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Abstract: The accuracy at which the instantaneous velocity and position of a non-stationary emitting source estimated using 

a lateration algorithm depends on several factors such as the lateration algorithm approach, the number and choice of reference 

receiving station (RS) used in developing the lateration algorithm. In this paper, the use of multiple reference RSs was proposed 

to improve the velocity estimation accuracy of the frequency difference of arrival (FDOA) based lateration algorithm. The 

velocity estimation performance of the proposed multiple reference FDOA based lateration algorithm is compared with the 

conventional approach of using single reference RS at some selected emitter positions using Monte Carlo simulation. 

Simulation result based on an equilateral triangle RS configuration shows that the use of multiple reference RSs improved the 

velocity estimation accuracy of the lateration algorithm. Based on the selected emitter positions, a reduction in velocity 

estimation error of about 0.033 𝒎/𝒔 and 1.31 𝒎/𝒔 for emitter positions at ranges 0.5 km and 5 km respectively was achieved 

using the multiple reference lateration algorithm.  
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1. INTRODUCTION 

Localization of non-stationary emitting source is an 

important topic with military and civil applications. It 

involves determining information about a non-stationary 

emitting source such as position and velocity from its 

electromagnetic emission detected at spatially placed 

receiving station (RS)s. It is a two-stage process [1, 2]. In 

the first stage, emitter position dependent signal 

parameters such as time of arrival (TOA), frequency of 

arrival (FOA), received signal strength (RSS), time 

difference of arrival (TDOA), frequency difference of 

arrival (FDOA) and angle of arrival (AOA) measurements 

are estimated from the received electromagnetic emission. 

The next and final stage, which is the scope of this paper 

involves using the estimated position dependent signal 

parameter from the first stage with localization algorithm 

such as angulation, lateration and fingerprinting to 

determine the emitting source position and or velocity [1, 

3]. The estimated position dependent signal parameter 

determined which information about the emitting source is 

to be determined as well as the localization algorithm to be 

used. The TOA, TDOA, RSS, and AOA measurements are 

used to determine the position of the emitting source while 

the FOA and FDOA measurements are used to determine 

the velocity of the emitting source [4, 5].  The TOA, FOA, 

TDOA and FDOA measurements are used with the 

lateration algorithm, RSS measurements are used with the 

fingerprinting while AOA measurements are used with the 

angulation algorithm [2, 6, 7]. 

FDOA measurements have a non-linear relationship 

with the emitter velocity for this reason, several 

approaches have been developed to linearized this 

relationship [5, 8–19]. These approaches can be grouped in 

two, namely linear and non-linear approach [2, 20]. The 

non-linear approach involves the use of linearization 

techniques to obtain the linear relationship between the 

input variable (FDOA measurement) and output variable 

(emitter velocity). This is followed by an iteration process 

subject to the minimization of a maximum likelihood cost 

function [5, 19]. This approach to lateration algorithm is 

computationally complex, suffers from convergence issues 

due to the iteration process and is mostly implement in an 

active system [21]. The second approach which is adopted 

in this paper involves algebraic manipulation of the input 

and output variable to obtain a linear relationship 

[8,10,13,15, 18]. This approach suffers no convergence 

issue as it does not involve iteration process and is mostly 

used in passive system, but is very sensitive to error in the 

input measurements [12, 22].  

Several approaches have been proposed to improve 

velocity estimation of the lateration algorithm given 
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perturb FDOA measurements [9–11]. The use of 

techniques such as approximate maximum likelihood 

(AML) algorithm [9], total least square (TLS) [11] and 

quadratic constraint solution (QCS) approaches [10] have 

been suggested. These techniques have shown great 

improvements in the velocity estimation accuracy of the 

lateration algorithm. The AML algorithm and QCS 

approach requires that the noise covariance matrix is 

known which is not available in passive systems and are 

mostly used with the non-linear approach FDOA based 

lateration algorithms. The TLS is used when both the 

dependent and independent variables are perturbed, but 

only the independent variables of the linear approach 

FDOA lateration algorithm are perturb. The use of 

multiple referencing approach to the lateration algorithm 

has also been suggested, but was only used for TDOA 

based lateration algorithm [23, 24]. This paper proposed to 

improve the velocity estimation of the of the lateration 

algorithm using the multiple reference approach. The 

velocity estimation accuracy of the multiple reference 

FDOA based lateration algorithm was compared with the 

conventional approach of using single reference with three 

RSs using Monte Carlo simulation. It has been shown by 

Chan et al [25] that the best configuration for three RSs 

that will result in high estimation accuracy is an equilateral 

triangle. Thus, an equilateral triangular RS configuration 

with 2 km separation is considered for comparison. 

 The remainder of the paper is organized as follows: 

Section 2 gives a description of the velocity estimation 

methodology for the single and multiple reference FDOA 

based lateration algorithm. The simulation results and 

discussion are presented in Section 3 followed by the 

conclusion in Section 4.  

2. FDOA MEASUREMENT BASED LATERATION 

ALGORITHM 

This section of the paper presents the methodology for the 

single reference and multiple reference FDOA based 

lateration algorithms used to estimate the velocity of the 

non-stationary emitter. It is assumed that the location of 

the emitter is known, and all RSs are stationary. 

2.1 Single Reference FDOA based Lateration 

Algorithm 

Let the instantaneous location of the non-stationary emitter 

be 𝐱 = (𝑥, 𝑦) with an instantaneous velocity 𝐯 = (𝑢𝑥, 𝑢𝑦). 

The FOA at the i-th RS due its relative motion with the 

emitter is mathematically obtained as: 
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for 𝑖 = 1 ≤ 𝑖 ≤ 𝑁 

 

where: 𝑓𝑐 is the carrier frequency of the signal in Hz, 𝑐 =
3 × 108 𝑚/𝑠, 𝐬𝑖 = (𝑥𝑖 , 𝑦𝑖) is the coordinate of the i-th RS 

and 𝑅𝑖 is the Euclidean instantaneous distance between the 

emitter and the i-th RS mathematically expressed as: 
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Using the RS labelled 1 as reference and for 𝑁 = 3,  the 

following FDOA equations are obtained. 

 

12 1 2f f f       (3a) 

13 1 3f f f       (3b) 

 

Substituting equation (1) into equation (3), the FDOA 

equations in equation (3) are expressed as functions of the 

emitter position and instantaneous velocity as follows:  
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From equation (4) and equation (5), the unknown 

variables are the instantaneous velocities 𝑢𝑥 and  𝑢𝑦.  

Further simplification of equation (4) and equation (5) 

results in equation (6) and equation (7) respectively. 
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The FDOA equations presented in equation (6) and 

equation (7) when represented in matrix form is as follows:  

 

single single singleA v = b     (9) 

 

where:  
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Using equation (9), the instantaneous velocity can be 

estimated using the FDOA measurements 𝑓12 and 𝑓13, and 

the coordinates of the RSs by finding the inverse matrix 

solution as follows: 

 

 
1

single single single



v = A b     (11) 

 

The solution to equation (11) is the estimated 

instantaneous velocity using the single reference FDOA 

based lateration algorithm.  

2.2 Multiple Reference FDOA based Lateration 

Algorithm 

In the multiple reference FDOA based lateration 

algorithm, a pair of RS is used as reference to obtain the 

FDOA measurements. Choosing the RS labelled 1 and 2 as 

reference pair, the FDOA equations obtained are: 

 

13 1 3f f f                  (12a) 

23 2 3f f f                  (12b) 

 

Comparing the FDOA equations in equation (3) and 

equation (12) presents a slight variation. From equation 

(12), it can be seen that 𝑓23 replaced 𝑓12 in equation (3). 

The FDOA equations for the multiple reference lateration 

algorithm in equation (12) as function of the emitter 

position and instantaneous velocity are: 
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Further simplifications of equation (13) and equation (14) 

results in:  

 

13
11 12x y

c

f c
u b u b

f


        (15) 

23
21 22x y

c

f c
u b u b

f


        (16) 

where: 

   11 1 3

1 3

1 1
b x x x x

R R
                  (17a)

   12 1 3

1 3

1 1
b y y y y

R R
                  (17b) 

   21 2 3

2 3

1 1
b x x x x

R R
                  (17c) 

   22 2 3

2 3

1 1
b y y y y

R R
                  (17d) 

 

Rewriting equation (15) and equation (16) in matrix form 

as:  

 

mult mult multA v = b       (18) 
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The instantaneous velocity for the multiple reference 

FDOA based lateration algorithm is obtained as: 

 

 
1

mult mult mult


v = A b     (20) 

 

In the next section, velocity estimation accuracy of the 

single reference and the multiple reference FDOA based 

lateration algorithm based on equation (11) and equation 

(20) are compared at some selected emitter positions.  

3. RESULTS AND DISCUSSION 

In this section, the accuracies in estimating the 

instantaneous velocity of a non-stationary emitter using the 

single reference FDOA based lateration algorithm in 

Section 2.1 and multiple reference FDOA based lateration 

algorithm in Section 2.2 are obtained and compared. 

Instantaneous velocity root mean square error (RMSE) is 

used as the performance measure to compare the 

performance of two lateration algorithms. Mathematically, 

the instantaneous velocity RMSE is obained follows:  
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where (𝑢𝑥, 𝑢𝑦) is the known instantaneous velocity and 

(�̂�𝑥,𝑖 , �̂�𝑦,𝑖) is the estimated instantaneous velocity at the i-

th Monte Carlo iteration while N is the total number of 

Monte Carlo simulation iterations. Monte Carlo simulation 

results are obtained after 500 iterations.  

The FDOA error is modelled as a Gaussian distribution 

with zero mean and 𝜎 standard deviation (SD). The 

estimated FDOA between the i-th and j-th RS pair is: 
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 ˆ 0,ij ijf f N       (22) 

 

The distribution of the RSs used for the performance 

comparison is shown in Figure 1. 

 

 
 

Figure 1. Two km equilateral triangle RS configuration 

 

Navigation systems displace the locations of an emitting 

source in terms of range (𝑅) and bearing (𝜃) which 

corresponds to the cylindrical coordinate system. 

Conversion from cylindrical coordinate system (𝑅, 𝜃) to 

the rectangular coordinate system (𝑥, 𝑦) is possible using 

equation (23). 

 

 cosx R                   (23a) 

 siny R                   (23b) 

 

The instantaneous velocity estimation accuracy 

comparison was carried out at some selected emitter 

positions with coordinates and instantaneous velocity 

presented in Table 1.  

 

Table 1. Selected emitter positions with their 

instantaneous velocity. 

 

Emitter 

position 

Range 

(𝑘𝑚) 

Bearing 

(°) 

Velocity 

(𝑘𝑚/ℎ𝑟) 

Velocity 

(𝑚/𝑠) 

A 

0.5 

0 
(36, 36) (10, 10) 

B 30 

C 60 
(72, 72) (20, 20) 

D 90 

E 

5 

90 
(36, 36) (10, 10) 

F 120 

G 150 
(72, 72) (20, 20) 

H 180 

 

Emitter at positions A, B, C, and D are located within 

the constellation of the RSs while E, F, G, and H are 

located outside the RS constellations. By varying the SD 

of the FDOA error from 0 Hz to 1 Hz, the estimated 

instantaneous velocities obtained using the single 

reference FDOA based lateration algorithm are compared 

to that obtained using the multiple reference FDOA 

lateration algorithm at the selected emitter positions 

defined in Table 1.  Figure 2 shows the velocity RMSE 

comparison between the two lateration algorithms.  There 

is a linear relationship between the FDOA error SD and the 

velocity RMSE. The velocity RMSE increases with the 

FDOA error SD from 0 Hz to 1 Hz.  Table 2 shows a 

summary of the velocity RMSE comparison between the 

two lateration algorithms at FDOA error SD of 0.5 Hz. 

 

Table 2. Velocity RSME comparison at FDOA error SD 

of 0.5 Hz. Green shade indicates velocity estimation with 

the least estimation error. 

 

Emitter 

position 

Single 

reference 

(𝑚/𝑠) 

Multiple 

reference 

(𝑚/𝑠) 

Absolute 

difference 

(𝑚/𝑠) 

A 0.08 0.07 0.01 

B 0.09 0.08 0.01 

C 0.86 0.76 0.1 

D 0.08 0.07 0.01 

E 3.26 5.11 1.85 

F 6.59 5.51 1.08 

G 2.48 1.59 0.89 

H 5.61 3.65 1.96 

 

 

From Table 2, it can be seen that irrespective of the 

emitter bearing, increase in range increases the estimation 

error of both lateration algorithms.  For instance, at emitter 

position A with an emitter range of 0.5 km, the velocity 

RMSE for single and multiple reference lateration 

algorithms are 0.08 𝑚/𝑠 and 0.07 𝑚/𝑠 respectively, while 

at emitter position F with 5 km range, the velocity RMSE 

for single and multiple reference lateration algorithms are 

6.59 𝑚/𝑠 and 5.51 𝑚/𝑠. Velocity estimation accuracy 

comparison between the two lateration algorithms at 

emitter positions defined in Table 1 shows that the multiple 

reference lateration algorithm has the least estimation error 

except at emitter position E.  At emitter position C, the 

estimation error for the single and multiple reference 

lateration algorithms are 0.86 𝑚/𝑠 and 0.76 𝑚/𝑠 with an 

absolute error difference of 0.1 𝑚/𝑠. This means that a 

reduction of about 0.1 𝑚/𝑠 in estimating the velocity of 

the emitter can be achieved using the multiple reference 

lateration algorithm compared to the single reference 

lateration algorithm at that emitter position.  On the 

average, based on the emitter positions considered, a 

decrease in error of about 0.033 𝑚/𝑠 was achieved at 

emitter positions with a range of 0.5 km irrespective of the 

bearing. As for the emitter positions with 5 km range, that 

is F, G and H, a decrease in error of about 1.31 𝑚/𝑠 was 

obtained with the multiple reference lateration algorithm. 

This means that on the average, the multiple reference 

approach improved the instantaneous velocity estimation 

of the lateration algorithm by a reduction in estimation 

error of about 0.033 𝑚/𝑠 and 1.31 𝑚/𝑠 for emitter at 

ranges 0.5 km and 5 km respectively based on the 

triangular RS configuration.  
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(a) Emitter position A (b) Emitter position B 

  

(c) Emitter position C (d) Emitter position D 

  

(e) Emitter position E (f) Emitter position F 

  

(g) Emitter position G (h) Emitter position H 

Figure 2. Velocity estimation accuracy comparison for selected emitter positions 
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4. CONCLUSION 

In this paper, the lateration algorithm used in estimating 

the instantaneous velocity of an emitter using FDOA 

measurement based on single and multiple reference was 

developed. The accuracy in estimating the instantaneous 

velocity of the two lateration algorithms for some selected 

emitter position was determined with the RSs in a 

triangular configuration using Monte Carlo simulation for 

FDOA error SD range of 0 Hz to 1 Hz. Simulation results 

show that for an emitter position with short range 

irrespective of the bearing, the instantaneous velocity 

estimation accuracy for both lateration algorithms was 

comparable. At large emitter range, the multiple reference 

lateration algorithm has the least estimation error 

compared to the single reference lateration algorithm. 

Thus, on the average, the multiple reference lateration 

algorithm approach has a better instantaneous velocity 

estimation accuracy compared to the single reference 

lateration algorithm for both short and long emitter ranges.  

This paper considered only one set of reference, but it is 

believed that the choice of the reference to develop both 

lateration algorithms also influences the velocity 

estimation accuracy. Further work should be carried out to 

determine the effect of the choice of reference RS for both 

lateration algorithm and on a technique to choose the most 

suitable.  
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