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Growth in Illyria: The role of meritocracy in the accumulation of
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HIGHLIGHTS

When future does not count, growth occurs if consumption and leisure are not complements.

In this case, the production side only affects the growth rate.
If future counts, under Cobb-Douglas preferences, there is constant growth.
Meritocracy is always good for growth but not necessarily so for optimality.

ABSTRACT

In this paper we present a dynamic model of cooperative production with human capital accumulation. We assume CES preferences on consumption
and leisure in each period. When agents do not care about future generations, sustained growth occurs iff the elasticity of substitution between
consumption and leisure is larger or equal than one. Meritocracy always has a positive effect on output, but when the elasticity of substitution is
less than one, is only a level effect. When agents care about future generations, under Cobb-Douglas preferences in each period and some extra
conditions, there is constant growth at a rate that is larger than the one when future generations do not count. For any discount rate between
generations, there is a unique level of meritocracy for which efficiency is achieved.

1. Introduction

The theory of cooperative production studies an economy in

which workers offer their labor to a production center (the coop).
The forerunners of this theory were Ward (1958) who imagined an
ideal (“Illyrian”) world, Vanek (1970) who focussed on connecting
the theory with the cooperative movement and Sen (1966), who
modeled the coop as a sharing rule to distribute the output.' Later
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1 Illyrian has been often used in the literature to represent an ideal world:

“Shakespeare’s Illyria is a fantasy land of make-believe and illusion” (Shakespeare,
1993, p. 169) or even a scientific Utopia (Beckett, 2003).

on, Moulin (1987) and Roemer and Silvestre (1993) provided foun-
dations for different sharing rules. In this paper, we follow Sen’s
approach. The (impossible) goal of the theory of cooperative pro-
duction is to mimic the theory of markets with profit maximizing
firms by offering a detailed study of all the possible outcomes. In
this (grand) research picture the theory of cooperative production
lacks in dynamic models that illustrate the engines and the conse-
quences of growth. Our paper is addressed to explore these ques-
tions.

Our model is very simple. Individuals are identical in all re-
spects: preferences, labor endowments, and the human capital
(capital in the sequel) inherited in the first period from their an-
cestors.” They care about consumption and leisure. Each individ-
ual produces her own capital using the inherited capital and labor.
Output is produced by capital and it is distributed according to a
sharing rule. Finally, individuals consume and die, leaving to their
successors the human/social capital they have accumulated.

2 Another interpretation of capital is that refers to social capital, see Dasgupta
(2002).



The coop is composed of a large number of individuals, capital is
the product of the inherited capital and labor, the utility function is
CES, the production function has constant elasticity and the sharing
rule is a weighted average of the proportional and the egalitarian
sharing rules. There are 6 parameters in our model:

1. Initial conditions: capital in the initial period.

2. Productivity: the returns to scale in the production of consump-
tion.

3. Degree of meritocracy: the weight of the proportional sharing
rule in the sharing rule.

4, Taste for consumption: the weight of consumption versus
leisure.

5. Substitutability between consumption and leisure: the elastic-
ity of substitution.

6. Labor endowment.

Our main task will be to identify the role of these variables in
the dynamic equilibrium of our model.

We focus on the case in which, along the equilibrium path, indi-
viduals make a positive effort. This is always the case if the elastic-
ity of substitution is less or equal to one. If the elasticity is greater
than one this requires a certain bound on how increasing are the
returns to scale.

We start our analysis by considering the limit case in
which individuals do not care about future generations. Under
Cobb-Douglas preferences (i.e. when the elasticity of substitution
equals to one) we show that capital grows at a constant rate.
This rate depends positively on the taste of consumption and the
degree of meritocracy because both encourage effort which in turn
produces more capital.

For any other value of the elasticity of substitution, there is a
steady state value of capital. When the elasticity of substitution is
smaller than one (i.e. consumption and leisure are complements),
the steady state is stable, i.e. growth eventually disappears. This
is explained by the fact that consumption is a poor substitute
of leisure. So when consumption grows, in order to take full
advantage of this, leisure must grow as well which dampens
growth. The value of capital at steady state depends positively on
the degree of meritocracy and the taste of consumption.

If the elasticity of substitution is larger than one (i.e. consump-
tion and leisure are substitutes), capital at the steady state de-
pends negatively on meritocracy and the taste of consumption.
This may sound paradoxical, but it is explained by the fact that the
steady state is now unstable. Thus, given the initial stock of capital,
more meritocracy/taste for consumption may boost the economy
from negative to positive growth. In this case, when human cap-
ital grows, leisure is advantageously replaced by consumption, so
unbounded growth is now possible.

We then consider a more general setup in which individuals
care about future generations and they maximize a discounted
sum of utilities.> Due to the technical difficulties we focus in the
case in which preferences are Cobb-Douglas. We show that when
future generations do not count much, there is a solution to the
intertemporal maximization problem in which the growth rate
is constant. Such a rate does not exist for certain values of the
parameters, but, when it does, it is larger than the corresponding
rate in the zero discounting case. This is due to the fact that when
future counts, there are more incentives to invest in capital which
in turn stimulates growth. As before, meritocracy encourages work
which produces human capital, which makes the economy grow.

Finally, we study efficiency. Too much meritocracy encourages
too much work because effort not only increases the individual’s

3 Thus the approach developed above is a special case in which the discount factor
is zero.

capital but increases her share. On the other hand, too little meri-
tocracy encourages free riding. This suggests that there is an op-
timal degree of meritocracy and Sen (1966) proved that this is
indeed the case: the optimal degree of meritocracy is achieved
when the weight of the proportional sharing rule equals the elas-
ticity of output with respect to capital. We prove that Sen’s result,
which corresponds to a static economy without capital accumula-
tion, holds in our framework.

The role of human capital in models of growth with profit
maximizing firms has been stressed from different angles. Uzawa
(1965) presented the first model, to the best of our knowledge, in
which human capital played a central role in growth. But it is fair
to say that this topic caught fire only after the influential paper
by Lucas (1988). The modern literature is enormous, see Acemoglu
(2008), Chapter 10 for a survey. From the empirical point of view,
the interest in human capital stems from the highly influential
paper by Barro (1991) which showed that growth is correlated
with the initial value of human capital. See Lucas (2015) for a new
model of the role of human capital in growth. These models share
with our’s the assumption that human capital can be accumulated
without bound and without diminishing returns in the production
of capital. But as far as we can tell, there is no correlate in this
literature to our results linking preferences and growth because in
all the above models, leisure does not play any role. But constant
growth due to human capital is possible as in our model, see Lucas
(1988, pp. 21-25). In the latter, socially optimal and equilibrium
paths diverge, as they do in our model. But there is no “exogenous”
variable (the meritocratic parameter in our model) that can be used
to minimize welfare losses.

2. The model and preliminary results

Time is countable infinite. There are n families (dynasties) with
a member alive in each period. An individual alive in period t
from the family i receives from her predecessor a capital of Hf_l,
the capital accumulated by the previous generation. We assume
that in the first period, all individuals inherit the same amount
of capital, that is, H = H? for all i, j. All individuals have the
same endowment of labor time in every period, w. We assume that
w > 1.Attime t, each individual produces her own capital from the
inherited capital, H; ', and her labor, I! € [0, w], in the following
way

Hf = H 'L (2.1)

Let H' = Z}Ll ij be the aggregate capital at period t. Note that
given (2.1), w > 11is essential here to allow for capital growth.

The assumption that human capital is produced by inputs that
enter in a multiplicative form has been used in many models of
endogenous growth since the pioneering work of Uzawa (1965),
see e.g. Lucas (1988, p. 18). This multiplicative form has the strong
implication that if one of its terms is zero, it is impossible to
produce human capital. A form like H = (H!~'+a)(I!+b),a, b > 0
would be preferable. In this case capital does not fully depreciate
even when the effort is zero. Unfortunately, this formulae does not
yield a tractable model. We may think of (2.1) as an approximation
of this more realistic production function when a and b are small.

The consumption good is produced by means of capital rep-
resented by the production function (H®)”. We have decreas-
ing/constant/increasing returns to scale as long as y is less, equal
or larger than one.

The consumption of each individual, ¢/, is determined by a
sharing rule which is written as follows

1— H
d=wy (SLepl) pewn (22)



When p = 1 the sharing rule allocates consumption proportional
to relative capital and when p = 0 the sharing rule allocates
consumption in a totally egalitarian manner. The parameter p is
the weight attached to the relative contribution of a particular
individual to the aggregate capital and we refer to it as the degree
of meritocracy. Kang (1988) showed that (2.2) for n > 2, is
the unique differentiable sharing rule which is symmetric and
homogeneous of degree zero (i.e. independent of the units in which
capital is measured). Moulin (1987) axiomatized this sharing rule
by means of two properties: additivity (if two individuals merge
without changing their efforts the merged individual receives the
sum of the shares of the two individuals) and No-Advantageous
Reallocation (individuals cannot increase the sum of their shares
by reallocating money inside any coalition). Both properties have
a strong strategic flavor.

An individual alive in period t from the family i derives utility
from consumption, cf, and leisure, w — I}, represented by a CES
utility function

Uil 0 — 1) = (/3(6?)% + (- lf)%)ﬁ ,
B >0, se(0,00). (2.3)

where s is the elasticity of substitution between consumption and
labor. When s — 1, the utility function is Cobb-Douglas. When
s — oo utility is linear in consumption and leisure. When s — 0,
the utility function tends to be Leontieff. We refer to 8 as the taste
for consumption.

The life of an individual, say i at time t, is simple. She inherits
H,-[_1 capital and she chooses consumption and leisure in order to
maximize her utility function subject to (2.1) and (2.2). Throughout
the paper, we will assume that when an individual maximizes her
utility she takes as given total capital, Ht. This can be justified
when there is a very large number of individuals in the society.
In this case, when an individual decides about her investment
she disregards these terms. Under this assumption and (2.1), the
restriction (2.2) defines the consumption as a linear function of
labor. Thus, the maximization problem of individual i is simple and
becomes

Max(cir,,lg)Ui(cf, w—1)

1—
1=r .,
n

t—1gt
S.t.Cf — (HI)V H’l’> (2.4)

Ht
I € [0, ]

We now define our notion of equilibrium.

Defillition 1. A short run equilibrium in pgriod t is a list
{(&f, IH}L,, such that for any individual i, (¢}, ) is a solution to
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the maximization problem (2.4) taking H as given and H' =

. e
> HT

We close this section showing that at each period t the short run
equilibrium exists and is symmetric, and under certain conditions
on the parameters of the model, the equilibrium is interior.
We offer the formal proofs of these preliminary results in the
Appendix.

Proposition 1. At every t, a short run equilibrium exists, is unique
and symmetric.

The utility as a function of [ given that ¢/ = (H")”
_ HETTE . L
1Tp + p—4* | is continuous and the domain is a compact
set (I € [0, w]). Thus, existence of a short run equilibrium is
guaranteed. At period 1, all individuals inherit the same capital,

H?, and all have the same endowment of labor time. Since they

take H' as given, all of them face the same maximization problem
which has a unique solution and, therefore, they choose the same
amount of labor time. Consequently, the inherited capital in period
2 is also the same for all individuals, and so on. In each period, all
individuals inherit the same capital.

Proposition 2. If y (*3!) < 1and p > 0, the short run equilibrium
is interior, ie. ' € (0, ) for alli.

This condition holds under constant returns to scale (y = 1),
or if the utility function is Cobb-Douglas, or if s < 1. But if
s > 1, returns to scale must be sufficiently decreasing. Note that if
p = 0 individuals expect their income to come entirely from the
aggregate capital which, by assumption, does not change with the
efforts of a single player. Thus they make zero effort.

3. Equilibrium paths

Along this section we assume that y(%) < land p > 0which
guarantees that the equilibrium is interior.

In order to analyze the equilibrium it is useful to consider the
Lagrange function associated to (2.4),

1-— HIME
L =Ui(c, 0 — ) — Al (c{ — (HY" (n 3 to—p ))

where A! is the Lagrange multiplier. Since we assume that the
parameters of the model are such that the equilibrium is interior,
the first order conditions give us the maximum.

Uit 0 —1) _ .
act -
1
aUi(cf, v — I) — ity (HY)7H!™!
alt i Ht

Denoting the marginal rate of substitution between consumption
and leisure at the maximum as M;(c{, » — I}) we have that

Ht
Mi(cf, w — I) = T (3.1)
For a CES utility function, we have that
N
Mi(cit,w—l$)=ﬂ<w;li)s. (3.2)
i

Combining (3.1) and (3.2),

NEAY
o (W00 o e

Since all individuals are identical, in an interior symmetric equilib-
rium, /™' = H/™'; Hf = H{; H'"™' = nH{~'; H' = nH/. Thus,
If = Hf/H{™' = H'/H'"',and ¢! = (H")” /n. From (3.3),

H! 1RY
He1 =w — n5_1 (W) (Ht)s(l_y)_H/. (3.4)
— pH—

We will refer to (3.4) as the transition function, that defines an
equilibrium path of the human capital.
We start analyzing the case of a linear transition function.

3



3.1. Equilibrium paths with a linear transition function

The transition function is linear iff the utility function is
Cobb-Douglas. In this case, the transition (3.4) can be written as:

t_ wpp -1
1+ Bp
The growth rate is given by

Hf—Hf—lz wpp
Ht-1 1+pr

The growth rate is constant, and it is positive iff Sp(w — 1)
> 1. It increases with labor endowments (so countries rich in
endowments tend to grow faster than countries poor in endow-
ments); in the taste of consumption (so consumerism is good for
growth because incentivizes hard work) and the degree of meri-
tocracy (meritocracy encourages hard work). Returns to scale (y)
do not play any role. As noted before, full egalitarianism (p = 0)
destroys the whole economy in a single period!. Since H /H'~! =
I, g = I — 1and from (3.5) we see that each individual makes
an effort proportional (8p/(1 + Bp)) to her endowment of labor
time. This proportion increases with the taste of consumption and
the degree of meritocracy.

(3.5)

g =

3.2. Equilibrium paths with a nonlinear transition function

When s # 1, the transition function has a unique fixed point, A,
different from zero given by

1
y(1-s)

A=| —— . (3.6)

Note that the assumption that w > 1 implies that the fixed point
is positive.

The following propositions states the properties of the transi-
tion function around H. The formal proofs can be found in the Ap-
pendix.

Proposition 3. The unique fixed point, H, is globally stable iff s < 1.
Furthermore, if s < 1, H is increasing with w, B, and p.

Whens < 1growth finally ends and we converge to a stationary
society in which the human capital H is increasing in w, 8 and in the
level of meritocracy. This is because when s < 1 consumption is a
poor substitute of leisure. So when consumption grows, in order
to take full advantage of this, leisure must grow as well which
eventually exhausts growth.

Proposition 4. If s > 1 the unique fixed point, A, is unstable.
Furthermore, if s > 1, His decreasing with w, B, and p. If H® <

A capital always decreases. Otherwise capital always increases, and
whent — 00,8 — w — 1.

The case s > 1 in the long run is somehow similar to the
Cobb-Douglas case, in particular, in the limit, the growth rate
is independent of the returns to scale. But there are striking
similarities. Neither the taste of consumption nor the degree of
egalitarianism play any role whatsoever in the determination of
the long run growth rate, even though they play a role in the
determination of H and therefore in the fact that the economy
grows positively or negatively. The possibility of a positive
growth depends on H to be small! This explains the, apparently
paradoxical comparative statics results, that when s > 1, Ais
decreasing in w, B8 and p. This is because high initial endowments

(or taste for consumption or meritocracy) make A small and thus
it is more likely that growth is positive! Notice that in the limit
g' ~ w — 1and, given that g" = [[ — 1, leisure disappears in the
limit. This is due to the fact that consumption and leisure are very
substitutable, i.e.s > 1.

Finally, we note that the same assumptions that yield intuitive
comparative static results yield stability. This is a familiar situation
since Samuelson advanced the Correspondence Principle 1941,
namely that most assumptions that are sufficient to insure stability
of equilibrium turn out to be very useful when doing comparative
statics (and uniqueness).

4. Dynasties

The previous approach does not take into account that individ-
uals may care about future generations. Thus, when choosing labor
they disregard the effect of today’s labor on tomorrow’s capital. In
this section we consider a model in which each individual max-
imizes a utility function which is the infinite sum of discounted
utility (at rate §) namely

t=00
W=y 87U(c o —1). (4.1)

t=1

Now, when an individual decides on today’s effort takes into ac-
count today’s and tomorrow’s impact of this effort.

Equilibrium arises from the maximization of (4.1) with the
following set of constraints

1— H!

dC=HY (L o), te1,2,..)
n Ht

H =H', tef{1,2,...}, H’>o.

Or equivalently,
1—
o = HY ( Ly
n

Let A{ be the Lagrange multiplier associated with the constraint
at time t. First order conditions of maximization for ¢/ and I} yield

Homf_ L IF
Ht

), te{1,2..};H’ > 0.

u(cf, 0 — It
W o=B gt _ i teqp2..)
ac;
(], w—1 L (HOVH?  HYH Tl
_oG. o) ] Al .
al] ”( H [223 He
aucl. w—17
lim g1 Y G= pr_g (42)
T—00 Blf !

where (4.2) is the transversality condition. Combining the first two
equations,

1 !, w—1hH _ aU(Ci]’w_Ig)(H1)V‘1H."
P ol ac! ’
> U, w—1H)
+ Stfl i’ i
; act
x (HY " 'HY Tt _, I (4.3)

Given the complexity of the difference equations that characterize
the optimum, we will assume that the utility function is

B 1
Cobb-Douglas, namely U;(c{, w—I}) = (¢/) ™F (0} —[)™F, B > 0.
Thus,
oU(cf,o—1) 1
M BT =)
Ul o-th T 5 (44)

')ll (C )1+ﬂ (C() )1+ﬁ
ol
1



Dividing (4.3) by —dU(c!', @ — I}) /91! and using (4.4) we obtain

1 o—1
1_ple-l) - ')(Hl)y—‘Hi‘)
p ()
—1 1
o0 YT (o — ) THF
I S )L ( ')i HY T'H ML (45)

t=2 (¢ T (w — I}) 57

At an interior symmetric equilibrium, ! = H'/H""!, and ¢/ =

(HY)? /n. Thus, substituting in (4.5) and simplifying we get:

1 p H'\ H®
L L
0 H° ) H!

T

x (H)~'H°rit (4.6)

=g

Inspired by the case in which § = 0, we conjecture that
when § > 0 and the utility function is Cobb-Douglas, human
capital would grow at a constant rate, at least if § is small. Our
method of proof here is the familiar “propose and check”, i.e., we
propose a certain solution and we show that this solution fulfills
the necessary and sufficient conditions of an equilibrium. For a
constant growth rate to be a solution, G = H'/H'~! should satisfy
(4.6) for all t and the transversality condition. This implies that G
should be a solution of

G(1+ Bp) — sGlip+t = wBp. (4.7)

The following proposition gives the conditions under which this
equation has a solution. It happens that, when (4.7) has a solution,
it has one or two of them. The constant growth rate solution to our
problem is the smallest one when there are two. Formal details of
the proofs are given in the Appendix.

Proposition 5. If the utility function is Cobb—-Douglas:

(i) There is constant growth rate iff

1+ Bp s 1+ wp(1+ B)

<w3> Zo
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(ii) The growth rate is given by the smallest solution to the equation

B
G(1+ Bp) — 86T+ = wpp.

The necessary and sufficient condition holds for § sufficiently
small. In particular, it always holds when § = 0, and the growth
rate coincides with the growth rate obtained with the linear
transition function in Section 3, namely wf /(14 Bp). Finally, we
show in the following proposition how the constant growth rate
varies with the parameters of the model.

Proposition 6. The growth rate is increasinginw, §and p.If G > 1,
the growth rate is also increasing in y .

Summing up, the introduction of the future in the plans of in-
dividuals has several important consequences. First, the dynam-
ics become extremely complex. Second, in the Cobb-Douglas case,
for a sufficiently small §, there is a solution to the intertemporal
maximization problem in which the growth rate is constant. Such
arate does not exist for certain values of the parameters, but when
itdoes, is larger than the corresponding rate in the zero discounting
case. This is due to the fact that when future counts, there are more

incentives to invest in capital which in turn stimulates growth. The
role of meritocracy is identical to the case § = 0. Meritocracy en-
courages work which produces human capital, which makes the
economy grow. For § > 0 returns to scale does play a role. The
larger they are, the larger is the growth rate.

5. Efficiency

We turn our attention to the efficiency properties of the equi-
librium. Sen (1966) proved in a static model without capital that
equilibrium and efficiency can be reconciled by setting p = y.
The intuition is that, on the one hand an egalitarian sharing rule
gives incentives to work very little. On the other hand, meritoc-
racy gives incentives to work more than it is socially efficient be-
cause an increase in work, not only means more production, it also
means that the share of the labor of the person doing this extra ef-
fort increases. Thus, by balancing egalitarianism and meritocracy,
efficiency is achieved. We now investigate if Sen’s result holds in
our model. In this section we will assume that y < 1.*

We say that an intertemporal allocation {(c!, T, H)}, is

feasible if for all £, 31 . & = (H")”,and foralli, I € [0, ®]
and A! = AT

Definition 2. A feasible intertemporal allocation {(&!, I!, H)}2°, is
Pareto efficient if there is no other feasible intertemporal allocation
in which all individuals are better off.

It is well known that if utility functions and the production
function are concave, a Pareto Efficient allocation maximizes the
weighted sum of utilities (for some weights) under the feasible set.
With this fact in hand, we state the following result whose proofis
in the Appendix.

Proposition 7. For all § > 0, the equilibrium is Pareto efficient iff
y =p

Thus, Sen’s result is robust in the sense that it holds in a
dynamic world with capital. Unfortunately, his original result is
heavily dependent on the assumption that utility functions are
identical. Working independently, Bevia and Corchon (2009) and
Moulin (2010) proved that when individuals have different tastes,
a completely different sharing rule has to be used. Furthermore,
the production function must be polynomial.

6. Conclusion

In this paper, we presented a model of accumulation of human/
social capital in a cooperative. The model has interesting features
like the existence of a constant growth rate in the case of
Cobb-Douglas preferences (dynastic or not) and the possibility of
accelerated growth when the elasticity of substitution is larger
than one and individuals do not care about future generations. We
show that by equating the weight of meritocracy in the sharing rule
to the elasticity of production with respect to human capital, the
intertemporal allocation of resources is efficient.

We hope that our paper, which, to the best of our knowledge
is the first to deal with growth of cooperatives, stimulates more
research in this area.

4 Since our method of proof is looking at first order conditions, we need y < 1to
make sure that they characterize the efficient allocation.



Appendix

Proof of Proposition 1. Given that I[ €

HIE . . .
(HYH” ) , Ui(cf, o — IY) is a continuous function of

[0, ], and ¢ =

(s

lf ,and therefore a maximum exists. In fact, this maximum is unique
because the second order condition of utility maximization is

32Ui 861[ 3Ui 82Cit BZUI» (A])
B(C{)2 Blf 8cf 8(11?)2 a(lg)z ’
where

1—p HUE
t __ t
¢ = (HY (n +p le L. (A2)
Given that
act _ _
—b = pH{'(HY ! (A3)

ol

and that we assume that when individuals maximize they take
aggregate capital as given, the second term in (A.1) is zero. Given
that the utility function is CES, the first term and the third term are
negative. Thus, the maximum is unique. Finally, note that at period
1 all individuals inherit the same human capital, H’ = H}, and
since individuals maximize taking aggregate capital as given, the
maximization at time 1 is the same for all individuals. Given that
the maximization has a unique solution, equilibrium at t = 1 is
symmetric, which implies that all individuals in period 2 inherit the
same human capital. Therefore, the equilibrium is also symmetric
in period 2 and in any other subsequent period. H

Proof of Proposition 2. Let us see first that I < . Given that
r 1t

¢t = HY L+ ol , and individuals take H' as given, it

is sufficient to show that

0U; dci + W 0 wh i (A4)
_— < whentl;, — o
act " Bl @
that is,
1 t
ry =1 ey =T -1 =1

(B +@-1") (ﬂ(C) 3t~ @D )

<0 whenll > w. (A5)
When I! - o, both cf and are strictly positive.

If s > 1, to require (A.S) 1s equ1valent to require that
lim (,B(c )~3 alf — (w— lg)*%> <0. (A6)
l —w

Since % > 0, (A.6) holds for i independently of what other

individuals do.
If s < 1, we can write (A.5) as A 4+ B where

A:(ﬂ(c{)¥+(w—l§)s§‘> <ﬂ(c)‘122> and (A7)

1

= (BT + (- zg)%)ﬁ @=-1)7%

Since both, cf and t, are strictly positive when I — o, and

1
limg_,, (ﬂ(ct) +(w—lf)*) = 0, lim,,A = O

Furthermore, B can be written as

=1 =
cf s
B=—<ﬁ<w_ﬁ) +1)
1

1
1-s

1
wflf %
ﬁ( - ) 1

1

Fors < 1, llm,z B = —1 and therefore, (A.4) holds.
Finally, whens — 1, the utility function is Cobb-Douglas, that
is
t t t £ t t i
Ui(C,' , W — l,’) = (C,')Hﬁ (a),' - Ii)p”g ,
Let us see that, also in this case, (A
as

Bty -y 95 _ 1
1+8 T 1+p

g > 0. (A.9)

.4) holds because it can be written

t % t_ gt %
(¢;) ™ (w; — I;) TP

(A.10)

When lf — w, the first term converges to zero and the second term
converges to —oo. Consequently, (A.4) holds.

Thus, for any s € (0, 00), in equilibrium lf < o.

Secondly, let us show under which COl‘ldlthHS Il = 0forall i
is not an equilibrium. To show that is enough to prove that when
li = 0forallj # i,

oU; oct 9U;

979G 4 % S 0 whenl — 0, (A11)
act Il ol
that is,

ty 5L £y 1 _19¢ t\—1

()™ +@-15) (e W‘ 0=

0 whenlf — 0. (A12)

If s > 1, to require (A.12) is equivalent to require that

acf

B! )—lW >w i whenll — 0. (A13)

By plugging (A.2) and (A.3) stated in the proof of Proposition 1 into
(A.13), we get,

1—p\
/(57
n
Thusif y(*z}) < 1and p > 0, whenl{ — 0, Hf — Oand (A.11)
holds.

Ifs < 1, we can write (A.12) as A+ Bas in (A.7) and (A.8). Note
that limg_,, B =0, and A can be written as

w—1 1 7 act
(=) (%)

1
1-s

1 act
N o )
P+ ()

The first term converges to ( ;)

PN

1 _1
s

pr](H[)y(%)_ > w (A.14)

>
Il

1
™ when I!' — 0 because and the
second term converges to zero if y > 1, convergesto4ooify < 1,
and to pH; ' ify = 1.Inany case, limg o A > 0and (A.11) holds.
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Finally, when s — 1, the utility function is Cobb-Douglas as in
(A.9). Let us see that, also in this case, (A.11) holds because it can be
written as in (A.10) where the second term converges to zero when
I! — 0, and the first term converges to zero ify(5 ﬂ) —1> 0,and

1 < 0.In any case, (A.11) holds.

Summarizing, if y(%) < land p > 0, the short run
equilibrium is interior. W

converges to 400 if V(m) -

Proof of Proposition 3. The transition function (3.4) can be writ-
ten implicitly as

G HY =

|

|
S
+
=

1 N
- Htfl —s Ht s(1=y)+y
(ﬂp) (D
=0.

Clearly, at (I:I,I:I) we have that ¢>(I:I,131) =
d¢(H, H)/dH" > 0 because,

dPp(H™, HY) 1Y
s = e H A=y +yn 1(@)

% (Ht—l)—S(Ht)s(l—y)+y—1 ,

0. Furthermore,

and s(1 — y) + y > 0 given that () < 1. Thus,
dp(H=1, HY)/3H' > 0 for any (H'~!, H') in a rectangular domain
£ C R3. Therefore,

oH!
JHt—1
ey st () Y e

60—yt () e sEnsiy

which implies that H® is an increasing function of H*~! in any
rectangular domain.

< lifandonly ifs < 1. Note

QHt— GHI-1

Finally, let us see that ‘

< 1ifand only if

that ’

H[l

1 s—1 1\ ~ (1-s5)—1
s — ) H)
H Bp
1 s—1 1 ’ 2 (1—-s)—1
<=4+ 61=y)+yn — | Y ,
H Bp

that is, if and only if, s < 1. Furthermore, since H' is an increasing
function of H'~!, with a unique fixed point, the fixed point is also
globally stable.

That H is increasing with w, B, and p when s < 1 follows
directly from (3.6). =

Proof of Proposition 4. Instability when s > 1 follows from
Proposition 3. That His decreasing with w, 8, and p whens > 1
follows directly from (3.6). In order to show the last part of the
proposition, note that the transition function can be written as

H! 1\ / H \°
= T ! (7> < t 1) HHY' =
Ht~ Bp Ht~

whichin terms of the growth rate, 14+g* = H!/H'~!, can be written
as follows

1 S
T+g 4 (7) (1+g)H)Y"™ = w. (A.15)

Bp

The left hand side of (A.15) is increasing in g but decreasing in H*
because s > 1. Therefore, if H* > H'~! then gt > g!~!. Thus, if

H® > H,when t — oo, H — o0, and
lim (1+g") ~ w,

t—00

which implies that g! tendstow — 1. W

In the proof of Proposition 5 we use Berge maximum theorem
(Berge, 1963). For completeness, we recall the version of the
theorem that we are using here.

Berge maximum theorem (Berge, 1963). Let E and Y be
topological spaces. If u : E x Y — R is a continuous real-
valued function and Y is a compact set, then the correspondence
M : E — 2Y defined for each e € E as

M(e) ={yeY:u(e,y) > u(e,x),Vx € Y}
is upper hemi-continuous.

Proof of Proposition 5. (i) If there is a constant growth rate, 1 +
g =H'/H'" ' forallt.Let G = 1+ g.Thus, H' = H°(G)'. Note that
(G)" means G at the power of t, abusing notation and whenever no
confusion arrives, we denote G at the power of t as G. Using (4.6),
G should be a solution of the following equation:

1 1
~ = B0
P

St 1 Lﬁ(a)ﬁ@(cr)y4 (HO)V(;F1,
t=2 (H%)7 (G)+F

or equivalently,

;=/3(w—6)(1;<1 - i(c”")>

8(6)7 =2

We need to make sure that the sum in the above equation is finite.
If the growth rate is constant, the transversality condition in the
optimum implies that,

B
HoG")" \ ™% H,GT B
lim —5“<(° )> 0 (w—G)T™F =0,
n

(A.16)

T—o0 n
ﬁy-f1+1
lim ——%— (& —G) ™ (5Gﬂ+1+1) =0.
T—o00 SnW

B
Thus, the transversality condition implies that G711 < 1, which
B yB
also implies that 8Gﬂy+1 < 1 (because if (SGﬁy+1 > 1 will imply
B
G > 1 and therefore (SGﬁy“ + > 1). Then, (A.16) becomes

' o) 1
—=Blw-060=|—— |-
p G\1-_scth

Arranging terms,

B
G(1+ Bp) — 8GT7 " = wpp. (A17)

Any constant growth rate must be a solution of (A.17).

Note that when § = 0, the growth rate coincides with
the growth rate obtained with the linear transition function in
Section 3, namely wBp/(1 4+ Bp).

For§ > 0, let us see under which conditions a solution to (A.17)
exists.

The derivative of the left hand side of (A.17) with respect to G

B
is1+4+ Bp — (1‘fﬁ + 1)86117, which has the following properties:
7



(1) It is zero for a unique value of G, namely

Y
1+ Bp

vB
(#+1)s
(2) For values of G less (resp. more) than this value the left hand
side of (A.17) is increasing (resp. decreasing) with respect to G.
Therefore, the left hand side of (A.17) is strictly concave with
respect to G. Note that (A.17) has a solution if and only if the left

hand side of (A.17) evaluated at Gis greater or equal than wf p, that
is,

G=

B
(1y:ﬂ ) it ep(+)
g T 1 Y

(ii) Note that the left hand side of (A.17) is strictly concave on G
because the second derivative is negative. Thus, generically, there
are two values of G which solve this equation. We will end this
proof by showing that only the smallest root is a solution to our
problem.

Note that the one period utility function can be written as

1—p Hf H!
t
U,-((H)V< — oo >,w—Hl_[‘_1 :

Let us write the previous equation as V(Hf’l, Hf , HY). Given that
we are assuming that the growth rate of human capital is constant,
the intertemporal utility function can be written as

(A.18)

2]
Wi(s, G) = Zaf—W(H,-H, H, H')

= F(8,H?, H’G, HG*, ..., H' H?,..))

in which individuals choose (a constant) G. Applying Berge max-
imum theorem where Y = [0, w], E = [0, 1], G € [0, w], and
8 € [0, 1], we now that the correspondence

G(8) = {G € [0, w]/Wi(8, G) > W;(8,G), VG € [0, w]}

has to be upper hemi-continuous.

We know that at § = 0, the solution is such that G < G (this is
the case where Eq. (A.17) only has one solution). If for some §s the
maximum root of (A.17) were a solution, then it can be proved that
the correspondence G(§) will fail to be upper hemi-continuous,
contradicting Berge theorem. MW

Proof of Proposition 6. Recall that, since l§ < w, G < w. Letus
write (A.17) as H(G, w, p, §, y) = 0. Then,

G 9H Bo.

= ()&)—7
do TR
I
s g—’é_ L
G 5 Bw—G)
T HTE
o om 8(1+5+1)G%%1n6
ay T a6 '

In the proof of Proposition 5 we have shown that for all G <

G, E > 0. Thus, the proposition follows. ®

Proof of Proposition 7. A useful characterization of efficiency in
this case can be stated as follows: A feasible intertemporal
allocation {(ct It H )12, is Pareto efficient if there exist a list

1271
(oq, ap, . ..ap) w1th «; > 0 for all i, such that,

(@, T, )2, € argmaxZa,-ZS“W(cf,w—lf).

i=1 t=1

n
sty o =H), te{1,2,..}

i=1
H =HMTL_\I], te{1,2,..},ie{l,..,n}
H) >0, ief{l,.,n}.

Now Lagrange multipliers have a time super index and the
Lagrange function is given by

> iy_lu(cf’ DM (Z o - (HOy)
=1 = t=1 i=1

00

+ ZZu (H — HYTT{_y 1)),

t=1
FOC are

;8! au(c"ta’;}) = +Al=0; (A19)

oo
aU(Cfalc;)—lf) — ulH — ; utHO T = 0; (A20)
AyHH T+ b =o0. (A.21)

From (A21) uf = Afy(HH?"!, and from (A.19), uf =

1
a;dt~ 1M y (H")7~1. Thus, (A.21) can be written as:

r)c
E)U(Ci1,a)—ll»1) 8U(c,~],a)—li]) 1yy—1740
a . H")Y™'H;
i 811 i aC'.] y( ) 1
au(c| It
+ Z 8t 1%V(Hf)y‘1fl?ﬂ§:zl? =0,
t=2

or equivalently,
10U(c!, 0 —1) _ U, w—1
y ol B ac!

1

& au(ct, w —1IH)
t—1 i’ i
+ 525 730[
t

1

(H)" 7 'HY

x (HY'HY L _, I (A22)

Comparing (A.22) with (4.3), namely

_l aU(Ci]’ w— lll) _ aU(Ci]’ w— Ill) (H1)J/—1H0
o al! B ac/ "
1 1
> au(ct, w —1IH
+ gt i 2
; act

1 0 T
x (HYY~'HY Iy, 1]

we see that they are identical when y = p and it is independent
ons. W
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