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Abstract: Given a simple connected graph G, let D(G) be the distance matrix, D*(G) be the
distance Laplacian matrix, D?(G) be the distance signless Laplacian matrix, and Tr(G) be the vertex
transmission diagonal matrix of G. We introduce the generalized distance matrix D, (G) = aTr(G) +
(1 —a)D(G), where a € [0,1]. Noting that Dy(G) = D(G), ZD% (G) = DQ(G), Dy(G) = Tr(G)
and Dy(G) — Dg(G) = (a — B)DL(G), we reveal that a generalized distance matrix ideally bridges
the spectral theories of the three constituent matrices. In this paper, we obtain some sharp upper and
lower bounds for the generalized distance energy of a graph G involving different graph invariants.
As an application of our results, we will be able to improve some of the recently given bounds in the
literature for distance energy and distance signless Laplacian energy of graphs. The extremal graphs
of the corresponding bounds are also characterized.

Keywords: distance energy; distance (signless) Laplacian energy; generalized distance energy;
transmission regular graph.

2010 Mathematics Subject Classification: Primary: 05C50; 05C12; Secondary: 15A18.

1. Introduction

We study in this paper simple connected graphs G = (V,E) with V(G) = {vy,v2,...,v,} being
the vertex set and E(G) being the edge set. The order of G is denoted by |V (G)| = n and the size of G
is denoted by |E(G)| = m. Let N(v) be the neighborhood of a vertex v in V(G). Let G represent the
complement of G. Some classical graphs such as the complete graph, complete bipartite graph, path, and
cycle are denoted by Ky, Ks ¢, Py, and Cy, respectively. The degree of v is denoted by d (v) or simply d,.
The adjacency matrix is A(G) = (a;j) with Deg(G) = diag(dy,d, .. .,d,) being the diagonal degree
matrix with d; = dg(v;),i =1,2,...,n. The Laplacian and signless Laplacian matrices are signified
by L(G) = Deg(G) — A(G) and Q(G) = Deg(G) + A(G), respectively. Their spectra are arranged as
O=pn <pp1 <~ <ppand 0 < gy < gy-1 < -+ < gq, respectively.

Let d,;, be the graph distance between two vertices 1 and v. The distance matrix of G is given by

D(G) = (duv)uvev(c)- The transmission of a vertex vis Trg(v) = ) duo. If Trg(v) = k, for each
ueVv(G)
v € V(G), then G is called k-transmission regular. The Wiener index or transmission is defined as

)
W(G) = % 2 Trg(v). The transmission Trg(v;) or simply Tr; forms a sequence {Trq, Tra, ..., Try},
veV(G)

n
which is usually referred to as the transmission degree sequence of G. The quantity T; = ) | dijTr;
j=1
means the second transmission degree of v;.

Mathematics 2020, 8, 426; d0i:10.3390/math8030426 www.mdpi.com/journal/mathematics


http://www.mdpi.com/journal/mathematics
http://www.mdpi.com
https://orcid.org/0000-0001-6167-607X
https://orcid.org/0000-0002-9069-9243
https://orcid.org/0000-0002-2817-3400
http://www.mdpi.com/2227-7390/8/3/426?type=check_update&version=1
http://dx.doi.org/10.3390/math8030426
http://www.mdpi.com/journal/mathematics

Mathematics 2020, 8, 426 2 of 20

Let Tr(G) = diag(Tr1,Tra, ..., Try) be the diagonal matrix containing vertex transmission.
Aouchiche and Hansen [1-3] studied the two matrices D*(G) = Tr(G) — D(G) and D?(G) =
Tr(G) + D(G), which are referred to as the distance Laplacian matrix and distance signless Laplacian
matrix, respectively. Thus far, the spectral properties of D(G), D*(G) and D2(G) of connected
undirected graph G have been investigated extensively. For some recent works in this subject, see [1-15]
as well as the references therein.

Recently, Cui et al. [16] considered some convex combinations of the distance matrix and the
diagonal matrix with vertex transmissions of undirected graphs, which can underpin a unified
theory of distance spectral theories. The generalized distance matrix D, (G) is a convex combinations
of Tr(G) and D(G), and defined as D,(G) = aTr(G) + (1 —a)D(G), for 0 < a < 1. Since
Dy(G) = D(G), 2Dy(G) = DO(G), Di(G) = Tr(G) and Du(G) — Dg(G) = (« — p)D*(G),
the generalized distance matrix spectral theory ideally encompasses those for distance matrix and
distance (signless) Laplacian matrices. The eigenvalues of D, (G) can be ordered asd; > dp > - -+ > 9.
We will denote by spec(G) the generalized distance spectrum of the graph G. For some recent works
on the generalized distance spectrum, we direct readers to consult the papers [8,16-20].

The energy of a graph [21] as a mathematical chemistry concept was put forward by Ivan Gutman.
In chemistry, the energy is used to approximate the total Il-electron energy of a molecule. Let
A1, Ay, ..., Ay be the adjacency eigenvalues of a graph G. The energy of a graph G, denoted by E(G),

n

is defined as E(G) = ) _ |A;| (see [22] for an updated survey). Recently, other kinds of energies of
i=1

a graph have been defined and studied. We recall some of them. Let pP > pP > ... > pD and

pf > p% > e > p% and also plQ > pZQ > e > pg represent the distance, distance Laplacian, and

distance signless Laplacian eigenvalues, respectively. The distance energy of a graph G was introduced

in [23] as

n

EP(G) =}l

i=1

We have

n

Y p7 =0and f(p?)z =2 ), (dy)* )

i=1 i=1 1<i<j<n

For some recent results on the distance energy of a graph, we refer to [10] and the references therein.

In addition, the concept of distance Laplacian and distance signless Laplacian energies were
introduced in [7,10,24], respectively, as follows. The distance Laplacian energy of a graph G is defined
by taking into consideration of distance Laplacian spectrum deviations as

n
ENG) =) |of -
i=1

2W(G) ‘ |

Similarly, the distance signless Laplacian energy of a graph G is defined as follows:

2W(G)

n
E2(G) =) Pzg‘n"
i=1

For some recent papers on EX(G) and EQ(G), we refer to [7,10,25], and for other recent papers
regarding the energy of a matrix with respect to different graph matrices; see [11,12,23,26-29] and the
references therein.
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Motivated by the definitions of EL(G) and EQ(G), Alhevaz et al. [17] recently defined the generalized
distance energy of G as the average deviation of generalized distance spectrum:

n
EP(G) = )@,
i=1

where

n

n n n
As ) 9; = 2aW(G) and 2812 = trace[D,(G)]? = 2(1 — a)? ) (cli]-)2 + a? ) Tr?, hence by the
— i=1

i=1 i=1 1<i<j<n i

n n
definition of ©;, one can easily see that Z ©®; =0and 2 @% = P, where

i=1 i=1
2 v 2 2% 2 40‘2W2(G)
P=2(1-w)* Y (dj)*+a®) Tri— ———.
1<i<j<n i=1 h

From the above definition, EP*(G) = EP(G) and £} (G) = EQ(G). Thus, exploring the
properties of EP«(G) and its dependency with parameter a could give us a unified picture of the
spectral properties of distance (signless Laplacian) energy of graphs.

The rest of the paper is structured as follows. In Section 2, for & € [0,1], we obtain some
sharp lower bounds for the generalized distance energy EP«(G) of a connected graph G resorting
to Wiener index W(G), transmission degrees, and the parameter a € [0, 1]. The graphs attaining the
corresponding bounds are also characterized. In Section 3, we obtain sharp upper bounds for the
generalized distance energy EP+(G) involving diameter d, minimum degree 6, Wiener index W(G),
as well as transmission degrees. Some extremal graphs that attain these bounds are determined in this
section. As an application of our results in Section 3, we will be able to improve some recently given
upper bounds for distance (signless Laplacian) energy in [25].

2. Lower Bounds for EP=(G)

In this section, we give some sharp lower bounds for EP«(G) in terms of different graph
parameters. Firstly, we include some previous known results that will play a pivotal role in the
rest of the paper.

Lemma 1 ([16]). If G is a connected graph, then

3(G) > 2W(G),

where the equality holds if and only if G is transmission regular.

Lemma 2. Recall that {Tr1, Try, ..., Try} constitutes the transmission degrees. We have

B(G) > ?:1 Trl2
ey n 7

where the equality holds if and only if G is transmission regular.

Proof. This lemma follows from (Theorem 2.2 [7]). O
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Lemma 3 ([16]). Recall the second transmission degree sequence of G is {Ty1, Ty, ..., Tn}. We have

2(G) > J Ll )

2
iz1 T7;
Moreover, if % < w < 1, the equality holds if and only if G is transmission regular.

Remark 1. Keeping all of the notations from Lemma 3, we have

2
3(C) > ) ((xTri—i— (12— 0)T) N 2W(G)
i=1 17 n

In fact, as we always have Y!' | T; = YI'_, Tr?, and also applying the Cauchy-Schwarz inequality, we have
(o, Ti)2 <ny! T?and (T}, Tr,-)2 < nYj , Tr?. Hence, we get

2
B(G) > ln:l (“Tri+ (12_ ‘X)Ti)
i=1 I7;
2
.| (mLeni+a-wm)

n iy Trf

( 1”:1Tr12)2
n 2

Lemma 4 ([30]). Assume that a; and b;,i =1,2,...,n, are positive real numbers. We have

2 2
It L 1 MM mym "
2 2 14v12 112
2y < | +./ aibi | 2
i— Zi; ! 4 < miqmip M1M2> <1—21 ! l) ( )

where M1 = maxj<j<y a;, My = maxj<ij<, b;, m; = minj<;<, a; and my = miny<;<,, b;.

Lemma 5 ([31]). If by, by, ..., by are positive numbers, then:

ap+ax+---+ay < maxﬁ
by +by4---4+by, ~ 1<i<n b;’

for any real numbers aq,ay, . .., a,. Equality holds if and only 1fZ—§ are equal for all i.
The following lemma characterizes the graphs with exactly two distinct generalized distance eigenvalues.

Lemma 6. A connected graph G possesses precisely two different D, (G) eigenvalues if and only if it is a
complete graph.

Proof. The proof is analogous to that of (Lemma 2.10 [32]). O

Our first lower bound for the generalized distance energy EPx(G) relies on the Wiener index
W(G) as well as the transmission degrees.

Theorem 1. Assume that G is a connected graph with n > 1 nodes. We have
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EP«(G) > n

4

e (D4(G) — L) %

n

where the equality holds if and only if G is a complete graph.

Proof. By the Cauchy-Schwarz inequality, we have

L 2aW (G L 2aW (G

- - 200 J,«Zal <>>, ®

i=1 i=1

that is,
9 — 2aW(G)
1
ED:(G) > ’
Since

3, — 2@\7/1(6) ‘

\/‘81 20 (G) ‘Jr\/’a thW(G)‘_I_ -

><\/’61M:/1(G>H82MY1(G)’...

|, _ 2W(G) D "

1
5, 2W(G) D ,

n

hence we get

n

ED«(G) > \/ﬁ<

~ 2aW(G) ‘

1
n

Thus, we have EP«(G) > n ‘det (DQ(G) - %(G))
Suppose that equality holds. Then, from equality in (3), we get

\/’al_mw \/‘ 20W(G ‘ o

Hence, G has exactly one distinct D,-eigenvalue or G has exactly two distinct D,-eigenvalues. In
view of Lemma 6, we get G = Kj;, and the proof is complete. [

On —

2G|

Next, we give a lower bound for EP«(G) utilizing only the Wiener index W(G).

Theorem 2. Assume that G is a connected graph having n vertices. Suppose that « <1 — ( 7 Then,
ED“(G)2(1—04)2Wn(G>+n—1—|—lnA—ln<(1—a)2Wn(G)), (4)

where A = ‘det (Da(G) - Mflﬁl) ‘ . The equality in (4) holds if and only if &« = 0 and G = K, or Gisa
k-transmission reqular graph with three different generalized distance eigenvalues represented as k, ak + 1 and
xk —1.

Proof. We construct a function

) —x BWE) (x - ZaW(G))

n
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20W(G) thW( )
n

for x —
for 0 < x — ZKW(G) < 1. Consequently, f (x) > f(zaw ) 4 1) =0, implymg that x —
1+In (x Z'XW( )> for x — 21xW( ) > 0, with equality holding if and only if x — Z“W( =1, W1th these
at hand, we get

> 0. It is elementary to prove that f(x) is increasing for x — > 1 and decreasing

ZaW(G) >

n
ED(G) = oy — 2aW(G) 2 20¢W(G) ’
thW(G) 20W(G)
> 61—7+n—1+21n8—7 (5)
P ZaW(G) o1 +1nH ~ 2aW( G)‘
= al—mz((;)wLn—l—l—lnA—ln(al—Mi(G)). (6)
2W(G)

From Lemma 1, we know that 9; > . Consider the function

g(x):xw\r]l((;)+n1+lnAln(xM\;(G)>.

It is straightforward to see that g(x) is an increasing functionon 1 < x — Z“W(G) < n. Since for
a<1-— zwnﬁ we have x — %(G) > (1 —a)%(c) > 1, it follows that
g(x) > g <2Wn(G)> =(1 —zx)@ +n—1+InA—-In ((1 —oc)ZWn(G)> :

In the light of these results and (5), we derive (4).
Suppose the equality holds in (4). Then, 9; = 2
;= Miic)‘ =1, fori = 2,3,...,n. This gives that

W(G) and so, by Lemma 1, G is a transmission

regular graph. From equality in (5), we get
3 — MVZ(G) ‘

can have no more than two different values and we obtain the following:

@) TFo;—2WO) — 1 foralli =2,3,...,n Thus,&; = 1+ 2D forj — 2,3, n, yielding that
G has a pair of different generalized distance eigenvalues, 91 = 2W( ) and 0; Z“V\fl(c).
Thus, by Lemma 6, G is complete. As the generalized distance elgenvalues of K, are

spec(Ky,) = {n —1,an — 1"-11}, the equality cannot hold.

(ii) Ifo; — w = —1fori=2,3,...,n. Inthis case, 9; = Z“W( ) _1fori= 2,3,...,n. This means

G has a pair of different generalized distance eigenvalues, 81 2W( ) and 0; = Z“W( ) _ 1. Thus,
by Lemma 6, G is complete, which is true for a = 0, giving that equahty occurs in this case for
« = 0 and if and only if G = K,,.

(iii) In this case, let, for some t, 9; — w =1,fori = 2,3,...,t and 9; — %(G) = -1, for
i =t+1,...,n. This indicates that G is transmission regular graph possessing three different
generalized eigenvalues, spec(G) = {81,a81 + 101, 40y — 1[”’4} .

On the other hand, suppose that G = Kj,. Noting the generalized distance eigenvalues of K,
are spec(K,) = {n—1,an — 1"}, and %(K”) = a(n — 1), we obtain that the equality holds
in (4). In addition, if G is k-transmission regular graph possessing three different generalized distance
eigenvalues k, ok 4+ 1 and ak — 1, then the equality is true. O
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Now, by Remark 1 and proceeding similarly to Theorem 2, we obtain the following lower bound
for EP«(G) using the transmission degrees as well as the second transmission degrees.

Theorem 3. Let G be a connected graph with n vertices and o« <1 — ( 7 Then,
" (aT2 + (1—a)T)?
EDa(G) 2 i=1 (DC rl +( 0() l) _ ZIXW(G> +n— 1
i1 Tr n
n o (aT? + (1—-a)T)?
+ InA—1In i ln+( 5 )T) _ 2aW(S) , (7)
i1 17 n

where A = ‘det (D,X(G) ZD‘W( I ) ‘ The equality in (7) holds if and only if « = 0and G = K, or Gisa
k-transmission regqular graph wzth three different generalized distance eigenvalues, namely k, ok + 1 and ak — 1.

We conclude this section by giving another sharp lower bound on the generalized distance energy.

Theorem 4. Let G be connected with n vertices and p, > (20 — 1) = ZW « # 1. Then,

’det(D“(G)_%(G))‘ =

EP«(G) 2(p+(n—1)( 8

where ¢ = max {31 - Z“VZ(G) , w - an} . Equality holds if and only if either G is a complete graph or a

graph with exactly three distinct D-eigenvalues.

Proof. Applying the Cauchy-Schwarz inequality, we obtain

0; — ZDCV\;(G) ‘ < \l (i

n

X

i=2

3 — szV\r/l(G)‘ < \/(n—l) (EDW(G) _ (31 _M\;(G)))
W* /iw M 2aw<c>’ 5 _MWG)D"”
__ o ,

n

35 Zch(G) D o)

that is,

Since

we obtain

3 — ZIXW(G) ‘

\/ED“(G)_(al_zM/\:l(G)>Z i n

(n—1) <\/\32—M}V1@Ha3—m,i(®\...
>

B n—1

1

an—MX(G)Dnl
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Thus, we have

1
EP{(G) > o - Z“VZ(G) +(n—1) ( 9 — 2"‘W(G)‘ 5, — 2W(G) ‘ e, - M\:l(@’) 1
1
20W(G ="
P S S et (Du(G) - 252 )|
1 " - %n(G) .
Let us consider a function
1
[det (Da(G) — 25 [\ ™
fx)=x+n-1) " ,
Then,
1 1
det D (G) — M n-1 n det D (G) _ M n—1
f’(x)—l—‘ ( - 7 . ) and f"(x) = ‘ ( ‘ Zni’; )
xnt (n—1)xn1

In order to calculate the extreme point, we require f'(x) = 0. This implies

1
n

x = |det (Da(G) - MZ((;))
At this point,
1
£ = et (D,X(G) _ M;Vfc))‘ >0 forall n> 1.
1
Therefore, the function f(x) reaches a minimum at x = ‘det (Da(G) - %) ", and the
minimum value is
2aW(G)\ |7 26W(G)\ |7
¥ ( det (Da(G) - ”‘n(>> ) — 11 |det (Da(G) - “n())
However,
o1 — 20W(G) +..-4+ 10, — 20W(G) %
o1 — 20| i ke | § (‘81_204V\T/1(G)'“. an_thW(G)D |

Suppose that § is the integer such that dg > %(G) and dg1 < %(G) By Lemma 5, we have

e e
< max {}

n T 1<i<n 1

:max{max {ai— MV(G)}, max {M(G) —ai}}
1<i<B n BH+1<i<n n

= max {81 - ZDCVZ(G), ZRV\:I(G) — Bn} .
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Then, for p, > (2a — 1)%((;), and « # 1, we have

_ 2aW(G)

), 26W(G) 2aW(G) an},

> max{al — pr— .

which implies that

det <Da(G) - Z“VYQ(G)>

1
n

< max {81 — ZO‘V\;(G), ZM/Z(G) — an} .

Therefore, the function f(x) is increasing in the interval

i (p.(0)- 219))

1
n

< max {81 — ZDMTZI(G), ZDM:l(G) — an}

and then

Flx)> f (max {31 B ZaW(G)/ 2aW(G) an}) .

n n

Hence,

[det (Du(G) _MW(G))‘) 1
(P 7

ED&<G>2¢+<n—1>(

2aW(G) 2aW(G)

n 4 n

where ¢ = max {81 - - Bn} . The first half of the proof is complete.

Now, suppose equality holds in (8). In this situation,

3, = max {81 - Z(XVZ(G)' 2mA1/1(G) - an} N 20¢V;/1(G).

From equality in (9), we get

2aW(G) 20W(G) 2aW(G)
82 - = 83 — - aﬂ —_ ,
n n n
and hence )
n 2
( 5 szW(G)D 1) (P_ <81 - z«w<c)> )
i=2 n n
where -
40-W=(G
P=2(1-a)®> Y (dj)?+a®) Tr7— n( )
1<i<j<n i=1
Therefore,
2
p_ (9, - 22W(G)
2 1
aiaW(G)’:$ ( . >, i=2,...,n
n n—1
Hence, |0; — w ‘ can have at most two distinct values and we arrive at the following:

(i) G has only one D,-eigenvalue. Then, G = Kj.

9 of 20
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(i) G has precisely a pair of different D,-eigenvalues. Thanks to Lemma 6, G = K,,. Note that
spec(Dy(Ky)) = {n —1,an — 1[”_1]}. Hence, if G = K,,, then

2aW(G) 2aW(G)

max {al = , _an} —(—w)n-1), 2aW(G)

det (D,x(c) - 7) ‘ = (1—a)P(n—1)?

n n n

and hence EP+(G) = 2(1 — a)(n — 1).

(iii) G possesses precisely three different D,-eigenvalues. Therefore,

3y = max {31 - ZaW(G)I 2aW(G) an} n 2aW(G)
n n n
and
20W(G) 2aW(G 2
2w(G)| | P (max{ay - 2NE), 2WE) 5 )T
i n N n—1 , i=2,...,n

Then, we get that G is a graph with exactly three distinct D,-eigenvalues, and the result follows. [J

Some well-known special graphs include Hamming graph H(n,d), the complete split graph
CStn—t and the lexicographic product graph G[H]. For H(n,d), its vertex set is represented by X"
with d elements in X. If precisely one coordinate of two vertices are different, then they are adjacent.
In particular, H(n,2) becomes the cube Q,. The graph CS;,_; is composed of a clique over t vertices
and an independent set of n — t vertices. The vertices in cliques are required to be neighbors of each
vertex in the independent set. G[H] has the vertex set V(G) x V(H) and two vertices are adjacent
whenever their first coordinates are adjacent in G or they have the same first coordinate, but their
second coordinates are adjacent in H.

Remark 2. Note that there are some graphs that have exactly three or four distinct generalized distance
eigenvalues. For example, the star graph, the cycle Cy, the cycle Cs, and square of the hypercube of dimension n,
Q2 have exactly three distinct generalized distance eigenvalues. In addition, the complete bipartite graph K, 1,
where a,b > 3, a + b = n, the complete split graph CSy ,,—;, the complement of an edge K, — e and the closed
fence C4[Ky] have four different generalized distance eigenvalues.

Although we have given in Remark 2 some special classes of graphs with exactly three and exactly
four distinct generalized distance eigenvalues, we were unable to giving a complete characterization of
such graphs. It will be an interesting problem to characterize all the connected graphs having precisely
three or four distinct generalized distance eigenvalues. Therefore, we leave the following problems:

Problem 1. Characterize all the connected graphs having precisely three different generalized distance eigenvalues.

Problem 2. Characterize all the connected graphs having precisely four different generalized distance eigenvalues.

3. Upper Bounds for EP+(G)

In this section, we obtain some sharp upper bounds for the generalized distance energy EP«(G)
of a connected graph G by using diameter d, minimum degree J, Wiener’s index W(G), as well as
transmission degrees. The extremal graphs are characterized accordingly. As an application of our
results, we will be able to improve some recently given upper bounds for distance energy and distance
signless Laplacian energy of a graph G in [25].
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Remark 3. Following [25], we have

Also, since

then we get

402W2(G
\/2(1 — )2 Yicicjen(dij)® + 02 Tty Tr} — == ©
n

2(yn 2
n o (T, Tr)
L e

n

(1-a2(X, Tr)’
< n

n

2
" T
1- sz)M a2y T

n

Hence, if 0 < a < %, then

2
" Ty,
\l(l—Zoc)(Z‘:Lr)—f—ﬂ):?_lTr% B \/(1—2a) TR a2y T
- n

n T2
= (1= —i=l 70
(1) ==L

Theorem 5. Let G be a connected graph of order n. If 0 < a < 3, then

n

n 2 n 2
EP(G) < (1-a) f—le”+J<n—1> (P—(l—a)zi—;ﬂi) (10)

where P = 2(1 — &)? Yy <icjen(dif)® + a® Ly Tr? — SWIWHG) Equality holds if and only if either G is a

n
complete graph or G is a graph with exactly three distinct Dy-eigenvalues.

Proof. Applying the Cauchy-Schwarz inequality, we have

n

%

Hence,

Thus,

2
ai—W(G)D g(n—1)<

$ (5 200, a

i=2

2aW(G) )2 < (n_1)<p_ (al—z"‘v:’q(G))z).

n

EP+(G) <91 — Z“V\ZZ(G) + J (n—1) (p _ <61 _ ZNW(G)>2>'
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We construct a function
Fx) =x+/(n—1) (P —x2).

It follows from straightforward calculations that the function f(x) monotonically decreases for
x> \/g . Now, by Lemma 2, Remark 3, and inequality

2W(G) _ (K Tri)* < Bz Tr
n n? - n

n o Ty2 [y Ty2
9 > i=1 17 Z(l—ﬂé) i=1 17} _'_Z‘XW(G) > B_'_tiW(G)’
n n n n n
n o Ty2 /
n n

The first half of the proof is complete.

we have

and hence

If the equality holds in (10), we see that

L T2 2aW(G
9 = (1—w)\| ==L 4 "‘n( )

From equality in (11), we get

e

then we have

n

2
p— (9, — 22W(©)
e [T,

0; — 2WV(G) ‘ can have no more than a pair of different values and we arrive at the following:

Hence, -~

(i) G has only one D,-eigenvalue. Then, G = Kj.
(ii) G has precisely a pair of different D,-eigenvalues. Thanks to Lemma 6, G = K.

(iii) G has precisely three different D,-eigenvalues. We have

Y8 T2 2aW(G
81:(170() 17711 L+ 0671( );

Then, we obtain that G is a graph with three distinct D,-eigenvalues. [

(1—a)2y Tr].2
alizaW(G) :\/P_nl i=2 n
i p— , P

The following result gives an upper bound for the generalized distance energy EP«(G) using
Wiener’s index W(G), diameter d as well as minimum degree J.
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Corollary 1. Let G be connected having n vertices. If0 < a < %, then

EP(G) < (1-a)o+\/(n— 1) (P — (1 - a)20?),

where 0 = dn — @ —1—06(d — 1), where the equality holds if and only if either G is a complete graph or
G is a graph with precisely three different D ,-eigenvalues.

Proof. A line of calculation shows

n
Trp=) djy < dp+2+43+---+(d—1)+dn—1—d,—(d—2))
j=1

= dn—

d(dz_ D) ~1-dy(d—1), forall p=1,2,...,n (12)

Hence, if 0 < a < %, then, by Theorem 5, we get

(1—04)\/TM (1_a>Jn(d”—‘“dz”—1—5<d—1>)2
n

n
did—1
= (1-«a) (dn— ( 7 ) —1—5(d—1)>.
Hence, from the upper bound of Theorem 5, the first part of the proof is done. The rest of the
proof follows Theorem 5.

IN

Since for any 7, wehaven — 1 < Tr; < @, hence one can analogously show the following theorem.

Corollary 2. Let G be connected possessing n vertices. If 0 < a < %, then
ED«(G) <S+/(n—1)(P—8$?),

where S = w The equality holds if and only if either G is a complete graph or G is a graph with

exactly three distinct Dy-eigenvalues.

Remark 4. If G is connected possessing positive generalized distance eigenvalues, then for 0 < o < %, we have

21072
2(1 — &) Tcjjan(dif)? +a? Ty Tr — 21LC) _ 41— ?W(G)

n o, (13)

since } 14 aiz < % (X, ai)2 , where ay, . .., ay are positive real numbers (see [25]); hence, we get

2
n n 2 [ 1
2(1 — 0()2 Z (di]')z +a? Zl TT’IZ = Zlazz < - (Zl a,»> =
1= 1= 1=

1<i<j<n

8a?W?2(G) - 4(20% — 20 +1)W?(G)  4(1 —a)?W?(G) N 40°W?(G)

n n n n

Hence, it can be easily seen that the inequality occurs in (13). On the other hand, since (2?:1 Tri)2 <
nyi, Trl-z, we obtain
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42W2(G
\/2(1 — )2 Licicjen(dy)? + a2 T Tr} — == )

n
2 2 R(E )’ e Tn)’
- 2(1—a)? Yicicjen(di)* + m - o
B n
_ \/2(1—“)2 2111<i<j<n(dij)2 > \/2(1 _“)2§1<i<]‘<n djj S (- ZWn(G)'

Theorem 6. Let G be connected having n > 3 vertices.

(i)  Ifa =0, then

(i) Ifo<a< %andan >(1—w) (ZWH(G) — 4/ ZWH(G)> , then

g < AL=wWG) g W(E)
n n
. \/(n 5 (P 21— o¢n2W(G) 41— aziw2(c)>l

where P = 2(1 — “)221gi<jgn(dij)2 + a2yl Tr? — w. The equality holds if and only if G
possesses precisely three or four different D,-eigenvalues.

Proof. Invoking the Cauchy-Schwarz inequality, we obtain

<Zl 5, 2W(G) Dz < (Zl 1) (Zl G 2>,
i=2 " i—2 i—2 n
and then
ED(G) < ‘al B ZM/:;(G) ‘ wla, - 2aW(G) ’
+ J (n—2) (P— (31 - Z“VZ(G)>2 - (an = M\fl(c)>2>

where P = 2(1 — &) Dyciojey(dg)? + a2 D, T2 — 200 - ep =

dy — Miﬁ . We define the function

fay) =x+y+/(n—2)(P - 22— y2).
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Taking derivatives on f(x,y) with respect to x and y, we have

sty L o)
N )] G UE Y e Ny o i
P L R S (o RV B T
xx = » gy = xy = :
(P—x2—y2)’ (P—x2—y2)’ (P—x2—y2)’

In order to calculate the extreme values, we set f; = 0 and f;, = 0, This yields x = y =
At this point, the values of fxx, fyy, fry and A = fyx fyy — f,%y are

S

fxx:_ 1)V 2<o fyy__% V”_ZSO,
WJE P(n—2)3
V=2 n(n? —3n +3)
- _ < =M 79T S .
fry = 2 0 and A= B(i—2)? >0

n

Hence, f(x,y) has maximum value at this point, and accordingly f <\/; , ﬁ) vnP.

Nevertheless, f(x,y) decreases in the intervals

/P /P /P /P
—<x< — <y < — < —.
n*x* 5 and 0<y< =13

We examine the following two situations:

(o, )
n

(i) Ifa=0thenas2) < i<y (dij)z < (see [25]), we obtain

- \/zzl<i<j<n<dij>2 ) \/ (EL, T)* _ 2W(G)
n n o

In addition, we obtain

\/f_\/221<i<j<n(dij)2 S \/221<i<j<n(dij) _ [2W(G)
n \ n =\ a no

Hence,
\/?SZW(G)SJCS\F and 0<y< 2W(G)§ P
n n 2 n n
Then,
2W(G) 2W(G) P P
< < — —
Therefore,

EPo(G) < 2O 2W(G)+J(ﬂ2) <2 y (dij)22W<G>4w2<G>>_
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(i) KFo<a< %, then, by Remark 4,as 91 > dy > ... > 9, > 0, we have

\/? L 20=WE) P

- n - T V2

Again by Remark 4 and as 9, > (1 — «) (2W(G) — 2Wn(G)) , we get

n

Oéyé(l—a)\/zwnﬁg \/f

- fly) < f (W,u - )W) < (\F f) .
Therefore,
E(g) < ZOWE) gy, 2N
. \/(n 9 (P 201 aiZW(G) 41— zxy);WZ(G) )

The rest of the proof follows from Theorem 4. [J

Remark 5. Keeping all of the notations from Theorem 6, and taking

W y) = x+y+ 4/ (n—1)(P—x2 - 2),

then it is clear that f(x,y) < h(x,y) for all (x,y) in the given region of x and y. For 0 < a < 1, along
2(1-a0)W(G)

n 7

Fay = 20 o;)W(G) iy \/(n 9 (P 4(1— 0)?W2(G) y2>,

X =

n2

where P = 2(1 — a)? Zl§i<j§n(dij)2 +ay, Trl.2 — w. The function f (w,y) decreases in

the interval 0 < y < \/ P— W. By Remark 4, we have

2(1-a)*W(G) <P < w’

hence as P > Mq& > 2(1 —a)?W(G), we have

Ogyg(l—a)\/zwn(G)<\/p_4(l_“)2W(G)_

= le

Thus,
f<2(1—a)W(G)/(1_“) 2W(G)>§f<2(1—a)W(G)’O)‘

n n n

Since

n n

f <2(1 —a)W(G)I()) < <2(1 - a)W(G)’O)



Mathematics 2020, 8, 426 17 of 20

and
i <2(1 - D:/l)W(G),O) 201 o;)W(G) . \/(n 1 (P 41— a}ziwz(c)>’
then
F <2(1 - o:l)W(G),(l ) zw<c)> < (2(1 - 0;1)W(G),0>
Hence,

2(1—0;)W(G) - FWIEG) . \/(n_z) (P_zuafvv(c) —4(1“,§W2(G))

L2 -0)W(G) | \/(n 1 (P 41— a?W2(G) )

n n?

The following upper bound was proved in in [25]:

2W(G) AW2(G)

EP(G) < - +J(n—1)<2 Y. (dj)?— 3 > (14)

1<i<j<n

Remark 6. For o = 0, it is easily seen by Remark 5 that the upper bound in Theorem 6 improves that presented
in (14).

In addition, the following upper bound for the distance signless Laplacian energy EQ(G) was
obtained in [25]:

£Q(c) < VG J (n-1) (2 Y (dg+ Yy - G 4W2(G)>- (15

Remark 7. Fora = %, it is not difficult to see by Remark 5 that the upper bound shown in Theorem 6 improves
that presented in (15).

We recall the following lemma.

Lemma 7 (Theorem 2.11 [8]). Let G have n > 1 vertices. For the largest and second largest generalized
distance eigenvalues d1 and 0, of G, we have

3+ 9, < HW(G) + V2 (B2W(G) — n (4a2W(G) — K(n - 2)))
< - ’

where K = 2(1 — ) Yy <jcj<y (dij)* + o* LIy Tr7. Equality holds if and only if G is a graph with exactly
three or exactly four distinct D,-eigenvalues.

We conclude with the following upper bound by using only the Wiener index W(G).

2aW(G)

Theorem 7. Let G be connected having n > 1 vertices. If dp > =— ==, then
Du(C) < V2 (8a2W2(G) — n (4a2W2(G) — K(n — 2))) -
EY*(G) < . +4/P(n—2), (16)
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where K = 2(1 — a)? Z1gi<j§n(dij)2 +a?y ! Tr?and P =K — M . The equality holds if and only if
G is a graph with precisely three or four different D -eigenvalues.

Proof. Thanks to the Cauchy-Schwarz inequality, we obtain

(,é ai—Z“M;( D (i ) (li% 204/\;((;) 2>.
Then,
EP:(G) < ‘81 - MX(G)‘ + ‘az - M\;(G)‘

+J<n_z> (o~ ((or- 2OV (5, 20@0)')),

where P = 2(1 — a)? El§i<j§n(dij)2 +a? Y Tri2 — MYZ&. Hence, by Lemma 7, we get

V2 (822W2(G) — n (4a2W2(G) — K(n — 2)))
n

+J<n_2> (o~ (- 2V (5, 2E)')),

where K = 2(1 — a)? Zl§i<j§n(dij)2 +a? Y | Tr?. Construct a function

EP«(G) <

2 (8a2W2(G) — n (4a2W2(G
Flay) = Y2EEWHG) —n PWHG) “K(n =2))) [ —2) (P (2 +12)).
Taking derivatives on f(x,y) regarding x and y, we have
xvn—2 yvn—2
k= T sy
P— (x2+y?) P— (x2+?)
frem — (P—y*)Vn—2 for = — (P —x2)\/n—2 for = — xyv/n —2
N L O R e O ) L VI R € +y2>>3‘
In order to calculate the extreme points, we set fy = 0 and f, = 0. This yields x = y = 0. At this

point, the values of fyx, fyy, fxy and A = frx fyy — fxy are fyy = —4/ 2 T, foy = —\/ "5, fxy =0and
A = fexfyy — (fay)? = %52 > 0. Then, f(x,y) attains maximum value at x = y = 0, hence

V2 (8a2W2(G) — n (402W2(G) — K(n — 2)))
n

f(0,0) =

+/P(n—2).

Thus,

£Pe(G) < Y2BPW(G) —n (42 W2(G) — K(n — 2)))

” +4/P(n—2).

The rest of the proof follows similarly as Theorem 4. [
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4. Conclusions

The notion of generalized distance energy of a graph G was first motivated in Alhevaz et al. [17]
as the average deviation of generalized distance spectrum:

2aW(G)
9 - =,

EP«(G) = i

i=1

where W(G) is Wiener’s index. Arguably, the distance and the distance signless Laplacian play a
pivotal role in mathematics as they offer more information than the classical binary adjacency matrix.
In this work, we along this line further investigate the energy of a generalized distance matrix. It forms
a natural extension of the theory of distance energy as well as distance signless Laplacian energy.
The spectral properties of these relevant individual combinatorial matrices can be derived as special
situations in the framework of a generalized distance matrix. We developed some properties of EPx(G)
by establishing new inequalities including sharp upper and lower bounds linking a range of invariants
such as diameter, extreme degree, Wiener’s index as well as transmission degrees. Existing bounds
in the literature have been improved and extremal graphs have been determined. For future work,
it would be desirable to derive some other sharp bounds for the generalized distance energy leveraging
a variety of graph invariants.
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