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Abstract. To model the sheath structure around an emissive probe with cylindrical geometry,
the Orbital-Motion theory takes advantage of three conserved quantities (distribution function,
transverse energy, and angular momentum) to transform the stationary Vlasov-Poisson system
into a single integro-differential equation. For a stationary collisionless unmagnetized plasma,
this equation describes self-consistently the probe characteristics. By solving such an equation
numerically, parametric analyses for the current-voltage (IV) and floating-potential (FP)
characteristics can be performed, which show that: (a) for strong emission, the space-charge
effects increase with probe radius; (b) the probe can float at a positive potential relative to
the plasma; (c) a smaller probe radius is preferred for the FP method to determine the plasma
potential; (d) the work function of the emitting material and the plasma-ion properties do not
influence the reliability of the floating-potential method. Analytical analysis demonstrates that
the inflection point of an IV curve for non-emitting probes occurs at the plasma potential. The
flat potential is not a self-consistent solution for emissive probes.

1. Introduction
Plasma potential is one of the principal parameters to be measured for understanding a wide
range of plasma phenomena. For this purpose, emissive probes (EPs) are frequently used,
mainly due to their simple practical implementation and robustness [1][2]. The determination of
plasma potential relies on two experimental curves of EP measurements: the current-voltage (IV)
characteristics and the floating-potential (FP) characteristics. When the EP is heated to emit
thermionic electrons and thus to achieve certain emission level, the current-voltage characteristic
is obtained by measuring the net current to the probe, for a range of different probe biases. The
floating-potential characteristic is obtained by directly measuring the probe bias at the floating
condition (i.e., zero net current), for different emission levels.
Theoretical difficulties for EPs arise from the cylindrical geometry and the space-charge effects

that can result in a virtual cathode in front of the probe (i.e., non-monotonic potential profile).
Available theoretical works commonly considered planar geometry [3][4][5]. The effects of the
particle orbital motions were neglected [6], or partially developed in some asymptotic regimes
and limited conditions [7][8]. Not until recently, a full-kinetic model based on the Orbital-
Motion Theory (OMT) for cylindrical EPs was finally developed [9]. This work is organized as
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follows.InSec.2,themodelin[9]isbrieflydescribed,withfocusontheindependentparameters
thatdeterminetheEPcharacteristics.Parametricstudiesonthecurrent-voltageandfloating-
potentialcharacteristicsarepresentedinSec.3andSec.4,respectively,togetherwithdiscussions
ontheirapplications.TheconclusionsaresummarizedinSec.5.

2. OMTforcylindricalemitters
2.1.Plasmaandprobeconditions
Letusconsideralongemissiveprobe(denotedbythesubscriptp),withtwo-dimensional
cylindricalgeometry,radiusRp,andbiasφprelativetotheMaxwellianplasmaatinfinitythat
hasunperturbeddensityN∞,electrontemperatureTe,iontemperatureTi,andionmassmi.
Aslongascollisions,plasmadrift,particletrapping,transienteffects,andmagneticfieldare
notsignificant,theOMTcanbeappliedtomodeltheprobe-plasmainteraction.
Thermionicelectronsareemittedattheprobewithahalf-Maxwellian(HM)distribution

basedontheprobetemperature(Tp)[10]. Thethermioniccurrentdensityisgivenbythe
Richardson-Dushman(RD)lawas

JRD=λRDA0Tp
2exp −

eW

kBTp
, (1)

withW theworkfunctionineV,TptheprobetemperatureinK,λRD thematerial-specific
correctionfactor,etheelementarycharge,andA0auniversalconstantgivenby

A0≡
4πemek

2
B

h3
≈1.20173×106Am−2K−2, (2)

wheremeistheelectronmass,kB istheBoltzmannconstant,andhisthePlankconstant.
CombingtheHMdistributionandtheRDlaw,electronsareemittedattheprobewithadensity

Nemp(λRD,Tp,W)=
πme
2kBTp

λRDA0T
2
p

e
exp −

eW

kBTp

=λRD
2πmekBTp
h2

3/2

exp −
eW

kBTp
. (3)

Thedimensionalparametersthatdeterminethenetcurrenttoprobeare:plasmaproperties
(Te,Ti,mi,andN∞),thermionicpropertiesoftheprobe(Tp,W,andλRD),andtheprobe
geometryRpandbiasφp.

2.2.TheVlasov-Poissonsystem
Toobtainthenetcurrent,oneneedstofirstfindoutthepotentialdistributionalongtheradial
directionoftheprobe,bysolvingtheVlasov-Poissonsystemself-consistently.Thedimensionless
radialcoordinaterisdefinedastheradialdistancetothecylinderaxisnormalizedbyRp.The
r-dependentelectricpotentialandparticledensitiesarenormalizedas

ϕ(r)≡
eφ

kBTe
,ni,e(r)≡

Ni,e
N∞

,nem(r)≡
Nem
Nemp

, (4)

withthesubscriptα=i,e,emdenotingforplasmaion,plasmaelectron,andemittedelectrons,
respectively.Poisson’sequationforcylindricalgeometrythenreads

1

r

d

dr
r
dϕ

dr
=−ρ2p(ni−ne−βnem), ϕ(r=1)=ϕp, ϕ(r→∞)→0, (5)
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whereionsaretakenassingle-charged,ρpistheradiustoDebyelengthratio

ρp≡
Rp
λDe

≡
Rp

ε0kBTe/e2N∞
, (6)

andβistheemissionlevel

β≡
Nemp
N∞

=
δp
δs

3/2

exp −
δw
δp

,δw≡
eW

kBTe
,δs≡

h2N
2/3
∞

2λRD
2/3πmekBTe

,δp≡
Tp
Te
. (7)

BasedontheOMT,thedensitiesnαontheright-hand-sideofPoisson’sequationcanbewritten
outexplicitlyasafunctionofϕ(r)accordingtoVlasovcharacteristics[9][11]. TheVlasov-
Poissonsystemthenbecomesasingleintegro-differentialequationthatistobesolvedforϕ(r).
Theparticledensitynαatanyradiusrcanbefoundbyintegratingthelocaldistribution

functionfαoverthe(vr,vθ)velocityspace,

nα(r)= fα(r,vr,vθ)dvrdvθ, (8)

wherethenormalizationsappliedare2kBTαfα/(mαN∞,emp)→ fαfordistributionfunction,

mα/2kBTαvr→ vrforradialvelocity(positiveoutwards),and mα/2kBTαvθ→ vθfor
azimuthalvelocity.TheVlasovequationconservesthedistributionfunctionalongparticleorbits.
Duetothe MaxwellianplasmafarawayfromtheprobeandtheHMelectronsemittedatthe
probe,thelocaldistributionsfortheparticlesexistingatrare

fα(r,vr,vθ)=Hαexp−vr
2−vθ

2−uαr /π, Hi,e=1, Hem=2, (9)

withthenormalizedelectricpotentialenergyuαr(r)beingdefinedforeachspeciesas

uer(r)≡−ϕ(r), uir(r)≡
ϕ(r)

δi
≡
ϕ(r)

Ti/Te
, uemr(r)≡

ϕp−ϕ(r)

δp
. (10)

Foreachspecie,thiselectricpotentialenergyistakenrelativetotheoriginoftheparticle
(infinityforα=i,eandprobeforα=em).
Duetothecylindricalsymmetryoftheproblemanditsstationarycharacter,thenormalized

angularmomentumandthenormalizedtransversetotalenergy,

lα≡rvθ, ǫα≡v
2
r+v

2
θ+uαr, (11)

arealsoconservedalongparticleorbits.Theynotonlysufficetocharacterizetheorbitsbutalso
allowtransformingthedensityintegrationoverthevrvθ-spacetotheǫl-space. Afterapplying
changeofvariables(vr,vθ)→(ǫα,lα),Eq.(8)becomes

nα(r)=
2Dr

fα(r,vr,vθ)

2 l2αr(r,ǫα)−l
2
α

dǫαdlα, (12)

l2αr(r,ǫα)≡lα
2+r2v2r=r

2(ǫα−uαr). (13)

Thedomainofintegration(2Dr)shouldcontainallthevaluesoftheorbitalinvariants(ǫα,lα)
fortheparticlespresentatr,withthefactor2forconsideringonlypositivelαandlαrhereafter.
Foreachspecies,withouttrappedparticles,ther-dependentdomainDriscomposedbytwo

sub-domains,Dr=D1r+D2r:1)Thesub-domainD1rstandsfortheparticlesthatareableto
overcomeallthebarrierstoarriveatrforthefirsttime;2)theothersub-domainD2rstands
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fortheparticlesthatarereflectedbacktorandappearatthatradiusforthesecondtime.For
plasmaspecies,D1randD2rcorrespondstoincomingandoutgoingparticles,respectively(vice
versaforemittedelectrons).
AccordingtoEq.(13),aparticleiscertainlyforbiddenatrifvr

2>0cannotbesatisfied.
Consequently,foraparticletoexistatr,itisnecessary(butnotsufficient)tohave:a)an
adequatelylargeenergyasǫα≥uαr(r);b)foranyenergyinthisrange,asmallenoughangular
momentumaslα≤lαr(r,ǫα).Iftheorbitalcharacteristics(ǫandl)ofaparticlecanfulfilthe
necessaryconditionatanyr′thatisbetweenrandtheoriginoftheparticle,thisparticlecan
arriveatrforthefirsttime,thusyieldingtheD1rdomainas

D1r={(ǫα,lα):ǫα≥u
∗
αr(r),lα≤l

∗
αr(r,ǫα)}, (14)

u∗αr(r)≡max
r′∈Sr

uα(r
′),l∗αr(r,ǫα)≡min

r′∈Sr
lαr(r

′,ǫα),

Sr={1≤r
′≤rforα=em,r≤r′<∞ forα=i,e}.

AmongtheparticleswithinthisD1rdomain,someplasmaparticles(emittedelectrons)canbe
capturedbytheprobe(infinity).Theǫl-domainthatcontainsallthecapturedparticlesisthus

D0={(ǫα,lα):ǫα≥u
∗
α,lα≤l

∗
α(ǫα)}, (15)

u∗α≡max
r′∈S
uα(r

′), l∗α(ǫα)≡min
r′∈S
lαr(r

′,ǫα), S={1≤r
′<∞} .

Readily,thereflectedsub-domainD2rcanbefoundastherelativecomplementofD0inD1r,
i.e.,D2r=D1r−D0.
AftersubstitutingD2r=D1r−D0intoEq.(12)andusingEqs.(14)and(15),theparticle

densitybecomes

nα(r)=
2Hα
π

∞

u∗αr(r)
exp(−ǫα)arcsin

l∗αr(r,ǫα)

lαr(r,ǫα)
dǫα−

Hα
π

∞

u∗α

exp(−ǫα)arcsin
l∗α(ǫα)

lαr(r,ǫα)
dǫα.

(16)
Suchanintegrationdoesnotonlydependonthevalueofϕ(r)atthelocalrlocation,butalso
dependsonthevalueatotherrlocations(asdenotedbythestarsigns).
Theintegro-differentialequationthatdescribestheVlasov-Poissionsystemisthusobtained

bysubstitutingEq.(16)intoEq.(5).Itisimportanttonotethatthesolutionofsuchasystem
dependsonlyonfiveindependentdimensionlessparameters(δi,δp,ϕp,ρp,β),andyetitis
independentofthemassratioµi=mi/me.
Tosolvethisintegro-differentialequationnumerically,anon-uniformmeshforthespatial

coordinateriscreatedandtruncatedatamaximumradiusrmax.Thevaluesofthepotential
ϕ(r)anddensitynα(r)atallmeshpointsarecontainedinsidetwovectorsϕandnα. With
aninitialguessforϕ,thenumericalschemefirstcomputesthedensitiesnαwithEq.(16)by
carryingouttheintegralsnumericallywithSimpson’srule(asaVlasovsolver).Then,byusing
afinite-elementformulation[12,13],withtheboundaryconditionsforacylindricalprobeas
ϕ|r=1=ϕpanddϕ/dr|rmax =−ϕ/r|rmax [14],aPoissonsolverforEq.(5)calculatesanewϕout
fromthenαpreviouslyobtained.ThesetwostepsarethemainbuildingblocksoftheNewton-
Raphsoniterativeschemethatsolvesthenon-linearalgebraicequationF(ϕ)=ϕ−ϕout=0.
ThemostcostlypartofthealgorithmistonumericallycalculatetheJacobianforF,whichis
carriedoutbyseveralprocessorsinparallel.
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3. Current-voltagecharacteristics
Onceϕ(r)isfound,thecurrentperunitprobelength(normalizedtotheelectronrandom
thermalcurrentIthe)canbefoundas

iα≡
Iα
Ithe
=
2Gα√
π

∞

u∗α

l∗α(ǫα)exp(−ǫα)dǫα, Ithe=2πRpeN∞
kBTe
2πme

(17)

Gi=− δi/µi, Ge=1, Gem=−2β δp,

beinginvariantwithrandpositiveforcollectedelectroncurrent. Forasetofindependent
parameters(ρp,µi,δi,δp,β),thecurrent-voltagecharacteristic(it=ie+ii+iemversusϕp)can
beobtainedbyvaryingtheprobebiasϕp.
Basedontheself-consistentfull-kinetic model,thefirstresultsonthecurrent-voltage

characteristicswerepresentedin[9]foranEPwithradiusRp≈3.6mmandimmersedinan
oxygenplasmawithTi=Te≈0.25eVandN∞ ≈1.07×10

12m−3.Togetherwiththematerial
thermionicpropertiesW ≈2.5eVandλRD=1,theIVcurvesfordifferentprobetemperatureTp
werecalculated.Non-monotonicpotentialduetospace-chargeeffectsweresuccessfullycaptured.
Thisnon-monotonicbehaviourisnotonlypresentwhentheprobeisnegativelybiasedrelativeto
theplasma(ϕp<0),butalsoextendstopositiveprobebias(ϕp>0).Thehighertheemission
levelis,thisnon-monotonicregimecoversalargerrangeofϕp.Inthiswork,weconsiderthe
sameambientparametersasδi=1,µi=29164.1,δp=0.32,andβ=1.716,butvaryingthe
proberadiusfromρp=0.1toρp=2[seeFig.1].
Foraverynegativeprobebias(ϕp≪ 0),theprobeemitselectronsfollowingtheRDlaw,

beinginvariantwithϕp. Becausethisemittedelectroncurrentismuchlargerthanboththe
plasmaioncurrentandtheplasmaelectroncurrent,thetotalcurrentisalsoinvariantwithϕp.
Thenumericalresultsforsuchϕprangecanbefoundin[9].AlthoughnotshowninFig.1,the
IVcurvesfordifferentρpoverlapwitheachother,asaresultofnormalizingthecurrentwith
thethermalelectroncurrent.Foraverylargeprobebias(ϕp≫ 0),theprobecollectsmainly
electroncurrent. Thisdimensionlesscurrentcandependonρpiftheprobecollectselectrons
beyondtheOrbital-Motion-Limited(OML)regime[11].Nevertheless,numericalresultsarenot
shownforthisϕprangesinceitisnotrelevantforthepurposeofthiswork.

Figure1. Current-voltagecharac-
teristicsfordifferentproberadiusρp,
withδi=1,µi=29164.1,δp=0.32,
andβ=1.716.

Figure2. Thecalculatedandfitted
emittedelectroncurrentiem,inthe
case ofϕp > 0and monotonic
potentialprofile(ρp=0.1).

InFig.1,numericalresultsarepresentedforϕpvaluesthatareclosetozero.Fornegative
probebias(ϕp<0),adottedmarkerisplacedoneachcurvetoindicatethetransitionbetween
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the monotonicandnon-monotonicregime. Totheleftofthetransitionpoint,thepotential
profileismonotonic.Itcanbeobservedthat,aslongaswithinthemonotonicregime,allcurves
overlapwitheachother. Nevertheless,thenetcurrentnolongerfollowstheRDlawasbeinga
constantvalue.Itincreasesbecausethecurrentfromtheplasmaspeciesbecomescomparable
withtheemittedelectroncurrent. Totherightofthetransitionpoint,thepotentialprofile
becomesno-monotonicandtheemittedelectroncurrentissubstantiallyreducedbythevirtual
cathodeinfrontoftheprobe.Thenetcurrent(positiveforelectroncollection)thusrisesrapidly
anddeviatesfromtheoverlappedroute.Foralargerproberadius,alargernetcurrentimplies
morereductionoftheemittedelectroncurrent,thusastrongerspace-chargeeffect.

Inthecaseofpositiveprobebiases(ϕp>0),forallthecurvesinFig.1,thenon-monotonic
potentialprofilepersistsforsomepositiveprobebiases(ϕp > 0). Becausethe RDcurrent
islargerthantherandomthermalcurrent(IRD/Ith≈ 1.94),thefloating(zero-net-current)
conditionoccursatapositiveprobebias. Forϕp>0,theinteresthereistheemittedelectron
current[15]. ThisproblemwasfirsttackledbyLangmuir. Theelectroncurrentinvacuumwas
calculatedconsideringelectronsemittedfromaninternalcylindricalanodetoanexternalcoaxial
cathodiccylinder,seeFig.40in[16]. AccordingtotheresultsfromLangmuir,ifiemisplotted
againstϕpwithnaturallogarithmscaleandlinearscalerespectively,theslopeisestimatedto
be1/δp. Ournumericalcalculationsshowthat,aslongasthepotentialprofileis monotonic,
iemisidenticalfordifferentρp.InFig.2,theemittedelectroncurrentiem(thedottedcurve)
forρp=0.1isplotted(indecimallogarithmscale)versusϕp(inlinearscale). Thevalueof
iemdecreasesexponentially,asindicatedbythelinearslopeinthisplot. Afterapplyingan
exponentialfitting(thesolidline),theslopeofthedecreasingieminanaturallogarithmscale
isfoundtobe2.93,closeto1/δp≈3.13. Theslightdifferencecouldresultfromthepresenceof
plasmaparticles,which modifiesthepotentialprofileandthusthecurrent.

3.1.Inflection-point method
Theinflectionpoint method makesuseofthederivativesoftheIVcharacteristics(dit/dϕp)
to measuretheplasmapotential.In[17],itisstatedthat,ifanemissiveprobeisoperated
atsufficientlylowemissionlevelto minimizespace-chargeeffects,theprobebias-at which
the maximumofthederivativesoccurs-isequaltotheplasmapotential. Theinflectionpoint
referstothis maximumofthederivatives. Basedonthistheoreticalprediction,inexperiments,
theinflectionpointsarefirst measuredforanumberoflowemissionlevelsandthenlinearly
extrapolatedtoobtaintheinflectionpointforzeroemission. Therefore,theplasmapotentialis
givenbytheprobepotentialthatcoincideswiththisextrapolatedinflectionpointinthelimit
ofzeroemission. Thejustificationofthis methodhasbeenprovidedqualitativelyin[17]and
quantitativelybasedonamodelassumingplaneremitter,cylindricalcollector,andcoldemitted
electrons[15][18]. Beforetheattemptstoseekforthejustificationbytakingderivativesofthe
IVcurvesfromnumericalcalculations,analyticalresultsforzeroemissioncanalreadyprovide
significantinsights.

Ifthereisnoemission(β=0)andtheprobeisbiasedattheplasmapotential(ϕp=0),
wefirstassumethatthereisnoelectricfieldanywhereandtheplasmaisdirectlyconnectedto
theprobewithoutasheathregion.Itcanbeprovedlaterthatsuchaflatpotentialisindeeda
self-consistentsolutionoftheVlasov-Poissonsystem.Inthiscase,thereisnoelectricpotential
barrierthatrepelstheplasmaparticles:u∗

α=u∗
αr=uαr=0.Electronsandions movetowards

theprobeduetoorbitaleffectsalone. AccordingtoEq.(13),theangularmomentumlimitation
forthenon-forbiddenconditionisgivenbylαr

2=r2ǫα.Becauseitdecreasesallthewaytowards
theprobe,wehavethesufficientconditionasl∗αr =lαr =r

√
ǫα ateveryr. Consequently,the

capturedconditionfortheparticlestobecollectedbytheprobeisdeterminedbythenon-
forbiddenconditionattheprobeonly,i.e.,u∗

α=uαr(r=1)andl∗α=lαr(r=1). Thecurrentis
thensaidtobeorbital-motion-limited(OML)[19][11].Substitutingu∗

α=0andl∗α=
√

ǫα into
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Eq.(17),thecurrentsaregivenby

ii=− δi/µi, ie=1, it=1− δi/µi, (18)

whichcoincidewiththerandomthermalcurrents.
Toprovethattheflatpotentialprofileisaself-consistentsolutionforanon-emittingprobe

biasedattheplasmapotential,theparticledensitiesneedtobefound. Bysubstituting
l∗αr=r

√
ǫαandu

∗
αr=0intoEq.(12),theelectronandiondensitiesaregivenby[19]

ni=ne=1−
arcsin(1/r)

π
, (19)

whichrecoverstheclassical OMLresultwiththeparticledensityattheprobebeing1/2.
Equation(19)hasbeenusedasaninitialconditionintheanalyticalstudiesandthenumerical
simulationsfortransienteffects[20][21]. Thereasonforthisnormalizeddensitytobeless
thanoneeverywhere(i.e.,particledensitysmallerthantheplasmadensity)canbeexplained
byFig.7in[22].Duetotheparticlesthatarecapturedbytheprobe,theydonotturnbackto
theplasma,whichresultsinanon-populatedregioninthedistributionfunctionforout-going
particlepopulations.Thisnon-populatedregiongrowstowardstheprobe.Becausetheparticles
arrivingattheprobesurfacearecollectedbytheprobe(withnoout-goingparticlepopulations),
thedistributionfunctionbecomeshalf-Maxwellianattheprobe(thusnα=1/2underOML
condition).AccordingtoEq.(19),thenetchargedensityiszeroeverywhere.Therefore,given
byPoisson’sequation,theflatpotentialprofileisaself-consistentsolutionforϕp=0.
TodeterminetheIVderivativeneartheplasmapotential,itrequirestheexpressionforthe

netcurrentitatthevicinityofϕp=0.Ithasbeenshowninthepreviousparagraphsthat,
iftheprobeisbiasedattheplasmapotential(ϕp=0),bothionsandelectronscurrentsdo
notonlycoincidewiththethermalcurrentsbutalsowiththeOMLcurrents.Therefore,atthe
vicinityofϕp=0,thecurrentfortheattractedspeciescanbeexpectedtofollowtheOML
law,whichisconfirmedbythenumericalresults[9][22].Forrepelledspecies,thecollectionis
alsoOMLasthecapturedconditionisdeterminedbythenon-forbiddenconditionattheprobe
only. Nevertheless,theelectricpotentialbarrierattheprobe(u∗α>0)leadstotheBoltzman
currentlaw.Byapplyingu∗α=0forattractedspecies,u

∗
α=uαr(r=1)forrepelledspecies,and

l∗α= ǫα+uαr(r=1)forboth,thecurrentsatthevicinityofϕp=0areexactlygivenby

ϕp<0: ie−=exp(ϕp), ii−=− δi/µierfcx −ϕp/δi +2 −ϕp/(πδi) , (20)

ϕp>0: ie+=erfcx
√
ϕp +2 ϕp/π, ii+=− δi/µiexp(−ϕp/δi). (21)

Thederivativesofit−=ie−+ii−andit+=ie++ii+arethusgivenby

∂it−
∂ϕp

=exp(ϕp)+
erfcx −ϕp/δi

√
δiµi

,
∂it+
∂ϕp

=erfcx
√
ϕp +

exp(−ϕp/δi)√
δiµi

. (22)

Fortwodifferentcases,thetotalcurrentandthederivativesareplottedinFig.3.Theinflection
pointoftheIVcurve(asthemaximumofthederivativecurve)atϕp=0canbeobserved.
Notethat,duetoderfcx(

√
x)/dx=erfcx(

√
x)−1/

√
πx,thesecondderivativeoftheIVcurve

becomestobepositiveinfinitytotheleftofϕp=0andnegativeinfinitytotheright.
Aspreviouslydemonstrated,aflat-potentialisaself-consistentsolutionforanon-emitting

probebiasedattheplasmapotential.Sinceaflatpotentialrequiresanequaldensityofplasma
ionandplasmaelectroneverywhere[seeEqs.(5)and(19)],thepresenceofemittedelectrons
wouldthusviolatethiszeronetchargeand,accordingtoPoisson’sequation,asheathregion
withnon-zeroelectricfieldwouldbuildup.Itcanthenbeconcludedthataflatpotentialcan
notbepossibleforanemissiveprobebiasedattheplasmapotential.
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Figure3. Theit-versus-ϕpcurve(solidcurve)andthedit/dϕpderivative(dashedcurve)near
ϕp=0fortwocases: δi=1andµi=1(left);δi=1andµi=10000(right).

4. Floating-potentialcharacteristics
Theprobeissaidtobefloatingifthenetcurrentiszero(it=0).Inlaboratories,anemissive
probeisheatedtodifferenttemperatures(δp)toachievedifferentemissionlevels(β). Theprobe
biasatthefloatingcondition-thefloatingpotential(ϕf = eφf/kTe)-is measured. TheFP
characteristicscanthusbeobtainedbyplottingϕfversusδp(orversusotherquantitiesthatare
equivalenttoemissionlevel,suchasRDcurrentandheatingcurrent).SuchaFPcurvewasfirst
shownby KempandSellen,whichrisesrapidlyatlowemissionandplateausathighemission
[6]. Theyclaimthattheknee(orbreakpoint)ofthiscurveapproximatestheplasmapotential.
In1967,byconsideringplanargeometryandfluidapproximation,Hobbsand Wessonfoundthe
monotonictonon-monotonictransitiononaFPcurve. Theprobe-to-plasmapotentialatthat
transitionwasfoundtobeeφp≈−kBTe(i.e.,ϕp≈−1)[3].Sincethen,thefloating-potential
methodissaidtounderestimatetheplasmapotentialwithanerrorbeingclosetotheelectron
temperatureTe.

TocalculatethisFPcharacteristic(ϕpversusδp),ournumericalschemeis modified. The
vectorfunctionF=0(solvedbytheNewton-Raphsoniterativescheme)considersthefloating
probebiasϕf andthefloatingconditionit=0asanadditionalunknownandanadditional
equation,respectively. TheparametersthatdeterminetheFPcharacteristicsare(ρp,µi,δi,δs,
δw). Theemissionlevelβ(aparameterintheVlasov-Poissonsystem)isdeterminedbyδw and
δsasgiveninEq.(7).

Inthiswork,theparametersetisfirstchosenasρp=1,µi=29164.1,δi=1,δw =10,and
δs=2×10−10. TheFPcharacteristicsarethencomparedbyvaryingoneoftheparameters
asshowninFigs.4-6. Theprobeisfoundtobeabletofloatatpositiveprobebias(ϕf>0),
inagreementwiththePICsimulationforplanargeometry[5]. Thesaturatedbehaviourofthe
floatingpotentialathighemissionlevelisnotobservedfortheparameterspresentedinthis
work.Suchanon-saturatingbehaviourhasalsobeenfoundbyPICsimulationsforspheres[23]
andinexperimentsperformedfortheplasmajetsystem[24].Forthisreason,thekneeoftheFP
curveisadoptedinthisworktoevaluatetheaccuracyoffloating-potential method.Thekneeis
showninFigs.4-6byadotmarkeroneachFPcurve. Todefinethiskneewithoutambiguity,it
hasbeentakenasthetransitionbetweennon-monotonicand monotonicpotentialprofile. That
istosay,oneachFPcurve,totheleftoftheknee,thepotentialprofileismonotonic(duetoless
emission),otherwisenon-monotonic.Ifthekneeoccursatϕf=0,thefloating-potentialmethod
estimatestheplasmapotentialprecisely.Ifthekneeoccursatϕf < 0,thefloating-potential
methodunderestimatestheplasmapotentialwiththeerrorbeing|ϕf|. Whatweareinterested
hereistoseehowthiserrorvarieswiththeambientcondition.
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Figure 4. The floating-potential
characteristicsfordifferentρp.

Theproberadiusρpisvariedbetween0.1and2,asshowninFig.4. Thevaluesofϕf at
thekneeliebetween0and−1,thusunderestimatingtheplasmapotential. Theyarealsofound
todecrease withtheproberadius. Nevertheless,thisdecreasingbehaviourseemsto weaken
atlargerradiusasthecurvesbecomeclosertoeachother. Althoughfurthercalculationsstill
needtobecarriedouttofullyrecovertheplanarsolutionϕf≈−1forρp≫ 1,thisasymptotic
behavioursuggeststhatthisisviable. Wecanalsosaythat,thesmallertheproberadiusis,the
kneeisclosertotheplasmabias. Therefore,forabetterapproximationoftheplasmapotential
usingfloating-potential method,asmallerproberadiusispreferred.

Figure 5. The floating-potential
characteristicsfordifferentδw.

Oxygen

Argon

Xenon

Figure 6. The floating-potential
characteristicsfordifferention mass.

Iftheworkfunctionoftheemitting material(δw)isreduced,theemissionlevel(β)would
increaseaccordingtoEq.(7). Thisnoticeably modifiesthefloating-potentialcharacteristicsas
showninFig.5.Ifwelookatthecurvesatasameprobetemperature(δp),foralowerwork
function(δw),thefloatingpotential(ϕf)increasesduetohigheremissionlevel(β). Sucha
riseinϕf servestorepeltheexcessofemittedelectronsbacktotheprobeandthustoattain
thezero-net-currentcondition. Nevertheless,theinfluenceofδw onϕfweakensasδpdecreases.
Thisisbecause,forδp≪ δw,thechangeoftheemissionlevelβisdominatedbyδpotherthan
δw [seeEq.(7)]. Althoughnotshowninthisfigure,thesethreecurvesaresuperimposedat
verylowδpvalues,inthatthefloatingpotentialis mainlydeterminedbytheplasmaelectron
andioncurrent. Attheend,sincethekneeisfoundtovarylittlewithδw,theaccuracyofthe
floating-potential methodisthesamefordifferent materials.
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CalculationswerealsocarriedoutforXenonandArgon[seeFig.6]. Threecurvesarefound
tooverlapwitheachothernearthekneeandforhigherδpvalues,yetdeviatefromeachotherfor
lowδpvalues. Thisresultsfromthesamereason mentionedintheparagraphabove.Sincethe
decreaseinδpreducestheemissionlevelβ,theioncurrentbecomescomparableto(orevencan
belargerthan)theRDcurrent. Underthesecircumstances,thefloatingpotentialwouldvary
withtheplasma-ionproperties(suchasion mass)duetotheirinfluencesontheioncurrent.If
theion massisincreased,theioncurrenttendstoreduce. Therefore,tobalancetheplasma
electroncurrentandthustoretainthezero-net-currentcondition,theprobeneedstofloatat
a morenegativepotentialtocollect moreions,asshownbythedottedcurveforXenon.Ifthe
probetemperatureδpincreases,thefloatingpotentialalsoincreases. Whenitbecomescloseto
theplasmapotential,asinthecaseofthekneeinFig.6,theioncurrentbecomesnegligible
comparedtotheemittedelectroncurrent. Theinfluenceoftheionpropertiesonthekneethus
becomesnegligibleandthekneeisfoundtobeindependentontheionmass. Duetothisreason,
calculationsfordifferentδiwouldnotprovide moreinformation.

5. Conclusions
Basedonthe Orbital Motion Theory,afull-kinetic modelforemissiveprobes withtwo-
dimensionalcylindricalgeometrycansolvethe Vlasov-Poissonsystemself-consistentlyand
determinethepotentialanddensityprofilesforarbitraryplasmaparameters(aslongasthe
effectsofcollisions,plasmadrift,particletrapping,transienteffects,and magneticfieldsare
negligible)[9].Suchamodelcancapturethekineticnatureoftheplasmasheath,revealthenon-
negligiblespace-chargeeffects,solveforthenon-monotonicpotentialprofilewithoutambiguity,
andunifybothcollecting(Langmuir)[19]andemissiveprobesinonecompactframework.Some
hypothesesforthenumericalcalculationspresentedthisworkcanbeeasilyrelaxedwithinthe
frameworkofthemodel[22]:1)thedistributionfunctionoftheplasmaandemittedspeciescan
besubstitutedbyanyenergydistribution;2)trappedparticlescanbeincludedwithaprescribed
distributionfunction(undertheconditionofaxial-symmetricelectricfield);3) multipleplasma
oremittedspecies,witharbitrarychargenumber(negativeandpositive),canbeincluded.

Basedonthenumericalresults,extensiveparametricstudiescanbeusedtoassestheaccuracy
ofplasma-potential measurementsusingemissive-probetechniques. Fortheparameterrange
presentedinthis work,itisfoundthat: (a)thespace-chargeeffectincreases withprobe
radius;(b)forapositiveprobebias(relativetotheplasmapotential)anda monotonicradial
potentialprofile,theemittedelectroncurrentdecreasesexponentiallywiththeprobebiasand
theslopeinthesemi-natural-logarithmicplotisapproximately1/Tp;(c)theprobecanfloat
atapositivebiasrelativetotheplasma;(d)todeterminetheplasmapotentialusingthe
kneeofthefloating-potentialcurve,asmallerproberadiusispreferred;(e)thereliabilityof
thefloating-potential methodisnotinfluencedbytheworkfunctionoftheemitting material,
neithertheplasma-ionproperties. AnappropriatefittingofexperimentalEP measurements
tothisnumericallycalculatedresultscanalsobeusedtopredictotherplasmaparameters,in
additiontotheplasmapotential. Besidesprobetheoryandplasmadiagnostics,thenumerical
resultscanalsobenefitspaceapplicationssuchasspacecraftcharging[25]andLow Workfunction
Tethers(LWTs)forspacedebrisremoval[26].

Toinvestigatetheinflection-point method,analyticalanalysisforzero-emissionwascarried
out,inthepurposetodeterminethecurrentanditsderivativefortheprobebiasatthevicinity
oftheplasmapotential.Inflectionpointoccursexactlyattheplasmapotential,yetwiththe
secondderivativebeinginfinite.Inaddition,foranon-emittingprobebiasedattheplasma
potential,aflatpotentialisfoundtobeaself-consistentsolutionoftheVlasov-Poissonsystem.
Inthiscase,thedensityofeachspeciesdecreasestowardstheprobe,yetwiththenetcharge
densitybeingzeroeverywhere.Ifthereisemission,emittedelectronsresultinnegativespace
chargeandaflat-potentialsolutionisthusnotself-consistentforanemissiveprobebiasedat
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theplasmapotential.
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