1
e 1| = (e~ ) + (f ~1- )| < (Ia—6|+252> e (Ba7)

for any 7 > max(jal, |8]).
Recall that, by assumption (6.30), the fourth moment 4 9 of the distribution Fy

satisfies
sup fia,9 < 00. (B.18)
0O
This implies that
sup/ |z|*dFy(z) < 00, £=1,2,3 (B.19)
0€O J -0

since the existence of the k-th absolute moment implies the existence of all the
absolute and ordinary moments of order smaller than k. Then, given an ¢ > 0
independent of § and ¢, it is possible to choose & (again, independent of § and ()
such that, for |{| < s,

5o(Q) — s (i0)°| < elcP (8.20)

and ) . .
ke (C)] < 103C2a ‘gug,o(iC)?" < ZU%CQ. (B.21)
Indeed, after a Taylor series expansion of ¢ — kg(¢) around ¢ = 0, and noting that

ko(0) = K} (0) = £y (0), the LHS of (B.20) becomes

1

kg(C) — éua,e(%)‘g = %“g/(5>C3 - 6#3,0@()3‘ (B.22)
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for some ¢ € (0,¢). Equation (B.19) implies that ¢))’(0) exists and [23, Ch. XV 4,

Lemma 2]

5 (0) = 14’ (0) = Ppuz p. (B.23)
Furthermore, (B.18) implies that, for every € > 0, there exists a £ > 0 such that
sup <p( )(Q - Lp((,k)(O)‘ <e¢ k=0,1,2,3. (B.24)
9cO
<€

For k = 0, this follows from (B.11) and (B.19). In general, following the steps

(B.10)—(B.11), it can be shown that

sup [f(0) — ¢ (0)] < supE[|Kul | &, k=0.1,2.3 (B.25)
€

6eo,
[¢1<€

from which (B.24) follows because supycgo E“X’kﬂ is, by (B.18), finite. By the

definition of k4 (¢) in (B.15), the k-th derivative liék)(g) is given by the ratio between
a linear combination of derivatives of ¢y(¢) up to order k in the numerator, and
©a(¢)* in the denominator. Since pg(0) = 1, it follows that (B.24) implies that, for
every e, there exists a 6§>0 satisfying

sup [w22/(¢) — ng'(())\ < 6e. (B.26)

€0,
I<l<o

Combining (B.26) with (B.23), (B 22) can be bounded as
1 1
SR — s 000 = SIeP
This proves (B.20). The mequahtles in (B.21) follow along similar lines.
Finally, using (B.17) together with (B.20) and (B.21), and replacing ¢ by ——

rg'(C) — isu:s,e‘ <€l ¢ <. (B.27)

na’g
we obtain that the integrand in (B.16) is upper-bounded by
_l<2
e 1 /~L39 1 Mse 5
¢1° + =i 7o ¢l
o ( W v
- ;ugﬂge
<ema¢ = g § .
<ot meM 24 0| | LId] < doem
(B.28)

Integrating over ¢, this yields that (B.16) decays faster than 1/y/n uniformly in x
and 6. This concludes the proof of Lemma 6.3.
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B.2 Lattice Distributions and Exponential Tilting

Let wg(A) be the characteristic function of the random variable Xy with distribution
Fp, and @p(X) the characteristic function of the exponentially-tilted random variable
Vo with distribution Jg , (see (6.18)).

Lemma B.1 Assume the family of distributions Fy (parametrized by 6) is nonlattice,
i.e., for every § >0

suplpg ()| <1, [¢[ = 6. (B.29)
9o

Then, the family of tilted distributions Vg, (parametrized by 0) is nonlattice, too, i.e.,
for every § >0

sup|@o(Q)] <1, [¢] = 0. (B.30)
9co
Proof: The characteristic function of the tilted random variable Vy can be
written as
R

= / ei@e*w(THﬁemng(x)

= e~ Yo(T)+7% /OO e(ic+f)rdpe(x)

— 0o

_ E{e(i4+7)(Xef‘Y)] e~ Yo (r)+77
- E{euwr)xe] e—iCT o= o(7)
. 1
— Elel#+m)Xo | g—i¢y _— B.31
g Je ma(7) (B:31)
where mg(7) denotes the MGF of Xy. It then follows that
; 1
56(C)| = |E|elictmXe : B.32
[2o(0)] = [E[eternXe][ (B.32)
Let a € C satisfy |a| =1 and
0o (¢)] = aE[e"¥e]. (B.33)
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Hence, if we write o = €’ for some phase ¢,

E[e%]| = Efae*]

= Elcos((Xp + ¢)] + iE[sin(CXp + ¢)]

— Efcos(¢Xo + ¢)] (B.34)
where E[sin(¢Xy + ¢)] = 0 because the absolute value of E[e’**¢] is real-valued.
Likewise, for the tilted random variable Vy, there exists an & € C satisfying |&@| =1
and [ GerrIX ]

E e 7 T ]
b =4———— B.35
20(0)] = a1 (B.35)
Writing & = ¢ for some phase ¢, we thus obtain
E[e(HDX0] | E[ae<+m)Xo]
mo(t) | me(7)
E [eTX@ (cos (CXg + g?)) + isin(CXg + d;))}
B me(T)

E [eTX" cos (CX@ —+ &)}

_ (B.36)
mg(7)

where again E [ sin((Xy + ¢)] = 0 because the absolute value of E[e(’f*T)X"} is

real-valued. It further follows that
E[COS(CXQ n qB)r < E[COS(CXQ n qB)r v E[sin(gxg + é)r
- et
R[] ‘2
- e

= E[cos(¢ Xy + ¢)] (B.37)

where the last step is due to (B.34). Clearly, |[E[e?*?]| = E[cos(¢( Xy + ¢)] > 0. Thus,
we have that

E[COS(CX@ + qz)] < E[cos((Xg + ¢)] - (B.38)
Let now

f(Xe) &1 —cos((Xp + ¢) (B.39)
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and
F(Xe) 21— cos (cxe + q?) . (B.40)
Note that (B.29) is equivalent to
Inf E[f(Xy)] > 0. (B.41)
Similarly, (B.30) is implied by
: 7Xo F
inf E [e f(Xe)} >0 (B.42)
because
E {eTXG cos (CX@ + é)] E[eTX"] —E {eTXQ oS (CX(; + (;3)]
1 —sup = inf
0cO me(7) 0o me(T)
infgco { E {GTX" ]E(Xg):| }
- (B.43)
Supgee mo(T)
and supyco Mo (T) < 0o by assumption (6.6).
We next show that
. TX9 rs _ . s _
Glg(gE[e f(Xe)} =0 = elggE[f(Xe)} =0. (B.44)

Further note that, by (B.38),
E[f(Xg)} - E{1 - COS(CX@ + (b)} > E[1 — cos(AXp + ¢)] = E[f(Xp)].  (B.45)

Since f(-) is nonnegative, infpco E[f(X@)} = 0 implies that infgco E[f(Xp)] = 0.
Hence, by reverse logic,

mfE[f(X) >0 = inf E[eTXe f(Xg)] >0 (B.46)

which concludes the proof of (B.30).
To prove (B.44), we first note that, for every arbitrary § > 0,
E [eTX" f(X@):| E[

[

[FX)H{IXo| < 3] 7. (B.47)

e F(X)I{|Xo| < 8Y] +E|e™ F(Xo)I{| Xo| > 0}
> [ f(Xo)I{| Xo| < 6)]
E

Y
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Next note that

E|7(Xo)| = E|F(Xo)I{|Xo| < 6} + E|F(X0)I{| Xo| > 5)]

supgeo E[|Xo/’]
52

where the inequality follows because f (Xp) is bounded by 2 and by Chebyshev’s

< E[J(X0)I{1X| < 6}] +2 (B.48)

inequality. By assumption (6.6), we have that supgcg E[X7] < co. Using (B.47) and
(B.48), it follows that

inf E[f(Xe)} < Oig(gE[f(Xg)]I{\X9| < 5}} L oSPoce E[IXo’]

6cO 52
. E[|Xo|?]
< 70 ; X SUPgco ] .
<e 9116% E[e f(Xg)} + 2—52 (B.49)
If infgco E [eTXG f(Xg)} = 0 then, for every arbitrary § > 0,

. ; SUPgco EHX@‘Q]

<2———— = .
inf E[ f(Xg)] <2 = (B.50)

Thus, by letting § — oo, we obtain that infyco E {f(Xg):| < 0. Since f() is nonnega-
tive, we conclude that infgco E[f(Xg)] =0, hence (B.44) follows. |

B.3 Ii(p) —is«(p) Is Nonlattice

Consider I;(p) defined in (4.27) and is ¢(p) defined in (4.12), and let
©ps(T) 2 E[eiT(Is(p)—is,e(p)) . (B.51)
We have the following result.

Lemma B.2 For every pg > 0, 0 < 59 < Smax, and § > 0, we have

sup  |p,s(T)] <1, || >0. (B.52)

PZP0;
S€[50,5max]

Proof: We prove (B.52) in two steps. We first show that, for every pmax, we
have
sup sup  |ops(T)] <1, || >6. (B.53)
Po<Pp<Pmax SE[50,Smax]
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We then show that

lim  sup |g,s(7)] <1, |7|>0. (B.54)
P70 5€(50,8max)

To prove (B.53), we note that I;(p) — is¢(p) is a continuous function of the
gamma-distributed random variables Z; and Zs. Consequently, I;(p) — is¢(p) is
nonlattice, so |¢, s(7)| < 1, |7| > 6 for every § > 0. Since T — ¢, ¢(7) is continuous
and the suprema in (B.53) are over the bounded intervals [pg, pmax] and [So, Smax)s
the claim (B.53) follows.

We next prove (B.54). Define

B, £ (T —1)log(sTp) — logT'(T) (B.55)
and note that
(0ps(7)] = eiT(IS(p)—Bp)E[e—iT(is,e(P)—Bp)}’ _ ‘E{e_iT(is,l(P)_Bﬂ)} ‘ . (B.56)
Let
As,'r(Zlv ZQ) £ _T(_SZ2 + (T - ].) IOg(Zl)) (B57a)
Tp
M, (Z1,7) 2 —7(sZy (1 — (T =1 log(Z,) +log( Z
per(21,22) 2 1 (5221 = 5 ) = (T = ) 1os(n) + o (2 + 2
i To((1+ T)Z, + 2)
—1 T-1 . B.
0g7< , S T+ 7) (B.57b)
Using (B.57a) and (B.57b), we can write the RHS of (B.56) as
‘E{e—mu,z(p)—m)} ‘ - ‘E[ems,(zl,22>emp,s,f(zhzz)} ‘ _ (B.58)

We next show that

lim  sup HE[ o (Z1,22) gilly s, T(Zl’ZQ)} ‘ - ’E{em“(zl’zz)} H = 0. (B.59)

P70 5€(50,8max)

It then follows that

lim sup E |:6_i7'(is,€(p)_Bp)i| ‘ _ sup ‘E eihs,r (21, Zz)} ‘
P90 s€(50,5max] 8€[50,Smax]
I'(1 -
B L TLET)]
$E[50,8max) |(]‘ ZTS) ‘
<1, |r|>4¢ (B.60)
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where the second equality follows because

E[eiAS,T(Z17Zg):| _ E{eiTsZQG—iT(T—l)long} _ F((ll__l;(;;ll)) (B.61)
and the inequality follows because
(1 —ir(T—-1))|<T'(1)=1 (B.62a)
and
inf (1 —irs)" ! = (1 +T2sg)% >1, |7]>6. (B.62b)

56[507smax]

This concludes the proof of (B.54).

It remains to prove (B.59). In the following, we shorten the notation of A, ,(Z7, Z3)
and II, ; - (Z1, Z2) by omitting the arguments (Z7, Z5) and the subindexes (p, s, ).
The LHS of (B.59) can be upper-bounded as

lim sup ||E[eiAem} ’ — |E[eiA] ||

p—ro0 SE[SO;Smax]

< lim - sup  [E[eeT] — E[e"]]
P 5[50, 5max)

= lim  sup |E[cos(A 4 II) — cos(A)] + iE[sin(A + IT) —sin(A)]|  (B.63)

P70 5€[50,5max]

where the inequality follows by the triangle inequality. Evaluating the absolute value,
the RHS of (B.63) can be upper-bounded as

llm sup  |E[cos(A + II) — cos(A)] + E[sin(A + IT) — sin(A)]
P70 5€(50,5max]

—lim  sup  y/|Elcos(A+ 1) — cos(A)]? + [E[sin(A + IT) — sin(A)]|?

PO 5e[s0,s

max]

< lim sup /E2[|cos(A + II) — cos(A)[] + E2[|sin(A + IT) — sin(A)|] (B.64)

P90 5€[50,5max)

where the last step follows by the triangle inequality. We next perform Taylor series
expansions to express cos(A + IT) and sin(A + II) as

cos(A 4 II) = cos(A) — ITsin(6,) (B.65a)
sin(A + IT) = sin(A) + I cos(6s) (B.65Db)
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for some 61,05 € (0,1I). Substituting (B.65) into the RHS of (B.64) we obtain that

lim  sup /E2[|cos(A + IT) — cos(A)[] + E2[|sin(A + ) — sin(A)]]
p—0 SE[S0,Smax]

= lim sup +/E2[|IIsin(6))|] + E2[|TIcos(6y)|]

P90 5€(50,Smax)

< lim sup V2E[|I]] (B.66)

pP—r00 SE[

5075max]

where the last step follows because |sin(-)| <1 and |cos(-)| < 1. We next show that

lim sup E[[II, s -(Z1,Z2)|] =0 (B.67)

p—r0 56[5075max]

which then together with (B.63)—(B.66) yields (B.59). To show (B.67), we first note
that

(L. (21, 2)]) = T{s<T— 1><1 1 IPT,) * E{log(zl "1 f?p)]

~ Ellog(Z1)] + E[_ m(T AT zam
(B.68)

Z
log(Z1 + (1+Tp)> — log(Zl) >0 (B69a)
—10g1(T _q Tl +1T+p)Til + ZQ)> o 5.690)

Thus, by the monotonicity of the regularized lower incomplete gamma function,

sup  E[[lp,s.r(Z1, Z2)l]

SE[50,5max])
Tp Z2
< sma(T=1) (1= Ellog( 2 — E[log(Z
_T{S ax( )( 1+Tp)+ {og( 1+1+Tp)] [log(Z1)]

i To((1+ Tp) 21 + 2)
El-1 T-1 . B.
We next use that
. Tp
Jim Smax(T — 1) (1 -1 Tp) =0. (B.71)
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Furthermore, by the dominated convergence theorem,

. Z I Zy _
pan;C E{log (Z1 + 1 n Tp)] = E[plggo log(Zl +1 n Tp)} = E[log(Z1)] (B.72)

and

: < Tp((1+Tp)Zi + Z2)
plin;OE{ log’y(T 1, s9 1+ Tp
<T s Tp((1+Tp)Z1 + ZQ)>:|
14+Tp
=0. (B.73)

= E{lim —log ¥y

p—+00

Indeed, the dominated convergence theorem can be applied in (B.72) because

Z
1og<21 + s ;‘Tp)\ < llog(Zy + Z5)| + [log(Zy)| (B.74)

and E[|log(Z1 + Z2)| + |log(Z1)]] < oo. Likewise, the dominated convergence theorem
can be applied in (B.73) because

Mo )
< (T-nog(14 220 ) > (BT

and because the expected value of the RHS of (B.75) is finite. (In (B.75), we define
Bp) £ 1(T)™7 112.) Combining (B.71)~(B.73) with (B.70) yields (B.67). m

B.4 Second Derivative of CGF

Bounded Away from Zero

Let Xy be a zero-mean random variable parametrized by 6, whose MGF and CGF
are defined in (6.1) and (6.2), respectively. We have the following result.

Lemma B.3 Assume that there exists a (o > 0 such that

sup ’mék)(g)‘ <oo, k=0,1,2,3,4 (B.76)
€O,
[¢1<Co
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and that
inf 1y . B.
Inf 5(0) >0 (B.77)
Then
inf 1y . B.
oo Vg (¢) >0 (B.78)
I¢1<Co
Proof: The LHS of (B.78) can be lower-bounded as
. . 1 2 CX X X012
8 108001 = o o BTG o] - e
I¢1<Co I¢1<Co
1 2
———— inf <E[X7e“*] E[eY?] —E[XpeX]" b, (B.
> o it B ] e ) B)
0co, [¢l<Co
I¢1<<o

By (B.76), the first term in (B.79) is bounded away from zero. Thus, in order to
show (B.78), it suffices to show that

nt {E[xGe e [e] - E[Xeevfef} >0, (B.80)
I¢1<Co

To shorten notation, we next define

AL XpesXo (B.81a)
B 2 5% (B.81b)

as well as 0% £ E[A?] and 0% £ E[B?]. Hence, (B.80) can be written as

inf { 0202 — E[AB)? . .
elene,{UAUB E[AB] }> 0 (B.82)
T|<¢

By following the proof of the Cauchy-Schwarz inequality [58, Th. 3.3.1], it can be

shown that
-\t
1 A B
E[AB] < 1—- inf E|{— - — B.
[AB] < o405 2 Gg(l), <JA O’B) (B.83a)
[¢1<Co
1\t
1 A B
> — = =+ = )
E[AB] > —ca0p| 1 5 eg(l)f, E <0'A + UB) (B.83b)

[¢l<Co
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Consequently,
_ . +
1 A B
|E[AB]| < oqopmax{ [1—= inf E ( — > ,
2 6o, oA OB
1< *
_ A\t
1 A B
1— = inf E (+> . (B.&4)
2 9ceo, o4 OB
[Cl<Co * -
Using (B.84), we can lower-bound the LHS of (B.82) as
inf {0405 —E[AB]°} > inf E[A?] inf E[B?
o (7405 ~EABI g 2 Inf E[4) inf E[BY)
I¢1<Co I¢1<Co [¢1<Co
- _ _ +_ 2
2
X | 1 — max l—linfE(A—B> ,
2 0eo, o4 OB
L [Cl<G * - J
- _ _ Jr_. 2
1 A B\’
1—- inf E ( + ) . (B.85)
2 9ceo, o4 OB
L [Cl<Co " - J
Thus, in order to show (B.82), it suffices to prove that
inf E[A%] >0 (B.86a)
0€o,
[¢1<Co
inf E[B*] >0 (B.86b)
0o,
[¢1<Co
A B\’
inf E ( — > >0 (B.86¢)
0eo, A oB
[¢l1<Co
A BY’
inf E ( + ) > 0. (B.86d)
€0, oA OB
[¢1<Co
To prove (B.86a), recall that, by (B.81a),
inf E[A?] = inf E[XZeSY]. B.
o E[47 = nf E[Xget™] (B.57)
I¢1<Co I¢1<<o
We next show that
: 2 (Xo] _ : 27 _
eg(l)f, E[Xje*] =0 = elg(gEI:Xg} 0. (B.88)
[¢l<Co
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Since E[XF] = 1 (0), it follows by assumption (B.77) that infyce E[XF] > 0. Hence,
by reverse logic, (B.88) implies that infgco, E[XgeCXB] > 0, which is (B.86a).

[¢1<Co
To prove (B.88), we first note that, for every arbitrary § > 0,

E[X7e ] = E[X7e¢XI{|Xq| < 6}] + E[XFe“ 0 1{| Xo| > 0}]
> E[XF1{| Xo| < 0}] e <. (B.89)
We further have that
E[XF] = E[X7I{|Xo| < 0}] + E[XFI{| Xy| > 4}]

\/511p066 E[Xy]supgee E[XF]
1)

by the Cauchy-Schwarz and the Chebyshev inequality. Using (B.89) and (B.90), it

follows that

< E[XGI{| Xy| < 0}] +

(B.90)

\/SUPOEG) E[Xg] supgeo E[X7]
)
< SO inf E[X2eSX0] 4 V/SUpgee E[XE;;] SUpgeco E[Xeg]. (B.91)
€O,

ot ELXF) < jof E[XFH1X0] < 5)] +

|C|<ICO

Thus, if infpco, E[XgeCX"} = 0 then, for every arbitrary § > 0,
I<I<¢

\/supgeo E[Xj] supgco E[X7]
; .

Since the suprema on the RHS of (B.92) are bounded by assumption, we obtain that

gig(g E[X7] < (B.92)

infgeco E[Xg] < 0 upon letting § — co. Since X? is nonnegative, the claim (B.88)
follows.

To prove (B.86b), recall that E[B] = E[e“*?]. Since Xy is zero-mean by assump-
tion, it follows by Jensen’s inequality that

E[e¢¥e] > 1. (B.93)

Hence, the claim follows.
We next show (B.86¢). Using (B.81a) and (B.81b), we can lower-bound the LHS
of (B.86¢) by

2
1 E[X2ecXo]
inf E[e*(X,— /20— |.  (BYM
supgco, E[XZeCX0] sco, |€ ( 0 Efe<Xe] (B.94)
1¢1<<o I<1<Co
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The first term is bounded away from zero by assumption (B.76). We next show that

2
E[X2eCXa]
: ¢X 0
I¢1<Co

To this end, we follow along the steps (B.88)—(B.92) used to show (B.86a), but
replacing Xg by

(Xo —mo.c)” (B.96)
where
E[XZecXe]
A 0
NN i o B.
No.¢ E[eCXG] ( 97)

Specifically, we shall show that

inf E{(Xg - ne,C)QeCXS} =0 — inf E[(Xg - 779,4)2} =0.  (B.98)
I¢]<Co I¢l<Co

Since Xy is zero mean, we have that E{(Xe—na,c)ﬂ > E[Xg}, so if

infgpceo, E{(Xg 777974)2] = 0, then infyco E[Xg} = 0, too. Furthermore, by as-
[¢1<Co
sumption (B.77), infgee E[XZF] > 0. Hence, by reverse logic, (B.98) implies that
infgceo, E{(Xe - 779{)2 eCXG} > 0, which is (B.86¢).
[¢1<Co
It remains to prove (B.98). Indeed, following the steps (B.89)—(B.92) but with X7
replaced by (Xg — ng.c)°, we obtain that, if infyco, E [(Xg —p.c)? eCXG} =0, then
[¢1<Co

\/supee@, E[(Xe - Tle,g)ﬂ Supgeeo, E[(Xe - 776,4)2]

. 2 I¢1<Co I¢1<Co
— <
9&%{ E{(Xa 0.c) } - )
[¢1<Co
(B.99)
The suprema in (B.99) are bounded. Indeed, using that
lar 4+ +ay” <cpu(lar])” + -+ ayl”), nveZ <oo (B.100)

for some positive constant c,, that only depends on 1 and v, we can upper-bound
k
(X9 - 770,4) ; k= {2a4} as

k
E[X2eXo
(Xg — ng,g)k < Cgkag + C2.k <[E[:CX9]] , k= {2,4} (Bl()l)
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where ¢y 1, is a positive constant that only depends on k. Hence, the claim follows by
(B.76) and (B.93). We thus obtain (B.98) from (B.99) upon letting ¢ tend to infinity.

Finally, (B.86d) follows by the same steps as the ones used to show (B.86¢), but
with ng ¢ replaced by —ng ¢. ]

B.5 Proof of Lemma 4.2

By [57, App. A.9], proving Parts 1) and 2) of Lemma 4.2 is equivalent to proving
that, for 0 < s <1, po >0,and 0 < a < 1/(T — 1)

sup E[(Is(p)—i&s(p))keT(i“(p)_I"(p))] <oo, keZg (B.102)
—a(T-1)<7<a,
s€[s0,1],
P=pPo
and that for 0 < sp < Smax, 0 < pPo < Pmax, 0 < a < 1, and 0 < b <
min{ T, T |

sup_ E[(Ls(p) —ie,s(p))ter e OD=10N] <00, ke 2. (B.103)
—a<7<b,
5€[50,5max],
PE[P0;pmax]

B.5.1 Proof of Part 1)

To prove Part 1) of Lemma 4.2, we need to show that (B.102) holds. By Holder’s
inequality, for any arbitrary 6 € (0,1 — a(T — 1)) such that k/§ is an integer, the
LHS of (B.102) can be upper-bounded as

s . _ 1-6
sup E[(Is(p) _ iz,s(p))k/é} sup E[em(ls(p)ﬂe,s(p))] , kezZ.

s€[s0,1], —a(T-1)<7<a,
P> po s€[so,1],
PZPo

(B.104)
By following along similar lines as in the proof of Lemma B.9 (Appendix B.9), it can
be shown that the first supremum in (B.104) is bounded. We next show that the
second supremum in (B.104) is bounded by proving that, for every 0 < £ < 1,

sup E[eiﬁ(ls(p)f”*s(”))] < 00 (B.105)
s€[so,1],
PZpPo
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and that, for every 0 < ¢ < 1/(T — 1),

sup E[eg(ls(p)fi“(p))] < o0. (B.106)
s€[so,1],
PZpPo

Part 1) of Lemma 4.2 follows then by the convexity of the MGF [59, Lemma 2.2.5].
The LHS of (B.105) can be written as

E[ef(iﬂ,s(P)*Is(P))]
Tp Zs
=E - VA T—1)log(Z
{exp{f( Sl—l—Tp 2+ ( )Og( 1+1—|—Tp>

Tp((d le—IJ—rp‘)erl + Zz))) H

—logfy(T—l,s

x exp{—g(—sl I”TP(T — 1)+ (T- l)E[log<Z1 + 1 ngp)}

—E{logfy(T LG +1T+p)TZp1 + Z2))D}. (B.107)

We next upper-bound the first expected value on the RHS of (B.107) as follows.
Define 3, s £ F(T)ﬁ%. For every Z; > 0 and Z, > 0, the exponent inside this
expected value can be upper-bounded as

Tp

781+Tp

Z . Tp((l+Tp)Z1+ Z
Zng(Tfl)log(ZlJr1+2Tp)710gfy(T71,5 S 1+P%_p1 2))

<(T—=1)log(Z1 + Z2) + (T - 1) log(l + Bso.p0 )

2y + Zo
550,p0 + Zl + ZQ)
Z1+ 23

—(T- 1)10g( (B.108)

where we have used (4.1) to bound the regularized lower incomplete gamma function.

Hence, we obtain

Tp Zg
E {exp{f(—sl n Tp22 +(T-1) log(Z1 + T Tp)

Tp((1 Jrlip)Til + Z2))) }]

<E [exp{g(T _1) log(W) H

E|l1l Lso’po e B.109
K - Zl,z) } (B.109)

flog’y(Tf 1,s
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where the last equality follows by defining Z; » 27 + Z5, which is Gamma-distributed
with parameters (T,1). We next show that

3 §(T-1)
E[(l + Z") } < . (B.110)

1,2

To this end, we first use (B.100) to establish the upper bound

3 €(T-1) 3 [E(T-1)]
(1 = P) < o re(T—1)] <1 + (”) ) (B.111)
Zl,g Z1,2

where ¢y r¢(t—1)] is a positive constant that only depends on [{(T—1)]. The expected
value of the RHS of (B.111) can be evaluated as

By o\ [ETV1
50,P0
Ca,rer-11 + Cz,m(TlﬂEKZl 5 ) ]

(T-1)

= carecr-vBin V% g,
= Co[g(T-1)] T M i 5 = ds
T-1

C2,[¢(T-1)] Bs[ffpo ﬂF(T —[&T-1)7)

= 027[5(1'_1)} + F(T) (B112)

where to solve the integral we have used [28, Sec. 3.381-4].
The remaining terms in (B.107) can be bounded for every Z; > 0 and Zs > 0 as

follows:
13 sTp (T—1) <&smax(T—-1), s<s (B.113a)
1 + Tp i~ max 9 — max .
—&(T—1)E log(21 L2 ) < —&(T - DE[log(Z1)] = &(T — 1)y
1+Tp/| —
(B.113b)
N Tp((L+Tp)Z1 + Zs)
_ < 0. .
§E{log’y(T 1,5 T ) <0 (B.113¢)
Applying (B.113a)—(B.113c) to the remaining terms in (B.107) yields
Tp Zy
- T-1 T—1)E|log(Z
eXp{ 5( sl—i—Tp( )+ (T—1) {Og( 1+1+TP)]
3 Tp((L+Tp)Zi + Z)
—E|l T-1
oy (7 - 1,5 A E))
S eg(Tfl)(Smax""Y). (B114)
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Using (B.114) with spax = 1 and (B.112), it follows that (B.107) is bounded in
s € (sp,1] and p > pg for every 0 < £ < 1. This proves (B.105).

To prove (B.106), we follow along similar lines. We have
650+ (0)=ie ()] — E{exp{—f <_S

— log&<T —

Z
Zy+ (T = 1)log (7, + - +Tp)

1, (ol le—IJ—rp‘)erl + Zz))) H

Tp
14+Tp

Xexp{f(—sll'?rp(T— 1)+ (T - )E[log(Zl 1 ZT )}

. Tp((1+Tp)Z1 + Zs)
—E|l T-1 Bll
s (-1 T2 :

By applying similar bounds as in (B.113), for every Z; > 0 and Z5 > 0, the first
expected value on the RHS of (B.115) can be upper-bounded as

E[exp{—f( T Zo + (T —1)10g<Z1+1fTP>
(-1 T 2

<E [exp{—i(—zz +(T-1) 10g(Z1)) }
(
T _

—E [eszzzfg Tfl)}
(

_ra-¢d-1) (B.116)

(-9
where the last expected value in (B.116) has been solved using [28, Sec. 3.381-4].
We next focus on the remaining terms in (B.115). We solve each expected value
separately by using the following bounds:

)] < logE[<Zl v lfQTp)] <(T-1) (B.117a)

Zs
14+Tp
Tp((L+Tp)Zi + Zg))]
1+Tp

E {log (21 n

E{—log’y(T—l,s

<E [_ 1oga‘y(T s Tp((1+Tp)Zi + Z2))}

1+Tp
59080 ):|

<(T-1)E]|l 14+

= ) {og( Z+ 2y
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<(T- 1>E[pris%z}

= Bposos >80, P = po (B.117b)
—sTp _ =s0Tpo
1+Tp ~ 14+ Tpo’

In (B.117b), we define 5, = F(T)T%lls%;p. Combining (B.117) with (B.116), we
can upper-bound (B.115) as

5> Sp, P> po- (B.117¢)

E[e—é(iz,s(p)—ls(p))]

I -¢m-1)
(1-9TY
which is bounded in p > po and s € [sg,1] for every 0 < & < 1/(T —1). This

proves (B.106).

< oxp{e (T2 (T - 1) 4 (T 1)+ By )}

— B.118
14 Tpo ( )

B.5.2 Proof of Part 2)

The proof follows along similar lines as the proof of Part 1). Again, by Holder’s
inequality, for any arbitrary ¢ € (0,1) satisfying

b

S T 14Ty
mm{Tq’ Tps }

1—90>max\ a,

(B.119)

such that k/¢ is an integer, the LHS of (B.103) can be upper-bounded as

g . ) 1-6
sup  E|(I(p) — ié,s(ﬂ))k/é} sup E{em(ls(p)ﬂe,s(p))] , keZd.
SE[50,5max], —a<7<b,
PE[PO,Pmax) SE€[50,Smax),
PE[P0,Pmax]

(B.120)
As in Part 1), it can be shown that the first supremum in (B.120) is bounded. It
thus suffices to prove that, for every 0 < £ < 1,

sup E[efE(IS(ﬂ)fiz,s(p))] < 00 (B.121)
SE[SOgSmax]a
PE[P0,Pmax]
and that, for every 0 < £ < min{%, lTi)TSp}
sup  E[eE0-ins0))] < oo, (B.122)
S€[50,Smax]s
PE[PO;pmax]
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The claim (B.121) follows from (B.107)—(B.114). It remains to prove (B.122). This
follows analogously to (B.115)—(B.118), with the only difference that (B.116) needs
to be adapted in order to account for the different region of (7, p, s).

Indeed, using that the logarithm of the regularized lower incomplete gamma
function is smaller than or equal to zero, the LHS of (B.116) can be upper-bounded

as
E{exp{—f( 1+T ZQ—|—(T—1)log(Z1—|— +T)
g (1, T T £ 20 |
+

< elonfe( 172 T s( ) )]

v(€)
np (T —1+v(§)) ( Ap,s(€) )

= oL, T—140v(); T, ————— B.123
L)y + Apa(@) 12 e ) B
where 7, = ﬁ, v(€)=—-4T—-1)+1,and A\, s(§) = 1+T (1 —&s). The expected
value has been solved using [28, Sec. 3.381-3.%] to integrate with respect to Z;, and
[28, Sec. 6.455-1] to integrate with respect to Z;. Note that the RHS of (B.123) is

well-defined and finite for 0 < &€ < T/(T —1) and 0 < ¢ < 112

Tps °
It thus follows from (B.115), (B.117), and (B.123) that

E [ Gin ()=o)
s0Tpo
< exp{e(~ T (T =D+ (T = 1)+ B ) |

iy OT(T — 1+ v(9)) Ao (€) ) (B.124)
L) (1 + Ap (&) T 1) Tlp + Ap,s(€)
which is a continuous function of (p, s), hence it is bounded in pg < p < pmax and
50 < 5 < Smax- This proves (B.122).

oI (LT —14+v();T;

B.6 Proof of Lemma 6.7

Throughout the proof, we shall assume that 0 < 7 < a, p > pg, and 5o < s <1 for
some arbitrary a < 1/(T — 1), so > 0, and pg > 0 independent of (L, p,s, 7). To
prove (6.126a), we shall first show that,

E 67<15<p>7ie‘s<p>>} — E{efgs(p)—zg,s(p))} +0,(1) (B.125)
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where (cf. (4.15))

sTpZs g

ie() £ (T = 1)log(sTp) ~ log I(T) — T2

+(T-1) 10g((1+Tp)Z1+Z2)

14+Tp
(B.126)

and (cf. (4.31a))

L(p) = <T_1)1Og<5TP)_IOgF(T)—(Tlll.)l:gp—rp—i—(T—l)E[log(W)} .
(B.127)

We further consider B, defined in (B.55).
To show (B.125), we perform the following steps:

Up,s(1) = 7(Ls(p) — B,) + log<E [e*T(%(m*BP)D

— (L(p) - B,) +1og<E[eT<%<P>Bﬂ>} +op<1>> +o,(1).  (B.128)

Indeed, the difference between I4(p) given in (4.27) and I,(p) given in (B.127) is

(B.129)

E[_ log’y(T Y T+ Tp) 2y + Zz))} .

14+Tp

By the monotonicity of the regularized lower incomplete gamma function, it thus
follows that

sup E [—Tlogﬁ(T —1,s
T€[0,a),
s€(s0,1]

Tp((1+Tp)Zi + Zz))}
1+Tp

Tp((L+Tp)Z1 + Z3)
1+Tp

< E[—alog’y(T — 1,5 )] (B.130)
which vanishes as p — oo by (A.100). Furthermore, we show in Corollary B.7
(Appendix B.9) that

sup
T€[0,a),
SE(SOal]

E[B—T(u,sw)—Bp)] _ E{e—r(u,sw)—Bp)] ‘ =0,(1). (B.131)

Hence, (B.128) follows. By applying a Taylor series expansion of the logarithm
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function, (B.128) can be written as

T(L,(p) — B) + 1og<E [e—*ievs@)—&)} + op<1>> +0,(1)

=7(L,(p) — B,) + log (E [e_f(%@)_B‘,)D +0,(1). (B.132)

By Lemma B.8 (Appendix B.9), the expected value inside the logarithm in (B.128)
is bounded away from zero in (p, 7, s). It follows that the 0,(1) term in (B.132) is
uniform in (7, s). We conclude the proof of (6.126a) by noting that

bp,s(1) = T(L(p) = B,) + log (E [eT(ifvs“’)Bp)] ) . (B.133)

We next prove (6.126b) by analyzing ¢}, ((7) in the limit as p — oo. To this end,
we take the derivative of 7+ 1, s(7) to obtain

W (7) = 5% log E [ (1 ()-ic00)]
E (L) — it,s(p))er =71 =100
E [erus(p)—m(p)}
E [ic.s(p)e (7]
Eferiee)]
E|(it,s(p) — By)e 7l ()=50)]
E {e—T(ie,s(p)—Bp)}

= (L(p) - B,) - (B.134)

where the second step follows by swapping derivative and expected value, which can
be justified by using [57, App. A.9] together with Lemma B.6 (Appendix B.9). We
show in Corollary B.7 (Appendix B.9) that the denominator in (B.134) satisfies

E[e—T(iz,s(p)—Bp)] = E[e*T(zz,s(p)*BP)] +0,(1). (B.135)
Furthermore, Corollary B.10 (Appendix B.9) particularized for b = 1 yields that
E|(ies(p) = By)e 7@ =BD | — E[(iy ,(p) = By)e ™0 )=B)] 1 0,(1). (B.136)
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Consequently,
E[(ir,,(p) = Bp)e ™00 1 0,(1)

vi(7) = (L(p) = By) + 0p(1) — e~ 4 o,(1)

E (.o () — By)e e )=50)]
E [e”"(ie,s(ﬂ)pr)}

= (L(p) = By) — +0p(1). (B.137)

where in the first step we used that I(p) = I(p) + 0,(1) (cf. (4.39a)), and in the
second step we performed a Taylor series expansion of the fraction which is well
defined because by, Lemma B.8 (Appendix B.9),

inf E[e 0 (0=50] 5,
T€[0,a),
s€(s0,1]

The proof of (6.126b) is concluded by noting that
E{(Q,s(ﬂ) _ Bp)e*T(itz,s(P)*Bp)]
- E [e_T(ig‘s(p)_Bp)}

To prove (6.126¢), we follow along similar lines. Indeed, by swapping derivative

(B.138)

and expected value, we obtain

0 E[(ie,s(p) — By)e™ (i ()=50)]
1 -2, _B)_
/l/}s (T) 87’ ( £ (p) P) E I:e_q—(ie,s(p)_Bp):|

i : —7(% — 2
E[(ic.(p) — B,)2e ™00 0)=B0) | E[(ig.u(p) — B,)e 700 (=50)]

E[B_T(ié,s(p)_BP)} E{efr(ig,s(p)pr)}Q
(B.139)

We show in Corollary B.10 (Appendix B.9) that the numerator of the first term on
the RHS of (B.139) satisfies

sup |E [(ie,s(P) - Bp)Qe_T(”’S(P)_BP)}
T€[0,a),
s€(s0,1]

_ E[(Zl,s(l)) o Bp)2 e—T(ig,s(P)—BP):I ‘ = op(l). (B140)
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We next show that the numerator of the second term on the RHS of (B.139) satisfies

sup
7€[0,a),
s€(s0,1]

; 2
E{(iz,s(p) — Bp) e*T(le,s(p)pr)}

2

—E[(ig.(p) = By) e Uee @B =0 (1), (B.141)

Indeed, the LHS of (B.141) can be upper-bounded by

(E [(ie,s(p) - B,) e‘TWW)_BP)} +E [(%(p) - B,) e—f(iz,s<p>—BP)D ‘

sup
7€[0,a),
s€(s0,1]
X sup (E[(ié,s(ﬂ?) — By)e 0B —E[(iy ,(p) - B,) e—r<n,.§<p)—3p>}> |
T€[0,a),
s€(s0,1]
(B.142)
Using Holder’s inequality, we can upper-bound the first supremum by
5 . 1-6
oo [E[Gestr)~ B[ st [E[emrtetn-2]|
T€[0,a), T€[0,a),
s€(s0,1] s€(s0,1]
176 . (s -
+ sup E|:(Z£ s(p) — Bp)ﬂ sup E{efﬁ(”,s(p)f‘%)} ‘ (B.143)
T€[0,a), ’ T€[0,a),
s€(s0,1] s€(s0,1]

for any arbitrary § € (0,1 —a(T —1)) such that 1/6 is integer. Applying Lemmas B.6
and B.9 (both Appendix B.9), we conclude that the first supremum in (B.142) is
bounded in p. Furthermore, Corollary B.10 (Appendix B.9) shows that the second
supremum in (B.142) is 0,(1). Thus, (B.141) follows.

Back to (B.139), by Corollary B.7 (Appendix B.9), the denominator of the first
term on the RHS of (B.139) can be written as

g o~ tee-20] = E[e=t001-50) 4 (1), (1.144)

We next show that the denominator of the second term on the RHS of (B.139)
satisifes

sup
7€[0,a),
s€(so,1]

E[e—f(u.sw)—Bp)r - E[e_T(iLs(P)_BP)r —0,(1).  (B.145)
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To this end, we upper-bound the LHS of (B.145) by

- (E{e—fm,s(p)—qu . E[e—au,s(m—m)m
T€[0,a),
s€(s0,1]
% sup <E[67(lz,s(P)Bp)]E{eT(lz,s(P)Bﬂ)])_ (B.146)
T€[0,a),
s€(s0,1]

The first supremum is bounded by Corollary B.6 (Appendix B.9). The remaining
terms are 0,(1) by Lemma B.7 (Appendix B.9). Hence, (B.145) follows.
Combining (B.139) with (B.140), (B.141), (B.144), and (B.145), we obtain that

E[(ir,(0) = By)e 76075 4 0,(1)

E[B_T(if,s(/))_BP)} +0,(1)

) 2
E[ (i () — By)e™ 00050 4 o,1)

E [e*T(Zz,S(P)*BP)} 2 n Op(l)
E [(z’e,s(p) - Bp)2eff<ie,s<p>pr>}
E [e_T(iz,s(ﬂ)—Bp)}

- 2
E |:(1Z,s(p) - Bp)eiT(levs(p)pr)}
- 2 +0,(1) (B.147)
E {eiT(ﬁ'z,s(P)*BP)}

where the last equality can be justified by using Taylor series expansions analogously
as it was done in (B.137). Identifying the first two terms as /) (7), (6.126c) follows.
The last result (6.126d) follows again along similar lines as (6.126b) and (6.126c¢).
Indeed, by swapping derivative and expected value, we obtain
W () = ai; {log E[er(1-(-ie60] |
E[(ié,s(p) _ Bp)Be—T(i/z,s(p)—Bp)} QE{(Z'&s(p) _ Bp)e—f(iz,s(p)—Bp)}3

E[e—f(ie,s(p)—Bp)} E{e—r(u,s(p)—B,,)r’

3E (ir,0(p) — By)e ™" 0)=B0) | E (ip,o(p) — B)2e (0 (0)= )]
+

E [@*T(ii,s(ﬂ)*Bp)} 2 - (B.148)
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The denominators of the first and third term on the RHS of (B.148) have been
expanded in (B.144) and (B.145), respectively. We next show that the denominator
of the second term on the RHS of (B.148) satisfies

sup
T€[0,74),
SE(84x,1]

=o,(1).  (B.149)

E [677(”’5(”’3”] " _E [eﬂ(zg,gp)fzap)} ’

To this end, we upper-bound the LHS of (B.149) by

(E{e—rm,s(p)—m)} n E[e—T(iLS(m_BP)DQ

X <E[67<ie,s<p>sp>} - E[e—f(ig,s<p>—3p)}>|

< T:[%E)’ 2<E[67<ie,s<p)3p>r LE {64(@,5(;))—3,,)} 2) |

s€(s0,1]

sup
7€[0,a),
s€(s0,1]

X sup
T€[0,a),
s€(s0,1]

(E[e_m,s(n)—m)} _ E[ef(%(mBﬂ)D ’ (B.150)

where we have used that (a + b)? < 2(a® + b?) for any a,b € R. The first supremum
is bounded in p by Lemma B.6 (Appendix B.9). The second supremum is 0,(1) by
Corollary B.7 (Appendix B.9). Thus, (B.149) follows.

We continue by noting that, by Corollary B.10 (Appendix B.9), the numerator of
the first term on the RHS of (B.148) satisfies

sup
T€[0,74),
SE(84,1]

E[(ir,0(p) — B,)* e =B

—fwmw—&feWM”mﬂ=%m-®mn
Similarly, the numerator of the second term on the RHS of (B.148) satisfies

sup
7€[0,a),
s€(s0,1]

. 3
E {(ie,s(p) — B,) e_T(Zl,s(p)—Bp)}
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- E[(Q’S(p) - B,) e—f(ie,s(p)—Bv)r =0,(1). (B.152)

Indeed, the LHS of (B.152) can be upper-bounded as

sup
T€[0,a),
s€(s0,1]

X sup (E [(i&s(p) - B,) e—r(u,s(p)—Bp)] — E[(Z&S(P) — Bp) e—T(ie,S(p)—Bp)]) ‘
T€[0,a),
s€(s0,1]

2(E[(iat) = B 70 0] (i () = B ] ) ’

(B.153)

Using Hoélder’s inequality together with Lemmas B.6 and B.9 (both Appendix B.9),
the first supremum is bounded in p. Furthermore, Corollary B.10 (Appendix B.9)
shows that the second supremum is o,(1). Thus, (B.152) follows.

As for the numerator of the third term on the RHS of (B.148), we next show that

sup
T€(0,a),
s€(s0,1]

E{(ie,s(p) — Bp)eﬂ(u,s(p)pr)} E[(z‘e,s(p) _ Bp)zeﬂ(iz,s(p)pr)}

~ E[(ig..(p) = By)e e W=BE (i ,(p) = B,)2e s @=E || = 0,(1). (B.154)

To this end, we first show that

sup  [E[(ia(p) = Bo)e™ 7B E| G (p) = By )70
T7€(0,a),
s€(s0,1]

— E[(ig,(p) — Bp)e 0PI E[(iy o (p) — B)Pe 7007 P || = 0,(1) (B.155)

and then that

sup
7€[0,a),
S€(s0,1]

E [(ié}s(P) _ Bp)e—T(iE,S(p)_Bp):| E [(ié,s(P) _ BP)Qe_T(”‘S(p)_B")}

—E[li0,(0) = Bp)e 0 BIE[ (i, () — By)2e 00BN = 0,(1). (B.156)
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The identity (B.154) follows then from the triangle inequality.
To prove (B.155), we note that its LHS can be upper-bounded as

sup E[(ie,s(P) _ Bp)e—T(iz,s(p)—Bp)} _ E[(st(p) _ Bp)e*T(éz,s(P)*Bp)}
T€[0,a),
s€(s0,1]
X sup E{(Q,S(p) - Bp)Qe_T(iM(p)_BP)} . (B.157)
T€[0,a),

s€(s0,1]

The first supremum in (B.157) is 0,(1) by Corollary B.10 (Appendix B.9). The
second supremum in (B.157) is finite by Holder’s inequality and Lemmas B.6 and B.9
(Appendix B.9). Hence, (B.155) follows.

To prove (B.156), we note that its LHS can be upper-bounded as

sup_[E[(ies(p) = By)e 7 (0)-5)]
r€f0.),
s€(s0,1]
< s E(ie,s(p) = By)2e 700 @B | —E[(iy ,(p) — By)2e e @)=Bn) |
7€(0,a),
36(50,1]

(B.158)

The first supremum in (B.158) is finite by Holder’s inequality and Lemmas B.6 and B.9
(both Appendix B.9). The second supremum in (B.158) is 0,(1) by Corollary B.10
(Appendix B.9). This proves (B.156).

Back to (B.148), combining (B.144), (B.145), (B.149), (B.151), (B.152), and
(B.154) with (B.148) yields

E[(ir.s(0) - B,))Se-T@e,s(p)—Bﬂ)] +0,(1)

’(/};7/7/5(7—) = - ]
E[e—r(zg +(p) } +o,(1)
; (i, ()~ B,)]°
2E (i1 (p) = By)e "o 7B 10,1
E[ —7 (i s (p) = B,J)} 0,(1)
L [(ie,4(p) = Bp)e ™0l =B [E[(iy ,(p) = B)2e™"Uee 00750 4 0,(1)

, 2
E[e—f(ze,s(p)—Bp)} +0,(1)
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. . 3
E[(ie.1(p) — By)e TUec 1P| 2E (i ,(p) — B)e )P0

E|ee 05| ) E[ele ()50 °
3E [(z’e,s(p) - Bp)e‘T@a‘%(”)‘BP)} E [(Q,S(p) - BP)%—T@Z,S(p)—Bp)}
* 2 +o0,(1)
E [eﬂ(u,.g(p)pr)}
(B.159)

where the last equality follows by Taylor series expansions analogously as it was done
for the first and second derivatives of 7+ 1, s(7). Identifying the first three terms

as ¢}’ (1), we obtain (6.126d). This concludes the proof of Lemma 6.7.

B.7 Analysis of K, (7, L)
Recall that K, ;(7, L) was defined in (6.9b) as

() ( 1 T (7)L

K, (1, L) 2 61[);)’:27)3/2 7@ + Vor - 731/};/75(7)3/2113/2#75“, T))
(B.160)
Further recall the definition of ¥, ((7) in (6.106)
U, o(1) £ 7290 (7). (B.161)
Using that
Fos(r,7) = eLWQ< me,s(7)>

1 1 3
< \27LV, (1) (1 ~ 0,0 + (L\I/p,s(r)f) (B.162)

together with (B.161), we can lower-bound the bracketed term in (B.160) by

_ 1 + \Ijﬂvs(T)L N \ij,s(T)L 1— 1 " 3
vem o Vam var LUps(7)  (LU,(r))?
3
T V2Rl (r) (B.163)
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Likewise, using that

1 1 3 15
fos(T,7) = T )<1— o, v, (L\If,,,s(T))3> (B.164)

we can upper-bound the bracketed term in (B.160) by

_ 1 + pvs(T)L _ PyS(T) 1 1 + 3 _ 15
Vor V2r Vor LV, (1) (L\I/p,s(r))Q (LY, (7))
3

5
- - . B.165
Vo2r LW, () ( L\I/,,,s(T)) ( )
It follows that
[ (7)) 3 ( 5 )
K. (r D)l < P 14 ) B.166
| P, (T )‘ = 6w// (7)3/2 \/ﬂL\I}p7)(7-) L\I]p,s(T) ( )

By Part 2) of Lemma 4.2, we have that 7 — ’z//” T | is bounded in 7 < 7 < T, 50 <
§ < Smax, and pg < p < pPmax for some arbitrary 0 < 7 <7 < 1, 0 < 8¢ < Spax < 00
and 0 < pg < pmax < 00. Furthermore, by (6.108) and (6.109), both 7+ 7 (7)
and 7 — U, ;(7) are bounded away from zero in (7, s, p). We thus conclude that

su su [Vpia(7)] 3 (1 + > > = O<1> (B.167)
pOSpSI;maX 1<TI<)‘T', 6¢1 (1)3/2\V2r LW, o(T) LY, (1) L) Y

s€(50,5max

B.8 Derivatives £ -function

Let
Gp(r) = log Elexp{7 (L () — it () }] (B.168)

and
Eo,(7) = logE[eXp{ ng,lif(p)}} (B.169)

where g, 1 (p) and T (p) are given in (4.12) and (4.27), respectively. Using (B.168)
and (B.169), it follows that

Eop(1) =71 1_(p) = ¢p(7) (B.170a)
Epo(r) =T (p) +7I"2_(p) = ¢, (7) (B.170b)
Eg (1) =2I"3_(p) +7I7y_(p) = ¥ (7) (B.170c)
Egly(7) =3I"y_(p) + 71"y _(p) = 0}'(7) (B.170d)
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where we slightly abuse notation and write I’ ; (p), I” (p) and I”’ (p) to denote
the first three derivatives of I_1 . (p) with respgct to T. The followmg lemma shows
that the second and third derivatives of Ey ,(7) are bounded in py < p < pmax for
every 0 < pg < pmax and 7 € (0, 1).

Lemma B.4 For every 0 < po < pmax, and 7 € (0,1), we have

sup | Ey ,(1)] < o0 (B.171a)
POSP<Ppmax

sup  |Eq’,(7)] < oc. (B.171b)
PO<PZ Pmax

Proof: In view of (B.170c) and (B.170d), in order to prove (B.171a) and
(B.171b), it suffices to show that, for every 0 < pg < pmax and 7 € (0, 1),

sup  |¢)(T)] < o0 (B.172a)
Po<p<pmax
sup |9 (1)| < o0 (B.172Db)
Po<P<Pmax
and that
sup I’ (p)‘ < oo (B.173a)
Po<Pp<pmax' 'T7
sup I, (p)’ < oo (B.173b)
P0<p<pmax' TT
sup  |I"% (p)’ < o0. (B.173¢)
P0<p<pmax' TT

We start by analyzing ¢7(7) and ¢,’(7). To this end, we define

90(7) =1 1_(p) —ip 1 _(p). (B.174)
Hence, we can write
(1) = logE [e”"’(”} : (B.175)

Using [57, App. A.9], we can swap derivative and expected value, so the following

identities follow:

E [gp (T)eTgp(T)] + E [Tg'p(T)eTgp(T)]
E [eTgp(T)]

1/};)(7_) — (B.176a)
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vy () = w{ (E [90(7)2e7907)] + 2E[ gl (r)ee ()]
+ 2E[7g,(r)g) ()79 + E| 2, (r)2e70 ()|
+E[rapr)ern)] )]
~E[g, (e ] E[rg(r)erm ]
9 [gp(T)ewﬂ E [Tg;,(T)ewﬁ(T)} } (B.176b)
W(r) = W{ (E [gp(T)?)em,,(T)} +6E {g,)(r)g;(r)efg,,m}
+3E g ()9 ] 4 6E 7, ()20 )|

{Tgp( )?
+ 3E [QZ(T)e‘fgp(‘r } + 3E [T gp(T)gp(,T)2eTgp(T):|
+ 3E|7g,(7)

)
T g’p'(T)eTg”(T)} + 3E[729;)(7')g’p’(7')6790(7)}
+ E[ ()% Tgﬂ(”} + E[rg”’( ) ”’P(T)DE[J%WF
— 3E[ersetr)] (E{gpmempm] N E[Tg;memp<f>D
% (E[gp(T)Q 95 (T )} + 2E[ (r)e Tgp(f)}
+ 2E |79, () (7))
+ [ e )] + Efrgrer ]
+2 <E {gp(r)emp(ﬂ] +E {Tg;(T)GTgP(T)} ) 3}. (B.176¢)
We can use Holder’s inequality over all the expected values in (B.176b) and (B.176¢),

similarly as we did, for instance, in (B.142)—(B.143). Then, (B.172a) and (B.172b)
follow by showing that, for any arbitrary ¢ € (0,1 — 7)

sup E{eﬁgﬂ(ﬂ} < 0o (B.177a)
Po<P<pmax

sup E{|gp(7')\k} <oo, keZ* (B.177Db)
PoSP<pmax
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sup Eﬂg;(T)’k} <o, keZt (B.177¢)
PoSP<pmax

sup E[|g'p’(r)|k] <oo, keZ" (B.177d)
POSP<Pmax

sup EUg'p”(THk] <oo, keZ'. (B.177e)
POSP<Ppmax

The first inequality (B.177a) follows by Part 2) of Lemma 4.2. The second inequality
(B.177b) can be obtained by following along similar lines as in Lemma B.9 (Appendix
B.9). We next prove (B.177c¢)—(B.177e).

We start with (B.177c). Let s; = 1/(1+ 7), and let

Top((L+Tp)Z A
sTp(1+Tp)Zy + 2)>7 s> 0.
1+Tp

Gp(s) = 1ogfy<T -1, (B.178)

Using the definitions of i, 4(p) and I,(p) in (4.12) and (4.27), and applying (B.100),
one can show that
kl

E|lg)(n)]"]
, (T—l CTp(T-1)
k
< |{ (135;) (-0 +Elz) + sl + E[m;(s»ﬂ}
(B.179)

T-1 TpZ
p2+§/s

:E r
s 1+4Tp ol )>

S

—E [gé;(s‘r)] -

T\ sy 1+Tp

where s/ denotes the derivative of 7 — 1/(1+7) evaluated at 7, i.e., s, = —1/(1+7)2,
and g, denotes the derivative of s +— §,(s) with respect to s. By Lemma B.11
(Appendix B.10), the last two terms on the RHS of (B.179) are bounded in p. Since
the first two terms on the RHS of (B.179) are bounded in p, too, (B.177c) follows.

We next show (B.177d) following along similar lines. Using (B.100) and the
definition of g, in (B.174), we obtain the upper bound

E{IgZ(T)ﬂ

Tp(T—1) 5 TpZy
=E||s’| ———— —E[§ (s, " (s,
[&( v el (AC Il SR g ACL)

k
+ (2)*(—E[3) (s)] + 7 (s7))
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s’#l"’{ (1 Iﬂp)k ((T = 1)+ E[25]) + [E[g,(s2)]|" + E[ |3 (s0)]"] }
+ coxls) |2k{‘E[gp ST)”k—l-E[lglp/(ST)‘k}} (B.180)

where s” denotes the second derivative of 7 +— 1/(1 + 7) evaluated at 7, i.e., s/
2/(1+7)?, and g denotes the second derivative of s — g,(s) with respect to s. The
terms that are multiplying cg |s! |* were shown to be bounded before, and the terms
that are multiplying cs x|s%|?* are bounded in p by Lemma B.11 (Appendix B.10).
The claim (B.177d) thus follows.

We finally show (B.177e). Using (B.100) and the definition of g, in (B.174), we

establish the upper bound

] =e|

1+Tp +Tp

s (- TAE )~ el o) + 1o + (o))
) +%s7)

+(s7)*(=E[g)"(s7)] + 3, (sr))

e ||{(1I€rp) (T = 1%+ E[28])
+ |E[g)(s1)]|" + E[!g’p(sﬁlk} }
e jlten) s €]
+%usw{wvwfﬂr+qw”7wﬂ} (B.181)

where s/ denotes the third derivative of 7 — 1/(1 + 7) evaluated at 7, i.e., s =
—6/(1+7)%, and g/ denotes the third derivative of s — g,(s) with respect to s. By
the same arguments as above, we can conclude that the RHS of (B.181) is bounded
in p. The claim (B.177¢) thus follows.

To prove (B.173), we first note that the derivatives I’ , (p), I, (p) and I} (p)
i+7 T+7 T+7
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are given by

)=~ T>2{T;1 4 ;pl) - E[?(srﬂ} (B.182a)
I =q fT)B {Ts_ - qu ;pl) - E[ﬁé(sf)]}
- GJ:T){T Ly E[gp(sr)}} (B.182b)
e e )
1+7 { gP(STﬂ}
1+7 { gZ’(sT)]}- (B.182c)

Note that the terms |(T —1)/s.|,
€ (0,1). Furthermore,

(T—1)/s%| and |(T —1)/s%| are bounded for

‘Tp(T—l)’

<(T-1 > 0. B.183

Finally, the derivatives of the logarithm of the regularized lower incomplete gamma
function are bounded by Lemma B.11 (Appendix B.10). Thus, all the terms in
(B.182) are bounded in p, so (B.173) follows. ]

B.9 Auxiliary Results for MGF and CGF Analyses

In this appendix, we present auxiliary lemmas and corollaries that are used throughout
the proof of Lemma 6.7 (Appendix B.6), the proof of Lemma 4.2 (Appendix B.5),
and the proof of Lemma B.4 (Appendix B.8).

Lemma B.5 Let 0<a < 1/(T—1), pg >0, and 0 < so < 1. For every p > po and
every 6 € (0,1 —a(T — 1)), we have

B (O e e e IR0

s€(s0,1]

(B.184)
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Proof: By(4.1),

e[ (1 - e (g (71, T TRA L Z YV Y

sup
T€[0,a),
s€(s0,1]
0 L sTp(L+Tp) 2+ Z2) 1\ VY ?
< sup E[(l—(l—exp{—F(T)Tl p 271 2 }) ) }
T€[0,a), 1+Tp
s€(s0,1]

(B.185)

The function inside the expected value on the RHS of (B.185) can be upper-bounded
by replacing 7 by 1 and s by so. Hence, we obtain that

- Kl - (1 —exp{-1(T)"™ sTp((1+Tp)Z1 + ) }>T<Tl>> ;}

sup

T€[0,a), 1+ Tp

s€(s0,1]
<el(q 1 { F(T)_ﬁ soTp((14+Tp)Z1 + ZQ)} T-1\ (B.156)
> exp 1+7p . .

Let (3,5 = F(T)_% %Tpp. Using that, for every > 0, (1—¢*)(T=1 > 1 — (T —1)e®,
and that £, s, > B,,.s, for every p > pg > 0, the RHS of (B.186) can be further
upper-bounded by

E [(T —1)% exp{—ﬁpg’so((l +Tp)Zy + Zg)}]
_ (T—1)5
= o T (B.187)
We conclude by noting that the RHS of (B.187) is of order 1/p. |

Lemma B.6 Let 0<a<1/(T—1) and 0 < sg < 1. For every ¢ € (0,1 —a(T —1)),
we have

sup sup E[e_ﬁ(im(”)_BP)} < o0. (B.188a)
p>0 7€[0,a),
56(5071]

Since i, 4(p) < ir.s(p), this implies that

sup sup E{e_lié(i’-"s(p)_Bf’)} < 00. (B.188b)
p>0 7€[0,a),
86(5071]
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Proof: We first lower-bound i, ,(p) using that, for every Z; > 0 and every

22 Z [7
( | 1) log| Z1 + > ( 1) lo (Z ) (B 189&)
g 1 1 T - g 1 .
S T s S0 . .189

Hence, we can upper-bound the LHS of (B.188a) by

sup E{e—ﬁ(—Zg—k(T—l)logzl)}
T€[0,a)
= sup # /OO Zl_ r-p e dz /OO 23_26*22(1*7/(1*5))(122
T€[0,a) F(T - 1) 0 0
r(1-o0)
= sup (B.190)

rep)| (1=75)T71 |

Here, the integrals have been computed using [28, Sec. 3.381-4]. We next show that
the RHS of (B.190) is finite provided that a < %. Indeed, we have

(=) (i)

sup —= < —= < 00 (B.191)

7€[0,a) (1 - ﬁ)T ! (1 - 135)1— !
where the last step follows because x — T'(z) is a continuous convex function in
x> 0. |

Corollary B.7 Let 0 <a < 1/(T—1) and 0 < sg < 1. Then,

sup
T€[0,a),
5€(s0,1]

E [efrm,s(p)—Bp)] _ E[eff(ze,gmf&)} | =0,(1). (B.192)

Proof: The LHS of (B.192) can be written as

sup
T€[0,a),
s€(s0,1]

E I:e_T(i(’S(p)_Bp)

x <1 - exp{—T(—log:y(T ERALLC ﬁ:p)él + ZQ))) })} | (B.193)

178



APPENDIX B. APPENDIX TO CHAPTER 6

By Holder’s inequality, for any § € (0,1 — a(T — 1)), this can be upper-bounded by

1-6
sup E [e—lia(ie,s(p)—B,,)]

7€[0,a),
36(3011]
1.6
- sTp((L+Tp)Z1 + Z2) s
X sup E{(l—exp{—T(—log'y T-1, .
T€[0,a), ( 1+ Tp )
s€(s0,1]
(B.194)

The first supremum in (B.194) is finite by Lemma B.6. The second supremum in
(B.194) is of order p~% by Lemma B.5. n

Lemma B.8 Let 0<a<1/(T—1) and 0 < so < 1. Then

inf | Ele 7l 7P| > 5(T1) + (- 5(T 1)e (B.195)
7€[0,a),
SE(SOal]

Proof: Note that, for every Z; > 0 and Z5 > 0,

Tp
14+Tp

z
ig (p) — B, =—s Zy + (T —1)log <21 4+ =2 ) < (T =1)log(Zy + Zo).

14+Tp
(B.196)
Consequently, we have that

E[e—T(ias@)—Bp)} > E[e—ﬂT—l)log(ZﬁZz)], 0<T<a sg<s<l. (B.197)

The RHS of (B.197) can be further lower-bounded as

E{efT(Tfl)log(szz)] _ E|:67T(T71)log(21+Z2)

Zi+ 2y <1|P[Z1+ 2y < 1]

LE [677(T71) log(Z1425)

Zi+ 2 2 1|P[Z1+ 2 2 1]
> 3T, ) +E[(Z1+ 22)" D20+ 2o 2 1[P[21 + 22 2 1]

In (B.198), the inequality follows by substituting 7 by 0 in the first expected value
and 7 by 1 in the second expected value. To solve the remaining expectations
and probability terms, we have used that Z; + Z5 is Gamma(T, 1)-distributed—so
PlZ1 + Z3 < 1] = 5(T,1)—and [28, Eq. 3.381-3.%]. [ |
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Lemma B.9 For every b € Z7, 0 < sg < Smax, and py > 0, we have

b
(ealp) = B)] | < . (5.199)

sup sup E [
P> po 56(50 7Smax]

Proof: For every s € (So, Smax), we have that

b
Tp ZQ
= — VA T—-1)log|Z
] EH( T+ Ty 29 )Og< 1+1+Tp)

(ié,s(p) - Bp)

i

To(1+Tp)Z, + Z b
g (-1, T T 2 ) )
sTp b
§03’b<EH1 _I_ng }+E[’(T—1)log(Z1+ T )’]
To((1+Tp)Zy + Zo)
+E[log’y(T—1750 oAl +1+pr1+ 2) H) B.200)

where c3p is a positive constant that only depends on k. Indeed, the inequality
follows by (B.100). The first term on the RHS of (B.200) can be upper-bounded as

Zz

‘ sTp

Ty SmaxE[Z3] s 50 <8 < Smax. (B.201)

The second term on the RHS of (B.200) can be upper-bounded as

< Cz,b((T - 1)bE[|10g(Z1)|b}

s )

+ (T = 1)'E[log(21 + 22)'])
< 00 (B.202)

where we have used (B.100) and that

Z3
(T- 1)1og<Z1 + 1 —|—Tp>

Finally, using (4.1), the third term on the RHS of (B.200) can be upper-bounded as

< (T=1)(Jlog(Z1)| + [log(Z1 + Z5)[) . (B.203)

~ Tp((l + Tp)Zl + ZQ) ’ b b ﬁpo S0
— <(T-1)"E|l 1+ "
E[bgv(T b0 1+ Tp < (T-DEjleg’{ 1+ 70
<00, p=po (B.204)
where 3, ; = I‘(T)i 1;C|.Tpp. ]
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Corollary B.10 Let 0 <a < 1/(T—=1) and 0 < so < 1. For b e {1,2,3},

sup
T€(0,a),
s€(s0,1]

(E [(ie,s(p) — Bp)beﬂm,s(p)fg;,)}

~E[(ir.a(p) ~ B,))bef(”,s“’)BP)D | —0,(1). (B.205)

Proof: To show (B.205), we proceed in two steps. We first show that

lim sup
P70 rel0,a),
s€(s0,1]

(E {(iz,s(p) — Bp)be_T(iz,s(ﬂ)—Bp)]

_E |:(ié,s(P) _ Bp)be—T(i[,)s(p)—Bﬂ):|> | =0. (B.206)
We then show that

lim sup
P70 r€0,a),
s€(s0,1]

(E {(u,s(p) - Bp)bef(n,s@)Bp)}

= [ Gnalo) - B ) ‘ —0. (B207)

Corollary B.10 follows then by the triangle inequality.
The LHS of (B.206) can be written as

; Tp((14+Tp)Zy + Zo)\7
sup E|:(7:gys(p)Bp)beT(Zzys(P)Bp)(l;y(T178 p(L+Tp)Zi + 2)) )} .
T€[0,a), 1+Tp
s€(s0,1]
(B.208)
Applying Hoélder’s inequality, this can be upper-bounded by
¥ o 1-5
oup €[|(ia(p) - 8| | sup g[erEnliom)]
s€(s0,1] T€[0,a),
s€(s0,1]
2_ 6
Tp((L4+Tp)Zy+Z2)\7\?°|?
X sup E[(l—’y(T—Ls P +Tp)Z + 2)) ) } (B.209)
7€[0,a), 1+Tp
s€(s0,1]
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for some arbitrary § € (0,1 — a(T — 1)) such that 2/ is an integer. The first
supremum on the RHS of (B.209) is bounded in p by Lemma B.9. The second
supremum is bounded in p by Lemma B.6. The third supremum is O(1/p) by
Lemma B.5. Consequently, (B.208) is 0,(1), which proves (B.206).

We next prove (B.207). Since b € {1,2,3}, we first focus on the case b = 1, where
it suffices to show that

EK—logﬁ(T ERIALC *11’))5)1 + Z2>)) ef(w.me)} ‘ — 0,(1).

sup
T€[0,a),
s€(s0,1]

(B.210)

By Holder’s inequality, the LHS of (B.210) can be upper-bounded by

1.6
Tp((1+Tp)Zi+ Z s
sup E[(—log’y(T—l,s Pl +1 p_)r1+ 2))) ]
s€(s0,1] + Ip

1-5
x sup E [eﬁ(if-rs(p)B”)] . (B.211)
T€[0,a),
s€(s0,1]
for every § € (0,1 — a(T —1)). By Lemma B.6, the second supremum on the RHS of
(B.211) is bounded in p. The first supremum is achieved at s = sg. It thus remains

to show that

E[(logﬁ(T - 1,50Tp((1 +Tp)Z: + Zz))) ‘%} —0,(1). (B.212)

14+Tp
To this end, we use that, by (A.100) and (A.103), we can apply the dominated

convergence theorem to obtain

190
. - Tp((L+Tp)Z1+ Z2)\ \ °
phigoE[(_logv(T_l’so 1+Tp )

Tp((1+Tp)Z1 + Zz))) é] ’ . (B.213)

:Ellim (—1oga(T—1,so -
P

p—00

Since #(T — 1,z) — 1 as © — o0, it follows that the term inside the expected value
on the RHS of (B.213) is zero almost surely, hence the RHS of (B.213) is zero. This
proves (B.212), which together with (B.211) proves (B.210).
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We next focus on the case b = 2, where it suffices to show

5 Tp((l +TP)Z1 + ZQ) 2 —_ (z (p)—B )
sup |E (—IOgv T-1,s e~ i, (P) =By
T€[0,a), [ ( 1+ Tp )
s€(s0,1]
1 5 Tp((]' + TP)ZI + Z2) *T(Zz (p)*BP)
+E[< 2(@75(/)) Bp) 10g’y<T 1,5 T, ) e ,
= 0p(1). (B.214)

The LHS of (B.214) can be upper-bounded by

To((1+Tp)Zy + Z 2 .
sup |E (—1ogﬁ(T—1,8 A+ Tp) 0 + 2))) o~ (ie.(p)=B,)
7€[0,a), 1+ Tp
s€(s0,1]
, . Tp((1+Tp)Zi + Z)
+ sup |E <—2@Sp—B 1og’y<T—1,s )
T€[0,a), [ (@, ( ) p) 1 +Tp
s€(s0,1]

xeT(if»s(p)BP)] ’ (B.215)

The first supremum is 0,(1) by following similar steps as the ones used to show
(B.210). For the second supremum, Holder’s inequality yields for any arbitrary
0 € (0,1 —a(T —1)) such that 2/§ is an integer

| i To((1+Tp)Z1 + Zo) )
E|l( -2 - B,)1 T-1,
Tes[%}?z), [( (ir.s(p) ») og’y( 5 1+Tp )
s€(s0,1]
% e_T(iLS(p)_Bp):H
1-6
T y 2 2
< s =]l Je[(a(a0) - 5) ]|
T€[0,a), s€(s0,1]
s€(s0,1]
3
272
i To((L+Tp)Zy + Z2)\\°
el (4 T _ B.21
Xseséop,u K Ogv( * 1+Tp ) (210

The first supremum on the RHS of (B.216) is bounded in p by Lemma B.6. The
second supremum on the RHS of (B.216) is bounded in p by Lemma B.9. The third
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supremum is o,(1) by following similar steps as the ones used to prove (B.212). This
proves (B.214).

Finally, for the case b = 3, it suffices to show

- To((L+Tp)Z1 + Z2)\\’ —7(ig., (p)—B,)
sup |E (—log7 T-1,5 e T\ P)= 5
T€[0,a), ( 1+ Tp )
SE€(s0,1]

Tp(1+Tp)Z1 + Z ;
3(%5(;)) B Bp)zlog&<T 1,5 P(( +1+P_)rp1 + 2))) eT(Zg’s(p)BP):|

(
+E {(3(2'@,8@) ~B,) 1og2&(T —1, 1ol ﬁimél a ZQ))) e—T(iz,s<p>—BP>}

= 0,(1). (B.217)

The LHS of (B.217) can be upper-bounded by

1

E [(- log 7 (T -1, TP+ Tp) 21 + ZQ))>3 o= (ir..(0)-B,)

sup
T€[0,a), 1+ Tp
s€(s0,1]
) 2. To((L+Tp)Z1 + Zs)
+ sup E—<3z_sp - B log'y<T—1,s )
T€[0,a), [ ( . ( ) P) 1+ Tp
s€(s0,1]

xe—r(ie,s(m—Bp)] ‘

Tp((1+Tp)Z1 + Zg)))

+ sup E[(S(iﬁ,s(p)_Bp) log2fy(T—1,s T,

T€[0,a),
56(5071}

xeT(ifvs(p)BP)] | (B.218)

By following the same steps used to prove (B.210) and (B.214), it can be shown that
(B.218) is 0,(1). This concludes the proof of (B.207). |
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B.10 Bounds on the Derivative of the Regularized

Lower Incomplete Gamma Function
Lemma B.11 Assume thata > 1, k € Z", and 1/2 < s < 1. Then, for every x > 0,

y k
’8 5 log(a, sz)

<cla,k,s), keZ' te{1,2

,3} (B.219)
where c¢(a, b, s) only depends on a, k and s, but not on x

Proof: We start by showing (B.219) for the first derivative, namely,

"(a, sx) g

(a, sx)

=

<cla,k,s), kecZ.
Here,

(B.220)
')/ (a 51}) a ’y(a7saj) — Lm(sx)a—l —sz

B.221
) e ( )
which is nonnegative since a > 1, x > 0 and 1/2 < s < 1. Furthermore, we have [60,
Sec. 8.10]

(a, sx) > (1 — e_dsx)a
where

(B.222)

d&T(a+1)"= (B.223)
The RHS of (B.222) is between 0 and 1 for = > 0. It then follows that

1 a(sz)tle™s® i
= ()
1 w(sx)e ! *
()

1 k

T'(a) % )
k

- <sr<a>)

where the second inequality follows because

fyasx

«Qz
I/\

IA

IN
R

(B.224)

=T+ ) = (al)s <a (B.225)
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and the third inequality in (B.224) follows because e > 1 + x. This proves (B.219)
for £ =1.

While the proof of (B.219) for ¢ = 2 and ¢ = 3 follows along similar lines, it
requires a more careful analysis. The second and third derivatives of ¥(a, sz) with

respect to s are given by the respective

7' (a,sx) = F(la) 22(s2)"2e 5% (a — sz — 1) (B.226a)
’?W(a’ sx) = ﬁxii(sx)af?)e—sz(az . a(ZSx + 3) + 2)' (B.226b)

For simplicity, and since the steps involved to show (B.219) for £ = 2 and ¢ = 3
are analogous, we will only explain the case for £ = 2. First, note that the LHS of
(B.219) for ¢ = 2 can be upper-bounded as

k " k
<cok M

o) (B.227)

0? -
‘832 log¥(a, sx)

where the inequality follows by (B.100). The second term on the RHS of (B.227)
can be analyzed by following the same steps as in (B.224). For the first term on the
RHS of (B.227), it follows that

g )

7" (a, s)
A(a, sx)

. 1 22(sz)* 2e 5% (s2)
(i T

where the inequality follows by using (B.226a) and (B.100). Note that both terms in
(B.228) are nonnegative. Thus, the first term on the RHS of (B.228) can be analyzed
following the same steps as in (B.224):

22(sz)  2e=5%(a — 1)\ " 2?(s2)* %(a — 1) *
( I'(a)¥(a, sz) ) = <r(a)(esm/a_1)“>
k

2%(s1)% 2(a — 1)

()

= (C“;g(—a;))k (B.229)

>k (B.228)
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To analyze the second term on the RHS of (B.228), let x.(a, s) be the maximizer of

the numerator, i.e.,

1
x4 (a, s) = argmax{z*T's" e} = ot
x>0 S

. (B.230)
For the case 0 < z < z.(a, s), we obtain the upper bound

a=2p78T (g x2(sx)e 1 g xa® z.(a, s)a®
(M ) ))k = (n(>()>> - <sr<a>>k : ((r<)>> (5231

a

where the result of the last inequality only depends on a, s, and k.
For x > z.(a, s), we have that

(1—e by > (1 _ efdsma,s))“ . (B.232)

Then, using (B.222), (B.230) and (B.232), the second term on the RHS of (B.228)
can be upper-bounded as

22(sx) 2e %% (s b 2 (a, 8)%(szs(a, )2 2e 5% (05) (g2, (a, s
(() ()>§<(’)((’)) (sz+(a, s))

k
I‘(a)’y(a7 S.’E) F(a) (1 _ e—dsx*(a,s))a ) (B233)

which, again, only depends on a, s, and k.
Combining (B.231) and (B.233), we obtain that, for z > 0,

(™ e )

x4 (a, s)a® b T, (a,5)?(sz.(a, s))* 2e5%(>5) (s2,(a, 5)) ‘
< max ( ST(a) > ,< T(a)(1 — e~dsv-(a:9))7 > (B.234)

which only depends on a, s, and k, but not on . Combining (B.228), (B.229) and
(B.234) thus yields (B.219) for £ = 2. |
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