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Resumen

El objetivo de esta Tesis es estudiar trasformaciones espectrales para matrices que tiene como en-
tradas funcionales lineales. En particular estudiamos las transformaciones de Christoffel, Geron-
imus y Geronimus-Uvarov. Con el fin de que esta Tesis sea lo mds autocontenida posible, la hemos
dividido en siete capitulos.

e En el Capitulo 1 introducimos algunos conceptos y fijamos la notacién que serd usada a lo
largo de esta Tesis a la vez que exponemos algunas propiedades bésicas acerca de matrices
semi-infinitas, médulos y polinomios matriciales junto con su teoria espectral. Hecho esto,
pasamos a introducir la definicién de matriz de funcionales lineales (y su forma sesquilineal
asociada) también como el concepto de bi-ortogonalidad.

e En el Capitulo 2 resumimos algunos resultados relativos a formas bilineales para las cuales
el operador multiplicacién por un polinomio es simétrico y su conexion con las relaciones de
recurrencia de orden superior [51]. Con esto en mente, pasamos a explicar cuidadosamente
el resultado principal de [64] concerniente a la relacién existente entre una sucesién de
polinomios satisfaciendo una relacién de recurrencia de orden superior y una sucesién de
polinomios matriciales que son ortogonales respecto a una medida matricial. Para concluir,
mostramos algunos ejemplos de gran interés en la literatura.

e El Capitulo 3 estd dividido en dos partes. La primera parte se basada en los trabajos de A.
J. Durén [51], A. J. Durdn y W. Van Assche [64], y M. Derevyagin and F. Marcellan [48]
siendo este dltimo el referente para esta primera parte del capitulo. Aqui, damos algunos
resultados relacionados con la transformacién espectral de Geronimus en el contexto de
funcionales lineales y con esto en mente, motivamos la definicién de este tipo de transfor-
maciones para las formas bilineales simétricas B(-,-) definidas en términos de una medida
de probabilidad con la propiedad de que el operador multiplicacién por un cierto polinomio
h(x) es simétrico para la forma bilineal, esto es B(hf,g) = B(f,gh) para todo f,g € R[x].
Acto seguido, introducimos la nocién de transformacién de Geronimus multiple y general-
izamos los resultados dados en [109], encontrando, por ejemplo, que los productos internos
tipo Sobolev discretos obtenidos al aplicarle un transformacion de Geronimus muiltiple a
una forma bilineal nos lleva a una transformacién de Geronimus matricial. Estos resultados
han sido publicados en [47].

Motivados por el resultado anterior, en la segunda parte de este capitulo, estudiamos la
transformacion de Geronimus (hermitica) pero ahora, sobre una matriz de medidas definida
positiva, es decir, estamos interesados en el andlisis de formas sesquilineales (-, -);, defindas
mediante

(P(xX)W (x),0(x)W (x))y = /P(x)dMQT(x),

donde M es una matriz de medidas definida positiva y W (x) es un polinomio matricial de
grado fijo pero arbitrario. Aqui, encontramos condiciones para la existencia de la sucesién



de polinomios ortogonales respecto a (-,-)y, asi como la féormula de conexion entre los
polinomios ortogonales originales y perturbados. Los resultados de este capitulo han sido
publicados en [67, 68].

El Capitulo 4 se dedica a la extension de la féormula de Christoffel para polinomios bi-
ortogonales matriciales. Mds precisamente, dada una matriz de funcionales lineales u y
W (x) un polinomio matricial con coeficiente principal no-singular, nosotros estudiamos la
siguiente transformacion matricial # = W (x)u y la relacion entre sus familias de polinomios
bi-ortogonales. El resultado principal de este capitulo es precisamente el Teorema 4.11, que
presenta las férmulas de conexién entre las sucesiones de polinomios bi-ortogonales ma-
triciales originales y perturbados. Para este propdsito usamos toda la riqueza de la teoria
espectral disponible para polinomios matriciales, en particular las cadenas de Jordan y los
"roots polynomials" a izquierda y derecha que serdn extremadamente ttiles [77, 110]. Fi-
nalmente, veremos que estas transformaciones de Christoffel se pueden extender a la teoria
de sistemas integrables. Los resultados de este capitulo han sido publicados en [11].

El Capitulo 5 estudia la extension de la transformacion de Geronimus para matrices de
funcionales lineales soportados en la recta real, es decir, multiplicaremos una matriz de fun-
cionales lineales por un polinomio matricial W (x) y le adicionaremos una suma de masas
adecuadas (que dependen de los "roots polynomials" a izquierda y derecha). Aqui, desar-
rollamos dos diferentes métodos, el espectral y no espectral con el fin de obtener férmulas
de conexion entre las sucesiones de polinomios bi-ortogonales matriciales asociados al fun-
cional original y el perturbado.

En el Capitulo 6 se desarrolla la extensién de las transformacién de Geronimus-Uvarov
para matrices de funcionales lineales soportados sobre la recta real. Este tipo de transforma-
ciones pueden considerarse como una composicién de una transformacién de Geronimus y,
acto seguido, de una transformacion de Christoffel. En términos de matrices de funcionales
esto se escribe como u — i — i, donde iWg(x) = u 'y 4 = We(x)it, con We(x) y We(x)
polinomios matriciales. Como en el capitulo 5, usando el método espectral y no-espectral,
obtenemos férmulas de conexidn entre los polinomios bi-ortogonales matriciales originales
y los perturbados. En el método espectral encontramos una representacion para los poli-
nomios bi-ortogonales matriciales perturbados en términos de la sucesiones de polinomios
bi-ortogonales originales y las funciones de segunda especie (ver (1.9)). Aqui asumimos que
los coeficientes principals de los polinomios We(x) y Wg(x) son matrices no-singulares. En
el método no-espectral damos una representacién para los polinomios bi-ortogonales matri-
ciales perturbados sin asumir ninguna hipétesis sobre el coeficiente principal del polinomio
We(x). Finalmente, como una aplicacion, estudiamos la transformacién de Uvarov matri-
cial, que consiste en adicionarle al funcional original una suma de masas. Los resultados
del capitulo 5 y 6 han sido publicados en [12].

Finalmente, en el Capitulo 7 damos un resumen de los principales resultados de esta tesis,
asi como una lista de problemas abiertos.
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Introduction

Historical notes

The theory of linear functionals and their connection with the theory of orthogonal polynomials
is well known in the literature. Several examples of perturbations of a linear functional u have
been studied (see [10, 7, 22, 26, 27, 34, 76, 115, 116, 148]). In particular, when we deal with the
positive definite case, i.e. the linear functional has an integral representation in terms of a nontri-
vial probability measure supported in a infinity subset of the real line, such perturbations provide
an interesting information in the framework of Gaussian quadrature formulas taking into account
the perturbation yields new nodes and Christoffel numbers. Three canonical perturbations have
attracted the interest of researchers.

The Christoffel transformation that appears when a linear functional u is transformed into ; =
we(x)u with we(x) € R[x] was studied for first time in [36]. Here, Christoffel studies a quadrature
problem for the Lebesgue measure supported in [—1, 1], but now preassigning a certain number of
nodes outside the open set (—1, 1). The above theory is easily extended to weighted integrals over a
interval [a, b] (see [69]). Thus, if I(f) = [ f(x)du, with ¢/ (x) > 0, he deals with an approximation
of this integral by means of the following quadrature formula

n N
I(f) = Ou(f) +Ru(f), with Qn(f)= Z M i f (X i) + Z Unn f (Ynm)s
k=1 m=1

being R, (f) the remainder, ¥, 1,. .., Y. ~, fixed numbers outside the interval (a,b) and x, 1, ..., Xy,
free nodes. The weights A, x and u, ,, are assumed to be free variables. If now we define

n

N
Pn(x) = H(x—xmk) and w.(x) = H X — Yoml,
m=1

k=1

then the quadrature formula has maximal degree of exactness (2n — 1 + N) if and only if
I(pn(x)we(x)g(x)) =0 forevery ¢(x) € R,_1[x].

The above implies that the quadrature formula has maximal degree of exactness if p,(x) is orthog-
onal to every polynomial of degree < n— 1 with respect to to the measure dji = w.(x)du and

xiii



X1V Introduction

Wc()ﬁn() :| Uy =1 |: Wc()ﬁn()
We (xn,k)l% (xn,k)(' _xn,k) ’ " W/c(Yn,m)PAn (Ynm)( - Yn,m)
withm=1,--- N, and k = 1,--- ,n. Moreover, Christoffel obtains an explicit representation of

the polynomial p,(x) in terms of the sequence of orthogonal polynomials (p,(x)),ecn With respect
to the measure du as follows (see [69])

M =1

)

)

pa(x)  pari(x) o pugn(x)
pn(Yn,l) pn—i—l(’Yn,l) cee pn+N(Yn,1)
We(x)pn(x) = const - det ) . .
n(Yn,N) Pn+1 (Yn,N) * PndN (Yn,N)

This is now commonly refereed as Christoffel theorem. More recently, the Christoffel transfor-
mation has been studied for linear functionals (independently of the existence of an integral rep-
resentation). For example in [33, 148] necessary and sufficient conditions for the functional G
be quasi-definite are given, while in [138, 149] a connection formula between the sequences of
orthogonal polynomials with respect to u and @ is deduced.

The Geronimus transformation appears when you are dealing with perturbed functionals i defined
by we(x)it = u, where w,(x) is a polynomial. This class of transformations was first discussed
by J. Shohat [135] for a particular case of linear functionals. Given a sequence of orthogonal
polynomials p,(x) with respect to a measure supported in the real line, find necessary and suffi-
cient conditions on the sequence of real numbers (a,),cn in order to the sequence of polynomials
(Qn(x))nen defined by Q,(x) := pu(x) + anpu—1(x), n > 1, is orthogonal with respect to some
measure supported in the real line. However, he only gave a partial answer by using Favard’s
Theorem. Few years after Shohat’s publication, the problem was studied in an exhaustive way
by Geronimus [76] in the framework of the Hahn characterization of classical orthogonal polyno-
mials (Hermite Laguerre, Jacobi, and Bessel). Indeed, to find necessary and sufficient conditions
in order to the sequences (p,(x))nen and (2 :ln* igx) )Jnen be orthogonal. In the same way as for the
Christoffel transformation, the sequence of orthogonal polynomials associated with the functional

U has a determinantal representation but now in terms of the original polynomials and the sec-

ond kind functions which are defined as a formal series, C,(z) =: Y1, %, see for example

[115, 149].

The more general problem related to linear functionals u and 1 satisfying wg (x)@ = w,(x)u, (Where
again w(x) and w,(x) are polynomials) has been analyzed by Uvarov in [143] in the framework of
measures. In the first part of paper, he studied the following problem. Given a measure u supported
in the real line and two sets of real numbers {0, --0y} and {By,---Bi} with B, j=1,...,k, out-
side of the support of the measure, what is the relation between the sequence of orthogonal poly-

nomials (p,(x))sen With respect to u and the sequence of orthogonal polynomials (p,(,k’l) (%)) nen

with respect to the new measure defined by di = Hi-:l(x —a;) [H’J‘-Zl (x—B))] - du?. Here, he

X1V
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finds the following determinantal formula

[Po-tk(01) - para(on)]

(k) k U pek(ou) o paga(ou)
i (x) = const. !I_II(X—B,)] det | Cok(B)) -+ Cupt(B)
Cok(B) -+ Cuu(Br)

L Pnk(x) o pusa(x)

In the second part, he deals with the addition of a finite number of Dirac masses i.e., he studies
the sequence of orthogonal polynomials with respect to the measure dfi = du+Y;_;m i0(x—x;)
where 8(x) is the Dirac delta supported in zero, m; are positive constants, and x; are real num-
bers (Uvarov transformation). This kind of transformations appear in the analysis of polynomial
eigenfunctions of fourth order linear differential operators with polynomial coefficients (see [96]).
In [34] necessary and sufficient conditions for the functional @ be quasi-definite are given. In
[138, 149] an expression of orthogonal polynomials with respect to 1 in terms of orthogonal poly-
nomials with respect to u is obtained.

Notice that, in particular, if we take w.(x) = wg(x), then a Christoffel transformation applied to
Geronimus transformation, transforms U into the original linear functional u i.e. the Christof-
fel transformation is the left inverse of the Geronimus transformation. However, a Geronimus
transformation applied to Christoffel transformation, transforms 1 into @, i.e. an Uvarov transfor-
mation. The above three transformations are known in the literature as Darboux transformations.
They have appeared in the framework of the bispectral problem (see [80]).

In the last years, spectral properties of the monic Jacobi matrix associated with the sequence of
monic orthogonal polynomials with respect to a linear functional u have been studied, finding
a close relation between the perturbation of linear functionals (in particular for the above three
transformations) and their LU and UL factorizations, where L is a lower triangular matrix and
U is an upper triangular matrix (see [27, 148]). For example in [148] it is showed that if the
monic Jacobi matrix J,,,, associated with a quasi-definite linear functional u can be factorized
as Jyuon = LU +al, a € R, then the monic Jacobi matrix with respect to the functional @ defined
as above (with w, = (x —a)) is given by UL + al (Darboux transformation without parameter of
Jmon)- In the same way, if J,,,, can be factorized as Jy,,, = UL+ al, a € R, then the monic Jacobi
matrix with respect to the functional @ defined previously (with w, = (x —a)) is given by LU +al
(Darboux transformation with parameter of J,,,,). See also [27, 47].

A more general concept than a linear functional is the symmetric bilinear form. It is well known
that every linear functional u yields a bilinear form B defined by B(f,g) = (u, fg). Notice that the
inverse is not true at all. One of the most well known positive definite symmetric bilinear forms
are associated with the so called discrete Sobolev type inner products (-,-)¢ which appear as a
perturbation of a positive definite linear functional u as follows

XV



XVvi Introduction

J
(f.8)s = (u,fg) + Y Mif N ()g® (o), (1
k=0

where o € R, M} > 0,0 <k < j, and f, g are polynomials. The first paper dealing with Sobolev
type inner products is due to D. C. Lewis in [103]. There, a problem of approximation of a
function and its derivatives by algebraic polynomials using least-squares was studied. In [90, 91]
R. Koekoek, and R. Koekoek and H. G. Meijer studied particular cases of (1), when the linear
functional u is the Laguerre linear functional, while that in [8, 9, 117] some properties of the
sequence of orthogonal polynomials with respect to the inner product (1) are studied. In a more
general framework the following Sobolev type inner products have been studied (see [120])

j
(f.8)s=Y M <f(k),g(k)>
k=0

k

with f, g polynomials, and

(fo8) = /Q S

where ., k = 1,...,j, are positive Borel measures such that supp(ux) € Qi C R. From here, a
lot of contributions have been given (see for example [6, 120]). Notice that, in general, the above
Sobolev type inner product can not be induced by a linear functional because otherwise it would

satisty (xf,g)g = (f,xg)g for every polynomial f,g.

An important concept that follows as a particular case from the above definition is the concept of
coherent pair introduced by A. Iserles, P. E. Koch, S. P. Ngrsett, and J. M. Sanz-Serna, (see [86]).
This concept emerges to the study the following Sobolev type inner product

b b
(f.8)s = / Foduo+ A / Fgdu. @)

where i,y are positive Borel measures and A > 0. If (P,(x))nen is the sequence of monic or-
thogonal polynomials with respect to dug and (7;,(x)),en is the sequence of the monic orthogonal
polynomials with respect to du;, then the pair (duo,du; ) is said to be a coherent pair, if there exist
nonzero constants (3,),en such that

P (x P (x
n+l< )+Bn n()
n+1 n

If (duo,duy) is a coherent pair, then the sequence of orthogonal polynomials with respect to (2)
has an interesting structure (see [85, 118, 119]). Thus, it is relevant to investigate under what
conditions (dug,du;) constitute a coherent pair. As a consequence, a lot of contributions dealing
with this problem have been given (see for example [85, 108, 118, 119]).

forall n>1.

T,(x) =

XVi
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M. G. Krein in [97] (1949) was the first to discuss about of matrix orthogonal polynomials on
the real line, when he was dealing with block Jacobi matrices, mainly as applied to self adjoint
extension. Years later (1983) A. I. Aptekarev and E. M Nikishin [18] studied properties of Sturm-
Liouville discrete operators which can be identified with a block Jacobi matrix

Ey D,
D] Ei D,
J= D} E, Dj : 3)

where each matrix E; and D; has size N x N, with E; a Hermitian matrix and D; a nonsingular
matrix. They proved that there exists a positive definite matrix of measures of size N X N such that
the sequence of matrix polynomials (Q,(x)),ecn defined recursively as

Di1 Qi1 (%) = (xly — EQ) Qu(x) = Df Qr—1(x), k> 1, 4
Qo(x) = Iy, E Q1 = (Iy — Ev),

is a sequence of orthogonal polynomials with respect to such a matrix of measures.

The theory of matrix orthogonal polynomials was in a stand-by until that in 1993. A. J. Duran in
[51] gave the characterization of symmetric bilinear forms for which the multiplication operator
by a polynomial is symmetric. He deduces necessary and sufficient conditions for that a sequence
of scalar polynomials (p,(x))nen satisfying a (2N + 1) recurrence relation

N
h(x)pa(x) = cnopn(x) + Y [CnkPnic(x) + CusraPnri(x)],
k=1

is orthogonal with respect to a symmetric bilinear form (generalization of the Favard’s theorem).
In particular, he focused the attention on the discrete Sobolev type inner product. This work, gave
a first idea about the relation between scalar orthogonal polynomials with respect to a bilinear form
and matrix orthogonal polynomials with respect to a positive definite matrix of measures. Thus in
(1995) A. J. Durén [52] showed that any sequence of scalar polynomials (p,(x)),ecn satisfying a
(2N + 1) recurrence relation is orthogonal with respect to a positive definite matrix of measures
of size N x N. To prove the above statement is necessary identify each polynomial p,(x) with a
certain vector [Ry o(pn), -+, Rnn—1(pn)] (see Definition 2.9).

From the above result, A. J. Durdn and W. Van Assche [64] proved that if (p,(x)).en is a sequence
of scalar polynomials satisfying a (2N + 1) recurrence relation, then the sequence of matrix poly-
nomials defined as

Ry (pun)(x) Ryi(pav)(x) - Run—1(pan)(x)
Rio(pan+1)®)  Ruy(panve1)(x) -+ Rpn—1(pan+1)(x)

Rh.O(pnN:-%—N—])(x) Rh,l(PnN:-%—N—])(x) Rh,N—l(Pn;wzv—l)(X)

XVvil
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satisfies a three term recurrence relation as in (4). The example (3.1) in [64] (see also the Example
2.11 in this work) exhibits the importance of the above result, since it shows that a discrete Sobolev
type inner product can be always represented in terms of a matrix inner product when you add to
the matrix of measures a mass point in the origin. The above approach opens the door to study
spectral transformations for matrices of measures supported in the real line. This thesis gives an
exhaustive study of the spectral transformations mentioned previously, based on an earlier work
of M. Derevyagin and F. Marcellan (see [48]).

The above results reawaked the interest by matrix orthogonal polynomials. So, in [61] A. J. Duradn
and P. Lopez-Rodriguez studied the properties of zeros (see Definition 1.11) of a sequence of
matrix polynomials (P,(x))nen Which are orthonormal with respect to a matrix of measures W
that is positive definite, or equivalent to the sesquilinear form

(P.Qy = [ PWAW Q') P.o eV N

They showed that for every n € N, the zeros of the matrix polynomial P,(x) are precisely the
eigenvalues of the block matrix J,, with the same multiplicity. Here J,, is the n-th block truncation
of the block Jacobi matrix (3) associated to (P, (x))nen. To difference of the scalar case, the zeros
of P,(x) can not be simple, moreover, any two polynomials of the sequence (P,(x)),en can have
a zero in common. The following theorem which is supported on the fact that for any matrix
polynomial A(x) with a zero a of multiplicity o

d* d(xfl

aadj(A(x)) - =0nxn, $=0,---,a—2, and, . adj(A(x)) - # Oyxn

gives us some information about the zeros of P, (x).

Theorem 1. ([61]). i) The zeros of P,(x) have a multiplicity not bigger than N. Furthermore
P, (x) has nN zeros (counting multiplicities) and all zeros are real.

ii) If a is a zero of multiplicity o of P,(x), then rank(P,(a)) =N —o. If a is a zero of P,(x) and
P,11(x), then P,(a) and P,1(a) do not have any common eigenvector associated to 0.

iii) If a is a zero of P,(x) of multiplicity just N, then P,(a) = Oyxn.

iv) If we write x, i, with k = 1,--- ,nN, for the zeros of P,(x) ordered in increasing size (and
taking into account their multiplicities), then

Xnp1k S Xpk S Xyt hpn for k=1,--- nN.

Next, A. J. Durdn supported in the results of [53] showed two important results. The first is a
quadrature formula for matrix polynomials

Theorem 2. ([53]). Let n be a nonnegative integer. We write x,x, k = 1,--- ,m, for the different
zeros of the matrix polynomial P,(x) ordered in increasing size and I, . for the matrices

XViil
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1 , )
Fn,k = (ad](Pn(t)))(ak (xn,k)Qn(xn,k)a k= 17 ,m,
(det(P (1)) ™ (1)
where Oy is the multiplicity of x, x and Q,(x) is the matrix associated polynomial of the first kind.
Then for any matrix polynomial P(x) with deg(P(x)) < 2n the following formula holds

m
/ P(x)dW (x) = Y P(xp )T
k=1
Moreover, Iy, . are positive semidefinite matrices of rank Oy, k=1,--- m.

Other type of quadrature formulas had already been studied by A. Sinap and W. Van Assche [133]
as well as by A. J. Duran and P. Lépez-Rodriguez [61].

The second result that A. J. Durdn showed, is the extension of Markov’s theorem for matrix or-
thogonal polynomials, which is a consequence of the above quadrature formula. It states that

dW (x)

—X

lim P, (2)0.(2) = [

n—oo

and the convergence is uniform for compact subsets of C\I', where I'= (| |J o(P,) and 6(P,)
N>0 n>N

is the set of zeros of P,(x). He also showed that the result is not true for Q,,(z)P, ! (z).

Since then, the increasing activity in this scientific field has produced a vast bibliography, mainly
concerning the extension of results which are known for the scalar case (see for example [35, 53,
61, 122, 133, 134]). However, there are some open problems and unexpected results.

For instance, the classification of sequences of matrix orthogonal polynomials (far away from the
classical diagonal cases) satisfying second order linear differential equations with matrix polyno-
mial coefficients which are independent of the degree of the polynomial eigenfunctions, i.e. the
so-called Bochner problem, is still open (see [58]). A partial solution to this problem was given by
A.J. Durén in [54], where positive definite matrices of measures whose matrix inner product has
a symmetric left-hand side matrix second order linear differential operator are characterized. For
this purpose, he introduced two matrix second order linear differential operators associated with
matrix polynomials A, (x), A (x), Ao(x),

lhg =D"Ay+D'A; + D Ag,  right-hand side,
L =AD"+AD +AoD°, left-hand side.

In a similar way as in the scalar case, it can be proved that if [, (hereinafter [, is a left or right
hand side matrix second order linear differential operator) is symmetric for (-, ), , then the matrix
polynomials A;(x), Aj(x) and Ap(x) have degree at most 2, 1, and 0, respectively, as well as that

X1X
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the sequence of matrix orthonormal polynomials with respect to (-, -), , satisfies the second order
linear differential equation

L(P)=T,P, n=0,1,... (5)

for certain Hermitian matrices I',, [54]. The converse of the second statement is false for /5 ; since
non-commutativity of the product of matrices. If the matrix of measures W is considered as a
operator acting on CV*N[x], that is

(PW.0) = [ PuaW (v (v) Qe M,
Wr.0) = [ WP (W) Qe
and

(W',P)=—(W,P'),

then, assuming that AgW = WA(T) and the operator [, is symmetric for (-,-)y, , we get (see [54])

(A W) =AW, (6)
AW = WA,
AW =WA,

and, again, the converse is false for / ;. Note that (6) is Pearson’s equation in the scalar case. The
above affirmation, allowed to A. J. Durén to prove the following classification theorem

Theorem 3. ([54]). The following statements are equivalent.

i) W is a matrix of measures whose matrix sesquilinear form (-,-),, has a symmetric left-hand
side second order linear differential operator.

ii) A nonsingular matrix D exists for which DTXD, where X = vly with v a classical scalar
weight (Jacobi, Hermite or Laguerre).

The above theorem does not hold for a symmetric right-hand side second order linear differential
operator (see Appendix in [54]).

Now the question is if there exists a classification theorem for right-hand side second order linear
differential equation. This is still an open problem. However a partial result has been obtained.

Theorem 4. ([54]). Let W(x) be a matrix weight whose sesquilinear form (-,-), has a right-hand
side second order linear differential operator for which A, is a nonsingular numerical matrix (not
depending on x) and Ay is the identity matrix up to a multiplicative constant. Then a nonsingular
matrix D exists such that W = D'XD, where X is a diagonal matrix whose entries in the diagonal
are classical Hermite weights up to a linear change of variables.

XX
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From here, a large number of papers has been written in the continuous and discrete case (see
[16, 41, 42, 60, 62, 63]). In [58] A. J. Durdn and A. Griinbaum gave a survey about techniques
for study symmetric right-hand side matrix second order linear differential operator. An important
result is the following one.

Theorem 5. ([56, 58]). Assuming that dW (x) = W (x)dx with a smooth W (x), the following state-
ments are equivalent.

i) The operator I, g is symmetric with respect to (-,-)y, .
ii) The boundary conditions that
Az (x)W(x) and (Ax(x)W (x)) — A1 (x)W (x)

should have vanishing limits at each of the endpoints of the support of W (x), and the weight
matrix W (x) should satisfy

AW = WA],
2(AW) = WAT +AW, (7
WA, = (AW)" — (A W)’ + AW. (8)

If we assume that WAI =AW, and A, is a scalar polynomial, then it implies a scalar type Ro-
drigues’ formula for the sequence of matrix orthogonal polynomials (P,(x)),en With respect to
(5w [57, 58],

Pu(x) = (AL ()W (x) W (x).

However, with the above hypothesis W reduces to scalar weights. A suitable difference between
the scalar and the matrix case is that the equation (7) does not imply that the right-side matrix
second differential equation (8), that is, orthogonal polynomials satisfying a "non-commutative
Pearson’s equation” like (8) do no to satisfy second order linear differential equation like (5) [58].
Indeed,

Theorem 6. ([58]). If the weight matrix W has a corresponding symmetric second order lin-
ear differential operator like (5) with A (x) = ax(x)Iy, where ay(x) is a scalar polynomial, then
detW (x) is a classical scalar weight (up to a scalar change of variable).

In [57] it was discussed why a second order linear differential equation with coefficients in-
dependent of n does not yields in the matrix case a Rodrigues’ formula of the type P,(x) =
Co(®"(x)W)WW ! where ® is a matrix polynomial of degree not greater than 2 and C, are
nonsingular matrices. Here the role of a scalar type Pearson’s equation as well as that of a non-
commutative version of it is also mentioned and the following interesting fact is proved.

XX1
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Theorem 7. ([57]). Let W be a weight matrix satisfying the matrix Person equation

(OX)W'(x)) =)W (x)

where §(x) is a scalar polynomial of degree not greater than 2 and ¥ (x) is a matrix polynomial of
degree 1 with nonsingular leading coefficient. We assume that the weight matrix W also satisfies
the boundary conditions that O(x)W (x) has vanishing limits at each of the end points of the support
of W(x). If the degree of 0(x) is 2 and in addition we assume that its zeros are simple and that the
spectrum of the leading coefficient of ¥ (x) is disjoint with the set of natural numbers, then

Pa(x) = (" ()W (x) W

is a sequence of matrix polynomials of degree n with not singular coefficients. Moreover they are
orthogonal with respect to W (x).

Other important difference between the scalar and the matrix case was showed by M. Castro and
A. Griinbaum [31] who find families of matrix orthogonal polynomials satisfying a first order lin-
ear differential equation, a fact that does not hold in the scalar case. A example of this fact is also
showed in this thesis (see Remark 4.18).

A problem of interest in recent years is the bispectral problem and the generation of new solutions
by using the Darboux transformation [78, 79]. In particular, for matrix polynomials satisfying
the bispectral problem, new solutions can be generated using Christoffel and Geronimus trans-
formations (see for example [80]). A first step is given in this thesis (see also [11, 12, 68]). We
study the perturbation of a matrix of linear functionals consisting in the multiplication by a matrix
polynomial of an arbitrary degree such that its leading coefficient is a non-singular matrix (Matrix
Christoffel Perturbation). In this way, we also study the matrix analogue of the scalar Geronimus
transformation as well as several extensions of them, including left and right multiplication by
different matrix polynomials.

Outline of this thesis

This thesis it focused on the study of matrix transformations of matrices with linear functionals
as entries. In particular, we study the Christoffel, Geronimus, and Geronimus-Uvarov transforma-
tions. In order to this work be self-contained as possible, we have presented it in seven chapters.

e Chapter 1 contents some preliminary concepts and notation. It is divided in two parts. In
the first one, we will set out the basic definitions concerning semi-infinite matrices, modules
and matrix polynomials together with their spectral theory. In the second part, we will
emphasize the definition of matrix of linear functionals (and their associated sesquilinear
form ) as well as the concept of bi-orthogonality for matrix polynomials.
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e Chapter 2 is divided in two parts. In the first one, we summarize some results concerning
symmetric bilinear forms such that the multiplication operator by a polynomial is symmet-
ric, as well as their relation with recurrence relations of higher order [51]. In the second
part we explain carefully the main result of [64] concerning the relation between a scalar
sequence of polynomials satisfying a higher order recurrence relation and a sequence of ma-
trix orthonormal polynomials. To conclude this summary, we show some examples of inner
products as well as the relation between their corresponding orthogonal polynomials and a
sequence of matrix orthogonal polynomials defined below.

e The content of Chapter 3 is divided in two parts. The first one is based on the works by A.
J. Durén [51], A. J. Durdn and W. Van Assche [64], and M. Derevyagin and F. Marcellan
[48], the latter being the reference work of this first part of chapter. Here, we will give
some preliminary results concerning Geronimus spectral transformations in the context of
linear functionals and, then, we will motivate the definition of the Geronimus transformation
for symmetric bilinear forms defined in terms of a positive measure with the property that
the multiplication operator by a polynomial is symmetric with respect to the bilinear form.
Next, we will introduce the notion of multiple Geronimus transformation and we generalize
the result given in [109], finding, for example, that for certain discrete Sobolev inner product
type associated with a multiple Geronimus transformation to a bilinear form yields a simple
matrix Geronimus transformation. We have published these results in [47].

Motivated by the above result, in the second part of this chapter we study the (symmetric)
Geronimus transformation but now, on positive definite matrix of measures. i.e, we are
interested in the analysis of sesquilinear forms (-, )y, such that

(P(X)W (x),0(x)W (x))y, = /P(x)dMQT(x),

where M is a positive definite matrix of measures and W (x) is a fixed matrix polynomial
of arbitrary degree. Here we find conditions for the existence of the sequence of matrix
orthogonal polynomials with respect to (-, )y, as well as connection formulas between the
original and perturbed matrix orthogonal polynomials. We have published these results in
[67] and [68].

e Chapter 4 is devoted to the extension of Christoffel formula for matrix orthogonal polyno-
mials from a more general perspective. More precisely, given a matrix of linear functionals
u and W (x) a matrix polynomial with nonsingular leading coefficient, we deal with the fol-
lowing matrix transformation, & = W (x)u. The main result in this chapter is Theorem 4.11,
where we obtain connection formulas between the sequences of original and perturbed ma-
trix monic bi-orthogonal polynomials. For that aim, we use the rich spectral theory avail-
able today for this type of polynomials. In particular the Jordan chains and right (left) root
polynomials will be extremely useful [77, 110]. Finally, we see that these Christoffel trans-
formations can be extended to more general scenarios in the theory of integrable systems.
We have published these results in [11].
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e Chapter 5 is devoted to the extension of the Geronimus transformation for matrices of linear

functionals supported in the real line, i.e. we multiply a matrix of linear functionals by the
inverse of a matrix polynomial Wi (x) and, then, we add a sum of adequate masses (they
depend on the left root polynomials). Here we develop two different methods in order to
get the the connection formula between the sequences of original and perturbed matrix bi-
orthogonal polynomials: The spectral and non-spectral ones.

In Chapter 6 the extension of the Geronimus-Uvarov transformation for matrices of linear
functionals supported in the real line is considered. Here, we see this transformation as
a composition of a Geronimus transformation and, next, a Christoffel transformation. In
terms of matrices of linear functionals will be u — i — i, where iWs(x) = u and 4 =
We(x)ii, with We(x) and Wg(x) are matrix polynomials. As in Chapter 5, we obtain the
connection formula between the sequences of original and perturbed matrix bi-orthogonal
polynomials using again spectral and non-spectral methods. In the spectral method, we find
the representation of the perturbed matrix bi-orthogonal polynomials in terms of the family
of the original ones and the second kind functions (see (1.9)). Here, we use the fact that
the leading coefficients of W¢(x) and Wg(x) are nonsingular matrices. In the non-spectral
method, we give a representation of the perturbed bi-orthogonal polynomials without any
assumption about the leading coefficient of Wi (x). Finally, as an application, we study
the matrix Uvarov transformation, that is, the original functional by adding a finite sum of
masses. The results of Chapter 5 and Chapter 6 have been published in [12].

Finally, in Chapter 7 a summary of the main results as well as a list of open problems are
stated.
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Chapter 1

Preliminaries

1.1 Semi-infinite matrices

In this dissertation we will use semi-infinite block matrices (and algebraic operations between
them). The shape of these matrices is as follows

Apo Ao
A= |A1o A1

In our case, the entries A; ; of the matrix A will be square matrices of size p X p. It is clear that

in the semi-infinite case, the product of matrices is not always well defined, for example the pro-
1

duct [1,1/2,1/3---] | = Y, 1/n does not converge. Moreover, even if the product between

matrices is well defined, the associative law can fail, that is, (AB)C # A(BC) for A, B, C block
semi-infinite matrices (see [29]). With this in mind, in this section we will give some results re-
lated to the manipulation of semi-infinite matrices and, in particular, for Hessenberg type block
matrices.

First of all some notation must be needed. For an arbitrary, (finite or infinite) matrix A, the matrices
AT and AT = AT are the transpose and transpose conjugate of A, respectively. Let C (resp. R) be
the set of complex (real) numbers and denote by C"*7 (R™*P) the linear space of m x p matrices
with complex (real) entries, In particular C? and (C”)* denote the spaces of column (or matrices
of size p x 1) and row vectors (or matrices of size 1 X p), respectively. Observe that (C?)* is the
dual space of CP.

Definition 1.1. The product AB of two matrices A and B (non-necessarily square matrices) is said
to be admissible if any matrix entry (AB); j = Y 1 Ai iBx. j involves only a finite number of non-null
terms.



2 Preliminaries

Notice that the product of finite matrices is always admissible. A special type of matrices are the
lower and upper Hessenberg block matrices.

Definition 1.2. A block matrix A is said to be a lower (resp. upper) block Hessenberg type matrix
if there exists N € N such that A; j = 0 for j > i+ N (resp. i <N+ j).

* ok *
: * ok * ok
% « * ok * 0 ok *
" * % * ok * *
* ok * ok * * 0 ok

Hessenberg upper block matrix shape. Hessenberg lower block matrix shape.

Observe that the product AB is always admissible if A is lower block Hessenberg type or B is an
upper Hessenberg block type. Moreover, if A and B are lower (upper) block Hessenberg type matri-
ces, then the product AB is again lower (upper) block Hessenberg type. A special type of matrices
are the band block matrices. Band block matrices are precisely those which are simultaneously
upper and lower block Hessenberg type. As in the finite case, the product of semi-infinite matrices
satisfies the distributive law A(B + C) = AB+ BC when the products AB and BC are admissible.
Besides, if AB is admissible, then (AB)" is also admissible and (AB)" = B'AT. However, as we
stated above, the associative law can fail even if all the involved matrix products are admissible
[29].

Proposition 1.3 ([29]). The associative property (AB)C = A(BC) of a matrix product is valid in
any of the following cases

1) A and B are lower block Hessenberg type.
i) B and C are upper block Hessenberg type.
iii) A is lower block Hessenberg type and and B is upper block Hessenberg type.

In contrast to the finite case, for a semi-infinite block matrix A, A not always has an unique inverse
matrix (if there exists one). In other words, the systems AX = I and YA = I can have more than one
solution or, X and Y can be unique but Y # X, even if A is Hessenberg block type [37]. However
for this last set of matrices we have the following result.

Proposition 1.4 ([29, 37]). IfA is a lower (upper) block Hessenberg type and there exists a matrix
B also lower (upper) block Hessenberg type, such that AB = I, then B is the unique solution of the
systems AX =1 and YA = I, respectively. In this case B will be denoted by A~".

If A is a lower (upper) block Hessenberg type with an unique inverse matrix, then A is said to be
an H- matrix.
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Corollary 1.5 ([37]). If A is either a lower or upper triangular block matrix such that the blocks
of the main diagonal are nonsingular matrices, then A has an unique inverse.

In general we will denote by A~! the inverse of the matrix A whenever this inverse is unique. If
A and B have an unique inverse, then some rules of manipulation of inverses of finite matrices
also apply. For instance, (A")~! = (A~!)" will be denoted as A~7. In particular, for H matrices
(AB)~! = B~'A~! holds.

Remark 1.6. In this dissertation we always deal with Hessenberg block matrices or matrices that
can be factorized in terms of them. Thus, when we need to use the associative law of the product,
and the hypothesis of Proposition 1.3 will be satisfied, we will forget the associativity parenthesis.

Remark 1.7. With the aim of not saturating the notation, if B is the block semi-infinite matrix

B11 Bip Bij
By1 B>

B= : , 1.1
By . (L.1)

where B; j is a p X p matrix, and A is a p X p matrix, then the product AB will be understood as

Bii Bip Bz - AB11 AB1p ABi3
A By1 B> ABy1 AB»>p
AB = A . -

B3 1 K AB3

Similarly, BA means
B]ﬂlA BI,ZA B]73A
By1A BoA

BA =
B371A

In particular, if B and C are block semi-infinite Hessenberg matrices with blocks of size p X p, then
B(AC) = (BA)C ( Proposition 1.3).

1.2 Spectral theory of matrix polynomials

Here some background material concerning the spectral theory of matrix polynomials is intro-
duced. For further reading we refer to [77].

Recall that if R is a ring, then a left module over R is a set M together with two operations

3
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+:MxM—M,and -:RxM— M,

such that for m,n € M and a,b € R we have
i) (M,+) is an Abelian group.
ii) (a+b)-m=a-m+b-manda-(m+n)=a-m+a-n.
iii) (a-b)-m=a-(b-m).

In a similar way, one defines a right module on R. If M is a left and right module over R, then M
is said to be a bi-module [102, 129].

M is said to be a free left (or right) module over R if M admits a basis, that is, there exists a subset
S of M such that S is non empty, S generates M, (M = span(S)), and S is linearly independent.

Definition 1.8. Ler Ag,A;--- ,Ay € CP*P be square matrices of size p X p with complex entries.
A matrix polynomial W (x) of degree N is a formal expression

W(x) =Anx + Ay XV T+ 4 A x4 A, (1.2)

where we take x as a variable. The matrix polynomial is said to be monic when Ay = I,, where
I, € CP*? denotes the identity matrix. The linear space of matrix polynomials with coefficients in
CP*P will be denoted by CP*P|x].

Remark 1.9. If P(x) = x" + A, X"V + Ag is a matrix polynomial with A; € CP*P and B is
a block semi-infinite matrix as in (1.1), then we understand P(B) as

P(B)=B"+A, 1B" '+ + A,
where 1, is the semi-infinite identity matrix.

Observe that C”*”[x] is a free bi-module (and, in particular, a left module) on the ring CP*? with
basis {I,,xI,,x°I,...}. Important submodules of CP*?[x] are the sets C}, ”[x] of matrix poly-
nomials of degree less than or equal to n with the basis {/,,x/,,...x"I,} of cardinality n+ 1.
Since C}””[x] has an invariant basis number [129], then any other basis has the same cardinal-
ity. If (r,(x))nen is a sequence of monic matrix polynomials where each r,(x) has degree n,
then span(r,(x))en is a free left module over CP*? with basis precisely (r,(x)),en. Notice that
span(ry(x))nen is a submodule of CP*P[x]. Furthermore, for each n € N there exist elements
byy € CP*P k=0,...,n—1, such that

n—1
ra(x) =x"1,+ Z bnvkxk.
k=0

4
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The above relation reads as

ro(x) Iy
ri(x) xl,
rnx) | =L 2, |

where L is a semi-infinite lower matrix with 1’s as entries in the main diagonal. From the struc-
ture of the matrix L we deduce that there exists an unique semi-infinite matrix L~! such that
LL'=L7'L = I,, (see Corollary 1.5). The above implies that there exists an isomorphism be-
tween CP*P[x| and span(r,(x))nen and, therefore, CP*P x| = span(r,(x))nen and (r,(x))pen is a
basis of CP*[x]. In a similar way we get that C}, “?[x] = span(rx(x))?_, for every n € N.

Definition 1.10. We say that a matrix polynomial W (x) as in (1.2) is monic normalizable if
detAy # 0 and, then, W (x) := Ay'W (x) is its monic normalization.

Definition 1.11 (Eigenvalues). The spectrum, or the set of eigenvalues , (W), of a matrix poly-
nomial W (x) is the zero set of detW (x), i.e.

o(W):={BeC:detW(B) =0}.
Sometimes we also refer to the set (W) as the set of zeros of W (x).

Proposition 1.12. A monic matrix polynomial W (x), with degW = N, has Np (counting multi-
plicities) eigenvalues or zeros, i.e., we can write

q
detW (x) = [ (x—xa)™,
a=1
with Np = 0ty + -+ + 0.
Remark 1.13. Given the spectrum 6(W) = {x1,...,x,}, when we need to discuss generic prop-

erties associated with an eigenvalue, and there is no needed to specify which, for the sake of
simplicity will denote such an eigenvalue by x,. Thus, x, could be any of the eigenvalues xi,
X2, Xy

Proposition 1.14. The spectrum, eigenvalues, and multiplicities of W (x) and of (W (x)) " coincide.
Consequently,

dimKer ((W(x))T> = dimKer(W (x)).
Proof. 1t follows from the fact that det ( (W(x)) T) = detW (x). [
Definition 1.15 (Linearization [77]). i) Two matrix polynomials Wy, W, € C"™*™ x] are said to
be equivalent Wy ~ W, if there exist two matrix polynomials E,F € C"™™[x|, with constant

determinants (not depending on x), such that W (x) = E (x)Wa(x)F (x).

5



6 Preliminaries

ii) A degree one matrix polynomial Iy,x —A € CNP*NP[y] is called a linearization of a monic
matrix polynomial W € CP*P[x] if

W(x) OpX(N—l)p '

IN xX—A~
P N-1pxp  In-1)p

Definition 1.16 (Companion matrix [77]). Given a matrix polynomial W (x) =1 pr +AN_ V4
.-+ Ay its companion matrix C; € CNP*NP g

Op Ip Op Op ]

0pb 0, I 0p
Ci=| . : ) )

0, 0, 0 Ip

Ao —A1 Ay ... —Ay_i)

The companion matrix plays an important role in the study of the spectral properties of a matrix
polynomial W (x), see for example [77, 110] and [111].

Proposition 1.17 ([77]). Given a monic matrix polynomial W (x) = pr FAN_ XN 4 A
its companion matrix C| provides a linearization

W(x) Opx(Nfl)p F(x

Iv,x—Cy =E(x
wpx =G =E() Ow—1)pxp  Iv-1)p

where
[By-1(x) By-—2(x) By-3(x) ... Bi(x) Bo(x)]
1, 0, 0, ... 0, 0,
0, I, 0, .. 0, 0,
E(x)=| o, 0, A 0, 0, |-
L Op 0p 0p I,  0p |
R 0p  Op 0p  0p]
~I,x I, 0, 0, 0,
0 Ix 1 0 0
Fx) = P P ‘P p Y ’
0p  0p 0 I 0p
Lo, 0, 0, —Ix 1I,]

with B,11(x) = xB,(x) + An—,—1 and the initial condition By(x) := I, for r € {0,1,...,N —2}.

From here one deduces
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Proposition 1.18 ([77]). The eigenvalues, with multiplicities, of a monic matrix polynomial coin-
cide with those of its companion matrix.

Proposition 1.19 ([77]). Any nonsingular matrix polynomial W (x) € CP*P[x], detW (x) # 0, can
be represented

W (x) = Ey, (x)diag((x —x,)™ ..., (x —x4)"") Fy, (x)

at x = x4 € C, where E,_(x) and F,(x) are nonsingular matrices and x; < - -- < X,, are nonnegative
integers. Moreover, {Ki,...,Ky} are uniquely determined by W and they are known as partial
multiplicities of W (x) at x,.

Definition 1.20. Let x, be a eigenvalue of a monic matrix polynomial W (x) € CP*P[x]. Then

i) A non-zero vector ry € CP is said to be a right eigenvector, with eigenvalue x, € (W (x)),
whenever W (x,)rq gives the zero vector in CP, W (x,)ro =0, i.e., ro € KerW(x,) # {0}.

ii) A non-zero covector Iy € (CP) " is said to be a left eigenvector, with eigenvalue x, € (W (x)),

whenever loW (x,), is the zero covector in CP, i.e., lyW (x,) = 0, (lo)T € (Ker(W(xa)))L =

Ker (W(x,)) ") # {0}.

iii) A sequence of vectors {ro,ri,...,rm—1} is said to be a right Jordan chain of length m corre-
sponding to the eigenvalue x, € (W), if ro is an right eigenvector of W (x,) and

J1dw
= st dxe

ri—s =0, j€{0,....m—1}.
Xa

x=.

iv) A sequence of covectors {ly,l; ... ,I,—1} is said to be a left Jordan chain of length m, cor-
responding to x, € (W), if {(lo) ", (1)) ",..., (lu_1) "'} is a right Jordan chain of length m

. . T

for the matrix polynomial (W(x)) .

V) A right root polynomial at x, is a non-zero vector polynomial r(x) € CP [x] such that W (x)r(x)
has a zero of certain order at x = x,. The order of this zero is called the order of the
root polynomial. Analogously, a left root polynomial is a non-zero covector polynomial
I(x) € (CP)*[x] such that 1(x,)W (x,) = 0.

vi) The maximal lengths, either of right or left Jordan chains corresponding to the eigenvalue
Xq, are called the multiplicity of the eigenvector ry or ly. They will be denoted by m(ry) or
m(ly), respectively.

Proposition 1.21. Given an eigenvalue x, € 6(W (x)) of a monic matrix polynomial W (x), multi-
plicities of right and left eigenvectors coincide and are equal to the corresponding partial multi-
plicities x;.

The above definition generalizes the concept of Jordan chain for matrix polynomials of degree
one.
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Proposition 1.22. The Taylor expansion of a right root polynomial r(x) (respectively, of a left root
polynomial l(x)) at a given eigenvalue x, € 6(W) of a monic matrix polynomial W (x),

x) = Z rj(x—xa)j, respectively I(x Z 1i(x —xa)’,
=0

provides us with the right Jordan chain
{ro,r1y... 1}, respectively, left Jordan chain {ly,ly,...,lc_1}.

Proposition 1.23 ([77, 110]). Given an eigenvalue x, € (W) of a monic matrix polynomial W (x),
with multiplicity s = dimKerW (x,), we can construct s right root polynomials, (respectively, left
root polynomials), fori € {1,...,s},

Ki—1 ) Ki—1
ri(x) = Z rij(x—xq)’, (respectively l;(x Z li j(x—x4)7),
j=0

where r;i(x) are right root polynomials (respectively, 1;(x) are left root polynomials) with the
largest order K; among all right root polynomials, whose right eigenvector does not belong to
C{ro.1,-..,r0i-1}, (respectively left root polynomials whose left eigenvector does not belong to

Cllog,---sloi-1})-

Definition 1.24 (Canonical Jordan chains [77, 110]). A canonical set of right Jordan chains (re-
spectively, left Jordan chains) of the monic matrix polynomial W (x) corresponding to the eigen-
value x, € 6(W) is, in terms of the right root polynomials, (respectively, left root polynomials)
described in Proposition 1.23, the following sets of vectors

{ro. - Fixi=1,-- 3750 Fs—1},  (respectively, covectors {l1 ..., 11 ~1,---, 050, L, —1})-

Proposition 1.25. For a monic matrix polynomial W (x), the lengths {x1,...,X,} of the Jordan
chains in a canonical set of Jordan chains of W (x) corresponding to the eigenvalue x,, (see Def-
inition 1.24), are the nonzero partial multiplicities of W (x) at x = x, described in Proposition
1.19.

Definition 1.26 (Canonical Jordan chains and root polynomials [77, 110]). For each eigenvalue
xXq € 6(W) of a monic matrix polynomial W (x), with multiplicity o, and s, = dimKerW (x,),

a€{l,...,q}, we choose a canonical set of right Jordan chains, (respectively, left Jordan chains)
(a) (a) }S“ ; { (a) (@) }S"
{rJ.’O e rj’Kﬁm)_1 v (respectively, 1 L; ..., lj,xﬁ.“)—l j:l)’

@

1K =0 Thus, we can consider the

and, consequently, with partial multiplicities satisfying ¥
following adapted right root polynomials

K1 K1

Z r l (x—x4) l, (respectively left rootpolynomlalsla Z l (x— xa
(1.3)
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Definition 1.27 (canonical Jordan pairs [77]). We also define the corresponding canonical Jordan
pair (X4,J,), where X, is the matrix

(@) (@) (@) (@)
Xa:: rl’o,...,l’ (@) ,...,I’Smo,...,}’s K(”)_11| ecpxaa7

and J, is the matrix

Jo:=diag(Ju1,. .., Jays,) € CH7 %,

(a) . (a)
Here J, j € C*i %" are the Jordan blocks of the eigenvalue x, € G(W). Then, we say that (X,J)
with

X:=[X,....X,] ecrr, J := diag(Jy,...,J,) € CNPNP (1.4)
is a canonical Jordan pair for W (x).
We have the important result, see [77],
Proposition 1.28. The Jordan pairs (X,,J,) of a monic matrix polynomial W (x) satisfy
AoXa+A1Xada+ -+ +Anv-1Xa(Jo)" ' + X (Jo)Y = 0pa,,

and
AX + A XT 4+ AN XTIV XTIV = 0,08,

where X and J are defined in (1.4). A key property, see Theorem 1.20 of [77], is

Proposition 1.29. For any Jordan pair (X,J) of a monic matrix polynomial W (x) = L,x"¥ +
An_1xXN"V o 1 Ay the matrix

X

XJ
c CNpXNp

K-
is nonsingular.
Moreover, Theorem 1.23 of [77] gives the following characterization
Proposition 1.30. Two matrices X € CP*NP and J € CNP*NP constitute a Jordan pair of a monic

matrix polynomial W (x) = I,,xN +Ay_1xXN "V -+ Ay if and only if the two following properties
hold
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1) The matrix
XJ

K-
is nonsingular.
ii)
AoX +AIXT+ -+ Ay XTIV XTIV = 0,00
Definition 1.31 ([77, 110]). Let W (x) = I,x" + Y& _, Aix* be a matrix polynomial of degree N.

We say that W (x) with degree m is a right divisor of W (x) if there exists a matrix polynomial R(x)
with degree N — m such that

W(x) = R(x)W; (x).
Proposition 1.32 (Corollary 3.8, [77]). A polynomial W, (x) with degree m is said to be a right
divisor of W (x) = L,xN + YV o Apx* if and only if for a Jordan pair (Xy,J1) of Wy (x),
AoXi + - Av XY T XY = Opcmps
holds.

Proposition 1.33. Given a monic matrix polynomial W (x), the adapted root polynomials given in
Definition 1.26 satisfy

WA =0, (P@wE)" =0, me{o,...x -1}, je{l... s}

X=Xq X=Xq

Here, for a function f(x) we use the following notation for its derivatives evaluated at an eigen-
value x, € 6(W)

d" f(x)

dxm

(F)ND, =

X=Xq

In this dissertation we assume that the partial multiplicities are ordered in an increasing way, i.e.,
K <’ <<l
Proposition 1.34. If rl-(a) (x) and lj(-a) (x) are right and left root polynomials corresponding to the
eigenvalue x, € 6(W(x)), then a polynomial

dy;
w(aj) (x) = Z wffj);mxm € Clx], d? =9 4 N-2,

m=0

L,

exists such that
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Proof. From Proposition 1.33 it follows that there exist a covector polynomial Tj(x) and a vector
polynomial 75 (x), both of degree N, such that

—

1 W (x) = (v —xa)™ T (x), WEr (@) = (- x)Y By (1)

a a () a a a ) a
1 W) (0 = (- x) S Ti@AY @), 1 @W @AY () = (xS 1 (0 T (),
and the result follows. ]

Definition 1.35 (Spectral jets). Given a matrix function f(x) which is smooth in its domain of
definition, we consider its matrix spectral jets

and given a Jordan pair the root spectral jet vectors

a (K('a) -1
uwé%mleewmﬁ

(@)
(1, " —1)!

9V (x0) = {f(xa)rf)(xa),...,

Txa) =99 () o 95 ()| € €27,
]f = [jf(xl)7 s 7.7f(xq)] € C,DXNP.

Definition 1.36. We consider the following jet matrices

a i n \a a 1 j
Qn(;j) = ];,{))cn (xa) = [(xa) }"5- )(xa), (an§ )(x)))(c:)xa’ ey @

Qll(a) = jl,;x” (xa) = [Qn(ﬁ)v' c Qn(,if)z} € Cpxoca’
Q= e = Q" Q" ecr v,

Q
Q=T =| & | €CY,
Q-1

where (X[N](x))T = [Ip,...,lpr_l} € CPXNP[y],

11
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Lemma 1.37 (Root spectral jets and Jordan pairs). Given a canonical Jordan pair (X,J), for the

monic matrix polynomial W (x) we have
Q =XJ", neN.

Thus, any polynomial P,(x) = Y"_Bx/ has as its spectral jet vector corresponding to W (x) the

following matrix

Jp, = BoX +BiXJ + -+ B,XJ".

Proof. The computation

1 a m 1 - m ny\m— a
I, = 2 (1) e,

m! X=Xa !

1 & m! n! )
= E klr:
m! /= k!(m—k)! (n—m+k)!(xa) Tk

leads
- (u) -
n—1(n n—k; +1 n
xg Xa (1) Xa (Kﬂa)—l)
(a) 2
a (a) (a) n noKp n
Qn(]) p— |:rj0, ,I"] K(a)_1:| O xa Xa (KE“)*Z)
L0 Xg |

Consequently, in terms of the Jordan pairs associated with the right root polynomials, we have
Xq (Ja)n = Qn(a) and

Q =XJ".

Moreover the matrix Q is nonsingular, see Propositions 1.29 and 1.30.

12
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N
Definition 1.38. If W (x) = ¥, Awx* € CP*P[x] is a matrix polynomial of degree N, we introduce
k=0

the matrix
Ay Ay A3 ... Ay—1 ApN]
Ay Ay 1 T Ay 0,
B.— | A3 ... Ay_1 - 0, 0,| ccNpxNp,
Av-1 Ay 0,
LAy 0, O, o 0,

Definition 1.39 (Jordan triple). Given

Y
Y=|:|eCNrpr,
Yy

with Y, € C%*P (X J,Y) said to be a Jordan triple whenever

X 0,
XJ :
Y=|"

: 0,
XJN-! I,

Lemma 1.40. Given a Jordan triple (X,J,Y ), for the monic matrix polynomial W (x) we have

X
XJ
Q=1 . |, (BQ) '=[rJgy,... VY] = R.

XN
Proof. From Lemma 1.37 we deduce that

X
XJ
Q= . |,

XJ]‘\lfl

which is a nonsingular matrix, (see Propositions 1.29 and 1.30). The bi-orthogonality condition
(2.6) of [77] for R_and Q is

K@Q: INp7

13



14 Preliminaries

and if (X,J,Y) is a canonical Jordan triple it is also shown that

R =[vJy,. .. J¥Y].

Proposition 1.41. The matrix R, := [Y,JY,...,J""'Y] € CNP*"P has full rank.
On the other hand,

Definition 1.42. Let us introduce the bivariate matrix polynomial

V(x,y) == ((0))w)  BO))w € PP, ).

We consider the complete homogeneous symmetric polynomials in two variables and total degree
n.

n
hn(xvy) = ijyn_j'
=0

For example,
h _ _ _ .2 2 _ .3 2 2 3
ox,y) =1, hi(x,y)=x+y, h(xy)=x"+xy+y", h(x,y)=x" +xy+xy +y’.

Proposition 1.43. In terms of the complete homogeneous symmetric polynomials in two variables
we can write

N
‘V(X,y) = gAjhj—l ()C,y).

j=1

1.3 Sesquilinear forms and orthogonal matrix polynomials

Recall that the polynomial ring CP*?[x] is a free bimodule over the ring of matrices C?*? with a
basis given by {/,,1,x, Ipxz, ... }. Lets us also recall that for the bi-submodule (which is free again)
Ch*P[x], any basis has cardinality m + 1.

Definition 1.44 (Sesquilinear form). A sesquilinear form (-,-) on the bimodule CP*P x| (with real
variable) is a map

(1) £ PP X CP*P ] — CP*,
such that for any triple P,Q,R € CP*P[x| of matrix polynomials we have
i) (AP(x)+BQ(x),R(x)) =A(P(x),R(x)) +B(Q(x),R(x)), for all A,B € CP*P.

ii) (P(x),AQ(x)+ BR(x)) = (P(x),Q(x)) AT + (P(x),R(x)) BT, for all A,B € CP*P,

14
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If (P(1),00)) = (0(t),P(t))", then (-,-) is called a Hermitian sesquilinear form.
Definition 1.45. A bilinear form B(-,-) defined on the set of polynomials with real coefficients
R[x] is a mapping

B:R[x] xR[x]| = R

that satisfies

i) B(p+h,q) =B(p,q)+B(h,q) and B(p,h+q) = B(p,h) +B(p,q),
ii) aB(p,q) = B(ap,q) = B(p,0q),

where p, q, h belong to R[x] and . is a real number. B(-,-) is said to be a symmetric bilinear form
if B(f.g) = B(g. ) for every f,g € R[x].

For any pair of matrix polynomials P = ngop pexk and Q(x) = Z?i%Q g:x', the sesquilinear form
is defined by

P(x), 00 = Y pema(an).

k=1,...,degP

I=1,....degQ

Here the coefficients are the values of the sesquilinear form on the basis of the module, i.e. my; =
<xk 1 p,xl 1 p> . The semi-infinite matrix

moo Mol
M= ["M1,0 M1

is known as the block matrix of moments (or Gram matrix) of the sesquilinear form. The k-th
truncation of M is denoted by

mo.0 U mok—1
M[k] =
mg—10 - Mi—1k-1

Definition 1.46 (Bi-orthogonal matrix polynomials). Given a sesquilinear form (-,-), two se-
2]

quences of polynomials (P,Ll] (x))nen and (P,[, (x))n oy are said to be bi-orthogonal with respect to
i) deg(P,[l”) = deg(P,[,z]) =n, forallneN.

ii) < ILI](X), ;E] (X)> =0y mH, foralln,meN,

where H, are nonsingular matrices and 5, ,, is the Kronecker delta.

15
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Here, it is important to notice the order of the polynomials in the sesquilinear form; i.e., if n # m,
then <P,£2] (x), Pl (x)> could be different from 0, .

Definition 1.47. i) The sesquilinear form (-,-) is said to be quasi-definite if the leading prin-
cipal sub-matrices of the corresponding block matrix of moments are nonsingular (i.e, it is
quasi-definite). It is said to be positive definite if (-,-) is Hermitian and (R(t),R(t)) is a pos-
itive definite matrix for all R(t) € CP*P[x| with nonsingular leading coefficient. Indeed, any
quasi-definite sesquilinear form will have sequences of matrix monic bi-orthogonal polyno-
mials [19].

ii) A symmetric bilinear form is said to be quasi-definite (resp. positive definite) if all leading
principal submatrices of its Gram matrix are nonsingular (positive definite).

Examples of sesquilinear forms in CP*?[x] can be given by matrices with complex (or real) mea-
sures as entries

Migoo.ee Hip

Hp1 -+ Hpp

i.e., a p X p matrix of Borel measures in R. Given any pair of matrix polynomials P(x),Q(x) €
CP*P[x] we introduce the following sesquilinear form

(P().00), = [ PO)du(x)(©Q)"

A more general sesquilinear form can be constructed in terms of linear functionals or generalized
functions. In [113, 114] a linear functional setting for orthogonal polynomials is given. We con-
sider the space of polynomials C[x], with an appropriate topology, as the space of fundamental
solutions, in the sense of [74, 75], and take the space of linear functionals as the corresponding
continuous linear functionals. It is remarkable that the topological dual space coincides with the
algebraic dual space. On the other hand, this space of linear functionals is the space of formal
series with complex coefficients (C[x])" = C[x].

In Chapter 4 we use linear functionals with a well defined support and, consequently, the previ-
ously described setting requires of a suitable modification. Following [131, 74, 75], let us recall
that the space of distributions is a space of linear functionals when the space of fundamental func-
tions is the complex valued smooth functions of compact support D := C;’(R), the so called space
of test functions. In this context, the set of zeros of a distribution u € ?'is the region Q C R if for
any fundamental function f(x) with support in Q we have (u, f) = 0. Its complement, a closed
set, is called support, suppu, of the distribution u. Distributions of compact support, u € E’, are
linear functionals for which the space of fundamental functions is the topological space of com-
plex valued smooth functions £ = C*(R). As C[x] € E we also know that £’ ¢ (C[x])' N D'. The
set of distributions of compact support is a first example of an appropriate framework for the con-
sideration of polynomials and supports simultaneously. More general settings appear within the

16
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space of tempered distributions §’, S’ ¢ ©’. The space of fundamental functions is given by the
Schwartz space .S of complex valued fast decreasing functions, see [74, 75, 131]. We consider the
space of fundamental functions constituted by smooth functions of slow growth Oy C E, whose
elements are smooth functions with derivatives bounded by polynomials. As C[x], .S € Oy, for the
corresponding set of linear functionals we find that O;, C (C[x])’NS’. Therefore, these distribu-
tions give a second appropriate framework. Finally, for a third suitable framework, including the
two previous ones, we need to introduce bounded distributions. Let us consider as space of funda-
mental functions, the linear space B of bounded smooth functions, i.e., with all its derivatives in
L>(RP), being the corresponding space of linear functionals B’ the bounded distributions. From
D ¢ ‘B we conclude that bounded distributions are distributions B’ € 2. Then, we consider the
space of fast decreasing distributions O/, given by those distributions u € 2’ such that for each pos-
itive integer k, we have (V1 —|—x2)ku € B’ is a bounded distribution. Any polynomial P(x) € C[x],
with deg P = k, can be written as

P = (V1 +x2)kF(x), Flx) = (ff;))k o

Therefore, given a fast decreasing distribution u € O we may consider
k
(u, P(x)) = <( V1 +x2) u,F(x)>

which makes sense as (/1 +x2)ku € B',F(x) € B. Thus, O. C (C[x])’ND’. Moreover it can be
proven that Oy, € O., see [113]. Summarizing this discussion, we have found three generalized
function spaces suitable for the discussion of polynomials and supports simultaneously:

E'coyco.c((Chk)nD).

Definition 1.48 (Distributional sesquilinear forms). Given a matrix with linear functional as
entries

uyp ... Uip
u=|: Sl wje (Ch),
Upi1 ... Upp

then the matrix of linear functional applies to left and right side of matrix polynomials P(x) are
defined as (u,P(x)) and (P(x),u) respectively, where
p p
(u, P())); ;= ) (i, Prj(x)) and  ((P(x),u)); ;= ¥ (ks Pia(x)) -

k=0 k=0

Moreover, the entries of the associated sesquilinear form (P,Q),, are given by

(PQu Z<uk17 lk QJ7()>

k=1

17
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When uy; € O, we write u € (Oé)p P and we will say that we have a matrix of fast decreasing
distributions. In this case the support is defined as supp(u) := UY,_ supp(ug ).

Remark 1.49. Notice that the moments of a distributional sesquilinear form are
(up,x") oo (ugp,x")
My = : :
<“p717xn> <up7p,x”>
and, thus, the block moment matrix has Hankel block structure

my mp mp
mp my mj3
M := np mj3z Ny

1.3.1 Gauss-Borel factorization
Following [19]

Proposition 1.50. If the Gram matrix of a sesquilinear form is quasi-definite, then there exists an
unique Gauss—Borel factorization of the moment matrix M given by

M=S"H(S) T,

where S1,8 are lower unitriangular block matrices and H is a diagonal block matrix. Moreover,
ifM=M" then S; =S,.

In the sequel, we will use quasi-determinants to obtain connection formulas between some families
of orthogonal polynomials. They constitute a generalization of the determinants when the entries
of the matrix belong to a non-commutative ring. They share several properties.

Definition 1.51 (Last quasi-determinants [72, 124]). Given a 2 x 2 block matrix [ay} ay3 |, then

ari| aipn 1 a (a2 1
0. =ai1 —aipa, a1, O, =aip—aa,,a22,
a1 an ’ a1 ap ’
a |42 1 a, a2 1
) ’ | =ay1 —axpa a1, © ’ —| =ax2—az1a; a1
“lazy  anp ’ STL2ERD T ag ’ S

al  aip

are its quasi-determinants. In particular, ©, |:a2:1 } is said to be the last quasi-determinant.

When we work with last quasi-determinant, we omit the square in the last entry.

18
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Notice that in each case the quasi-determinant related to the boxed block is just the Schur comple-
ment of the opposite block. We will also use quasi-determinants for 3 x 3 block matrices. In this
case, the Sylvester’s theorem for quasi-determinants yields

aijp a3 -1
w2l o, ) @] g [ @] g ] a]
as1  a33 azp a3 azp 433 as1 a3

azp 433
(1.6)
when the right side expression makes sense.

Proposition 1.52. If the last quasi-determinants of the truncated moment matrices are nonsingu-
lar, i.e.,

det®..(My) #0, k=1,2,...,

then the Gauss—Borel factorization exists and the following expressions

[ my my S (S Y
mo e MEp—q
m ... omy m_1 oy coo M2 0p
H,=0,| . . Ski=0s | my mypr . o I |,
myr Mg . om0y
Mg—1 ... M2 :
L mi My ... my—q 0p]
mo ce mj—1 my mjyp o ... my
my ... oy Mgl Mgy o Mgy
((SZ)T)k,l =0, g
Mg—1 oo Mgy—2  Mppi—1 Mit] ... M2k—]
0, ... 0, L 0, .. 0,

hold. We see that the matrices Hy are quasi-determinants. Following [20, 19] we refer to them as
quasitau matrices.

1.3.2 Bi-orthogonal polynomials, second kind functions and Christoffel-Darboux
kernels

Definition 1.53. We define
x(x) = [, Lx, Lx%, ... and, for x#0, x*(x) =[x Lx 2 L3, ]
Notice that here we could change T by T because x is a real variable. It will be used hereinafter.

19
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Remark 1.54. Observe that the moment matrix can be expressed as

M = (x(x),x(x)),- (1.7)

Definition 1.55. Given a quasi-definite matrix of functionals u and the Gauss—Borel factorization
(1.50) of its Hankel matrix of moments, the corresponding first and second families of matrix
bi-orthogonal polynomials are defined by

P () PP (x)
Pl = [P ()| = s (x), PR = PP = s).  (18)

Definition 1.56. For z ¢ supp(u) the corresponding first and second families of second kind
functions are defined by

bl (x) cl(2)

) = '@, )= || (1.9)

where for each n € N,
1 1 f
@) = <p,£” (x), 2~ > , ) = <" P (x)> .
z " 7—X "
Remark 1.57. The matrix polynomials j (x) are monic and deg(P,Lﬂ) =ni=1,2.

Proposition 1.58 (bi-orthogonality). Given a quasi-definite matrix of linear functionals u, the first
2]

and second families of monic matrix polynomials (P,gl] (x)) and (Pn (x))n c are bi-orthogonal

neN

(B ), PR0)) =8,y nmeN. (1.10)

u

Remark 1.59. These bi-orthogonal relations yield the orthogonality relations

<Pr[ll}(x)’xm]p>u:0p’ <xm1p7Pr[12](x)>u:0pa me{0,...n—1}, (1.11)

<P,£”(x),x"1p>u —H,, <x"1p,P,£2](x)>u —H,. (1.12)

Remark 1.60. If u = u', then P} (x) = p? (x) =: P,(x) and we get an orthogonal set of monic
matrix polynomials

<Pn(x),Pm(x)>u :Sn,mHna n,me N,

Some times we will write ||P,||* = H,. Observe, that in this case, cl'=c? =c,

20
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The shift matrix is the semi-infinite block matrix

Opsp Ip Opxp Opsp
Opxp Opxp Ip Opxp

OPXP OPXP OPXP IP

It satisfies the spectral property
Ax(x) = x x(x).

If W(x) = Y, Bix, then we define the evaluation of A in W(x) as follows
N
W(A) =} BiAs.
k=0

Proposition 1.61. The symmetry of the block Hankel moment matrix reads as
AM = MA".
Notice that this symmetry completely characterizes Hankel block matrices.
Definition 1.62. The matrices
Ji:=S1AST, Jo = SHAS,
are said to be the Jacobi matrices associated with the moment matrix M.
Proposition 1.63. The two Jacobi matrices are related by
H 'y =JH",

being, therefore, block tridiagonal and yield the three recurrence formulas of the bi-orthogonal
polynomials and second kind functions

J1PU (x) = xPU(x), J1CM(x) = xC (x) — Hyeo,

L P (x) = xPP(x), JCP(x) = xCP (x) — Hg €.

where ey = (I,,,O,O,-'-)T. When the distributional sesquilinear form satisfies u = u' we will
denote Jyon := J1 = Jy referring to the fact that the orthogonal polynomials are monic.

Proof. The relation between the above two Jacobi matrices follows from the LU factorization
and the symmetry AM = MA'. A consequence of this relation is the three-block-diagonal shape
of these matrices. The three term recurrence relations follow from the definitions of the Jacobi
matrices in terms of the factorization matrices. [ |

21
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Remark 1.64. Observe that for i = 1,2, the above relations mean that the sequences (P,[,l] (%)) nen
satisfy a three term recurrence relation

B (x) = P ) +al P )+ BB (x), n >0, B0 =1, P (x) = 0,

U

where ay,’', and bg] are matrices of size p X p. Moreover b = HnH;_ll.
Proposition 1.65. We have the following last quasi-determinantal expressions

my my o o Py I, my mp o Mu—1 My
mp  my - my I,x mp mp - my; Mgy

Fl'(x) = e. . (PP =0,

My—1 My = Mop—2 Map—|

. . -
My—1 My - Mop—2 Ipxn 1 n
I, Ix - Lx"! Ix

My Mpyy oo Mop—] Ipxn
Definition 1.66 ([38]). Given the sequences of matrix monic bi-orthogonal polynomials
(P,[l]](x),P,[lz] (x))nen, with respect to the sesquilinear form (-,-) , we define the n-th Christoffel—
Darboux kernel matrix polynomial

w

Ka(x,y) = Y (BP0 H ' R ), (1.13)
k=0
and the mixed Christoffel-Darboux kernel
c < R
K (xy) = Y (BT0) B G .
k=0

Proposition 1.67. The Christoffel-Darboux kernel gives the projection operator

[ n T =) n
<Kn<x,y>,zch}2]<x>> = (gch}"‘ky)) , <§ch}1]<x>,<Kn<y,x>>*> =goch}”<y>,

j=0
(1.14)
where the matrix of functionals u acts on the variable x, while y behaves as a parameter. In
particular, we have

<Kn(x,y),1pxl> =1y, 1€{0,1,...,n}. (1.15)
u
Proof. Tt follows from (1.10). [ ]

Proposition 1.68 (Christoffel-Darboux formula). The Christoffel-Darboux kernel satisfies

(x—3)Ka(x,y) = (BE ) (H) T B () — (B2 (0))F (Ha) B (),

and the mixed Christoffel-Darboux kernel fulfills
c 2 - 1 2 - 1
(=K () = (BA0)H, G ) — (B 0) H G ) 41
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Proof. We only prove the second formula, since the first one is well known in the literature (see
[38]). Indeed, it is a straightforward consequence of the three term recurrence relation. First, let
us notice that from Proposition 1.63 and Remark 1.64,

H' () — 1,80 = HY'CML () + B A+ BB (x) k>0,

P a ! = B 0L R s R 0 k=0

From here

D)+ PP yE B ()

- [Piomeell e + P20 6] + o

(=) P2 (E M) = PP )

Summing the later from O to n and taking into account that P[ﬂT (y) = CE]l(x) = 0, the result

follows.
]

1.3.3 Positive definite matrix of measures

As in the scalar case, in [96] was proved that a sequence of Hermitian matrices (my)gen are the
moments of a positive definite matrix of measures du ( i.e., the sesquilinear form associated with
the measure is non-trivial ) if and only if for every sequence of covectors vy, v; ... € (CP)*

k

Zvimj—l—kvj' >0,

ij
where the equality holds if and only if v; =0, j =0,... k.
Given a positive definite matrix of measures du, by using a generalization of the Gram-Schmidt
orthonormal process for the basis {,,xI,,x*I,---} of CP*P[x], we can to construct sequences of
matrix polynomials (Q,(x))nen With respect to du such that the degree of Q,(x) is n, their leading
coefficients are nonsingular matrices and

/ 0, (x)du0L (x) = 1,8,

where 9, « is the Kronecker delta. Observe that the sequence of orthonormal matrix polynomials is
not unique since given a sequence of unitary matrices (U, )nen, the sequence (U,Q,(x))qen is also
a sequence of orthonormal polynomials. If (P,(x)),en is a sequence of monic polynomials with
respect dy, in particular we can take Q,,(x) =: ||P,(x)||~' P, (x), where || P, (x)||> =: [ P, (x)duP;} (x).
Notice that ||P,(x)||? is a positive definite matrix, thus ||P,(x)|| is unique. Due to orthogonality of
the sequence (Q,(x))qen, it satisfies a three term recurrence relation [38, 134],

XQn(X) = Cn+1Qn+l(x) +EnQn(x) +C2Qn71(x)a n> 07 Qfl(x) = 0p><p7 QO(X) :Ip7 (116)
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24 Preliminaries

where C, are nonsingular matrices and E,, = E,', all of them of size p x p. Thus, we can associate
with the sequence of matrix polynomials (Q,(x))nen the following semi-infinite hermitian block
matrix

Ey C
cl E G
J= C E G

This matrix is called the Jacobi block matrix associated with the sequences (Q,(x))nen.

Theorem 1.69 (Favard’s Theorem [18]). Let (Dy)nen and (E,)nen be arbitrary matrices with
D,, a nonsingular matrix for every n > 1 and E, = E,. Let (Q,(x))cn be a sequence of matrix
polynomials defined by the recurrence formula

xQn(x) =Dy110n+1 (x) +EnQn(x) +D2Qn71 (x)a n=>0, QO(x) = Ipa Qfl(x) = 0p><p-

Then, there exists a Hermitian matrix of measures du such that (Qn(x))sen is the sequence of
matrix orthonormal polynomials with respect to du.
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Chapter 2

Generalization of the Favard’s theorem,
higher order recurrence relations and
connection with matrix orthogonal
polynomials

In the scalar case, the Favard’s theorem is one of the most important results in the theory of
orthogonal polynomials since given sequences of real numbers (¢,)nen and (A, )nen, with ¢, #0
for every n € N, and the sequence of polynomials (p,(x))en defined by

XPn(X) = a1 Pus1 (%) + Mo (x) + capni1(x), p-1(x) =0, po(x) =1,
there exists an unique symmetric bilinear form B(+, -) ( Definition 1.45) such that B(p,(x), pm(x)) =
Onm and B(xf,g) = B(f,xg) for every polynomial f,g. Moreover, there exists a function u given
from a function g(x) in the Schwartz space (see [51, 50]) (so a C*-function) as follows

uw = [ g @.1)

such that B(x",x™) = [x""™"du. Note that the converse is also true. However, in many contri-
butions, for particular symmetric bilinear forms such that the property B(xf,g) = B(f,xg) is not
satisfied, the authors have found that the corresponding sequences of orthogonal polynomials sat-
isfy higher order recurrence relations (see for example [8, 65, 84, 90]). Thus, it is natural to ask for
the generalization of the Favard theorem, i.e. given a sequence of scalar polynomials satisfying a
higher order recurrence relation

N
prn (x) = cn,Opn(x) + Z [Cn,kpnfk (X) + Cn+k,kpn+k(x)] s
k=1

where N is a fixed nonnegative integer and (c, y)ncn i8 @ sequence of nonzero real numbers and
(Cn)nen, with 1 <k < N, are sequences of real numbers, there exists a symmetric bilinear form
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26 Higher order recurrence relations and the Favard’s theorem

B(-,-) such that (p,(x)),en, is a sequence of orthonormal polynomials with respect to B(-,-) and
if it exists , how can be represented?. The converse problem is also satisfied?.

In this first section the main results of A. J. Durédn in [51] about polynomials satisfying such a kind
of higher order recurrence relations are summarized in order to provide the answer to the above
questions.

2.1 Generalization of the Favard’s theorem

Definition 2.1 ([51]). Let B(,-) be a symmetric bilinear form such that the multiplication opera-
tor by xV is symmetric for B(-,-), and let w be a primitive N-th root of the unity'. Given 0 < m <
N — 1, we define the operator T, n : R[x] — R[x] as follows

1 N—1

5 X ).

k=0

TnN (f)(x) =

Remark 2.2. For a polynomial f(x) =Y, a;x', from the properties of a primitive root of the unity
we get

T (f)(x) = Y inx™ .
i
Theorem 2.3 ([51]). Let B(-,-) be a symmetric bilinear form. Then the following statements are
equivalent.

i) The multiplication operator by x is symmetric with respect to B(-,-), that is, B(x" f,g) =
B(f,xNg) for every polynomial f,g.

ii) There exist functions uy and p, py as in (2.1) With iy, = e m, for 1 < m,m' <N —1, such
that B(-,-) can be written as follows

B(g) = [S0sWduo+ ¥ [T o (€ )it

1<mm'<N—1

iii) There exist functions y, py as in (2.1), With ty, = ty m, for 0 < m,m’ <N — 1, such that
B(,) can be written as follows

Bro= ¥ [ Tun(0Tn(e) )
0<mm'<N—1

With this result it is possible to extend the Favard’s theorem when a sequence of the polynomials
(pn(x))nen satisfies a (2N + 1)-term recurrence relation formula

! We said that w be a primitive N-th roots of the unity if w¥ = 1 for N a positive integer and for all integer n such
that 0 < n < N we have that w" # 1
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Higher order recurrence relations and the Favard’s theorem 27

N
prn( )—Cn Opn Z CnkPn— k +Cn+k,kpn+k(x)]a (22)

with the convention py(x) = 0 for k < 0. Here (¢, n)scn is a sequence of nonzero real numbers
and (cnk)neny, With 1 < k < N, are sequences of real numbers. Notice that for N = 1 the usual
three term recurrence relation given in (1.16) follows. Now we can state the following theorem.

Theorem 2.4 ([51]). Let N be a positive integer and (p,(x))nen be a sequence of polynomials
satisfying the (2N + 1)-term recurrence relation (2.2). Then, there exist functions py and i, v as
in(2.1), 1 <m,m' <N — 1, with ,wy = tp m, such that the sequence of polynomials (p,(x))nen
is orthogonal with respect to a symmetric quasi-definite bilinear form B(-,-) defined as follows

9= [ 1Wewdiot ¥ [ Tun(D0) T ()3t

1<mm’'<N-—1

Let us suppose now that the multiplication operator by a polynomial /(x) of degree N is symmetric
with respect to a symmetric bilinear form B(-,-), i.e. B(hf,g) = B(f,gh). The idea is to extend
Theorems 2.3 and 2.4 changing x" by the polynomial /(x). For this we are going to take a new
basis in the polynomial space R[x| as follows

B, =: {xX"h*(x), k>0,0<m<N—1}.

Note that every polynomial f can be written as f(x) = Y= Yoo dmiX"h*(x), where a,, ; are the
coefficients with respect to the new basis. Now, we define the operator Ty, »(f)(x) as follows

T;n,h (f) (x) = Z akathk(x).
k>0

Taking into account the above definition we can state the following

Theorem 2.5 ([51]). Let B(-,-) be a real symmetric bilinear form. The following statements are
equivalent.

i) The multiplication operator by h(x) is symmetric with respect to B(-,-), that is, B(hf,g) =
B(f,hg) for every polynomial f,g.

ii) There exist functions py and Uy, as in (2.1), 1 < m,m' <N — 1, with M’ = My > SUCh
that B(-,-) can be written as follows

9= [F@s@diot T [T T8 it

1<m<m’<N-1
Notice that if in the recurrence relation (2.2) we change the term x" by h(x), we can extend
Theorem 2.4 from the above theorem. So, A.J. Duran in [51] has generalized the Favard’s theorem

not only for monomials of the form x¥ with N € N, but for any polynomial A(x).
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28 Higher order recurrence relations and the Favard’s theorem

2.1.1 Inner products of Sobolev type

Recall that the diagonal inner products of Sobolev type are defined as

8= [ Fwgtx)du+ Z / £ ()¢ (x)dp. 2.3)

One of the most interesting problems is to study the inner products of Sobolev type when the
measures y; are Dirac’s deltas supported at the same point (see [8, 65, 84, 90]), i.e. when

N—-1
B(f.) = [ F0s(d+ T mif g @)

Given a real symmetric bilinear form B(-,-), not necessarily as (2.3), we want to find necessary
and sufficient conditions for B(-,-) such that it can be written as

K n— 1”]/ 1

g):/f(x) X)du+ Y, Z Y My fD (@) ar),

LI'=1 i=0 j=0
where u is a function as in (2.1) and M; ; ; are positive constants. For special cases, we can find
conditions for B(-,-) such that it can be represented as in (2.3), when the measures y; are Dirac’s
deltas at the same point, or when gy = 0, for [ # 1, and y; is a finite combination of Dirac deltas.

Theorem 2.6 ([51]). Let B(-,-) be a real symmetric bilinear form defined in R|x| and N a positive
integer. The following statements are equivalent.

i) The multiplication operator by x" is symmetric with respect B(-,-) and B(x" f,xg) = B(xf,x" g)
for all polynomials f,g.

ii) There exist a function u as in (2.1) and constants My, 1 <m,k <N —1, My, i = My, such

that B(-,-) can be written as follows

—1
/f d/J—|— Z Mkmf ( ) )(0)

k,m=1

Moreover, if in condition (i), B(-,-) satisfies B(x*,x™) = B(1,x**™ ) when 1 < k,m <N — 1 and
k # m, this is equivalent to the fact that there exist a function u as in (2.1) and constants My,
1 <k <N —1, such that B(-,-) can be written as follows

8= [ fel du+ZMkf ©5"(0)

Notice that the above theorem characterizes the symmetric bilinear form (2.3) when g are Dirac
deltas supported at zero.

The following two lemmas show other characterization of the symmetric bilinear forms when
some specific properties with respect to a polynomial A (x) are satisfied by the bilinear form.
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Higher order recurrence relations and the Favard’s theorem 29

Lemma 2.7 ([51]). Let B(-,-) be a real symmetric bilinear form defined in R[x] and K a non-
negative integer number. Let us consider a finite sequence of real numbers (al)l | and non-
negative integers n;, 1 <1 < K. Let h(x) be the polynomial h(x) = (x —a;)™ --- (x — ag)"® and
N =ny +---ng = deg(h). Then the following statements are equivalent.

i) If f,g are polynomials, then B(hf,g) =

ii) There exist constants M; j ), 0 <i<m—1,0<j<n—1,1< I,I' <K, and M=
M, such that B(-,-) is defined by

K n— 1”1/ 1

=) Z Y Mo fP(a)g (ar).

1I'=1i=0 j=0

Theorem 2.8 ([51]). Let B(-,-) be a real symmetric bilinear form in R[x] and K a non-negative
integer. Let us consider a finite sequence of real numbers (al)f:] and non-negative integers nj,
1 <I<K. Let h(x) be the polynomial h(x) = (x—a;)"™ - -- (x—ak)"® and N =n; +---ng = deg(h).
Then the following statements are equivalent.

i) The multiplication operator by h(x) is symmetric with respect to B(-,-) and B(hf,xg) =

B(xf,hg).

ii) There exist a function pas in (2.1) and constants M; j  ; with0 <i<n;—1,0< j<np—1,
1< l,l/ <K, and Mi,j,l’.,l = Mji.,l,l” such that

K m—1ny—1

g):/f(x) x)du+ ) Y Z M1 f(a))g (ap).

LI'=1i=0 j=
2.2 Connection between sequences of scalar orthonormal polynomials
and matrix orthonormal polynomials
Doing small changes in the proof of Theorem 2.4 it is possible show that if (p,(x)),cn is a se-
quence of polynomials satisfying a (2N + 1)-recurrence formula
N
h(x)pn( ) Cn Opn Z CnkPn— k +Cn+k,kpn+k(x)]a

with the convention py(x) = 0, for k < 0, and A(x) is a monic polynomial of degree N, (¢y.0)ncn is
areal sequence, (¢, x)nciv are complex sequences for 1 <k <N, with ¢, 5 # 0 for every n € N, then
there exists a positive definite matrix of measures M = (,UkJ);X 1;10 (see [54] ) such that (p,(x))en
is orthogonal with respect to the inner product /

-y [ RuxpRi @) (2.4)

k,j=0

29



30 Higher order recurrence relations and the Favard’s theorem

where the operator Ry, x(p)(x) is defined as follows

Definition 2.9. Let h(x) be a monic polynomial of degree N and g(x) be a polynomial given in
terms of the basis {x*h(x)";k=0,1,... . N—1,m € N} i.e.

=Y Z b 1" (x)

m=0 k=

Then we define the linear operator Ry, x(g) as
Rh,k(g) (x) = Z ka,xm.

It should be noted that the operator Ry, 1(g)(x) takes from g just those powers with remainder k,
modulus N, and then removes x* and changes h(x) to x. Thus

8(x) = Rio(8) (h(x)) +xRn,1 (8) (h(x)) + -+ 2" Ryy-1(8) ((x)).

We can formulate the following question: what is the connection between the sequence of the
matrix orthonormal polynomials with respect to M and the sequence of polynomials ( p,(x))en?.
The main theorem in this subsection, which appears in [64], gives an answer to the question. There
the following result is proved. Given a sequence of scalar orthonormal polynomials (p,(x))uen
satisfying a higher order recurrence relation it is always possible to find a sequence of matrix
orthonormal polynomials related to (p,(x)),en such that it satisfies a three term recurrence relation
like (1.16).

Theorem 2.10 ([64]). Let us assume that (p,(x))nen is a sequence of scalar orthonormal polyno-
mials satisfying the following (2N + 1)-term recurrence relation

N
h(x)pn( ) Cn an Z Cp, kPn— k +Cn+k,kpn+k(x)]7 with Pk(x) =0 fOl’ k< 07 (2.5)

where (Cp0)nen is sequence of real numbers and (c, k)nen are sequences of complex numbers for
1 <k <Nwithcyy # 0 foralln € N. Let us define the sequence of matrix polynomials (P, (x))nen
by

Ry o(pan) (%) Ry 1 (pan) (x) -+ Rpn—1(pav)(x)
Rpo(puv1)(x) R l(pnN+1) x) - Run—1(pavgr1)(x)
P, (x) = . .
Rio(Pan+n—1)(X)  Rpi(Panven—1)(x) -+ Run—1(Pan+n—1)(x)

Then the sequence of matrix polynomials (P,(x))nen is orthonormal on the real line with respect to
a positive definite matrix of measures and it satisfies a three term recurrence relation with matrix
coefficients
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Higher order recurrence relations and the Favard’s theorem 31

XPy(x) = Dy 1 Pa1 (%) + EnPa(x) + D Py—1 (x), (2.6)
where D, is a nonsingular lower triangular matrix and E,, = E,. Moreover

CnN,0 CnN+1,1 ©* CaN+N—1,N—1 CnN,N

E CaN+1,1 CaN+1,0 ** CpN+N—-1,N-2
n

= . . . . ; Dn:

CaN+N—1,N—1 CuN+N—1.N—2 ***  CuN+N—1,0 CaN,1  CuN+12 *** CaN+N—1N

CuN.N—1 CnN+1,N

Q2.7)

Conversely let us assume that (P,(x))sen is a sequence of orthonormal matrix polynomials or,
equivalently, they satisfy a three term recurrence relation like (2.6), where without loss of gener-
ality we can suppose that P,(x) has as leading coefficient a lower triangular matrix. If we denote
by (Pn) jm(x) the (j,m) entry of P,(x), then the sequence of polynomials (p,(x))nen defined by

N—1
Pun+j(x) = Y X" (Pa) jn ((x)) (2.8)
m=0
satisfies a (2N + 1) term recurrence relation.

Proof. First, we will see that if (p,(x))qen satisfies (2.5), then (P, (x)),cn is a sequence of matrix
orthonormal polynomials. The proof of the converse result is similar. Since (p,(x))nen is a se-
quence of orthonormal polynomials associated with a Hermitian bilinear form (2.4), we can take
the following matrix of measures

duo o dupy -+ duon-—
dM = : : : ;
duy—10 dun—11 - dun—1n-1
and, for0 <i,m,<N—1,
m(PnNer)
/[th(PnNH) -+ Ryn-1(pan+i)| dM

Run—1(Pantm)

N-1
= Z /Rh,k(pnN+i)Rh,j(pnN+m)d.uk,j =dim-
k=0

Then, the above expression yields

/ Po(x)dMP}(x) = 8y mly.

Let us see now that (P,(x)),en satisfies a three term recurrence relation by giving in an explicit
way the matrices D, and E,, in (2.6). Since (pn(x))nen satisfies (2.5), then we can associate with
it a (2N + 1)-banded infinite Hermitian matrix J,
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32 Higher order recurrence relations and the Favard’s theorem

[coo c1p ' CN-IN-1 CNN
C1,1 clo v CNN-1 CN+IN
J pu— _ _ . . )
CNN CNN-1 =" : CON—-1,N—1 C2N.N
0 ovanv K CONN-1 CONHIN

or, equivalently,

Ey D,
D! Ei D,
J= D} E, D; )

where the matrices E; and D;, (i € N) are defined in (2.7). Now, if we compute the (k,m) entry of
the matrix

Dy 1Py 1 (x) + EyPy(x) +DiPy i (x),

then we have

k N-1
Y corwejvj—Rhm (Pacine;) )+ Y ennt ki Rim (Pany)) (%)
j=0 j=k
k-1 N-1
+ Y vt i j R (Pav) (X) + Y Enninsk— iRam (P—1yn+ ) (%)
j=0 Jj=k
N N—k—1
Y cnnriekiRam (Pantiek) (X)+ Y CaviirtaRim (Pan+i4k) (x)
I=N—k =0
1 k+1
+ Y ConvskiRum (Pavsk—1) () + Y EnntiaRim (Pan+i—1) (x)
I=k I=N

N
= can 0Rnm (Pav+1) (%) + Y [Cavit Rim (Punv-k—1) (X) + vt 1 Rim (Pavis) (x)]. - (2.9)

~
—_

According to the linearity of the operator Ry, ,(+) and (2.5), for 0 < k,m < N — 1 we have

XRp i (PNn+k) (X) = vk, 0Rnm (Prnvsk) (X) + Y [Cankrt iRnm (Prn+k+1) (X) +Convgie /R (Prvsk—1) (x)]

N
=

—_
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Higher order recurrence relations and the Favard’s theorem 33

and this implies (2.6).

As D, is a nonsingular lower triangular matrix, then D, ! is also a lower triangular matrix. Using
this fact and that P_; (x) = Oy«x, Po(x) = Iy, we can conclude by a recurrence argument that P, (x)
has always a lower triangular matrix as leading coefficient.

Conversely, suppose that (P,(x)),en, where P,(x) = (pn)le -1, is a sequence of orthonormal ma-
trix polynomials or, equivalently, satisfying a three term recurrence relation as in (2.6). Notice that
in order to the polynomials defined in (2.8) have degree nN + j we need that (P,);,(h(x)) =0
for m > j, and we can not guarantee this up to P,(x) has as leading coefficient a lower triangular
matrix. We will see that it is always possible by assuming that both D,, in (2.6) and the leading
coefficient of P,(x) are lower triangular matrices.

The sequence of matrix orthonormal polynomials (P,(x)),en With respect to a matrix of measures
M is not unique in the sense, that if (U, ),en is a family of unitary matrices, then (U,P,(x))nen is
also a sequence of orthonormal polynomials with respect to the matrix of measures M. Suppose
that (S, (x))nen is a sequence of matrix orthonormal polynomials satisfying the following three
term recurrence relation,

xSy (x) = Bn+1Sn+1 (x) +AnS, (x) +BpSu—1 (x)a n> O,
S_1(x) = Onxn, So(x) = In,

then the polynomials P, (x) = U,S,(x) satisfy

xXPy(x) = UpByi1 U, Pos1 (%) + UpAUS P (x) + UpBIUT (Py_i(x), n>0,

P,l(x) = 0N><N, Po(x) = IN.

Can U,, be chosen such that L, = n,anU,I is a lower triangular matrix?. The answer is yes. For
see this, we are going to use the following argument.

We choose an unitary matrix Uy such that UpSy = Py is a lower triangular matrix. Next, let us
notice that the matrix UyB; can be factorized as®> UyB| = DU;, where D, is a lower triangular
matrix and U is an unitary matrix. Thus D; = UpS,U IT .If Uy, Uy, ---U,—_1, are given, then we can
find U, such that U,_B,, = D, U,, with D, a lower triangular matrix. Thus we can always assume
that both the leading coefficient of P,(x) and the sequence D, can be chosen as lower triangular
matrices. If (P,(x)),en satisfies (2.6), where D, and E, are as in (2.7), then the entry (k,m) of
P, (x) satisfies

2QQR factorization of J. Francis and N. Kublanovskaya: Let A be a nonsingular matrix then is can written as
A=RQ

where R is a lower triangular matrix and U an unitary matrix
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34 Higher order recurrence relations and the Favard’s theorem

k N-1
km Z C(n+1)N+jN+j— k(Pn-I-l)j,m(h)_‘_ Z CNn+j,\k—j|(Pl’l)]'-,m(h)
= =t
k—1 N-1
+ Y vk e | (Po) jn () + Y Ennrkonik—j(Pa1) jm(R).
=0 =

We can multiply both sides of the above expression by x"* and as the index in the summation (2.8)
does not depend on n, we have

k N-1

h( pﬂN+j Z C(n+1)N+j,N+j— kp(n+1)N+] + Z CNn+j,lk— /\PnNJrl( )
- i
k—1 N-—1
+ Z CNneth [k— j| PN+ (X) + Z CNntkN+k—jP(n—1)N+j (X)-
Jj=0 j=k

A similar argument as in (2.9) shows that (p,(x))qecn satisfies a (2N + 1)-term recurrence relation.
[

2.2.1 Example
2.11 Example ([64]). Let us consider the following discrete Sobolev inner product
B(f,g8) /fgdu+2 ZCUf (x1)gY (x:), (2.10)

i=0 j=0

where f,g are polynomials and C; j are nonnegative real numbers. Take N = M + Zf-‘il M;. Let
h(x) be the polynomial

o) = T — )™,

It is clear that h(x) satisfies B(hf,g) = B(f,hg). Then from Theorem 2.4 changing x"for h(x)
(see[51]), the sequence of orthonormal polynomials with respect to B(-,-) satisfies a 2N + 1-term
recurrence relation as in (2.5). Given a polynomial g of degree sN + 1 and the basis {x'h* : 0 <
i<N-—1, k>0}, let us write

s N—1

= Z Z an,kx"hk
k=0 n=0
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Higher order recurrence relations and the Favard’s theorem 35

where a,, s = 0 for m > |. According to the representation given in Definition 2.9, we get

1

N—1
g(x) =Y X"Run(g)(h(x)) = [Ruo(g)(h) -+ Ran-1(g)(h)] | :
n=0 V-1

In this sense, we can say that the polynomial g is equivalent to the polynomial vector
[Rio(g)(h),--- ,Run—_1(g)(h)]. Using the above representation for g(x) we can compute g') (x) as
follows

N-1j /: n I~
g(j) (x) = Z i <Z]> 0 _'q)!xn—q aa;j_quh,n(g)(h)7

n=j q=0

and from the Fad di Bruno formula (see [30])

1 m i m (l)x aj (m)x an
;ﬂnm,ﬂ(gxh(x)):i_zojhizeh,ag)(h(x))x y ( ><hl<>> (h <>> |

cea m!
at,-am ) m

where ay +ay+---+ay =iand a; +2ay + - - - +ma,, = m. From here, fori=0,--- m,

From the above analysis, the inner product (2.10) can be written as

Rio(g)(h)
B = [[RioNB) - Ruxr()W]ameo) |
Ryn-1(g)(h)
Ri0(2)(0)
+[Ruo(£)(0) -+ Run-1(f)(0)]L ; 7
Ryn-1(8)(0)

where
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d’u xN_ld,U
xN_ld,u XZN_Zd‘u
and L=Y, Z/}/I:io Ci iL(i, j) with
_ . )
.. : . v
L(i,j) = J! x [o U TR (lffizl_)j)!xﬁv il

(N=1)! N—1—j
a=

Thus, from Theorem 2.10, if (pn(x))nen is the sequence of orthonormal polynomials with respect
to the inner product (2.10), then the sequence of matrix polynomials (P, (x))necn defined by

Rio(puv) () Rui(pav)(x) -+ Rpn—1(pan)(x)
Pys) = Ruo(pan+1)(x)  Rua(pan+1)(x) -+ Ran-1(pan+1)(x)
Rh,O(pnN:&-N—l )(x) R, (p,m,;r]\,_1 )(x) o Ran-i (Pn;v+1v_1 \x)

is orthonormal with respect to the matrix inner product

(P().0() = [ PL)aM(h™ (1) (v)+P(O)LQ' (0)
Here the matrix of measures M(h™'(x)) is defined by

/ Gx)aM(h~ (x)) =: / G(h(x))dM ().

Notice that G(x) is a vector function of N components, such that G(x) € Li(M). As a conclusion,
the Sobolev inner product can always be represented in terms of a matrix inner product, where the
matrix of measures has a mass point supported at the origin.

2.12 Example . As a particular case, we take the following bilinear form

B(f.g) = | f(x)gx)x®dr-+ Co(0)5(0)+ C1f (0)¢'(0). @.11)

The above bilinear form was studied in [49, 90, 91]. Notice that the lowest-degree polynomial
h(x) such that B(hf,g) = B(f,hg) is h(x) = x*. Let (L%,(x))nen be the sequence of orthonormal
polynomials with respect (2.11). Then the sequence of matrix polynomials

RhaOEZ‘(ZXn,Z) (X) RhJ EzgnZ) (x)
Rh70 (L(an—i-l ,2) (X) Rhsl (Lgn—&-l,Z) (x)
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is orthogonal with respect to the matrix inner product

(P 000) = [ Pam(view +ro) (¢ 4 oo
where
dM(x) = [)lc } e x%dx
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Chapter 3

Multiple Geronimus transformations

In 1939 J. Shohat [135] stated the following problem: Given a nontrivial probability measure u
supported on an interval of the real line, if (p,(x))nen denotes the corresponding sequence of
monic orthogonal polynomials, then find necessary and sufficient conditions on the real numbers

A[ln} # 0, withn=1,2..., such that the sequence of monic polynomials (Q,(x)),ecn defined by

0n(x) 1= pu(¥) +A"p, 1 (), n>1

is a family of orthogonal polynomials with respect to a measure supported on the real line. Shohat
gave a partial answer by using Favard’s Theorem. Few years after Shohat’s publication, a complete
answer to that problem was given by Geronimus in [76], providing a way to generate new families
of orthogonal polynomials. The new family of orthogonal polynomials (Q,(x)),en is said to be a
Geronimus transformation of (p,(x))en (see [136], [149]).

3.1 The Geronimus transformation

Let (p,(x))nen be the sequence of monic orthogonal polynomials with respect to a quasi-definite
moment functional 6. We know that (p,(x)),cn satisfies a three term recurrence relation

xXPn(X) = ppt1(x) + Dppp(x) + Copn_i(x), n>0, p_i(x)=0,

where D,, and C, are real numbers with C,, # 0. Using matrix notation, the above expression reads
as

Xp :Jmonpa (31)

where
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40 Multiple Geronimus transformations

Dy 1
Ci D 1
J =
mon G D,

and p = (po,p1,--- )T. The matrix J,,,, is known as the monic Jacobi matrix associated with the
sequence (ppn(x))nen. If Jyuon can be written as J,,,, = UL+ kI where K is a real number, (see
[148] for conditions) and

then we can define a new semi-infinite matrix J . as J, . = LU +xI. From definition, J;,,
is also a tridiagonal band matrix with 1’s in the superdiagonal. Thus there exists a sequence of
monic orthogonal polynomials (p}(x)).en associated with J,, if and only if y,_im, # 0, n > 1

mon
(see [148]). The following results appear in [33, 148].

Lemma 3.1. IfJ =UL+xl, then

Pun(x) = pu(x) +Mupn_1(x), n>1,
and
(x - K)pn(x) = p2+1()€) +’an:;(x)7 n=>0.

The functional & for which the polynomials (p};(x))nen are orthogonal is given by 6 = (x— ) &,
or, equivalently, ( see [99, 100, 148])

&= (x—x)'6+808(x —x). (3.2)

The linear functional & is called the canonical Geronimus transformation of 6. Notice that the
constant Gy is an arbitrary real number. As a particular case, if in (3.2) we take the functional ¢
such that (o, f) = [, fduo with gy a nontrivial probability measure and ¥ = 0, then we have

(©.7) = [ fedu+ (60 -/ du) £(0)g(0)

where xdu = dug. This expression appears in [48] in the framework of symmetric bilinear forms.
The interest of considering symmetric bilinear forms in general is that the associated Gram matrix
does not have the structure of Hankel matrix. This allows different kind of orthogonality, like
orthogonality with respect to a Sobolev type inner product, which has been the main topic of
many contributions in the last two decades (see [51], [65]). In this context, it is quite natural to
define the Geronimus transformation as follows (see [48], [76]). Given a symmetric bilinear form
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Multiple Geronimus transformations 41

on the linear space of polynomials R[x], defined by a nontrivial probability measure p supported
on an infinite subset / of the real line

(f( o—/f x)duo(x),

its Geronimus transformation is the symmetric bilinear form |-, -]; such that

[rg(0), S 00]1 = [gx), X (]1 = (/0080 = | F(@)g(0)da).

In the first part of [48] the authors show that the sequence of monic orthogonal polynomials
(pii(x))nen associated with [-,-]; can written as

Pu(%) = pu(x) +Anpn-1(x)

where (py(x))nen is the sequence of monic orthogonal polynomials with respect to (-,-)o. Fur-
thermore, if J,,, and J;,,,, are the Jacobi matrices associated with the sequences (p,(x))sen and
(pii(x))nen, respectively, then there exist an upper triangular matrix U and a lower triangular ma-
trix L such that

Juwon=UL and J: =LU.

mon

In the second part, the authors present the double Geronimus transformation in the framework of
symmetric bilinear forms defined as

[Pe(0). f(9)2 = [8(2) 2/ (W2 = (.80 = [ F(H)e(duo(x)

Furthermore, they deduce that the monic orthogonal polynomials (p};*(x)),en associated with [-, ],
satisfy the following connection formula

p;kz* (x) =Dn (x) +Aupn—1 (x) "‘Bnpan(x)y

where A, and B,, are constants with B, # 0 ([48], Theorem 4.3 ). Moreover, if we define J;;;, as
the matrix associated with (p}*(x)),en and

oo

ok ~3kk ~ 3k * 1 ~k
J ([x Pn ( );Pm (x>]2)n,m:07 where, Pj, (x) = an*(x%
n
with (h*)? = [p*(x), p*(x)]2, h** > 0, then there exist an upper triangular matrix U and lower
triangular matrices L and C such that
J? = LU, and J*=CC'.

mon

= UL, T

mon

Next, let us consider a polynomial 4(x) with deg(h) = N. A natural question is what can be said
about the symmetric bilinear form [-, -], defined as

hg(), Sl = [g), ) = [ £(gx)duo). (3)
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42 Multiple Geronimus transformations

This problem is motivated by A. J. Duran in [51], where general results are given for symmetric
bilinear forms such that the multiplication operator by A(x) is symmetric with respect to the bilin-
ear form, i.e. B(hf,g) = B(f,gh).

The next subsection is dedicated to give some results concerning the symmetric bilinear form
defined in (3.3), finding as particular cases the results given in [48].

3.2 An extension of the Geronimus transformation to the multiple
case

Let us consider a symmetric bilinear form

(.8)0= [ F0s(dun(x).

where g is a nontrivial probability measure supported on an infinite subset / of the real line. In
general, if we assume that (-, ) is quasi-definite, then we know that the corresponding sequence
of monic orthogonal polynomials (p,(x)),en satisfies a three term recurrence relation

xXPp(X) = Ppg1(X) +Dppu(x) +Cupp—1(x), n>0, po(x)=1, p_i(x)=0,

where D,, and C, are real numbers with C,, # 0. Using matrix notation, the above expression reads
xp = Jmonp Where Jyop is as in (3.1). If we assume that (-,-)o is a positive definite bilinear form,
then there is a sequence of orthonormal polynomials (p,(x)),en such that

Xpn(x) = énHI}nJrl (x) + Dy pn(x) +énpvnfl(x)a n>0.

Notice that in such a case, C,, = CV',% > 0. We can associate with the above orthonormal sequence a
Jacobi tridiagonal symmetric matrix

Dy C
¢, D G
/= éz D,

such that xpp = Jp, where jp = [po(x), p1 (x), p2(x),---] .

Let h(x) be a monic polynomial with deg(h) = N. Let us define a symmetric bilinear form [-, -],
on the linear space R|x]

(nf.ghs = fohelh = [ £(0g0)diol).
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Multiple Geronimus transformations 43

Clearly, this definition does not determine the bilinear form [-,-]; uniquely. Moreover , we can
choose the entries of the following symmetric matrix

L1, - [LaM, 500 v SoN-1
S=1 : s i (34
WU e VLN, SN-1,0 “** SN—1,N-1
in an arbitrary way. It should be noted that because the multiplication operator by A(x) is symme-

tric for [-, -], if we assume that this symmetric bilinear form is quasi-definite, then the correspon-
ding sequence of monic orthogonal polynomials (p}(x)),en satisfies

n+N ]
h()pa(x) = Y, ¢ pi(x),
k=n—N
where cL"J]rN =1, and cL"lN > 0 for n > N. Thus, we can associate with the sequence (p};(x))nen

the 2N + 1 band matrix

P 0[10] ... C[O]_l 1 -
cg] 6[11] cl[\l,] 1

Toon =

A O R
0 vt I

Before dealing with the properties of the symmetric bilinear form [, -], we will choose an appro-
priate basis in the linear space R[x|. Indeed, let consider the following basis

B, = {X"H, k>0, 0<m<N-—1}.

Recall that this allows us to express every polynomial f as f(x) = Yy YNZ8 ar X (x) (see
(2.9)). Moreover, if we define for a fixed & the following linear operator

N—1
Hin()(x) = Y axmd"hE (x),
m=0
then we have f(x) = Yo Hin(f)(x).
Let x,---,x4, be the zeros of A(x) and o, - - - , 0, be their corresponding multiplicities, i.e.

q
h(x) = (x—x1)* (x—x2)* -+ (x—x4)%,  with ZOL,- =N.
i=1
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44 Multiple Geronimus transformations

For each x;, h(x) can be represented as
h(x) = (x—x;) %t (x),

where #;(x) is a polynomial of degree N — o; such that #;(x;) # 0. According to the Leibniz product
rule for derivatives

100 =% () e )

k=0
Thus

A (x)=0 for j=0,---,0;—1.

If f is a polynomial, using its representation in terms of the basis defined as above, then we get

Dy 3 m! '
fYx) =Y ao —x .
l mz:: ¥ " (m—j
Thus, foreachi=1,--- g, we have
[ fa) ] [ aoo |
f(l)(xi> Ly 2 x3 o e e EAR ao,1
. 12x 322 e (N—=1)x}2
_ 20 6x; e e e (N=1)(N=2)x¥ 3
Lo (N=1)! —0y
£ () (i 1)1 i =01 oxN | AoN—2
LA (x;) ] Lao.N—1.
or, equivalently,
ao,0
Fi=A;|
ao.N—1
Thus,
F Al a0 ao,0
S E o l=al| . (3.5)
F, Apl oy LaoN—1 ao.N—1
By the definition of the polynomial f(x), the above system of linear equations (3.5) has at least a
solution [ag 0, - - - , o, ~—1] . Let us assume that there is another solution denoted by [(1670, e ,a(’l N I]T
Then we define the polynomials u(x) = ¥ ~§ aomx" and v(x) = Y _jap ,x". So, according to

(3.5) we have that foreachi=1,--- g,
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Multiple Geronimus transformations 45

u(x) = D) =v(x;), for j=0,--,0—1.

We now define the polynomial ¢(x) = u(x) — v(x). Notice that deg(c(x)) < N — 1. On the other
hand,

W(x)=0 for j=0,---,05—1.

This implies that x; is a zero of multiplicity at least o; for ¢(x) and since it is true for every
i=1,---,q,then deg(c(x)) > N. So, necessarily c(x) = 0, i.e. u(x) = v(x). Therefore the solution
of (3.5) is unique and, as a consequence, A4 is a nonsingular matrix. In particular, if the zeros of
h(x) are simple, then (3.5) takes the form

fxn) 1 ox - a0

flxn) 1 oxy - ! vy LAON=1

In other words, 4 is a Vandermonde matrix.

Proposition 3.2. Let u be a nontrivial probability measure supported on the real line such that
duo = hdy has finite moments. Let f(x) = Y.ap,x"h*(x) and g(x) = ¥ by wx™ h¥ (x) be polyno-

mials. Then |-,-];, can be represented as follows

G
[f,g h—/f X)du+[F - Flla'sa’'| |, (3.6)
Gq

where Gi = [g(x;),--, g% V()] T, FE=[f(xi),---, f % V(x;)]" and S is a symmetric matrix with

50,0 — [;du o son—1— f;xXNdu
§_ . . .

SN—],O_fIxN_ld‘u SN717N71—f1x2N_2d,u

Proof. To compute [f, g|y, let us observe that the polynomial

N—1
- ) aomx”
m=0

is divisible by %(x) by construction. Now we have

[f7 ZQOmx ,g

Za()m-x 7g ]

h
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46 Multiple Geronimus transformations

_ <f( x) = Lo Aot )
h
0

N a
_ I(f( ) Zn;l 0 40,m >g(x)d,uo

1 X) = YN N=1N-1 ,
Y agmx™ (g( )= Ew=obo, duo+ Y. Y. aombow X", X" ]

Z aomx 7g Z bOm’x

N—-1 N—1 ,
+ Z aO,mxma Z bO,m’xm
m=0 m'=0

h

h

m=0 m=0m'=0
—1N-—-1 1N-1
_/f d,u Z Zaombo,,,/xm+md,u+z ZClOmbOm’smma
m=0m'=0 m=0m'=0

/ . .
where s, ,y = [¥",x™ ];,. In a matrix form the above expression reads

[f,8 h—/f x)du+
50,0 — [;du s son—1— XN ldu boo

[ao,o ao,N—l] : : : :
sn—10— ;XN My - syoiy—1 — [;x3N 2 du| | bon-1

Next, using (3.5) we get (3.6). [ ]
If we assume that 4(x) = x"V, then we have the following result that appears in [76] for N = 2.

Corollary 3.3. If u is a nontrivial probability measure supported in the real line such that duy =
xNdu has finite moments, then

g(0)
Vg = [ F@edut[£0) - fODOIM| ], (3.7)
g™1(0)
where M is a symmetric matrix such that
1 1
0! 0!
M= S
1 1
-1 (N—1)!

Since the values s; ; in (3.4) are arbitrary, if we take them in such a way that the matrix § is
diagonal, i.e.

Ao
S: )
Av—1
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Multiple Geronimus transformations 47

then (3.7) reduces to

N 1 0010 (01 wi M
F.6la = [ T ms O 0)g0) with M= s,

which is a diagonal Sobolev-type inner product. In other words, a N-th iterated Geronimus trans-
formation of (-, -)o generates Sobolev type inner products.

3.2.1 Orthogonal polynomials associated to the extension of the Geronimus trans-
formation

Next, assuming that the bilinear form [-, -], is quasi-definite, we will represent the monic polyno-
mials (p}(x))nen, orthogonal with respect to [-, ], in terms of the sequence (p,(x)),en of monic
orthogonal polynomials with respect to (,-)o. Notice that from the orthogonality hypothesis, for
the elements of the basis B;, we get

[pf,(x),x’"hk]h:[xmhk,pf,(x)]h:O, for Nk+m<n-—1.

So, for n > N, from the definition of the bilinear form we get

[P (x), X" BN, = (i (x),x"W 1o =0, for N(k—1)+m <n—Nandk>1,

which means that

Pa(x) = pal) 4 A" pu 1 (x) -+ A pa i (x). (3.8)

At the same time, we also have

[p;(x),xm]h:(), for sz,"',N—l’
which can be rewritten as

(), 25+ A [pat (), + -+ AL [paen (%), = 0.

The last relation is equivalent to the following system of linear equations

ot @)l Do) 10 ] AR ~[pu(); 1]
z s = z .69
[pn—l (x)7xN71]h T [pn—N(x)axNil]h_ ALnlN _[p”(x),fol]h
Lemma 3.4. The system
(Pa1(): 1] [pa-w(®):1]n ] [ =[pa(x),1]n ]
. : b — :
[pnfl(x)vail]h [p,,,N(x),xN’l]h_ _[pn(x)7xN71]/1

Al
has an unique solutionb = |

Ay
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48 Multiple Geronimus transformations

Proof. Since pj;(x) is a monic polynomial of degree n, we know that (3.9) has at least one solution.
Suppose that the above system has other solution (Agly1 . -AL"J’N)T and we define the polynomial

On (x) = DPn (x) +A£ﬂ/1pn—1 (x) + - +A£,npran(x)-

From hypothesis [Q,(x),x"], =0 for m = 0,...,N — 1. On the other hand, let Nk +m < n with
k # 0, then

[/

[Pn(x),hkxm]h +AL"yl [Pn—1 (x),hkx’"]h + ... +An7N[Pn7N(x),hkxm]h
(P (), 150 + A (it (), B ) g + -+ A (pan (x), B

[0 (), ™) =
= n—1
=0

and [Q,,(x),x"]n = [Qn(x), pi(x)]4. The above implies that, for 0 < £ < n, [0, (x),x]n = || pi(x) | 18n.c-
Thus, if we assume that the system has two different solutions, then there are two monic polyno-
mials of degree n that satisfy the orthogonality condition. But this contradicts the uniqueness of
the sequence (p}:(x))en. [

Moreover, the uniqueness also yields
[pnfl (x)7 l]h T [pan(x)a 1]h
d, = : : #0. (3.10)
[pnfl(x)axN_l]h [pan(x)uxN_l]h

Furthermore, according to the Cramer’s rule, the polynomials p}(x) can be represented as follows

P (a0 e [paa)
AT R PANEN | A PSR
P [pa v o pa ()

Now, for 0 <1 <N — 1 and Ho,(p;)(x) = X2, coxx’, we get

[pj.x'1n = [pj(x) — Hon(p;) (x) + Hon(pj) (x),x']n

N—1
=Y Hun(p))(x) = Hon(p;) (), x'In+ [ Y coxr®,x]n
k=0

m>0

' B ) —1
_ <zm>on,,,<p,>(:> Ho,h<pj><x>’x,) Y corse
0

k=0

H,, N(x N—-1
— Z /h(;;])( )xldu0+ Z €0 kSk,[-
m>171 k=0
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Multiple Geronimus transformations 49

Let us stress that the above analysis was done for n > N. However, it is clear that, for n < N, the
polynomial p}(x) has the following form
Pr(x) = pul) AL pat (9) + -+ A po (),

where we put p,,(x) = 0 for m < 0. So, if we use similar arguments as above, then for n < N we
get

pn(x) [pn(x)v l]h [pn(x%xnil]h
P = o [P (i )X
@) [po). 1 Po@). 1y

As a last remark, let us notice that if n < N, then d; is the determinant of a matrix of size n X n,
which depends on n, while in the other cases d;; is the determinant of a matrix of size N x N.

Thus, we can deduce the following

Proposition 3.5. Let (-,-)o be a quasi-definite bilinear form and let (p,(x))nen be the corre-
sponding sequence of monic orthogonal polynomials. Then the symmetric bilinear form [-,-], is
quasi-definite if only if d;; # 0 for all n € N. In such a case, the sequence the monic polynomials
(pi(x))nen defined as above is orthogonal with respect to |-, -],. Furthermore, we get the following
representation

) T ()
P = 5[ P (i@t a0, @1
P R T R R S R

where d; is defined by (3.10) and

Hm N(x N—1
[Pj(x)>xl]h = Z /’h(}l;])()xldy(ﬁ— Z COkSk -
m>1"1 k=0

If we assume that the zeros of /(x) are outside the interior of the convex hull of support of 1, then
the bilinear form [f,gl, = [; fgdu, where yu = % is positive definite. With this in mind, we can
state the following

Corollary 3.6. If (ry(x))uen is the sequence of monic polynomials orthogonal with respect to
[-,]u, then we get the following connection formula for (p;,(x))nen and (ry(x))nen
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50 Multiple Geronimus transformations

R P () = raen () + By i1 () 4+ B n ().

Furthermore,
(Pran@),1k(x))o =0, if k<n. (3.12)

Proof. Notice that h(x)p,(x) can be written as

n+N
h(x) pa(x) = kgo b re(x),

where
0, k<n,
pil _ [AE)Pa (0, @]y _ (Pal),r(x))o _
k Hrkuz Hrkal % <k
Tkllg ? —

But (3.8) immediately yields

hE)P) = ran (8) + Byt 1 (0) + -+ By r i (5),

where
min{m,N}
n n—k n
BL-}-N—m - Z bEV-‘rn]—mAr[llk'
k=0

On the other hand,

N+n *

h(x)py(x) =Y, c,[cn] r(x) with c,[cn] _ (@), Pu(x))o ”Z(X) )0.
k=0 |7 kH,u

According to (3.11), we get c,[cn] =0,0<k<n—N-1,and cL"lN # 0.
Taking into account the representation of /(x)p}(x) in terms of the sequence (r,(x)),en is unique,
then (3.12) holds. [ ]

3.7 Example . Let us assume that h(x) = x", duy = x*™Ne™*dx, and let us define (-,-)y as

(f,8)o= /wa(x)g(x)xawe_xdx, a>—1.

We know that the sequence of monic orthogonal polynomials associated with the above bilinear
form are the Laguerre polynomials (L%"™N (x)),en with parameter 0.+ N. Let us now take du =
x%e¢*dx. Then
o N—1 ‘
1080 = | Sgxe dr+ Y Miif (05 (0). (3.13)

k,j=0
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Multiple Geronimus transformations 51

As a straightforward consequence, the sequence of polynomials orthogonal with respect to (3.13)
can be written as

L(x) = L% (x) + ZA [n] La+N

The above bilinear form and their orthogonal polynomzals are very well known in the literature.
Indeed, the diagonal case was introduced in [90]. Let us notice that, in particular, if My ; = 0 for
(k,j) # (0,0) we get the so called Laguerre-Krall orthogonal polynomials (see [85]).

The previous corollary shows a connection formula between the sequences of polynomials (p};(x))sen
and (r,(x))nen. Next, we focus our attention to find necessary and sufficient conditions for the
existence of the sequence of polynomials (p;(x))en.

The condition given in (3.6), can be rewritten as

oy—1o,—

= [ ot ¥ ¥ Zx,ﬂwf () (3.
lw=1 i=
Thus
o—1lao,—1
Pi(0) = ralx E:Igj:zumnlm%wﬁmm
oy—1oy,—1 n—1 ()(XW)Vk(X)
ZE:Z%w%z<>ZL47*
Lw=1 i=0 j=0 k=0 HrkH,u
oy—1
Z Z P (x1) D (x),
where

Oy —

q
ZZ K (5 ).
w=1 ':

In particular, for | <a<gand 1 <k <o, —1,

,_.

oy —

D) = () () + Y D ().

=1 z:0
Let introduce the vector

k k k . .
D)), 1+ DE (), DY it j=a,

k k k
[D(()}(Xj),..-7Dl((7j).(xj)’... Dka) l]( )] it j+a.
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52 Multiple Geronimus transformations

Then foreach 1 <a <gq,
P ()
Fu(xq) W@ W@ - W) (P ()

R, = = = VQP* .

A V)] DR @) v (a) v @] on | ) (xg)

(01
()™ ()
From the above we can state the following

Proposition 3.8. Ler u be a positive Borel measure supported in the real line and (ry(x)),en the
sequence of orthogonal polynomials with respect to the bilinear form (f,gl, := [, fedu. Let [,
be a symmetric bilinear form

q oy—1lao,—1

[f. 8l = /1 fedu+ Y Y Y NV (x)gY (x),

Lw i=0 j=0

with i j1w = Njiwi. A necessary and sufficient condition for the existence of the sequence of
monic polynomials (p},(x))nen orthogonal with respect to [-,-], is that the system of linear equa-
tions

R Vi
=P
Ry Yy
has an unique solution.

As a next step, a natural question can be posed: when the bilinear form [-, ], is positive definite?.
It is clear that if we assume that the matrix S is a positive semidefinite matrix, as u is a positive
Borel measure, then [+, ], is positive definite, because given 7(x), a polynomial neither identically
zero nor negative in the support /, we have that

1), 1 ()] = /1 2 () du+v Sy > 0,

where
vi=[n" o TN]aT with T=[r(x),- 0% ()

but this does not give us so much information. Alternatively, in order to analyze the positivity of
[pi(x), pi(x)]n, we need to consider two cases : When n = m+ Nk with k # 0 and when n < N.
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Case 1. If n = m+ Nk, with k # 0, then

P = [P0 i = [ pi 0

J Pa(X)X" R g Pa(), 5 [pa(x), 21,
1 . .
- d; [ PN ()X dpy  [paene1 (%), o+ [Paensr (x),2V 71, '
fpan(x)xmhk_ld.UO {pan(x)a l]h : [Pan(x),xN_l]h

But taking into account that m + N(k — 1) = n— N, the above expression becomes

0 [Pn(x); 1] [pn(x),xN*I}h
_1 : :
dé‘ 0 Pane1 (0, n o [Paongr (),58 1,
[ pn-n@)x"h  duy  [ppn @), 1 - [paen(x), V1,
Thus
* myk Nd;:+l mypk—1 d;;+1 2
PR = (=YL [y (2 g = (DY [ 2 ()do
Case 2. If n < N, then we have
[Pn (), X" [Pa(¥), 100 [pa(x), 2"
P b= : :
" po), X" [pox), s [pox), X"y
Thus
~biif n s odd,
P =]
lenil, if n is even.

As a summary, we can state

Proposition 3.9. Let (-,-)o be a positive definite bilinear form. Then [-,-], is a positive definite
bilinear form if only if
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54 Multiple Geronimus transformations

d*
(—1)N Zt' >0, for n>N,
d .
- >0, for n <N, withn even,
d: .
et <0, for n<N, withn odd.

3.2.2 Matrix representation of the extended Geronimus transformation

Let assume that [-, -], is a positive definite bilinear form. We define the following symmetric matrix

J'= ([h(x)pv;ﬂ;(x)vpv;ﬂn (x)]h)::m:o ’
where the corresponding orthonormal polynomials (p(x)),en are

hl* n®), () = [pa(x), Py(0)]ns >0,

In the standard Geronimus transformation (i.e. 4(x) = x) there are two important facts concerning
matrix factorizations [48, 148]

prx) =

i) J* can be decomposed as J* = CC" with C a lower triangular matrix (Cholesky factoriza-
tion).

ii) If p,(0) # 0 forn =0,1,- -, then there exist U, an upper triangular matrix, and L, a lower
triangular matrix, such that

Joon=UL and J:

mon

=LU.

Is it possible to extend these two results to the generalized Geronimus transformations analyzed
in the previous sections?. From (3.8) we know that the polynomials p}(x) can be written in terms
of the monic orthogonal polynomials with respect to (-,-)o. From this we get

(pnvpm) _A ZAm ,pmpm 1)0+An ]ZAm zpn 1s Pm— t) +---
i=0 i=0

A[ﬂ]JZA[m (Pnejs Pmi)o+ -~ +A ZAm {(Pn—n, Pm—i)o
i=0

d ALandd]kAn+d _kras it m=n+d, 0<d<N,
= (3.14)

YV A Al i m=n—d,0<d <N,
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55

where A,[{k] =1 and A[k] = 0 if m < 0. Notice that the above values are zero for |n —m| > N, and,

therefore, J* is a 2N + 1 diagonal matrix.

Proposition 3.10. Let us assume that (-,-)o and [-,-], are positive definite bilinear forms and
let us denote by (pn(x))nen and (p}i(x))nen, respectively, the corresponding sequences of monic

orthogonal polynomials . Then the matrix J* can be written as

J=cc’,

where C is a lower triangular matrix with positive diagonal entries,

[ ho
i
AO ho h]
I I
Adh AP gy
co|m TEmR
hN-H h;/-%—] hN-H

Taking into account the definition of [-,-],, we have [hp}(x), pi (x)]n = (pi(x), ph(x))o.

(3.14)

(Pn(x); P(x))o =

From the shape of the matrix, this can be written as

55

LA

h Ay} AR} 403
1 1 3 12 N 2
A} ZIkV:O(A[llkyh%—k ):{c":OAleA\[ lkhg—k ZQI:N—IAI[VlkAEV]—khIZV—k
2 2 [ 2
aghg o Ag Al g s,
N i N
A([) ]hg ZiV:N—lAI[VlkAl[V]—kh%V—k Z;(V:O(Al[vlk)zh]zv—k
L o A[1N+l]h%

N+ 4N o
N+lkaN+lfkhN+l —k

From

0
A[1N+l]]’l%
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] ] ho A([)l]ho A([)z}ho 0
ho hy A[lz]hl A[lNH]hl
N .
AZny APny m ha
0 A[1N+1]h] A[N+1]hN Iy A%\/H]hN
. hn 11
If
o -
AR h
1 0 o o 1
" APny  APny
cC=|0 x : : ,
1 .
o AN A[thN I

then we get the desired result. Note that
(Byen)® = [Paw (0, Pen ()] = [hpii( )s Pan ()]

+N]
= (PZ(X):PZJrN Jo= Z ALnJrN n+N khn+N k

ALrH—N] hﬁ
Hence the diagonal entries of C can be given in terms of the coefficients ALk] as follows
hn+N _ hn+N
h;:-‘rN AL’H’N} hn
In addition, if m < N, then
2 m [m]
(7)™ = [P (%) P ZAk (%), Y, AP ()]
j=0
YW
m m
= ¥ ¥ AL AL 0, 0l
k=0 j=0

From the above relation we can see that (%},)? is a combination of the free parameters given in the
matrix (3.4). [ ]
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Let L., be the matrix associated with the recurrence formula given in (3.8)

1
Al
AR AR
Lmon: : e e
A AN A
0o ANV Ay

It is clear that the relation (3.8) reads as p* = Lyuonp, Where p* = (p(x), pi(x),---)" and p =
(po(x), p1(x),---) . It is also straightforward to show that L,,,, is a nonsingular matrix. On the
other hand,

[1(x) Pn(x), P ()] = (P (), Py (X))o = O, for m=0,---,n—1.

Then we can write

N+n
h(x)pn(x) = Y Bl[-NJr"] pi(x), where BN 2 0.

Thus we can associate with the above relation the following nonsingular matrix

'Bgv] B[IN] cee BK/VL 1 T
BENH} e B%lel] Bl[flv“] 1
Usion = . . .
n+N n+N n+N
By B;[1+N12 BLHVL 1

Here h(x)p = Uponp™, where p and p* are the vectors defined as above. Finally, we can state the
following

Proposition 3.11. [fh(x) = YN_, b,,x™, then

N
h (Jmon) - Z bmJ;’ggn = Umoanz)m (315)
m=0
as well as

Imon = LinonUnon- (3.16)
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58 Multiple Geronimus transformations

Proof. Taking into account
h(x)p = Um0np>’< = Umoanonpv

from

xmp = Jm(mxm_lp = Jmonp

we get
p_bemp—Zb ImonP = 1 (Jmon) P-

From here, and since U,,,, and L,,,, are nonsingular, (3.15) holds. To prove (3.16), let us notice
that

h(x)p* = Lmonh(x)p = LmonUmonp*a

and, since

h(x)p™ = JponP"
then (3.16) follows. Notice that we have used the fact that U,,,, and L,,,, are both nonsingular

matrices.
]

3.3 Discrete Sobolev inner products as multiple Geronimus transfor-
mations

In this section we summarize all the previous findings together with the results of [64] and present
some results as a completion of the chapter.

Consider the discrete Sobolev inner product

§) = [ fx)g)du +Zz'>~uf )

i=1j=0

where f, g are polynomials and A; ; are real numbers. We also assume that the inner product (-, -)
is symmetric i.e. (f,g) = (g, f). Then the following result holds.

Proposition 3.12. The discrete Sobolev inner product (-, -) is a multiple Geronimus transformation
of a bilinear form generated by the measure dug(x) = h(x)du(x), where

M

h(x) = H(x fx,-)M"H,

i=1
that is

<f7g> = [f?g]h

58
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Proof. This statement is a straightforward consequence of Proposition 3.2 and Example 2.11. =

This result, together with Proposition 3.11, gives us an understanding of the structure of the band
matrices associated with the recurrence relations generated by Sobolev orthogonal polynomials.

Proposition 3.13. Let us consider a discrete Sobolev inner product (-,-). Then the band matrix
Jron generated by the recurrence relations for the corresponding orthogonal polynomials can be
obtained as follows

h(-]m()n) = UnonLmon — J, :;wn = LinonUnmon, (3.17)

where Jyon is the monic Jacobi matrix associated with duy.

Let p(x) = Y/ ZQ]:_OI ax,jx*h/(x) be a polynomial of degree nN +m, 0 < m < N, where we as-
sume ay,, = 0if k > m. For 0 <k < N — 1, let us consider the linear operator Ry j(-) introduced in
Chapter 3 (see Definition 2.9).

Using the previous notation, Proposition 3.13 can be read as a result for matrix orthogonal poly-
nomials due to [64]. Indeed, the matrix /(J;,,) generates matrix polynomials

Roh(pan)(x) .. Rn—14(pan)(x)
Ry p(pun+1)(x) coo Ry a(panvg1) (x)
P, (x) = . .
Ry_1h(Pavan—1)(x) ... Rn—1h(Pansn—1)(xX)

which are orthogonal with respect to the matrix of measures dMo(h~"), where

[ dpo(x)  xdpo(x) ... xMldpo(x)]

xdpo(x)  x*duo(x) ... MNduo(x)

dMo(x) = | Xduo(x)  Pdpo(x) ... XN lduo(x)
Y 7162,“0()6) N dl.io(x) XZNfzéllJo(x)_

and (p,(x))nen is the sequence of polynomials orthogonal with respect to dug. At the same time,
the matrix J;,,,, corresponds to Sobolev orthogonal polynomials which, in turn, can be considered

as matrix orthogonal polynomials with respect to the matrix of measures (see Example 2.11)
du(x)  xdu(x) ... XN du(x)
xdu(x)  xX*du(x) ... *Ndu(x)
dM(h™")+ L8y, where dM(x)= | 2dulx) Fdu(x) .. »N*'du(x) (3.18)
e ”iiy(X) o d;vl(X) o 2N ’szu(X)

and L is the matrix
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where L(i, j) is the N x N matrix

LN . . K k—j  (N=1)! N—1—j
L(i,j)= o [0..0 jt s .
k=i

(N-1)! N—1-j
L =1

In other words, according to (3.17), the matrix of measures (3.18) is actually a simple matrix
Geronimus transformation of the matrix of measures dMj. Thus, a multiple Geronimus transfor-
mation yields a simple Geronimus transformation for matrices of measures.

3.14 Example . If in Example 3.7 we take N = 2 and duy = x*"2e~*dx, then the bilinear form
B(-,-), satisfying B(x*f,g) = B(f,gx*) =[5 f(x)g(x)x*"2e~*dx has the following explicit form

B(f.g) = | fxglonte "+ Cof (0)(0) +Cif M (0)g 0).

Using the results of Example 2.12, we get that the sequence of matrix polynomials ( L,,(x))nen with
Lu(x) = [ Rio(T5,)0)  Rua(I5,2)(0) ]

Rio(LS,112) (%) Rua(LS,12)(%)

is orthonormal with respect to the matrix inner product

(P).000) = [P [xll/z xl/z] 00 e "2 dx + P(0) {%0 Col] 0(0)".

Thus, a multiple Geronimus transformation of a Laguerre measure yields to a simple Matrix

X

. . . 127 _,1/2
Geronimus transformation of the "Laguerre” matrix of measures [ 11/2 * }e X2,
X X

3.4 An extension of the Geronimus transformation for orthogonal
matrix polynomial on the real line

Subsection 3.3 illustrates a close relation between the multiple Geronimus transformation and
a simple matrix Geronimus transformation. This allows to ask how a Matrix Geronimus trans-
formation acts on a positive definite matrix of measures O = (u; j)ff j_:lo, i.e., given a monic ma-
trix polynomial W(x) and a sesquilinear form (-,-);, defined from a matrix of measures ¥ as
(f(x)W(x),g(x)W (x))y = [ fdOg', what is the relation between the sequences of orthogonal
polynomials with respect to (-, )y, and d0?. Notice that this problem is more difficult than in the
scalar case because we do not assume that ( f(x)W (x),g(x))y, = (f(x),g(x)W(x))y, . besides of the
fact, that the product of matrix polynomials is noncommutative. Observe that we can also study the
sesquilinear forms defined as (f(x),g(x)W (x))y, = [ fddg" and (f(x)W (x),g(x))y = [ fdOg".
They will be studied in Chapter 5 but from the point of view of distributional sesquilinear forms
(see Definition 1.48).
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3.4.1 Geronimus transformation for orthogonal matrix polynomials on the real line

Let O = (u; J)f j—:10 be a positive definite matrix of measures supported on I C R, and let us intro-
duce the following sesquilinear form

(P(x),0(x)), = /SP(x)dﬁQT(x), P(x),0Q(x) € CP*P[x]. (3.19)

Let M be the matrix of moments associated with (-,-),. Since ¥ is a positive definite matrix of
measures, then M is a positive definite matrix. This means that M has a Cholesky block factoriza-
tion M = ST'HS™T, where S a lower triangular block matrix with I, in its main diagonal and H
is a block diagonal matrix. The sequence of matrix monic orthogonal polynomials with respect to
(3.19) is given by P = Sy(x) where P = [Py(x)", Py (x)T,---] .

Let W(x) be a matrix monic polynomial of degree N with Np zeros outside the interior of the
convex hull of J, the support of the matrix of measures d. Let By be the set By := {x'W™ :
i=0,...,N—1,m> 0}. Since deg(x'W™) = i+ Nm, if we denote by ry,;(x) = x¥'W™(x), with
m>0and 0 < <N —1, then (r,(x)),en is another ordered basis of monic polynomials of the left
module CP*P[x], deg(r,(x)) = n. Thus, if Mg is the matrix of moments associated with this new
basis, i.e. (Mg);; =: ;= (ri(x),rj(x)), and (Mg), is its (n — 1)-th block truncation, then from
the uniqueness of (P,(x))en it is easy to see that

ro(x)
Po(x) =ru(x) = [0 tn1 - Han—1] (Mg)," n@ : (3.20)

Fn—1(x)

In the same way, the kernel matrix polynomial has a representation in terms of the moments
associated with the basis (r,(x)),en as follows

Kaley) = [ o o] M)l | | (3.21)

Now, we define a sesquilinear form (f, g)y, on C”*?[x] such that

(ROOW (x), Q(0)W (x))yy = / R(x)dDO(x). (3.22)

Notice that (-,-)y, is not completely defined by (3.22). Indeed, if i ; are the moments associated
with (-,-)y, with respect to the basis By, i.e. [Ntk N1k = <ka’"(x),xleml (x)>W, then for
0 < k,kK' <N — 1, the moments fi y,+r and UNm-k e (that is, the first N rows and columns on the
matrix of moments) can be chosen arbitrarily. However, we require that iy, x :[1};,7 Ntk in order
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62 Multiple Geronimus transformations

that (-, ), will be hermitian. If (-,-), is a quasi-definite sesquilinear form and we denote by My
and Mz the block moment matrices associated with 4 and (-, )W respectively, using this basis,
then Mg and M are related as follows

H00 Mol MO2 - Hoo ee KON
Y MO0 M1 M1 .. " : : :
B= | o M1 W22 ’ B ,lle,L() ... ,lle,LN,]

Mg

On the other hand, the matrix of moments M associated with (-,-);,, computed in terms of the
canonical basis (x"1,),en has a block Cholesky factorization M = S~'HS~T with § a lower trian-
gular block matrix with /, in its main diagonal and H a block diagonal matrix. The block matrices
M and M are related as follows

M = (x(x),x(x));, = (XOW (x), 2 ()W () = W (A) G (x), 200 W (A)T = W (A)MW (A)".
For the existence of the sequence of monic matrix orthogonal polynomials (B, (x)),cy with respect
to (-,-)y, we need that the matrices (M), must be nonsingular for every n € N. Indeed, if we
consider the quasi-determinant

fon o o HoNin

M E,
(M) " with E, = ; : ,

E;I (Mﬂ?)n

|(M5)N-n| =: ©.

NN o AN N1

then using the determinant formula det((Mg)y4,) = det((Mg)y)det(|(M3)n+n|) We conclude
that the sequence of polynomials (P,(x)),cny Will exist if the matrices (Mg)i, k=1,...,N, and
|(M3)n-+n|, n € N, are nonsingular. Observe that for n = N(I — 1) +s, with s =0,...,N — 1, and
[ > 1 we have

((Mg)ninl = O | AT [ (Mg)yn | G | (3.23)
B} C! D,
where
oy -+ foa-1 [ fon o fopsn—1 ]
A, = : , Ba=1 : )
ON-1N o ON-1pa-1 AN-1n  ON-1n+N-1]
Hon—N s HO,n—1 _,Uan,an s ‘uan,nfl_
C= : : , Dy=
Mp-N—-1p-N **° Hp-N—1p-1 L Un—1n-N " Hp1pa-1]
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With this in mind, we get the following proposition.

Proposition 3.15. For { > 1and 0 <s <N —1,

((Mg)ness) = (Mg)n + Es(Msg), 'E] - (3.24)
_ + -1 i i
=1 Cnjts (Mﬂ)N(j—1)+s Cnjts (MQ)N(j71)+s AI’Vj-&-s <MQ;)N(]'_1)+S
Moreover,
T dn,O dn,nfl
o v -e @ ]:: ' al

A M _ n B)n—N

n (Mg)uy dpyn-10 - dpyN—1N-1
where

i = (Pa@IW @)+ | (i 0). Kjy (53) = Ky (63)) | W),

forn—=N<m<n—1,0<k<N—1, and

hn—N,n—N t hn—N,n—l
0 S I .
G (Mg)un ’
" " hnfl,an T hnfl,nfl

where

= (Pul0) + [ {rn0),K 1 (63) = K]y () | o))

forn—N<mk<n—1.

Proof. Letn > N. From (3.23)

. (MQ)N Bn An
|(Mp)ninl =0+ | "B | D,| C
AT Cn (M$>n—N

Since B, and D, are square matrices, then using Sylvester’s theorem (see (1.6)), we get

(Mp)nin| =
1
. T T
(41, —O. SO A A TR B Y <
C, (Mg)n Ch (Mg)n-n Al (Mg)n-n
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Thus, (3.24) follows in a recursive way. On the other hand, forn —N <m <n—1and 0 <k <
n—1,

0N k
dm+N,k = pm+N,k - (/Jm,O, Tt num,anfl) [(MfB)an]_]
:zlnfl,k
and using (3.20) and (3.21) we get
fimsvie = ([ Pu0)+ (rn0). K5y (609) [ WE@n@)
JUNRS
(1m0 bt (Mo | | = ([0 K () = K1 (63)) | W)
vnfl,k
In the same way, forn — N <m,k<n-—1,
MOk
hm,k = MUmk — (,Um,Oa tre 7.um,n—N—1) [(Mﬂ)n—N]71 y
n—N—1k
and thus we get the result. [ |

Recall that since By is a basis of the left module CP*?[x], every matrix polynomial f(x) of degree
n = sN + j can be written as

N—1 s

=Y Y am'wmx), (3.25)

=0 m=0
where a;,, =0, if m = s and [ > j. Let x; be a zero of W (x) with multiplicity o, k =1,--- ,q.

If {r% ey rglzl} is a basis of Ker(W (x;)) with dimension s;, then there exists a canonical Jordan
chain

with Zj.": | Kg.i) = o; and the corresponding right root polynomials ry) (x). With this in mind, and

from Definition 1.35, Proposition 1.33, and the representation (3.25), we obtain

@
Jr(xi) = aooJy, (xi) + - +an—1,09p -1 (xi) = [ao0---an-10] |
Q)
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As a consequence,
Jr=laop--an-10]Q,
and since Q is a nonsingular matrix (see Lemma 1.40), then
]fQ,il = [a00---an—1,)-
On the other hand, let f!'!(x) be the matrix polynomial defined by

f[]]( ( Zalo)() ] x).

In a similar way, we define recursively the following sequence of matrix polynomials (! (x))s 2

s N—1

fl (x) = (f[k 1] Zalk ]x> Z Zazmem K(x).

m=k l=

Proceeding as above, for the sequence of matrix polynomials (/¥ (x));_, we get

Jf[k] Qil = [ao,k a1 ) (3.26)
We are now ready to obtain an explicit representation for (-, )y, .

Proposition 3.16. Let d be a positive definite matrix of measures such that W (x)ddW (x)" = d®o.
Let f = Zé\’: _01 Y _oarmX!W"(x) and g = Z?’;& Yoo algm/xl,W’", (x) be arbitrary matrix polyno-
mials. Then (-,-)y, can be represented as follows

Qnmo QNmn-1
(f& W—/fdﬁg +ZJ Q‘( : >Q‘U;

Qv 1vm0 = QN1 NmN—1

r Qonm - QoN_14Nm Qoo -~ Qon-i .
+Z]fQ1<V ; )Q*ngwal( : )Q*yg',

m=1 QN_1Nm  QN_IN-1+Nm Qy_10 - N-1N-1

where r = max{s,s'}, and
o o gy o < [ a ¥
Qisniiing = <x’Wf(x),x’ Wi (x)>W - / AW (x)dd (x’ Wi (x)) : (3.27)

i.e., the difference between the moments associated with the bilinear form (-,-)y, and the moments
associated with d0.

Remark 3.17. Form =0,...,r, the matrices

éNm‘O QNWL,N—I QO,Nm QO,NWH»N—] QQ() QO‘N—I
: : : , and s
QN—1+Nm.,() QN—IJer,N—l QN—I,Nm éN—l,NerN—l QN—I,O QN—I,N—l
depend on the the moments [ty Ny -+ and fnmk i, which can be arbitrarily chosen for 0 < k, K<
N-—1.
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Proof. Let us write

N—1 s N-1 & N—-1 s
<f,g)W:<Z Za,me’” Z Zbl/ X wm ()> +<Z Zaz,anm Zb1/0x>
w

[=0 m=1 I'=0m'=1 =0 m=1

w

N-1 N—1 &

+ < Z al,oxl, Z Z ayym/xl/Wml (x)> < Z aiox Wm Z by ox >
5 s N1 s _/N-1 AN
= / fadgt+ < Y Z armx' W™ (x Z by px > - / Y Y anx W (x)dd (Z b1r70x1>
=0 m=1 W 1=0 m=1 I'=0

N-1 N1 ¢ .y N_1 5 s i
+ < Z al’oxl, Z Z by’mfxl wn (x)> f/ Z ahoxldﬁ (Z Z by A ))

=0 I'=0m'=1 W =0 0m'=1

N—1 N—1 , N—1 . N—1 , T
+ Z al,olem (X), Z bl’.,()xl _/ Z dl70xldﬁ Z bl/7oxl .
= w =0 I'=0

Defining SVZ,-+NJ~,Z~/+NJ~/ as in (3.27), we get

N—1N—-1 s

* T
Z Z Z al7le+Nm,l/bl/70:
=0 =0 m=1
:
bo
_ [yN-1 x N—1 x
= [21:0 Zsmzlal,mQI+Nm,0 21:0 Z%:] al,leJer,Nfl]
+
by_190
o) o) by
; Nm,0 Nm,N~—1 0,0
= Z [aO,m aNflm] [ao,m aNfl,m]
=1 M v
QN_14+Nm,0 QN_1+NmN-1 bl 0
v v T
) QNmo -+ QNmN—1 by
= Z [aO,m aN—],m] : :
m=1 v v
QN 14 Nm0 QN 14NmN-1 bj\,_170
Similarly,
N—IN-1 s
Z Y Y a0 +1'bl/
=0 1=0 m'=1
y y +
s Q'O,Nm’ te QO,Nm’+N—1 bo,m’
=Y [ao - an-10] : . )
m=1 v v
Qn_tNm N—1 N +N-1 bj\,,hm,
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and taking into account the previous equations and (3.26), the result follows. The limit on the
sums can be taken as r = max{s,s’} since the additional terms vanish. [

Corollary 3.18. If W (x) = (xI, —A), then

= [ rasg’+ X1 flsa)y
#1580 s+ P00l

Proof. Given a polynomial f(x) of degree s, it can be written as Y5, _qam(xI, —A)™, where a,, €
CP*P 0 < m < s. Notice that since W (x) = (xI,, —A), then from (3.26) we get a,, = Jpim) Q' On
the other hand, it is clear that a,,, = % fU"™(A). The above yields the result. Observe the connection
between the Jordan chain and the evaluation of a polynomial at a matrix. [ |

3.5 Connection formulas

Let (B,(x))nex be the sequence of monic orthogonal matrix polynomials with respect to (-, -}y
Using the basis By we can write B, y(x) as

n+N Z Z [n+N le (x).

m>0 [=

Let M3 and M3 be the moment matrices with respect (-,-), and (-, -)y,, respectively, computed in
terms of the basis By . Denoting ry,+/(x) =: X W™(x), 0 <1 < N — 1, and using the same idea as
in (3.20), we have

ro(x)
y 5 5 5 - ri(x)
P (X) = v (x) = [fnano  Bneng o nenNena1] (M), 0y
FneN—1(x)
Furthermore, we have
(L) i fon -+ - JoNta—1
M _ 5N n h P
( 3)n+N |: Er-}l- (Mﬁ)n:|’ where n ) )
N-1N “** *** UN—1N+n—1

With this in mind and using the inverse formula for 2 x 2 block matrices obtained from the Schur
complement (see [83]), we obtain

jp”*”:<[ﬂ"+N’° o ] =lo o et] (Ms), 1ET> (W) En(Ma); B @
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68 Multiple Geronimus transformations

As consequence,

I Q7 = [(Pa) Ty - (Pa(0),x¥ ) ] [(Mg) |~

where |(M3),.n| was defined in (3.23). Let €, nx =: ((P.@),),, -~ (P50 )| (Mp)nin| "
Therefore, we can establish the following connection formula.

Proposition 3.19. Assuming that (-,-)y, is a quasi-definite sesquilinear form, the following con-
nection formula holds

IP
Fuin(x) = Pu(x)W (x) +€ns X | PwWE |
XNillp k=0 EN—].,k

where
Evi= (X1, PW (@) P

Proof. Let Bin(x) = Lus0 X0 LN W™ (x) be the matrix orthogonal polynomial of degree

lm

N +n with respect to (-, )y, given in terms of the basis B,,. Since (P,(x)W (x))en is a basis of the
left module CP*P[x]W (x), then there exist matrices (Yu);{_y such that

n—1
Fin(x Z (W () + ) Yk Pr(x)W ().

= k=0

Since fork=1,...,n—1, we have

< o (x Z d}”o“v] / > — Z e < (x)W(x)>W, (3.28)
w

as well as,

Yok = — Z o™ (Fp POW )P = Z M, .. (3.29)

From (3.28) and (3.29)

n—1
Poin(x) = x)+ Z g (ﬁz,, -y E,,kpk(x)W(x)> : (3.30)
k=0
and since Jp Q= d([)"g il d[{f:{N b Zzl[:,‘f]lv}o] we get the result. [ |
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Proposition 3.20. The sequences (P,(x))nen and (B, (x))nen satisfy the following inverse connec-
tion formula

PW (x) = MP, (3.31)

where P = [P} (x), P (x),...]" and M is a block lower Hessenberg matrix with block entries

I, if k=n+N,
Bue =9 (POW . B dgd ) IAIGE i 0<k<(N—1)+n,
0p, otherwise.

Proof. Since (B, (x))nen is a basis of the left module CP*?[x], then there exist matrices (Bnk)z;rf)v -1

such that
n+N-—1

Pn(x)W(x) Pn+N ‘|‘ Z BnkPk

N—-1
Prse = <Pn(X)W(X)7 )y dﬁ)xl> 1Pl
=0 w

On the other hand, if £ > N, using (3.30) we get

1 ~N—1
<P,,W(x),15k(x)>w = <P,,W(x),Pk_N(x)W(x) +1:]2%) avyco (x I,— Z E; P )) >
= W

If Kk < N, then

N—1 k—N—1 K+
=Y <<P,,W(x),xllp> - ) <PnW(x)7Pi(x)W(x)>WE[T,i> ‘VZE,(])
=0 v

i=0
N—1 .
—(PW(), ¥ ) .
=0 w

The above implies that for k=0,... N+n—1,

N—1
Bk = <Pn<x)W<x>, y dE’féx’> 1Bl
w

Remark 3.21. The matrices €, n, Eix, and B, i appearing in Propositions 3.19 and 3.20, which
depend on the sesquilinear form (-,-)y,, can be obtained using only "non-perturbed" data accord-
ing to Proposition 3.15.

Since (-,-)y, is a sesquilinear form that not necessarily satisfies (xP,Q),, = (P,xQ)y, for every
P,Q € CP*P[x], then the semi-infinite block matrix J associated with the multiplication operator
by x with respect to the sequence of polynomials (B, (x)),e (i.e., Px = JP) is a block Hessenberg
matrix.
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70 Multiple Geronimus transformations

Proposition 3.22. Let W (x) = le\]:o cjx!, c; € CP*P IfJ and J are the block Jacobi and block Hes-
senberg matrices associated with the sequences of monic matrix orthogonal polynomials (P,(x))nen,
(B(x))nen, respectively, then

Ws(J) = ML, We(J)=LM,

where Ws(x) = y:O(SBj)Sflxj, Ws(x) = /]\-’ZO(SV'B]‘)S'*IXJ‘ (see Remark 1.7) and L is the lower
triangular block matrix with I, as diagonal entries and such that P=LP.

Proof. From the hypothesis and (3.31), we get PW (x) = (ML)P and PW (x) = (LM )P. On the
other hand, taking into account P = Sy (x) and the properties of the shift matrix, we have

N
PW (x) = ZO ((Scj)s™ ") Px/
4/; .
=Y ((Se)s ™) uPxit ==Y ((Sc;)s 1) /P
j=0 j=0
= Ws(J)P.

Thus (Ws(J) — M L)P = 0 where 0 is the semi-infinite matrix of zeros. Since J has Jacobi block
structure, then it is easy to see that both Wy (J) and M L are block Hessenberg matrices with shape

N+n
* * I,
* * * I,

Since (P,(x))nen is a basis of the left module CP*P[x] we conclude that Ws(J) — ML = 0. The
other equation can be obtained in a similar way. [ |
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Chapter 4

Christoffel transformations for matrix

bi-orthogonal polynomials on the real
line and the non-Abelian 2D Toda
lattice hierarchy

In this Chapter, we focus our attention on the study of Christoffel transformations for matrix linear
functionals. More precisely, given a matrix of linear functionals « and a matrix polynomial W (x)
we will deal with the matrix of linear functionals # defined as

ia=W(x)u.

We will first focus our attention on the existence of matrix bi-orthogonal polynomials with re-
spect to the sesquilinear form (-, ), defined from 7, making some assumptions about the matrix
polynomial W. Once this is done, the next step will be to find an explicit representation of such
bi-orthogonal polynomials in terms of the matrix bi-orthogonal polynomials with respect to the
matrix of linear functionals u.

4.1 Connection formulas for Darboux transformations of Christoffel
type

Given a monic matrix polynomial W (x) € CP*P[x| of degree N with different zeros xi,...,x,, we
consider a new matrix of linear functionals # such that

u— i(x) :==W(x)u
and the corresponding perturbed sesquilinear form
<P()C),Q(X)>ﬁ = <P(X)W(x)a Q(x)>u'
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72 Christoffel transformations for MBOPRL and Toda lattice

Recall that the moment block matrix associated with the matrix linear functional u is given by
M = (x(x),x(x)), (see Remark 1.7). In the same way the moment block matrix

M =: ((x), (%)) = (X)W (x), (%)), (4.1)
is introduced. Let us assume that the perturbed moment matrix has a Gaussian factorization
M =8§7 A8y,

where S, S, are lower unitriangular block matrices and H is a diagonal block matrix

, 0 0 .. (o 0 0 -]
o | Gdio L, 0 1o A& o
Si= 1|, 4 A . , H = , i=1,2
S0 (S I, 0 0 i

Then, we have the corresponding perturbed bi-orthogonal matrix polynomials
ﬁ[l] ()C) = SiX('x)’ = 1725
with respect to the perturbed sesquilinear form (-, ) .

u

Remark 4.1. For monic matrix polynomial perturbations and perturbations with a matrix polyno-
mial with nonsingular leading coefficients the analysis of these problems are equivalent. Indeed, if
instead of a monic matrix polynomial we have a matrix polynomial W (x) = Ayx™ + - - -+ Aq with
a nonsingular leading coefficient, detAy # 0, W (x) = AyW (x), where W is monic. The moment

matrices are related by M = ANM and, moreover, §; = ANS; (AN)*l, H=ANH, S, = S,, and

13,£H (x) = ANP,P] (x)(Ay)~" as well as 13,?} (x) = 13,?} (x).

4.1.1 Connection formulas for bi-orthogonal polynomials
Proposition 4.2. The moment matrix M and the perturbed moment matrix M satisfy
M=W(A)M.
Proof. This is a direct consequence of (4.1). [ ]
Definition 4.3. Let us introduce the following semi-infinite matrices
ol :=$w(A)sit, o? = ($:8,1)7,
which we call resolvent or connection matrices.
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73

Proposition 4.4 (Connection formulas). Perturbed and non perturbed bi-orthogonal polynomials

satisfy the following linear connection formulas

Proposition 4.5. The following relations hold
Ao — ol

Proof. From Proposition 1.3, Proposition 4.2, and the Gauss-Borel factorization we get

A

9%

AS T =w(A)SHS,
so that
H(S:8 N =Siw(A)S'H

and the result follows.

From the above two results we easily get

(4.2)
4.3)

Proposition 4.6. The resolvent matrix ® is a band upper triangular block matrix with all block

superdiagonals above the N-th one equal to zero.

ol 1 1 1 -
Wy ol ok o 0
0 o o) Wiy Oy I, 0
ol = ] 1) mo
0 0 0, Wyy_ Oy Wy Ip

with
('01[61}{ = [:Ik(Hk)il .

Remark 4.7. Notice that (4.2) and (4.3) implies that

1) = ]
Fa (X)W(X) = Z O)n,kPk(x)a
k=n
o= Y (mea")pw.
k=max{n—N,0}

73
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74 Christoffel transformations for MBOPRL and Toda lattice

4.1.2 Connection formulas for the Christoffel-Darboux kernel

In order to relate the perturbed and non perturbed kernel matrix polynomials (see Definition 1.66)
let us introduce the following truncation of the connection matrix @.

Definition 4.8. We introduce the lower unitriangular matrix ®, y) € CNpxNp

0 0 0 0
0 0 0 0
] . , n<N,
(DO,n-H .o WoN-—1 Ip . 0
1 1
Oy = =0“)r[z,]n+1 e “)L,]nJrN—l Ip
, 0 0 0
!l n 0 0
n—N+2,n+1 p :
) n 2 N7
| ] h | }Ip ’
1 1
('On,n+1 T O‘)n,iH»Nfl Il’_

and the diagonal block matrix

A

[:In,N = diag(I:In_N+1 goes ,Hn).
Then, we can state

Theorem 4.9. The perturbed and original Christoffel-Darboux kernels are related by the follow-
ing connection formulas

Pr[zﬂl(x)
(n,N))_lw(n,N) = Kn(xay)W(x)a
Piin(x)

>

where, by convention, FA’J[Z] (x) = 0 whenever j < 0.
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Proof. Consider the truncation

1, Ogy; Oy 0 0 .. 0 ]
2 2

0 I, ... @, O, 0 .. 0

2
0 0 - I o,

(m[Z])[n+l] = b m,
0 0 L, o,
0 0 o I, |

A

Rewriting (4.3) as (PP(3))" = (P2/(3))T0, then (PP (3)}y1)) " (0)gui
holds for the n + 1-th truncations of P (y)) and PP(y). Therefore,

I
—~
—

T

)
—
N
~—~
N—
)
t
-

A

(2 0)p1) (@1 Hin 1) ™ P gty = (PP 0)inn) Hpr) ™ PV (%))
=K, (x,y).

Now, we consider (0)[2])[,, 1) ) ™! (Pl (x))jn+1) and from Proposition 4.5

(@) s 1) (Hip) ™' = Aper) ™ (@) oy

we deduce

(@) ) Hip1) T P ) a1y = Bper) ™ (0" o (P (6 g1

Observe also that

O(n—n)px
(O Pty = @0 — | 1 2|

with

Hence, recalling (4.2) we get

(@) iy (P )) o) = (P () oo W () — [O(MV)”X”] ,
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and, consequently,

(PP prrty) (0 et ()™ (P ()

= (P2 0)1) ) P9 ()~ (PO )|y 007

— Rae )W) = (PP 3)) i) (B! [O(%’f"] '

4.2 Monic matrix polynomial perturbations

In this section we study perturbations by a monic matrix polynomial W (x), which is equivalent
to the study of perturbations by a matrix polynomials with nonsingular leading coefficients as
we have pointed out above. Using the theory presented in Chapter 1, we are able to extend the
celebrated Christoffel formula to this context.

4.2.1 The Christoffel formula for matrix bi-orthogonal polynomials

pl1] (x) pl2]

We are now ready to show how the perturbed set of matrix bi-orthogonal polynomials (P (X)) nen
is related to the original set (P,[,l] (x),P,[,z] () )nen-

Proposition 4.10. Foreachi€ {1,...,q}, let ry) (x), j=1,...,s;, be the adapted root polynomials
of the monic matrix polynomial W (x) corresponding to the eigenvalue x; (see Definition 1.26).
Then

1] (i 1 i NG
[1}dl(P1£]”,5')) [1] dl(PlLlelrﬁ')) o dl(P,LlNrﬁ-)) 45
Ok ™ g +"'+°)k,k+N—1T =TT ad | 4.5)

X=X; X=X; X=X;
forl=0,... ,Ky) — 1. Moreover (see Definition 1.35)

- ij+N (xi) = O)I[cl,;c—kN—leHNq (xi) +ee Tt ml[cl,;cjpk (xi)‘ (4.6)

Proof. From (4.2) we get

1 1 1 1 All
OGP () 4 Ok Py () P () = B ()W ().

Now, according to Proposition 1.33 we have

dq R i Lo g plY W6 (x
S @werw =y ()| SR~ e
dx X=X; 5=0 \§ dx=* X=X; dx® X=X;

for/=0,... ,Ky) —1land j=1,...,s. (4.6) is an immediate consequence of (4.5). [
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Recall that 17, Kgi) =o;and Np=Y1 o, g=#5(W).

Theorem 4.11 (The Christoffel formula for matrix bi-orthogonal polynomials). The perturbed

set of matrix bi-orthogonal polynomials (ﬁ,ﬁ”(x),ﬁ,[f] (x))nen can be written as the following last
quasi-determinant

[ T TG | iy L
All] 5 : _ ; :
Fr (X)W(x)_G* j}[lllel(XI) jr[:llel(XQ) P’[’L]N*I(x) =6, ]p[l] Pr[lﬂN—l(x) ’
[1] nt+N—1 i
BT F NN N IR N
4.8)
) - ) -
Ty () e T, Ga) Ta,
BI ) () =, : : 0o [=0.| o | @9
T ) T ) Tl |1,
| Ik, (x1,y) o Ik, (xg0Y) 0 | L Ik, () | O |
Moreover, the new matrix squared norms are
Jnx) e Ty | T I |
n n. 0 .n 0
A, =0, : : S : e (4.10)
T, () e Ty ) g Téle | o
T o) T a0 o T [0

Proof. We assume that ij (x) = 0 whenever j < 0. To prove (4.8), notice that from (4.5) for the

rows of the connection matrix we get

—1

Tpmx) o T pn(xg)
Oy ] = = [Ty, ) T ()] 5
T, ) T ()
“4.11)
Now, using (4.2)
Pl
1 1 . 1
[Ohs s O] + P ) = Bl (ow (x),
P}EﬂNfl(x)
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and (4.8) follows immediately.
To deduce (4.9) for n > N notice that Theorem 4.9 together with (4.7) yields

T (xi)
n+1
I @3+ | (B )T o BN Fan) o |2 | =0
T it (%)
fori=1,---, q. If we arrange these equations in a matrix form
: ol 0 T,
[Tk 1Y) = Ti, ) ]+ (B2, 00T . (15,[,2]()1))#](H(n’N))il(D(mN) 5 : =0.

I () 9y (xg)

n+N n+N

Therefore, assuming that the above matrix is nonsingular , we get

(B2 ) e PR ) (Hiuw) ™ Oy = —[Irny) = I | : :

which, in particular, gives

I @) T ()

n+1
P 0)) () = [0 000) = I (o0

me. (1) = 9 () 0
n+N n+N I

Finally, (4.10) is a consequence of (4.4) and (4.11). [ ]

4.2.2 Degree one monic matrix polynomial perturbations

Let us illustrate the situation with the most simple case of a perturbation with a monic polynomial
matrix of degree one.

Proposition 4.12 (Degree one Christoffel formula). If W(x) = I,x — A and det P} (A) # 0 for
n € N, then the Christoffel formulas can be written as

Al1] B Pr[lu(A) P,[,”(x) A2 Ny 1 P,E” (A) 1
A =0 [Pﬁﬂl(fx) Pl () (PO =0 ) o
=P ) =P @) [P )] A (), — —K.(Ay) [P @)

For the perturbed matrix squared norms we have

. i
A,=e, [ by H"] — —p!

Pril(a) o @R @),
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Proof. According to (4.2) and Theorem 4.9

0unP )+ P (1) = B () (1px— 4), K(x,y) + (PP 0)) B P () = R, y) (Ipx — A).
(4.12)

On the other hand, using Lemma 1.37, we have that XJ —AX = 0. Thus for any matrix polynomial
R(x) = Y{_o Rixk its spectral jet vector with respect to W (x) is the p x p matrix

n n
Jr=Y RiJu =Y RAX =R(A)X.
k=0 k=0

In particular, (4.12) reads

INp) A —1 [l
WPl (X +PL (X =0, K (ANX+E) (7)Y (A)X =0,
and since that in this case X is a nonsingular matrix, the result follows. ]

Next, we will illustrate the Christoffel formula in the matrix orthogonal polynomial framework
in a simple situation. We will study what is the effect of the Christoffel transformation on a
positive Borel scalar measure d u(x), thus the perturbed matrix of measures is (Lx—A)du(x). The
perturbed monic orthogonal polynomials will be expressed, see Proposition 4.12,

Al ~1 -

20 = (2ot () = st () (pa(4)) ™' pa()) (=),
@) = K A) [P ()
where py(x), K,(x,y), are the scalar orthogonal polynomials and kernel polynomials associated
with the original real scalar positive Borel measure du(x), respectively. Observe that despite
starting with a set of orthogonal polynomials the perturbation generates a set of bi-orthogonal
matrix polynomials. As the original measure is scalar, if we ensure that A = A" is Hermitian, then
we will get B, (x) := P} (x) = p? (x), a new set of orthogonal matrix polynomials. However, this
will be a very trivial situation. Indeed,

Proposition 4.13. The matrix orthogonal polynomials (P,(x))nen with respect to the matrix of
measures (I,x —A)du(x), where A = AT is Hermitian and du is a positive Borel scalar measure,
are similar to diagonal matrix orthogonal polynomials.

Proof. Being A a Hermitian matrix it will always be unitarily diagonalizable, i.e.
A=0DQ',

where Q is an unitary matrix Q" = 0~! and D = diag(xi,...,x,), is a diagonal matrix that collects
the eigenvalues, not necessarily different, of A. At the end, the new orthogonal polynomials will
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be
Pus ()= "L p (x) 0
o (1)
0 Pn+1 (x)_ P;;:(lx;z Pn (X)
R xX—X
P,(x)=0
0 0

and the result follows.

Pn+1 ()C)

_ Pt ("'P)

pPn (Xp)

o,

Pn (x)

X—xp

(4.13)

Thus, we have a diagonal bunch of elementary Darboux transformations of the original scalar
orthogonal polynomials associated with the scalar measure d . This situation reappears even when
the matrix is not symmetric but diagonalizable, since the perturbed matrix orthogonal polynomials
will be similar to a similar bunch of elementary Darboux transformations of the original scalar

orthogonal polynomials.

[ a9 =20, 1) 0
X—x1
0 prt ()=l ()
Bl e
Pii(x)=0Q
0 0
MK (x,x1) 0 0 7
Pn(x1) o
0 K, (x,x2) 0
N . Pa(x2
2 () () = -0 o',
K (x,xp)
L 0 0 Pn(xpp) J

where Q does not need to be an orthogonal matrix.

Pn+1 (x)

(x
B pr;;(lxpf) Pn (x)

X—Xp

If the matrix is not diagonalizable and has nontrivial Jordan blocks the situation is different. Let

us explore this case when p = 2. Indeed, we consider

W(x)=hx—A,
with
X1 1 1
A=M M
0 x
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Now we have only one eigenvalue 6(A) = {x; }, with a Jordan chain of length 2. Thus, there is a
basis {vi,v2} of C2, (A —x1)v; = v, (A —x)v, =0, with v; = [v; | vi,z]T, i € {1,2}, such that

M — [vu V2,1:| '
Vig V22
Therefore,
pn+é (x)l) W(pnvanrl )le) 1 1
— Pn(X n DV
_ N — 1 xl)) M—l sz—A -1 :M X—X] (X7xl)2 M—]
prn(A)(pa(0) " =M o 7 AP
0 Prt1(x1) 0 s
pn<x1)
where
W (P, Pn1) () = Pu () Pry1 (%) = Pust (x) Py ()
is the Wronskian of two consecutive orthogonal polynomials. Hence,
Pt ()= () i ()= P2 ()= FERLY () (1)
Al =M x—xi () M, (4.14)
Put1 (%)= %Pn('x)
0 X—X] :
Ky (x,x1) Ka(xx1) s 1 9Ky(xy)
X N - xp) + —— o)
AR = —aa | p Tl PO BT b |y

0

pn(x1)

Observe that the polynomials

N pn+1(x1> (x)’

 Pur1(x1) (x) W (pn, Pni1)(x1)
Pn(xl)

Pt = ) () P

pn+1(x)

have a zero at x = x; with multiplicities 1 and 2, respectively.

4.2.3 Examples

4.14 Example . In [81] the authors define the notion of a classical pair {w(x),D}, where w(x)
is a symmetric matrix valued weight function and D is a second order linear ordinary differential
operator. In that paper a weight function is said to be classical if there exists a second order linear
ordinary differential operator D with matrix valued polynomial coefficients A;(z), degA; < j, of
the form D = Az(x)dd—;2 + Ay (x) & + Ag(x), such that (DP,Q) = (P,DQ) for every matrix valued
polynomial functions P(x) and Q(x). Then, the pair {w,D} is said to be a classical pair. In ex-
ample 5.1 in [81] the authors deal with a family of Jacobi type classical pairs that contains, up
to equivalence, all classical pairs of size two where w(x) = x*(1 — x)PF(x), with &, > —1 and
0 < x < 1, and such that F(x) is a matrix polynomial of degree one, and which are irreducible
(in the sense that they are not equivalent to a direct sum of classical pairs of size one). As we
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will show, they are a direct sum of orthogonal polynomials of size 1 generated by two degree one
Christoffel transformations of the scalar Jacobi polynomials with zeros at x = 0 and x = 1. Thus,
we are faced with two scalar monic Jacobi polynomials with each of the two parameters o and 3
shifted by one, respectively. In [141] an analysis of the reducibility of matrix weights is given.
In particular, in Example 2.4 the case oo = [ is analyzed. We must stress that, as was pointed in
[81], reducibility of the matrix of weights w(x) does not imply the reducibility of the classical pair
{w(x),D}. Indeed, despite that the matrix of weights in this example is reducible, the correspond-
ing second order linear differential operator is not.

The classical pair {w(x) = x*(1 —x)BF (x),D} is given by

0 — o 2
F(x) = Fix+ Fo, F = ;3 ] ) k= [1 1] ; with a = ;_E_—i_,

—a

and a second order matrix linear ordinary differential operator

2

d d
D:X(I—X)@‘i‘(X—XU)a‘FV

where U,V,X are constant matrices depending on a parameter u. The sequence of orthogonal

polynomials (15,5“75 ) (x))n ¢ associated with the classical pair is not given in [81]. Here an explicit

representation of AP (x) using Darboux transformations is deduced. Indeed, we consider that
we have an initial alternative Jacobi measure du(x) = x*(1 —x)PL, with o, > —1and 0 < x < 1,
which is perturbed by a matrix polynomial F of degree one . This matrix polynomial is not monic
but its leading coefficient is nonsingular and we can write

1| B+l B+l
F(x) = W (x), W(x) = hx—A, A= —F 'Fy=- ol e,
a
in terms of a degree one monic matrix polynomial W (x). The matrix A has two different eigenval-

B+1

-
T l} , as well as the matrix

ues 6(A) = {0,1} with corresponding eigenvectors [1,—1]" and [

M= [ 11 %} allows to write A = M diag(0,1)M~!.

Let us remember, as was noticed in Remark 4.1, that from the monic orthogonal polynomials
pRHY (x) with respect to W, we get

XIEOLB) (x) = F1P,SQ’B)7M (X)Ffl,
which are the monic orthogonal polynomials with respect to w(x). Since the matrix of measures

F(x)du(x) is symmetric, the bi-orthogonality collapses to orthogonality and the super-indexes [1]

and [2] can be omitted. We will do the same with pPH = pleB),
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Following [32, 33] we conclude that the set of monic matrix orthogonal polynomials (P,EQ’B) (%)) nen

with respect to du(x) is PP (x) = p{*? (x)I,! with the alternative Jacobi polynomials pi™" (x)

given by
) () = 1 i <n+oc) <"+B>xnk(x—1)k, where  Sy(cL.B) = <2n+[3+oc>‘

N Sa(a,B) = \n—k k n
On the other hand,
(a.B) 1 n+o (a.B) 1 n+p
n O == ) n 1 == 9
w0 =sa () =5\ s
so that
(a,B) (a.p)
Py (0) 7 Pui1 (1) :
e = (n+ 1+ o)py P, e = (n+ 1+ B)p*Y,
pn " (0) pn (1)
where
plB) . (n+B+o+l)
© (2n+Bta+2)2n+Bra+l1)
" (2n+P 2)(2n+P 1)
From (4.13) we conclude
() () (op)
Puii (x)f(n+l+oc)pn Pn (x)
A(B) .\ _ T 0 -1
B =M 0 P 1P | M
x—1

However, let us notice that these two Darboux transformations correspond to the following trans-
formations of the Jacobi measure

= 1)P s x(xx— 1B =xT (x— 1B, x*x—1)P = (x—1)x*(x—1)P) =x*(x —1)B+1,

i.e. the transformations correspond to the shifts o +— a+ 1 and  +— P+ 1, respectively. Conse-
quently,

(a+1,B)
P, x)=M M.
( ) [ 0 p,(la’BJrl)(x)]

- -1 1
M:=11p 1
1+a

'We must be careful at this point with the notation. This is not the scalar standard Jacobi polynomial usually denoted
by the same symbol. In fact, if P(%P)(z) denotes the standard Jacobi polynomials, then p(®*P)(x) = 3 (2(; 5 PP (2x —

For the matrix

1), notice the interchange between the parameters o = 3 and the linear transformation of the independent variable x.
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84 Christoffel transformations for MBOPRL and Toda lattice

we get F{M = —aM. We finally obtain the monic matrix orthogonal polynomials

(a+1,8)
A(cupB) - | Pn (x) 0
PP (xy=m

(x) 0 p((1~,l3+1)(x)

n

Mfl

for the matrix of measures W (x)du(x) in Example 5.1 of [81] which are explicitly expressed in
terms of scalar Jacobi polynomials as follows
'Xrga,ﬁ) (x) —_
L e+ 0p P o+ @+ Dp w1 e - )
200t B | @D 0 —p @) B DAY @)+ @t )pt T )

To conclude with this example let us mention that in [31] it was found that these matrix orthogonal
polynomials also satisfy a first order linear ordinary differential equation with matrix polynomials
as coefficients. From our point of view this is just a consequence of a remarkable fact regarding the
Darboux transformations pﬁf‘“*ﬁ ) (x), pﬂa’BH) (x) of the original alternative Jacobi polynomials.
Under the hypergeometric function description of the Jacobi polynomials one deduces recurrences
for the Jacobi polynomials. In particular, from the Gauss’ contiguous relations the first order

differential relations appear

d
(v )P0 = (oot 1 mpl )

(=0 4B+ 1) i) = (B 1 +mpl P (),

They can be re-casted as a matrix linear differential equation as follows

0 x—1)d [ a B+l PP () 0
x 0 |dx |oa+1 a 0 p,(f"ﬁ“) (x)

0 pSl(X,B+ 1) (x)

ai n+p+1
n+o+1 ar ’

where aj,a; € R. This equation is invariant under multiplication on the right and on the left hand
side by arbitrary diagonal matrices

AR s Pt b1 I

R 0 L o] a  n+B+1][n O
- 0 p(a’BH)(x) 0 bL||nd+ait1l a 0 rl|’

n
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After the similarity transformation, A — M~ AM | we find out that the orthogonal polynomial B,
satisfies

(A1) 4 40) (B) = (B) A,

dx
where
o+ 1 -8 & 11 at+l |cp—A Blc+a)
A = - d A = — + o+1
1) G+B+2<[5+ 6]x+ [—1 —ID’ T afB+2|C+A,  C_+4A |
a+1l [-8§ o_
n_OH—[3—i—2[8+ 6:|n+A07
with d = [;r, and
B+1 B+1\2
5:llr2+a+llzr1, 5_2—111‘24-(0(7_’_1) lzrl, 8+=lll’z—lzr1,

A= (B+1)<11V2+12r1>, A_ = —llrz(oH— 1)+12r1(B+1), A+ :llrz(B+1)—12F1((X+1),

B+1
C=—-lhrna1+bna, C_= a+111r1a1+12r2a2, C+:lll”1a1+(x+1

lzrzaz.

Ifwetake [y =L =—1,ri=r,=1,a; =B+ 1 and a = o+ 1, we get the first order ordinary
differential system in §4 of [31].

Remark 4.15. The discussion in this example, dealing with the Jacobi polynomials pﬁ,aﬂ’ﬁ) (x)

and pS,a’B D) (x) and the use of the Gauss’ contiguous relations, connects with the results in [94],

Remark 2.8., see also [92, 93].

4.16 Example . Here we analyze the Chebyshev case taken from [31], that gives an example of
a family of matrix orthogonal polynomials which satisfy a first order linear ordinary differential
equation. In §3 of [31] we find a set of monic orthogonal polynomials related to the measure
W (x)du(x), where

Wm:{iﬂ, du(x) = ——

We have a nonsingular leading coefficient [(1) (ﬂ such that

W (x) = [‘1) (1)] W (x), W(x) = Iox— [_01 ‘01] .

Following Remark 4.1 we shall analyze the Darboux transformations d u(x) — W (x)du(x).
Thus, using (4.13) we can write the perturbed monic matrix orthogonal polynomials as follows

_’n+l(’1)

tys1 (X)— 2 D t(x)
N . 0 I {1 1
_ x+1 T o
Pn(x) - Q 0 tn+l(x)_m;,r(11()l)tn(x> Q ) Q L \/E |:1 _1:| 9
x—1
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86 Christoffel transformations for MBOPRL and Toda lattice

where (#,(x)),en are the monic Chebyshev polynomials of first kind, i.e., #,(x) = 271 T;,(x) with
T, (x) the first kind Chebyshev polynomial of degree n. Therefore, recalling that 7,,(+1) = (+1)"
we get

t";;g;) ::F%, tn+1(x)—t”t:E§;)tn(x) = 2—1’1(T,,+1(x)iTn(x)).

Now, taking into account the mutual recurrence relation satisfied by Chebyshev polynomials of
the first and second kind, denoted these last ones by U, (x), as usual,

Tpi1(x) = xT,(x) — (1 — 22U, (x), T,(x) = Uy(x) —xU,— (x),
which implies T;,1 (x) = xU,(x) — U,—1 (x), we deduce

L1 (%) £ To(x) = (£ 1) (Un (%) F U1 ()

Consequently,
5y Lo |Un(x) = Un-1(x) 0 T IR
P"(x)an[ 0 Un(x)+Un_1(x)}Q ’ Q'\@L —1]

The matrix orthogonal polynomials associated with the original measure W (x)du(x) can be re-
covered from this by a similarity transformation with [? (1)} so that

"(X):zanE _11] {UH(X)_OUM(X) Un(x)+0Un_1(x>] {—11 H

1 [ Un(x) - nl(x):|‘

>

T Uy (x) Un(x)

Remark 4.17. The polynomials (U,(x) F U,—1(x))nen with U_i(x) = O, which are orthogonal

x=+1

with respect to the measures T are the well known Chebyshev polynomials of the third and

fourth kind, respectively.

Remark 4.18. The symmetric structure of the monic orthogonal polynomials can be encoded in

the equation
0 1|=x 0 1

As in the Jacobi case, the new two scalar families of orthogonal polynomials are related through

>

<(x:F 1)% + %) (Un(x) £ Un-1 (X)) = (n+ %)(UHOC) FU,— (X)) (4.15)
This follows from
(rF 1)U x) £ U, (x)) = (x:{:l);)c(W)
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:JH@$W@_DH@;E@

= (n+ 1)U,(x) — nU,—1(x) = Up(x) FUp—1(x).

Here we have used that 7, (x) = nU,_1 (x). The differential equation (4.15) can be written in matrix
form

<M1 xglm+[? aiD [UH(X) o Un(x)—l—OUn—l(X)]
— [Un(x) _OUn—l(X) . —|—0Un1(x):| [nj_lé n;ﬂv .16

where a;,a, € R are arbitrary constants. Notice that this matrix equation is invariant under multi-
plication on the right and on the left hand sides by arbitrary diagonal matrices L = diag(/;,/,) and
R = diag(ry,r),

O [(S3ry F Er
:[Un(X)_oUn_l(X) Un<x)+0Un1<x)] {l(; l(j [ma-; n:;] [rol roj

After the similarity transformation we find out that the orthogonal polynomial P, satisfies

(41 (x)% +40) Pa(x) = Bal) A,
where
Al(x):[:g+x+8‘ S_x:&r}’ A, = Ap=8i(n+3) A48 (n+3 7
~x+8; dyx—3- A_—8_(n+%) Ap+8i(n+3
and Ag = Ag with
oL =linthr, AL =lhira hra.

Equations (3.1) and (3.2) of §3 of [31] can be recovered choosing

1 1
(3:=4s=0, 3 =1, A-=—7) and (3-=4_=0, B.=-1, Ar=3).
respectively. However, they are all equivalent to (4.16), another form of writing (4.15). This last
equation (4.15) is a quite interesting one. Indeed, we have two families of Darboux transformed
orthogonal polynomials connected by two first order differential equations. Moreover, we con-
clude
(@=L e L DN 0w runw) = (1) 0w 0,00)
x—1)— X — 4= X 1(x))=(n+= X —1(x)).
d2 + dx 4 n FUn—1 ) n FUn—1
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88 Christoffel transformations for MBOPRL and Toda lattice

4.19 Example . Here we introduce a comment on the matrix Gegenbauer matrix valued polyno-

mials discussed in [94]. In this case the matrix of weights is a symmetric matrix, w —1,1] —
RN*N with matrix coefficients

w (] —2)VL2 V) ¢: -C(V) S

( (x))w . ( X ) Z 0(‘k (l,]) i+j72k(x)7 127,

k=max(0,i+j+1—N)

where (x,(v)(i, J) are real numbers and C,(ZV) (x) stands for the Gegenbauer or ultraspherical poly-
nomials. E. Koelink and P. Romdn kindly communicated us a nice feature of the matrix Christoffel
transformation discussed in this dissertation when acting on this family of monic orthogonal poly-
nomial: two families of Gegenbauer monic orthogonal polynomial associated with matrices of
weights W) (x) and W) (x), such that vi — v, = m € Z, are linked by a matrix Christoffel
transformation. Now, the perturbing polynomial W (x) has degW = 2m. These examples are, in
general, reducible to two irreducible blocks of sizes N /2, for N even, and (N+1)/2 and (N—1)/2
for odd N respectively. For a discussion on the orthogonal and non orthogonal reducibility of these
examples see [94, 95].

4.20 Example . Let (L%(x))nen be the sequence of monic Laguerre polynomials which are or-
thogonal with respect to the measure du = e *x*dx, o > —1, supported on (0,%) and K*(x,y)
the corresponding kernel polynomial of degree n with parameter . These polynomials satisfy the
following properties

Proposition 4.21. Let (L% (x))nen and (LE (x))nen be the monic Laguerre polynomials of parame-
ter . and B, respectively, and let (a)y = a(a+1)+...(a+k—1) witha € C, k> 1, and (a)o =1
be the Pochhammer symbol. Then, for n € N we have

i) LY(x) = YXi_o(=1)"* () (o — B)n_kL,E’ (x) (Connection formula).
i) (L)Y (0) = (—1)™ Rl
i) [y LY (x)L%(x)du = n!T'(n+ o+ 1), .
_ L@

iV) Lg+l (X) WO)O‘K’? (X, 0)

v) xL8H (x) = L%, (x) + (n+ o+ 1)L (x).
Vi) nLEH (3) = L3(3) — L8+ (x)

.. LOH~l Lo
Vi) K(xy) = vk () + S i)

Proof. We only prove vii), the other are well known in the literature (see [140]). Observe that

Lt (oLg(y) _ myLgt (oLt (v) — myL3 ()L () + (2 —y) L () L)
L5 )3 (x=MILLIE

88
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Using vi) we have
nyLy ™ ()Lt (v) = nyL ™ ()L (x) = yL ™ (x) LY (v) — yLi (v) L™ (x)
Thus

Ly Ly (y) _ xL ()L (y) —yLy ™ ()L (x)
L5 ()3 (x =L

YR (x,y)+
and using v) we get the result. [ |

1
If we take W (x) = xI, — [8 O]’ then using Proposition 4.21 and (4.14) we get that the sequences

of monic matrix bi-orthogonal polynomials (L, m (x), L 2 (x))nen with respect to the new matrix
measure djt = W (x)e *x%dx are

o1 () (@t yo n
Z,”a[]]( ) L,‘f“(x) L ( ) )(:H—l) Ln( ) Lg+l(x) _oc+1L2Lj12(x)
X) = =
L9+ (x) L (x)
L) (e ) )l () (e (oot DEE)
2,,?‘[2] (x)([:] ) 1 n!l(a+n+1)  (n—1)IT(a+1) xn!T(n+o+1) x(o+1) x(a+1)
n o LS,[HI)()C)
n!I'(o+n+1)

4.3 Singular leading coefficient matrix polynomial perturbations

After studying some examples that the literature provides us one may realize that, even thought it
is generic to assume the perturbing matrix polynomial W (x) to have a nonsingular leading coeffi-
cient, many examples have a singular matrix as its leading coefficient. This situation is a special
feature of the matrix case setting since in the scalar case, having a singular leading term would
mean that this coefficient is just zero (affecting, of course, to the degree of the polynomial). For
this reason, when dealing with this kind of matrix polynomials their degree should make no sense.
The effect that this fact has on our reasoning is that since deg[detW (x)] < Np the information en-
coded in the zeros (and the corresponding adapted polynomials) of detW (x) is no longer enough
to make the matrices of Theorem 4.11 of the needed size. Therefore, there will be no way to ex-
press the perturbed polynomials just in terms of the initial ones evaluated at the zeros of detW (x)
and the method to find a Christoffel type formula fails. However, the information that seems to be
missing in these cases may actually not be necessary due to the singular character of the leading
coefficient of the perturbing polynomial. Let us consider the following example to take a glimpse
of this scenario.
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90 Christoffel transformations for MBOPRL and Toda lattice

Let us pick up a scalar measure du(x) and its associated monic orthogonal polynomials (py(x))
together with their norms and three term recurrence relation

keN
hy
hdj =P, )y xXpr(x) = Jik—1Pk—1(X) + Tk kpr(X) + prey1(x),  Jegk—1 = e 0.
Now, consider its 2¢ x 2¢ matrix diagonal extension in R27>24[x]
Pi(x) := pr(x) Doy, Hj := Iy,
Our aim is to consider the following matrix polynomial (with singular leading coefficient)

I,+AATX* Ax
W(X) = |:q ATX Iq:| )

which is inspired by the ¢ = 1 case {”;;xz a } (see [58], and references therein). We will study

A e RT*Y,

the corresponding perturbations of our initial scalar measure i.e., di(x) := W (x)du(x) in order to
obtain the transformed matrix orthogonal polynomials

A

[®)rn Bz 5 0x210 (B - aXq
Atayi= |t G0 A € BH[3, (B € R,

([':Ik)l,l (Iilk)l.,z
(Hi)2,1 (Hi)2,2
We have splitted them in this way for computational purposes. Notice that since W (x) = W(x)"
we have M =M " := S~'H[S~']" and, therefore, P/ = P := P and A, = (H)".

Let us point out that

<pk,pj>p = 5k,jI:Ik =0, [ } , A, € R¥*%4 (PAI/(),-J € R9%9,

1, Ax]

W(x) = W) W), W= [0 . ly ‘Ax].

-1 _
el

This implies that detW = det W = 1 and, consequently, there is no spectral analysis to perform as
there are non eigenvalues at all. Thus, the relation between the original and perturbed measures
and moment matrices is

(W) di= du W) (WA 8= MW(A)]
Definition 4.22. We introduce the resolvent or connection matrix
:=SW(A)S~".

Proposition 4.23. The matrix ® is block tridiagonal, having nonzeros entries only in its diagonal
and first superdiagonal and subdiagonal, and satisfies

o!'=Ho A"
Moreover, we have the connection formula

A

©P = PW(x).
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Proof. The first relation is a consequence of the LU factorization of the moment matrices and the

connection formula is a straightforward consequence of the definition of ®. |
Proposition 4.24. 1) The matrices
—1
preti= (I +JnsdTA) ke{-1,0,1,...},
exist.

ii) The perturbed monic orthogonal polynomial can be written in terms of the original ones as

follows
Pra(x) W(x) =
Jer LTkt 1k 1Ape1AT 0 Iy Jitt1 k1 APkt 0 A
_ : , N ’ . |
Jit1 ;P AT 0 Pi(x) 0 ksl (x) 00 Pi+2(x)

forke {—1,0,1,...}.
Proof. From the (k+ 1)-th row of the connection formula we have that
Okt 1Pk (X) + Ok 1 for 1 Pier 1 (%) + Okt a2 i (x) = Pt (x) W),

but from Definition 4.22 and Proposition 4.23 one realizes that the previous expression reads

0 —-A]" (o (o ) 0 A
PA _ ﬁ - —1 k+1,k+2)11 k+1,k+2)12
et X W) = B [0 0 ] i )+ [(wk+l,k+2)21 (wk+l,k+2)22:| Pir1 (%) [O 0] Pes2(a).

Now, taking into account that both (B 1)11, (P 1)22 are monic g X g polynomials of degree k+ 1,
while (P\k+1)]2, (pk+1)2] are g X g polynomials of degree less than k + 1, it is not so hard to see
after using the three term recurrence relation of the initial polynomials that

(041 442)11 =1y, (041 k42)12 = Jit1 k4 1A — h,:] (A1) 12A ' A,
(@+1,442)21 =0, (k1 442)220 = Iy — Iy (Hip1)nA T A.

Hence, every coefficient that appears in the connection formula in terms of the still unknown
norms of the monic orthogonal polynomials is given. Therefore, we just need to compute the
second block column of the following integral

/[(Dk+1,kpk(x) + Ok 4 1k +1 Pkt 1(X) + O 1 g2 Prr2(X)] [(‘W(X))Txkﬂ} du(x)
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which yields

. -1 . -1
(He1)12 = Tkt 1 pr 1 i1 A <Iq +Jk+1.,kATA) o (Hig1)22 = g (]q +Jk+l,kATA> :
Therefore,
—1 -1
(Ok414+2)12 = Jit1 4414 (Iq +Jk+l,kATA> ; (k4 1442)22 = <Iq +Jk+1,kATA) )

and the stated result follows. [ |

For g = 1 and the classical measures we have, see [62],

Corollary 4.25. 1) Hermite monic polynomials (}ﬁc(x)) yeny With norm hy = T %
k+1
J = — J = 07 =
k+1,k 5 k+1,k+1 Pk+1 2+ (k1 1)

ii) Laguerre monic polynomials (L (x)) rexy With norm hy = k'T'(k+ 1+ a)

1
1+a2(k+1)(k+14+a)

Jipix=(k+1)(k+a+2), Jrpipr1 = 2k+043), pry1:=

2B D (ko B+ DT (k+ok DT (k1)

iii) Jacobi monic polynomials (?k(oc,ﬁ) (x))keN with norm hy = TR ror Bt 22k fort Br1)

4k+1)(k+o+1)(k+B+1)(k+a+pB+1)

e kot B2 (2 0t B+ 3)(2k+ ot B+ 1)
B [32—062
Jierthert = (2k+ 0+ P+2)(2k+ 0 +B+4)’
(112 A+ D) (k+o+ D) (k+B+D)k+a+p+1) \
Prt1 := ( a (2k+oc+B+2)2(2k+oc+[3+3)(2k+oc+ﬁ+1)) '

Perturbing them by the matrix polynomial

W(x) = W) (W) W®:R?T

one obtains the perturbed monic orthogonal polynomials related to the classical orthogonal poly-
nomials as follows

Ho 1 (1) W(x)

PO PR E Y i

0 prti
n -1)2k+3+a) O I a(2k+3+o
g win) = | P IR | GRS OP)
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[0 a
+ 0 O:| LIEX-&-Z()C)'

5(0LB) [Tt ia1@®pre 0] ap) L adit1 g+ 1Pk+1 | ()
By ()W (x) = Al 4PEAL 0 P (x)+ 0 A By (x)

0 a
o e

4.4 Extension to non-Abelian 2D Toda hierarchies

Matrix orthogonal polynomials are connected with non-Abelian Toda lattices, see [14, 122].

4.4.1 Block Hankel moment matrices vs multi-component Toda hierarchies

Let us take M = (m;, J');oj:O’ m; j € RP*P_ a semi-infinite block matrix having a Gaussian factoriza-
tion

M= (S)""H(S:) ",

where 51,5, are lower uni-triangular block matrices and H is block diagonal. Notice that condi-
tions for the existence of this factorization were given in Proposition 1.52.

Definition 4.26. We introduce some continuous flows or perturbations of this semi-infinite matrix.
First, let us consider we first consider the diagonal matrices

tw-:diag(t,-7j71,...,t,-7j,p)ER”X”, i:1,2, ]EN\{O},

the semi-infinite undressed wave matrices
Vi(o)(ti) ::exp(Zti,jAj), i=1,2,
j=0

and the perturbed matrix M(t), t = (t1,12), t; = {ti ju} jew\{o0}
ae{l,....p}

M) =V ()M (V" (1))

Observe that we do not require any Hankel form for the matrix M, modelled by AM = MA ™.
However, if M(0) is a Hankel matrix, then M(¢) is also a Hankel matrix taking into account

AM(t) = M(t)A". Hence, if du(x) is the initial matrix of measures, then the new matrix of
measures du(x,7) is

du(x,t) =exp ( Z t17jxj> du(x)exp (— Z tzajxj)
=0 =0
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94 Christoffel transformations for MBOPRL and Toda lattice

Here M(t) will be the moment matrix of the matrix of measures. Moreover, if at any time the
matrix of measures is block Hankel, then it will be a Hankel block matrix at any time. If we
assume that the Gaussian factorization exists, again we can write

M(t) = (S1(e)) " H(1)(S2() "

As we know, for the block Hankel case we are dealing with bi-orthogonal or orthogonal poly-
nomials with respect to the associated matrix of measures. What happens in the general case?
Following [2] and [105] we can understand the Gaussian factorization also as a bi-orthogonality
condition. The semi-infinite vectors of polynomials will be

PU(x) = 1 (1) (%), PRI (x) = S,(1 )y (x),

and we consider a sesquilinear form in R?*?[x], see Section 1.3, such that for any pair of matrix
polynomials P = Zze:gop pixk and Q(x) = ):?i%Q qixt

(P(),00) = Y pMe()(a)',

k=1,....degP
I=1,...degQ

where
_ k 1
Mii(0) = (1,41, )

can be read as the Gram matrix of the sesquilinear form. With respect to this sesquilinear form we
have the bi-orthogonality condition

(P ), PP () = Hir)Bv

For a block Hankel initial condition this sesquilinear form is associated with a linear functional of a
matrix of measures. In [13] different examples are discussed in the matrix orthogonal polynomials
scenario. For example, multigraded Hankel matrices M fulfilling

((gA"ZIEM)M - M( Zp: (AT)m“EM’a> ,

a=1

where ny,...,n,,my,...,m,, are positive integers and E; ; is the matrix with 1 in the (i, j) entry
and zero elsewhere, can be realized as

My = [ #au)(x)
in terms of matrices of measures du'’) (x) which satisfy the following periodicity condition

37 (x) = e dad!) (). (4.17)
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Therefore, given the measures d ,uéolz, ...,d yg";” -1 we can recover all the others from (4.17). In

this case, we have generalized orthogonality conditions like

/P,L%)dw(x):o, [=0,... k—1.
Coming back to the Gaussian factorization, we consider the wave matrices

Vi(e) =810V (1),

V(1) ==52(0) (V" (1)),
where S5 (1) := H(t)(S2(¢)) " ".
Proposition 4.27. The wave matrices satisfy
(Vi(1)) "' Wa(r) = M(z). (4.18)
Proof. 1tis a straightforward consequence of the Gaussian factorization. |

Given a semi-infinite matrix A we have an unique splitting A = A, +A_, where A, is an upper
triangular block matrix and A_ is a strictly lower triangular block matrix.

Proposition 4.28. The following equations hold

8S1 -1 _ Jj -1 851 -1_ (& TN & 1
atl.,j,a (Sl) —_<SlEa,aA (Sl) )_7 atz,j,a (Sl) = (SzEaﬂ(A ) (SZ) )_,

a§2 & \—1 i _ 852 ~ o ~ |~ N
$ :(SE A(S 1), S 1:—(SE AT (S 1).
atl./j,a( 2) 1Ca,a ( 1) n alz,m( 2) 2 a,a( ) ( 2) n
Proof. Taking right derivatives in (4.18)
oV o . .
()= () ie{1,2}, j €N\ {0},
i j.a i ja
where
aV] -1 aSl -1 ; -1 aV] -1 aSl -1
—(V = S S1EL N (S —(V =—5
atl,j,u( 1) atl,j,u( 1) + 51 a,a ( 1) ) atZ,j,u( 1) atZ,j,a( 1) 3
W . 08 .. o . 98 .. 4 TV @ \—1
V. = S V. = S SHEq o (A S
all.,j,u( 2) aﬁ,j,u( 2) ", atz,j.,u( 2) alz,j,a( ) +5 a,a( ) (82)77,
and the result follows immediately. |

As a consequence,
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Proposition 4.29. The multicomponent 2D Toda lattice equations
0 ( aHk
afz,l,b all,l,a

(Hk)_1> +Ea,aHk+1Eb,b(Hk)_1 _HkEh,b(kal)_lEa’g =0.

hold.

Proof. From Proposition 4.28 we get

8Hk _ 0 k B
(Hk) = BkEa,a - Ea,aBk+1, B = HkEb,b(kal) 1,
o114 o1,
where B € RP*P k=1,2,..., are the first subdiagonal coefficients in S;. |

The multi-component Toda and KP hierarchies were introduced in [142]. In [104, 105] its rele-
vance in integrable aspects of differential geometry was emphasized, and in [88] a representation
approach was developed, while in [1, 14] it was used in relation with multiple orthogonality. A
comprehensive approach to multi-component 2D Toda hierarchy with applications in dispersion-
less integrability or generalized orthogonal polynomials can be found in [13, 106, 107].

If we introduce the total flows given by the derivatives

20
8,- j=
J a;atw_ﬂ

we get the non-Abelian 2D Toda lattice

02,1 (01,1 (Hy) - (Hk) ") + Hy1 (Hi) ™' — He(Hi—1) ™' = 0.

The non-Abelian Toda lattice was introduced in the context of string theory by Polyakov, (see [125,
126]), and then studied under the inverse spectral transform, by Mikhailov [121], and Riemann
surface theory, by Krichever [101]. The Darboux transformations were considered in [130] and
later on [123].

The non-Abelian 2D Toda lattice hierarchy is a reduction of the multicomponent hierarchy by
taking the diagonal time matrices #; ; = diag(#; j 1,...,tj,») proportional to the identity, i.e.

l‘,'7j+—>l‘,'7jlp, 1 j €R.

These equations are just the first members of an infinite set of nonlinear partial differential equa-
tions, an integrable hierarchy.

Definition 4.30. Given two semi-infinite block matrices A,B, [A,B| = AB — BA stands for the
usual commutator of matrices.

Definition 4.31. The partial, Lax and Zakharov—Shabat matrices are given by

Hl,a = SlEa,a(Sl)_ly HZ,a = S~2Ea,a(§2)_la
L= SlA(Sl)_l, L, = SQAT(Sz)_l,
Bija = (Mia(L1)’),, By ja = (Tha(L2)’) .
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Proposition 4.32 (The integrable hierarchy). The wave matrices obey the evolutionary linear sys-

tems
aV1 aVl
=B1.;4V1, =BV,
atLj!a 17/7“ 1 at27j7a 27./7“ 1
oV, . oV, -
=B1.j 4V, =By 4V,
atLj,a 174/7a 2 at27j’a 27/7“ 2
the partial and Lax matrices satisfy the following Lax equations
oIl oLy
al’jl]"Z = |:Bi7jya7ni/,a,] ) ati jla = |:Bi,j,a;Li’i| )

and Zakharov—Sabat matrices fulfill the following Zakharov—Shabat equations

0By vy OB;;
’\] 7a l’j7a

— + |BijaBi jra| =0.
at,-,jﬂ at,v’j/?a/ [ A 7 ]

Proof. 1t follows from Proposition 4.28. |

A key observation, regarding orthogonal polynomials, must be pointed out. When orthogonal
polynomials are involved, and the matrices to factorize are block Hankel, equivalently AM =
MAT, we get L) = S1AS fl = S~2ATS‘; = L». As the reader may have noticed the Lax matrices L
and L, are, by construction, lower and upper Hessenberg block matrices, respectively. However,
when the Hankel property holds, both Lax matrices are equal

Li=L,

and, therefore, we are dealing with a tridiagonal block matrix, i.e., a Jacobi block matrix. More-
over, this Hankel condition implies an invariance property under the flows introduced above, as we

have that M () = Vl(o) (t1 — )M, i.e. there are only one type of flows. This condition also implies
that for the total flows we have

(81,j+827j)V1 :V1Aj, (81,j+82,j)\72 ZVz(AT)j,
(al,j +82,J~)L1 =0, (al,j +827j)L2 =0.

Therefore, in the block Hankel case we are dealing with the multicomponent 1D Toda hierarchy.

4.4.2 The Christoffel transformation for the non-Abelian 2D Toda hierarchy

The idea is to follow what we did in §4.1.1 and consider an initial condition M at ¢ = 0, this is
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for a matrix polynomial W () € R?*?[t]. Observe that using the scalar times 7; ; € R of the non-
Abelian flows determined by

v i=exp (L un), i=12,
=

the perturbed matrix is

A

M) =" () (" (1)
=W (A)M(z).

Here we have used that [W(A), 1(0) (1)] =0, Vt; j € R. Let us stress that we could request only 71
to be scalars and 1, ; to be diagonal matrices. Despite this is a more general situation, we prefer to
show how the method works in this simpler scenario.

Assuming that the block Gauss factorization holds, we proceed as in §4.1.1 and introduce the
resolvents

1

o) := S (W (A)(S:1 (), o (1) = (Sz(t)(S‘z(t))_l)T.

From the LU factorization we get
so that
and, consequently,

holds. Hence, as in the static case, where the variable ¢t does not appear, we have that this #-
dependent resolvent matrix has a band block upper triangular structure

- 1 1 1 -
Gy o
0 o,; o), Oy Oy Iy 0

olll = 1] [1] DN
0 0 ) Oy Wy Wy I

with
A 1
AL() = 05 (0)Hi(),
and the connection formulas described in Proposition 4.5 hold in this wider context.
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Moreover, if W (t) is a monic polynomial we can ensure that the Christoffel formula is also fulfilled
for the non-Abelian 2D Toda and Theorem 4.11 remains valid also in this scenario. Formulas
(4.8) and (4.10) hold directly and they do not need further explanation. However, (4.9) needs the
following brief discussion. The Christoffel-Darboux kernel is defined exactly as we did in (1.13)
there is no such a formula as the Christoffel Darboux formula given in Proposition 1.68 appear in
this scenario. However, as was shown in [15], there are cases, such as the multigraded reductions,
where one has a generalized Christoffel Darboux formula.
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Chapter 5

Matrix Geronimus transformation for
matrix bi-orthogonal polynomials on
the real line

Geronimus transformations for orthogonal polynomials were first discussed in an exhaustive way
in [76] in the framework of the Hahn’s characterization of classical orthogonal polynomials, to
find necessary and sufficient conditions in order to the sequences (p,(x)),cx and (2 :“nj(lx) Jnen be
orthogonal at the same time. There some determinantal formulas were found, (see also [149]).
Now, our idea is to study the Geronimus transformation, but now, for a matrix of linear functionals
u= (u;;) € (O.)P*P. The reader may observe certain similarities between the result of the original

paper (see also Chapter 3) and this chapter.

5.1 Matrix Geronimus transformation

Definition 5.1. Given a matrix polynomial W (x) = Y_ Apx* € RP*P[x] of degree N (not neces-
sarily monic) and a matrix of linear functionals u = (u; ;) € (O.)P*P, such that 5(W) Nsupp(u) =
@, a matrix of linear functionals ii is said to be a matrix Geronimus transformation of u, if

W (x) = u,
with the corresponding perturbed sesquilinear form satisfying
(P(x),0()W(x)"), = (P(x),0(x)), -
It is important to note that since W (x) € RP*?[x], then W (x)" = W (x)"

Proposition 5.2. The most general matrix Geronimus transformation is given by

q
i = u(W(x)"" +v, vi=) (—l)mﬁ(’")(x—xa)m P, 6D
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where x,,a=1,...,q, are the eigenvalues of W (x) with their corresponding algebraic multiplicity

Kg-a) and v is expressed in terms of derivatives of Dirac linear functionals and adapted left root

polynomials lj(.a) (x) of W(x). Here &B‘f}n € CP are constant vectors.

Observe that v is associated with the eigenvalues and left root vectors of the perturbing polyno-
mial W (x). Notice that, when W has a singular leading coefficient, this spectral part could even
disappear, for example if W (x) is unimodular, i.e. with constant determinant, no depending on

x. Observe that, in general, we have Np > Y1 ¥y Kg-a) and we can not ensure the equality, up
to for the nonsingular leading coefficient case. Let us assume that the perturbed moment matrix
(associated with 1) has a Gaussian factorization

M=S;"H(S) T,

where S, S, are lower unitriangular block matrices and H is a diagonal block matrix

),
(gi)Z,O (5‘,’)271 Ip RN

Hence, the perturbed matrix of linear functionals gives a family of matrix bi-orthogonal polyno-
mials

Pl (x) = Six(x), i=1,2,

with respect to the perturbed sesquilinear form (-, -) ;.

Proposition 5.3. The moment matrices satisfy

MW (AT) =M.

5.2 The resolvent and connection formulas
Definition 5.4. The resolvent matrix is defined by
o:=S(s) " (5.2)
Proposition 5.5. 1) The resolvent matrix can be also expressed as
o=H(%) WA (S) H (5.3)
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ii) The resolvent matrix is a lower unitriangular block matrix with at most the first N block
subdiagonals different from zero, i.e.

IP OP OI’ Ol’
(O] Ip Op Op
0w =
Wy 0 Wy, 1 Ip Op
0, nt1,1 oyan 1

iii) The following connection formulas hold
P (x) = wPlV(x), (5.4)
(H'oH) P2 (x) = P ()W (x). (5.5)
iv) For the last subdiagonal of the resolvent we have
Nk = Hy oAy (Hy) ' (5.6)

Proof. i) From Proposition 5.3 and the Gaussian factorization of M and M we get

v

(51) H(s2) = (81) A (S) WA,
and, consequently,
$1(81) " H=H(S:) W(AT)(s:)".
From here the result follows.

ii) From the definition of the resolvent matrix, being a product of lower unitriangular matrices,
it is also a lower unitriangular matrix. However, from (5.3) we deduce almost the contrary,
we see that is a matrix with all its subdiagonals with zero coefficients but for the first N.
Thus, it must have the described band structure.

iii) From the definition we have (5.4). Let us notice that (5.3) can be written as

o'H = HJFSQVVJf (A) (§2> ! ,
so that

o B TP (x) = HS Wi (A)x(x),

and (5.5) follows.
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iv) It follows from (5.3).

| |
The connection formulas (5.4) and (5.5) can be written as
n—1
Blm=f'm+ ¥ oull), (5.7)
k=max{0,n—N}
W () (P2 () (H,) " = (B 0) () + Z ) op (5.8)
k=n+1
Lemma 5.6. We have that
Wx)—W(z
=W _ o) Bixce 59)
with B given in Definition 1.38.
Proof. It is a direct consequence of the fact that X 7Z =Yr 0 Lxkz k=1 and
&, AL 1
1 szlez ZIHIi I A T
Uy xl, - XN : R 2 =] Bl (@) -
ZIIPp Ip Al
[ ]
Proposition 5.7. The Geronimus transformation of the function of second kind satisfies
. ((52) )y By
oc!() = W (x) - 0 , (5.10)
and
(CP(2) ' H " = (CP(2) "B . (5.11)

Proof. From (1.9) we can write

e <W<x>—w<z>>*> |

X—2Z

u

Using the fact that w is a matrix polynomial of degree N — 1 and from (5.9), the result
follows. Finally, in order to show (5.11), we note that from (5.8) and (1.9)

n+N

(C2@) (H) " = (E2@) E) '+ Y (@) (H) opn

k=n+1
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5.2.1 Connection formulas for perturbed Christoffel-Darboux kernels

Definition 5.8. The resolvent wing is the matrix

Wppn-N o0 .. Oy n—1
0
? e VPN >N,
L Op Op 0~)n+N71,n71_
W0 oo e Wnn—1
Q[n] =
Wy 0 Oy -1
€ CNpxnp n<N.
OP
i 017 017 (x)n+N_17n_1_

Theorem 5.9. For m = min(n,N), the perturbed and original Christoffel-Darboux kernels are
related by the following connection formula

K/anl (x7y) = W(y)anl (xay) - |: (Pr[rzl ()’))%Flgl’mv(IS;HN—l()’))TH;-:N—l :| Q‘[n] . (512)

1
CEN(@
VW) = WKL ) = [ () o (P 00) B[R0 [ 1 |+ V),
1
C}[l—]l (x)
(5.13)
where V(x,y) was introduced in Definition 1.42, see also Proposition 1.43.
Proof. For the first connection formulas (5.12) we consider
Py (x)
— [(pl2 R 512 Topp = :
Ko ()= (B ) (Bo) " - (B0 Ee) ow | ]
1
R0
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and we compute it in two different ways. From (5.7) we get that

and, therefore,

Relation (5.8) leads to

Pl (@)
Ka1(x,5) = W () K1 (x,) — [ (B 0)) ) e (B ) ) } Q|+ |,
Pr[zljl (x)
and the formula follows. To prove (5.13) we now consider
)
7 ) = [(BP00) o) (B 00) ) o |
Cr[ll—}l (x)

Ceow ()

where (H (52)_T)[n N is the truncation to the n first block rows and first N block columns of

I-VI(S’Z) ", This simplifies for n > N to

P (x,y) = K ey )W () — (k0))w)) B -

On the other hand, if we use (5.8),

C

%) (x,y) = WKL (x,y) [(P,?](w)%(“nr',.-.,(PiﬂNq(y))*(HMfl)*‘}Q[n] : ,
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and, consequently, for n > N we obtain

CﬂN (x)

R ey)W @) = WK ) = [ (#20) (P2, 00) | @] |
cll
n—1 ()C)

5.2.2 Spectral properties of the first family of perturbed second kind functions
From now on we will assume that the perturbing polynomial is monic, i.e. W(x) = Ipr +
NilAkxk € RP*P[x]. Thus, we can apply the spectral theory of this polynomial (see Chapter 1
as well as [77]).

Definition 5.10. Ler us introduce two upper block triangular matrices. First, in terms of the
couplings of masses in the Geronimus perturbation (see (5.1))

[ la] la) la] [a]
éi,K(“) 1 gm?“)fz gi,KgaLS aivo
’ la] la] [a]
O‘DXI éi,KS"Ll az,KE“LZ glrl
a a a (a) . .(a)
X = | O O €Y, Y e (5.14)
Op><] Opx] &Ea}(@—l

In terms of the left Jordan chains we also define

i l(“)

(@) () (
i,0 ll,l; lzz te ll-,Kl(a)fl
(
lep lif(l)) li(,al) li(lllc)(")*Z
‘3 (a) (a)
Li(a) = 101xp O1xp li(,((l)) ll-(:lq)(”),3 eCl PN (5.15)
_OIXP OIXP ll(,‘(l)) _
For 7 # x,, we introduce the p X p matrices
IP
(a5
. Z—Xg) !
G @) =30 ()X LY || (5.16)
II’
Z—Xq
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wherei=1,...,s,, and the matrix chi) was given in Definition 1.35 .

Observe that Xi(“)Li(“) e s " is a block upper triangular matrix, with blocks in CP*?,
Proposition 5.11. For z ¢ supp(u) UG(W), the following expression

—X
holds.

Proof. From the definition of function of second kind and Geronimus transformation

(a) (m)
. q Sqa K -1 . &l[a}’]n l(“) X
~(Alw ) +YY T (pm)w ”) .
uW~— x=x,

1,
a=1i=1 m=0 m. z—Xx

Now, taking into account that

) (a (m) m la] ;(a) (m—k)
éWwEﬂéﬁ@ -y é%@iﬁgg} o
mh z-x x=x, k=0 (m B k> : X=Xq (Z B xa)k+1 ’
we deduce the result. [ |

Lemma 5.12. Let r}a) (x) be the adapted right root polynomials of the monic matrix polynomial
W (x) given in (1.3). Then

P S
(a) (=) (a) (=) (a) (a) @
L ; W (x)r” (x) = : LYW (0)r Y (x) + (x—xa) T(x), T(x)eCY [x]
I, 1
L X —Xq h L X —Xg h

— I - ll(?)) li(f;) li(,aZ) l l(?()(a) 1 _ I _
n (a) 0 l.(a) l (@) l (a] . @
@ (x—xg)"i » P i0 ’(7 :) z(;c)“ 2| | (x—xg)S y
L W(x)r;”(x) = {01, Oixp Lo li s W(x)r;” (x)
Iy : Iy
L x—x; a L x—x,
_OIXp OlXp ll(70) i
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' 1) '
(x— xa)‘(l(’a)
ll(ﬂ) (x) /@ “
a a a
= (x—xa)‘(§ A W(x)rj (x)
0w (@) @_y
_)lc—xa —hi = _li,Kl(-")_ (=) i
Now, (1.5) yields the result. [ ]
Lemma 5.13. The function V,Sf;) (x)W(x)fE-b) (x) € CP[x] satisfies
(x— xa)KfSJX(f-j) -
J(i) (x )x_(“) : W(a.) (%) + (x —x, )K<ia) T (a:a) (x), ifa=b
C9 W () () = { TETTOT 0 i o ’ ’
’ / (x _ xa) n‘:ax(i‘j)_l
K(.b) b .
(x—xp)"7 T(@) (x), ifa#+b,

(5.17)

where the CP-valued function T'*?) (x) is analytic at x = xp, and, in particular, T“% (x) € CPx] .

Proof. First, for the function E‘n((j) (x)W(x)rﬁ.b) (x) € CPx], with a # b, and recalling (1.5), we have
S
(x— xa)KEa)
Gl W@ (0) =30 ) XL | W )
Ip
X—Xqg

= (r—x,)% TP (x),

where the C”-valued function 7'(@?) (x) is analytic at x = xp. Second, from (5.16) and Lemma 5.12
we deduce that

-
(= xa)""
CHW @AY ) =310 )X LY | WY ()
IP
L X—Xg
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-
(x—xq) !
=T X | W)
1
X—Xg

B @ _(; @) (a.a
+<x_xa)Kj J(v[)l](xa)xi( )T( ' >(X)a

for some T(%)(x) € CP[x]. Therefore, from Proposition 1.34 we get

(a) (a)
(x — Xg ) Kmax(i‘j) —K;

. (a)
(x_xa)Knl:ax(i,j)_l

« <Wl(jlj);0+w<u) (x—xg) +'-~+W(u) (X—Xa)Kmi"("J)jLNiz).

i1 ik ) N2

min(i,j

(@) _(; a) m(a.a
+ (x=x0) 3, () T (),

and the result follows.

| |
Lemma 5.14. Form=0,..., K&a) — 1, the following relations hold
“ a (m) & (v a a (m)
(Elawer @) =Y (Clawen @) . (5.18)
=Xq i=1 =Xq

Proof. For z ¢ supp(u) U (W), Proposition 5.11 leads to

(N @wr (z))iiﬂ - <<ﬁ,£” (x), Zlfx>w W) (z)) - Yy (GR WA @)

=xq b=li=1

But, as 6(W) Nsupp(u) = @, the derivatives of the Cauchy kernel 1/(z —x) are analytic functions
at z = x,. Consequently,

(o), o) ~((MEE)T)

I=Xq Z=Xq
§
sy |y (7 @0 (D" (m—k)!
(A, | % (1) or)®
< n [k;o k ( J )Z—Xa (xa ix)l’l’L7k+1 uW71
= Op>< 1
form=20,... ,K(.a ) _ 1, where in the last equation we have used (1.5). Equation (5.17) shows that

J
E‘,Ez) (z)W(z)rﬁ.a) (x) for b # a has a zero at z = x, of order Kﬁ-a) and, as a consequence,
(ED@WERA )" =0, bza, for m=0,.. k1.
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n
@, ()
Definition 5.15. Let us introduce the matrix ‘I/Vj(j) e CY K
r (a) (a) (a) T
Wijo Wijr W W01
O W(a)o tee W(a) ((1)
P N Y
I 0 0 Wl ]
[ (a) (a) (a) 1
W@ . oy R A e | i 1
]7l .
(a) (a) (a)
) w w
Vio N P
(a)
0 wifj;o
(a)
| 0 0 wiio ]
(a)
and the matrix ‘Wj(a) € C% % given by
(a) ._ (a) (a)
Wi o= [, W]
We also consider the matrices ‘Zz(a) € C”Kl(a)xa“, T(@) ¢ CPY%ax%a gnd T € CNP*xNp
‘T](a)
T = x ), T@W.=| |, T = diag(TW,..., 7)) (5.19)
q;(a)
Proposition 5.16. The equations
() > () S
j _ J _
J ,[ll]W(xa) = 121,75"55)W(xa>7 jé[l]W(xa> = i:Zl]ég)W(xa)a (5.20)
9y () = I () 9 gty (xa) = 3 () 6 W, (5.21)
T ety () = 300 () T, Ty =0T, (5.22)

hold.
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Proof. Eq. (5.20) is a direct consequence of (5.18). According to (5.17) for m =0, ... ,Kl(,-a) —1,
we have

(a)

@ (m)
<(_x _xa)Kmi\x(i,j) K; Wl(3> (x))

(e )

and collecting all these equations in a matrix form we get (5.21). Finally, for (5.22) notice that
from (5.20) and (5.21) we deduce

Sa

jga]w (Xa) = Z JS[)l] (xa)xi(a) W(‘_‘) Z J W(a)'
n i—1 n

1,] Y C[I]W

Now, using (5.19) we can write the second equation as follows

C[I]W Z J xa {Z;
= Jpr[ll] (xa)’T(a).

A similar argument yields the second relation. [ ]

5.2.3 Spectral Christoffel-Geronimus formulas
Discussion for n > N.

Remark 5.17. We stress that later on (see Corollary 5.38), using a nonspectral approach, we will
see that

T, =, T
det : #0, n>N.
i

Proposition 5.18. For n > N, the matrix coefficients of the connection matrix satisfy

—1

I T
T, =,
[(Dn,anv SRRE) O)n,nfl] = (jc’[:] - JP}'[ll] T)
]C[l] — J 1] T
Proof. From the connection formula (5.10), forn > N
[1] Z O k C[I] +Cr[z]( ),

k=n—N
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and we conclude that

Gl
jéy[,I]W = [mn,n—Na---70~)n,n—l] +,7Cr[l|]-
T,
Similarly, using (5.7), we get
Tl
0 = [@np-Ny- s O] | 5 | 43 - (5.23)
Y,
Now, from (5.22) we deduce
T, i
[(Dn,ana cee awn,nfl] +7J 1] = [(*on,anv s awn,nfl] + JP,LI] {I,
T, T,
or, equivalently
Tep, w7
[mn.,n—Na o 70\)n7n—1} - (]C,[J] - JP,[,I] {I) .
Tep, =g, T
Hence, using Remark 5.17, we get the result. [ |

Remark 5.19. In the next theorem we will need a spectral root jet vector but for the Christoffel—
Darboux kernel and for its mixed version. In these kernels we have two variables, x and y. The
Jjets are taken with respect to the first variable x, and we treat the y-variable as a parameter. We
denote these matrix spectral jets of the Christoffel-Darboux kernel by Ik, (y) and the root spectral
Jjet vector of the mixed Christoffel-Darboux kernel by J (o) ().

Theorem 5.20 (Spectral Christoffel-Geronimus formulas). Assuming n > N, for monic perturba-
tions of the matrix of linear functionals we have the following last quasideterminantal expressions
for the perturbed bi-orthogonal matrix polynomials and its matrix norms

— JPmNT P,[ll_]N(x)

n—.

Gy
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Tet, =3, T o)
-] T 0
[:In:®* ]C)[ll—]N+1 ' PrEQNJrl ‘p
I ]C[l]_JP»[L]]T 0, |
i Hnen
T =3, T 0
521\ T
B)" = -e.
I *JP[QIT 0,
WO (I g0 0) =35, 0)T) +I00) 0,

Proof. First, we consider the expressions for the family P,

Using (5.7) we have

(1]

@) = P 0) + [ 0]

and from Proposition 5.18 we obtain

B0 =Pl x) — (90 — I 7T)

cl!

T ey
U

(x) and the quasitau matrices H,.

7

IT P;EI—]1(X)

and the result follows. To get the transformation for the H’s we proceed as follows. From (5.6)

we deduce

v

H, = (Dn,n—NHn—N-

But, according to Proposition 5.18, we have

-1
Je =g T Iy
n—N n—N Op
Wy n—N = _(]Cr[:]] - pr[ll]qd) :
Tn =3I nT ’
al, TRl 0,
Hence,
1
Jo =3 T Hyn
Can Pan Op
H, = (]C,E]]_JP,[,”T) : ,

T, T o,
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and the results follows. We now prove the result for the second family. In one hand, according to
Definition 1.13 we rewrite (5.13) as

n—1
Y (B20) B W () = WH)KP) (x,)

k=0
1
Cr[z—]N(x)
- [(P,?] 0)) Bt (B ) H } Q| 1 [ +V(xy).
1
CLL@)
Therefore, the corresponding spectral jets satisfy
N (52
Y (B0)) H Ty, = W) 0 ()
k=0 -
| Tal,
- [(P,?%y))*ﬁ,:l,..‘,(ﬁﬂNfl(y)) 'FI;JN,I]Q[n] Lo IO,
T
and, recalling (5.22), we conclude that
O 321
Y, (B70)) H 30T = W) i ()
k=0 ' "
T
2]/ Ty 32 t e .
- [(P[ }()’)) H, 1""7(Pr[zJiN71(y)) HnJrlel] Q| | +T)
T
(5.24)
On the other hand, from (5.12) we realize that
g
312 i . .
Y (270)) A, 1J,5/£11‘T—W(y)31<,,71(y)‘f— [( D) B (B ) H,;‘Nfl}ﬂ[n] o
=0 I T
n—1
which can be subtracted to (5.24) to get
T ; T, T
W(y) (jK(pfl) (Y) - Janl (Y)(I) +]’V(y) = |:(15r[12](Y)) I‘VI{I:-~~=(P,E]-N_1()’)) ﬁ/;-lzv—l ] 'Q[n] :
" I m T
Cnfl Pnfl

Hence, we obtain
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(B00) o (B, ) 1, | @l

jC 1lN - JP“_]NT
= (W0) (g9 ) = 35, 0)T) + I () z
Te, —Imn, T

e, =3 T | Hnw
320 V)T : O
(FP0)" = (WO I ) = I, O)T) + I w(3)) ; |
T, =3mT] | o,
and the result follows. |

Discussion for n < N.

Later on, in the context of nonspectral methods, we will derive Corollary 5.39, which can be
In=3,m7
% R

applied in our monic polynomial perturbation scenario. Thus, we know that : has

]Cr[l]]_JPr[l]]T

full rank.
Proposition 5.21. The truncations @), H[N], and (52)[N] vield the Gauss—Borel factorization
jC([)'] — JP(E” T
1~ v _ .
(o) Hw((S2)m) = - : R.
i

where R_is given in Lemma .40

Proof. From (5.10) we deduce

v —

(CH@) W ()= (H (52) ™) py B = o (C1(2)) -

so that
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From (5.22) we deduce

J gl I ey
Moo\ —T
T —(H(S2) )[N]q}Q: O[]

Tpll. J i

]
N-1

Therefore, using (5.7) we conclude

and the result follows. [ |

From Proposition 5.21 and using the corresponding explicit quasideterminantal expressions for its
solution, see Proposition 1.52 for a similar result with the Hankel block moment matrix, we get

Lemma 5.22. Ifn€{0,1,...,N — 1}, then for 0 < k < n we find the following expressions

(JC([)I] —3p T) Ra (JC([)H - JP([)I]T)%
H, = -0, y  Wpk = 0, €k )

(]C’[ﬂ] _JP,[,'LT)R” (T =30 T) Re
I =35 T) R

T | Ve T e
(ex)’
Here we have used the matrices e, = [Op,...7Op,Ip,0p,...,Opr e CHHIPXP with all its p X p

blocks being the zero matrix 0, but the k-th block is the identity matrix I,.

Theorem 5.23 (Spectral Christoffel-Geronimus formulas). For n < N and monic perturbations
of the matrix of functionals we have the following last quasi-determinant expressions for the per-
turbed bi-orthogonal matrix polynomials

(T =30 T) Ry Py (x)
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[ (]C([)u - JP([)IIT)%H |

(7. 1t —me T)Ros1

1

o)

Proof. From (5.7) and (1.8) for n < N we have

Py (x)
Bl =P @) + (000 0] |5 |
P z£lf]l (x)
((§2) T)0 n
B W) =1 + 1y, 1Y :
((SZ)T)n Ln
Then, the result follows from Lemma 5.22. ]

5.3 Nonspectral Christoffel-Geronimus formulas

We now present an alternative approach on orthogonality relations to the Christoffel-Geronimus
formulas which avoids the use of the second kind functions and the spectral structure of the per-
turbing polynomial. An important feature of these results is that they hold even for perturbing
matrix polynomials with singular leading coefficient. The reader will note the similarity between
Chapter 3 and this section.

Definition 5.24. For a given perturbed matrix of functionals ii as in (5.1) we define a semi-infinite
block matrix

Ri= (Pl 3(x))
= (Plly)  +(PYa) .

with block entries
Ry = <P,£”(x),1pxl>v € CP*P,

Observe that for a Geronimus perturbation of a Borel measure du(x) we have

@
K;

T
5 L (o)

(m)

X=X,

q  Sa
= [Alasiwio '+ £ 5
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Proposition 5.25. The following relations hold

R=SM, (5.25)
oR =H ()", (5.26)
RW(AT)=H(Sy) " (5.27)

Proof. (5.25) follows from Definition 5.24. Indeed,

R= (P, y(x))
= S1 (X(x), (%))

To deduce (5.26) we recall (5.2), (5.25), and the Gauss factorization of the perturbed matrix of
moments. Finally, to get (5.27) we use (5.3) together with (5.25), which implies

OR (W(AT)S;H’I) = ()" (W(AT)S;H’1> — o,
and as the resolvent @ is unitriangular, i.e. nonsingular, we obtain the result. |

From (5.26) it immediately follows that

Proposition 5.26. The matrix OR has the following structure

H() * *
Op Hl *
OR = .
0, 0, H
Roo .. Ron-1
Proposition 5.27. The matrix : : is nonsingular.
Rnfl,O Rnflmfl

Proof. From (5.25) we conclude for the corresponding truncations that R[,) = (51)[n]M[n] is non-
singular, as we are assuming, to ensure the orthogonality, that M[n] is nonsingular for every
n € N\ {0}. [

Definition 5.28. Let us introduce the polynomials rX,(y) € CP*P[y), € {0,...,n— 1},

()= <W(y)l<n—1 (x,y), Ipx! > — I

= <W(y)Kn71(x,y),1pxl >MW71 + <W(y)Kn71(x,y),1pxl>v —Iy'.
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Proposition 5.29. Forl € {0,1,...,n— 1} and m = min(n,N),

Rn—ml
V[ AN ~[2 ] — .
= [BRO) ) (B2 0) o)™ @] |
Ry—1
Proof. 1t follows from (5.12), Definition 5.24, and (1.15). [ ]

Definition 5.30. For n > N, given the matrix

Rino oo Runn-1
eRprnp’

Rnfl,() Rnfl,nfl

we construct a submatrix labelled by selecting Np columns among all the np columns. For that
aim, we use indexes (i,a) labeling the columns, where i runs through {0,...,n— 1} and indicates
the block, and a € {1,...,p} denotes the corresponding column in that block, i.e. (i,a) is an
index selecting the a-th column of the i-block. Given a set of Np different pairs I = {(ir,a,)}lr\’f »

(recall that i, € {0,--- ,n— 1} and a, € {1,---,p} ) with a lexicographic ordering, we define the

corresponding submatrix R} = [c(ihal), R C(in,aN,,)]- Here ¢(; g, denotes the a,-th column of the
matrix

Rn—N,i,

Ry 1,

The set of indexes I is said to be poised if R} is nonsingular. We also use the notation rS :=
[E(,-] ar)r- ,E(,-vaaNp)]. Here ¢(; ,,) denotes the a,-th column of the matrix Ry ;.. Given a poised
set on indexes we define (rX(y))® as the matrix built up by taking from the matrices r,liir (y) the
columns a,.

Lemma 5.31. For n > N, there exists at least a poised set.

Proof. For n > N, let us consider the rectangular block matrix

Ry-No -+ Ru-np-1
e cNpxnp

Rnfl,O Rnfl,nfl

As the truncation Ry, is nonsingular, all its Np rows are linearly independent. Thus, there must be
Np linearly independent columns and the desired result follows. [ |
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Lemma 5.32. [fthe leading coefficient Ay of the perturbing polynomial W (x) is nonsingular, then
we can decompose any monomial Ipxl in the following way

Ipx' = oy (x)W (x) + By (),
where oy (x),B(x) = Bro+- -+ Bry—1xV 1 € RP*P[x], with degay (x) = — N.

Proposition 5.33. Let us assume that the matrix polynomial W (x) = Ayx™ + --- + Ag has a non-
singular leading coefficient and n > N. Then, the matrix

Rn—N.,O Rn—N7N—1

Ryo10 .. Ru—in—
is nonsingular.

Proof. From Proposition 5.26 or, equivalently, (5.7) we deduce

Ry_ny
[mn,any teey O)I’l,n*l] = _Rn,la
Rnfl,l
forl € {0,1,...,n— 1}. In particular, the resolvent vector [(Dn,an, ey mn7n,1] is a solution of the
linear system
Ru-no Ru-nn-1
[(Dn,ana oo 7mn7n71] = [Rn,Oa oo 7Rn,N—1] . (528)
Ric10 .. Ru—1n—1
We will show now that this is the unique solution of the system. Let us proceed by contradiction.
Let us assume that there is another solution [6)n7n,N,...,(I)n7n,1]. Consider the monic matrix
polynomial

Po(x) = P () 4+ @ 1 P () 4+ B n P (2).
Because [Con,n,N, ... ,Comn,d solves (5.28) we know that
(By(x),I,x" )z = 0,, 1€{0,...,N—1}.
Lemma 5.32 implies the following relations for degay (x) < m,

(PR (), Lty = (PR (), 0 () ) + (PR (), B ()
1))+ (P (), B (%))

I
=
Iz
P
Ray

R
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= (Po (x), By ().

But degoy(x) </ — N, so the previous equation will hold at least for / — N < m, i.e. ] <m+N.
Consequently, for [ € {0,...,n— 1}, we find

Therefore, from the uniqueness of the bi-orthogonal families, we deduce
Pu(x) = B (v),
and, recalling (5.7), there is an unique solution of (5.28). Thus,

Ran,O Ran,nfl

Rn—170 Rn—l,n—l
is nonsingular. |
Proposition 5.34. For n < N, we can write
—1
R070 . Ro_’nfl

[(Dn,(), s 70)11,}1*1] = - [Rn.,Oa s 7Rn,nfl]

Rnfl,O R Rnfl,nfl
and, for n > N and a given poised set I, which always exists, we have
[mn.,n—Ny SRR} wn,n—l] = _rS(RS)71~
Proof. 1t is a straightforward consequence of Lemma 5.31. |

Theorem 5.35 (Non-spectral Christoffel-Geronimus formulas). Given a matrix Geronimus trans-

formation the corresponding perturbed monic bi-orthogonal polynomials, (P,E”(x),ﬁ,ﬁz] (%)) nen,
can be expressed as follows. For n > N,

ANE
y R” :
Bl =e, - : ,
Pn—l(x)
2 P
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anN
OP
. RY
(P;Lz} ()’))TAN = -0, " :
OP
L ()] 0, |

Forn < N, we have I-Yn =0, (R[n+1]) and

1 R .e.  Ron- Ry
Roo ... Row Pl(x) 00 -1 Ko
511 . . 2 :
P,[l](x):@* : (P,[z](x))T:(o* : : :
1] Ri—10 --- Rpmip—1 Ru—in
Ruo oo Run1 Pa7(x) I, ... Lxl L

Proof. From the connection formula (5.7), for m = min(n,N) we have

PLu(x)
BIG) = (0o 0] |0 |+,
PY (%)
and from here
Ry—mn
Hy= [Oppmy- s O] | 0 | +Run.
Ry—1n

Then, recalling Proposition 5.34 we obtain the desired results.

For n > N, we have

Ran,l

)= [BPON ) By 0) o) Q0 |
Rnfl,l

Then, we get

(KON R ™ = [0 (E) o (B2 ) (o) ] Q.

In particular, recalling (5.6) we deduce that
D + _
(B ) Ay = (K 0P R
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For n < N, we can write (5.26) as R(S,)" = o~ 'H, which implies

((SZ)T)O,n ROJ’
: = —(Rw) ™"
((S2)T)n_1 n Ry—1n
Therefore,
((52)%),,,
(Pr[?} (x))T =x"+ Iy, ..., Lx""!] :
((Sz)-l)nfl,n
Ron

Observe the Gauss—Borel factorization

—1 . —t
Ry = (o) Hy((S2)p)

for n < N gives the corresponding formulas in the previous theorem.

5.4 Spectral versus nonspectral

Definition 5.36. We introduce the truncation obtained by taking only the first N columns of a
given semi-infinite matrix

Roo Roi ---Ron-1
RW™).— |Rio Roi ...Rin-—1

Then, we can connect the spectral and nonspectral techniques as follows.

Proposition 5.37. The following relation holds
Jen —IpnTe = —RNBQ,

Proof. From (5.10) we deduce that
W (x)—H(S,) ™" 0p = oCll(x).
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Therefore,

BQ
Jenw —H(S) | O | =odq,

and recalling (5.22) and (5.23), we get
_ (N T 0
m(]cm —Jpi ‘T) = —H(Sz) p

Now, from (5.26) and since m is unitriangular the result follows. [ ]

We now discuss an important fact, which ensures that the spectral Christoffel-Geronimus formulas
make sense

Corollary 5.38. When the leading coefficient Ay is nonsingular and n > N,

]Cr[zl—]N — JP“] T

Tem =3 T

is nonsingular.

Proof. From Proposition 5.37 one deduces the following formula

T, =3 T Rino  Ronno
: = : ; BQ. (5.29)
]CEL _JP»E]L‘T Ri1o ... Ru—in-1
Now, recalling Proposition 5.33 and Lemma 1.40 we get the result. [ |

We stress at this point that (5.29) connects the spectral and nonspectral methods. Moreover, when
we border with a further block row we also have

J cy JP,EIJNT Ry, -np Ri-nnN-1

: = BQ.
]C’[ll] — JP'[II] T Ruio ... Ryn—

125



126 Geronimus transformations for MBOPRL

Corollary 5.39. When the leading coefficient Ay is nonsingular and n < N, then

jc([)l] — JP([)I] T
: Ra
Tep, =, T
is nonsingular and the matrix
Ie =T
Tep, =T

has full rank.

Proof. From Proposition 5.37 we know that when the leading coefficient Ay is nonsingular the
following relation holds

(Jcm *me‘r)g{: 7R(N)’

where R = (Y,JY,...,JVN=1Y) is constructed in terms of a canonical Jordan triple (X,Y,J) of the
perturbing polynomial W (x) (see Lemma 1.40). Thus, for n < N we have in terms of the truncation
R, = (Y,JY,...,J""'Y) , which as we have seen is a full rank matrix,

T — JP([)I] T Ro Rop—1
: Ro=—| : :
jC,[L]l —JP}EIL‘I Rio ... Ruyn-1
Thus, as the matrix in the right hand side is nonsingular, we deduce the result. [ ]

5.40 Example . Let (L,(14) (x))nen be the sequence of monic Laguerre polynomials which are
orthogonal with respect to the measure du = x*e*dx, supported on (0,%0). On the other hand, let

W(x):[)g XIZ}ECZXQ[)C]. with W_l(x):);[)g ‘21].

X
xo = 0 is the only zero of W (x) (with multiplicity 4) and thus its associated Jordan chain of length
4is {ri}é,rifl),rﬁz),r% }, where r% = rill) =(1,0)" and r§12) = r§13) = (0,—1)". Moreover, the left
root polynomial is lfl)(x) =(0,1)+(0,1)x — (1,0)x*> — (1,0)x>.

Let du = x*e *Iydx be a matrix of measures. Then the most general sesquilinear form {-,-), such

that (P(), QW ()1, = (P(x).0(x),, s !

)7

3
(P.0)y = [ PWOduW @) 0w + ¥ — (PWE mow) " (530
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In particular, if we take & =& = (1,1)T and &, = &; = (0,0)7, then (5.30) becomes

oy Lol 2)erin-es o ro [ S0

X

If we use the property i) of Proposition 4.21, we can compute

2=1)(n+ 1)1 S0 -2 (n+4)+ (013
o= (g, = | 2O BB S

0 EX =t 4) 1 +2(-1)"(n+1)!

6(—1)m! V(214 G (n 4y

Ry1 =(L, (x)Iz,x12>p =

0 6(—1)"n! + S (n+4)!
Thus,
[Ry—20 Rn-21 _
| Ru—10 Rn-11
a1y Gl 0-22) (2 EL N et 61 (-2t C eay G (2]
0 M (1=12) (n42) 142(=1)" (n—1)! 0 6(—1)"(n—2)1+ G (n42)!
2—1ytnt CUE -y (3 EL n2)t 61 1)t C 3y C (n43)
Lo COL (- 2y (n43) 4+2(— 1) ! 0 6(—1)" (n—1)1+ L (n+4)1 |

On the other hand, from property vi) in Proposition 4.21 we have

_ _ k k—1
K%(x,y) = Ky (x,5) _mzl L1 (%) L1 ()
" ym = To+n+m—k+1)(ndm41)1  y1 -

Thus, if o is a nonnegative integer number such that 0 < o0 —m < n+m, then

/Kaxy B ﬂdx:i—mz_‘,] (—1)”+’”+1(m—k+n+m)v[‘(oc_m+1) ng—r]:wll()’)
yro B T(at+n+m—k+1)(n+m+1)(m—k—1)1  y+1 -

Observe that the above allows us to give an explicit formula for the matrix r&(y). Thus the se-

quences of matrix bi-orthogonal polynomials (L, i ](x),lv,Lzl (x))new with respect to (-,-), are

Ry20 Ru21 L:‘l 2<x)
1 (

L) (x) =04 | Ri10 Ryi1) L |,
Ruo Rui | L (x)I
i ; Rnfz’o Rn,271 (l’l — 2) !F(I’l + 3)]2
(L,L ]()’)) =—0; | Ri1p0 Ru1) 0,
() | 0,
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5.5 Applications

5.5.1 Unimodular perturbations and nonspectral techniques

The spectral methods apply to those Geronimus transformations with a perturbing polynomial
W (x) having a nonsingular leading coefficient Ay. This was also the case where the techniques
developed in 4 for matrix Christoffel transformations are considered assuming the perturbing poly-
nomial has a nonsingular leading coefficient. However, we have shown that despite we can extend
the use of the spectral techniques to the study of matrix Geronimus transformations, we also have
a nonspectral approach applicable even for singular leading coefficients. For example, some cases
that have appeared several times in the literature are unimodular perturbations and, consequently,
W (x) has a singular leading coefficient. In this case, we have that (W (x))~! is a matrix polyno-
mial and we can consider the Geronimus transformation associated with the matrix polynomial
(W(x))~! which can be understood as a Christoffel transformation with perturbing matrix poly-
nomial W (x). Since 6(W) = @, the perturbation has no masses and it can be understood as a
Christoftel transformation

We can apply Theorem 5.35 with

R= <Pm,x(x)>uw, Ry = < ,E”,l,,x’>uw € CPrP,

If the matrix of linear functionals is just a matrix of measures u supported on the real line, then we
can write

Ruy = / P o dp(ow ().

5.41 Example . If we deal with a scalar case, so that u = ugl, where uy € (Clx])" is a scalar
linear functional and W (x) = (W (x))T, then the sequences (15,[,1] (%)) nen and (Iv’,[lz] (x))nen coincide
and H, = (H,)" is Hermitian. If (p,(x))ncx denotes the set of orthogonal polynomials on the real
line with respect to ug, we have

Ry = (ug, pa(x)x'W (x)).
For example, if we take p = 2 and the unimodular perturbation given by

W (x) = [(A2)1,1x2+(A1)1,1x+(Ao)m (A2)1,2x2+(A1)1,2x+(Ao)l,z}

(A2)12%° 4+ (A1)12x+ (A0)12  (A2)22%> + (A1)2.2x+ (A0)22
we have that its inverse is the matrix polynomial

1 [ (A2)22x® + (A1)22x+ (A0)22  —(A2)12%% — (Al)l,zx—(Ao)l,z]

W)™ = detW (x) |—(A2) 1202 — (A1) 12x— (A0)12  (A2)11x* + (A1) 11X+ (Ao
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and since detW (x) is a constant, the inverse has also degree 2. Therefore, for n € {2,3,...}, we
get the following expressions for the perturbed matrix orthogonal polynomials

. RC pn—Z(x)IZ . RO <M07Pn—2 (x)x”W(x))
P, (x) =0, " ppoi(x)h |, H,=0, " (ug, pp—1(x)X"W(x)) ,
| pe(h | (w0, pa(x)x"W (x))
where R} is a square matrix of size 4 x 4. Moreover, since R, = 022 for | =0,...,n—3, then its

columns are taken from the following matrix

<u0,p,,,2(x)x"’4W(x)> <u0,pn,2(x))c”’3W(x)> <u0,pn,2(x)x"’2W(x)> <uo,pn,2(x)x”’1W(x)>
02x2 <u07p,,,1(x)x”’3W(x)> <u0,p,,,1(x)x”’2W(x)> <u07p,,,1(x)x"’1W(x)> ’

5.42 Example . If our perturbation is W (x) = I, + p(x)E; j, where the matrix E; j was defined in
Subsection 4.4.1 and p(x) € Clx] with deg p(x) = N, then we have that (W (x))~! =1, — p(x)E; ;
and degW = deg(W~!) = N. If we assume an initial matrix of linear functionals u, for n > N, the
first family of perturbed polynomials will be

' (PN ) L+ pE)), - (Py(@). ™ (L, + p()E:)), P y()
ﬁn (x) = ®* :
(P ), (1, + pE)), - (P, (L, + p(0E)),  Pi(x)
Here, the sequence of different integers {ki,...,kn} C {1,...,n— 1} satisfies
(P @) Iy + pE)), - (Py(@). ™ (1, + p()E: ),
} } # 0.
(P (0,24 Uy + p)E)), o (B (0.2 (1, + p()Er ),

Observe that in the two previous cases unimodular matrix polynomials are particularly simple,
since the degree of the perturbation and its inverse coincide. However, this is not always true. A
simple example illustrates this situation.

. 1322 _1 1 =3 x*—x?
5.43 Example . If now we take the perturbation W (x) = [8 1 }, then W(x))"' =10 1  -x
00 1

Notice that deg(W (x)) = 3 and deg(W (x))~! = 4. Thus

Jtw () o (P w ) | R

(P (x

S0y 5 :

Py (x) = 0O, < k1W > <P,£1](x).,xk4W(X)> Rgljl(x) ’
</

)W) o (P ) k()
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(!, <x>.xk1w<x>> e (Pl aw ), |
<2, i [010] : :
(P () {888} =0, (P x W e ). (Awaawe) |

(K o)° | 0

Again, in this case the set of different integers {ki,...,ka} C {1,...,n— 1} is such that
1 i
(Bl W), o (Rl W (W),
#0.
1
(P 0w )y, (P (), W (),

5.5.2 Degree one matrix Geronimus transformations
We consider a perturbing polynomial of degree one

W(x) =xI,—A,

and assume, for the sake of simplicity, that all éga,]n in (5.1) are zero, i.e., there are no masses.
Observe that in this case a Jordan pair (X,J) is such that A = XJX !, and Lemma 1.37 implies
that the root spectral jet of a polynomial P(x) = Y Pix* € CP*P[x] is Jp = P(A)X, where we
understand a right evaluation, i.e. P(A) := Y P.A*. For 6(A) Nsupp(u) = @, a similar argument
yields

T = (P00, (4" =107 )X = (PU(0), (A= 1,07 ) X,

expressed in terms of the resolvent (A — I,x) ™! of A. Formally, it can be written

T = W(A)X,

where we again understand a right evaluation in the Taylor series of the Cauchy transform. More-
over, we will also need the root spectral jet of the mixed Christoffel-Darboux kernel

n—1
Igm0) = X PP (H) ' a)x
n—1 k=
= (P20 (Hao) ') = (PP ) (H1) ' () + 1) (A= 1) 'X
—: ’E )(A y)X

and V(x,y) = I,, so that 7,y = X. Here we have recalled the Christoffel-Darboux formula for
mixed kernels. Thus, for n > 1 we have
cl ax P

}’[ll]l(x)

B =e. cll 1]
G (A)X P (x)
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Chapter 6

Matrix Geronimus-Uvarov
transformations for matrix
bi-orthogonal polynomials on the real
line

In 1969 (see §1 of [143]), for the first time a massless Uvarov transformation for scalar orthogonal
polynomials, finding (as Uvarov called them) general Christoffel formulas for these transforma-
tions was considered. Those results constitute a detailed version of the results presented in [144]
in 1959 in Russian (see [149, 71] for more details). We now consider a transformation generated
by two matrix polynomials We(x), Wg(x) € RP*P[x], that we call Christoffel and Geronimus poly-
nomials, respectively. This can be understood as a composition of a Geronimus transformation as
discussed in the previous Chapter and a Christoffel transformation (in this order) as discussed in
Chapter 4 (see also [11]).

Definition 6.1. Given two matrix polynomials W (x), W (x) of degrees N¢, N, respectively, such
that 6(Wg) Nsupp(u) = @, a matrix of linear functionals il is said to be a matrix Geronimus-
Uvarov transformation of the matrix of linear functional u = (u; ;) € (OL)N*N, if

aWes(x) = We(x)u.
The above definition implies that the corresponding sesquilinear forms associated to # and u satisfy

(P, QW) = (POIWe(x),0(x)),

Proposition 6.2. The most general matrix Geronimus-Uvarov transformation is given by

-1 [a]
(x— xGa)Wc()iJlTl(Gz(x). (6.1)

HMQ
HMQA

4G
i = We(x)u(We(x)) ™' +v, Z
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134 Matrix Geronimus-Uvarov transformations for MBOPRL

q9G

expressed in terms of the spectrum 6(Wg) = {XGa} ., number of Jordan blocks s 4, partial mul-

tiplicities Kg)j and corresponding adapted left root polynomials lgf )] (x) of the matrix polynomial
We(x) and E,%l eCr.

Observe that the matrix of functionals v is associated with the eigenvalues and left root vectors
of the perturbing polynomial Wg. Also notice that we have introduced W¢(x) in this term. In

(@)

general we have Ngp > ZZ:] Y KG f| and we can not ensure the equality, up to for the case of
nonsingular leading coefficient.

Proposition 6.3. The moment matrix M := (y(x),x(x))s fulfills
MWg(A") = We(A)M.

As for the Geronimus transformation we assume that the perturbed moment matrix admits a
Gauss—Borel factorization

M=),

where § 1 §2 are lower unitriangular block matrices and Hisa diagonal block matrix

Consequently, the perturbed matrix of linear functionals gives a family of matrix bi-orthogonal
polynomials

ﬁ[l] (X) = §iX(x)’ = 1727

with respect to the perturbed sesquilinear form (-, -) ;.

6.1 The resolvent and connection formulas for the matrix Geronimus-
Uvarov transformation

Definition 6.4. The resolvent matrix is given by
o := S We(A)(S)) "
Proposition 6.5. 1) The resolvent matrix can also be expressed as
®=HA(8) We(AT)(S:) H . (6.2)
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Matrix Geronimus-Uvarov transformations for MBOPRL 135

ii) The resolvent matrix is a block band matrix with at most the first Ng block subdiagonals the
main diagonal and the N¢ block superdiagonals are nonzero, i.e.,

[ @00 o1 . e O N-—1  Ip 0, .
o O e O Ne—1 O1 N I,
0w = : : . .
(DNG,O (DNG ,1 (DNG,NC +Ng—1 1]7 Op
0p  ONg+1,1 ONG+1,Ng+Ne—1 ONG+ING+Ne Ip

iii) The following connection formulas hold
P (x)We(x) = 0P (x), (6.3)
(PP () B o = We (x) (PR (x))TH. (6.4)
iv) For the last subdiagonal of the resolvent we have
ONg-+ik = HvngriAcng (Hi) ™' (6.5)

where Ag N, is the leading coefficient of the perturbing matrix polynomial Wg(x).

Proof. i) Proposition 6.3 and the Gauss—Borel factorizations of the moment matrices M and
M lead to

We(A)(S1) H(S2) " = (81) A (S:) Twe(AT),
or, equivalently,
SIWe(A)(S) T H =HA(8) " Wa(AT)(S)"

and the result follows.

ii) From its definition, the resolvent matrix is a lower generalized Hessenberg block matrix,
with N¢ nonzero superdiagonals. However, from (6.2) we deduce that it is an upper gener-
alized block Hessenberg matrix with Ng nonzero subdiagonals. As a conclusion, we get the
band structure.

iii) From the definition of the resolvent we deduce (6.3). From (6.2) we get (6.4).

iv) It is a direct observation from (6.2).

[
Connection formulas (6.3) and (6.4) can be written as
o1 1 B
n (X)Wc(x) = Pn+Nc (X) + Z mn,kPk (X),
k=n—Ng
n+Ng
Wo() (PE) (H) ™ = Y (B () () ok (6.6)
k=n—N¢
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136 Matrix Geronimus-Uvarov transformations for MBOPRL

Proposition 6.6. The matrix Geronimus-Uvarov transformation of the second kind functions reads
as

(A(82) ™) poy B (02
C ()W (z) — 0, — ocll(z), ©6.7)

(C‘[Z] (Z))Tﬁfl(,l) _ WC(Z) (C[2] (Z))THil — [(X(Z))FNC] Be (Sl)[;\/i:]’op’ .. ] . (6.8)

Proof. From (1.9) we can write

u

_ <13[1](x)’ (W (x) —We(2))" >u _ —S’; <X(x), (W (x) _WG(Z))T> .

X—2Z

Using the fact that Wel)We(@)' i 5 matrix polynomial of degree Ng — 1 together with (5.10), we

X—z

get (6.7). For (6.8) we observe that from (6.6)

"G Ay L o P\ o
Y G o= 17710” (X)W (x) H,

u

- <WC(’C)_WC(Z),P,?](;C)>MH,,1 + <WC(Z)7Pr[12}(16)>ul‘1n1

—X —X

=- <WCZ—WC<X),B£2] (x)> H, '+ We(2) () (),

I—X u

and since W is a polynomial of degree N¢ — 1, then using (5.9)

W(Z)—W(X) 2] - Op, if n>Nc—1,
(A w) - 10 e (e PEO) L i < Ne—1.

u

Thus, we get the result. ]

Remark 6.7. We can understand a matrix Geronimus-Uvarov transformation as a composition of
a Geronimus transformation (the first step) and next a Christoffel transformation, in terms of the
corresponding matrices of linear functionals u — 1 — ii, where

W =u, = Wil
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Matrix Geronimus-Uvarov transformations for MBOPRL 137

At the level of the moment matrices we get
MWg(A") =M,  M=Wc(A)M.

Here, we will assume that the linear spectral transformation can be performed in two steps, i.e.
that M has a Gauss—Borel factorization'. Thus we can write

) H(S) TWeAT) = (8) TH(S) T, (8)TTA(S) T = Wea)(81) H(S)

Therefore, we have the partial resolvent

We see that 0 is a lower unitriangular block semi-infinite matrix with only the first Ng subdi-
agonals non-zero, and O¢ is an upper triangular block semi-infinite matrix with only the N¢ first
superdiagonals non-zero. The resolvent ® results from the composition of both transformations, so
that ® = Oc®g. We also notice that 0g, being unitriangular, is nonsingular, and has nonsingular
coefficients as its last nonzero subdiagonal. Regarding ¢, the block entries in its highest nonzero
superdiagonal are identity matrices 1,, and it has on the main diagonal nonsingular matrices as
entries and, consequently, it has an inverse. Thus, the equation WX = 0 implies X = 0.

6.1.1 Matrix Geronimus-Uvarov transformation and Christoffel-Darboux kernels

Definition 6.8. We introduce the resolvent wing matrices

;- -
Wpn-Ng -+ .- Wy n—1
0
p NG p*XN
c ChNap GP’ n 2 NG;
| Op Op wn-&-Ng—l,n—l_
QG[n] — W0  oer e Wy 51
OG0 WONG,n—1
’ ’ NGpx
€ CNopxnp, n < Ng,
0p
i 017 Op O)n+NGfl,n71_

'We already assume that M and M do have such a factorization.
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.- -
IP OP 0[7 OP
On—Ne+1n 1p 0p 0p
. c @Ncprcp’ n>Nc,
QC [n] — IP OP
| Op—1n cee Wp—1,n4+Ne—2 Ip_
®o,n coo WO N-—1 Ip ce 0
N
€ CwPXNer | < N
_(Dn—l,n oo v Op—1p4+Ne—2 Ip

Theorem 6.9 (Connection formulas for the Christoffel-Darboux kernels). For mg = min(n,Ng)
and m¢ = min(n,N¢), the perturbed and original Christoffel-Darboux kernels are connected as

follows

K1 (x,y)We (x) = We (v) K1 (x,)
(1]
Py (%)
o« T o T Om m, _Qc[n] .G
[0 G o) ] [T SN 69

1
P r[lJlNCf (%)

For n > Ng, the mixed Christoffel-Darboux kernels satisfy

R (x, )W (x) = W ()KP) (x,3) + Vis (x, )

e @)
N LN _ ~ o B Om PXNgp _Qc[n] " .G
[ (Ee0) e (g 100) | { QO Oy 1]
Cn+Nc71(x)
(6.10)
Where Vg (x,y) is given in Definition 1.42.
Proof. For the first connection formulas (6.9) we consider
Py (x)
Kot (v3) = | (BP0) B0 - (B 0) @) ou | ]
P ()
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and we can compute it in two different ways. From (6.3) we get that

o] A P ()
o | 1 | =] | Wel)—Q) : :
Pr[zl—]l (x) Pr[zl—]l (x) P;Eﬂchl (x)

where we have used the notation

O(n—N()pXNcp] n> N

o= L @Ml

Qc[n], n < Nc.

Therefore, for m¢ = min(N¢,n), we can write

Ko-1(x,) = K1 (x,y)We(x) — [(ﬁ,?lmc(y))f(ﬂn,mc)*l,A..,(Eﬁﬁl(y))f(ﬁn,l)*l}Qc[n]

For mg = min(n,Ng), (6.4) leads to

P[l_]mG (x)
%1 (6,3) = Wo (DKot (6,3) = | (#100) )1 (1) i, 07| Q) |
PI’[LI—]I (x)
Hence, we obtain
P )
Wo () Kot (63) = | (B2 0)) ()~ (B 00) Bng) | Q) |
Pr[zl—]l (x)
P,[ll] (x)

= Kuca (e 3We) = [ (B2 0) (B (B2 00 (Bt @) |2

and (6.9) follows. Next, we consider
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which can be computed in two different ways. First, using (6.7) we get

cil)
Cr[zIJ]rNC—l(x)
where again (H (ﬁz)fT)[n x) denotes the truncation to the n first block rows and first Ng block

columns of A (3’2) _T. For n > Ng this simplifies to

G (%)
27 (63) = Wo 0K () = | (B2100) 1 (82, 0) g 0 | Q5T | ]
Cr[llll (x)
and, consequently, we obtain
)

e ()

C;[qliNG (x)
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6.2 Spectral properties of the first family of perturbed second kind
functions
In the next sections we will assume that the perturbing polynomials are monic, i.e. W (x) = I,x" +

): Ag, Wk, We(x) = I, N+ Z Ac, «x*. The corresponding spectral data, eigenvalues, algebraic

multlphcmes partial multlphcltles left and right root polynomials, and Jordan pairs and triples
will have a subindex C or G to indicate to which polynomial W (x) or Wi (x) they are linked to.

Definition 6.10. Let x¢ , be an eigenvalue of Wg(x). For z # X 4, we introduce the p X p matrices

IP
( )K@
. I=XGa) !
G () = Jgﬂ]w (xG,a)X,-(“)L((;“,? : , 6.11)

n C .
IP

Z=XG.a

wherei=1,...,5G 4, and the matrices Xi(a>, Lc(;al) are defined as in (5.14) and (5.15).

Proposition 6.11. For z ¢ supp(u) UG (W), the following expression

All] sl Iy £
Cr'(z) = (P (x), = +ZZ
WcuWG

Z—X a=1i=
holds.

Proof. From Definition 1.9

aw@_<ww%§f%

(0)
4G 5G.a¥Gi~ [a] l(a)
SCACECYRIIES 105 W CRBURRE =)
X/ Weuwy!

I
=

(m)

1 (7 —
z a=1li=1 m=0 m: (Z x) X=XG.a
Now, taking into account that
la] ;@) (m) ] (@) )\ ")
sl1] E.:Lm G, (x) _ 511 gzm G.i(%) 1
<Pn (x)We(x) m! (z—x) _k;() Py (X)WC(X)g(mik)! (z—xG.a) 1
X=XGa X=XG,a
we deduce the result. [ ]
Lemma 6.12. The function i‘,gcj) (x)Ws (x)rg )j (x) € CP[x] satisfies
G (WG () () = (6.12)
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(a) _
(x 7xG7a)KG,max(i,j)
3 o)X z W)+ (=36 T ), a=b,
Ghwe @ 1 > (6.13)

(x —xG.q) “Gmaxtii)

(a)
e

(b)
(v x) T (1), ab,

where the CP-valued function T'%") (x) is analytic at x = xg  and, in particular; T\ (x) € CP[x].

Proof. The function a‘n(f) (x)Wg(x)rg )J (x) € CP[x], with a # b, as (1.5) informs us about, is such

that
o
(x—xc;’a)“(t?-z‘
Guid OWe()rg () =30y e X VLE) | | Walrg ()
IP
L X—XGa J

Iy
)
(a) ) ( (x —XG.a) 0 »
. l . )
G (W l)r () = Alwe (¥6.a) X" Lg, : Wa(x)rg (%)
Iy
L X—XGa
_ | 3
K
( ) ) (x - xG7a) G,i ) " ( ) ( )
4 a . .
= JG pl C(XG,a)-X;' : IG.;()Wa (x)re ;(x) + (x —xG.4) 03 i (¥6.0) X T @) (x),
1
L X—XGa
for some T(%)(x) € CP[x]. Hence, using Proposition 1.34 we get
(a) (a)
(x — xGﬂ)KG.max(i.j)_KG.i
;L (x)Wc;(x)r(”).(x) —3® (xG.a) Xi(a)
n;t G,j Gfr[zl]Wc ,a : .
(x— xG.q) “Omantin) !
(a) (a) (a) O Ng-2
x (WGJJ;O FWG (X = XGa) + oo WG,iyj;Kg)min(L.i)Jrchz(x ~XGa) Omne T ) '

(a) (i) (@) r(a,a
+(X—xG,a)KG"JG’é[ll]WC(xG.,a)xi T )(x),
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and the result follows. |

Lemma 6.13. The following relations hold

. . (m) SG,a ala a (m)
(GleWorgi@) =Y (G @Woergi@) (e
=XG.a i=1 =XG.a

forsz,...,Kg)j—l.
Proof. For z ¢ supp(u) Uc (W), Proposition 6.11 leads to
A1 a (m)
(e @) =

I=XG,a

(m) 4G SGb (m)

(<P,£H(x), ;_"X>WCHW61 WG(Z)r(GCf)j(z)> n Z Z (Cn, e )‘(Z))

I=XGa I=XG.a

Taking into account 6(W) Nsupp(u) = @, the derivatives of the Cauchy kernel 1/(z — x) are ana-
lytic functions at z = x¢ 4. Hence,

m (@) (AT (m)
5 I a (m) . Wa(z)re i (z
<<P,£”(x), £ > WG(z)r(G_)j(Z)> — { BV (), <[G()GJ()]>
i WCuWC;I / I=XGa =X Z=XGa WCMW(;1

N no a —1)" K (m—k)! T
— <Pr[ll](x)7 [k_ZO <k> (WG (Z)ré’)j(Z))ik:)xG‘" ((XG,)a _x()m—k‘i‘2 ] >WcuW1

:Opxla

form=0,. ..,KSL — 1. From (6.12) we know that if b # a, then @',E (2)Ws(2)rg () ;(2) has a zero at
2= XG4 of order Kg’)j, 1.e.

(CD@Wo()rd ()™ =0,  b#a,

I=XG,a

@ 1.

form:O,...,KG‘/j [ |

Let WG(al) i ‘I/VC(;C_"I.), ‘Téa), and 7@ be as in Definition 5.15 but now corresponding to the zeros of
We(x). Then,
Proposition 6.14. The following formulas

SG,a SG,a

(J)
j(:,ér[.l] ZJGC,,,WG xGa) jGCH xGa Z]G C,,,WG(xGa) (6.15)
J (G]?G,;iWG (¥G.a) = J(c)pmwc (6.5 W T 6 (Ga) = Jg)p[”w (x6.a) X" Wi, (6.16)
J el (6.a) = I gl (xG.a) T, I e, = g, T6, (6.17)

hold.
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Proof. (6.15) is deduced from (6.14). To show (6.16), notice that according to (6.12), for m =

(a)
0,...,KG7].—1,

@ @ (m)
(s et ) "

(a) ._ (m)
(=0 om0 )
. x:xG,a |

For (6.17), just notice that from (6.16) and (6.15)

SG.a SG,a

yggu% (xGa) =Y 3 g>p[l]% ()XW 1o Ty () = Y3 g)ﬁm (v6.0) X W),
y~n i:1 »n i:1 »n
Recalling (5.19) we have
SG,a

=36.alwe (x6.) T,

and, in a similar way, we get the other relation. [ |

6.3 Spectral Christoffel-Geronimus—Uvarov formulas

We assume that the leading terms of both perturbing polynomials, Ag n, and Ac n., are nonsingu-
lar.
Discussion for n > Ng

Remark 6.15. In Corollary 6.36, taking into account mixed spectral/nonspectral approach, we
will check that if Ag n is nonsingular, then we have

Tent,  Tocl, e, T
: #0.
] 1 j 1 -] 1 {IG
C7P7£+]NC71 G7C}[H]>NC71 G7P»[L+]NC4

Proposition 6.16. For n > Ng, the resolvent can be expressed as follows

Tepl, J Gy, To.pl! .
[mn»”*NG’ s ’0)"»”+NC*1] - []QPy[lﬂNC ’ ijcﬂNC B JG:REHNC TG:| : :
J ol Jocn =30
CVPrHrNC—l G’Cn+NC—1 G’Pn+NC
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Proof. The connection formula (6.7) gives for n > Ng

A 1 1
Heows) = Y o (x)
k:n—NG
We deduce that
"y ]
Gy,
jG7ér[zl]WG = [(Dn’n,NG, ceey mn,n+Nc*l:| + jG>Cy[,llNC
J..
G7CL+]NC71
Now, from (6.3),
S
G.Py,
T 8hwe = [Onn-ngs -+ OnreNe-1] 5 T JG,PﬂNc
J
6ol
Recalling (6.17) we obtain
G'Cr[lllNC G»P,[,,]NG
[wn,an(;a ce 70)n,n+NC71] + jG clll = [mn,an(;a sy wn,n+NC71] + JG pll ‘TG-
J ntNe I T A ntNe
GCuing—1 GFpiNe—1
It reads
Joon =30 I
GGy, G.P,
|:(0n7n7NG’ o O)n~n+NC71:| : = (jGwcr[zlj’NC B JG7P7[114]~NC TG) ‘
Joc =g To
"n+Ne—1 " n+Ne—1 (NG+NC)P><NGP
From (6.3) we also get
J .o
cHly,
[mn,n—N(;v' . '70*)n,rl+Nc—1:| +]CP[I] =0. (618)
" n+N¢
.7 [1]
CPrenet (NG+Nc)pxNcp
Therefore,
] 1 ] 1 _ J 1 T
crly, Gcly, ~Tenl, 6
. . _ _|7J g -] i’
[(’)n,n—Ngv s 7wn,n+NC—]] : : = - |: C,PHNC Gﬁcr[lllNC G‘Pi[lllNC G] .
J. J .. J .o T
C*Pr[HENC—l G7CI[H]>NC71 G7P1£+]NC4 G
| |
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Theorem 6.17 (Spectral Christoffel-Geronimus—Uvarov formulas). For monic perturbations, when
n > Ng, we have the following last quasi-determinant expressions for the perturbed bi-orthogonal

matrix polynomials and its matrix norms

- I
T plt JGCm —Jop To Pl ()

"'n—Ng "~“n—N, " n—Ng

_ (1]
eaty, Jacly, e, T Bl
J crly T 6. vo JG,P,EI,]NG T Hung
J J —J T 0
o CPHN +1 GCL]N +1 GPr[t]NG+1 G P
a,=o, ‘ 7
j 1 ] 1 -] 1 {I O
Pl GGy, TGR O P
[ 7. J . I I H,_n.]
chly, GGy, TGHR, 6 n=Ng
1 -] I 0
Terly Tocln lanly, T »
2] i
(P () =6, :
J J . -3 I 0
CPve GGl "GP O P
We(¥)Ick, () Waly) (]GJ(;@? ) =36k, L) +Igw()  0p |

Proof. From (6.3)

1
P rEJNG (x)
All 1 )
i'[l ](X)WC(X) PY[H]—NC (x) + [(’)n,n—Nm e 70)n,n+NC—]] : )
1
Pl 1 ()
and applying Proposition 6.16 we get
Al 1
B ()We(x) = By ()
-1
-] T 1
Tept,  Tach,, ~len, T Pl ()
~Tent o Jodt, “enn, || s NN
_ (1]
Terle Jodl, T anl o] [P )

and the result is proven. From (6.5) we deduce

H, = mmanGanNG-
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According to Proposition 6.16,

J . J.m =3 u I I
catyy  Joan, om0
o I T -3 I : r
n’niNG c Pn+NC G Cn+NC G, Pn+NC
J o0 J. -3 . I
C=R£+]NC71 G’Cr[thcfl GvPﬂchl 0,

For the second family of bi-orthogonal matrix polynomials we proceed as follows. First, recalling
Definition 1.13, we write (6.10) as follows

—1 .
Y (BP () B EN ()W (x) = W () K (x,y) + Vis(x,)

k=0
)
C n—-Ng
s oY (42 T 71] Onepxngp =7 [n] :
[ et ) ] [ i et
n+Ng—1
and the corresponding spectral jets fulfill
Ny
Jecn
"n—Ng
. o B . T B O, pXNGp _Qc[n]
[ c0) By (B 00) Brong) [ QO Ongpency
GCr[iNC 1
From (6.17)
N (A2 N A3
Y (B 0) 13 iy To = Wol0)T oo 0) + T 0)
k=0 ol
J 6ol
0 QCln] G
o T B N o -~ mcpXNgp -
B [(P'L]mc(y)) ()™ (Bl 0)) (1) l] [ SSG[H]G OngpxNep - O
GColne
while, from (6.9), we realize that
2 T
Y (B2 0) Ay Yo T =We(V)Io k()%
k=0
. J GaP,LlJNG‘TG
e oY e (p2 f o ] Omepxngp =5[] .
| (B20e) g (2 100) | [ Q] Oy @
ol o
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148 Matrix Geronimus-Uvarov transformations for MBOPRL

which can be subtracted to (6.19) to get

Wo(y) (4, K ) =36k, "7G) + 60 ()
]G,C,E',]NG B JGJD“},VG g
— [(p[z] ())T(f\{ )71 (ﬁ[z] < ))T<]:[ )71:| OmeXNGp —Qc[l/l] .
n=me Y e ntNg—10)) niNg-1 Q%[n]  OngpxNep _:J I
it~ Yortly ™
(6.9) also implies
We (y)jC,anl (y)
Tepll
c B
— [ ) @yt - (22 )] } Oncpngp  —7[n] 6.20
|: (P"*”’C (y)) (H””"C) (Pn+NG71 (Y)) (Hn+NGfl) |: QG[I’l] ONprNCp ( . )
chlly
Hence, we obtain
-1
]C7Pr[1!NG ]G7Cr[11—]NG — Jva;El]NG TG
WeIex, ) Wol) (5 oo 0=k, ,)Te) +765 1) ]
n—1 . .
-] T
jC,P,Eﬂchl ijCr[zlichl GvPﬂNCq ¢

o N o B o T B Om XN, _Qc[n]
— [(ac) e (B 0) g ] [ er W]

Now, from Definition 6.8 and the fact , ,—n, = H, (H,,_NG) 71, we get

(B 0)" = [Wo)Ie ks 00, We0) (96 i 0) = o 0)T6) + T ()|

J I =3 T Hy—ng
C7Pn—NG G7Cn—NG GVPn—NG OP
X : ) ,
J o0 J. 0 J I
Chver 76 e TR T 0,
and the result follows. ]
Discussion for n < Ng.
Proposition 6.18. We have that
Onep BeQs

o [jC,P[]] ,jG’C[I] — JG,P[‘]{TG] = —[:I (Sg) -t ONCI’ ONGP
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Proof. From (6.7) we deduce

e
(H(S2) v Bcd Gty
jG,C[l]WG - 0 =07 -

Recalling (6.17) we obtain

I 6. piw. TG — 0 =07 cl-

Therefore, using (6.3)

Observe that (6.3) also implies
(D]C‘Pm == O
|

Given a block matrix A we denote by Ay} the truncation of A obtained by taking the first N
block rows and the first M first columns. Then,

Lemma 6.19. The following relation

- A (e
O[N,],[Nc+Ng) []C,P[']7]G,C“] . JG,PMTG] [Ne-+NG] diag(In, RG) = |OngpxNep: —Hing] (SZ)[NG]:|

(6.21)
holds.
Lemma 6.20. The matrix ( Je. Pll]) N is nonsingular.
Proof. It follows immediately from
Tern) e = (S &
and the fact that Q¢ is nonsingular. [ |
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150 Matrix Geronimus-Uvarov transformations for MBOPRL

Lemma 6.21.

= epmsIgen =36 pnT6] 1y n, diagUne: Ra)

~1
— [ I[NC] ‘ OPNCXPNG ] (jC,P“])[NC] OPIYCX[’NG
O[NG],[Ne+Ng) 0pNgx pNe Hng)

-1
y [ Iine) ((] C,PM) [NC]) (] Gcl— JG,PWTG) [Nc),[NG] KG]

o\~
ON@pXNCp (SZ)[NG]
holds.

Proof. (6.21) can be written as

I 0 .
_ [ [Nc] ‘ pNe x pNG ] []CJJ[I]JG’CU] _JG’P[I]TG] Ne-tNe] diag(Iy., Rg)

O[N], [Nc+Ng]
_ (7 c,pll ) [Nc] 0pNex pNG TN ( (] c.pl] ) [NC]) (] Gl —Igpnlc ) [Ncl,ING] Re
O0pNg x e Hpg) ONgpxNep ( (SZ) [Ng] ) -
and the result follows. ]

Lemma 6.22. Forn e {1,...,Ng— 1} we find

-3 T
I .4l (I =30 T) R
I:In = _®* : ’
-] T n
]C’PI[\;C]ern—l (]Cr[ll—]l PI[VI(];+n—1 ) KG"
[ T (ﬂc([)u —Jp T) R
mn,k:G)* g |, 0<k<Nc¢c+n,
-] T
| Tenl, Ve, =, T) R
[ T (]C([)l] —3p0 T) Ro 1
((52)"),, =o©: : : : 0<k<Ng.
’ -] T
jcvpl[\/lé-#n—l (jc;gl—l I:][vlc],+n_| ) RGJH_]
L (eNc-ﬁ-k)'
Here we have used the matrices e = [Op, ey 0p,15,0p, ... ,Op)] f e CWetnt)pxp ywith all its pPXp

blocks the zero matrix 0, but the k-th block is the identity matrix I,.

Theorem 6.23 (Spectral Christoffel-Geronimus-Uvarov formulas). For n < N and monic polyno-
mial linear spectral perturbations , we have the following last quasi-determinant expressions for
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the perturbed bi-orthogonal matrix polynomials

T el (I — Tl T) R P (x)
Pl We(x) =@, | : 2
Jep T =30 T)Ron P,HNCM (x)

L " Nec+n Nc+n Nc+n

- jc,P(El] (]C([)'] - JP([)uT) RG 041

Terly Ul =2y, T Rann
C

;
L OpxpNe (X[NG] (x))
Proof. From (6.3) and (1.8), for n < Ng we have

B )W (x) = Py () + @005+ Ouen 1] : )

B (x) = LY+ [1,.... L]

Then, Lemma 5.22 gives the stated result. [ ]

6.4 Mixed spectral/nonspectral Christoffel-Geronimus—-Uvarov for-
mulas

Recall that we consider the linear spectral transformation as a composition of a Geronimus trans-
formation (in the first step), applying nonspectral techniques, and then a Christoffel transforma-
tion, for which we will apply spectral techniques. In this situation, we still require the leading
coefficient Ac n. must be nonsingular, but we give a freedom degree for Wi (x) of such a condi-
tion. Thus, we consider

a

O gl

i = u(We(x)) "' +vg, VG = Z (—l)mS(’”)(x—xcﬁu)%lgf)j(x),
a=1j=1 m=0 :

)
Q
ot

so that, after a Christoffel transformation, the linear spectral transformation is achieved
n= WC ()C)l/tv

As for the Geronimus case, we consider
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Definition 6.24. For a given perturbed matrix of functionals 1i we define a semi-infinite block

matrix
— ( pll] — (pll (1]
R: <P ’X(x)>a <P ’X(x)>uW5‘ + <P ’X(x)>vc
Proposition 6.25. The equations
R=S\M, (6.22)
®R = H(S,)" (6.23)

are fulfilled.
Proof. (6.22) is a consequence of its definition. Let us show (6.23)

OR = S1Wc(/\) (S])ilslM

Thus, we conclude
Proposition 6.26. The matrix R satisfies
0, 1€{0,....n—1},
(OR),; = { P { }
H, n=1

Roo ... Ron-1

Moreover, the matrix ! ] is nonsingular.

Rn;I,O Rnfi,nfl
As for the pure Geronimus situation we consider
Definition 6.27. We introduce the matrix polynomials RX (y) € CP*Ply], I € {0,...,n— 1}, given
by

RE/(0) 1 = (Won)Kat (6.3), 10 ) =10

= (Wol)K1(e)Ipd )+ (Wo)Kamt (60,12 ) =1y
uWe

VG

Proposition 6.28. Forl € {0,1,...,n— 1} and n > Ng, we get

512 TrA — A2 T/ £ -
RE ) = (B0 0)) Bcn) o (B, 1 00) B 1) ]
Ran(;.l
0 —QC[n] ] '
x | mepxNar : . (624
[ Q[n| ONgpxNep ' )
n+Nc—1,1
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Proof. It follows from (6.9), Definition 6.24, and (1.15). [ ]

Definition 6.29. For n > Ng, let us assume that the matrix

Je A Rnngo -+ Ra—Ngn—1
q)n fp— c C(Nc-i—Ng)pX(Nc-i—n)p
J e pll Rotne—10 -+ Rugne—1p-1
" n+Ne—1

has full rank, i.e. rank(®,) = Nc + Ng. Then, there exist nonsingular square submatrices ®% €
C(WNe+Ng)px(Ne+Ne)p of ®,, and we will refer to them as poised submatrices. We also consider

. N
Qp = [JC7P,[11+]NC7Rn+NC,o7.'-,Rn+NC,n—1} e CP*WNetn)p

and the submatrices @ € CP x(NetN6)P corresponding to the selection of columns to built the
poised submatrix ®. We also consider

Ox () = [Wa) Ik, 0 Rio(y), - RE 1 (v)] € CP*Netnr]y)

and (¢; ()",

Proposition 6.30. If A v is nonsingular, then

J . Ry-ngo -+ Ru-NgNg—1
C’PanG

J e plt RyiNe—1,0 -+ RngNe—1Ng—1
" n+Ne—1

is nonsingular.

Proof. From Proposition 6.26 we get the system

Rang,l
[wn,anGa s 7(Dn,n+NC*1j| = *Rn+NC,la
Ruine—14

forl € {0,1,...,n— 1}. In particular, the resolvent vector [(Dn,an, ey (Dn,n—l] is a solution of the
linear system

j 1] RH*NG,O e Ran(;,Nc;fl

C.Py,
[(Dn,anG, R a(‘)n,nJrchl} :
J. Rusne—10 -+ RutNe—1Ng—1
C7Pn+chl
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= [JCPH RuiNe,0s - RukNe NG -1 . (6.25)

7n+c

Let us discuss the uniqueness of the solutions of this system of linear linear. Assume that there
exists another solution [G)mn—Nm ey (I)n7n+NC_1] . Then, consider the monic matrix polynomial

Qe (1) = PLlL 3 (0) + B 1Py () - D PL (1),

Because [6),,7,1_;\/, ... 7d)n,n—l} solves (6.25) we get
760w = Opxtiep: (6.26)
(Onine(x), LX)y =0, — 1€{0,...,Ng—1}. (6.27)

Using Lemma 1.37, (6.26) can be expressed as follows

Xc
XJe
]CaQn+NC == [(Qn+Nc)07 ceey (Q”—HVC)V!-HVC} . = 0P7NCP7

XC(JC)}H_NC

where (X¢,Jc) is a Jordan pair for the perturbing polynomial We(x). But, from Proposition 1.32,
this is a necessary and sufficient condition for W¢(x) to be a right divisor of the polynomial
On+n.-(x), so that we can write

Onine () = Po(x)We (),
where B, (x) is a monic polynomial of degree n. Then, (6.27) reads
<}~)( ) Ipxl>u—0pa ZE{O,...,N(;—l}.

We now proceed as we did in Proposition 5.33. We first notice that Lemma 5.32 can be applied
again to get

(P (o)1) = (P 0) B ()
for I < m+ Ng. Hence, when [ € {0,...,n— 1} we have

Nc+n

(O ne (), Iy = (Pulx = Y ouB ).,
k=n—Ng
Nc+n | B
- Y 0 (P, 0400+ (Bo(x), Bi (%)
=n—Ng
:0,,.
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Now, the uniqueness for bi-orthogonal polynomial families implies

P,(x) =2 (x),

and, considering (6.3), we infer that there is an unique solution of (6.25). Thus,

Jepl, RynNgo -+ Ru-NgNo—1
7 n=Ng
]C'P[IJEN . Rﬂ"rNc—l,O .. Rn-‘rNc—l,Nc—l
PN
is nonsingular and, therefore, is a poised submatrix. [ |

Proposition 6.31. For n > Ng and a full rank matrix ®,,, let us take a poised submatrix ®5. Then,

~1
[On NG - s Onane—1] = =9 (P}) -
Proof. From Proposition 6.26, for n > Ng we get
Rn—Ng,O cee Rn—Ng,n—l

[mn,n—N(;a e 7mn,n+Nc—1] : : =— [Rn+NC,07 . 7Rn+Nc.,n—l] .

RuiNe—10 -+ RuiNe—1p-1
Using (6.18) we can extend this equation to
[(Dn,n—Nga cee 7wn,n+NC—l] q)n = —Qy,
and the result follows. u

Theorem 6.32 (Mixed spectral/nonspectral matrix Christoffel-Geronimus—Uvarov formulas). Given
a matrix Geronimus-Uvarov transformation, the corresponding perturbed polynomials can be ex-
pressed, for n > Ng, as follows

) 0o
P, ILIJNG (x) 0 Na
A @7 : ; @2 v
() We(x) = ©. m . (BT W) A, = 0. ;
Pn+[1¥}c—l ()C) Op
o7 | Al L (oF )7 0,

The corresponding quasitau matrices are

Rang,n

Rn+NC— 1,n
O
0n ‘ RniNen
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Proof. From the connection formula (6.3) we find

Iy rElJNG (x)
P CWe®) = [@nngse s Ounanet] |1 |+ By ),
ly r[Ll—i]-Nc—l (x)
and from Proposition 6.26 we deduce
Ry _Ng.m
Hy= [®nn-Ngr - s OnntNe—1] : + Ryt -
RyiNe—1n

Then, the result follows from Proposition 6.31. From (6.24) and (6.20) we get

R . . " O —QCn
(p’l’((y) - [(P'Ezjmc (y)) ' (H”*mc)_l T (Pr[j]-NG—l ()’)>T(Hn+NG*1)_1} [ é[g;x[’l;l]cp ONpr][vc]J P
so that
~ ; ; O —of
(@ O)O8) " = [(20c) a2y 0) | [Viier ]

In particular, recalling (6.5) we deduce that

anN
. ) _ 0
(BP0 Aaws = (oK) (@) | ) |,

OP

and the expression for the perturbation of the second family of bi-orthogonal polynomials follows.
[

Discussion for n < Ng
We proceed similarly as we did in Subsection 6.3. Let us notice that, from (6.3) and (6.22), we get
Aca T
o [Jepu,R] =H(S:) "[0,1].
Therefore, we conclude

O[NG,Ne-+Ng) UQP[I]’R] [Ne+Ng] — [ONGPXNCP’ 7I:\I[NG] (SZ) [;vt;]] .

Given a block matrix A we denote by A[y sy the truncation obtained by taking the first N block
rows and the first M first block columns. Then, we easily conclude
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Lemma 6.33. The following Gauss-Borel factorization is fulfilled

—1

i I[NC} ‘ OchxpNG (]C,P[IO[NC] OpNCxpNG I[Nc] R[NONG]

[]C,P[I]vR] [Nc+Ng) - 3 0 SA - '
CTHG O[N], [Nc+Ng] 0pNG x pNc H[NG] NgpxNcp ( 2)[NG]

Therefore, forn € {1,...,Ng — 1} we have

T e el Roo o Rop-
Hn — ®* : N )

Jepll  BNctn-10 oo RNetnin-i

- 7 (o} n—

[ Jep Koo oo Roae

Ok = O € | 0 <k <Nc+n,

]C-Pz[v”+ RNc+n,0 cee RNC-&-n,n—I

L 4 C n
]C,P(g]] R0,0 ce RO.,n

((52)7) = ©- : : , 0 <k < Ng.
jCJJ[[\)] - RNc+n,0 ce. RNc+n,n
Prgin
L (enc+1)'

Theorem 6.34 (Mixed spectral/nonspectral Christoffel-Geronimus—Uvarov formulas). For n <
Ng, the perturbed bi-orthogonal matrix polynomials have the following quasideterminatal expres-
sions

r 1
]QP(EI] Rop ... Ron ! ](X)
All . ) . )
Bl ](X)WC(X) =0, : : ; : ;
1
_jC’Pl[VlC]Jrn RNchn,O N RNC+n7n71 Pr[l‘f]’NC (x)
[ jqp([)l] Ropo - Ron i
5120 :
P (x)) =0,
(A7) Je AL Rncin-10 -+ RNeyn—1p
Pt !
L 0pxpNe (X(x) [NG]) i

6.5 Spectral versus nonspectral
Proposition 6.35. For matrix Geronimus-Uvarov transformations
jG7C[1] - JG,P[I] T - _R(NG) gG QG
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Proof. From (6.7) we deduce that

B (X (%)) wg)
W We(x) —H () 0, = oCl(x),
so that
Bc Qs
J6.ewg _FI(L@Z)_T 0 = 0J g ci-
By using (6.17), (6.3), and (6.23) we get
Bs Qs

('o(jG.C[l] - JG,P[I] TG) == _O)R Op

From (6.23) and the fact that ® is nonsingular, the result follows.

Corollary 6.36. If Ay ¢ is nonsingular, then the matrix

] 1 ] 1 -] 1 T
g GGly,  TaRLy, ¢
J 0 J . e I
CRlver T6Che T TGRl O
is nonsingular.
Proof. Proposition 6.35 implies
-] T
]G7C/[1I—]NG G’P;EI—]NG G Ran(;70 RanG ,Nc;fl
. = — : : g{gl
J . J o I R - ... R 1 Ne—
G’Cr[lJ]rNC—l G7Pr[z+]NC—l G n+Nc—1,0 n+Nc—1,Ng—1
Thus,
J chly, J cel, T JG,PENG To
j 1 j 1 -] 1 TG
C.F, ;£+]ch1 G7CL+]NC71 G?REJENC—I
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jCaPﬂNG Rn-ngo -+ Ru-NgNG-1
. . . . 71
= : ; : diag(Ingp, =R )-
jC,P[ﬂN 1 RyiNe—10 -+ RuyNe—1Ng—1
n c—
Finally, Proposition 6.30 and Lemma 1.40 give the result. [ ]

6.6 Applications

6.6.1 Matrix Geronimus-Uvarov transformation and Christoffel transformations
with singular leading coefficients

In Chapter 4 we deal with Christoffel transformations for matrix orthogonal polynomials. How-
ever, for this discussion it was necessary to assume that the leading coefficient of the polynomial
involved in the perturbation was nonsingular, so that we could apply all the spectral machinery de-
scribed in [77]. In Subsection 4.3, we considered unimodular Christoffel transformations, which
have been broadly studied inside the matrix orthogonal polynomials community. As it was shown
therein, despite the nonspectral condition, the Geronimus transformation can provide interesting
formulas for the perturbed matrix orthogonal polynomials. We extend now these considerations
for a Christoffel transformation with singular leading coefficient and not necessarily unimodular.
The idea is to use the adjugate or classical adjoint of a matrix polynomial W (x), adj(W (x)), defined
as the transpose of the matrix of cofactors, also known as the classic adjoint (see [83]). From the
Laplace formula

W (x)adj(W (x)) = adj(W (x))W (x) = det(W (x))],

As detW (x) is a scalar polynomial with degdetW (x) < Np, the degree of the adjugate polynomial
adj(W (x)) is bounded as follows

degadj(W (x)) < N(p—1).

We point out the relations

_1 1
W) = o)
1

W (x) = det(W (x)) (adj(W (x)))

adj(W (x)),

which will be instrumental in the sequel. We study the Christoffel transformation”

a=uW(x),

Notice that the matrix Christoffel transformation 2 = W (x)u is a transposition of this one.
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as the following massless matrix Geronimus-Uvarov transformation
N -1 .
a=We(x)u(Wg(x)) We(x) =1, det(W (x)), W (x) := adj(W (x)),

with N¢ = degWc(x) < Np and Ng = degWe(x), where N := degW (x) and N¢ < Ng + N.
Therefore, we could apply our results for matrix Geronimus-Uvarov transformations. To cover
the case when the matrix Wg(x) has a singular leading coefficient, we will use the mixed spectral-
nonspectral Christoffel-Geronimus—Uvarov formula of Theorem 6.32. That is, the perturbed poly-
nomials can be expressed, for n > Ng, as follows

H,_
Pr[ll—}Ng(x) OPNG
. P7 : A 0
V) de W) =0, | "] (P av=-0,| : 7
F, n+1;/]c71(x) 0,
0, Pn+Nc(x) L ((Pf(x))m 0p

and the corresponding quasitau matrices are

Rl’l*N(;,l’l

Rn+ch 1,n
(m}
(p’l RnJrNCJl

The reader should remind at this point Definition 6.29. Recall that ®2 € CNe+No)px(Ne+Na)p i 5
nonsingular submatrix of

J e plt N
Pong
D, = e CWc+NG)px (Ne+n)p

Ry-Ngo -+ Ru—nNgn—1

]C P[l] Rn+NC,O e Rn+NC,nfl
" n+Ne—1

as well as @7, (¢X)? € CP*Ne+Na)P correspond to the same choice of columns of

X = W) Ik, ,(0).RE ), ... .RE, | (y)] € crxNetmp]y)

respectively. Now, the entries of R are

_/plt W(x)
R = (0 iy ),

while the root spectral jet J¢ p is easy to compute since We(x) = det(W (x)). In this case,

ploi—1) (x1)
o !

P(aqil)(xq)
o'

)

Jep= |P(x1),P'(x1),..., vy P(xg), P (xg), .-,
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where x, are the eigenvalues, with corresponding multiplicities o, of W (x). Thus, we deduce the
explicit expression

b —

(1] - - -
P ) (Pn—NG)(Ocq 1)(Xq) P () Lx) e m
e ! o g (W) /, 7\ det (W)

PN e (x,) W (x W (x
Pr[zﬂchl(xl)“‘ e . <P'['141Nc1(x)()> Pr[zlJlNC*'(x)i()

ag! "det(W (x)) "det(W (x))

from where a poised submatrix, which exists for an appropriate selection of columns, must be
picked.

6.6.2 Spectral symmetric transformations

If the matrix of linear functionals u is symmetric, u = u', the bi-orthogonality becomes an or-
thogonality condition, and so we have orthogonal matrix polynomials. The perturbations we have
considered so far do not respect this condition. The study of transformations preserving this sym-
metric condition yields transformations

=W (x)uWx)",
which we call of the symmetric Christoffel type, or (we omit the masses for sake of simplicity)
= (W) u(W(x)™,

and we call it the massless symmetric Geronimus type transformations. They can be understood
using the adjugate technique at the light of the matrix Geronimus-Uvarov transformation tech-
niques we have discussed previously. We need to assume that the leading coefficient of W (x)
is nonsingular and, hence, spectral techniques could be applied. For example, the symmetric
Christoffel transformation can be written as the following matrix Geronimus-Uvarov transforma-
tion

i = We (x)u(Wg(x)) ™", We = det(W (x))W (x), Wo = (adj(W (x)))",

with polynomial degrees Nc = N(p+ 1) and Ng = N(p — 1). The massless symmetric Geronimus
transformation can be understood as the following matrix Geronimus-Uvarov transformation

2 = We(x)u(We(x) ™, W = adj(W (x)), Wg = det(W (x)) (W (x))".

Now, the degrees are Nc = N(p— 1), Ng = N(p+ 1), respectively. Observe that for the symmetric
Christoffel transformation we have detWc(x) = (detW (x))?*!, so that eigenvalues coincide but
multiplicities are multiplied by p + 1. The same happens for the massless symmetric Geronimus
transformations and Wg(x). Notice also that as det(adj(W (x))) = det(W (x))?~! we see that the
eigenvalues of W (x) in the symmetric Christoffel and those of W¢(x) in the symmetric Geronimus
are those of W (x) but with multiplicities multiplied by p — 1. Then, the spectral Christoffel—
Geronimus—Uvarov formulas of Theorem 6.17 can be applied putting 7 = 0.
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6.6.3 More transformations

We could consider a slightly more general situation with transformations of the following non-
symmetric form, where W has a nonsingular leading coefficient,

= W@V (x) = We@u(Wo() ", Welx) = det(VE)IW (),  Welx) = adi(V (x)),

or

i = (W () u(V ()" =Welxu(We )™, Welx) =adj(W(x)), Welx)=det(W(x)V(x).

In this case the polynomial V(x) can have a singular leading coefficient, and, in such a situation
we apply the mixed spectral/nonspectral Christoffel-Geronimus—Uvarov formulas.

6.6.4 Degree one matrix Geronimus-Uvarov transformations

We consider perturbing polynomials of degree one, i.e.
Wc<x) :le—Ac, WG(X) :XIP—AG,

and massless situation, i.e. all E_,Baln =0in (6.1). For the Jordan pairs (Xc,Jc) and (X¢,Ji) we have
Ac = XcJo(Xc) ™! and Ag = XgJ6(Xg)~!. Now, for n > Ng, from Theorem 6.17, the following
last quasi-determinant expressions hold

Pl (aoxe ¢ (ae)Xe B ()
AW, - A0 =0, | laaxe Alaoxs A |,
AL AXe ¢l Aa)Xs B )
(P (Ac)xe M (Ag)Xe Hao
=0, | PMacxe acxe 0, |,
_P r[zﬂl (AC)XC Cr[H]»l (AG)XG Op

1]

P (Ac)Xc c[” {(Ag)XG Hy_
(BP0 =-o, P Ac)Xe ci(a6)Xo 0,
0y —Ac)Kn 1(Ac.y)Xe (v, —AG)K, “”(A(;, )+1,)Xg 0,

If we expand the quasi-determinant we get
_ —1
1 ) oy — ) =Py () — €L () (€ ) — B (e (B, (ac)) el (ae)) A o)

~ i a0) (A 40) ALY, (ac) (B ac)) ' clag)) R o

—pla0) (A 40) - 40) (€ (40)) 'R (a0)) R )
Bl (o) (P (4) A a) (€ ac)) T A ae)) P (0
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A, = (A aa) (€ 46) - P (o) (B (40)) ' ag))
42 (a0 (P, 40) A (40) (@ 4) A (A0)) T ),
(B200)" =( (01~ 4K (A.3) +1,) (€2, () — P, () (P (4e)) ' el 4))

+ 0y~ A0)K-1 (Ac) (B (40) € (40) (@ 4)) AV ) Y.

6.7 Matrix Uvarov transformations with a finite discrete support

Uvarov perturbations in the scalar context with a finite number of Dirac deltas, i.e. linear func-
tionals supported at different points, have been considered first in [143]. For the matrix case, it
was studied in a series of papers [145, 146, 147] where the corresponding Christoffel-Geronimus—
Uvarov formula for the perturbed polynomials, when a solely Dirac delta is added in a point, are
deduced. In this Section we present the general case when we have an additive perturbation of
discrete finite support, allowing therefore for an arbitrary finite number of derivatives of the Dirac
delta at several different points. We have two reasons to include this material in this Section. Our
main motivations are, first to show how some of the tools, like spectral jets, used in the body of
this dissertation also apply in this context and, second, to achieve a more complete account of the
family of transformations of Darboux type for matrix orthogonal polynomials. For the multivariate
scenario these transformations have been discussed in [21, 43, 44].

Proposition 6.37 (Additive perturbation and reproducing kernels). Let us consider an additive
perturbation ii of the matrix of linear functional u defined by

ad=u-+v,

and let us assume that u and it are quasi-definite. Then,

B0 =P ) — (B 0), (K (e3) D), (B 00) = (PP 0)) — (Kuoa (102), B (),

and
Ay =Hy+ (B0), PP G) )
Proof. From (1.11) and (1.12)

(B0)PR0)) =05 (PR 0).PPG)) =0, me{1,n—1}, (6.28)

<13,£”(y),P,£2](y)> =Hn=<P,£1](y),P,£2](y)> . (6.29)
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Form € {1,...n— 1}, (6.28) can be expressed as
(B 0.PR)) == (A0).eR ) o (P0)APG)) == (R AR G) ) .

u

Then, recalling (1.13) we get
(B ). Ko (o)) == (B0, (Kma ()
(K100, B2 0)) == (Kar 0, B7 ()

u v

But AV (y)— Pl (y) and p? (y)— 2 (y) have degree n — 1. Therefore, recalling (1.14) we deduce

U =Pl = (B0) = B0, (Kt o)) = (B 0), (Kma ().
[

>

=

Finally, form (6.29) we deduce
A, = (B0, )) = (AR )) +(B0), PP 0))

6.7.1 Finite discrete support additive perturbations

We now assume that the additive perturbation has a finite support. Thus, see [74, 131],

q k91 —1)m
=Lk s B e C.

We will assume along this subsection that both u and u 4 v are quasi-definite matrices of linear
functionals.

Definition 6.38. For the family of perturbation matrices BS,? ) € CP*P we introduce

B BB Bt
Bga) Béa) L B]((c(lc)l)_l Op
(a) . (a)
B(a) - Bz : BKm)_l OP Op c CK(“>pr(“>p
_Bl(:(lt)l)q 0, 0p 0p 0, 0, |
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and if N := k... —I—K(q), let

B =diag(BV,...,p9) e CVP*Np,

Definition 6.39. The spectrum of the perturbation is its support taking into account the order of
each linear functional involved, that is

o(v) = {(xa, x)}_,.

The spectral jet associated with the finite support matrix of linear functionals v is, for any suffi-
ciently smooth matrix function f(x) defined in an open set in C,

(Fe)E (Fa)is” "

e CP*Np,
(K(l)—l)! oo f(xg), -, (K(q)—l)!

Jf = [f(xl),...,

For bivariate matrix functions K(x,y) we have three different types of spectral jets, the partial
spectral jet with respect to the first variable

1)_1,0) (x(@-1,0)
10y _ (K(x,5))ins (K (6,3))spy pxNp
J — 1,y q>. 6 C ,
¥ ) K(x1,y),..., (D — D)1 v K(xg,y)s 0, (K@ - 1)1
and also with respect to the second variable
[ K(xvxl) |

0,k —
(K)o Y
(kM —1)!
I () = : e CVPxp,
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We also introduce a spectral jet with respect to both two variables as follows

() — (9)_1.0
K(x1,x1) (K(X7y)))(cl al v K(xgx1) (K(x,y)))(;m ’
o (k) —1)! ol (k@) — 1)'
: (1) _ (l), (1) _ : 0,k(W—1 -1
(K(x,y)om " (K(x,y»if,xl D (K)o ! Ke) &L . )
() —1)! (D =DIEO =1 T kD=1 7 (k@) — 1)( kM —1)!
JK: : : :
(_ (@) _
co L) o (ks
o (k) —1)! o (x <q)_1)v
K :(07K(q)_1) K (K:(I)—I,K(q)—l) K :(O,K@)—l) K K(q 1,x@—1)
( (xa)’))xmq ( (x’)’))xmq ( (x’)’))xq,-xq ( (XJ’))quq
L (k@ —1)! C(kM —1)(k@—1)! (k@) —1)! (k@) — 1) (k@ —1)! ]

which belongs to CNP*NP_ We have used the compact notation

"MK
 Ox"gy™

(K(x, )05 =

x=a,y=b '

Proposition 6.40. The following relations hold

(B (Ka (o)) =303 (),

(Kart 000, 570)) = 35% (B30 "

Proof. We prove only the first one, since the second one is deduced in a similar way. A direct

substitution gives

(a) _1
5l1] A\ vy L (pltlp@ (m)
(B0 K e)) = B B (A 0B K ()
but
L (pllp@ (bl g L (0)
(PO K1)~ =3 o (RO B (Ko s o),

and the result follows.

Theorem 6.41. The perturbed matrix orthogonal polynomials and quasitau matrices are

Al x) =o,

Iy +BIx BIRY (0)
[1]() )
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(B (x)" =e.

Ivp+BIk B(3,)
1% ERE)T|
Inp+ P —B(ingz])T]

I H,

A

n — *

Proof. Now, the comparison of Propositions 6.37 and 6.40 yields
B () = P () = 3,083 (), (6.30)
512 ¥ 2 1,0 i
(B () = (PP () = 3% (0B(32) "
Again, we take spectral jets to get
JP,E” = JP,L” — Jﬁy] Blk,
i
(Jpn[zJ)T = (JPyJ)T =k, B(J,sg) ,
and, consequently,
Jﬁ,L” (INp'f‘BJK,,,]) = JP,EI] (6.31)
B (vp + Bk, )B(Iyp) " = (3,)".

Let us check that the matrix Iy, 4+ BJk, , is nonsingular from the quasi-definiteness of u. Indeed,
if we assume the contrary, we can find a nonzero vector X € C? such that (Iy, + BJk, ,)X =0,
the zero vector in CV7. Thus, using (6.31) we conclude that J p1X = 0. But, taking into account

Inp +BIk, = Inp + Bk, +B(3 ) (Ha) '3 0,

by induction, we deduce that J ;X = 0 for k € {n,n+1,...}.If
k

then the linear functional
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satisfies (see Definition 1.48)
(P (0).vx) =0
fork € {n,n+1,...}. Then
vx € ((P,El] (x)) keN)L := { i a matrix of linear functionals such that <P,£1] (x),d) =0, :k>n}.

At this point it is convenient to recall that the topological and algebraic duals of the set of ma-
trix polynomials coincide i.e (CP*P[x]) = (CP*P|x])* = CP*P[x]], where we understand the set
of matrix polynomials or matrix formal series as left or right modules over the ring of matri-
ces. We also recall that the module of matrix polynomials of degree less than or equal to m is
isomorphic to the free module (Cp Xp)m, a Cartesian product of m copies of the ring of p x p
complex matrices. Therefore, for each positive integer m, we consider the linear basis given by
the following set of matrices of linear functionals ((P,EH)*)ZLO, the dual of (P,E] (x))i,, given by
(P,El] (x), (P}”)*) = 81, such that any matrix of linear functionals can be written }'}" (le)*Ck,
where C; € CP*P. Then, ((P,El] (x))keN)l = ((P,EI])*)Z;(I)CPXP =~ (Cr*P)", and, therefore, it is a free

right module. But, according to (1.10), the set of matrices of linear functionals (u (P,Ez] (x)) T)"71 C

=0 =
((IDIP](X))::,I)L = ((P;EI])*)Z;(I)C”X”, so that

(A7) i€ = (B 0))

Thus, we can write vy = uQ(x), where Q(x) is a matrix polynomial and deg Q(x) < n— 1. For the
matrix polynomial R(x) := (x —xl)‘“(l) e (x —xq)“(q)lp, we get vyR(x) = 0. This implies that

uQ(x)R(x) =0.

Hence, u is not quasi-definite, as the polynomial Q(x)R(x) is orthogonal to the set of matrix poly-
nomials. This fact contradicts our hypothesis, and, consequently, the matrix Iy, + Ik, , is non-
singular, allowing to write (6.31) as

3 =3 (Inp +BIx,,) "

This relation, when introduced in (6.30), gives
A[] 1 _ 0,1
() = ) = 3,40 (tp + Bk, ) BIR (),
and the result follows. Finally, from Proposition 6.37 we get

H,=H,+] pnt(me)T

- T
=H,+ JP,LI] (INp +BIk, ,) 1[3(3,;[2]) .
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Chapter 7

Conclusions and future research

7.1 Main contributions

Here we summarize the main contributions of this Ph.D. thesis

e We consider the multiple Geronimus transformation and show that it yields a discrete (non-
diagonal) Sobolev inner product. Moreover, we show that every Sobolev inner product can
be obtained as a multiple Geronimus transformation of a measure. Based on the Duran’s
papers, we also find a close relation between the multiple and matrix Geronimus transfor-
mations.

e The above results give us a motivation to study the matrix (symmetric) Geronimus transfor-
mation. Here we find conditions for the existence of the sequence of monic matrix orthog-
onal polynomials (perturbed) with respect to the new sesquilinear form associated with the
matrix Geronimus transformation, as well as a connection formula between the sequences
of perturbed and the original monic matrix orthogonal polynomials.

e From a more general framework, we study three matrix transformations of a matrix of lin-
ear functionals, u. They are the Christoffel matrix transformation (& = W¢(x)u), the Geron-
imus matrix transformation (W (x)if = u), and the Geronimus-Uvarov matrix transformation
(We(x)i = uWe(x)), where We(x) and Wg(x) are two matrix polynomials. For the Christof-
fel matrix transformation we give the connection formula between the original and perturbed
matrix bi- orthogonal polynomials when the leading coefficient of W (x) is a nonsingular
matrix.

For the Geronimus and Geronimus-Uvarov matrix transformation, we obtain a representa-
tion of their corresponding sequences of matrix bi-orthogonal polynomials using spectral
and non spectral methods. In the spectral method, we find the representation of the per-
turbed bi-orthogonal polynomials depending on the family of original ones and the second
kind functions. Here, we use the fact that the leading coefficients of W¢(x) and Wg(x) are
nonsingular matrices. In the non spectral method, we give a representation of the perturbed
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bi-orthogonal polynomials without any assumption concerning the leading coefficient of
We(x). These representations are only given in terms of the original bi-orthogonal polyno-
mials. However, we pay the penalty of the application of the perturbed linear functional on
the original bi-orthogonal polynomials multiplies by a monomial.

e Asapplications, we study the extension of Christoffel matrix transformations to non-Abelian
2D Toda hierarchies. Besides, we study the matrix Uvarov transformations, which are a
special case of Geronimus-Uvarov transformations.

The original results of this thesis have been published in several international research Journals

[11] C. Alvarez—Fernéndez, G. Ariznabarreta, J. C. Garcia-Ardila, M. Manas, F. Marcellan, Chris-
toffel transformations for matrix orthogonal polynomials in the real line and the non-Abelian
2D Toda lattice hierarchy, Internat. Math. Res. Notices, 5, (2017) 1285-1341.

[12] C. Alvarez-Fernandez, G. Ariznabarreta, J. C. Garcia-Ardila, M. Mafias, F. Marcelldn, Trans-
formation theory and Christoffel formulas for matrix biorthogonal polynomials on the real
line, arXiv:1605.04617v7 [math.CA].

[47] M. Derevyagin, J. C. Garcia-Ardila, F. Marcelldn, Multiple Geronimus transformations. Li-
near Algebra Appl. 454 (2014), 158-183.

[67] J. C. Garcia-Ardila, L. E. Garza, F. Marcelldn, A canonical Geronimus transformation for
matrix orthogonal polynomials, Linear Multilinear Algebra doi:10.1080/03081087.2017
.1299089.

[68] J. C. Garcia-Ardila, L. E. Garza, F. Marcellan, An Extension of the Geronimus Transforma-
tion for Orthogonal Matrix Polynomials on the Real Line Mediterr. J. Math. 13 (2016),
5009-5032.

7.2  Open problems
Finally, we discuss some related work as well a set of open problems for a future research.

P.1 In Subsection 6.6.2 we deal with a symmetric linear functional u such that we apply a sy-
mmetric Christoffel transformation i.e. 4 = Wc(x)uW,/ (x), where W¢(x) is a matrix poly-
nomial. In order to obtain a representation of the matrix orthogonal polynomials associated
with @ we use the fact that the leading coefficient of W¢(x) is a nonsingular matrix. But
what happens if this hypothesis fails?. A similar problem can be formulated for symmetric
Geronimus transformations.

P.2 In this thesis we study three families of transformations. However we were not exhaustive.
Indeed, what can be said when for a matrix of linear functionals we first apply a matrix
Geronimus (Christoffel) transformation to left (right) and then a Christoffel (Geronimus)
transformation also to left (right)?.
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P.3 Give a right definition of linear spectral transformation of matrix linear functionals. Describe
generator set of such linear transformations.

P.4 The theory of spectral matrix transformations analyzed in this thesis can be extended to posi-

tive definite matrices of measures supported on the unit circle following the program for the
scalar case described in [29].
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