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Abstract

Inthispaperweexploretheinceptionanddevelopmentofmultiplenecksinincompressible

nonlinearelasticbarssubjectedtodynamicstretching.Thegoalistoelucidatetheroleplayedby

aspatial-localizeddefectofthestrainratefieldintheneckingpatternthatemergesinthebarsat

largestrains.Forthattask,wehaveusedtwodifferentapproaches:(1)finiteelementsimulations

and(2)linearstabilityanalyses.Thefiniteelementsimulationshaverevealedthat,whilethedefect

ofthestrainratefieldspeedsupthedevelopmentoftheneckingpatterninthelatestagesofthe

localizationprocess,thecharacteristic(average)neckspacingislargelyindependentofthedefect

withinawiderangeofdefectamplitudes.Thenumericalresultshavebeenrationalizedwiththe

linearstabilityanalyses,whichenabledtoexplaintheaveragespacingcharacterizingthenecking

patternathighstrainrates. Moreover,thenumericalcalculationshavealsoshownthat,due

toinertiaeffects,thecoreofthelocalizationprocessoccursduringthepost-uniformdeformation

regimeofthebar,atstrainslargerthantheonebasedontheConsid̀erecriterion.Thisphenomenon

ofneckretardationisshowntohaveameaningfulinfluenceontheneckingpattern.

Keywords:
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1.Introduction

Theproblemsofflowlocalizationandfragmentationinductilesolidssubjectedtohighloading

rateshavebeenintensivelyinvestigatedoverthelast70years.Thisresearchfield,whichhasbeen

traditionallypushedforwardbytheaerospaceanddefenceindustries,isnowespeciallyactiveand
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challengingduetotheincreasingrequirementstoimprovetheprotectionofvehicles,aircraftand

criticalinfrastructuresfromattacksandman-madeornaturaldisasters. Areviewontherecentsci-

entificliteratureenlightensthesignificantnumberofpapersthathavebeenpublishedinthisspecific

topicoverthelastdecade(ZhangandRavi-Chandar,2006;Zhouetal.,2006;RusinekandZaera,

2007;Lindgreenetal.,2008;Zhangand Ravi-Chandar,2010; Mercieretal.,2010;Janiszewski,

2012;Rodŕıguez-Mart́ınezetal.,2013a;Dequiedt,2015;Ravi-ChandarandTriantafyllidis,2015).

Mostofthecitedworkswerefocusedonthedynamicradialexpansionofrings(Niordson,1965).

Theprincipaladvantageoftherapidlyexpandingringtestisthat,duetothesymmetryofthe

problem,theeffectsofwavepropagationarenearlyeliminatedbeforeflowlocalizationoccursinthe

formof multipleneckswhichultimatelyleadtothefragmentationofthesample(HuandDaehn,

1996). Allthepublishedworks(eitheranalytical,numericalorexperimental)agreethat,forduc-

tile materials,thenumberofnecksnucleatedinthesampleandthenumberoffragmentsincrease

withtheappliedloadingrate. Furthermore,ithasbeenshownthattheproportionofnecksthat

developintofracturesitesalsoincreasesastheloadingrateincreases(Rodŕıguez-Mart́ınezetal.,

2013a). Nevertheless,theaetiologyofsuchphenomenaisstilltodayasourceofdebateintheSolid

Mechanicscommunity.Itclearlyexistsalackofagreementonthe mechanismswhichcontrolthe

neckingandfragmentationpatterns.

Multipleneckingandfragmentationhavebeenclassically modelledwithstatisticalapproaches

whichestablishadirectconnectionbetween(material,geometrical...) defects,nucleatednecks

andfracturesites. Thepioneering workof Mott(1947)setthebasisforthestatisticaltheory

whichhasbeenfurtherdeveloped,forinstance,byGradyandco-workers(Grady,1981;Kippand

Grady,1985;GradyandOlsen,2003)andDequiedt(2015). Theformationofnecksandfragments

isgovernedbythecompetitionbetweentheactivationofsomepotentialneckingandfailurepoints

(defects)andtheinhibitionofsomeothers. Namely,thepropagationofreleasewavesfromdefect

pointswhichareactivatedfirstleadstothedevelopmentofobscuredzonesinwhichlocalization

andfailureisimpeded.Itisassumedthatmultipleneckingandfragmentationproceedthroughthe

randomspatialandtemporaloccurrenceoflocalizationsandfractureswhichresultinadistribution

ofneckspacingsandfragmentlengths.

AnalternativetothestatisticaltheorystemmedfromtheseminalworksofFressengeasand

Molinari(1985,1994)whoapproachedtheproblemsof multipleneckingandfragmentationusing
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dynamicstabilityanalyses.Thetechniqueconsistsofaddingasmallperturbationtothefundamen-

talsolutionoftheproblemtodeterminewhetheraneck-likedeformationfieldcanexist(Guduru

andFreund,2002).Ithasbeenshownthattheperturbationgrowsforafinitenumberof modes

whichdefinetherangeofneckspacingsthatcanbefoundinthelocalizationpattern. Theex-

istenceofgrowing modesistheresultofthecombinedeffectsofinertia,stress multiaxialityand

constitutivebehaviourofthe material. The modethatgrowsthefastest,ateachtime,isreferred

toasthecriticalmode. Rodŕıguez-Mart́ınezetal.(2013b)demonstratedthat,forperfectlyplastic

materials,thecritical modeisassociatedtothe minimumenergyrequiredtonucleateaneck. At

highstrainrates,wheninertiaplaysadominantroleintheloadingprocess,themodesclosetothe

criticaloneshowaclearprevalenceoverothergrowing modes,whichcallsforthedevelopmentof

regularfragmentationpatterns(Rodŕıguez-Mart́ınezetal.,2013a).

Theresearchpresentedinthispaperseekstoprovide,usingfiniteelementsimulations,new

insightsonthe multipleneckingprocessathighstrainrates. Forthatpurpose, weinvestigate

throughfiniteelementcalculationsconductedwithABAQUS/Explicittheproblemoriginallyposed

byRavi-ChandarandTriantafyllidis(2015)whichconsistsofanincompressiblenonlinearelastic

barsubjectedtodynamicstretching. Alocalizeddefectofthestrainratefieldisincludedinthe

modelinordertoassesswhetherthedefectinfluencestheneckingpatternthatemergesinthebar

atlargestrains. Ontheonehand, wehaveobservedthatthedefectplaysaroleintherateof

growthofthelocalizationprocesswhichdevelopsduringthepost-uniformdeformationregimeof

thebar. Ontheotherhand,wehaveshownthatthenumberofnucleatednecksandtheirspacing

remainquiteinsensitivetothedefectamplitude,fortherangeofamplitudesconsideredinthe

presentwork. Thelatterobservationhasbeenrationalizedusingdynamicstabilityapproaches,

andsuggeststheexistenceofdominant modeswhichcontrol(tosomeextent)theneckspacingin

multiplelocalizationpatternsdevelopedathighstrainrates.

2. Outlineoftheproblem

Weaddresstheproblemofacylindricalbarwithinitiallength L0andradiusR0subjectedto

dynamicstretching. AschematicrepresentationoftheproblemisshowninFig.1,where(R,Θ,Z)

denotestheLagrangian(cylindrical)coordinatesystem. Theinitialandboundaryconditionsfor

thelongitudinalVZ andradialVR velocitiesare:
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VZ(R,Θ,Z,0)=̇ε0Z; VR(R,Θ,Z,0)=−ε̇0R

2

VZ

(

R,Θ,±
L0

2
,t

)

=±ε̇0L0

2

where ε̇0 istheinitialstrainrateappliedtothebar. Moreover, weassumethatthebaris

initiallystressandstrainfree.

Figure1:Schematicrepresentationofacylindricalbarsubjectedtodynamicstretching.

FollowingRavi-ChandarandTriantafyllidis(2015),thematerialhasanincompressiblenonlinear

elasticbehaviourdefinedbythefollowingpower-lawrelation:

σe=Kεn
e (1)

whereσeandεearetheeffective(Mises)stressandstrain,K =2GPaisa materialconstant

(whichdefinesthestresslevelforastrainof1)andn=0.22isthestrainhardeningexponent. The

materialdensityis ρ=7740kg/m3. FollowingRavi-ChandarandTriantafyllidis(2015)thermal

andviscouseffectsarenotconsideredintheconstitutivebehaviourofthe materialsothatthe

effectsofinertia,stress multiaxialityandstrainhardeningcontroltheinstabilitiesdevelopment.

Notethatduringunloadingthe materialfollowsthenonlinearpathdefinedbyEq.(1).

3. Linearstability models

Atwo-prongedlinearstabilityapproachisusedinthiswork. Ontheonehandweconsiderthe

3D modeldevelopedby Mercierand Molinari(2003)and,ontheother,the1D modelenhanced
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withtheBridgmancorrectionfactordevelopedbyZhouetal.(2006). Thegoalofthistwo-pronged

strategyistoshowthatthelinearstabilityapproach,irrespectiveofthedegreeofcomplexityofthe

specificmodelconsidered,providesresultswhichareconsistentwiththoseobtainedfromnonlinear

numericalcalculations(seesections5and6). Theinitialandloadingconditionswerepresentedin

section2.

Thelinearstabilityapproach,whichreliesontheseminalworksofFressengeasand Molinari

(1985,1994),isbasedontheadditionofasmallperturbation,atagiventime,tothefundamental

solutionofthe(homogeneous)problem.Satisfyingfieldequationsfortheperturbedquantities,the

rateofgrowthoftheperturbationη+ isevaluated. Theperturbationgrowthrepresentsthefirst

stagesoftheneckingpattern. Thestabilizingeffectofinertiaandstress multiaxialityonsmall

andlargewavenumbers(respectively)promotesafinitenumberofintermediate modes. Foreach

strainlevel,the modethatgrowsthefastestischaracterizedbya wavenumberthatisreferred

toasthecriticalwavenumberξc. Thecriticalwavenumberevolveswithstrainduringthepost-

uniformregime. Asfurthershowninsections5and6,finiteelementsimulationscanbeused

todeterminethedurationofthepost-uniformregimeandidentifythestrainlevelforwhichthe

rapidlocalizationprocessistriggered. Performingthelinearstabilityanalysisatthelocalization

strainobtainedfromthefiniteelementcalculationsitcanbeshownthatthecriticalwavenumber

providesagoodestimateoftheaveragelocalizationspacingathighstrainrates(Mercieretal.,

2010;Rodŕıguez-Mart́ınezetal.,2013a;Zaeraetal.,2015).Itwillalsobeshownthataccounting

forthehistoryoftheperturbationgrowthduringthepost-uniformdeformationprocesstheneck

spacingpredictionsobtainedfromthelinearstabilityanalysesfindgoodagreementwiththefinite

elementcalculations.Forthe1D model,aclosed-formexpressionforη+ asafunctionofξccanbe

derived. Forthe3D model,η+ isthesolutionofanonlinearequationthatneedstobeaddressed

numericallysincenoanalyticalexpressioncanbeobtained.

Theformulationsofthe3Dand1Dlinearstability modelsarenotpresentedhereforthe

sakeofbrevity. Thereaderisreferredtopreviouspublicationstoobtainfurtherinsightsintothe

mathematicalderivationofthe models(Mercierand Molinari,2003;Zhouetal.,2006;Rodŕıguez-

Mart́ınezetal.,2013a;El Mäıetal.,2014).
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4. Finiteelement model

Anaxisymmetricfiniteelement modelhasbeendevelopedin ABAQUS/Explicittosimulate

multipleneckingincylindricalbarssubjectedtodynamicstretching.Thenonlinearelasticmaterial

definedbyEq.(1)isadopted. Whiletheuseofstrictisochoric materialsisnotallowedbythe

numericalcode,wehavetakenavalueofthePoisson’sratiowhichinducesforthematerial,aquite

incompressiblebehaviorν=0.4995. Theinitialandloadingconditionswerepresentedinsection

2.FollowingtheworkofRavi-ChandarandTriantafyllidis(2015),aspatial-localizeddefectinthe

axialvelocityfieldisaddedtothebackgroundsolutionatagiventimet∗. Unlessotherwisenoted

thedefectisinsertedinthecenterofthebarZ=0(seeFig.1):

δVZ(Z)=α[tanh(βZ+ζ)−tanh(βZ−ζ)] (2)

whereα,βandζareparameterswhichcontroltheamplitude,shapeandwidthofthedefect.

FromEq.(2),thecorrespondingdefectofthestrainratefieldisobtained:

δ̇εZZ(Z)=
∂(δvZ(Z))

∂Z
=αβ

[
sech(βZ+ζ)2−sech(βZ−ζ)2

]
(3)

ThevelocityandstrainratedefectsaredepictedinFig.2asafunctionoftheaxialcoordinate

Z.

Thepositionsoftheextremumofδ̇εZZ,withrespecttothecenterofthedefect,arelocatedat

Zmax:

Zmax =±arcsech







2
√

2+cosh(2ζ)+

√
17+4cosh(4ζ)

2





β−1 (4)

Thecorrespondingamplitudeofthestrainratedefectδ̇εZZ(Zmax)canbeevaluatedanalytically

asafunctionoftheparametersα,βandζ,seeFig. 2. Whilethevalueoftheparameterαis

systematicallyvariedinthecalculationsreportedinsection6,thetwootherparametersarekept
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Figure2: Velocityandstrainratedefects,δVZ andδ̇εZZ,asafunctionoftheaxialcoordinateZ. Theparameters
α=0.625m/s,β=1000m−1 andζ=0.1areused.

constantforallthesimulationspresentedinthiswork:β=1000 m−1andζ=0.1. Thedefect

isaddedattimet∗=0.01µs,whichcorresponds,fortherangeofstrainratesconsideredinthis

paper,tostrains muchsmallerthantheonepredictedbytheConsid̀erecriterion.

Inthispaperwewillsystematicallyworkwithstrainratedefects. Thedefectischaracterized

byitsnormalizedamplitudeϖ(%)=δ̇εZZ(Zmax )
ε̇0 ×100whereδ̇εZZ(Zmax)isderivedfromEqs.(3)

and(4)and,aspreviouslymentioned,̇ε0istheinitialstrainrate. Theuseofthenormalizedstrain

rateamplitudeϖ providesaphysicalperspectiveoftheproblemsincethereisadirectconnection

betweenstrainrateandinertia,whichfacilitatestheinterpretationofthenumericalresults(see

section6). Oncethedefectisinsertedinthefiniteelement model,itsplitsintotwoparts,each

travellinginoppositedirectionfromtheother,leadingtodisturbancesinthefieldvariables.

ThegoalistoprovidefurtherinsightsintotherecentworkofRavi-ChandarandTriantafyllidis

(2015)andelucidatewhetherthisdefectcontrols/determinesthelocalizationpatternwhichemerges

inthebar(seesection6). Akeypointisthatthefiniteelementmodellingallowstostudythepost-

uniformbehaviouroftherodandthustoanalysethefulldevelopmentoftheneckinginstability. As

such,ourfiniteelementsimulationsaimtocomplementthenumericalcalculationsofRavi-Chandar

andTriantafyllidis(2015)which,beingbasedonthe methodofcharacteristics,arerestrictedto

strainsbelowtheoneobtainedfromtheConsid̀erecriterion.
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Thefiniteelement modelis meshedusingfournodeaxisymmetricelements,withreducedin-

tegrationandhourglasscontrol(CAX4R). Theelementshaveaninitialaspectratio1:1with

dimensions50×50µm2. Ameshconvergencestudyhasbeenperformed,inwhichthetimeevolution

ofdifferentcriticaloutputvariables,namelystress,strainandneckinginception,werecompared

againstdifferent meshsizes. Whilewehavefoundsome meshsensitivityinthenumericalresults,

wehavecheckedthatitdoesnotaffectsignificantlyourresults,neitherquantitativelynorquali-

tatively. Thenumberofnecks,theirspacingandtheirgrowthratearelargelyindependentofthe

discretizationforthecasesconsideredinthispaper.

5. Salientfeatures

Inthissectionwepresentacomparisonbetweennumericalandanalyticalresults,andshow

thatflowlocalizationinnonlinearelasticbarsstretchedathighstrainratesislargelyinfluencedby

inertiaeffects.

Fig.3showsnumericalresultsforabarwithinitiallengthL0=40mm andradiusR0=1mm

subjectedtoinitialstrainrateε̇0=10000 s−1. ThissetofvaluesforL0,R0andε̇0istakenas

referenceinthispaper. Nostrainratedefectisaddedinthecalculations. Theneckingpatternis

triggeredbythedisturbancesofthefieldvariablescausedbythediscretizationofthebarandthe

explicitintegrationschemeusedbythefiniteelementcode(RusinekandZaera,2007;Vadilloetal.,

2012;Rodŕıguez-Mart́ınezetal.,2017). Theratiobetweenthecurrentandthebackgroundaxial

logarithmicstrainεZZ/εb
ZZ versusthenormalizedcoordinateZ̄= Z

L0 isshownforfourdifferent

times:t=46µsandt=52µsinFig.3(a),t=72µsandt=74µsinFig.3(b). Notethatthe

backgroundstrainεb
ZZ =ln(1+̇ε0t)correspondstothehomogeneoussolution,wheretistheloading

time. Thesefourspecificloadingtimesaretakentoillustratetheinceptionanddevelopmentof

multiplenecksinthespecimen.

Fort=46µsthebackgroundstrain,whichhasavalueof0.38,issignificantlygreaterthanthe

Consid̀erestrain0.22(seeEq.(1)). Weobservesomeslightfluctuationsinthestrainprofilewhich

indicatetheonsetofthelocalizationpattern. Theexcursionsofstrainrepresentthenucleation

ofnecks. Allthebarisperturbedfollowinganeck-likeprofile. The maximumvalueoftheratio

εZZ/εb
ZZ is≈1.0003. Fort=52µsthebackgroundstrainis0.419. Thelocalizationpatternhas
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evolvedandthemaximumvalueoftheratioεZZ/εb
ZZis≈1.0007. Moreover,incomparisonwiththe

strainfieldobservedfort=46µs,twoadditionalexcursionsareobserved(seetheindicationsinFig.

3(a)). Thereisatotalof13neckingpoints.Itisapparentthattheneckingpatternisprogressively

builtupduringthepost-uniformdeformationregime. Thisisbecauseinertiahasastabilizing

effectanddelaystheformationanddevelopmentofnecks(Xueetal.,2008).Itisalsoobserved

thattheneckslocatedinthecentreofthespecimendevelopslightlyfasterthanthosewhichare

closertothesampleends. Thissuggestsaninfluenceoftheboundaryconditionsinthelocalization

process(wewillfurtherdevelopthisissueinsection6.3). Fort=72µsthebackgroundstrainis

0.542. Theneckingpatternisverymuchdevelopedandthestrainexcursionsarewelldefined. The

maximumvalueoftheratio εZZ/εb
ZZ is≈1.2. Thenumberofstrainexcursionsandtheirlocation

coincidewiththoseobservedfort=52µs. Theneckingpatterndoesnotundergoanyadditional

modificationwiththestrainingofthebar. TheaveragenormalizedLagrangianneckspacingis

L̄neck/Φ0=1.54, whereL̄neck isthe meandistancebetweentwoconsecutivenecks measuredin

thereferenceconfigurationandΦ0 =2R0 istheinitialdiameter. Weobserveinthehistogram

presentedinFig.4thatthenormalizeddistancesbetweentwoconsecutivenecksLneck/Φ0present

somefluctuationsbutarecentredaround(andcloseto)theaveragenormalizedspacinḡLneck/Φ0.

Moreover,the WeibullprobabilitydensityfunctiongiveninEq.(5)hasbeenfittedtothenumerical

results(bluesolidline). Theparametersofthedistributionareχ=2.98,κ=7.12andλ=1.51.

fW

(
Lneck

Φ0

)

=χ
κ

λ

(
Lneck

λΦ0

)κ−1

e

(
−Lneck

λΦ0

)κ

(5)

Whilethenumberofnecksinthebarisnotlarge,ithastobenotedthat,consistentlywiththe

resultsofZhangandRavi-Chandar(2006),the Weibulldistributionfitsthemeasuredneckspacings

ratherwell.Fort=74µstheneckingpatternisfullydeveloped. Theratiobetweenthemaximum

andthebackgroundaxiallogarithmicstrainis≈1.6.Insidetheneckedsectionsthestraingrows

quicklyandoutsidethelocalizedregionsthestraindropsduetoelasticunloading. Notethatnone

ofthenecksisarrested.Inabsenceofanydissipativesource,alltheenergyreleasedintheunloaded

zonesservestoboostthegrowthofthenecks.

Notethat,duringloading,nonlinearelasticandelasto-plastic materialsdefinedbyEq. (1)

showidenticalresponse. However,ifunloadingoccurs,theirbehaviorissignificantlydifferent.
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Inother words,theresultsreportedinthispaperarespecificfornonlinearelasticbarsand,in

principle,couldnotbeextrapolatedtoelasto-plasticspecimens.Theinteractionbetweenthenecks

ofthepatterncouldbeaffectedbytheunloadingprocess. Moreover,forelasto-plasticmaterials,the

dissipativecharacterofplasticitywillprobablyinfluencethegrowthrateofthenecks.Inaddition,a

differentfragmentationbehaviorisexpectedbetweennonlinearelasticandelasto-plasticmaterials.

Thecomparisonbetweentheneckingandfragmentationresponsesofnonlinearelasticandelasto-

plasticstructuresisanongoingwork.

Fig.5showstheaxialforceFZ measuredatoneendofthespecimenversustheloadingtime t

andtheaxialnominalstraineZZ =̇ε0tforthecalculationpresentedinFig.3. Wehavechecked

thattheforcesrecordedatbothendsofthesamplearenearlyidentical. Notethatthepost-

uniformdeformationregimeisverylargeandlastslongerthantheuniformdeformationprocess.

Thisisaclear manifestationofthestabilizingeffectofinertiaintheloadingprocess,asfurther

demonstratedinsection6.1. Recallthatthe materialbehaviourisrateinsensitive. Forthecase

consideredhere,theuniformdeformationprocessendsatthe Consid̀erestrain0.22, whilethe

post-uniformdeformationregimehasanextentinstrainof≈0.5. Theforceshowsa meaningful

deviationfromthefundamentalsolution,representedbythegreensolidline,onlyfort 70µs.

Thenumbers1,2,3and4indicatethefourloadingtimesconsideredinFig. 3.Itisapparent

that,athighstrainrates,thecoreofthelocalizationprocessoccursatstrainsmuchlargerthatthe

Consid̀erestrain.Inotherwords,theexistenceofa meaningfulpost-uniformdeformationprocess

cannotbedisregardedintheanalysisof multipleneckingathighstrainrates.

Thenumericalresultspresentedabovearefurtherrationalizedusingthelinearstabilityanalyses.

Fig. 6showsanalyticalresultsobtainedfromthe1Dand3Dlinearstability modelsintroduced

insection4. AsinthenumericalresultspresentedinFigs. 3,4and5,thecross-sectionradius

ofthebarisR0=1 mm andthenominalloadingrateisε̇0=10000 s−1. Weplottheaverage

normalizedLagrangianneckspacingL̄neck/Φ0versustheaxiallogarithmicstrainεZZ.Theaverage

LagrangianneckspacingisderivedfromthecriticalwavenumberξcasL̄neck=2π/ξc(seesection

3). Weobservethat3Dand1D modelsprovidesimilarvalues,whichshowsthesuitabilityofthe

Bridgmancorrectionusedinthe1D modeltodescribethe multiaxialstressstateinthenecked

section. Theonlydifferenceisthatthe3Dmodelprovidesslightlylargervaluesof̄Lneck/Φ0inthe

rangeofstrainsconsidered.Irrespectiveoftheselectedanalytical model,theaveragenormalized
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(a)

(b)

Figure3: RatiobetweenthecurrentandthebackgroundaxiallogarithmicstrainεZZ/ε
b
ZZ versusthenormalized

coordinateZ̄= Z
L0
atfourdifferentloadingtimes:(a)t=46µsandt=52µs(b)t=72µsandt=74µs.Afinite

elementcalculationispresentedforL0=40mm andR0=1mm. Theinitialstrainrateisε̇0=10000s−1. No
strainratedefectisincludedinthemodel.
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Figure4: HistogramwhichpresentsthenumberofnecksasafunctionofthenormalizedLagrangianneck
spacingLneck/Φ0. TheresultscorrespondtothefiniteelementcalculationpresentedinFig.3. A Weibull
probabilitydensityfunction(bluesolidline)hasbeenfittedtothenumericalresults. Theparametersofthe
Weibulldistributionare χ=2.98,κ=7.12andλ=1.51.

Figure5: AxialforceFZ versusloadingtimetandaxialnominalstraineZZ =̇ε0t. Theresultscorrespond
tothefiniteelementcalculationpresentedinFig.3. Thenumbers1,2,3and4indicatethefourloading
timesconsideredinFig.3. Thesolidgreenlinerepresentsthefundamentalsolution.
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Lagrangianneckspacingdecreases withεZZ,i.e. theaverageneckspacingissmallerasεZZ

increases. Thedecreaseof̄Lneck/Φ0issignificantly milderasthestrainatperturbationincreases.

Notethatlinearstabilityanalysesareonlyvalidtodescribethefirststagesofthenecking

patterndevelopment(seesection3),inotherwords,whentheneck-likedeformationfieldshows

onlyasmalldeviationfromthebackgroundstrain(seeFig.3).Inthatcasetheforceexertedin

thebarisclosetothefundamentalsolution(seeFig. 5). Basedonthefiniteelementanalysis,

theloadingtimewhichdefinestheupperlimitfortheapplicationofthelinearstabilityanalysisin

thespecificcaseofFig.6ist≈70µs. Thisloadingtime,whichcorrespondstoadrasticdropin

theforce,yieldsabackgroundlogarithmicstrainofεZZ ≈0.53(notethatFig.5showsnominal

strainseZZ andthatεZZ =ln(1+eZZ)). Ontheotherhand,thedefinitionofthelowerlimitfor

theapplicationofthelinearstabilityanalysisshows morearbitrariness.Inthiswork,weassume

thatthe minimumdeviationfromthefundamentalsolutionrequiredtoobtain meaningfulpattern

predictionsusingthestabilityanalysisoccurswhenthedeformationfieldofthebarreaches(in

somepointofthebar)aratiobetweenthecurrentandthebackgroundaxiallogarithmicstrainof

1.0003.Ithasbeenobservedinthenumericalsimulationsthatthisisthe minimumratiorequired

fortheformationofawelldefinedneck-likeprofile.InthespecificcaseofFig.6,previouscondition

isattainedforaloadingtimeoft≈46µsandthusabackgroundlogarithmicstrainofεZZ ≈0.38.

Followingpreviouscriteria,thepredictionsofthestability modelsinFig.6areevaluatedwithin

therangeofaxiallogarithmicstrains0.38 εZZ 0.53. Forthe1Dand3D modelsthese

valuesofstraincorrespondtoaverageneckspacingswithintheranges1 L̄neck/Φ0 1.37and

1 L̄neck/Φ0 1.48,respectively. Theseresults,especiallyinthecaseofthe3D model,find

satisfactorycorrelationwithfiniteelementcalculationsforwhich̄Lneck/Φ0=1.54.

Inthenextsectionofthepaperwedevelopasystematiccomparisonofnumericalsimulations

inwhichaspatial-localizeddefectofdifferentamplitudesisincluded. Awidespectrumofloading

ratesandsamplesizesisinvestigated.

6. Analysisandresults

Theanalysiscarriedoutinthissectionismostlybasedonnumericalcalculations. Additionally,

thelinearstabilityanalysesareusedtorationalizeourconclusions.
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Figure6:AveragenormalizedLagrangianneckspacingL̄neck/Φ0versusaxiallogarithmicstrainεZZ. Results
areshownfor1Dand3Dlinearstability models. TheconfigurationofFig.3isadopted.

6.1. Theroleoftheloadingrate

Weinvestigatetheroleplayedbytheloadingrateonflowlocalization.Fig.7showstheaverage

normalizedLagrangianneckspacingL̄neck/Φ0versustheinitialloadingratėε0. Theseresultsare

obtainedfromnumericalcalculationsin whichastrainratedefectisinsertedinthecenterof

thespecimen. Variousnormalizeddefectamplitudeswithintherange0.12%≤ ϖ ≤ 7.65%are

investigated. Notethatthelatterisaverysignificantdefectofthestrainratefield. Aspecial

attentionisalsodrawnforthecasewithoutanydefectϖ=0%(asinsection5).Forsomeloading

rates,duetosimilarresults,somesymbolsoverlapeachotherandarenotvisible. Notethat,

irrespectiveofϖ,theaverageneckspacingdecreaseswiththestrainrate. Asdemonstratedby

Rodŕıguez-Mart́ınezetal.(2013a),thisbehaviouris mostlycausedbytheincreasingroleplayed

byinertiaonflowlocalizationastheloadingrateincreases. Similarresultshavebeenobtained

experimentally,numericallyandanalyticallybyseveralauthorsforvariousductilematerials(Grady

andBenson,1983;HuandDaehn,1996;GradyandOlsen,2003; Mercierand Molinari,2004;Zhang

andRavi-Chandar,2006;RusinekandZaera,2007).

Fig.8showstheratiobetweenthecurrentandthebackgroundaxiallogarithmicstrainεZZ/εb
ZZ
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Figure7: AveragenormalizedLagrangianneckspacingL̄neck/Φ0versusinitialloadingratėε0. Resultsare
obtainedusingfiniteelementcalculationsforsevennormalizeddefectamplitudes:ϖ =0.12%,ϖ =0.24%,
ϖ=0.48%,ϖ=0.96%,ϖ=1.91%,ϖ=3.82%andϖ=7.65%. Thedefectisincludedatthecenterofthe
specimen. Resultsinwhichnodefectisincludedinthe model(ϖ=0%)areshownalso. Theinitiallength
andradiusofthebarareL0=40mm andR0=1mm. Notethat,forsomeloadingrates,duetosimilar
results,somesymbolsoverlapeachotherandarenotvisible.
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asafunctionofthenormalizedcoordinateZ̄ forthreedifferentloadingrates:ε̇0 =200 s−1,

ε̇0=2000s−1anḋε0=20000s−1. Theamplitudeofthestrainratedefectisϖ =0.96%. Recall

thatthedefectisinsertedinthesimulationatt∗=0.01µs. ThedatashowninFig.8forthethree

loadingratescorrespondtot=1456 µs,t=208 µsandt=50 µs,respectively. Thesespecific

loadingtimesareselectedinordertoobtainthesamemaximumvalueoftheratioεZZ/εb
ZZ (around

1.6). Thus,weensurethatthelocalizationpatternisfullydeveloped. Ontheonehand,wehave

checkedthatthevaluesofstraincorrespondingtothepeaksofFig.8are morehomogeneousas

thestrainrateincreases. Ontheotherhand,noneoftheexamplespresentedinFig.8showsany

evidenceofthe(potential)effectofthestrainratedefectinthelocalizationpattern.

Inthisregard,weshouldnotethatthenormalizedamplitudeofthestrainεZZ/εb
ZZ (current

straindividedbybackgroundaxiallogarithmicstrain)decreasesinthepre-Consid̀ereregimeand

increasesoncethe Consid̀erestrainisexceeded. Fig. 9presentsthenormalizedstrainprofiles

withinthebarforsixdifferentloadingtimest=1to t=35 microseconds. Notethatthethree

firsttimescorrespondtobackgroundstrainsinthepre-Consid̀ereregime,Fig.9(a),whileforthe

lastthreetimes,thebackgroundstrainsareinthepost-Consid̀erephase,Fig.9(b).InFig.9(a),

itisclearthatthedefectpropagatesalongthebar. Therelativestrainamplitudeisdecreasing.

WhentheConsid̀erestrainisreachedthedefectsarearrestedatgivenpositionsofthebar. For

strainsabovetheConsid̀erestraintheamplitudeofthedefectincreaseswiththestretchingofthe

structure.Inadditiontothestrainratedefect,otherinstability modesaregraduallyactivated

withinthebar. Allthese modesdevelopuntiltheneckingpatternshowninFig.8isformed.

Moreover,wehavecomparedtheresultsofFig.8withcalculationsinwhich ϖ wassettozero.

Thecomparisonforthecaseoḟε0=2000 s−1isshowninFig.10.Itseemsthatforϖ =0.96%

anḋε0=2000s−1thedefectplaysasecondaryroleintheneckingpattern. Theinfluenceofthe

defectamplitudeintheneckingpatternwillbefurtherdiscussedinsection6.2.

Fig.11displaystheaxialforceFZ measuredatoneendofthesampleversustheaxialnominal

straineZZ = ε̇0tforthenumericalsimulationsofFig. 8. Weobservethatthepost-uniform

deformationregimeissignificantlyenlargedwiththestrainrate. Numbers1,2and3indicatethe

specificloadingtimesselectedinFig. 8forε̇0 =200 s−1,ε̇0 =2000 s−1andε̇0 =20000 s−1,

respectively. Theseloadingtimescoincidewiththebeginningofthelocalizationstagewherethe

forceinthebardeviatesfromthefundamentalsolution.Foṙε0=200s−1thepost-uniformregime
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Figure8: RatiobetweenthecurrentandthebackgroundaxiallogarithmicstrainεZZ/εb
ZZ versusthenor-

malizedcoordinateZ̄= Z
L0. Resultsareobtainedusingfiniteelementcalculationswiththreedifferentinitial

loadingrates:ε̇0 =200 s−1,ε̇0 =2000 s−1 andε̇0 =20000 s−1. Astrainratedefect withnormalized
amplitudeϖ =0.96%hasbeenintroducedinthecenterofthespecimen. Thedatashownforthethree
initialloadingratescorrespondtot=1456 µs,t=208 µsandt=50 µs,respectively. Thesetimesare
selectedinordertonearlyobtainthesame maximumvalueoftheratioεZZ/εb

ZZ (around1.6)forthethree
calculations. TheinitiallengthandradiusofthebarareL0=40mm andR0=1mm.
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Figure9: RatiobetweenthecurrentandthebackgroundaxiallogarithmicstrainεZZ/ε
b
ZZ versusthenormalized

coordinateZ̄= Z
L0
.Resultsareobtainedusingafiniteelementcalculationfoṙε0=20000s−1.Astrainratedefect

withnormalizedamplitudeϖ=0.96%hasbeenintroducedinthecenterofthespecimen. Dataareshownforsix
differentloadingtimes:(a)t=1µs,t=5µsandt=10µswhichcorrespondtobackgroundsstrainsbelowthe
Consid̀erecriterion: εbZZ =0.020,ε

b
ZZ =0.095andε

b
ZZ =0.182.(b)t=25µs,t=30µsandt=35µswhich

correspondtobackgroundsstrainsabovetheConsid̀erecriterion:εbZZ =0.405,ε
b
ZZ =0.470andε

b
ZZ =0.530.The

initiallengthandradiusofthebarareL0=40mmandR0=1mm.
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Figure10: Ratiobetweenthecurrentandthebackgroundaxiallogarithmicstrain εZZ/εb
ZZ versusthe

normalizedcoordinateZ̄ = Z
L0. Resultsareobtainedusingfiniteelementcalculationswithtwodifferent

normalizedstrainratedefectamplitudes: ϖ =0%(nodefect)and ϖ =0.96%(referencedefect). The
defectisincludedatthecenterofthespecimen. Theinitialstrainrateiṡε0=2000s−1. Thedatashown
correspondtot=208µs. TheinitiallengthandradiusofthebarareL0=40mm andR0=1mm.
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hasalimitedstrainextension. Theneckingpatternisinceptedanddevelopedshortlyafterthe

forcereachedamaximum. Onthecontrary,foṙε0=20000s−1thelocalizationisdelayeduntilvery

largestrainsareattainedinthebar. Wealsoobservethatthedropoftheforcecorrespondingtothe

latestagesofthelocalizationprocessissignificantlysloweddownaṡε0increases. Asanticipated

insection5,thestabilizingroleofinertiaathighstrainratesfavoursthedevelopmentofalarge

post-uniformdeformationregimewhichneedstobeconsideredintheanalysisof multiplenecking

problems.Sincenofailurecriterionisusedinthecalculations,thestraininthesampleincreases

freelyuntiltheexcessivedistortionoftheelementsintheneckedsectionsstopsthesimulation.

Figure11: Axialforce FZ versusaxialnominalstraineZZ = ε̇0tforthethreefiniteelementcalculations
presentedinFig.8. Thenumbers1,2and3pointouttheloadingtimesselectedinFig.8foṙε0=200s−1,
ε̇0=2000s−1anḋε0=20000s−1,respectively. Thesolidgreenlinerepresentsthefundamentalsolution.

Fig.12showstheaveragenormalizedLagrangianspacingL̄neck/Φ0versusthenormalizedinitial

locationofthedefect̄Z= Z
L0. Ninedifferentinitiallocationsofthedefectsareexplored:Z̄=±0.5,

Z̄=±0.375,Z̄=±0.25,Z̄=±0.125andZ̄=0. Theamplitudeofthestrainratedefectincluded

inthenumericalcalculationsisϖ =0.96%. Notethatthisistheonlygraphinthepaperwith

resultsobtainedfromnumericalsimulationsinwhichthedefectwasnotlocatedinthecenterof

thespecimen. Asinpreviousplots,theinitiallengthandradiusofthebarareL0=40mm and

R0=1mm,respectively. Theinitialstrainrateiṡε0=10000s−1. Weobservethattheaverage
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necksspacingislargelyindependentofthepositionofthebarwherethedefectisincluded:this

furthershowsthatthedefectseemstoplayasecondaryroleinthenecksspacing.

Figure12: AveragenormalizedLagrangianneckspacingL̄neck/Φ0versusnormalizedlocationofthedefect
Z̄= Z

L0. Resultsareobtainedusingfiniteelementcalculationsinwhichninedifferentlocationsofthedefect
areexplored:Z̄= ±0.5,Z̄= ±0.375,Z̄= ±0.25,Z̄= ±0.125andZ̄=0. Theamplitudeofthestrain
ratedefectincludedinthenumericalcalculationsisϖ=0.96%. Theinitiallengthandradiusofthebarare
L0=40mm andR0=1mm. Theinitialstrainrateiṡε0=10000s−1.

InFig. 13 wecompare,forvariousloadingrates,theaveragenormalizedLagrangianneck

spacingL̄neck/Φ0 obtainedfromthenumericalsimulationsforthecaseofϖ =0.96% withthe

predictionsofthestabilityanalyses. Theperturbationisinsertedatthetime whentheforce

deviatesfromthefundamentalsolutioninthecorrespondingnumericalcalculation.Itisobserved

thatboth1Dand3Dstability modelspredictvaluesofthespacingwhicharequitesimilar.In

addition,theevolutionoftheneckspacingwiththestrainratepredictedbythestabilityanalyses

followsthetrendobtainedfromthefiniteelementcalculations. Asthestrainrateincreases,the

averageneckspacingdecreasesandthestrainatlocalizationincreases,seeTable1. Nevertheless,

thereissomediscrepancybetweenanalyticalandnumericalpredictions,seeFig.13.

Inthisregard,sincethecritical wavenumberinthestabilityanalysesvaries withtime(i.e.

deformation),itisworthtrackingthehistoryofthegrowthrateofallthegrowing modesduring

thedeformationprocess. Thus,asoriginallyproposedbyFressengeasand Molinari(1994)and
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Strainrate[s−1] Strain-FE time[µs]-FE Strain-1DLSA time[µs]-1DLSA Strain-3DLSA time[µs]-3DLSA
200 0.256 1456 0.256 1456 0.256 1456
1000 0.298 348 0.303 357 0.303 357
2000 0.347 208 0.340 202 0.344 205
5000 0.412 102 0.416 103 0.427 106
10000 0.512 67 0.507 66 0.525 69

Table1:Predictionsofthelocalizationstrainandtimeusing1Dand3Dlinearstabilityanalyses(referredtoasLSA)
togetherwiththecumulativeinstabilityindexI.Thepredictionsofthestabilityanalysesareingoodagreementwith
thefiniteelementsimulations(referredtoasFE).TheinstabilityindexissettoIc=10.16forthe1Dmodeland
Ic=10.04forthe3Dmodeltoobtaintheanalyticalpredictions.Thesevalueshavebeencalibratedusingthelowest
strainratecase200s−1.

lateradoptedbyPetitetal.(2005)andElMäıetal.(2014),analternativecriticalwavenumber

isidentifiedrelyingontheevolutionofacumulativeinstabilityindexdefinedasI=
∫t
tconsid̀ere

η+dt

wheretconsid̀erecorrespondstothetimeofmaximumforce.ElMäıetal.(2014)haveshownthat

theneckspacingpredictedusingthecriticalwavenumberassociatedtothecumulativeinstability

indexIisgreaterthantheneckspacingderivedfromthecriticalwavenumberassociatedtothein-

stantaneousinstabilityindexη+. Withinthiscontext,thefollowingmethodologyhasbeenadopted

tocalibratethecriticalvalueofthecumulativeinstabilityindexI.First,thecaseofinitialstrain

rate200s−1isconsidered.Thefiniteelementsimulationspredictthatthelocalizationoccursat

t=1456µs. Thelinearstabilityanalysesareperformedfromtconsid̀eretot=1456µsandthe

cumulativeindexIiscalculated.Thewavenumberwhichpresentsthelargestcumulativegrowth

rate(thecriticalwavenumber)isξc=787m
−1forthe1Dmodelandξc=785m

−1forthe3D

model.ThecorrespondingvaluesoftheindexIareIc=10.16andIc=10.04,respectively.Next,

weconsidercaseswithlargernominalstrainratevaryingfrom1000s−1to10000s−1.Foreach

nominalstrainrate,thecriticalwavenumber,thetimeandthestrainatwhichtheconditionI=Ic

ismet,aredetermined.Fig.13showsthattheneckspacingspredictedwiththecumulativeinsta-

bilityindex,using1Dand3Dmodels,areincloseagreementwiththeresultsobtainedfromthe

finiteelementcalculationswithinthewholerangeofstrainratesconsideredhere. Notealsothat

thecorrespondingstrainsandtimeswhenI=Icareingoodagreementwiththevaluesprovided

bythefiniteelementcalculations,seeTable1. ThevaluesofIcarevalidforagivenmaterial,

geometry,amplitudeandshapeofdefect.

Inthenextsectionofthepaper,wefurtherinvestigatetheinterplaybetweenthestrainrate

defectandtheneckingpattern.
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Figure13:Comparisonbetweenfiniteelementcalculationsandlinearstabilityanalyses.Averagenormalized
LagrangianneckspacingL̄neck/Φ0versusinitialloadingrateε̇0. Theamplitudeofthestrainratedefect
includedinthenumericalcalculationsisϖ=0.96%.TheinitiallengthandradiusofthebarareL0=40mm
andR0=1mm.
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6.2.Theroleofdefectamplitude

Fig.14showstheaveragenormalizedLagrangianneckspacingL̄neck/Φ0versusthedimen-

sionlessdefectamplitudeϖ(%)forvariousloadingratesrangingbetweenε̇0 =200 s−1and

ε̇0=20000s−1. Notethat,irrespectiveofthevalueofε̇0,theaverageneckspacingislargely

insensitivetothedefectamplitude(seealsoFig.7). Weobserveonlyforthehighestvaluesof

ϖaslightincreaseofL̄neck/Φ0
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.Thesenumericalsimulationssuggesttheexistenceofadominant

wavelengthwhichcharacterizes(atleasttosomeextent)theaverageneckspacing,inagreement

withthetheoreticalpredictionsbasedonmodalanalysisarguments,e.g.FressengeasandMolinari

(1985,1994);MercierandMolinari(2003,2004);Rodŕıguez-Mart́ınezetal.(2013a,2015).

Figure14:AveragenormalizedLagrangianneckspacingL̄neck/Φ0versusnormalizeddefectamplitudeϖ(%).Results
areobtainedusingfiniteelementsimulationswithseveninitialloadingrates:ε̇0=200s−1,ε̇0=1000s−1,ε̇0=
2000s−1,̇ε0=5000s−1,̇ε0=10000s−1,̇ε0=15000s−1anḋε0=20000s−1.Thedefectisincludedatthecenter
ofthespecimen.TheinitiallengthandradiusofthebarareL0=40mmandR0=1mm.

Fig.15showstheaxialforceFZ measuredatoneendofthespecimenversusloadingtime

tandaxialnominalstraineZZ=ε̇
0tforsimulationswiththreedefectamplitudes:ϖ=0.48%,

ϖ=0.96%(referencecase)andϖ=3.82%.Theinitialloadingrateiṡε0=10000s−1.Despitethe

strainratedefectincludedinthesimulations,thedeformationfieldofthebarremainsclosetothe

fundamentalsolutionbeyondtheConsid̀erestrain.Thestabilizingeffectofinertiaovercomesthe
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destabilizingroleofthedefectanddelaysthelocalizationofthedeformation. Differencesinthe

forcepredictedbythenumericalcalculationsonlyappearinthelatestagesoftheloadingprocess,

oncethedeformationisfullylocalizedintheneckedsections. Thedeviationoftheforcefromthe

fundamentalsolutionoccursslightlyearlierasϖ increases.

Figure15:AxialforceFZ versusloadingtimetandaxialnominalstraineZZ =̇ε0tforthethreefiniteelement
calculationspresentedinFig.16. Thesolidgreenlinerepresentsthefundamentalsolution.

Fig. 16showstheratiobetweenthecurrentandthebackgroundaxiallogarithmicstrain

εZZ/εb
ZZ versusthenormalizedcoordinateZ̄ forthecalculationspresentedinFig. 15. Three

differentloadingtimesareselected:t=66µsinFig.16(a),t=70µsinFig.16(b)andt=72µs

inFig.16(c). Theseloadingtimes,indicatedpreviouslyinFig.15,correspondtotheonsetoffull

localizationforthethreesimulationsinvestigated:ϖ =3.82%,ϖ =0.96%(referencecase)and

ϖ =0.48%. Weobservethatastheamplitudeofthedefectincreases,theheterogeneityinthe

growthrateofthenecksduringthelocalizationprocessincreases. Thissuggeststhattheampli-

tudeofthedefect mayplayaroleinthefragmentationprocess. Theneckswithgreatergrowth

ratewilldevelopintofracturesites,triggeringtheemergenceofunloadingwavesthatcouldarrest

thenecks withlowergrowthrates. Nevertheless,thespecificinfluenceofthestrainratedefect

inthefragmentationprocessstillneedsfurtherinvestigation. However,asanticipatedinprevious
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paragraphs,theneckspacingremainsindependentofϖ. Att=66µstheneckingpatterninthe

caseofϖ=3.82%isfullydeveloped(themaximumvalueoftheratioεZZ/εb
ZZ is≈2). Thenecks

nucleatedclosetotheendsofthebarhavegrownfasterthanthoselocatedinthe middleofthe

sample. Animportantreasonforthisbehaviouristhatthedefectwasneartheendsofthespecimen

(ittravelledfromthecentreofthesample)atthetimeinwhichtheneckingpatternwasformed,

whichledtoagreaterdisturbanceofthefieldvariablesinthosezonesofthebarandspeededup

thelocalizationprocess. Theneckingpatternscorrespondingtoϖ =0.48%andϖ =0.96%are

lessdeveloped. Att=70 µsonlyresultsforϖ =0.48%andϖ =0.96%areshown. Duetothe

excessiveelementsdistortioninsidetheneckedsections,thecalculationforϖ =3.82%stopped

beforereachingthisloadingtime. Theneckingpatterninthecaseofϖ=0.96%isfullydeveloped

(themaximumvalueoftheratioεZZ/εb
ZZ is≈2). Aspreviouslyexplained,thegrowthrateofthe

necksdependsontheirlocationinthebar. Nevertheless,notethattheheterogeneityintherates

ofgrowthofthenecksisforϖ =0.48%significantlylowerthanforϖ =0.96%. Fort=72 µs

onlyresultsforϖ=0.48%arepresented. ThisisconsistentwithFig.15whereitwasshownthat

thedropoftheforcecorrespondingtothefulldevelopmentoftheneckingpatternoccursslightly

earlierastheamplitudeofthedefectincreases. Theheterogeneityintheratesofgrowthofthe

necksissmallerthaninthecasesofϖ =0.96%andϖ =3.82%. Furthermore,thehistogram

presentedinFig. 17showsthatthespacingbetweennecksiscentredaroundtheaveragevalue

L̄neck/Φ0=1.54reportedinFig.14. The WeibullprobabilitydensityfunctiongiveninEq.(5)

hasbeenfittedtothenumericalresults. Theparametersofthedistribution,χ=3.176,κ=5.895

andλ=1.515,arealsosimilartothoseobtainedinFig.4. Despitethelimitednumberofnecks,

the Weibulldistributionfitsthe measuredneckspacingsratherwell.

Thenumericalresultspresentedinthissectionsuggestthat,beyondtheroleplayedbythe

defectintherateofdevelopmentoftheneckingpattern,thereisacharacteristicaverageneck

spacingwhich,athighstrainrates,iscontrolledtoasignificantextentbyinertiaeffects.Inthe

nextsectionofthepaperweshownumericalcalculationsofsampleswithvariouslengths.

6.3. Theroleofspecimensize

Weexploretheinfluenceofthespecimensizeonflowlocalization. Fig.18showstheaverage

normalizedLagrangianneckspacingL̄neck/Φ0asafunctionoftheinitiallengthofthebar. The

valuesofL0 investigatedrangefrom5mm to300mm. Inanycasetheinitialradiusofthe
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(a)

(b)

(c)

Figure16: RatiobetweenthecurrentandthebackgroundaxiallogarithmicstrainεZZ/εb
ZZ versusthenormalized

coordinateZ̄= Z
L0. Theinitialloadingrateiṡε0=10000s−1. Resultsareobtainedusingfiniteelementcalculations

forthreedifferentstrainratedefectamplitudes:ϖ =0.48%,ϖ =0.96%(reference)andϖ =3.82%. Thedefectis
includedatthecenterofthespecimen. Threedifferentloadingtimesareconsidered:(a)t=66 µs,(b)t=70 µs
and(c)t=72 µs. TheinitiallengthandradiusofthebarareL0=40 mm andR0=1 mm. Duetotheexcessive
elementsdistortioninsidetheneckedsections,thecalculationsforϖ =3.82%andϖ =0.96%stoppedbeforereaching
t=70µsandt=72µs,respectively,andtheycouldnotbeshowninsubfigures(b)and(c).
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Figure17: HistogramwhichpresentsthenumberofnecksasafunctionofthenormalizedLagrangianneck
spacingLneck/Φ0.TheresultscorrespondtothefiniteelementcalculationpresentedinFig.16(c). A Weibull
probabilitydensityfunction(bluesolidline)hasbeenfittedtothenumericalresults. Theparametersofthe
Weibulldistributionare χ=3.176,κ=5.895andλ=1.515.

baris1mm. Threedifferentinitialstrainratesareconsidered:ε̇0 =200 s−1,ε̇0 =2000 s−1

anḋε0=10000 s−1. Numericalcalculationswithtwodifferentstrainratedefectamplitudesare

presented:ϖ=0%(nodefect)andϖ=0.96%(referencedefect).Irrespectiveofthesamplelength

weobserveinFig.18that:(1)theinfluenceofthedefectintheneckspacingisalmostnegligible

and(2)theneckspacingdecreaseswiththeincreaseoftheinitialstrainrate. Theseresultsare

consistentwiththenumericalcalculationspreviouslypresentedinsections6.1and6.2. Moreover,

theinfluenceofthesamplelengthintheneckspacingisrestrictedtoshortvaluesofL0,whenthe

numberofnecksinceptedinthebarislowerthan4or5.Insuchacasetheaveragewavelength

ofthenecksseemstobetooclosetothesamplelengthandthesizeofthenecksbecomesaffected

bythefinitedimensionsoftherod. Hence,theinfluenceofthelengthofthebaronL̄neck/Φ0is

graduallyalleviatedaṡε0increasessinceinertiaeffectsreducetheaveragewavelengthofthenecks.

Infact,foṙε0=10000s−1,therelationbetween̄Lneck/Φ0andL0ispracticallyanhorizontalline

(whilesomedisturbancesareshownfoṙε0=2000s−1). Moreover,notealsothat,irrespectiveof

thestrainrate,thelengthofthebarusedinthecalculationspresentedinsections5,6.1and6.2

providesneckspacingvaluesvirtuallyindependentofL0.Indeedvalueslargerthan40mm donot

leadto meaningfulvariationsin̄Lneck/Φ0.

Fig19showstheaxialforceFZ measuredatoneendofthesampleversustheaxialnominal

straineZZ =̇ε0tforthreedifferentinitialbarlengths:L0=40mm (referencecase),L0=120mm

andL0=260mm. TheinitialradiusofthebarandtheinitialloadingrateareR0=1mm and
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Figure18: AveragenormalizedLagrangianneckspacingL̄neck/Φ0versusinitiallengthofthebarL0. Resultsare
obtainedusingfiniteelementcalculationswithtwodifferentnormalizedstrainratedefectamplitudes:ϖ=0(no
defect)andϖ=0.96(referencedefect).Thedefectisincludedatthecenterofthespecimen.Threeinitialloading
ratesareconsidered:(a)ε̇0=200s−1,(b)̇ε0=2000s−1and(c)̇ε0=10000s−1. Theinitialradiusofthebaris
R0=1mm.
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ε̇0=2000 s−1,respectively. Theforceversuslongitudinalstraincurvesforthethreebarlengths

testedarenearlyidentical. Thisreinforcestheideathat,forbarslongerthan40mm,thevalueof

L0doesnotaffectthe mechanicalresponseofthesample.Inaddition,as mentionedinsection5,

wehavecheckedthattheforcerecordedatbothendsofthesampleisnearlyidentical.

Figure19: AxialforceFZ versusaxialnominalstraineZZ =̇ ε0tforfiniteelementcalculationswiththree
differentinitiallengthsofthebar:L0=40 mm (referencecase),L0=120 mm andL0=260 mm. The
initialradiusofthebarandtheinitialloadingrateareR0=1 mm anḋε0=2000s−1,respectively. The
defectisincludedatthecenterofthespecimen. Thesolidgreenlinerepresentsthefundamentalsolution.

ThehistogramspresentedinFig.20showthenumberofnecksasafunctionofthenormalized

LagrangianneckspacingforthethreefiniteelementcalculationspreviouslyconsideredinFig.19.

Weobservethat,irrespectiveofthelengthofthebar,thedistancebetweenconsecutivenecksis

centredaroundtheaveragevalueL̄neck/Φ0≈2.5reportedinFig.18. Thestandarddeviationof

thedistributionofneckspacings,whichdecreaseswiththebarlength,is0.672forL0=40 mm

(referencecase),0.515forL0 =120 mm and0.467forL0 =260 mm. Thus,asexpected,the

regularityoftheneckspacingincreaseswiththelengthofthebar. The Weibullprobabilitydensity

functiongiveninEq.(5)hasbeenfittedtothenumericalresults. Theparametersofthedistribu-

tionsare:χ=1.664,κ=8.574andλ=2.451forFig.20(a),χ=5.845,κ=8.965andλ=2.249

forFig.20(b)andχ=12.58,κ=6.539andλ=2.342forFig.20(c). Weobservethatthefitting

isbetterasthelengthofthebar,andthusthenumberofnecks,increases.
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Figure20: HistogramswhichpresentthenumberofnecksasafunctionofthenormalizedLagrangianneckspacing
Lneck/Φ0 forfiniteelementcalculationswiththreedifferentinitiallengthsofthebar:L0=40mm (referencecase),
L0=120 mm andL0=260 mm. ThesearethenumericalsimulationspresentedinFig.19. A Weibullprobability
densityfunction(bluesolidline)hasbeenfittedtothenumericalresults. Theparametersofthe Weibulldistributions
are:χ=1.664,κ=8.574andλ=2.451forFig. 20(a),χ=5.845,κ=8.965andλ=2.249forFig. 20(b)and
χ=12.58,κ=6.539andλ=2.342forFig.20(c).
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Thecalculationspresentedinthissectionrevealthattheaveragespacingbetweenneckswhich

characterizesthemultiplelocalizationpatternisbarelyaffectedbythefinitedimensionsofthebar.

Thegreaterthestrainrate,thesmallertheaveragespacingandthesmallertheinfluenceofthe

samplesizeinthenumericalresults.

7. Summaryandconclusions

Inthispaperwehavedemonstratedthattheformationofmultipleneckingpatternsinnonlinear

incompressibleelasticbarssubjectedtodynamicstretchingislargelyinfluencedbyinertiaeffects.

ForthattaskwehavecarriedoutnumericalcalculationsinABAQUS/Explicitconsideringbarsof

variouslengthsandsubjectedtoawiderangeofstrainrates. Moreover,followingRavi-Chandar

andTriantafyllidis(2015),wehaveincludedinthesimulationsastrainratedefect. Thenumerical

analysisyieldedthefollowingkeyresults:

•Thecoreofthemultipleneckingprocessoccursduringthepost-uniformdeformationregimeof

thebar,atstrainslargerthantheonebasedontheConsid̀erecriterion.Itbecomesapparent

thattheexistenceofameaningfulpost-uniformdeformationprocesscannotbedisregardedin

theanalysisof multipleneckingathighstrainrates. Thepost-uniformdeformationprocess

isgreaterasthestrainrateincreases.

•Thestrainratedefectplaysa meaningfulroleintherateofgrowthoftheneckingpattern

duringthelatestagesofthelocalizationprocess,howeveritbarelyaffectstheaverageneck

spacing. Ontheonehand,whileitistruethatthisspecificissuestillrequiresfurtheranalysis,

ourresultssuggestthattheamplitudeofthestrainratedefectcouldplayaroleinthe

fragmentationprocess. Ontheotherhand,thenumericalcalculationshaveshownthatthe

numberofnecksismostlycontrolledbythestrainrate.Irrespectiveofthedefectamplitude,

thenumberofnecksincreaseswiththestrainrate.

Theresultsofthispaperhavebeenrationalizedusing1Dand3Ddynamicstabilityanalyses.

Theagreementbetweennumericalcalculationsandlinearstabilityanalysesisanadditionalproof

oftheexistenceofdominant modes whichdefine,atleastuptosomeextent,theaverageneck

spacingin multiplelocalizationpatterns. Thespecificdominant modesbeingdeterminedbythe

emergenceofinertiaeffectsathighstrainrates. Nevertheless,weacknowledgethatthissituation
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maychangewhenconsideringgeometricalormaterialdefectsoflarge(r)amplitude.Insuchacase,

thelocalizationpattern maybedictatedbythepre-existingdefectsuptoacertainlevelofstrain

ratebelowwhichinertiaeffectsarenotdominantenoughtoinfluencetheneckingpattern.
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Rodŕıguez-Mart́ınez,J. A., Vadillo, G.,Zaera, R.,Ferńandez-Śaez,J.,2013b. Onthecomplete
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